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BHUKTOP COJIOMOHOBHY PAFEHbKHH
(90-5teTHro co THS pOXKICHMS )

20 mapra ucnoaHuIoCch 90 JeT BpIAAIOIIEMYCS YYEHOMY, TJIABHOMY HAYYHOMY
cotpynHuky HWHcturyra npuxknagHod marematuku um. M.B. Kengsimma PAH,
JIOKTOpPY (PU3HKO-MATEeMaTHUYECKUX HAyK, Mpodeccopy, 3aCIy>KEHHOMY JESTElt0
Hayku Poccutickoii @enepannu Bukropy ConomonoBuuy Psioenskomy. Ero nHayunsie
ycrexu Npuodpend MUPOBYIO M3BECTHOCTb, HO TOBOPSI O HUX, MBI TakKe O0s3aHBbI
BCErJa MOMHUTh O HEMPOCTON cyapOe COBETCKMX MYX4WH 1923 roma poxaeHus,
UCIIBITABIINX Ha ce0€ BEJIMKUE M OJJHOBPEMEHHO TParMuecKue COOBITUSI MUHYBIIIETO
BEKa, B YCIOBUAX KOTOPBIX pOKIajach HayudHas Ouorpadus Hamiero ro0wisipa. Emy
HE JI0BEJIOCh Peajan30BaTh CBOM CIIOCOOHOCTH K MaTeMaTHKE Cpa3y MOCiIe OKOHYaHMS
cpenHelt mkoibl. Benmnkas OreuecTBeHHas BOWHA M3MEHMIIA TUTAHBI OOJIBIIMHCTBA
ero cBepcTHUKOB. OH yIiesn Ha Hee JOOPOBOJIBIEM U 3aKOHYMJI BOWHY C OOEBBIMU
HarpajaMi BoJWTeNeM TaHKa, npuHecwero Ilodexy B Ilpary 9 mas 1945 rona.
Tonbko mociie 3T0ro MoKHO ObLIO BEPHYTHCS B MOCKBY M NMPOJOKUTH ITPEPBAHHOE
obpazoBanue. B 1949 rony Buktop CosloMOHOBHY 3aKOHUYMI MeXxMaT MOCKOBCKOTO
VYHuBepcutera U ObLI OCTaBIEH B aCHUPAHTYPE, T/I€ MO/ PYKOBOJICTBOM aKaJIeMUKa
WN.I".IletpoBckOro 3aHuUMalCcsi pa3padOTKONl TEOpUHM PA3HOCTHBIX  AHAJIOIOB
nuddepeHnnanbHbIX YpaBHEHUH B YaCTHBIX MTPOU3BOAHBIX. Ero mepsble miaru 31ech,
HECMOTpPA Ha TO, YTO OHM HE COIPUKACATUCh C MPAKTHYECKUMH pacyeTaMu,
OKa3aJuCh BEChbMa YCHEHMIHBIMA M COCTaBWJIM COJEPKAaHUE COBMECTHOW C
A.O.OununmnoBsiM MoHOTpadguu «O0 yCTOWYMBOCTH PA3HOCTHBIX YpaBHEHUI»,
omyOnrKoBaHHON B 1956 romy Bckope Mocie 3alluThl KaHIUJATCKON JuccepTaiiu.
Oto ObLIa mepBas B MUPe MOHOTpadus B JaHHOW 00JIaCTH.

[lo oxonuanuu acnupantypel B.C. PsaOenbkuii pabotan JOLIEHTOM
MOCKOBCKOTO 3a0YHOTO TI€IarOorMYecKoro WHCTUTYTa, a B 1957 romy ObLd
npurianied B Otaenenue npukiagHoi MmareMatuk — HeiHe UTIM nm.M.B.Kennpima
PAH. 3nmecb B HMHTEHCHBHBIX 3aKphITBIX paboTax IO pacueraM 3ajady TIa30BOM
JUHAMUKH C TEIJIONPOBOJAHOCTBIO PAa3HOCTHBIMA METOJAAMHM HAKOIMWJICS YCIEIIHBIN
onbIT npakTuyeckoil padotel. B.C. Psbenskomy BMecte ¢ C.K. I'ogyHOBBIM OBLIO
MOPYYCHO TEOPETHUYECKH OOOOMIMTh W OMyOJWKOBATh 3TOT OMNBIT, YTO W OBLIO
C/IeJIaHO B BHJI€ COBMECTHON MoHorpaduu «BBeneHue B TEOPUIO Pa3HOCTHBIX CXEM»
(1962), xoropass 3arem mnepepaboTaHa B y4yeOHOE MOcoOHe, BBIIICAIICE JIBYMS
n3gaHuaMu B 1973 u 1978 rr.

B nmnocnenyromme rtoner B.C. PsaOenpkuii — Temepb yke INpU3HAHHBIN
CHEUAINCT B O0JIACTH PAa3HOCTHBIX YpaBHEHWH, CO37aJl TEOPUI0 Pa3HOCTHBIX
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NOTEHIIMAJIOB, OMMYyOJIMKOBAHHYIO B MHOTOYMCIIEHHBIX CTaThsIX U O0OOILIEHHYIO B TPEX
U3JIaHUAX ogHOMMEHHOU MoHorpaduu (1987, 2002, 2010 rr.), yI0CTOCHHON MPEMUN
uM. WL.T'. IlerpoBckoro B 2007 rogy. B ee OCHOBY IOJIOXKEH aHAJOI MHTETPAIbHBIX
dopmyn tuma Komm aisa aHamuTHYECKUX (PYHKIUN B MPUMEHEHUH K JTUCKPETHBIM
(YHKIIMSIM Ha pacUETHBIX CETKaxX. JTa Teopusi HaXOAUT 3 (PEeKTUBHBIC TPUITOKEHUS B
YHICJIEHHOM PEIICHUH 3a]1a4 MaTeMaTu4eckon (pU3nKu B OECKOHEUHBIX 00JIacTIX: OHA
MO3BOJISIET OTPAHUYHUTHCS OOJACTHI0O KOHEYHBIX pPa3MEPOB C HMCKYCCTBEHHBIMH
TPAaHUYHBIMU yCIIOBUSMH, TIEPEHECEHHBIMU M3 OECKOHEYHOCTH. B mociennee BpeMs
BBINIOJIHEHA cepHsi padOT MO PEIICHUIO aKTyalbHBIX 33Ja4 aKyCTHUKU 00 YCUJICHHH
WM, HAOO0OpOT, TJIYIIEHWH 3BYKOB B CHUCTEME W3 JIBYX COCEIHHUX MOMEIICHMI:
yIOpaBJICHHE HSTUMHU TMPOLECCAMU OCYUIECTBISETCS C MOMOIIbI Pa3HOCTHBIX
MOTEHIIMAJIOB, COCPEOTOUCHHBIX BJIOJIb TPAHUIIBI MEXTY HUMH.

B Teuenue necartuneruit B.C. Psa0eHbKuil Besl MOCTOSIHHYIO TEAAarornyecKyro
paboty mpodeccopa kadenpbl BerunuciutesnbHoi Marematuku MOTU. 3gece um
CO3/7IaHbl U TMPOYUTAHBI KypChl JICKIIUH, HA WX OCHOBE HANHMCaHO ydyeOHOEe mocobue
«BBeJieHre B BEIYUCIUTENIBHYIO MaTEMaTHUKY», BBIIIEIIEE TpeMs U3aHUsIMU B 1994,
2000 u 2008 romax. Ero MHOro4uclieHHbIE YYEHUKH — KaHJIWJAThl U JIOKTOpa HayK
YCHEUIHO MPOAOJIKAIOT Pa3BUBATh TEMATHKY CBOETO YUYUTENS B HaIllEd CTpaHE U 3a
pyoexxom.

Caoii conunnbiii 00ueit Buktop ColoMOHOBUY Tpa3faHyeT «0e3 OTphIBa OT
MIPOU3BOJICTBAY, YBICUEHHO paboTas B mM30paHHON uM obOnactu Hayku. [loxemaem
€My JI00pOro 3/10pOBbsi, YCIIEXOB U PaJIOCTEM.
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KIIOYEBASI THOOPMALUA JJI51 YIIPABJIEHUA PEINEHUAMNA
JIMHEUHBIX PASHOCTHBIX CXEM B COCTABHbBIX OBJACTAX

B.C. Paoennkuit

HUncemumym npuxnaonou mamemamuru um. M.B. Kenoviua PAH

ryab@keldysh.ru

OmnpeneneHo MOHATHE KIIOYEBOM HHPOpPMALMM O Pa3HOCTHOM CXEMe WU LeNu
yrnpaBieHus ee pemeHueM. llomydena ¢opmyna BBYHCICHHA O 3TOM WHGOpMAINH
VIPABJISIONIETO BO3ACUCTBHUS, 3alIMIIAIONIETO pEUICHHEe B 3aJaHHOM mMoxo0jacTh OT
BIIMSIHMSL ITPaBBIX YacTEH, JIOKATM30BAHHBIX B JONOJHUTEIbHON O00IaCTH.

The concept of key information on difference scheme and goals to how control its
solution are defined. A formula of calculation of control action by this information is
obtained. The control influence is protected the solution in a given subregion from the
influence of right-hand sides which are localized in the additional subdomain.

PaccMoTprM pa3HOCTHYIO CXeMy

dau,=f, meM, (1)
neNrn
M — 3agaHHOE€ KOHEYHOE MHOXKECTBO To4ek M, me M ; N_ — 3aganHoe

MHOECTBO To4eK N, NeN_; a
f., meM - 3aganHble npasble yactu. Pemenue U, ={u.} 3anauu (1) onpexnenexo
Ha MHOXXecTBe N =UN_, meM . ®ynkmmu f, ={f }, meM ,uu,={u}, neN,

meM, neN_ — 3agaHHble K03(ULHEHTSI;

mn !

MOTYT OBITh BEKTOP-(QYHKIHAMU, KOI(D(OUIUEHTBI 8 MOTYT OBITh IPSMOYTOJIbHBIMU

MaTpPUIIAMHU.
IIpoctpancTBo Beex mpaBbix yacteit f,, o6oznauum F,,, a Bcex QpyHKImiA U,

IJI1 KOTOpBIX HMMeeT cMbica JieBas 4dacTh (1), obo3nauum U . Ilpennonoxum
meM a meN,;
f, ey, ¥ u,€U,. Oro ycinoBue cocroutr B ToM, uTo cxema (1) umeer oxHo u

BBIIIOJIHEHBIM yCIIOBHE coryacoBanuss mexay M ; N

m? mn ?

TOJBKO OZHO pemenue U, €U, mpu mo0oii npasoif wactu f,, € F, .

Iycte M* — kakoe-uubOyas moamHOXkectBO M <M  muoxkectBa M.
Ompemnenum M ™, N*, N~ u cerounyro rpanuiry y mexay N™ um N7, monoxus
M- =M\M* N*=UN_,, meM’; N =UN,, meM’; y=N{N".
O6o3naynM U, mpOCTPaHCTBO BCeX (QYHKUMI U, , MOMYyYCHHBIX CY)KEHHEM Ha

y © N BceBo3MOXHBIX (QyHKIMHA U, €U .
Hapsiny c (1) paccMoTpuM clieayronye 18 CXeMbl

dau, =6,(M)f,  meM, (2)
neNm
Da,u =6,(M)f,  meM, (3)

neNm
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rie 6,(X), X cY - xapakrepuctuyeckas (GyHKIus MHoxkecTBa X . O4eBHIHO

paBEHCTBO
—_ +
u,=u, +u, neN. 4)
[Iycte pa3HocTHas cxema (1) ecTh pa3HOCTHas amIpPOKCHUMAIUS HEKOTOPOi
JWHEHHON 3amadum O 3BYKOBOM Tonie, mpudeMm f =~ — Moxmenmupyer IUIOTHOCTh

UCTOYHHUKOB, a U, MOJEIHUPYET aKyCTHUECKOE I10JIE.

JIns KpaTKOCTU PeuM COXPaHUM TEPMHHBI 'aKyCTHUYecKoe Tose’”, "'TIOTHOCTh
MCTOYHUKOB" U s abctpakTHbIX cxeM (1)-(3). Ciaraemsie Uy u Uy B cymme (4)
IPHOOPETAIOT CMBICIT BKJIAI0B BIMSHUSA UcTouHnKoB f , me M ™, u ucrounuxon f_,

- _ - +
me M, B akycTuueckoe noise Uy, Uy, =Uy +Uy .

Ilycts 2z, Z, €U, , npousBosbHas ¢uxkcupoBaHHas ¢pynkuus u3 U . Ilycts
Jy» 9y € Fy» ¥ Z, CBA3aHBI Tak, 4TO Z, SBJSIETCS PEILICHUEM 3a]laun

> anz, = fu+0,, meM (5)
neNm

Onpenenenue 1. bBygem roBoputs, 4To (., €CTh YNpPaBICHHE PEIICHHUEM U,

3agaun (1), mepeBogsmiee U, B 3anaHHyr ¢QyHkuuto z,. OyHkuuto z, Oynem
Ha3bIBaTh 11eJIeBOM (pyHKIMEN 11 yripaBieHus (,, .

Teopema 1. IIpu mo0oii nenesoit pynkuuu z,, z,, €U, , CylmecTByeT oHO U
TOJIBKO OJHO YIpaBlI€HUE (,,, KOTOpoe HepeBoguT Uy, B Z,. OTO YIpaBICHUE
MO>KHO 3anucarb GopMyIion

g, = Zamnzn— f, meM (6)

neNm
Beenem ceMelcTBO QYHKUMH  Z, = Z (A",A"), s3aBucsamiee OT ABYX

BEIIIECTBEHHBIX MTapamMeTpoB A™ u A’, 1 3aaHHBIX (HOpMYIIOit

o Au, +u,, ecmuneN
zy(ALA) = . (7)
u,+Au., ectuneN"\y
OueBHUIHO
z,(1,1) =uy +uy =uy. (8)

[Ipu nepexone ot Uy K Z, (A", A") BKiIaabl HCTOYHUKOB f_, JIOKaIM30BaHHBIX

BTOYKax Me M’ u me M, B akycTtuueckoe moiie, B cuiy (7) yMHOXAeTCs B TOYKaX
neN uneN"\y va A~ u A" cootBeTcTBeHHO. B uwactHOoCcTH, ecmu A =0, TO
MIPOMCXOANT TIOJTHAS 3allUTa aKyCTHYECKOTO Mojs B Toukax Ne N~ oT BIusHHS
uctounukoB f , meM?. Ecmu Bkmax BiausHHMS ucTOYHHKOB f , meM™ B

aKyCTHUYECKOE IoJIe Z, B TOuKax Ne€ N~ TpakToBaTh KAaK HEXKEJATEJBHBIN IIyM, TO
nepexo] oT Uy K Z, (0,A") o3HayaeT MOJHYIO 3aLIUTY aKyCTHYECKOTO MOJIs B TOYKAX

ne N~ or myma ucrounukoB f , meM™.
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Ompenenenne 2. KinoueBoil nadopmarmeit s ynpasienus ¢, =g, (A, A")

nepexonoM ot Uy k Z, (A", A") nmaszoem dynkimo W, =W (A", A"), cBA3aHHYIO C
U, ¥ U paBeHCTBOM
- AT — - - +\,
w, (A AT) = (A" -u, +(1-A")u, 9)
3ameuanue. [lonuepknem, uto mis 3uanus W, (A, A") 10CTaTouHO MOMHUMO

camoii ¢pynkmu W, (A", A”) B TOUKax N ey emie 3HaTh, YTO CYIIECTBYET CBs3b (9)
dynxkumn W, (A", A") ¢ gynkimamu U u U7, HO camu QyHKIMH U, M U~ MOTyT
OCTaBaThCSl HEU3BECTHBIMH.

Tak, nanpumep, eciu A" =0, A" =2, To ecTh eciu

zy (A", A") ={ -

TO KJIFoUeBast uHGopMaIus
w,=w, (0,2) =(@-Du, +(1-2uy" =-u,

COBMANAET ¢ (—U,) HE3ABUCHMO OT Buja GyHKIwmiA U, 1 U .

+

o eciune N

U, +2u;, eciuneN" \y

Teopema 2. VYmupaenenue (,, =0, (A ,A"), mepeBoismee u, B IEIEBYIO
byukuuro z, (A", A"), 3amaercst popmynoi
0, ecrumeM”
gn(A,AT) = Zamn[QN (»w.], ecrumeM”, (10)

neNm

re W,, N €y, eCTh 3HA4YeHUs KIo4eBoi nupopmanuu W, (A", A") B TOuke Ney u

w (A ,A"), ecmune
9N(7)Wn:{ n( ) 7

0, eciuney.

CpaBauMm ¢opmynsl (6) u (10) mis Beramcnenus g, (A, A"). Berancienne
gy (A, A") mo TpuBuanbHOi dhopmyie (6) TpeOyeT 3HaHUS MONHON UHOOPMAIUK O
meM, neN_; f_,

m

pasHocTHBIX cxemax (1), (2), (3): myxno 3vate M ; N_; a_,
me M, a taxke 3Hauenus z, (A", A") uenesoit pynkiun z, (A, A").

Beruncienne toro xe ympasnenus g, (A, A7) mo dopmyne (10) Tpebyer
3HAHMs TOJIBKO KmodeBod uHdopmarmu W, (A7,A"), a Takke a,,, s KOTOPBIX
meM™ u ne Nmﬂy. [Ipu stom Bce Tpu Qynkuum z, (A, A"), Uy, Uy H Jaxe

obsactb N uX omnpeneneHus OCTalTCsl HEU3BECTHBIMMU.
Takum o6pazom, Teopema 2 OCYHIECTBIAET PEAYKIUIO MPOOIEMbl TOCTPOCHUS

ynpasnenust @, (A,A") K mnpobieMe TMONydYeHUs KIOYEBOH HH(OpMAIMH
w,=w, (A,A")
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3amMeTuM, 4TO TeopeMa 2 ONMUpPaeTCs Ha CBOMCTBA Pa3HOCTHBIX MOTEHIIMAIOB
[1]. Teopema 2 siBJISIETCSI HIIUPOKKUM 000OIIIEHUEM pe3yibTaTa [2].

Cnucok aumepamypbl
1. B.C.Pabenvkuti. MeTon pa3HOCTHBIX IOTEHIIMAJIOB W €ro MPUJIOXKEHUs, M.,
®dusmataur, 2010.
2. B.C.Pabenvkuti. ODyHKIIMOHATBHBIA aHAMHM3 U ero mpuioxkeHus, M., Hayka, 29(1),

70-71, 1995.

