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AHHOTAIMSA

B pabote onucan moaxoa K MOJEIUPOBAHUIO B3aUMOJECHCTBUS OCBEILICHUSI C TOHKUM
KpaciamuM CJIOCM. 3a11aqa 6I>IJ]a IIOCTAaBJICHA MOJI1 TI'CHCpAlIlHNH H306pa)KeHHﬁ CJI104
YEpHWI, UCXOJs U3 BHYTPEHHEH CTPYKTYpbl €0 U (HOpPMBI Kpacsiiux 4dactuil. B
OTJINYUC OT O6BI‘-IHI>IX KpacCoOK CHOﬁ YCPpHUJI XapaKTCPU3YCTCA BBICOKHNMU O6’[>€MHBIMI/I
KOHLOCHTPpAIWAMN YaCTHII. quCBOﬁ moaxoa MM JIY4CBOC YPAaBHCHHUC IICPCHOCA
NPaKTUYECKHA HE MPUMEHUMBI JIJIsl peleHus 3Toi 3agaun. [loatoMy ObuT BEIOpaH MyTh
HCIIOCPCACTBCHHOI'O PCIICHHA BOJIHOBBIX ypaBHCHI/If/'I, CCTCCTBCHHO, IIPH HCKOTOPLIX
OTpaHUYEHUSX M YOpPOLIEHUsX. B panHOW paboTe omucaHbl MOAXOAbl K PELICHUIO

T paumoOHHON 3a1a4H.

Voloboy A.G., Ershov S.V., Pozdnyakov S.G.

Diffraction task solution for lighting simulation inside ink layer

Abstract

One approach to the problem of lighting simulation inside of ink or paint layer is
described. The problem arose in the task of rendering of ink basing on information
about shape of ink pigments and layer structure. High pigment volume concentration
characterizes ink layer structure. Ray tracing or LTE are hardly applicable here.
Therefore it was decided to solve it as a diffraction problem basing on wave optics

methods. The solution of corresponding diffraction task is considered in the article.
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1. BBeageHue

B mocnenHue roapl B IUTEPATYpE MO KOMIBIOTEPHON rpaduke omyOJIMKOBAHO
00J1bI1I0€ KOJIMYECTBO PabOT MO MOJEIMPOBAHUIO PA3IMUHBIX KpacsAlIMX cyOCTaHIUN
[1, 2]. Ilomamnsromiee dYHCIO Takux pabOT Oaszupyercs WIM Ha METOoJax
F€OMETPUYECKON ONTHUKH, WM UCIOJIb3YyEeT KOMIIPOMUCCHOE MPUOIMKEHUE U3BECTHOE
KaK JIydeBO€ ypaBHEHHME nepeHoca. OmHAKO B cCilydyae, KOrJa PacCTOSHHE MEXIY
HEOJHOPOJHOCTSIMA WJIM MX XapaKTEepHbIM pa3Mep MEHbIIE WM MOpAIKa IJIUHBI
BOJIHBI, 3TH METOJIbI BPSIJI JIU IPUMEHUMBI.

ITocTaHOBKa 3aa4un MOJAEIIMPOBAHUS YEPHUII, T.€. KPACSIIEH Cpeabl ¢ BBICOKON
KOHIICHTpAI[Mel 4acTull, U WX BU3yan3aluuu Oblia moapoOHOo onucaHa B [3]. lanHas
pabora sBisieTca ee mnpojaoibkeHueM. B pabore paccmaTpuBaercs Kpacsiuuid cIioi,
COCTOIIMM M3 MAJIBIX YacTULl murmMeHra c¢ pasmepamu ~ 100+500 HanomeTpoB mpu
00BbEMHON KOHIIEHTPALlMM MUTMeHTa, Aoxonsmend 10 50%. Manble pa3mepsl 4acTHil,
BBICOKAsl KOHLIEHTpalMs W Manas ToaummHa ciost (~ 1 MUKpOHa) HE MO3BOJISIOT
pEMEHATh ypaBHEHHE mepeHoca. 1loaTtomy ObuUT BbIOpaH MyTh HEMOCPEICTBEHHOIO
pElICHHsT BOJHOBOTO YpaBHEHHS B CKaJIApPHOM MpUOMMKEHWH — YpaBHEHUSA
['enpMrombLa.

MopenupoBaHue YEPHUII CBEIOCH K PEHIEHUIO TPEX 3a/1au:

1. Pemenue 3amaun JUpakUyd HAa TOHKOM MEPUOJUYECKOM KpaCALIEM CJIOE C
SBHBIM pacrpeieseHueM Ko3QQuureHTa NpeaoMIeHHs] KOHEYHO-PAa3HOCTHBIMU
METO/IAMH.

2. I'enepanust reomeTpun (parMeHTa Kpacsilero cjos, COCTOSIIEr0 M3 YaCTHUIl
3aJlaHHbIX (JOPM W pa3MEpPOB M BBIUKCIEHUE paclpeneneHus Kod(p(duineHTa
IIPEJIOMJIEHUS HA UCIIOJIb3YyEMOM TPOCTPAHCTBEHHOM CETKE.

3. Beruucnenue PO xkpacdiiero ciosi, pacrnojiokeHHoro Ha JlamOepToBckoit
MOJIOKKE UCXOJIS U3 PE3YIbTaTOB PELIEHUS 3a1a4u AUPPaKIUU.

B nannoit pabore Oyzner paccMOTPEHO pelleHue 3a1aul JUPPaKIUU Ha TOHKOM

NEPpUOANICCKOM KpacCAIeM CJI0C.



2. PeweHue ancpakyuMoHHOM 3agayum ¢ nomMmoLbo bopHOBCKOro
pa3noxeHus

2.1. YpaBHeHMs U rpaHUYHble YCNOBUA

JudpakiyoHHas 3agada CBOJUTCS K YypaBHEHHIO [enbMmroisplia, KOTOpOE
pelaercs pa3fesibHoO AJIs TPEX NPOCTPAHCTBEHHBIX 00JIaCTEH: 3a1I0JIHEHHOE BAKYYMOM
BEPXHEE ITOIYNPOCTPAHCTBO, KPACSIIMM CIIOW M HWKHEE IMOJIYNPOCTPAHCTBO TAKXKE
3aII0JIHEHHOE BaKyyYMOM:

Au+k§u=0, z<0
Au+k*(xu=0, 0<z<H 2.1
Au+kiu=0, z>H
YCJIOBUS CILIVBKU:

“|z=0—0 =
_ Ou

x=0-0 0z

z=0+0

Bul
oz

x=0+0
2.2)
Z=H—-0 ”|z=H+0

_au
x=H-0 0z

u

Ou
Oz

x=H+0
KpOMC 9TOro, B BaKyyMC pPCHICHHC OOJIKHO YAOBJIICTBOPATL YCIIOBUAM

U3JIyYEHUSI, KOTOPBIE MOTYT OBITh C(HOPMYJIMPOBAHBI CIETYIOIIUM 00Pa30M:

_ ikx iky(xsinc+zcosc)
llz__>_OO = :E:czke +e
lkl=k, k,<0 najaronias BOJHa
= Yae® (2.3)
Z—>+00 k

Ik|=kq, k,>0

VYca0BUS U3MyYEHUs 03HAYAIOT, YTO HA OOJIBIIMX PACCTOSHUAX OT CJIOSI TOJBKO
OCBEIaIoNIas IUIOCKAs BOJIHA JBMXKETCS 10 HAIPaBIEHUIO K Ciol0. Bce ocranbHbie
KOMIIOHEHTHI I10JIS1 PACIIPOCTPAHSAIOTCS B HAIIPABJIEHUU OT CJIOS.

[Ipumeuanue. @opmynsl (2.3) yXke Y4YUTHIBAIOT MEPUOJUYECKYIO CTPYKTYpPY
Kpacsimero ciosi. Iy 0eCKOHEYHOI0 HENEePUOJUYECKOTO CJIOS CYMMbl 3aMEHSIOTCS
COOTBETCTBYIOIIIMMHU HMHTerpajsamu. Besae npanee paccmaTpuBaeTcss OECKOHEUYHBIH
Kpacsamui cnoil, cocrosmuid u3 (Pparmenta pasmepamu @ 0<x<L, 0<y<L
IIEPUOANYECKA INTOBTOPEHHOTO B JIBYX M3MEpPEHHUAX. B 3TOM cilywae moisie BHYTpH

(parmMeHTa UMeeT cieAyromui BuI: u(x,y,z) = v(x,y,z)e'"” , riae v ecth nmepuoanveckas
5



byHKUMS X ¥ Y, a g = koSInc, rae 6 — yroa naaeaus. OTMeTuM, 4To JJIsi HEKOTOPOro

MHOKCCTBa YIJIOB IMaJICHUA (byHKI_[I/IH U TAKXKCE SABJISACTCSA nepnommecxoﬁ.

2.2. BOopHOBCKOEe pa3roXxeHue

[TpumenuM K pemieHuo TudPpakmoOHHON 3a]]a4l METOJ] TEOPUH BO3MYILCHUN,
U3BECTHBIM Kak bopHOBckoe paznoxkenue. JlaHHbIi moaxon TpeOyeT, YTOOBI
OTKJIOHEHUE KOA(DPUIIMEHTa TPEIOMIICHUSI OT €ro CpPeIHEero 3HayeHus (BHYTpHU
Kpacsiero ciosi) Obuio Obl HeOosbmUM. B mpoTHBHOM ciydae psll TEOpUH
BO3MYIIIEHUHN pacxonutcs. K coxaneHuto, BeIMYMHA MaJIOTO OTKJIOHEHUS TTOKa3aTes
MPEJIOMIICHUS, TPU KOTOPOM Pa3JIOKEHHUE CXOJUTCS, allpUOPU HEU3BECTHA.

B Merone BopHOBCKOro pasiokeHus pelieHue CKalsipHOW JudpakiMOHHON

3amaun(2.1)—(2.3) nmpeacraBiuseTcs B BUJAE psia:

u(x) =y u'(x) (2.4)
j

YICHBI PpAa3JIOKCHHUA JOJLKHBI YAOBJICTBOPATH CIAICAYIOINNM YPABHCHUAM

Au® +13u® =0, z<0
Au@ + k3w =0, 0<z<H (2.5)
A +igu® =0, z>H

)51
Aul) +k§u(j) =0, z<0
AU + D = p(xou Y, 0<z<H (2.5)
Au') +k§u(j) =0, z>H
rIe

u(x) = K2 (x) = (k%) = (1 () — () ¢
C€CTb OTKJIOHCHUC KBanpaTa JIOKAQJIBHOT'O BOJIHOBOI'O HHCJIa OT €10 CpGI[HeI‘O (HO CHOIO)
3HAUCHUSI. Hpez[nonaraeTc;I, YqTO 3TO OTKJIOHCHHUEC MaAJIO.
Ha rpanumax cnoif-BakyyM KakIblid WieH pasiiokeHus (2.4) yaoBIEeTBOPSET

ycioBusiM ciiMBKH(2.2). Ilpu z-—> o0 Bce u”  momkHEL YAOBIIETBOPATH YCIOBUAM



n3nyaenus (2.3). TIpu 5ToM Tonbko wieH 1" conepuT MaaioNIyio BOJIHY, MOITOMY

BCs cymMma (2.4) ynoBIeTBOpSET yclIoBUsiM (2.3).

2.3. Metop Pypbe Ansi nepmoanyecKoro crios

Kaxk YKE OBIJIO CKa3aHO BBIIIC, ITOJIHOC IT0JIC U ABJIACTCA KBASU-TICPUOANYCCKUM

N YAOBJICTBOPACT Ha OOKOBBIX IMOBCPXHOCTAX (bparMeHTa CJIICAYIOIINM I'PaHUYHBIM

YCIOBHAM:
u(x+L,y)=u(x,y)e (2.6)
u(x,y+L)=u(x,y)
OTH yCJIOBUS JTOJDKHBI BBITIOJHATHCS ISl KOXXI0ro 4wieHa BOpHOBCKOTO pa3ioKeHHUs.
3nech
q = Lkysinc

[IpencraBum pemienue (2.4) B clieayronieM BUIe:

(2nm+q)x 27'[ny

u(x, y,2) = ZU a(2)e T —ZU () st (2.7)

®opmyna (2.7) ectb paznoxeHue mnoyue B AsymMepHsiid pan Oypoe. Bmecto psga Oypee
MBI HCHOJIB3YEM B YUCIIEHHOW MPOLIEype TUCKPETHOE IpeodpazoBanue Dypebe.