WAVE PROPAGATION IN ADVECTED ACOUSTICS WITHIN A
NON-UNIFORM MEDIUM UNDER THE EFFECT OF GRAVITY

S. Abarbanel*, A. Ditkowski 2

! Tel-Aviv University, Tel-Aviv, Israel,
saula@post.tau.ac.il

2 Tel-Aviv University, Tel-Aviv, Israel,
adid@post.tau.ac.il

We investigate linear wave propagation in non-uniform medium under the influence
of gravity. Unlike the case of constant properties medium here the linearized Euler
equations do not admit a plane —wave solution. Instead, we find a “pseudo-plane-wave”.
Also, there is no dispersion relation in the usual sense. We derive explicit analytic solutions
(both for acoustic and vorticity waves) which, in turn, provide some insights into wave
propagation in the non-uniform case.

Understanding the phenomenon of wave propagation is of great interest in
several fields of scientific and technological importance; e.g. electromagnetics,
elasticity, geophysics, fluid flow, acoustics and advected Acoustics. Rarely can one
obtain analytic solutions to such problems and then we resort to computations.

Good computational approaches try to be guided as much as possible by
analytic knowledge of the nature of The phenomenon. Thus, foe example, numerical
solutions of the Navier-Stokes equations rely on insights gained from boundary layer
theory.

We focus our attention on the field of advected acoustics in subsonic flows.
Much is known in the case of Uniform main flow in a constant density (pressure)
medium. Hu has done a case of non-uniform main-flow (in a uniform medium) by
examining the relations between the group and phase velocities. To our knowledge,
the case of non —uniform density, in particular that caused by gravity , has not been
worked out in detail.

We start by deriving the dimensionless linearized Euler equations appropriate
foe our problem. We then inquire whether the derived equations support a “classical”
plane-wave solution. The answer is negative.


mailto:saula@post.tau.ac.il
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Instead of ending up with a homogeneous linear algebraic equation (whose
solvability condition yields a dispersion relation) we get a system of linear ordinary
differential equations with variable coefficients. We solve this set of o.d.e.’s to
obtain the non-constant entries in the coefficient-vector of the “pseudo-plane-wave”
solution.

This form of the analytic solution provides some insights into the nature of the
phenomenon. Thus, for example, the ratio of the amplitudes of the components of the
coefficient-vector to each other do not remain fixed but vary as the square root of the
local density.

Numerical computations verify the effects we studied.

THE SIMPLEST TURBULENT FLOW: SHEAR FLOW AT VERY LARGE
REYNOLDS NUMBERS.
A SURVEY OF THE TOTAL OF STUDIES

G.l. Barenblatt, A.J. Chorin, V.M. Prostokishin

Institute of Oceanology RAS - Moscow, Russia,
Deparment of Mathematics, University of California, Berkeley

Turbulence is one of the basic chalenges of modern engineering science and
applied mathematics. The most advanced branches of turbulence studies are the
investigations of the local structure of turbulent flows at very large Reynolds
numbers started by A.N.Kolmogorov and A.M.Obukhov, and those of the structure of
turbulent shear flows at very large Reynolds numbers started by Th. von Karman and
L.Prandtl. The studies of shear flows in pipes and boundary layers of the wall
bounded flows are of central interest in the last branch of turbulence studies.

Practically in all courses, monographs and text-books the structure of the field
of averaged velocities in the intermediate region between the viscous sublayer and
the vicinity of the pipe axis is described by the universal (Reynolds number
independent) von Karman-Prandtl logarithmic law. The drag law is described by an
implicit Prandtl formula which was derived on the basic of the logarithmic law.

All these results are based on a hypothesis, explicitly formulated by von
Karman, that the flow in the intermediate region does not depend on the fluid
viscosity (which means the complete similarity in the dimensionless parameters
containing the fluid viscosity).

In the present lecture, summarizing the long time cycle of investigations
performed by authors it is shown that the von Karman hypothesis does not
correspond to reality. An alternative hypothesis is proposed according to which there
Is no similarity in the global Reynolds number, and these is an “incomplete
similarity” in the local Reynolds number - a similitude parameter equal to the ratio of
the distance to the wall to the “viscous length scale”.

The analysis performed led to a new power law for the velocity distribution
and following from it an explicit formula for the drag coefficient.
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The results were compared with all published experimental data and an
instructive confirmation was found. An analogous investigation with the same
conclusions was performed for boundary layer flows and wall-jets.

The authors came to the conclusion that the von Karman-Prandtl law is not
correct. It should be excluded from the teaching process and replaced by proposed
and experimentally approved power law.

EFFICIENT TIME-STEPPING-FREE TIME INTEGRATION
OF THE MAXWELL EQUATIONS

M.A. Botchev!

'Department of Applied Mathematics, University of Twente,
Enschede, the Netherlands,
m.a.botchev@utwente.nl

Solution of the time dependent Maxwell equations is an important problem
arising in many applications ranging from nanophotonics to geoscience and
astronomy. The problem is far from trivial, and solutions typically exhibit
complicated wave properties as well as damping behavior. Usually, special staggered
time stepping schemes are used [1]. Although their time step may be severely
restricted by the CFL condition, performance of these schemes is hard to beat by
modern implicit or exponential time integration schemes [2]. We show that in some
cases so-called time-stepping-free schemes provide a very efficient alternative to the
standard schemes. These schemes employ the matrix exponential function and can be
implemented by special block Krylov subspace techniques [3,4].

Numerical examples demonstrating the efficiency of the proposed approach are
presented, coming from the fields of nanophotonics and geoscience.

References:

1. M.A. Botchev, J.G.Verwer, Numerical integration of damped Maxwell equations
/Il SIAM J. Sci. Comput. 2009, vol. 31(2), pp. 1322-1346 .

2. J.GVerwer,, M.A. Botchev, Unconditionally stable integration of Maxwell's
equations // Linear Algebra and its Applications, 2009, vol. 431, Issues 3-4, pp.
300-317.

3. M.A. Botchev, V. Grimm, M. Hochbruck, Residual, restarting and Richardson
iteration for the matrix exponential. // To appear in SIAM J. Sci. Comput.,
accepted in February 2013.

4. M.A. Botchev, A block Krylov subspace time-exact solution method for linear
ODE systems. To appear in Numer. Lin. Algebra Appl., accepted in December
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A SIMPLE EULERIAN FINITE-VOLUME METHOD FOR COMPRESSIBLE
FLUIDS IN DOMAINS WITH MOVING BOUNDARIES

A. Chertock!

'North Carolina State University, Raleigh, NC, USA,
chertock@math.ncsu.edu

We introduce a new simple Eulerian method for treatment of moving boundaries in
compressible fluid computations. Our approach is based on the extension of the interface
tracking method we have recently introduced in the context of multifluids and may be used
in conjunction with one’s favorite finite-volume method. The robustness of the new
approach is illustrated on a number of 1-D- and 2-D examples.

In this talk, I will present a finite-volume method for computing compressible
fluids in the domains with moving boundaries. Our approach is based on the
extension of the interface tracking method we recently introduced in the context of
multifluids. To this end, we consider a model governed by the compressible Euler
equations and place the fluid domain into the computational domain of a fixed size,
which is divided into Cartesian cells. At every time moment, each cell is marked as
either internal, external, or boundary one. The internal cells are fully occupied by the
gas; the external cells are located outside of the fluid domain and play the role of the
so-called ghost cells, while the boundary cells form a thin layer between the internal
and external ones. The boundary cells have to be introduced since in the case of
moving boundaries, the fluid domain boundary cannot, in general, be forced to
coincide with the cell edges. As a result, the boundary cells are only partially filled
with the gas, which is very inconvenient since within the finite-volume computational
framework numerical solutions are represented in terms of the cell averages. One of
the possible ways to treat the boundary cells is to split each of them into two smaller
cells: the internal and the external ones. However, this would significantly increase
the complexity of the entire solution algorithm and may lead to very small time steps.
We prefer an alternative, simpler approach, in which the averages are computed over
the internal cells only and the data contained in the boundary cells are not used for
the computation of numerical fluxes. Namely, we only approximate the point values
at the edges of these cells, required in the numerical flux computations. These point
values are obtained using the solid wall extrapolation followed by the interpolation in
the phase space (by solving the Riemann problem between the internal cell averages
and the extrapolated ones). The numerical solution is then evolved in time in internal
cells only.

The proposed computational framework is general and may be used in
conjunction with one's favorite finite-volume method. In this talk, I will discuss the
semi-discrete second-order central-upwind scheme. This Godunov-type scheme
enjoys all major advantages of Riemann-problem-solver-free, non-oscillatory central
schemes and, at the same time, have a certain " built-in" upwind nature. The
robustness and accuracy of the new approach will be illustrated on a number of one-
and two-dimensional numerical examples.
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BOUNDARY CONDITIONS FOR HIGH-RESOLUTION SIMULATIONS
OF WAVES

T. Hagstrom®

'Southern Methodist University, Dallas, TX USA,
thagstrom@smu.edu

We discuss various problems related to the use of high-resolution difference methods
to simulate wave propagation in the time domain. These include the construction of stable
boundary closures and convergent sequences of radiation boundary conditions.

Wave propagation problems of interest in science and technology are typically
posed on complex and unbounded spatial domains. In free space it is well-understood
that high-resolution discretizations on structured grids are remarkably efficient,
allowing accurate long-range propagation with minimal degrees-of-freedom per
wavelength and minimal flops per degree-of-freedom to evaluate the approximate
derivatives. The challenges in applying such efficient methods for realistic problems
are all associated with boundaries: physical boundaries where difference stencils
must be modified (e.g. become one-sided at the edge of a grid line) and artificial
boundaries where approximate radiation conditions must be imposed. In this talk we
will discuss our ongoing work to address these problems.

For one-sided differencing we have introduced a concept of grid-stabilization,
which involves the addition of one or two subgrid nodes near grid boundaries [1,2].
The method works well for closing difference formulas of orders up to 12. Its
analysis using Laplace transforms is of some interest; for second order systems we
generally detect oscillatory modes of boundary layer type which we conjecture are
not dangerous from the point of view of stability. (See also [3].) To treat complex
geometry we have implemented these methods on overlapping, mapped structured
grids, though a complete analysis of stability with overlapping grids is not yet
available. We will also discuss our efforts to derive grid-stabilized formulas
satisfying summation-by-parts conditions (e.g. [4]) and to construct stable closures
for methods based on Fourier continuation [5] or band-limited interpolation [6].

Most methods for imposing near-field radiation boundary conditions which are
in current use suffer from one or more severe limitations. Accurate methods can be
constructed using space-time integral representations of the solution and its normal
derivative at the artificial boundary. However, the efficient implementation of these
methods requires special boundaries (e.g. spheres) and associated complex harmonic
transforms [7]. Simpler local methods such as high-order sequences of approximate
radiation conditions [8] or perfectly matched absorbing layers [9] can lose accuracy
as the simulation time is increased [10,11]. We have identified the source of this loss
of accuracy as the poor treatment of evanescent modes. This has led to the
development of a new sequence of local radiation boundary conditions, which we call
Complete Radiation Boundary Conditions (CRBC), which provide uniform accuracy
over arbitrary time intervals [12,13]. Directly, they are constructed as uniform
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rational interpolants of the exact radiation condition on Laplace inversion contours in
the right half-plane. We will present the construction and analysis of CRBCs for
simple isotropic wave systems, and discuss their practical application on
computational domains with corners and edges [14,15]. Lastly we will consider their
generalization to more complex systems such as the elastic wave equation [16]. Here
we prove that stable formulations are always possible, even for anisotropic models of
crystalline materials. The open question is to determine the optimal bounds on the
complexity.

Acknowledgement: This work was supported by ARO grant W911NF-09-1-
0344, NSF grant OCI-0904773, and BSF grant 890020. Any conclusions or
recommendations in the paper are those of the author and do not necessarily represent
the views of the ARO, NSF, or BSF.
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NUMERICAL EVIDENCE OF MULTIPLE SOLUTIONS
FOR THE REYNOLDS--AVERAGED NAVIER--STOKES EQUATIONS
FOR HIGH--LIFT CONFIGURATIONS

D.S.Kamenetskiy', J.E.Bussoletti', C.L.Hilmes*
F.T.Johnson?, V.Venkatakrishnan®, L.B.Wigton®
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B Hactosme#t pabore mnpeAcTaBIeHBl NPUMEPHl HESIWHCTBEHHBIX ITOJHOCTHIO
COLUEAIINXCS YMCIEHHBIX pEIIeHUH ocpeqHeHHbIX YypaBHeHuid HaBpe-Ctokca ¢
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Pa3IMYHBIMA MOJETSIMU TYPOYJICHTHOCTH IJIS adpOAMHAMHUYECKHX KOH(HUTypanuid mpu
OONBIINX yIiIax aTakH.

In this paper we present evidence for the existence of multiple machine zero-
converged numerical solutions of Reynolds--averaged Navier--Stokes equations (RANS)
with the one--equation Spalart--Allmaras (SA) and two--equations Wilcox k-Omega
turbulence models on fixed grids in 3D and describe how they were obtained.

The results in this paper were obtained with the two Boeing research solvers
pilot3d and supgNd. Both have many features in common but were developed
independently and so have some differences in the discretization and solver
implementations.

Both codes use purely tetrahedral grids and use finite element SUPG(1) (linear
elements, second order) discretization [1] of the fully coupled system of RANS+SA
equation in 3D. Both solvers use Newton's method in combination with time stepping
to the steady state and with rather sophisticated heuristic adjustment of the local time
step based on the behavior of line search and linear solver. To eventually achieve
super-linear convergence to a zero of the steady-state residual it is necessary to have
the exact Jacobian and to push the time step as far as possible towards infinity. The
linear solver at each Newton iteration is a right-preconditioned GMRES method with
an incomplete LU factorization with drop tolerance (ILUT) on each subdomain as the
preconditioner. The supgNd solver can optionally use implicit residual smoothing
(IRS) mechanism [2] to accelerate convergence to the steady-state.

With this structure of the linear solver the codes allow efficient parallel
implementation using MPI. Though significantly more expensive than existing finite-
volume production solvers if measured per core, both Boeing codes have shown to be
very efficiently scalable. More details on the discretization and solver strategies used
in GGNS may be found in the reference [3].

The baseline test case used in this work is trap wing (prototype) high-lift
configuration which was used as a baseline for the AIAA 1% High Lift Workshop [4].

The first indications of the multiple machine-zero converged solutions with
GGNS codes were obtained when the pilot3d and supgNd solvers generated two very
different solutions at 28 degree angle of attack (AoA), one definitely showing the
post-stall amount of separation. Cross-rerunning the two codes from the other solver's
solution as initial guess has confirmed that there exists at least 2 machine-zero
converged solutions on the same grid for each solver at this angle of attack.

With realization that the choice of initial guess may be the key ingredient for
running a non-linear solver into the different basin of attraction, systematic effort was
made to trace dependence of the steady-state solutions on the initial guess. With the
supgNd solver by changing the way the viscous wall boundary condition was
enforced at the beginning of the time-stepping iterations we were able to find up to 4
distinct, machine-zero converged solutions on the coarse Workshop grid (with ~3.6
million grid points).

Independently switching the implicit residual smoothing mechanism in the
supgNd code (initially intended to accelerate convergence) led to the discovery of
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four more solutions on the coarse grid (the runs were done with different values of
the IRS weight), the overall number of solutions for this grid at AoA=28° thus
settling at 8. We note that the distinct character of all these solutions was confirmed
by re-running pilot3d from each of them as an initial guess. Example of two different
solutions for the coarse grid obtained with the SA model is shown on figures below.

Applying these techniques also for the Workshop medium (~ 11M nodes) and
fine (~ 32M) grids, we were able to obtain 6 solutions on the medium grid and 2
solutions (so far) on the fine grid.

The different solutions on the same grid differ mostly by the amount of
smooth-body flow separation: the position of the separation line(s) on the main
element and flap as well as by the topological structure of the separation pattern. It is
remarkable that though attempts were made to capture more solutions by changing
the free parameters in the initial guess settings as well as the implicit residual
smoothing mechanism (the overall number of runs for the coarse grid may be
estimated at about 100), we were only able to find 8 distinct solutions on this grid.

With similar techniques, for the trap wing case, we were able to numerically
find complete ‘multiple-solution branches’ for the whole sweep of high angles of
attack (from 24° to 35°).
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IONIZATION-ASSISTED RELATIVISTIC ELECTRON GENERATION
WITH MONOENERGETIC FEATURES FROM LASER THIN FOIL
INTERACTION

A.V. Karpeev, I.V. Glazyrin, O.G Kotova

Russian Federal Nuclear Center —
E.l.Zababakhin Research Institute of Technical Physics,
a.v.karpeev@vniitf.ru

The concept of ionization-induced injection into the laser pulse to produce quasi-
monoenergetic bunches of electrons from ultra-thin solid dense targets is analyzed.

A concept for the generation of relativistic electron bunches with
quasimonoenergetic features in the interaction of a high intensity laser pulse with
overdense plasma has already been demonstrated for an ultra-thin foil [1]. When the
laser pulse propagates through semi-transparent foil the electrons from inner atom
shells remain bound during the rise time of the laser pulse and are ionized by the laser
intensity near its maximum amplitude, which satisfies the best injection condition for
subsequent acceleration. The 2D3V PIC code PICNIC was used for simulation of a
linearly polarized laser pulse with a wavelength A=1.053 pm normally incident onto
nano-sized DLC target. We performed simulations for 3 cases: (1) 5 nm carbon foil
ionized due to field ionization (FI); (2) the same, but already ionized foil, i.e. the foil
in the form of a plasma slab with average charge <Z>=3.4; (3) 42 nm carbon foil
with Fl. Comparison of the results obtained with different target models shows that a
correct description of the interaction of a high contrast laser pulse with an ultra-thin
solid dense target should include the FI effect. It was found that for the case (1) a
bunch of quasimonoenergetic electrons from inner atom shells moves co-directionally
with laser pulse and acquire energy ~m.c®a?/2.
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CENTRAL SCHEMES: A POWERFUL BLACK-BOX SOLVER FOR
NONLINEAR HYPERBOLIC PDES

A. Kurganov*
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kurganov@math.tulane.edu

The talk will be focused on non-oscillatory central schemes, which are simple,
efficient, highly accurate and robust Godunov-type finite-volume methods for general
hyperbolic systems of conservation laws. | will first show their derivation and then
several recent applications.

I will first give a brief description of Godunov-type finite-volume methods for
general hyperbolic systems of conservation laws. These methods consist of two types
of schemes: upwind and central. My lecture will focus on the second type - non-
oscillatory central schemes.

Godunov-type schemes are projection-evolution methods. In these methods,
the solution, at each time step, is interpolated by a (generically discontinuous)
piecewise polynomial interpolant, which is then evolved to the next time level using
the integral form of conservation laws. Therefore, in order to design an upwind
scheme, (generalized) Riemann problems have to be (approximately) solved at each
cell interface. This however may be hard or even impossible.

The main idea in the derivation of central schemes is to avoid solving Riemann
problems by averaging over the wave fans generated at cell interfaces. This strategy
leads to a family of universal numerical methods that can be applied as a black-box-
solver to a wide variety of hyperbolic PDEs and related problems. At the same time,
central schemes suffer from (relatively) high numerical viscosity, which can be
reduced by incorporating of some upwinding information into the scheme derivation -
this leads to central-upwind schemes, which will be presented in the lecture.

During the talk, I will show a number of recent applications of the central
schemes.
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BOUNDARY IN CELL (BIC) METHOD
FOR GAS-SOLID DYNAMICS SIMULATIONS

. Menshov

Keldysh Institute for Applied Mathematics, Russian Academy of Sciences
Miusskay sg., 4, Moscow 125047, Russia;
menshov@kiam.ru

We develop a finite-volume technique for solving the compressible non-stationary
Euler equations in complex domains bounded by surfaces of moving solid bodies. This
technique is a kind of the embedded or immersed boundary method where the
computational grid covers the whole computational domain including solid regions, and the
solid boundary is treated independently on the base grid. The method is based on the
Godunov approach. Calculations are performed over the whole domain with the same
algorithm for all cells; no special interpolation scheme near the solid boundary is involved.
The effect of the solid surface is taken into account by means of in some sense fictitious
(artificial) fluxes of mass, momentum, and energy. These fluxes are added to cut cells so
that the solution in the exterior to the solids would be the same as that of the original
boundary value problem. The method proposed is shown to be more flexible, robust, and
efficient than other methods based on the immersed boundary approach.

This paper addresses a numerical technique for solving non-stationary
compressible Euler equations in a region external to solid objects that may move in
space with a prescribed law of motion (forced motion) or due to interaction with the
gas (free motion). The method we propose pertains to the class of embedded
(immersed) boundary approaches.

In an embedded boundary approach the computational domain (that includes
both gas and solid regions) is discretized with a grid (structured or unstructured) and
solid surfaces intersect computational cells in an arbitrary fashion. The main
advantage of the embedded boundary method compared with body fitted grid
approaches is the simplicity of grid generation, and the possibility to discard
regridding (to accommodate changes in geometry due to solid motion) from
calculations.

The penalty for this simplicity of coarse emerges that consists in the problem
of the solid surface treatment, in particular the cut cell problem — how to calculate
flow parameters in the cells that are cut by the solid surfaces?

Since pioneering works by C. Peskin (1977) there were many efforts to cope
with this problem, which can be classifying into two groups. One is based on the
finite volume formulation. In this approach a naive finite volume discretization is
applied to fractional cells forming due to base grid cell cutting. This way faces many
difficulties, such as “small cell problem”, uprising new gas cells and collapsing cells
in consequence of solid motion, etc. (Pember et al. (1995). The other group of
methods is based on finite-difference discretizations and employing rather
sophisticated interpolation schemes to treat the boundary conditions at solid surfaces.
These methods are mostly developed for incompressible flow problems. Their
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generalization to compressible flows is in somewhat trickish problem due to the
presence of shock waves and other discontinuities.

We propose a novel approach to treat the boundary conditions in the
framework of the embedded boundary method. We name it as “boundary in cell
(BIC)” method. It is applicable to compressible flows, very flexible, and formulated
in an unique way with no use any special interpolating schemes for solid surfaces.

The BIC method much relies on fundamental ideas of the Godunov approach.
A key point of this method is an alternative mathematical formulation of the problem
under consideration. The conventional statement is to solve the Euler equations
exterior of the solids with boundary conditions (b.c.) at the solid surface (I")

=

(U-Ug.)=0, where U is the velocity vector, fi is the outward normal, the

underscript “s” means solid velocity.

The alternative formulation can be obtained in the following way. Let’s for a
moment suppose that gas occupies all domain (including regions of solids) and the
solid surface is permeable. Then the gas flow can be described by the system of
integral conservation relations for an arbitrary domain Q bounded by s:

%jqd(ﬂjfinids =0. Of coarse, the b.c. will not satisfy in this case. If we restore I"
Q S

again as non-permeable, the flow outside will change to adopt the b.c. We try to take
Into account this process by means of some fictitious fluxes that are introduced
locally at the solid surface to compensate the loss of mass, momentum, and energy:

gjquﬂfinidS:— [ F,dS @
ot o s 7(Q)
where y(Q)=INQ

Compensating fluxes r, are defined so that the solution of (1) in exterior of the

solid and the solution to the conventional problem with b.c. are completely matched.
One can prove that this can be achieved by means of the following choice:

p(u-U,.n)
F,=| p(a-U,f)a+(p-p,)n )
p(U—US,ﬁ)E+(pU— pWUS,ﬁ)_

where the subscript “w” means the pressure that occurs at the solid surface in
consequence of the flow reaction to the presence of the solid obstacle.

Thus, the BIC method is to integrate (1) and (2) throughout the whole
domain. We accomplish this with the second order Godunov method. The fluxes for
all cell faces (those bounded the cell itself and those in cell) are treated in the same
manner through the solution of the Riemann problem. There are some technical
details of the method that are omitted due to limited space of the present abstract,
which will be reported in the final paper.
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0.2 0.4 0.6 0.8
Figure 1: Instantaneous pressure field: 20 deg wedge, M=1.6, body fitted grid
calculation (upper), BIC’s calculation (lower).

Here we show some results that demonstrate capabilities of the BIC method.

First problem is the M =1.6 flow around a 20° wedge. Calculations are performed
with a conventional body fitted grid and a Cartesian grid by means of the BIC
method. Results are compared in Fig. 1.

Another is the simulation of a shooting process. There is a very small
clearance (0.37%of the barrel diameter) between the projectile and the barrel,
through which explosive gas can release the compressed region. Use of a body fitted
grid is impractical, whereas the BIC method successfully copes with all difficulties of
this simulation (Fig. 2).
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Figure 2: Pressure field for several time moments for the shooting process
simulation.

This work was supported by the Russian Foundation for Basic Research (grant
12-01-00915-a).
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FINITE ELEMENTS METHOD FOR MATHEMATICAL MODELING
OF 3-D BI-ISOTROPIC WAVEGUIDE

Yu.V. Mukhartova, N.A. Bogoliubov, A.G. Sveshnikov
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This work presents the investigation of a waveguide with Oz axis and the
cross-section S ={(x,y):xe[0,a],ye[0,b]} with perfectly conducting walls and

nonuniform filling in a form of a bi-isotropic material insertion. The artificial
materials, or metamaterials, that are strongly interacting with electromagnetic field,
are currently actively developed and created. Bi-isotropic medium is the most general
case of linear isotropic medium. Its distinctive feature is the existence of the
electromagnetic coupling, so the electric or magnetic field acting on such medium
produces both polarization and magnetization, unlike ordinary dielectrics and
magnetics:

B= a21E+a22H

{DallE+a12H

where a,, a,, a,, a,, are constants.

Thereby the development of effective algorithms for calculating
electromagnetic field in such media is a challenging problem. A numerical algorithm
for calculating electrical field inside the insertion, excited by an incident normal
wave or a combination of normal waves, is proposed. The algorithm is based on
solving the boundary problem in the full vector statement, using partial radiation
conditions. However in the case of electromagnetic problems in such statement the
finite elements method can give spurious solutions. The method of mixed finite
elements effectively suppresses spurious solutions, but it possesses less accuracy than
the Lagrangian finite elements method. The numerical algorithm for calculating
propagation constants presented in this work is based on specific generalized
statement of the vector problem, and it permits to use the Lagrangian finite elements
without nonphysical solutions.

Consider nonsingular case, when a,,a,, —a,,a,, # 0. We will study the spectral

problem for the field with harmonic time dependence of the form e™*. Excluding
vector H from Maxwell’s equations and taking into account the nonsingularity of the
medium we obtain:

rotrotE =ik (a,, —a,, )rotE +k*(aya, —a,a, )E,
divE=0,

[n.E], =0, 1)
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where k =w/c. Let’s search for the solution corresponding the traveling wave:
E(xy,z)=E(xy)e".

Consider an arbitrary rather smooth vector-function
E'(xy)={E (x¥).E;(x,¥).E;(x,y)} that satisfies boundary conditions for

perfectly conducting walls.
Thus the problem can be formulated as follows: we must find the
propagation  constants » and the corresponding  vector-functions

E(x,y)={E,(xY).E,(x,¥),E;(x,y)} with components belonging to the Sobolev
space W, (S) ; the contractions of E;(x,.y), j=12,3, on the boundary S must

satisfy the conditions
El|y=0 - El|y=b - E2|x=0 - E2|x=a - E3|x=0 - E3|x=a - E3|y

and the functions E. (x, y) are governed by the equation
” 8E OE; aEl OE; N OE, OE, N 28E2 OE, N OE, OE, N OE, OE, ds +
OX OX ayay OX OX oy oy oOx ox oy oy

OE, OE, 8E OE; 8E1 6E2 OE; OE,
”{8)( 5 Ty o } ”{ E, +E3§+ W}d -

k(a21_a12)_ﬂ{% f = E; aEZE _%E }ds_Vk(an_au)H{EzEf_E1E;}ds+
S S

=0, (2)

0~ E3|y:b

OX OX
+ 7/2”{E1E1* +E,E; + 2E,E; fds —k* (ay,,, - alzaZl)I (E.E")ds=0
S S

for an arbitrary vector-function E*(x,y) with components belonging to W, (S) and
satisfying (2).

The finite elements method is used for the numerical solution of the problem.
Consider N; (x,y) are the Lagrangian basic functions, and

I J B
X¥)=> D> E'N;(xy), k=123 (3)
i=1 j=1
are the approximate solutions. Taking the boundary conditions into account, we come
to the nonlinear eigenvalue problem

7*AX +yBX +CX =0, 4)
The problem (4) can be transformed to the linear one by means of the
additional unknown vector Y =y X :

[—2: —1Bj® jzy [; S\J@( ) 5)

The proposed algorithm was tested for the waveguide with the uniform
isotropic filling. The numerical results corresponded well to the theoretical solutions,
and no the spurious modes were obtained. The described method can be easily
generalized for the waveguide with the laminated filling. These algorithms can then
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be used for multiple solving the direct problem, when solving the inverse problem of
synthesis of a material with preset features.
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Classical fluid mechanics deals with dissipation dominated shock waves where
the flow transitions rapidly, but monotonically, from one flow state to another. A
simple model for this type of phenomenon is the Burgers equation [1],

ov+voyv—-eo V=0,
where v is the velocity, x is the space variable, t is time and¢is the coefficient of
viscosity. This model has only one reference scale, the shock wave thickness, given
by 8¢ /[v], where [v]is the jump in velocity across the shock.

However, there are physical situations, such as an undular bore in shallow
water [2], ion-acoustic shock waves [3] and laser induced blast waves in a Bose-
Einstein condensate [4], among others, where shock waves are dominated by
dispersion. A prototype model equation for these dispersive shock waves is the
Korteweg-de Vries (KdV) equation [5],

oV +voVv+do,, V=0,
where & is the coefficient of dispersion. A non-periodic solution of the KdV equation
Is a self-reinforcing solitary wave, or soliton, whose wave width depends on its
amplitude. Other solutions consist of packets of solitons. Unlike viscous shocks,
these dispersive shock packets consist of a head wave followed by a damped
(modulated) wave train which can extend for very long distances.
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There are other phenomena, such as the flow of liquids containing small gas
bubbles [6], which are best modeled by an equation that combines the characteristics
of the Burgers and KdV equations; this is the Korteweg-de Vries Burgers (KdV-
Burgers) equation. Reviews of these models can be found in references [7][8]. The
purpose of this paper is to conduct a numerical study the properties of traveling wave
solutions of the KdV-Burgers equation in the range of high dispersion and low
dissipation. In this range, Johnson [9] obtained an asymptotic solution consisting of a
damped cnoidal (a Jacobi elliptic cosine) wave matched to the solitary wave solution
of the KdV equation and Liu and Liu [10] claimed an "analytic solution™ consisting
of a damped sinusoidal wave loosely joined to the solitary wave solution of the KdV
equation. As we will show, the Liu-Liu solution is not a solution of the KdV-Burgers
equation, but of a linearization of this equation.

The numerical study shows that the wave damping rate correlates with the
wave damping rate of the linear solution of [10]. An estimate of the wave train
wavelength as a function of the Reynolds number is presented. It is shown that at
distances of the order of the wave train width the individual wavelength asymptotes
to the wavelength of the linear solution. A study of the turbulence characteristics of
the computed solutions reveals little turbulence like behavior, except for the energy
decay rate in the inertial-range which agrees with that observed in the Burgers
equation.
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ADER SCHEMES FOR EVOLUTIONARY PDES: A REVIEW

E. Toro
University of Trento, Italy

ADER is a fully discrete approach for constructing one-step, non-linear
numerical schemes of arbitrarily high order of accuracy in both space and time to
solve evolutionary partial differential equations. The approach was first put forward
by Toro et al. [1] for linear problems on Cartesian meshes, where the schemes were
formulated for one, two and three space dimensions; reported implementations for
linear schemes (fixed stencils) for one and two space dimensions included
computations of up to 10-th order of accuracy in both space and time. The
implementation of ADER schemes requires two ingredients (a) a high—order non-
linear spatial reconstruction, once per time step, and (b) the solution of the
generalized (or high-order) Riemann problem at each cell interface, also once per
time step. Here the generalized Riemann problem is the Cauchy problem for he
relevant system with piece-wise smooth initial data (eg. polynomials), with source
terms included. Further developments of the ADER methodology, including
nonlinear systems, multiple space dimensions, structured meshes and unstructured
meshes are found, for example, in Refs. [2] to [14]. An introduction to ADER
schemes and a review are given in chapters 19 and 20 of Toro’s book [15]. Recent
work on the ADER approach aims at simplifying the schemes. Examples of
applications will be shown.
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MeTon pa3HOCTHBIX TOTEHLMAJIOB, MpeAJoXKeHHbIH PsbOeHbkuM, NpuUMEHEH
COBMECTHO C KOMIIAKTHBIMM PAa3HOCTHBIMM CXEMaMH BBICOKOIO IIOPsAKAa TOYHOCTH MJIA
pelIeHusl 3a1a4 pacHpoCTpaHEHHs] BOJH B OONACTAX C MEPEeMEHHBIMH H, BO3MOXKHO,
Pa3pbIBHBIMU XapaKTEPUCTUKAMU CPEIBI.

The method of difference potentials by Ryaben'kii is combined with compact high
order accurate finite difference schemes for solving the problems of propagation of waves
across the regions with variable and/or discontinuous material characteristics.
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We present a high order accurate methodology for the numerical simulation of
time-harmonic waves governed by the variable coefficient Helmholtz equation. Our
approach combines the method of difference potentials developed by Ryaben'kii [1]
with compact finite difference schemes that provide an inexpensive venue toward
high order accuracy [2,3]. The method of difference potentials can be interpreted as a
generalized discrete version of the method of Calderon's operators in the theory of
partial differential equations.

The method of difference potentials [1] offers several key advantages, such as
the capability of handling boundaries/interfaces that are not aligned with the
discretization grid, variable coefficients, and nonstandard boundary conditions. In
doing so, the complexity of the algorithm remains comparable to that of a
conventional finite difference scheme on a regular structured grid. In addition to that,
compact schemes [2,3] enable high order accuracy on narrow stencils and hence
require only as many boundary conditions as needed for the underlying differential
equation itself.

We have applied the proposed methodology to solving several variable
coefficient interior Helmholtz problems with fourth and sixth order accuracy [4]. We
have also analyzed the exterior scattering of time-harmonic waves about smooth
shapes, as well as a number of transmission/scattering problems [5], in which not
only do the waves scatter off a given shape but also propagate through the interface
and travel across the heterogeneous medium inside. In all the cases, our methodology
guarantees high order accuracy for variable coefficients, regular grids, and non-
conforming boundaries and interfaces [4,5].

In addition to that, we have solved several problems with non-standard
boundary conditions, such as variable coefficient Robin and mixed
Dirichlet/Neumann boundary conditions [6]. A significant advantage of our approach
Is that it introduces a universal framework for treating the boundary conditions of any
type, and that altering the boundary condition requires only minor changes to the
overall algorithm.

total field, abs

—
'\r‘ﬁ.‘ <
.\"-.‘

. I

Figure 1. Scattering of a plane wave about an ellipse with aspect ratio 10. Absolute
value of the total field is shown. The exterior wavenumber is 10 and the
interior wavenumber is 20.
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[Ipennaraercst uncneHHslii Merox pewmeHus ypasHenuil Ilennese |-VI. TpynHocTh
9TOM 3a/lauM B TOM, UYTO PELICHUS] MOTYT UMETh MOABIMKHBIE IIOJIOCA, @ YPABHEHUSI HMMEIOT
0COOEHHOCTh B TOYKaX, IJIe PEIICHUS] MPUHUMAIOT HEKOTOphIE 3HaueHUs. MeToa OCHOBaH
Ha Tepexoae K OKBHUBAJCHTHBIM cucTeMaM JuddepeHnrnanbHbIX ypaBHEHU 0e3
0COOCHHOCTEH B yKa3aHHBIX TOUKaX U UX OKPECTHOCTSX.

A numerical method for solving the I-VI Painleve equations is proposed. The
difficulty of this problem is that the unknown functions can have the movable poles, and
the equations have singularities at the points where the solutions take some values. The
method is based on the transition to auxiliary systems of differential equations having no
singularities at the indicating points and their neighborhoods.
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Tpancuennentel  I[leHseBe UWrparOT BaXHYK) pPOJIb B HEJIMHEUHOU
MaTeMaTuyeckod (Qusuke, Kak, Hanpumep, QyHkuuu beccenst B JMHEWHBIX
¢u3nueckux 3amadax ([1]). B pabote paccMarpuBaeTcs YMCICHHBIA METO PEIICHUS
3amaun Kowmm nis Bcex ypaBHenuil [lennese |-VI. TpyIHOCTB COCTOMT B TOM, 4YTO
pEIIeHUs] MOTYT UMETh MOJIBUXKHBIE 0COObIE TOYKH THITA TIOJIFOCA, & CAMH yPaBHEHUS
MMEIOT OCOOEHHOCTh B TOYKaX, TJI€ PEUICHUsI MPUHUMAIOT HEKOTOPhIC 3HAYEHUs (BCE
TaKue TOYKM Ha3BaHbl KpUTUUECKUMHU). Bcero nmns 6 ypaBHeHuid umeercs 23 Buza
KpUTHYECKUX To4ueK. [lojiokeHne KPUTHYECKHX TOYEK 3aBUCHT OT PEIICHUs U
3apaHee HeW3BeCTHO. B mpoiiecce peuieHus Tpedyercs OOHAPYXKUTh KPUTHUYECKYIO
TOYKY, YMCIICHHO HaWTHU €€ MOJIO)KEHHUE, MPOUTH 4Yepe3 Hee U MOJYy4YUTh YA0OHOE
MPEACTABJICHUE DPEIICHUs B €€ OKpPeCTHOCTHU. lIpemnaraemsblii MeTOH, Ha3BAHHBIU
HaMU MemoooM NOCie008aAmMeNbHO20 UCKIIOYEHUsL 0COOeHHOCMU, TIO3BOJISIET PELIUTh
ATy 3aJlayy KOPPEKTHOTO MPOXOKIEHHUS Yepe3 KPpUTHUECKyro Touky. OCHOBa MeToja
COCTOUT B MEPEX0Ji€ K AKBUBAJECHTHOU AU(depeHInanbHOl cucTeMe, ypaBHEHUs U
peIIeHUsT KOTOPOM HE HMMEIOT OCOOEHHOCTEM B COOTBETCTBYIONIEH KPUTUUYECKOUN
TOYKE U €€ OKPECTHOCTH.