[Toncrasisis (2.7) B ypaBHeHust (2.6) u (2.6”), moydaeM:

d’Ug)(2) 2 2 2 0
dm,zn +(k0_kX,m_ky,n>]}gn,21:0: z<0
A
U(O)( ) 2 2 2 0
T (<k Y=g —kin USh =0, 0<z<H (2.8)
U(O)(Z) 2 2 2 0
d—z” (ko—kx,m—ky’n W =0, z>H
A
u
d? (J)
dUpn(2) (2 2 2 '
dz (kO _kx,m_ky,n 151],21:05 z<0
d*U (J) . ‘
— 5 7 YD (W) k2 k2 P = FU), 0szsH 2.9)
Z
d*u)
d-U,; .
R I L
y4



rae F¥ ects @ypbe 06pa3 mpaBoif YacTH YpaBHEHHS:

-(2mm+q)x +i 2mny

—pu ()= Y FN(z)e T, 0<z<H

m,n

KOTOPBIM BBIYUCIISAETCA, MCIOJB3YS pEIICHHWE Ui MNpeaplaymed urepanuu. s
IPUMEHEHUsI AUCKPETHOro mnpeoOpazoBaHusi Pypbe ATO BBIPAKEHUE MOKET OBITH

MNEePCIIuCaHo B CIACAYIOIICM BUAC:

. . 2nny
21tmx+l L"}

- u(x)(u(j) (x)e‘”’fj =Y F)N(2)e" ¢ , 0<z<H
m.,n

[Tockonbky ycnoBusi (2.2) IOJKHBI OBITH BBITIOJHEHBI, U;% (z) JOJKHA OBIThH

HEMPEPBIBHOM BMECTE C IEPBOM NMPOM3BOAHON Ha rpanunax z=0 m z=H. Kpome

ATOTO0, TOJKHBI OBITH YJIOBJICTBOPEHBI YCIOBUS U3IIydeHUs (2.3).

Cuavayia paccMOTpUM MEpBBIA ujieH pazioxkeHus (2.4) npu j=0. DTOT uieH
ONUCHIBAET PACIPOCTPAHEHHUE BOJHOBOTO MOJISI B OAHOPOAHOM cioe. CiaeqoBaTenbHO,

HET HHUKAaKOTO paccesHusi, a TOJbKO {DpPEHEIEBCKOE OTPAKEHHE MU MPEIOMIICHHE.
ITocKoJIBKY MpaBble YacTH ypaBHeHHH (2.5) paBHbI HyIlO, WieH UlL,(z) OTIMYEH OT

HYJISl TOJBKO 3a CYET CJIaraéMoro, ONMCBIBAIOIIETO NAJAIOIIYyH0 BOJHY B YCJIOBMSX
uznyuyeHus (2.3). @ypbe-o0pa3 3TOro CiaraéMoro OTIMYEH OT HYyJS TOJIBKO NpHU
m = n =0, Bce octanbHble Pypbe-rapMOHUKHN HYJIEBBIE.

OO01iee penieHUEe CUCTEMbI OOBIKHOBEHHBIX AU(P(EpEHINATbHBIX YPaBHEHUH C

NOCTOSIHHBIMU KO3 duiinentamu (2.8) xopomo uzBectHO. Jns j=m=n=0 oHO

AMeEET BUI:
Ush(z) =ae™ +Be™, z<0,
Ui (z)=ae™ +be™, 0<z<H
US(2)=Ge ™ 6T +pehCM . 25 H
IDICS

k., =kycosc

= (k%) —kZsin’ &

b=



3/1ech HMCHOJB3YETCS 3HAUYEHHE KBAJPATHOTO KOPHS C HEOTPULATEIbHOM MHUMOM

HacCThbIO.

Ycnouss usnydenus (2.3) tpebyror, uroObl $=1,G4=0 . OcraBmmueca 4
K03((QHIKEHTa MOTYT OBITh HaliJIEHbl U3 YCIOBHiT HEMPEPBIBHOCTH Uy | €ro nepBoi

HpOH3BOIIHOﬁ Ha I'paHulax z = 0 u z= H. OKoHYATEIHLHO IIoJIy4acM

o) _
4=k kZz = 7 (K —k2)
e e (kz +kz) _(kz_kz)
e e MM (T, + k)
e " (kz +kz) _(kz _kz)z
(2.10)
o= — e 2k—1k —k,
e M (e, + k) — (k, k) ke +k.
- _ 2k, 2];26—1'122111

e_ZikZH (Ez + kz)2 - (];z - kz)2

Hanee paccmotrpum wieHsl bopHoBckoro psiga mpu j>0. B stom ciydae oOriee
pelieHue cucteMsl (2.9) ecTs:

U(/) (z) = Ot(j) k. +B(J) ik, 2 2<0,

U(j)(Z) a(/)e +b(/) ik,z Q(j)(z) 0<z<H (2.11)

U,(nj}l(z):agy{))ne_lkz(z_l{) B(/) ik, (z— H), s H

rac

kz,m n = \ k02 - kﬁm - k;,n = \/kO2 - (ZKLH])2 - (2211 )2

Fop =AY =K, — 12, =) — (e — (230

I/ICHOHB?)YIOTC}I SHA4YCHUA KBAAPATHOI'O KOPH:A C HGOTpHHaTGHBHOP'I MHHMMOM 4aCThIO.

e [ RN (Qe ™ dg+ e[ F (e dg
2ik.

zZ

0\ (2) =

U3 ycnosuii mamydenus (2.3) Haxomum $=0,8=0 . OcTanbHble KO3()(HIMEHTHI

onpenensatoTcs u3 ycinoBuid Ha rpannnax z =0 and z = H . B pe3ynbrare nony4yaem:



ol =atf) +if) + 01 0)
Bl =alfhe T b 4 0l o
ikl = —ikal) + w55 +(09) ) 0)
Y, = —ik.alie ™ s (oD ) ()
BBeIleM JABC BCIIOMOI'aTCIIBHBIC BCJIINYHNHBI

[ ED @™
- 20k

Lo (2.12)
[, Fal©e g

2ik

1

ZE

z

H BBIPA3MM 4epe3 HUX 3HadeHus GyHkuuu Q. (z) U ee IPOU3BOJHOM

oS (0) =,
05 (H) =7
(o)) 0y =-ik.0,
(o)) =ik,
J11st Hen3BEeCTHBIX KO3(P(PUIMEHTOB MOJIy4aeM CUCTEMY JIMHEHHBIX YPaBHEHUM:
ot =alfh + b+
B2, =ahe ™™ 4 RN 4,
—kogl, =—k.ail), + kbl —k.J,

szSy{) =—k.aD e ®M bl R k.J,

N/ z%m,n z%m,n

Pemenue aToli CUCTEMBI UMEECT BUA:

(k, +k)e ™M, + (ke k),
(k. + k) e ™ — (e, — k)
(Ez + kz )e_ﬂEZHJZ + (Ez B kz )‘{1
ik, =k )e™ + (k, + k),
(k; + k)% e — (e, — k)
Jl (kz + l;z )e_iEZH + (];Z B kz )‘{2

al) = 2/?2

m,n

i =2k
(2.13)

ald) =k, —k.)

b}gnJ,ZI = (];Z - kz)

10



Breraucnsas IIOCJICA0BATCIIbHO YJICHBI BOpHOBCKOFO psaaa, Mbl HaXOOWM (GCJII/I paa

CXOJIUTCS) ICKOMOE pelieHue AMPpaKkMOHHON 3aa4i B BUIE pa3ioxeHus (2.4).