Nnero mnojiydeHus BCIOMOTATENIbHBIX YPAaBHEHUM H3JI0KHUM Ha MpUMEpE
noJiroca 2-ro mopsinka. s ucxomHo pyHkmuu Y(X) B OKPECTHOCTH TOJIOCA X,

BBOmsATCs (yHkimu U(X)=Y(X)/y'(X) u v(X)=(y'(X))*/y*(X). Hdast HUX wuMeeT
mecto:  U(X)=0,u'(x)=#0,v.=v(x)=0. HcxogHoe ypaBHEHHE TPHBOIUTCI K
cUcCTEME u'=g(x,u,v), uv'=h(x,u,v), rime mnpaBble YaCTH — aHAIUTHUYCCKUC
byHKIMH B oKpecTHOCTH ToukHu (X.,0,v.). Ecim h(x,0,v) =0, To Bropoe ypaBHEeHHE

umeer Bug V'=h(X,u,v) u cucrema ocoGenHocTd He nmeer. Ecin 9To He Tak, TO U3
cootHomenuss  h(x,0,v)=0 mHaxomutcs V=V,(X), rae V.(X) aHaguTHYECKas
¢dyHKIMA. B cuily TpHBEIEHHBIX COOTHOIICHUH B OKPECTHOCTH X, MMEET MECTO
npexacrasienne V(X) =V.(X) +u(x)z,(x), z,(x) anamutnyeckas. [lnsa pynkoumii u(x),
z (X) momyuaetcs cuctema U'=g,(X,u,z), uz '=h(X,u,z), nonoOHas npeapaymei,
W U1 Hee Tporecc mnpeoOpa3oBaHus moBTopsiercsa. Okas3pIBaeTcs, I BCeX
ypaBHeHHI [leHyieBe M BCEX THIIOB KPUTHUSCKHX TOYCK DKBHUBAJICHTHBIC CHCTCMBI
ypaBHeHUN 6€3 ocoOeHHOcTel (Bcero 23 BuAa) MOMYYArOTCS 32 KOHEYHOE YHCIIO
(makcumyM 6) takux maroB (cM. [2-7]). Kpome Toro, u3 moiy4eHHbBIX ypaBHEHUIl
cIenyroT 3(QQEKTUBHBIE KPUTEPHUH Tepexoja K BCIOMOTATEIbHBIM CHCTEMaM W
oOpatHO. B pesynbpTaTe, YMCICHHBIA METOJl MPEICTABISET CO00W CBOEOOpa3HYIO
«CXEMY CKBO3HOI'O CUETa», MO3BOJISS MPOXOIUTH Yepe3 JIF0ObIe KPUTHICCKUE TOUKH.
[Tonoxxenue 3TMX TOUuek, B cuiay ycimoBuid  U(X)=0, u'(x)=0, Haxomurcs

YHUCIIEHHO YCTOWYMBO. D(PPEKTUBHOCTh METOJIa MOJATBEPKICHA MHOTOYHCIICHHBIMH
pacueramu (cm. rpaduku B [2-7]).
Pa6ora momnepxkana PODU (rpant Ne 11-01-00219).

Cnucox 1umepamypol:
1. Urc A.P., KamaeB A.A. u np. Tpancuennentsl IlenneBe. Metoa 3amauu
Pumana. MockBa-IxkeBck: MHCTUTYT KOMIIBIOTEpHBIX HccienaoBanuii. 2005.
728 c.
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MAPAJLIEJIBHBIN AJITOPTUTM MATPUYHOM ITPOIOHKU
JJIsA PEHHEHUA CUCTEM YPABHEHUU
C BJIOYHO-ITATUANAT OHAJIBHBIMH MATPUIIAMUA

E.H. AkumoBa

Hnemumym mamemamuru u mexanuku ¥YpO PAH — Examepunbype, Poccus,
aenl5@yandex.ru

IlocTpoeH napajulenbHBIA AITOPUTM MATPUYHOW IIPOTOHKM JUISl PELICHUS CHCTEM
ypaBHEHUH C OJOYHO-TIATHIMATOHATBHBIMA MaTpuuamMu Kodddumuentos. Jlokazana
TeopeMa O BBIIOJHEHUM MPHUHLHUIA CYHEPHO3ULMM Ul HCKOMBIX HEU3BECTHBIX IPH
pELIeHUH 3a/1a4M B [10100J1aCTsIX, HA KOTOpBIE Pa30UBAETCs UCXOIHAS 00JIACTb.

To solve linear systems of equations with block-fivediagonal matrices, a direct
parallel matrix sweep algorithm is constructed. For the problem in subdomains into which
the initial domain is partitioned, the theorem about the superposition principle for required
unknown vectors is proved.

B pabore [1] npennoxeH u 000CHOBaH NapajuIeIbHbIA aJTOPUTM MAaTPUUHOM
OPOTOHKH ISl PELIEHUS CHUCTEM YpaBHEHHM C OJOYHO-TpeXIAuaroHaJlbHBIMU
MaTpuLaMu Ko3QpuiueHToB. B naHHo#l paboTe MOCTpOEH MapajiesibHbII aNropuT™
MaTpUYHOM MPOTOHKM  JJIsl  pELIEHUs] CHCTEM ypaBHEHUH ¢  OJIOYHO-
IATUAMATOHAIBHBIMHM MaTpulaMu ko3 @uureHToB. Takue cUCTEMbl BOZHUKAIOT MIPU
KOHEYHO-Pa3HOCTHOW aNMpOKCUMAIMM TPEXMEPHBIX KPAaeBBIX 3a]ad, B YaCTHOCTH,
IpU pEUIeHUH TPEXMEPHOM 3a7aud AJIEKTpOopa3Belku (OOKOBOTO KapOTa)XHOTO
30HJUPOBAHMS).

PaccmoTpum cucteMy BEKTOPHBIX YPaBHEHUI
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A,B,,C,,D,, E, xBagpaTHsie MaTpu1bl MOPsAIKA N.

bynem npeamnonarate, 4To HCXOHAs 001acTh P, rae paccmaTpuBaeTcs KpaeBas
3aja4ya, MPEACTaBISET COOOW MPAMOYroibHUK. [Ipw mocTpoeHMH TapaieIbHOTO
alropuT™Ma MCXOJHYI0 obsacTh P pazobObeM Ha L mepecekaroniuxcs moao0sacTei,
omnpenenseMbix uHTepBamamMu (K.K+M) u (K+1,K+M+1), K=0,M,...,N-M,
BEPTUKAJIbHBIMU JTUHUAMU Tak, 4To N+1=L- M+1 (puc.1).
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Puc. 1. Pa3ouenue ucxoanoii oonactu P ma L momoOmacrent

B kauecTBe mapaMeTpUYECKUX HEU3BECTHBIX BHIOEPEM HEH3BECTHBIC BEKTOPHI
Ha rpanunax nopodmacret Y, Y, ,, K=0,M,..., cBs3bIBatoline HEU3BECTHBIC HA

CCTKC II0O BCPTHUKAJIH. OTHOCUTEIBHO NapaMEeTpUUICCKUX HCU3BCCTHLIX YK,YKJr:L

CTpOUTCSA penayuupoBaHHas cuctema ypaBHeHud (PCLI), wumeromas MEHbIIYIO
pa3sMepHOCTh Mo cpaBHeHHIO ¢ ucxomHoil. PCILl mpeacraBnser coboil cucrtemy
BEKTOPHBIX YpPaBHEHHUH ¢ OJOYHO-CEMHIMArOHAILHONW MaTpuileil Kod(pPUIIUEHTOB, B
KaXKJI0M CTpOKE KOTOPOW OJIMH U3 CEMHU JIEMEHTOB, HAXOASIIMICS 100 clieBa, 0o
CIIpaBa OT IVIABHOM JAMAroHaJIU, SBJISIETCS HYJIEBBIM.

PCI] moxer ObITh pelieHa METOJOM MATPUYHOW TPOTOHKHU [IJISi pPElIeHUs
CUCTEM YpaBHEHHUU C OJOYHO-CEMHUIMATOHAIBHBIMU MaTpuiiamMu. Gopmyssl MeTona
BBIBOJSITCS aHAJIOTMYHO (PopMyliaM METO/Ja MATPUYHON MPOTOHKH ISl PEIICHUS
CUCTEM YpaBHEHHU C OJIOYHO-TPEXIMArOHAILHBIMU MaTpHIlamMu [2].

JlokazaHo, 4TO JJii MCKOMBIX HEM3BECTHBIX B L 1Momo0macTsX BBIMOIHSETCS
npuHUMN cyneprno3unuu. [lociie HaxoXaeHus: BEKTOPOB-MAPAMETPOB MO MPUHIHUITY
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CyHEPHO3ULIMM  OCTAJIbHBIE  HWCKOMBIE  HEU3BECTHBIE  BBIPAXKAKOTCS  4Yepe3
napamMeTpUYeCcKre U HaXOAsTCs B Kaxaou noaoonactu L HezaBucumo.
[lapannenbHpli aNrOpUTM MATPUYHOM NPOTOHKM JUIsl PELICHHUS] CHCTEM

YpaBHEHUH C OJOYHO-NATUAMATOHAIBHBIMH MaTpULIAMU MOXET ObITh 3(P(HEKTUBHO
peann3oBaH Ha MHOTIOINPOLIECCOPHBIX CHUCTEMAX C pacCHpeAeICHHOW MNamsThio C
YUCJIIOM IPOLECCOPOB L, paBHBIM 4YUCIy NOAOOIACTEN, a TAKXKE HA MHOIOSJIEPHOM
poIieccope U rpapuaeckux mpormeccopax (BuaeokapTax).

PaboTa Brimonaena npu noanepxkke YpO PAH mo nmporpamme [pesunnyma PAH
(npoext 12-11-01-1023) u npu nonaepxxke POOU (npoekr12-01-00106-a).

Cnucok rumepamypol:
1. Axumona E.H. PacnapannenuBanue airopurMa MaTpuyHON IPOTOHKH //
Marematnueckoe moaenupoBanue. 1994. T. 6. Ne 9. C. 61-67.
2. Camapckuii A.A., Hukonaes E.C. MeTonpl pelieHUsl CETOYHBIX ypaBHEHHU. M.:
Hayka, 1978.

YNCJIEHHOE HCCIIEJOBAHUE CBOBOJHbBIX
KOJIEBAHUU MEMBPAHBI

C. . Aara3un

Dedepanvroe 2ocyoapcmeerHHoe O100XHcemHoe yupercoeHue HayKu
Hncmumym npoonem mexanuxu um. A. 1O. Huwnunckoeo, Mockea, Poccus,
algazinsd@mail.ru

PaccmaTtpuBatoTcs  3agauMm O CBOOOJHBIX  KOJEOAHMAX  HPSAMOYTOJBHOMN
HEOTHOPOTHOU MeMOpaHbl, MeMOpaHbl L-00pa3Hoii ¢hopmbl, MeMOpaHbl, KOHTYpP KOTOPOii
noiy4aeTcss KOH(GOpPMHBIM OTOOpaskeHHEeM KBajaparta. [y Ha3BaHHBIX 3a7a4y MOCTPOCHBI
YHUCJIEHHBIC aNrOpUTMbI 0Oe3 HacwimeHus. [IpoBoauTcs cpaBHEHHE ¢ pe3ylbTaTaMy,
OnyOJIMKOBAaHHBIMH B TUTEpATypeE.

Problems about the free oscillations of a rectangular no uniform membrane, a
membrane of the L-shaped shape, a membrane which contours is gained by a quadrate
conformal representation are considered. For the termed problems numerical algorithms
without saturation are constructed. Comparison with the effects published in the literature is
spent.

BBenenne. B [1] ommcaHa MeToAMKa YHCIEHHOTO pEIICHHUS 3aJauyd Ha
coOCTBeHHBIC 3HAUCHUs s omeparopa Jlarutaca. DTu pe3ynbTaThl OCHOBAHBI Ha
unesx K. . babdenko [2]. [lepByto myOnukamuioo aBTopa Ha 3Ty TeMy cMm. B [3].
[Iporpammbr onyOnukoBansl B [4]. HecmoTpss Ha 3Tu nyOnukanuu Ha 3amaje
PETYIAPHO MOABJIIOTCA CTATbU O BbIYHMCICHHU COOCTBEHHBIX YHCET oricparopa
Jlarutaca (cBoOomHBIE KOJeOaHus memOpanbl). Hacrtosimmass pabora mocBsieHa
aHaJIM3y ATUX MyOJIMKAlUM U CpaBHEHUIO C pe3yJibTaTaMU aBTopa.

1. iByMepHoe ypaBHeHue Jlamiaca B mpsiMoyroJjibHUKe.

PaccmoTpum 3a1auy Ha COOCTBEHHBIC 3HAUCHUS:


mailto:algazinsd@mail.ru

40

AU+ Apu =0, u=u(x,y),o=p(XYy)=0;(x,y)eI{[0,a]x][0,b]},
u| _ 0 NnIIn

o°u  ou
—+—+Ap(X,Y)u=0, u=u(x,y).
o o p(X,Y) (x,y)
JuckpeTtuzanus kpaeBoi 3anauu (1.1) onucana B [1]. B pe3ynbTaTe noiyyaem
JTUCKPETHYIO 3a71a9y B BUJIC:

(D,®1_+1 ®D,)0=AR0, rae M — 4KCIO Y31I0B AUCKPETH3ALHUH O X, N — YHCIO

d?u
y3J10B JUCKpeTH3anuu mo Y. D; — Marpuia JUCKpEeTHOro omepatopa : - o
X
_ d’u o
pasmepa mxm,; D, — Marpuma JUCKpPETHOrO oreparopa : - v pa3mepa nxn; 0-
y

BeKTOp JuuHBI N=M-n, coxepkamuii NpUOMMHKEHHBIE 3HAYEHHUS COOCTBEHHOM
DyHKIEE U=U(X,Y) B y3IaX CETKH, A- NPHOTIKEHHOE COOCTBEHHOE 3HaueHHe, R -
JAWaroHaJbHAs MATPHIA, COJEpIKAINAsi HA JUAroHaIM 3Ha4YeHUs QyHKIUH p=p(X,Y)B
y31ax ceTku. [lo x u Y BeIOMpaeTcsa ceTka Mo HyJsM MHorouileHa YeOsimieBa, ® -
3HaK KPOHEKEPOBCKOro mpousBeneHus marpuy; |, | - eIMHWYHBIE MaTpULEBI
pazMepa Mxm u Nxn coorBeTcTBEHHO. MaTpuuel D; u D, — cTpositcs mporpammoii
ISl peleHus: oqHoMepHoi 3anaun [ typma-JInyBums [1].

[Ipu p=I, cobcTtBeHHble 3Ha4YeHHs] KpaeBod 3amaun (1.1) wu3BecTHH B
AHAJUTHYECKOM BHJIE:

2 2
A2 :zz(r—2+;—2j, rs=12.3,....
a

Pesynbrarhl pacuéToB IpHBEICHHI B [5].

Cnucok aumepamypbi.:

Anrasus C. /. YucneHHble anropuTMbI KJIACCUYECKON MaTeMaTu4eckon (pU3uKu.

— M.: Ilnanor-MU®U, 201 0. — 240 c.

2. ba6enko K. U. OcHoBbl uncnennoro ananusa. M.: Hayka, 1986. 744 c.; Usnanue
BTOpPOE, UCIPABICHHOE U JOMOJHEHHOE, noa penakuued A. . bprono. Mocksa-
Moxesck, PX]1, 2002. 847 c.

. Anrazun C. /l., badenko K. U., Kocopykos A. JI. O yucieHHOM peIIeHUH 3a1a4u
Ha coOcTBeHHBIE 3HaueHus. M., 1975. 57 c¢. ( IIpenp. UTIM; Ne 108).

4. BeruucieHue cOOCTBEHHBIX YUCET U COOCTBEHHBIX (PYyHKIMM omepaTopa Jlamiaca
(Lap123) // CBUAETEJIbBCTBO o0 rocynapcTBEHHOW PETUCTPAIlUN TPOTPAMMBI
mir OBM Ne 2012617739. Astop Aumrasun Cepreii JmutpueBuu (RU).
3apeructpupoBana B Peectpe nporpamm aiist 9BM 27 aBrycra 2012 1., 18 c.

5. Agrazun C. JI.. YucneHHble anroputMmbl Kiaccuueckor wmardusuku. XL.
Yucnennoe ucciaeaoBaHue CBOOOTHBIX KoieOanuit MmemOpanbl. M., 2013. 48 c.
(ITperp. UTIMex; Ne 1041).
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BUKOMITAKTHBIE CXEMBbI /151 PEHIEHUSA JUHEWHOI'O
HEOJHOPOJHOI'O YPABHEHUA IIEPEHOCA

E.H. Apucrosa’, C.B. Maprsisenxo’, b.B. Poros®

YUTIM um. M.B.Kenoviua, MOTH
aristovaen@mail.ru
MOTH,
martinenko_sv@mail.ru
SUTIM um. M.B.Kenowvuua, MOTH,
rogov@post.ru

B pa60Te MpeaAcTaBJICHO PAa3BUTHC OMKOMITIAaKTHBIX CXCM, MPCATTOKCHHBIX PAaHCC JIA
CHUCTEM ypaBHeHI/Iﬁ B YaCTHBIX IPOU3BOAHBIX rnnep6on1/1quK0r0 ThIa, il pCHICHUA
YpaBHCHUA TICPCHOCA H3JTYUYCHUA HIINM YaCTHII. Cxema O6J'IaILaCT YCTBCPTHIM IMOPAJIKOM
AIlllIpOKCUMalIU 110 MPOCTPAHCTBY MU TPCTbBHUM II0 BPCMCHH. PaCCMOTpeHbI CITOCOOBI
AIlIIpOKCUMAl NN CTAHIUOHAPHbBIX 3a1a4.

Development of bicompact schemes, which earlier have been suggested for solving
hyperbolic systems of equation in partial derivatives, for solving particle or radiation
transport equation has been done. The scheme has fourth order of approximation in space
variables and third in time. The different approaches to solving stable equations have been
investigated.