3. MeTop penakcauum (cyeT Ha ycTaHOBIEHUe)
3.1. KpaeBble ycnoBusi Usny4yeHus

K coxanenuto, bopHoBckuit psn cxoautcs He Bceraa. CylecTByIOT Cloco0bl
HECKOJIbKO YJIYUYIIUTh CUTYAIHIO C €r0 CXOJUMOCTBIO WJIM COBCEM 0e3 moTepu
TOYHOCTH WUJIM C MUHUMAaJIbHBIMU MOTPEUIHOCTSMHU, HO OHHM HE PEIaoT IpodiieMy
KapauHaibHO. [ToaTOMy OBLIT pa3paboTan MeTo pemienus ypaBHenus (2.1)-(2.3) ¢
IOMOIIbIO CUETa HA YCTAaHOBJICHHE.

PaccMoTtpuM pemenue craiimoHapHoro ypasHeHus (2.1)-(2.3) u i npocToThl
OTpaHUYMMCS CIIy4aeM HOpMalibHOTO nageHus. O0001eHne Ha ciyJdai
IIPOM3BOJIBHOIO HAKJIOHHOT'O 1a/ICHUS HE BBI3bIBAET HUKAKKUX 3aTpyJHEHUI. BBenem B

>EMEHTAPHOM (dparmMeHTe NpsIMOYroJIbHYIO NPOCTPAHCTBEHHYIO CETKY C

MOCTOSIHHBIMHU LIAraMH BO BCEX TPEX HaIpaBieHUsX. [ mpocTOTh Oy/ieM CUUTATh,
YTO BEJIMYMHBI IIArOB BO BCEX HAIIPaBJICHUAX OJUHAKOBHI U paBHbI /. B ciayuae
HOPMAJILHOTO nafenus GyHKuus u(x, y,z) OyAeT IEPUOINYECKON IO IEPEMEHHBIM
(x,y) ¥ K HEll MO>KHO TPUMEHUTH AUCKPETHOE MpeodpazoBanre Oypbe no

KOOpAuHAaTaM X U y:

u(x,y,2)=>"u,,(z)exp(2nixm/L)exp(2niyn/L) (3.1)

m,n

[Toacrasus (3.1) B (1.1), mosydaem cuctemy ypaBHeHu# 11t Oypbe-rapMOHUK:

D exp ZTclxm/L)exp(Zmyn/L){d;Z {kznz( )— 4;2 (m2 +n2)}umn} =0 (3.2)

m,n

Pemenue (3.2) BHYTpH pacsIiiiero ciosi UIIETCs Ha ceTke. B o0macTsax BHE KpacsIiero

CJIOSl TIOKa3aTenb MPEeIOMIICHUSI MOCTOsIHEH (n=1) u cuctema (3.2) pacnanaercs Ha

00BIKHOBEHHBIE TU((epenInanbHbe YPaBHEHNS I KX 10 rapMOHUKY u, (z):

dZ mn-"mn

2 2 2
d u,,m{kgf; (mzmz)}um:d Aty 2y (3.3)

11



O6miee pemenue (3.3) HaxoAUTCA B AaHAJUTUYECKOM BHUJIE U CIIMBACTCS C
COOTBETCTBYIOIIECH TAPMOHUKOW Ha TTOBEPXHOCTSAX cJosl. Takas mporieaypa mo3BoJisIeT

3alCaTh I'PaHUYHBIC YCIOBHA, KOTOPBIM NOJIKHA YAOBJICTBOPATHL TapMOHUKA u,, (Z ), B

SIBHOM BH]IC.

Ecmm «2 >0, To pemrenne (3.3) COCTOUT M3 MPHUXOIAIICH U yOeraromiei oT cios

mn

BOoJIH. [Ipn «’ <0 pemenue (3.3) COIEPKUT PaCTYIIYIO U 3aTyXAOIIYIO SKCIIOHCHTHI.
[Ipy HACTOANMX YCIOBHAX OCBELIEHHs IOJHOE Mojie u(x) B ganbHed 30He (Ha
JIOCTATOYHO OOJIBIIOM MM 0€CKOHEYHOM PACCTOSIHUM OT CJIOS) IOJHKHO “‘COCTOSITH” U3

[agaromero IoJjaIAd u y6era}oumx OT cJiosl BOJIH. Takum 06pa30M, 3HA4YCHUA T'apMOHHUK

u, (z) BHE CIOA JOIKHBI COOTBETCTBOBATH WJIM yOEraroIlUM BOJHAM, WIIH

3aTyXaloolUM pelleHnusM. VICKIIIoUeHHEe COCTaBiIseT TOJBKO OJHA TapMOHUKA,
COOTBETCTBYIOIIAs MajaroueMy noiao. OHa JoJDKHA BKIIIOYATh B ce0s M Malaollylo U
YXOISALIYIO BOJIHY.

Kaxxnas rapmonuka u3 (3.2) go/pKHA ObITh HENIPEPBIBHA BMECTE C HOPMAJIbHBIMU
IIPOU3BOJHBIMU Ha IOBEPXHOCTSX CJIOA. B pe3ynpTaTe 1mojydyaeM I'paHUYHBIE YCIIOBHUS

V3JTyYCHUS:

h z=0 +ZK u (O) = 2iKmnI46mOSnO

mn--mn

i (3.4)

mn

r K u (H)=O

z=H mn~"mn

3.2. BcnoMmoratenbHoe HecTauMoHapHoe ypaBHeHue

Jlanee pacCMOTPUM HECTALIMOHAPHOE YPABHEHHE

ou . 2 2
5=1[Au+k0n (x)u] (3.5)

[IpaBasg yacth (3.5) BBIYMCISAETCS NPHU COOTBETCTBYIOLIUX TPAHUYHBIX YCIOBHUSAX

2
W3TyqeHus (3.4). TlockombKy MHHMas d9acTb n’(x) HEOTpHIATENIbHA,

JEeWCTBUTEIbHBIE YacTH COOCTBEHHBIX 3HAYEHUM oreparopa B mpaBoil dacTt (3.5)
HETOJIOKUTENbHBL. MTHBIME crtoBaMu, pemreHue (3.5) kak QyHKIUS BPeMEHH MOXKET
yOBIBaTh WJIM OCIWJUIMPOBAaTh, HO He Oyxer pactu. dopma ypaBHeHus (3.5)

coBmajaet ¢ popmoii HecTarmoHapHoro ypaBHeHus [Ipeaunrepa.
12



Ucnonb3yst ypaBHenue (3.5), ymaercs HaWTU peEIICHUE CTAIMOHAPHBIX
ypaBHenuii (2.1)-(2.3). [IpuBeaem 060CHOBaHUE JAHHOTO YTBEPKICHUS.