JIuHeliHOE HEOOHOPOJHOE YpPAaBHEHHE IIEPEHOCAa ONIMUCBHIBAECT IIEPEHOC
HETIOJISIPU30BAHHOTO H3Iy4YeHHs Wiu HeduTpoHoB B cpene [1]. KoncepBatuBHOCTH
Pa3HOCTHOM CXEMBbI B 3TOM CIlydae SIBISETCS BaKHBIM CBOMCTBOM, OTPAKAOIIUM
(GU3MYEeCKU 3aKOH COXPAaHEHHWS Ha pPa3HOCTHOM ypoBHe. He wMeHee BaxHO
MCIIOJIH30BaTh AMMPOKCUMAIIMI0 HAa MHUHUMAJIHHOM II1a0JIOHE W3-3a MPHUCYTCTBUS
KOHTAKTHBIX Pa3pbIBOB, BECbMa XapaKTEPHBIX JJIS 3a7ad MEPEeHOCa M3IYUYEHUs WU
yacTull. B KOHCEpBaTMBHO-XapaKTEPUCTHUECKUX METOJaX OOBIYHO KOMIIAKTHAas
amnmpoKCUMAIs CTPOUTCSI C HCIOJIb30BAaHUEM TOTOKOB IO TPaHSIM pacyeTHOM
auerikn [2]. HekoppekTHOEe mepepacnpenesieHue MO T'PaHsAM BBIXOSIIMX ITOTOKOB
MPUBOJIUT K 3HAUMUTEIbHBIM OIMMOKaAM B 3ajayax C T€TePOreHHBIMU CpeIaMu WU
COCPENOTOYEHHBIMU UCTOYHUKAMH [3].

CeMeNCTBO KOMITAKTHBIX CXEM ISl PEIICHUS TUHEWHOTO ypaBHEHUSI TIEPEHOCa,
MIOCTPOCHHBIX HA OCHOBE METOJIa MPSIMBIX U MHTETPO-UHTEPIOIAIMOHHOTO METO/Ia,
ObLIO0 TpeIokeHo B [4]. DTH cXeMbl UCIHOJIB3YIOT PACIIMPEHUE CIHUCKA MCKOMBIX
BEJIMYMH, BKJIOYasl HApsAy C Y3JOBBIMU 3HAYEHUSMHU HHTEIPAJIbHBIE CPEHUE IO
CETOYHOW SYCWKE WM 3HAYEHUs B IOJNYLEIbIX Vy3JIaX B CIy4ae OJHOU
MPOCTPAHCTBEHHOU MEpPEMEHHON. Pa3BuTre Merona Ijisi MHOTOMEPHBIX TEOMETPUN U
CUCTEM TUNEPOOIMYECKUX YpaBHEHHUH MPEACTaBIEHO B [5-6]. DTH cxembl 00y1a1at0T
YETBEPTHIM MOPSAKOM alMpOKCUMAlMM MO MPOCTPAHCTBEHHBIM MEPEMEHHBIM U
TpeThbUM 10 BpeMeHH. OHU aOCOJIIOTHO YCTOWYMBBI, MOHOTOHHBI, PEaU3YyIOTCS
METOJIOM OErymiero cuera.
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B nannoil paboTe nmpencTaBlieHO MPUMEHEHHE 3TUX CXEM JJII HEOJHOPOIHOTO
ypaBHeHusi mepeHoca. [lpu  moctpoeHMM ~— OMKOMIIAKTHBIX  CXEMbI  JUIs
HECTallMOHAPHOI'O0 YPaBHEHUS MEPEHOCA B ClIydyae OJHOM M JIBYX MPOCTPAHCTBEHHBIX
MEPEMEHHBIX TaKXE€ MCIOJb3YETCAd PACIIMPEHHBIA CIHHCOK HCKOMBIX BEJIMYUH.
[Ipennoxkena QaxTopu3oBaHHAs cXeMa JJsl pEUIeHHs YpaBHEHHUS TME€peHoca B
JIBYMEPHOM IMJIOCKON T€OMETPUHU, B KOTOPOH CIIMCOK UCKOMBIX (DYHKIIUN YBEITUYEH JI0
yeThlpeX. [ MHTErpupoBaHUs MO BPEMEHH HUCIOJIB3YIOTCS CXEMbl U3 CEMEUCTBa
JIMaroHaabHO-HESIBHBIX METOJI0B PyHre-KyTThl TpeThero nopsiika annpoKCUMaIlnm, a
Takke cxembl Po3zeHOpoka ¢  koMmiuiekcHbIMU — kKodddunuentamu CROS.
PaccMoTpeHbl pa3nuyHble BapUaHThl CXEMbl ISl CTAlMOHAPHOTO HEOJIHOPOIHOTO
ypaBHEHHsS TiepeHoca. B 3amadax ¢ MOCTOSIHHBIM KO3(PGUIMEHTOM TOTJIONICHUS
3O PEeKTUBHBIA MOPSATOK CXOAMMOCTH Ha TIJIQJAKUX PEHICHUSX COBMAJaeT ¢
TEOPETUYECKUM U paBeH TpeM. [IpemsokeH perynspuszaTop pelieHHs Ha OCHOBE
rcnosib3oBanus cxeMbl CROS 151 3a71a4 ¢ CyIIECTBEHHBIM MTOTJIOIIEHUEM.

PaGoTta BeImosiHeHa npu (GuHAHCOBOM moaepkke rpanta [IpaButenscrBa PO
no nocra”HoBiaeHutro N 220 "O Mepax NO MNPUBICUCHHUIO BEIYyUIUX YYEHBIX B
poccuiickue  00pa3oBaTeNbHBIC  YUPEKICHUS  BBICIIETO  MPOo(EeCcCHOHATHLHOTO
oOpazoBanuss" 1o goroBopy Ne 11.G34.31.0072, 3aKIIOUYEHHOTO MEXKIY
MunuctepcTBOM 00pa3oBaHusi U Hayku P®, Bemymum y4éHbIM U MOCKOBCKUM

(U3UKO-TEXHUYECKHMM HHCTHUTYTOM (TOCYAapCTBEHHBIM YHUBEPCHUTETOM), a TaKXKe
rpanta PODOU Ne 11-01-00389a.
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CETOYHBIE METO/JbI PEHHEHUS BAPUALITMOHHbBIX HEPABEHCTB
C OIIEPATOPAMU MOHOTOHHOTI'O THUITA

n.b. BanpﬂeBl

' Kazanckuii (Ipusonocckuii) pedepansuviii yHugepcumen,
ildar.badriev@ksu.ru

PaCCManI/IBaIOTCH CMCHIAHHOC  BApHMAIMOHHOC HCPABCHCTBO C  OIICpATOPOM
MOHOTOHHOI'O THIIAa B 0OaHAXOBBIX U FI/IHb6epTOBI>IX IIpOCTPAaHCTBAX. }_—[J'IH HUX PCIICHUA
NpCJIOKCHBI CCTOYHBIC MCTO/Ibl, OCHOBAHHBIC H4 KOHCYHOMCPHBIX alIIPOKCHMAIUAX
BapUallMOHHBIX HCPABCHCTB. I[J'ISI pemicHrusA CCTOYHBIX BapHAIIMOHHBIX HCPABCHCTB
IIOCTPOCHBI UTCPALMOHHBIC MCTOABI U UCCIICIOBAHA UX CXOJUMOCTD.

Mixed variational inequalities with monotone-type operators in Banach and Hilbert
spaces are considered. To solve these variational inequalities mesh methods based on finite
dimensional approximation are suggested. For solving the mesh variational inequalities
iterative methods are developed and their convergence is investigated.

[Tycth Vv — 6aHaXOBO MPOCTPAHCTBO C PABHOMEPHO BHIMYKJIBIM COTPSIKEHHBIM
V', M - BeIllyKJI0€ 3aMKHYyTO€ MHOXecTBO B V , f — 3agaHHbIi 31eMeHT U3 V

<-,-> — OTHOILIIEHHE JIBOMCTBEHHOCTH MeExay V u V', PaccmarpuBaerca 3amaua

rmoMcka sjeMeHta Ue M , ABJAIOIICTOCA PCHICHHUEM CMCIIAHHOI'O BapHAllMOHHOI'O
HCpaBCHCTBA

(Au-f,n-u)+F(n)-Fu)=0 VneM, (1)

rae A:V -V — KOSpLUMTUBHEI OIepaTop MOHOTOHHOIO THIA (IICEBIOMOHOTOHHBII
[1], MOHOTOHHBI WIM CHJIBHO MOHOTOHHEIH), F:V —R' — BeImIyKIbI,
COOCTBEHHBIN,  HEMPEPHIBHBIM,  BoOOIIE  TOBOps,  HenuddepeHIUpyeMbIi
¢byukiuonan. Takue BapHallMOHHBIE HEPABEHCTBA BO3HUKAIOT, HAMpHUMeEp, NpU
MAaTE€MaTUYeCKOM OMNHMCAaHUM MPOLECCOB MOJA3EMHONW (DUIbTpalUd HEC)KMMaeMOu
KUIKOCTH [2], mpu pemieHud 3agad o0 ONpeaeseHud TpaHull MpeaesIbHO-
PABHOBECHBIX IIEJIMKOB OCTAaTOYHOM BS3KO-TIJIACTHUYECKOW HedTu [3], mpu pernieHuu
3aj1a4 00 OmpejeieHUU TOJIOKEHUSI PABHOBECUSI MATKUX CETUaThIX 00oJiouek [4] u
T.4. [Ipyn yka3aHHBIX BBINIE OTPAaHUYCHUSIX HA OTMEpaTOp A U (PYHKIMOHAN F 3ajada
(1) umeeT no kpaitnelr Mepe ofHO perienue [1].

Ilycte {V,},.,— HEKoTOopoe ceMelCTBO MPOCTPAHCTB, TAe mapamerp h
CTpeMHUTCS K Hymto, Takoe, yto V, cV . IlycTb 3anaHbl JHMHEHHBIE OIEPATOPHI
.:V —V, (omepatops! cyxenus u3 V Ha V,). IIpu stom mnpenmonaraem, 4To
cemeiicto {V, }, anmpokcumupyer V , t.e. lim, || n7—7|,=0 nna moboro neV .
Jns  xaxgoro h  paccMoTpuM  BBIIYKJIOE 3aMKHyToe MHOXectBo M, cV,,
anmpokcumupyromee M, T.e., Bo-mepBbIX, Mg Jr0O60oro 7€M MOXHO HalTH
3NIeMEHT 77, € M Takoii uto, lim,_, |7, —7|l,=0, u Bo-BTOpBIX, €CIINl 77, € M, , 77,
cxomutres K 77 cma6o B V. mpu h—0, to neM. 3amaue (1) mocraBum B
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COOTBETCTBUE CEMEHCTBO aNNpOKCUMMPYIOIIMX 3a/ad MOHUCKa 3JIeMEeHTOB U, € M,
TaKuX, 4TO
<Auh_f:77h_uh>+F(77h)_F(uh)20 Vi, € M,. (2)
Teopema 1. 3anaya (2) umeem Henycmoe, 8bINyKio€ U 3AMKHYMOE MHONCECMBO
pewtenuti, mrodxcecmso {U,}, o pewenul 3a0ayu (2) paBHOMEPHO OIPaHUUECHO MO N

lu, Il £ €, ede koncmanma € >0 ne 3asucum om h. Ecau noonociedosamenvnocmo

{u, }°, crabo cxooumesk U 6V npu h, —0, mo U~ — pewenue 3adauu (1).

Jns pemienust 3agauu (2) MOXHO HCIHOJB30BaTh NPEMJIOKEHHBIH B [5]
UTEPAIlMOHHBIA ~ METOJMl, KaXAbld IIMar KOTOPOTO CBOJUTCA K  PEIICHUIO
BApHUAIIMOHHOTO HEPABEHCTBA C ONIEPATOPOM JIBOMCTBEHHOCTH.

Pa6ora nmonnepxxkana PODU (rpantsr Ne 11-01-00667-a, 12-01-00955-a, 12-
01-97022-p _moBomxbe_a).
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JIOKAJIBHO-OJHOMEPHBIE CXEMbI
JJIA YPABHEHUSA JUOPDY3UU JPOBHOI'O ITOPAJIKA

A.K. Ba33zaes', M.X. [lIxanykos-JIadumies’

LCesepo-Ocemuncruii 20cydapcmeennbiii ynusepcumem um. K.JI. Xemazyposa —
Bnraouxasxas, Poccus,
alexander.bazzaev@gmail.com
2Kabapouno-Baixapckuii 2ocydapemeentuiii yhugepcumem um.X.M.Bepbexosa —
Hanvuur, Poccus,
lafishev@yandex.ru

PaccMOTpeHBl  JIOKaJIbHO-OJHOMEPHBIE  PAa3HOCTHBIE CXEMbI I YPABHEHHUS
mudy3un ApoOHOrO TOpSAAKAa C KPaeBBIMU YCIOBUSIMH TpEThero poxaa. JlokazaHsl
YCTOMYMBOCTb ¥ CXOAUMOCTD JIOKaJIbHO-OJHOMEPHBIX CXEM Ul pacCMaTpPUBAEMOM 3a/1a4U.

For a fractional diffusion equation with Robin boundary conditions, locally one-
dimensional difference schemes are considered and their stability and convergence are
proved.

B mumusaape Q; =G x (0,T], ocHOBaHMEM KOTOPOIO CIYXKHUT P — MEpPHBIN

napaymenenunen G ={Xx = (Xl,XZ,..,Xp):O <X, < ﬂﬁ, p :ﬁ ¢ rpanunei I,

pacCMOTpPUM 3aJ1a4y:
Ogu = Lu+ f(x1), (x,t)eQ;, (1)

)= ki, (1), x, =0, (2)
OX 4

ou
—kﬁ(x,t)a— =1, U=, ,(X1), X, =1 4, (3)
Xp

u(x,0) =u,(x), xeG, (4)

P 0 ou
Lu=>Lu, Lu=—/k,(x,t)— |,

f; e axﬁ{ ’ GXJ
0<c0Skﬁ(x,t)écl,qﬂZq*>0,zciﬁ20,zc+ﬂ+zc_ﬂ¢0,

. 1 ru(xn)
O U = I -
Fl-a)q(t-n)
._au
npou3BoaHas Pumana-JInyBwiuia nopsaka o, U = a3
PasnocTHbIi ananor 3agaun (1) — (4) umeer BU:

dn, 0<a <l -perynspuzoBaHHas IpoOHas



1#%}& —tt J %z_ +c1>j+ﬁ, xeaw, B=1,p,(5)
PT@—a) & et s | ’ h
(@sYy,)x, 1 X5 €@y s s X5 €@,
Ayy= 1/0.5hﬂ(aﬁ”)yxﬂvo—E_ﬂyo),xﬂ =0, ®,=4 u,/05h;,x,=0,
—1/0.5hﬁ(aiNﬁ)y¥ﬁyNﬁ +iK, 5N, ) X =1 g Hop 103Ny, X, =L,

Hog=p +05N0, 150,00 5=p ,+050, 1,
Jlnst pemienust pa3HOCTHOM 3aAa4u (5) ¢ TOMOILBIO MPUHIIKAIIA MakcuMyma [ 1]
II0JIy4€Ha allpUOpHAas OLICHKA

. 1
1y llelug lle + —max || 7, (} O)+[ ., (X 1) e +

K. 0<t'jr
S
1-
+p T (2- a)ZT Zmax T " e
=0 p=10ss<f
OTKYyJa CIIeyeT paBHOMEPHAsI CXOJIMMOCTh Pa3HOCTHOM cxeMbl pu 1/ 2 < ¢ <1.

Cnucok numepamypeoi:
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«Locally one-dimensional scheme for fractional diffusion equations with robin
boundary conditions»
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MOAEJIb MIOPUCTOCTHU B TOHKHUX CJIOSAX
AJL EomlapeBa1 , 1. 3MHEBCKas

YUTIM um.M.B. Keaoviua PAH — Mockea,
bal310775@yandex.ru, zmig@mail.ru

Jlns 1mporHo3a pagManMOHHBIX TOBPEXKICHHM B MHOTOCIOHMHBIX CTPYKTypax
pa3paboTaH METOJ] CTOXAaCTHYECKOrO0 aHajora pelieHHs] KUHETUYECKUX YypaBHEHUU
Konmoroposa-®emiepa u DitHIITeHA-CMOTYXOBCKOTO, OMUCHIBAIOIMIMX (IYKTyarlOHHYIO
ctaguio (a3oBoro mepexoga 1-ro poja, mMonaenb oOpa3oBaHUS IMOPUCTOCTH Ba)KHA TIPH
MOU(UKAIIUN CBOMCTB MaTEPUAJIOB.

The stochastic analog method for solutions of Kolmogorov—Feller and Einstein—
Smoluchowski kinetic equations is used for prediction of radiation damage in multilayer
structures. Kolmogorov—Feller and Einstein—-Smoluchowski equations describe fluctuation
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stage of first-order phase transition. The model of porosity formation is important for
modification of materials properties.