O603HaYNM uy(x)—  uckomoe peuieHue YpaBHEHHUI (2.1)-(2.3),
u(x,t)— npon3BobHOE pernenue (3.5), ¥ pacCMOTPUM PasHOCTh #(x, 1) = u(x,t)—u,(x).
HerpynHo BuaeTh, 4To i(x,f) Takke YHOBJIETBOpsET ypaBHeHHIO (3.5), HO mpu

OJTHOPOJHBIX YCIOBHAX H3IydeHHs (0e3 Mmamaromiedl ocBemarome BoOJHbI). Jlerko

M0Ka3aTh, YTO:

8 ~|2 ~*| oy~ ~

a—J.”|u| dxdydz = -2 ImJ.”u [Au +hkgn? (x )i }ixdydz (3.6)

t
31ech 3Be3l0YKa O3HayaeT KOMIUIEKCHOe compspkenue. B (3.5) paccmarpuBaercs
pelieHue Ha MEpPUOJIUYECKOM CJI0€, MO3TOMY MpPHU HMHTETPUPOBAHMM MO X H )
JIOCTAaTOYHO OTPAHUYUTHCA OJHUM TepuosioM. [IpeoGpaszyem unTerpasn B mpaBoi 4acTu
(3.6) ¢ MOMOIIBIO UHTETPUPOBAHUS IO YACTSIM U OTOPOCHUM UYHUCTO JEHUCTBUTEILHBIC
cjaraeMele.

o[+ K3 Rt = o [ e 5
zZ

: dxdy  (3.7)
z=0

JIns mepuoandecKoro Ciosi yCJIOBHS HM3JIy4eHUs CTaBsATCA i Pypbe-TapMOHHK B

SBHOM BHJIE, TIO9TOMY HCIIOJIB3YEM JUCKPETHOE MpecTaBienue Oypre st i(x,¢):

i(x,y,2,t)=">u,,(z t)exp(2mixm/L)exp(2miyn/L)

m,n

B pe3ynbTate aJist BToporo MHTErpasia B mpaBoit yactu (3.7) noaydum:
~ |z=H
JJa St dsdy =2, (1), ()=, (O, 0)

z=0 m,n
C Y4CTOM OJHOPOIHBIX I'PAHWUYHBIX YCJIOBI/Iﬁ HU3JIYYCHHA OKOHYATCIbHO ITOJYy4YacM:

z=H

dxdy = iLZZKmn ﬂumn (H)2 +|umn (012] (3.8)

m,n

J' Ol

Y
Oz

Z=l

OkoHuaTtenbHO BMECTO (3.6) HAXOUM:

%“ﬂﬁrdxdydz =2k, ”_“ﬁr Im[n2 (x)]dxdydz - 2L22 ﬂumn (H)2 + |umn (OXZ]Re(Kmn) 3.9)

m,n

N3 Beipaxenus (3.9) BUIHO, YTO CYIIECTBYIOT JIB€ MPUYUHBI CXOJUMOCTH.

HepBoe cjJlaracMoc B HpaBOﬁ JaCTH OIIHUCBIBACT IIOIJIOIMICHHUC B CJIOC (GCJ'II/I

13



Im[nz(x)]>0), BTOPOE CJIaraéMo€ COOTBETCTBYET “‘BBITEKAHHUIO DHEPrUW~ U3 CIIOS 3a
cyeT yOeraromux BojH. OTMETHM, UTO CyMMa BO BTOPOM CJIaraéMoOM B IIPaBOM 4acTH
(3.9) 6epercs TOJIBKO MO yOETraroluM BOJHAM.

B cnydae, korma Im[nz(x)]zO CXOIUMOCTH HeT. Hampumep, B OJHOPOJHOM
HEMOTJIOIIAIOIIEM CJI0€ MOYKET PACIPOCTPAHSITHCS BOJHA IMOJ YIIOM, OOJBIIUM YIJIa
MOJIHOTO BHYTPEHHETO OTpaxeHus. B 3ToM ciydae s TOCTHXKEHHS CXOJAUMOCTH
MPUMEHSIETCS CIAEAYIOUIUN ITPUEM.

BerunciuM cpernee oT #(x,z) 3a BpeMs, OOJbIIEE XapaKTEPHOIO IEPHOjA
ocusiLMid. B pe3ynbrare Takoro yCpeOHEHUS aMIUIUTYAbl OCHMJUIHPYIOUIUX
cocTaBIAOmuMX #(x,7) CymecTBeHHo yMeHbiatcsa. (Hampumep, TakuM crnocoOom
JIETKO HAWTHU TOJOXKEHHWE PABHOBECHS MAasTHUKA, KOJICOTIOIIErocs 0e3 3aTyxaHus).
[Tocne 3TOTO MPOAOJIKUM HHTErPUPOBaTh ypaBHEHHE (3.5), UCMONB3Ys MOJYYEHHOE
CpelHee B KayeCTBE HAYaJbHOTO ycioBHs. KOMOMHUPYS OTpe3KH MHTETPUPOBAHUS C

YCPEIHEHHEM U 0€3 yCPEeIHEeHHUs, YAAETCs JOOUTHCA CXOUMOCTH.

3.3. YucneHHble meToAbl U PAa3HOCTHbIE CXEMbI

Jlns  uHTerpupoBaHusi  ypaBHeHus (3.5) 1O BpeMEHH  NIPUMEHSIETCS

CUMMCTPHYHAA ABHO — HCABHAA CXCMaA.!

i—u :é[Aﬁ+k02n2(x)12]+é[Au+kozn2(x)u] (3.10)
T

3mech t— mar mo BpemeHu, u=u(x,t), i=u(x,t+1). Cxema (3.9) ycroiiuuBa BHE
3aBHCHMOCTH OT Iara 1o BpeMeHH M umeeT ommOky O(r). Kpome 5TOro, MoxHO

MOKa3aTh, YTO MOJYyUYEHHOE B pe3ysbrare npuMenenus (3.10) pemieHue cTaiimoHapHOTO
YpaBHEHUS HE 3aBUCHUT T.