Meropn cTOXacTUYECKOro aHajiora OCHOBaH Ha TEOPEMAax, COMIACHO KOTOPBIM
KUHETUYECKHE YPAaBHEHHUSI B YAaCTHBIX IPOU3BOJHBIX MapabOJIMYeCKOro THIIA
OJIHO3HAYHO CBSA3aHBl CO CTOXAaCTUYECKUMH IU(PdepeHIIuaTbHbIMA YPaBHEHUSIMHU
/CAY/ HTo, a TNIOTHOCTh MEPEXOAHON BEPOSTHOCTH MAapKOBCKOTO CIIy4alHOTO
nporiecca (MII), sBusromerocs pemenuem CAY Wrto, uHTepnpeTtupyercs Kak
¢bynkuust pacnpenenenuss /OP/, Bxondmas B COOTBETCTBYIOIIEE KHHETHYECKOE
ypaBHenue [1]. DynkunoHan-kodpGUIUEHTAMH  KUHETUYECKHX  YpaBHEHHI
SBJISIOTCS TEpMOJAMHAMUYSCKui moTeHnuan ['mb6ca oOpazoBanus 3apojibima [3]
(da3oBOro mepexo/a, B TOM YKCIE U JUIsl BAKAHCMOHHO-TA30BBIX MOP B Marepuaie [4],
a Tarwke auddy3us B MPOCTpAHCTBE pa3MepoB 3apojsimieid u auddy3us B
KPUCTAJUIMYECKUX pelieTkax cjaoeB. DyHKIMOHAT-KOIPDUIIMEHTaMU SIBISIOTCS |
MOTEHIHAIBl KOCBEHHOTO YIPYroro B3aUMOJACHCTBUS 3apOJbIIIEil B  CHOSX.
B3aumogenicTBue 3apoibllied MPOUCXOAUT 4Yepe3 BO3MYIICHUE AKYCTHUYECKHUX
(hoHOHOB pemieTku JedeKTaMu BO BCEX CJIOAX U (PPUACICBCKUX OCIMJUISAIINI
IJIOTHOCTU JJIGKTPOHOB B MeTauie. BpOyHOBCKOe JBHKEHHE paJHalliOHHBIX
ne(EeKTOB B CIOSX MPOUCXOIUT MOJ JEHCTBUEM JAIbHOACHCTBYIONIMX CUIl. Perienue
cucreM CJIY wmoxmenun oCylEeCTBIsIETCS MOAU(PUIMPOBAHHBIM HaA  cliydail
KBa3WIMHENHOCTH YPAaBHEHUW YCTOWYMBBIM YHCIEHHBIM METOAOM [2] BTOpOTO
MOPsIIKa TOUHOCTH C OECKOHEYHOW 00JIACThIO0 YCTOMYMBOCTH (COTIaCHO BBEAEHHBIM
ompeseieHUsIM U TeopeMam [2]) Ha 3aJaHHON ceTKe BpeMeHu (0e3 orpaHuyeHus Ha
BEJIMUMHY IIara rno BpemeHu). Ha kaxxaom mare mo BpeMEHM pEmIaeTcs 3ajada C
HaYaJIbHBIMU YCJIOBHUSIMH, KOTOPHIE TIEPECUUTHIBAIOTCS B COOTBETCTBUU C (DYHKIIMEH
pacnpeziesieHuss 3apoJibliiell AePEeKTOB MO pa3MepaM U IOJOKEHUIO B CIOSX C
npeablayero mara. PacyeTsl pa3MepoB OCTPOBKOB HOBOW (pa3bl Ha MOBEPXHOCTH
KpUCTAJUIMUECKOW pemeTku [3], KOHAEHCAIluu KJIacTepoB KapOujga KpeMHHUS B
miazMe paspsga [4] mo3Bosmnm Havitm DP  3aponprmeit  (asoBoro mepexoja.
OOpa3oBanue Mop B MaTepuaiax IoJ BO3JCHCTBUEM paJHAllMOHHBIX MOTOKOB [4-7]
MPEACTABIISIET MHTEPEC M KAaK IpPOLEcC Jerpajaldyd CBOMCTB B TEXHOJOIMYECKUX
3epKajax M 3allUTHBIX MOKPBHITUSAX, O0OBEKTaX KYJbTYPHOTO Hacledusi, Tak U Kak
CcIoco0 MOJy4YeHUs HOBBIX MarepuasioB [5,6]. Yder MrHOBEHHOH ympyroi
nepopmanuu  kpuctaumdeckor pemerkn (Si, SIC, Mo wm nap.) 3apoasimamu
chepudeckoil popMbI 3a CUET CKayKa JABJICHHWSI HAa €ro TPaHUIE MPOU3BOIUTCS TIO
®OP nedexroB B obOpasue [6,7]. M3yueHue mexaHu3MoB (hpa3oBOro mnepexoja Ha
HEPAaBHOBECHOM CTaJWM BaXXHO B MarepuanoBeaecHun THP, 351eKTpopeakTHBHBIX
JNBUTaTeNied KOCMHYECKMX ammapaTtoB, a TakkKe€ B CO3JAaHUM MOPUCTBIX
MTOTYTIPOBOJHUKOBBIX U TUAJIEKTPUUECKUX MaTEpUaoB [8].

Pabora wactuuno mnomanepxkana mnporpammoit OMH PAH 3.5 u rpantamu

PODU Ne 11-01-00282, Ne 12-01-00490).
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IMOCTPOEHHUE TOJICTBHIX IPUBMATHYECKHUX CETOUYHBIX CJIOEB
OKOJIO TEJ CJIOXHOU ®OPMbI
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MeToapl TEOpUM YHOPYTOCTH C KOHEYHBIMH JAePOpMalUsSMU HCIOIB3YIOTCSA IS
MOCTPOEHUSI TOJICTOTO CETOYHOTO CJIOSI BOKPYr Tel CHOXKHOH (opmbl. HaganbHbiM
NpuUOIMKEHUEM SIBIISIETCS TOHKMM CHJIBHO CXKaThlii ciod  ympyroro wmatepuana. B
pe3ynbTare ynpyrol pasrpy3Kd CJIOH MHOTOKPAaTHO PACIIMPSETCS, 3aT€M HCIONIb3YeTCs
BapUalMOHHO-MapILIEBbII METO 111 IOCTPOECHMSI OPTOTOHAJIBHOM CETKH BHYTPH CJIOSI.
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Finite hyperelasticity methods are used to construct thick prismatic mesh layers
around complex bodies. A thin compressed elastic layer is chosen as initial guess. Elastic
springback leads to a controlled layer thickness enlargement. Then, the combination of a
variational method and marching technique is used for construction of orthogonal mesh
layers inside a wide elastic layer.

[IpennoxxeH BapHAaLMOHHBIM METOJ ABTOMATHUYECKOI'O0 IOCTPOEHMS TOJCTBIX
CETOYHBIX CJIOEB BOKPYT Tell cl0kHOU (popmbl. [Ipu 3Tom hopma u TosmHa c10s He
NOJDKHA 3aBHUCETh OT KayecTBa CETKM Ha I[IOBEPXHOCTUM Tena. HavyanbHbIM
MPUOIMKEHUEM SIBIISICTCSI TOHKUM CHJIBHO C)KaThIM CJIOM YIIPyroro marepuaia
TOJIIMHOW B OJIHY siueiiKy ceTku. Bapmanmonusiii meton [1], [2] ucnons3yercs mis
MOJICJIMPOBAHUs yOPYrOW pasrpy3kd J3TOro marepuana. B pesynbrare ciou
MHOTOKPATHO PAaCIIUPSIETCS.

Puc.1.

Ha puc.l nokaszan mnpumep Teina CpaBHUTENBHO CHOXKHOM (opmbl - BKA
ITAT'U1, u noka3aHO CE€YEHHE CJI0sl, TOJIIMHA KOTOPOrO MPEBBIIAECT pa3Mep CEUEHUS
tena. [locime 3TOro HCHONB3yeTCS QITOPUTM  YAAIEHUS CAMONEPECEYEHUM Ha
BHEIIHEN YacTU CJIOS. 3aTEM MCHOJIB3YETCS BapUAllMOHHO-MApUIEBBIA METOI IS
IIOCTPOECHUSI OPTOTOHAJIBHOM CETKH BHYTPHM ClOA. Takas METOAuKa TapaHTHPYET
HEBBIPOXKICHHOCTh CETOK HE3ABUCUMO OT TOJIIIUHBI CJIOSI.

Puc.2.

I[Ipp >TOM ceTka ¢ BBICOKOM TOYHOCTBKO OpPTOrOHaJIbHA K TeIy U
YAOBJIETBOPSET 3aJaHHOMY 3akoHy cryumieHus. Ha pwuc.2, cneBa, mnokasaH
MIPU3MATHYECKUI CETOYHBIA clol ¢ oproroHamu3anueil. Ha puc.2, cmopasa,
MOKAa3aHbl  IPEABAPUTEIBHBIE  PE3YNbTaThbl [0 HHTETPAllMd  [OCTPOEHHOTO
MIPU3MATUYECKOTO CJIOSI C TEeTpa’ApaIbHOM CETKOW B SApe pacdyeTHOM OO0JacTH.
TerpaspanbHasi CETKa CTPOUTCA C UCIMOJIb30BAHUEM METOAUKH [3]. g ynydiieHus
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KauecTBa THOPUIHON CETKM HEOOXOJMM JIOMOJTHUTEIBHBIA H3Tal ONTUMHU3ALUU
NepexoIHON 00J1acTH.

Pa6ora nmognepkana rpantom [IpaButensctBa P® mo nmocranoBienuto Ne220
no goroBopy Nel1.G34.31.0072, rpantom no mporpamme I1-15 IIpesunuyma PAH u
rpantom PO®OU 11-01-00786-a.

Cnucox numepamypul.
1. Tapamxa B.A.// KBMuM® 2000 T.40 Nel1 C1685-1705.
2. T'apanxa B.A., Kyapssuesa JI.H. // JKBMuM® 2012 T.52 Ne3 C499-520.
3. George P.L., Borouchaki H, Saltel E. // Int.J.Numer.Meth.Engng 2003 Ne58
C.1061-1089.

A.l. Belokrys-Fedotov', V.A. Garanzha?, L.N. Kudryavtseva®, S.V. Utyuzhnikov’
«Construction of thick prismatic mesh layers around complex bodies»

'Computing center RAS, MIPT, Moscow, Russia, belokrys.fedotov@gmail.com
Computing center RAS, MIPT, Moscow, Russia, garan@ccas

3Computing center RAS, MIPT, Moscow, Russia, arnir@rambler.ru

*Manchester University, Manchester, MIPT, Russia,
s.utyuzhnikov@manchester.ac.uk

OB YCTOMYUBOCTHU HEJIOKAJBHBIX PA3HOCTHBIX CXEM
B ITOAIMTPOCTPAHCTBAX

A. B. I'yniun

Mockosckuii eocyoapcmeennwiii ynugepcumem umenu M. B. Jlomonocosa
Gaxybmem 8blyUCTUMENLHOU MAMEMAMUKY U KUOEPHEMUKU

PaccmatpuBaercs kpaeBas 3amada I yPaBHEHUS  TEIUIONPOBOAHOCTH  C
HEJOKAJIbHBIMU TPAaHUYHBIMU YCIIOBUSIMH, cojaepkamuMu napamerp y >1. Cnektp
IPOCTPAHCTBEHHOTO U (epeHINaIbHOrO ONepaTopa COAEPKUT COOCTBEHHBIE 3HAUEHUS B
JEBOM  MOJIYIUIOCKOCTH, 4YTO  OOYCIIOBIMBAaeT  HEYCTOWUYMBOCTH  3adaud.  [ns
ANIIPOKCUMUPYIOIIUX  PAa3sHOCTHBIX CXE€M  IIOJY4EH KPUTEPUM  YCTOMYMBOCTH B
MOANIPOCTPAHCTBAX, TOPOXKACHHBIX YCTOMUNBBIMU TAPMOHUKAMU.

The boundary value problem for the heat-conduction equation is considered with
non-local boundary conditions containing the parameter y >1. The spectrum of the spatial
differential operator has some eigenvalues in the left half-plane, that causes instability of
the task. For the corresponding difference scheme the criterion is formulated of stability in
subspaces generated by stable harmonics.

PaccmoTpuM HayallbHO-KpaeBYIo 3a/1auy

ou o4 ou ou
—=—>, 0<x<1 u(0t)=0, yr—(Ot)=—(11), 1
=0 (0,1) 78)(( ) ax( ) (1)



51

IZle y — 3aJlaHHBIN BEIIECTBEHHBIN napameTp. Pa3zHocTHBIE cxemsl 1uist 3a1auu (1) ¢
y =1 wuccnegoBan H. W. HNonkun [1]. [ToxpoOuseiii 0630p padbOT, MOCBSIIEHHBIX
pPa3HOCTHBIM MeToAaMm pemeHus 3axadun (1) c ;/e[—l, 1], npuBeaeH B [2].
[IpuHiMnuanbHOE OTIMYME OT ciaydas y =11 COCTOMUT B TOM, YTO CHCTEMa
COOCTBEHHBIX (DYHKLMH OCHOBHOT'O PAa3HOCTHOIO Omeparopa mpu y # tlcocramiser

0a3uc B NPOCTPAHCTBE CETOYHBIX PYHKIMI. HeycTroiiunBble pa3HOCTHBIE CXEMBI, IS
KOTOPBIX TOJBKO OJHO COOCTBEHHOE 3HAUE€HHE pPAacClOJOKEHO B  JIEBOU
IIOJIYIUIOCKOCTH, paccMarpuBaivch B [3]. B HacTosmeM aokiane paccMaTpuBacTCs
BECh JMamna3oH 3HauyeHWW y >1. Jloka3aH KpUTEpUl YCTOMYMBOCTH PA3HOCTHOMU
CXeMbl B MOANPOCTPAHCTBAX, IOPOKIAEHHBIX YCTOWYMBBIMHU T'apMOHUKAMH.
Anmnpokcumupyem 3anady (1) ABYXCIIOMHOM pa3HOCTHOM CXEMOH, ONpeaeisieMoit
napametpamu: N — uucino todek mo mpoctpanctBy, h=1/N wu 77— marm mo

2 o
MPOCTPAHCTBY W BPEMCHH, k=r1lh", O—  BECOBOM  MHOXHTEIb,

a:ch(hln(}/+\/m)).

OcHOBHOI1 oriepaTop A Pa3HOCTHOM CXEMBI OIpPEACNIIeTCS KakK

(AY), =—Yuir 1=12,...,N-1 y,=0,
2
(AY)n =+ (Yen =7 ¥xo)-

Co6ctBennsie 3Hauenns A, (k=0,1,...,N —1) omeparopa A pacnojoxuM B
HOpSIIKE BO3pacTaHus JedcTBUTEIbHON yacTu. CuutaeM, uto N kpatHO 4. BBegem
nee cuctembl umcenm: z, ={sin*(zkn)}em a ={(-2z)"'}". Onperenum
komiiekcHoe N - MepHOe mpocTpaHcTBo H, cocrosmee u3 ¢ynkumit Y, = y(X.),
3ajaHHbIx  Ha cetke {X =ih}',. Hapsmy c¢ HO6yzem paccmaTpuBaTh
noanpoctpanctBa H,(a), mnpenacraBmsrome co0oil  NMHEHHYI0O  000I0YKY

| N-1
co6ctsennbix  Bektopos  {u(x)H.!, oTBeyaromuUX COOGCTBEHHBIM 3HAYECHUAM

A.onepatopa A.Uucno K,(N)~0.37N**+0.83, durypupyromee B Teopeme,

SIBIISICTCSI KODHEM HEKOTOPOT'O TPAHCIECHIAECHTHOIO YPaBHEHHS.
Teopema 1. [lycms» a € (akfl, ak] ona k=12,... N/4-1. Pasnocmnuas cxema

yemouuuga 6 noonpocmpancmee H, (a) mozoa u monvko mozoa, koeoa
(2o -1)x+@1+a)">0, ecm k< [kO(N)] u
(20 -Dx+ [1— all— sz)](a ~1+22,)?%20, ecmu k> [kO(N)] :

Cnucok numepamypbi
1. Honxun H. U. PazHOCTHBIE CXE€MBI AJIsI OJHOM HEKIaCCUUYeCKoW 3amaun. BecTH.
Mock. yHHB., cep. BbI4. MaTeM. U Kub., 1977, Ne 2, c. 20-32.
2. Iymwn A. B., Houxun H. U, Mopozosa B.A. PazHOCTHBIE CXEMBI s
HECTAIlMOHAPHBIX HENOKANbHBIX 3ahad. M.: M3marenbckuil otnen QaxyipTeTa
BMK MI'Y um. M. B. Jlomonocoga, 2010.
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3. I'yaun A. B. YCTOMYMBOCTh HEJIOKAJIbHBIX PA3HOCTHBIX CXE€M B MOANPOCTPAHCTRE.
Huddepenn. ypapuenust, 2012, T. 48, Ne 7, c. 940-949.

Gulin A. V.
On stability of non-local difference schemes in subspaces.
M. V. Lomonosov Moscow State University, Faculty of computational mathematics
and cybernetics.

ANIITPOKCUMAIIASI BTOPBIX 1 CMEIIAHHBIX ITPONU3BOTHBIX
SBP IMOJIXO0J10M HA OCHOBE HECUMMETPHUYHbBIX TEPBBIX
PA3HOCTEN

JLE. I[OBFMJIOBqu, Nn.JL CO(prHOB2

'"MOTH (T'V), MHL] «ILInombeparicey,
Idovgilovich@slb.com
*MHI] «ILInombeporcey,
isofronov@slb.com

Mui npemnaraem o6o6menne SBP momxonma myreM BBeneHUS HECUMMETPUYHBIX
omepatopoB B ¢opmylie compsokeHHs. B pesynprare paspaboTaHa TociieoBaTeIbHas
anIMpOKCUMAIIMS CTApIINX MPOU3BOJAHBIX KOHEUHBIMU PA3HOCTSIMU IEPBBIX MPOU3BOIHBIX
Ha CHBUHYTBHIX miabnoHax. IIpeumyiiecTBa MOCTPOEHHBIX  PA3HOCTHBIX  CXEM
MPOJICMOHCTPHUPOBAHO HA 33J1a4ax O PaCIpPOCTPAHCHHUH YIIPYTUX BOJH.

We propose generalization of SBP approach by introducing asymmetric operators in
the conjugation formula. As a result, a successive approximation of higher derivatives by
finite differences of the first derivatives at the shifted stencils is developed. Advantages of
proposed difference schemes are demonstrated on the problem of elastic waves propagation.

MBI paccMaTpuBaeM 3ajady AnlpOKCHMALMM KOHEYHBIMH Pa3HOCTSIMH
BBICOKOTO TOpSA/KA TOYHOCTH IPOM3BOJHBIX BHJA (aui)j, rze  a(x), u(x) -

JOCTAaTOYHO TIJIaJKHC (I)YHKLII/II/I, XZ{Xi} . 38,,[[8,‘13 CTaBUTCA B MapaJUICIICIIUIICAC Ha

PaBHOMEPHOM CeTKe, MprUueM MbI TpeOyeM, 4TOObI Ia0JIOH HE BBIXOJUI 3a MPEIeIIbl
rpanauil. OTHO U3 PEIICHM STOH 3a7a4i OCHOBAaHO Ha mpuMeHeHnn SBP moaxona cm.
1 u 2, KOTOpHBI MO3BOJSET MOJyYaTh CEMENWCTBA PA3HOCTHBIX CXEM, HACJEIYIOIINX
CBOWCTBO CaMOCOIIPSKEHHOCTH MCXOAHOTO OIlepaTropa IMpHU OAHOPOIAHBIX I'PAHUYHBIX
ycnoBusix Jlupuxme w/unm Helimana. DTO CBOWCTBO SIBIISIETCS BaXXHBIM TPHU
IIOCTPOCHUU YCTOMYMBBIX DPA3HOCTHBIX METOJOB PELICHUs 3BOJIIOLMOHHBIX 3a/ad.
Btopoe mHame TpeOoBaHHE COCTOMT B HCIIOJB30BAHUM  IOCIIEI0OBATENILHOM
anmpoKCUMAalWU I TUCKPETU3alUU ONEpaTOPOB BTOPOTO MOPAJIKA. DTO O3HAYAET,
YTO  OINEpPATOpPhl  CTAPIIUX MPOU3BOJIHBIX IOJYYAKOTCS  IOCJIEA0BATEIbHBIM
IIPUMEHEHUEM DPA3HOCTHBIX OINEPAaTOPOB MEPBOW IMPOU3BOAHOU. TakoM MOAXOM K
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AUCKpeTh3auuu udpepeHInanbHbIX ONEPATOPOB MOXKET ObITh BBITOJEH IPU
IIOCTPOEHUH AJITOPUTMOB, SKOHOMHBIX C TOUKU 3PEHUS BBIYUCIUTEIBHBIX PECYPCOB.
HemocpencrBennoe  npumenenne SBP  moaxoma  anmsa  mpoBeneHus
MOCJICOBATEIBHON AaNMpPOKCUMAIUM TEHEPUPYET Pa3HOCTHBIE CXEMBbI, KOTOpHIC
JOMYCKAIOT HE(PU3WYHBIC PEUICHHs] TUMA «IWUIa» s TUNEepOOIMYECKUuX 3ajad
(mpobnema yet-neuert). [loaromy, mbl 0000mmnn SBP noaxoxa, 4To661 MOKHO OBLIO
MOJIy4aTh Pa3HOCTHBIE CXEMBbI, HE MOIEP>KUBAOIINE THIIO00pa3HbIEe PEILICHUS.
BBenem paBHOMepHY10 ceTKy U3 N Touek Ha OTpe3ke X € [0,1] U paccMOTpUM

Ha HEW CEeTOYHBIE HKImu U =1U_{. OOo3HaunM uepe3 (U,V CKaJIsIpHOE
y n p H p

IIPOU3BEICHUE B RY ¢ Becom H, tae H - HEKOTOpasl JMaroHajbHas MaTpHIIa.
Moaudunupoanubiii SBP moaxoa coctouT B cieayromieM. BBoguM J1Ba CeTOYHBIX

ormepatopa D™ um D* Takue, 4TO OHM aNPOKCUMHUPYIOT MEPBYIO IPOU3BOHYIO BO
BCEX TOUKAX CETKH U YJOBJIETBOPSIOT YCIOBHIO CyMMHUpPOBaHHUs 1o 4dactsiMm (SBP)

va,veRY :(U, D+V)H +(D‘U,V)H =UVy —UV,. Ecm monoxute D" =D" =D, ToO

noyynuM oO0bsruHyl0 SBP anmpokcumariio Ha OCHOBE IIEHTPATbHO-PAa3HOCTHBIX
OIEpPaTOpPOB MEPBOM MPOU3BOJHON BO BHYTPEHHUX TOYKAX CETKU. Ecim ke CTpouTh

D* HecMMMETpPUYHBIM 00pa30M, HANpPUMEpP Ha CABUHYTOM BIEpeN IIabJIOHE, TO
ylaeTcs MOAAaBISITh MWIYy MPU COXPAHCHHH OCTaJbHBIX IMOJIE3HBIX CBOWCTB SBP
noaxoja. B yacTHOCTH, HAMH TIOJy4YeHbl KOHEYHO-pa3HoCcTHRIE SBP anmpokcumarm
MPOU3BOJHBIX C 8-bIM MOPSAKOM TOYHOCTH BHYTPH OTpe3Ka U 4-bIM B OKPECTHOCTH
I'PaHUYHBIX TOYCK.

B noknage mnpencraBieHa Teopus pazpaboranHoro SBP  moaxoma Ha
HECUMMETPUYHBIX ONEeparopax B TPWIOKEHMHM K BOJHOBOMY YPaBHEHHIO,
MPEIOKEHA PA3HOCTHAS aNMPOKCUMAIIHS JIJIsl YPaBHEHHUS aHU30TPOITHON YIPYTOCTH
3, ¥ TIpUBEJICHBI PE3yIbTaThl YUCICHHBIX PACUETOB.

Pabora nmoxaeprxana takxe PODU (rpant Ne 13-01-00338)

Cnucok numepamypet.
1. Mattsson, K. // Journal of Scientific Computing. 2012. V. 51. No. 3. P. 650-682.
2. Strand, B. // J. Computational Physics. 1994. V.110. P. 47-67.

3. Dovgilovich, L. // 75th EAGE Conference & Exhibition. 2013. Extended
Abstracts.
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YUCJIEHHOE MOJAEJIUPOBAHUE ITIEPEHOCA TEIIVIA B IIJIASME

I'.B. loarosaeBa

HIIM um. M.B. Kenowvuua, Mockea,; Poccus;
dolgg@kiam.ru

JlokJaa MOCBSALIEH MOJEIUPOBAHUIO OJIHOTO U3 BaKHEHIINX (U3NYECKUX MTPOLIECCOB
IpU pacyeTe IUIa3Mbl TEPMOSJEPHBIX MMILIEHEH - mepeHocy Temia. PaccmaTpuBarorcs
pasnuyHble TPUOIMKEHNS U UX CPAaBHEHHE MEXAY cOO0i.

The report focuses on the simulation of one of the most important physical processes
in plasma fusion-heat transfer targets. Discusses the various approximations and compare
them with each other.

[Tpu pemieHny MUPOKOro Kpyra 3ajad, B YaCTHOCTH, 3a/1a4 JIA3ePHOU TIa3Mbl
OTHUM M3 OMNPEACTSIONMX TMPOILECCOB fABIAETCA TnepeHoc Teria. s
MaTEMaTUYECKOr0 OMUCAHUs IMPOILIECCOB MEPEeHOca TeIla Yalle BCEro HCHOJb3YIOT
3akoH Dypbe (auddy3noHHOe NPUOIMKEHHE). DTO MPUOIMKEHHUE OTPaHUYHBACTCS
MaJbIMU TEMIEPATYPHBIMU IpajgueHTaMu. C pOoCTOM IpaJIi€HTa TeMIEPATYPhl TOTOK
HEOTPaHUYEHHO BO3pPACTAaeT W MPEBBINIAET MAaKCUMAaJbHBIA TEIJIOBOM MOTOK. Jlis
KPYTBIX TE€MIIEpaTypHbIX ()POHTOB, KOTOPbIE UMEIOT MECTO B 00JydaeMbIX Ja3epoM
MUIIEHSX, PpPe3yJbTaThl MOTYT OBbITh TMOJYYEHbl MYTEM YHCIEHHOTO pPEIICHUS
KMHEeTH4YecKoro ypasHeHuss @oxepa-Ilnanka. Ho mnoOCKonbKy 4YMCIEHHO pemarhb
KMHETUYECKOE ypaBHEHHE — 3a/laya JTOCTaTOYHO CIJIOKHAs W TPOMO3JKAs, a yd4eT
MPOLIECCOB TEIUIONEPEHOCa B BBHICOKOTEMIIEPATYpPHOM Ijla3Me€ HeO0OXOIuM, TO
3a4acTyIO0 B pacuerax HCIONb3YIOT Mpubamkenne Oypre, MOTUPUIUPYS pa3yMHBIM
o0pa3oM BENIMYUHY TMOTOKAa. B pe3ynbTaTe MOSIBIAIOTCS pa3ludHbIE MOAETH IS
OMHCaHUs TpoIecca TEIUIONEPEeHoca, YTOUHsIoume TUPQy3UOHHYI0O MOJIENb.
[Ipocreiiiive W JOBOJIBHO PACHpOCTPAHEHHBIE MOJEIM - 3TO MOAU(PUKALIMS
b y3MoHHOrO TOTOKAa JMOO0 OrpaHUYMBasl €ro MaKCHUMaJbHO JIOMYCTHUMBIM
noTokoM /1/, nubO ydWTBIBAE€TCA HEJOKAJbHBIA XapakTep TerionepeHoca /2/.
Jlrormanu ['.®. u Mopa P. npennoxuwnu ajisi TENJIOBOTO MOTOKa Ghopmylly, KoTopas
YUUTHIBAET HEJOKAJIbHBIA XapakTep TeruionepeHoca. [1O0TOK y4YUThIBaeT BIIUSHHE
BCEX TOYEK CHCTEMbl Ha JaHHYIO TOYKY C TIOMOILIBIO SApa, 3aBUCSILETO OT
ONTHUYECKUX CBOMCTB CUCTEMBI.

B pabGore paccMOTpeHO HECKOJIBKO TMPUONIKEHUM, COMOCTABIISIIOTCS
pe3ynbTaThl pPacyeToOB, AHAIM3HPYIOTCS TMOJIOKUTEIbHBIE U  OTPULATENIbHBIC
XapaKTePUCTUKHU 3TUX MPHUOIMHKEHUN, BBIOPAHO ONTHUMANbHOE MPUOIMKEHHE KaK C
TOYKH 3PEHHUS TOUHOCTH, TaK U BPEMEHHU CUETA.

Pabora momnepxana PODU (rpant Ne 11-01-00258)

Cnucox numepamypul.
1. Bomocesuu ILII., Koceipes B.U., JleeanoB E.M. O6 yuere orpaHudeHus

TEIUIOBOTO MOTOKa B yuCiIeHHOM 3kcnepumente // M.: Ilpenpunt UIIM, Ne21,
1978, 22c.
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«Numerical simulation of heat transfer in a plasma»
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JIOKAJIBHBIE HEOTPAXKAIOINUE ' PAHUYHBIE YCJIOBUA
A JUPPEPEHIIUAJIBHBIX U PASHOCTHBIX 3AJTAY

JL.B. Z[Opozmnubml

"Mockosckuii 2ocyoapcmeennwiil yHugepcumem umenu M.B. Jlomonocosa,
dorodn@cs.msu.su

Ob6cyxmaeTcst mpoOieMaTHKa UCKYCCTBEHHBIX TPAHUYHBIX YCIOBHUI MPH YUCIEHHOM
MOJICTTUPOBAHNHN PA3IMYHBIX 3a]ad. V30keHne WLTIOCTPUPYETCs IpuMepaMu U3 001acTH
ra30BOW AMHAMHUKH.

We discuss the topic of artificial boundary conditions for numerical simulation of
various problems. The presented material is illustrated with examples in the field of gas
dynamics.

OKO0JI0 TOJIOBUHBI TPUKJIAJAHBIX 3a/1ad MATEeMAaTHYEeCKOW (DM3WKU CTaBSITCS B
HEOTPAHWYEHHBIX 00JacTsAX. TUMUUYHBIN mpuMep — 3amada a’pOJAMHAMHYECKOTO
oOTekaHusi. B 1esXx KOMIBIOTEPHOTO MOJIEIUPOBAaHUS TpeOyeTcs, Kak MPaBHIIO,
MCIIOJIb30BaTh 00JIACTh KOHEYHOro pazMmepa. Tem caMbIM MbI JOJIKHBI OT UCXOOHOLL
3a0auu TEPEeUTU K pedyyuposanHou 3adadye. 3aTeM B 00JaCTH BBOJUTCS CETKa U
CTaBUTCS pA3HOCMHAS 3A0a4da.

Hanuuue WMCKYCCTBEHHBIX T'paHUIl NPUBOAUT K OTPAKEHUIO BOJIH BHYTPh
obnactu. PasnuuHble wucciegoBaTenu 0OoJiee MOJyBEeKa 3aHUMATHUCh MPOOJIEMOi
3aJlaHUsI COOTBETCTBYIOIIMX YCJIOBUM Ha TakuWX TIpaHunax, u Oosee 30 ner
CYIIECTBYET TMOHATHE HEOTpaXaromux TpaHuyHbiX YycioBuil. B.C. PsOenbkuii
chopmynmupoBast B [1] KOHLENIMIO TOYHOTO IIEPEHOCA TPAHUYHBIX YCIIOBHH C
OECKOHEYHOCTH Ha MCKYCCTBEHHYIO TpaHUIly. B Hammx TepMuHaxX MOKHO CKa3aTh,
YTO peAylMpOBaHHas 3a/1auya JOJDKHA UMETh €JUHCTBEHHOE PEILICHHE, COBIIAIA0IIEE
C pellleHWeM WCXOJIHOM 3ajadd B TIpelenax orpaHuueHHoil mnomobnactu. [lpu
MIOCTPOCHUU HEOTPAKAIOIIETO TPAHUYHOTO YCJIOBHUS CJEAYEeT MUMETh B BHAY, UYTO
pelieHre pa3sHOCTHOM 3a/auyu Heu30eKHO OyIeT colepkaTh MOTPEIIHOCTh BBUIY
JTUCKPETU3ALINH.

Heotpaxaromye rpaHu4HbIE YCIOBUS ISl TUHEHMHBIX 33]a4 MAaTeMaTUYE€CKOU
(U3MKU TPEJCTaBIAIOT COOON JIOKaJbHbIE YpaBHEHUs (aJreOpandyeckue Wiu
nudepeHanbHbIC) 160 HEJIOKAJIbHBIE (MHTErpaNbHbIE, MICEBJIO-
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muddepenunanpubie). M3BecTHO, 4TO 111 MHOTOMEPHOI'O BOJIHOBOTO YpPaBHEHMUS
HEBO3MOXHO TOCTPOUTh JIOKAJIBHOE HEOoTpaxarwuiee ycioBue. HenokanbHbie
IPAaHUYHBIC YCIIOBUS, KaK IPAaBUIIO, TPOMO3AKH, PECYPCOEMKHU U TPYAHO IMOIAKOTCA
napajieIbHOM  peanu3anuu. [lpuxoguTcs nmenaTh BBIOOP MEXITYy TOYHBIMH
HEJIOKATBHBIMH U IPUOJIMKEHHBIMU JIOKATbHBIMU HEOTPAXKAIOIIUMHU YCIOBHUSIMHU.

Ecnu rpannvHOE yclioBUE SBISIETCS TPUOIMKESHHBIM, BOSHUKAET MTPo0JIeMa ero
YCTOWYHMBOCTH, T.€. KOPPEKTHOCTH IMOCTAHOBKH HAYAJIIBHO-KPACBOM PEAYLIUPOBAHHOMN
3a/1a4M C JAHHBIM I'PAHUYHBIM YCIOBHUEM. ABTOP MPUBOJUT OPUTHUHAIBHBIE IPUMEPDI
JI0KA3aTeNbCTBA YCTOMYMBOCTH TPAHUYHOTO YCIIOBUA.

Pa3nocTHas 3amaua TpeOyeT crienualbHOM MOCTAaHOBKY IPAHUYHBIX YCIOBUH: K
HEW HE BCerja NpUMEHUMA MNpoCTas JUCKPETU3alMs KOHTHHYAJIbHBIX TPAHUYHBIX
ypaBHeHMH. JlaHHas mpobyieMaTHKa OTHOCUTEIIBHO MaJIO OCBEIIAETCSI B JIUTEpaType.
B »ToM KOHTEKCTE HEOOXOIUMO YIOMSHYTh METOJ Pa3HOCTHBIX TMOTEHIIMAIOB
B.C. Ps6enbkoro. B nokiane paccMaTpuBarOTCA JBE alMpPOKCUMAIUM MPOCTEHIIETro
ypaBHEHUS MepeHoca, TpeOyronue OOJIBIIEro KOJIMYECTBA TPAHWYHBIX YpaBHEHUH,
yem auddepeHmanbHas MOJIeNb: IEHTPAIbHO-PA3HOCTHAS CXeMa Ha 3-TOYE€YHOM
mabioHe ¥ BBICOKOTOYHAs CXeMa Ha IIUPOKOM MIabJioHe, TMpUMEHseMas B
BBIUMCIIUTEIBHOU alspoakyctuke. IIpuBoasATcs mnpumepsl IUCKPETHBIX KPaeBbIX
YCIIOBUI JIs1 9THX cxeM u3 [2, 3].

Henunelinple 3a1aun B peAKuX CllydasxX JOMYCKAKOT TOYHBIE HEOTPAXKAKOLIME
YCJIOBHSI M HE TTO3BOJISIIOT OLIEHUBATH KAYECTBO MPUOIMKEHHBIX TPAHUYHBIX YCIIOBUH.
TeMm He MeHee, 111 OJJTHOMEPHBIX YpaBHEHUN Dijepa 1 noJoOHBIX TUIEPOOIMUECKUX
CUCTEM BO3MOXXHO BBIJICTIUTh KJIACC TOYHBIX TPaHWYHBIX YyciuoBud [2]. [ns
HEJIMHEWHBIX  Pa3HOCTHBIX  TPAaHUYHBIX  YCIOBHIl  aBTOpoM  pa3paldoTaH
MAaTEMATUYECKUH WHCTPYMEHT, MAOIIAN BO3MOKHOCTH MCCJIEI0BATH HEKOTOPHIE
CBOWCTBA aJIrOPUTMOB: B YAaCTHOCTH, OOHapyxeH »d((PeKT «HempaBUIbLHOU
ACUMITOTUKWY», TOATBEPXKIAEMbI pacueTamM, U TMPEIJI0XKEHbl CHOCOOBI €ro
YMEHBIIICHUS.

[TokazaHbl mpUMEPHI PACUETOB Ta30JIMHAMUYECKHUX 33J1a4 C HEOTPAkKaIIINMHU
IPAaHUYHBIMU YCIIOBUSIMUA: T[ayCCOB HMMIYJIC B JABYMEPHBIX JIMHEAPU30BAHHBIX
ypaBHEHMSIX OJiliiepa; BUXpEBAs JOPOKKA MO3aM KBAAPAaTHOTO LIMJIMHAPA B BS3KOM
rase.

Cnucok aumepamypbi.:
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PEI'YJIAPU3OBAHHBIE YPABHEHUWA MEJIKOH BOJBI JJIs
MOJAEJIUPOBAHUA TEHEHHUHU B HEI'JTYBOKHUX BOJOEMAX

T.I'. Exm3aposa’, O.B. Bynaros®

Y nemumym npuxnaonoii mamemamuxu um. M.B.Kenoviwa PAH,
telizar@yahoo.com
2 Mockosckul eocyoapcmeennwlil ynusepcumem umenu M.B.Jlomonocosa,
Guzuueckutl paxyromem, dombulatov@mail.ru

B paGote [1] aBTOpamu ObLI MpPEASiOKEH HOBBIM UYMCIEHHBIH METOA JIA pacueTa
TEUEHUN KUAKOCTU B MPUOIMHKEHUU MoJienu Menkoi Boasl (MB). B momHOM Tekcte OynyT
00CYXIIaThCs OCOOCHHOCTH YHCIEHHOTO aJITOPUTMA, €T0 TECTUPOBAHHE, a TAKXKE MPUMEPHI
pelieHus pa3HooOpa3HbIX 3a/1a4 B npudmmkennn MB.

In [1] a new numerical method to solve shallow water equations (SWE) was
proposed. Numerical algorithm and results for 2D cases will be shown in the presentation.

HoBblli ynCIIEHHBIN METOJT OCHOBAH Ha MCIIOJIb30BAaHUN OCPEIHEHUS UCXOIHBIX
YpPaBHEHUI IO MajOMy BPEMEHHOMY IPOMEXKYTKY, YTO MPUBOJIUT K TOSIBJICHUIO B
HCXOJIHBIX YpPAaBHEHUSX PETYIAPUBUPYIOIUX 100aBOK. YUHCIEHHBIE aNTOPUTMBI
OJIU3KON CTPYKTYpbl, OCHOBaHHbIC€ Ha HUCIOJIb30BAaHUU KBA3UTa30JMHAMUYECKUX U
KBa3UTUIPOJUHAMUYECKUX YPAaBHEHUM, YCTIEITHO TPUMEHSIIIUCH paHEe K YUCITCHHOMY
MO/ISIMPOBAHUIO IIUPOKOTO Kpyra TCUCHHI Ta3a U )KUIKOCTH [2-4].