[lepenummem ypaBuenue (3.10) B Buje:
{1 - % A+ k22 (x)]}ﬁ = {1 + % A+ k22 (x)]}u (3.11)

Omnepatopsl B (3.11) mpu Manbix t MOXKHO pacIIeNuTh, HCHOIB3YS CTaHAAPTHYIO

TEXHUKY:

14



1——[A+k2 (x)]~ {1——[k 2(x)<k(z >H1——[A+<k ]}

1+%[A+k§n2(X)] {1+3[k2n2( )—<k2(z)>}{l+%:[A+<k2(z)>]} 12

31€ech TaKKe Kak M 1JIs BOPHOBCKOTO pa3jiokeHus < k*(z)> — pyHKIMS, OMKCHIBAIOLIAs

YCPCAHCHHBIC CBOMCTBA CJI0A, AJIA IIPOCTOTHI €€ MOKHO CUUTATDh MOCTOSIHHOM.

[Toncrasinsist (3.12) B (3.11), momyyaem:
1+§hm«w—w«aﬂ

_n HERORGEO]

{A +(k*(z)) + ﬁ}ﬁ =

T

[A + () —%}u (3.13)

OGpamienue omneparopa B JieBoil yactu (3.13) mpou3BOAUTCS TakkKe Kak U B
ciydyae bBOpHOBCKOrO pasjoKeHUs ¢ TIOMOIIBI0 MCHOJIb30BaHUS JUCKPETHOIO
npeobpazoBanuss @Dypbe Mo mnepemMeHHbIM x U y. W Bcad cxemMa BBIUMCICHUN
NpaKTUYECKH Takas XKe, Kak W 1 bopHOBckoro pasnoxenus. CHavalia mpH
U3BECTHOM u Bbruucisiercst dypobe npeodpazoBanue ot npasoit yactu (3.13). Oneparop
B JieBoM yactu (3.13) He 3aBUCUT OT X M y €ro oOpalleHHe CBOAMTCS K PELICHUIO
KpaeBOM 3a7a4M IO MEPEMEHHOM z s Kaxkaou Dyppe-rapmoHuky. Pemenne kpaeBoun
3aJla4M MPU TPAaHUYHBIX YCIOBUSX (3.4) MPOU3BOAUTCS C TIOMOIIBIO MPOCTON MPOTOHKH.
3aTeM ¢ mOMOIbI0 00paTHOrO npeodpazoBanuss Pypre HaxoaUTCA peuieHue (3.5) 4 B
CJICYIOILIEN TOYKE 110 BPEMEHHMU.

BeiOop mara mo BpeMEHHM <t ONpeNeNiseTcss B 3HAYUTEIbHOM CTENEeHU
HKCIIEPUMEHTAJIBHO.

Ham omnbIT 1noka3piBaeT, YTO OLIEHKAa ONTUMAJIbHOIO IAra  CIEAYOLIas:
o1/ (e} < #2(2) ]

[Ipumeuanne. B 1aHHOM BEpCUM BBIYUCIUTEIBRHOW MPOLEAYPHI Clydyan
HAKJIOHHOTO MaJIeHUs ¢ MPOU3BOJIBHBIM YIJIOM G HE ObLI peajn30BaH IO CIEIyIOIIen
npuuuHe. Kak npaBuiio, B KOMIIBIOTEPHOW TpaduKe yYIIOBbIE pacHpeesIeHus
paccestnnoro uznydenusi (Bi-directional distribution function — BDF) 3anatotcs nmst
(UKCHPOBAaHHOIO 4YHCJIa YIJOB INaJCHHUS Ha HEKOTOpod yrioBod cerke. [lpu

IMPOMCIKYTOUHBIX YIJIaX IIaACHHUSA BDF Bawrumcnsitorcs ¢ IMIOMOIIBbIO MHTCPIIOJIAINN.
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[Ipn mocTaTo4HBIX pa3mepax 3JieMeHTapHoTro (parmenTa komauyectBo Dypre-
TapMOHUK M COOTBETCTBYIOIIMX HampaBieHUM Benuko. l[loaTomy QukcupoBaHHBIE
yrabl maaeHus i 3aganus BDF  Moryr ObITh ¢ HEOOXOJUMOM TOYHOCTBIO

HpI/I6J'II/I)K€HBI HalpaBJICHUSIMHW M3 MHOXCCTBaA HaHpaBJ'IeHI/Iﬁ JJIA CDypBe-FapMOHI/IK.

HOFpCHIHOCTb HJI1 CYHICCTBCHHLBIX YIUVIOB IIAACHHUSA HC IIPCBBIIMIACT 0.50, YTO BIIOJIHC

gonycTuMo. B 3ToM  ciydae  BBIUMCIWTENBbHAS — MOpoleaypa MpeTepreBaeT
MUHHMMAaJbHbIE W3MEHEHHMs, TOJIbKO B 4acTh KpaeBbix ycioBuil (3.4). Henynepas
npaBasi 4acTh nossisieTca He s Dypbe-rapmonnku ¢ m=n=0, a nusi toi Dypbe-

TapMOHHUKH, KOTOpass COOTBCTCTBYCT HAIIPABJICHUIO IMaJCHHA.

4. YrnoBoe pacnpegeneHue paccesiHHOro usny4yeHus B
AndpakuMoOHHOM 3apa4e

4.1. Nany4yeHne KOHe4YHOMU obnacTu

Pesynbrarom pemeHus auQpakuMOHHOW 3adauyd  JUIsl  NEPUOAMYECKOIO
KpacsIIero CJos SBJSIOTCS 3HAYCHHUS BOJHOBOTO IIOJISI HA TOBEPXHOCTH CIOS
(koMIUIeKCHBIE aMIUIUTYAbl Dypbe-rapMoHuK). s Beluucienus Bi-directional
distribution function (BDF) »Tu ammiautyasl HyXHO mpeoOpa3oBaTh B YIIOBOE
pacmpeeieHue pPacCessHHOTO H3TyYCHHsI B JATbHEH 30HE.

CHayasna paccMOTpUM II0JIe, TOJY4YEHHOE IpU pEIIeHUU Iu(paKiuOHHON
3a/1ayd ¢ TEPUOJMYECKUMH TPAaHUYHBIMUA YCIOBUSIMU Ha OOKOBBIX MOBEPXHOCTSIX
areMeHTapHoro ¢gparmenta (pasmep LxL) , Ha MOBEPXHOCTH KOHEUHON KBaJpaTHOM
00J1aCTH CO CTOPOHOI /:

—1/2<x<1/2; =1/2<y<]/2 4.1)

Bynem cuutath, 4TO 00JACTH COCTOUT U3 MHOTHX AJIEMEHTApHBIX (parMeHTOB U
ee pa3Mep TaK BEJIHK, YTO C JOCTATOYHOW TOYHOCTHIO IOJI€ BHE OOJACTH MOXKHO
MOJIOKUTH PaBHBIM HYJIIO, MpeHeOperas kpaeBbiMU dpdexkramu. Takum oOpa3zom, HaMm
M3BECTHO T0JI€ Ha BEpXHEH nmoBepxHocTu oonactu (4.1) - u(x,y,0). 3a npenenamu (4.1)

I10JIC PABHO HYIIIO.
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Jlanee BBIYMCIMM TIOJI€ HA TIOBEPXHOCTH yAaJeHHOU TOMyc(]ephl, OKpyKaromen
HaIlly KBaJIpaTHYIO 00JIaCTh, UCIIOJIB3YsI XOPOIIIO U3BECTHYIO opmyy Kupxroda [4]:

SR

dxdy (4.2)

u :ﬁ”u(x,y,O)% z

31ech HMHTETPUPOBAHHME IIPOM3BOJUTCS IO Bceil mmockoctu z =0 (3a mpeaenamu
obsactu u=0), R — eCTb pacCTOSIHUE OT TOYKHU Ha roaycdepe

(x'',z") = (psinBcose, psinBsing, pcos)
110 TOUKH (x,),0) Ha MJIOCKOCTU BEPXHEU MOBEPXHOCTH CJIOSI.

Jl1st 6onbIoi chepsl

o kiR ik kiR
0z R R R

CnenoBaTenLHO

iky=" [0 ok =X (=) (=2
2n "

~
~

dxd 4.3
G r) )

U, Tpearnoaras, 4YTo [MeHTP MOBEPXHOCTH KBaJAPATHON 00JIACTU M LEHTpP Moychepsl

HaxoasATCdA B HA4YaJIC KOOPpAWHAT, I1OJIydacM

l,ko(p_xx’+yy'+zz’j
. ’ p
u z_ﬁijju(xay50) €

2n p p(l_zxx'+yy'+zzj

dxdy

02

iko(p—xx +yy'+zz J
e

p_2xx'+yy’+zz'
p

eiko (p—x sin 3 cos p—y sin I sin p—z cos 9)

ik
=——=cos || u(x,y,0 dxd 4.4
o ”( Y )p—xsinScoscp—ysinSSin(p—ZCOSS 4 (3:4)

~ —izk—izg’”u(x,y,O)

dxdy

. k p . . . . . .
np P

ikoeikop

COSSJ'J'M(X,y,o)e—iko(xcos<p+ysin(p)sin9dxdy
2mp

B 3TOM cityyae noTok paBeH
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J ~ 12 kO COoS SU‘J‘M(X y, 0) zko(xcos(p+ysm(p)sm9d a’y (4'5)
p

Jlasee ucnonb3yeM NPENCTABICHUE MOJS BONM3M M HAa IOBEPXHOCTH KBaJApaTHOU

obsactu B BuJie pazioxenus Oypobe

y= Zam’ne—ikzzﬂkxxﬂkyy (46)
m,n
rae
2nm + 2mn 2 2 2
k. =Tq’ k=" ko= -k -k (4.7)
nu
q = koLsinc

3II€CI> 6 — CCTb YIoJI maaCHus. B PE3YIIbTATC IIOJYydacM CIICAYIOUICC BBIPAXKCHHUC IJIA
IIOTOKA.

2
J~ 1 kO cos” Z —ik, Z_[Z/Q J‘Z/Q ik x+ikyye—i(xk0 sin 9 cos @+ yk, sinSsin(p)dxdy
p2 412 m.n® 1/23-1/2
m,n

CraenoBaTeabHO
. . . 2
. Ak —k 9 . I(k,—kysin9sin
S kgeos’s s S S 4.8
S a2 e I s 49
m,n 5 3

Ora cymMMma COIEPXKHUT TOJBKO YXOIAIIME HEe3aTyXarolulue BOJIHBIL. YJEeHBI C
KOMIUIEKCHBIM Kk, JOJKHBI OBITh HCKJIIOYEHBI (MIOCKOJBKY OHM 3aTyXalT IO Mepe
ynajeHus ot ciosi). Kpome 31oro, A0mkHa ObITh UCKIIOYEHA MOJA, COOTBETCTBYIOIIAS
ocBenlaromel BoiHe. J(eWCTBUTENBHO, PAacCCMOTPUM “MYyCTO” CJOW (3alOJHEHHBIH
BaKyyMOM) I0J] HOPMaJIbHbIM OCBELIEHUEM, MPUXOJAIIEM M3 TOro *e Bakyyma. B
3TOM CJIy4dae IOJHOE I0JIE€ PABHO NMAJAIOLIEH BOJIHE U 0o = |. EciiMm HE MCKIIIOUNTH
NaJarouyro BoJIHY U3 (4.8) MosSBUTCS BKJaA, COOTBETCTBYIOIINI OOpaTHOU yXOAsIIEH
BOJIHE, U B PE3YJbTATE MBI ITOJIYYUM, YTO OJHOPOJHOE IIYCTOE IMPOCTPAHCTBO OTPAXKAET
BOJIHY ¢ KO3()(PULIMEHTOM OTpa)ke€HUs!, paBHBIM 1!

Takum oOpa3oMm, YIJIOBO€ paclpeieneHue IUIOTHOCTH WHTEHCHUBHOCTH,

OTHCCCHHOC K GIII/IHI/I‘IHOﬁ 10 aaKe OECKOHEYHOTIO KpacAamero ¢Jj1o4, UMCCT BUI
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. . 2
. —k, si . I(k,—kysin3sin
ki cos® 9 _sin Wahosindeose) ) I, “HosinBsing)
G(8,0) =1 a,, e 2 2 (4.9)
i 2 m,n [(k,—kysinYcoso) I(k,—ky sin 9sin @) ’
4n m,n - }f

N3 CYMMBbI HUCKIITOYEH YJICH Oy o 1 BCC MOJIbI C KOMIIJICKCHBIM kz-

4.2 NpepenbHbIK Nepexoa K 6eCKOHeYHOMY Nepuoanvyeckomy Criolo

VYrioBoe pacrpenencHue HU3JIy4eHUuss OCECKOHEUHOIo TMEPUOAUYECKOrO CIOs
paBHO Tipeneny BelpaxkeHus (4.9) Tpu  CTpEeMJICHHHM pa3MepoB 00JacTH K
OECKOHEYHOCTH [ — o0.

Bennuunel
sin I(k,—k, s;nSCQS(p) sin 1(k, —kq szin\‘}sin o)

I(k,—kysinScosgp) ~’ I(k,~k,sin §sinp)
2 2

KaK (yHKUUH yTII0B (0,(0) UMEIOT MAaKCUMYMBbI OKOJIO HAMPABJIEHUS, ISl KOTOPOTO

k, =kysinS3cos@
k, =kysin3sin@

T.C. UL YIJIOB

. A
sind,, , =7 m? +n?

tano,, , =n/m

Ecin xomudyectBo Dypbe-rapMOHHK (DUKCHPOBAHHO (OHO OIPEAENseTCS TOJIBKO
pa3MepamMH 3JIEMEHTapHOro (parmeHTa L), a pa3mep Bcell oOiactu [ cTpeMUTCs K
OECKOHEUHOCTH, TO IIMpUHA MakcuMyMoB manaetr kak O(/1/[). CnemoBaTenbHO, IS
JOCTaTOYHO OouyibliMxX / 4ieHsl B cymme (4.9) pacHeruisitoTcsi, M KBaJpaT CyMMBI

CTAaHOBHUTCA CYMMOﬁ KBaaApaToOB:

Ik, ~ky sinScos@) \2( . I(k,~kysinIsing)
‘f s1nf
I(ky—ky sin 3 cos¢) I(k,—kq sin 9sinp)
m,n T I S—

5| sin

3 2
I ko cos” 3
GO Q— 120 == o,
T

PaccmoTpum noBeieHre HEKOTOPOro ujieHa (n,m) npu [ — oo.
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. 2 . . 2
. (k. —k 9 . I(k,—kysin9sin
5 Smw Smw
L Ry e I(k, ~kqsinBsing)
2 2

2 ko cos® 9

Gym(8,0)=1

BOnu3u ot Hanpasienus (9 ), T.€. IIPU yTjIax

m,n> (Pm,n

8=39,,+A3
P=0,,+A¢
O0o3Hauas
sint
()= ( j
MOJTy4aeM

(k. —~k,si 20 . i(k,~kysin9sing) )
sin I(k, kos;nSCosq)) sin (k,—ky 9)

5 N (k_oz . . _ )
1(k, —k, sin $c0s ) 1(k,—k, sin 9sin 9) =T (sind,, , sing,, ,AQ—cos@,, , cos 3, ,A3)

2 2

T(%Ol(—sin 8.0 COSP,, AP —sinQ,, , cos Sm’nAS))

Brruncium unTerpan no okpectnoctu (Ad, AQ) okono Hanpasnenus (9,,,,9,,,)

0k, hsindcose) \* i 1~y sindsing)

sin 3
.“. 1(k,—k¢sin3coso) smSCQS(p) M dA(PdAS =

2

[[7(€)r(n)dean

kzl2 cosJsind

[Tpu / — oo 06s1acTh UHTETPUPOBAHMS TIO TIEPEMEHHBIM (&,1)) CTAHOBUTCS OECKOHEUHOM

HE3aBHCHMO OT pasMepa obOmacth yrioB (AD,A@), a WHTErpaj B INpaBOd dYacTh

PaBCHCTBA CXOOUTCA K cnez[y}omeﬁ BCIINYHHC:

. 2, . 2
J~oo J-oo (sm&} (smn} d&dnzrcz
e 8 n

Otcrona,

2 2
47

k;1* cos 9sin 9

MT sin [ Hasin9sing)

sin = .
“ ( T Tysnboosn) i dAGAAS —

[(k,—kysin3sing)
2 2

I/IHTGFpaJ] OT INIOTHOCTH YIJIOBOI'O pPacCIIpCACIICHUA II0 0001 Manoi OKPCCTHOCTH

Harpa,JIeHU (3, ,, ¢, ,) PABCH
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” G (3, 0)sin3d3do = ko‘a(m’n) ? cosd

OT0 03HayaeT, 4yTo BenuuuHa G, ,, (€1ad0) CXOAUTCS K eabTa-(pyHKINN:

Gy (V) —225 iy €05 9]0ty | B0 = v,.)
rac
v = (sinBcos@, sinBsing, cosH)
u

Vi = (8110,,,,COSPp 1, SINO, ,SIND,y, 1, COSO,y 1)
3/1eCh V€CTh €AMHUYHbBIC BEKTOpA B HANpaBieHUH Habmoaenus (0, ¢) U HanpaBlIeHUH,

COOTBETCTBYIOIIEMY yriaaM (8, ,, . ,) -

A Bcst cymma (4.9) cxoauTces K:

G(v) =kycosS Z‘oc(m,n) 28(v—vm’n) (4.10)

m,n#0;Imk,=0

Beipaxxenne (4.10) ectb uCKOMasg IUIOTHOCTh YIJIOBOTO paclpeeieHUs
MHTCHCUBHOCTU PACCESHHOTO W3JIyYeHUs, OTHECEHHas K EIUHUYHOM IUIOIAJKe
OeCKOHEYHOTO Kpacsimiero cios. JlenpTa-QyHKIHM BO3HUKAIOT M3-3a MEPUOIUIHOCTH
(aHaOTUYHO ciTydaro OECKOHEUHON NTU(PPaKIMOHHON pemieTkr). B cyMMe MCKITIOUeHbI
MO/JIbl, COOTBETCTBYIOILIME IMAJAIOLIECH BOJIHE M BOJIHAM, 3aTyXarolIUM IpU YJaJI€HUU
OT CJI0S1.

ITonnas OTpa’XCHHas MOIMHOCTb UMCCT BU!:

2

E= kO Z‘am,n ? Cosgm,n = Zkz Qi

m,n#0;Imk,=0 m,n#0;Imk,=0
5. 3aknroyeHue

B nanHoli pabGore OBLIO TIPUBEACHO pEIICHUE 3a7add  JTUPPAKIUH IS
MOJICITUPOBAHUSL KPACSIIEro CJI0s ¢ BBICOKOM KOHIIEHTpalMe dacTtull. 3ajada Obuia
MOCTaBJICHA JJII TeHepaluh HW300paKeHUH CJI0sl YepHMII, MCXOAS W3 BHYTPCHHEH
CTPYKTYpbI CJI0si U (POPMBI KpacsIIMX YacTHI[. ITO — BTopas padoTa, OMUCHIBAIOIIAS
Ham noxaxox (mepBas — [3]). Taxke mpenmojaraeTcs OCTaBIIMECS YacTU PaOOTHI

OHY6JII/IKOB21TB B IIEU'IBHGﬁHIGM.
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