PerynmapuzoBannubie ypaBHeHHMss MB  anmpokCUMHpPYROTCS C  MTOMOIIBIO
MHTETPO-UHTEPHOISLUOHHOTO METOAA C MCIOJb30BAHUEM LEHPAIbHO-PA3HOCTHBIX
almpoKCUMaluMi  JUIsi  BCE€X  MPOCTPAHCTBEHHBIX  IPOU3BOJHBIX,  BKIKOYAsd
KOHBEKTHUBHBIE ciaraeMble. [IoCTpOeHHBIN anropyuT™ MpOCT I TPOrPAMMHUPOBAHUS,
s (HeKTUBEH NI pelIeHus] HECTAIMOHAPHBIX 3aja4, yA00eH Uil paciapasuieuBaHus
U peall3allii Ha HECTPYKTYPHUPOBAHHBIX CETKax. B Hacrosiiee BpeMs 3TOT
AJTOPUTM aJANTUPOBAH JUIA 3a7a4 C MTOJABUKHOM T'PAHULIEH 3aTOIJIEHHOW 30HBI - TaK
Ha3bIBa€MbIX 3ajJa4 C "CyXUM AHOM'", a TakxKe IS 3a/lad CcOo CJIOXHOU (popmoit
MOJICTHJIAIOIIEN TOBEPXHOCTH.

Jns mpocTOTHI NMpUBEAEM OJHOMEPHBIN BHUJ PEryJIIPU30BAHHBIX YPAaBHEHUU

MB
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B nmannoit 3ammcu h(x, t) u u(x, t) 0003HAYAIOT TIIYOMHY XHUIKOCTH M €€
CKOpOCTbh, b(X) s ipoduis aHa, f urpaer posib BHeNTHEH cuiibl (Cuia BeTpa, cujia
Kopuonuca, cuna TpeHust o 1HO), g - yCKOpeHue cBo00oaAHOro najaeHusi. CHMBOJIOM T
0003HAUEH MapaMmeTp peryaspu3alui, KOTOPbIi MMEET pa3MEpHOCTh BpeMeHU. B
ciydae T — 0 ypaBHEHUS ¢ 100aBOYHBIMU YJICHAMH MPEBPALIAIOTCS B KJIACCHUECKUE
ypaBHeHuss MB. Ilpu uyucineHHBIX pacyerax Ha CeTKax C XapaKTEpHBIM IIaromMm Ax

napaMeTp peryJsipu3ali  BhIUMCISCTCS Kak 7 =aAX/4/gh C UHCJIEHHBIM

koa¢ppunmentTom 0 < a < 1.

JInsi 4UCIEHHOrO MOJEIMPOBAHMS 33Jad C "CyXUMM JHOM'" HCIOJIB3YyEeTCs
MOJIXO/I, CBSI3aHHBIN C BEJCHUEM IapaMeTpa OTCEUEHHs € JUIS TITyOUHBI )KUIKOCTH h.
B uncnennom anroputme ctaBuTCs ycioBue: eciau h < g, torma u = 0 u T = 0; uHaye
MIPOBOAMTCS CTaHAAPTHBINA pacuer.

B monmHoM TekcTe OyayT 0O6Cyk)aaThCsi OCOOCHHOCTH YHCIIEHHOTO aJIfOPUTMA,
€ro TECTUPOBaHME, a TakKe TMPUMEpPbl pEIIeHHs pa3HOOOpa3HbIX 3aJad B
npubmmxeHun MB.

Cnucox rumepamypul:
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MHOI'OCETOYHBIA METOJI IJISI AHU30TPOIIHBIX
PA3HOCTHBIX SJUIMIITUYECKUX YPABHEHUM

B.T. /Kyxkos, H./I. HoBukosa, O.b. ®eonoputona
HIIM um. M.B. Kenoviua PAH, Mockea

PaccmoTrpena mpoGnema pelieHus aHWU30TPONMHBIX PAa3HOCTHBIX TPEXMEPHBIX
JJUIMNITHYECKUX ypaBHeHuMi. [lpemnoxena »s¢dekTuBHas mapauiebHas peanu3aius
KJIaCCMYECKOro MHorocetouHoro meroga P.II. denopeHkoO Ha OCHOBE HCIOJIb30BAHUS
SIBHBIX YEOBIIICBCKUX HWTEpAIMil MPU pEIICHUU TPyOOCETOUYHBIX YpaBHEHMM M Ha dTarax
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criaaxxuBanus. Paspaborana mpouenypa ajanTalMy CriakuBaTeled K aHU30TPOIUHU, U
noka3zaHa 3()(peKTUBHOCTh U MaCIITAOMPYEMOCTh MapajUIeTLHOTO KOA.

We consider the problem of solution of anisotropic elliptic 3D difference equations
and propose an efficient parallel implementation of the classical multigrid of R.P.
Fedorenko. The algorithm is based on the explicit Chebyshev iterations for solving the
coarsest grid equations and to construct smoothers. We develop the adaptive smoothers for
anisotropy problems, and show that the multigrid provides efficiency and scalability.

[Touck mapamienbHbIX AITOPUTMOB akTyajeH g 3D 3agau npu Hammuuum
CUJIbHOM KOA(h(OUIIMEHTHON WK ceTOYHOUM aHu3oTponuu. CoBpeMeHHbIe TpeOOBaHUS
K QIrOPUTMaM BKJIIOYAIOT MCIOJIb30BAHUE IOTEHUHAIA CYNEPKOMIIBIOTEPOB IS

MacIITaOUPyeMOTo MOJEIMPOBAaHMA Ha CeTKax ¢ uucioM ysmoB N ~10%.
[IpeTeHaeHTOM Ha BBICOKYIO MacIITaOUPYEeMOCTb SIBJISETCSI MHOTOCETOYHBIM METO
[P YCJIOBUM PEATU3ALMU €ro 3TAlOB HA MPUHIMUIE aJTOPUTMHYECKON IMPOCTOTBHI.
[IpennoxeHHBI HAMH AJITOPUTM MPEACTABISET COOON peann3aluio KJIacCUHYeCKOro
MHorocerouHoro Meroaa P.II. denopeHko Ha OCHOBE HCIOJb30BAaHUSA SBHBIX
4yeOBIIIIeBCKUX HUTEpaldil MpU PELICHUH TPyOOCETOUHBIX YpaBHEHUN M Ha 3Tamax
CIJIaYKUBAHUSI.

PaccMoTpuM B KadecTBe MOJEIM JIMHEWHOE JIUTMIITUYECKOE YpPAaBHEHHE B
napaienenunene ¢ kpaesoiMu ycioBusimu |-l pona. /leranu nmocranoBku 3agaum,
JUCKpeTU3aluu, U Ap. AaHsl B [1, 2]. YpaBHeHHEe C y4eTOM KpaeBbIX YCJIOBUU
AlMPOKCUMUPYEM IIPOCTEUILIEN 7-TOYEYHON Pa3HOCTHOM CXEMOM HAa HEPAaBHOMEPHOU
nexkaproBoi cerke: A U, = f., rme A — caMOCONpPSKEHHBIH HEOTPHUIATENILHO-

ONpENeNeHHbI  omepaTop, CHeKTp  Kotoporo  [Ay.: Anx] —  OTpesok

HEOTPULIATEILHOM IMoIyocu. VTepupyrommii onepaTtop MHOTOCETOYHOTO METoAa B
. — -1

JIBYXCETOUHOM TIPEJCTABICHUU HUMEET BUI: Q—Sp(l - PA; RAq)Sp, rne A, -

omeparop  pelMCKpeTusanMu Ha rpyboir cetke, P, R, S - onepatopsl

WHTEPTOJISALANA, TPOCKTUPOBAHMS U CTIIQKUBAHUS COOTBETCTBEHHO.
JIisi MHOTHIX 3a/lad XapaKTepHa TIOCTAaHOBKA BBIPOXKJICHHOW 3ajaud
Helimana, xorjga WIeTcss pelieHne ¢ TOYHOCTHIO JI0 MPOU3BOJBHOTO MOCTOSHHOTO
cimaraeMoro. M3 ycioBus pa3pemmMOCTy BRIPOKICHHON 3a7a4u CIIEYET, 9YTO HYKHO
00ecnevYnTh OPTOTOHATBHOCTh HEBSI3KU SIIPY AUCKPETHOTO ofepaTopa Ha KaKIOM
CETOYHOM YypOBHE. TpPaguIIMOHHBIN CIIOCOO COOJIIO/IEHHUSI 3TOTO YCIOBHS COACPIKHUT
r100ambHYI0 OMEpanuio — pacdeT CKaJsIpHOTO TPOW3BEACHHS, YTO CHHXKAET
napamienbHyro 3 dexktuBHOCTh. [lokazaHo, 4YTO aBTOMaTHYECKOE oObOecreyeHue
YCIIOBHSI  OPTOTOHAJIBHOCTH  BBITIOJNHAETCS TPH  KMCIOJB30BAaHUM  OllepaTopa
MIPOCKTUPOBAHMS, COMPSIKEHHOTO OIEePaTOPy HHTECPITOJISAIUH.
CriaxxuBaHWE BBITIOJNHAET KJIIOYEBYIO POJIb B MHOTOCETOYHOM MeTrozae. B
KayecTBE CIJaKMBaTeJlell Mbl M3y4aeM JBE OlepaTopHble (QyHKIMH OT A —

MHoroujieH YeOwlmeBa M JIpoOHO-pallMOHANIbHYIO (YHKIIUIO, TMOCTPOCHHYIO Ha
OCHOBE sIBHO-UTepauroHHoi cxembl JIM-M [3]. KauecTBO criaxuBaHusi 3aBUCUT OT

3aJJaHMsl TPaHULBl A ., Pa3AessIoIed CIEeKTpa oreparopa Ha HU3KOYAaCTOTHYIO U
BBICOKOYACTOTHYIO yacTH. B o0mieM ciydae 3Ta rpaHuiia Hem3BecTHa. B kadectse
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npuMepa, TOKa3bIBAIOIIETO POJIb 3TOM TPAHUIBI M CBOWCTBA CrJIaKMBATeJIeH, Ha
puc.l mpuBeneHbl rpaduKu CIEKTpOB dYeOblmeBckoro criaxubareias (Cheb), sro
MHOTOWICH UeOnImeBa cTeneHn P =7, ¥ SKBUBAJICHTHOTO €My 10 BEIYHCINTEIHLHBIM

3atparam criaxuBarens JIM-M (LIM), mocTpoeHHOro ¢ MOMOIIBI0 MHOTOYJIEHA
YeOpimeBa crenenn P =4. I'panuna pasnmena A, BbiOpana xak A =4 /40 u

YUCJIO [IAaroB CIUIAKUBAHUS ONPEACIICHO U3 YCJIOBHS YMEHBLIEHUS HOPMBI HEBSI3KH
Ha BBICOKOYACTOTHOW YacTH BYETBEpO W BaBoe ais criaxusateneir Cheb u LIM
COOTBETCTBEHHO. XOpOIIO BHUJHO KAue€CTBEHHOE pa3inyue: 4YeObIIEeBCKUN
CIJIAXKUBATEIb TacCUT BBICOKOYACTOTHBIE KOMIIOHEHTHI HEBS3KM PAaBHOMEPHO Ha

yuactke [A i, 4], @ critaxuBatens JIVM-M crapiiye MOAbI racuT CUJIbHEE.
Lmin = Lmax /40

1

— LIM (p=4)
----- Cheb (p=7)

0.5
025}

03 2 4 6 8 12
Puc.l1 CrnaxuBatenu: ueObimeBckuit (P=7) u JIK-M (p=4) npu

ﬂ“r:lin = /’i'max /40

HoBol wupaeeln sBiseTcs amanTanus CIJIQXHUBATEIECA K aHU3O0TPOIIUM B XOJI€
MHOrOCeTOUHbIX  uTepanuil.  [lokazaHo, 4To  aganTanus  oOecreuyuBaeT
3 PEKTUBHOCT MHOTOCETOYHOTO METOJa W MacCHITaOUPyeMOCTh MapaliIeIbHOTO
konxa. I[lpuBeneHsl pe3ynbTaThl pacueToB Ha cynepkommbiorepax K-100 UIIM wum.
M.B.Kengsima PAH, «JIomonocos» MI'Y um. M.B.JlIomoHOCOBa, MOATBEPKIAIOIINE
paboTocnocoOHOCTh anropuTMma. O0600IeHne Ha 27—TOYeUHbIC JUCKPETHU3aAIlUH, a B
YacTHU CTIa)KUBATEIIeH, U Ha JPYTUe CXEMBbl, IPEJCTaBISIETCS OYEBUIHBIM. [[eTanbHoe
YHCICHHOE MCCIICIOBAHNE CBOMCTB MOCTPOCHHOTO airopuTMa gaaHo B [1]-[2].
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METO/J IIOCTPOEHUA YIIPOIIEHHBIX HEJIOKAJIBHBIX
UCKYCCTBEHHBIX TPAHUYHBIX YCJIOBUI

H.A. 3aBbﬂ.JIOBal, C.B. VTIOKHUKOB

"Mockosckuii pusuko-mexnuteckuii uHcmumym (20¢y0apcmeeH bl YHUSEPCUmen,) —
Jlonzonpyousiii, Poccus,
natalia.zavyalova@gmail.com
“The University of Manchester, UK,
S.Utyuzhnikov@manchester.ac.uk

[IpennoxkeH MeTOX  IOCTPOCHUS  HEJIOKAIBHBIX TPAaHUYHBIX  YCIOBUM Ha
UCKYCCTBEHHOM rpanune. OCHOBHAs M€ COCTOMT B MOCTPOCHUU OIEPATOpPA IEepexoja OT
ycinoBud Jlupuxie Ha HUCKYCCTBEHHOM rpaHuue K yciaoBusam Henmana. Ilokasana
CXOIMMOCTD IIOJIY4EHHOTO pELICHUs K TOYHOMY IIpU YJIAJE€HUU MUCKYCCTBEHHOW I'DAHMIIBI.
Merton anpoOupoBaH Ha IpUMeEpax.

A method for constructing nonlocal boundary conditions on an artificial boundary is
introduced. The main idea consists in constructing DtN-map. The convergence of obtained
solution to the exact solution as the artificial boundary moves to infinity is showed. The
method is tested on a number of examples.

3amaum, perraeMble B OECKOHEYHOM IPOCTPAHCTBE, BO3HHUKAIOT BO MHOTHX
o0nactax (pU3MKKU: PU3KKA TBEPAOIO Tena, (PU3MKa IJ1a3Mbl, a3p0- U THAPOAMHAMHUKA,
EKTPOJMHAMUAKA M MHOTHE Jpyrue. IIpu dHMCIIEHHOM MOJAEIMPOBAaHUM, Kak
IPaBWJIO, MOIYT MCIOJb30BaThC TOJIBKO OrpaHH4YeHHble oOnactu. IlosTomy
BO3HUKAET Mpo0jemMa KOPPEKTHOM IIOCTAaHOBKM TIpaHUYHBIX YCJIOBUH Ha
UCKyCCTBEHHOU Tpanuie [ 1, 2].

Kak ykaspiBaercs B [2] TOUHBIE UCKYCCTBEHHBIE TPAHUYHBIEC YCIOBUS JOJIKHBI
OBITh HEJIOKAJIBHBIMU 110 BPEMEHH U MO MPOCTpaHCTBY. CyIECTBYET s/l MOAXO00B K
IIOCTPOEHUIO  JIOKAJIBHBIX  HMCKYCCTBEHHBIX TI'DAaHWYHBIX  YCJIOBHM, KOTOpBIE
3HAYUTENIbHO 0O0Jiee MPOCTHI B peall3allii, HO BHOCST CYIIECTBEHHYIO OIIMOKY B
pellIeHre, KOTOPYIO CIOXHO OLIEHUTh 3apaHee. B nanHoi paboTe npeanpuHuMaeTCs
IIONBITKA IIOCTPOCHUSI HEJOKAJIbHBIX HMCKYCCTBEHHBIX TI'PAaHUYHBIX YCJIOBUH,
JIOCTATOYHO MPOCTHIX IS peanu3anui [3].
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PaccmarpuBaercs nuddepenimraibHoe ypaBHEHHE
Lv=f,
raie L — nuHeWHbIM camoconpspkeHHBbIN auddepeHImaibHblii onepaTop BTOPOTO
nopsiaka. J{ns 3Toro ypaBHEHHS Ha MCKYCCTBEHHOW TI'paHUIE BHYTPEHHEW 00JacTH

MOJKHO ITIOCTPOUTDL T'PAHUYIHOC YCIIOBUC BHU A

o oW

—=V—,

on  on
rie W — pelieHHe OJHOPOIHOM 3aJaud BO BHEMIHEH OOJacTH C €IWHUYHBIM
I'PaHUYHBIM YCJIOBHUEM.

HccnenoBanack ¢XOAMMOCTh MOJy4eHHOTO pemeHus. [lokasano, 4yto Hopma
pa3HUIBl TOYHOTO U MPUOJIMKEHHOTO PEIICHUN CTPEMUTCS K HYJIIO, IPU CTPEMIICHUH
K OECKOHEYHOCTH MOJIOKEHHSI TPaHUIbl 00JaCTH U HEKOTOPBIX JOIMOIHUTEIIbHBIX
YCJIOBUSIX Ha PEUICHUE.

PabGoTocnocobHOCTh MeTO/la NpoBEpsjach Ha pa3IUYHBIX [pUMeEpax, B

KOTOpBIX orepatop L coorBercTBOBaN oneparopy I'ensmrosbia.

Pabora nmonnepxana rpantoM IIpaBurenbctBa PO no mocraHoBneHuto Ne220
«O Mepax MO MNPUBICYEHUIO BEAYIIUX YUYEHBIX B POCCUHCKHE OOpa3oBaTelbHBIC
VUpPEXKIEHUSI  BBICIIETO  MPOQPECCHOHATLHOIO  O0pa3oBaHUs» 1O  JOTOBOPY
No11.G34.31.0072, 3akiiro4eHHOMY MeXJTy MHUHHUCTEPCTBOM OOpa3oBaHUsA M HAYKH
P®, Beaymum ydeHbIM H MOCKOBCKUM  (DU3MKO-TEXHHUUYECKUM HHCTUTYTOM
(rocy1apCcTBEHHBIM YHUBEPCUTETOM).

Cnucox tumepamypol:
1. Givoli D. // Wave motion. 2004. Vol. 39. Pp. 319-326.
2. Tsynkov S.V. /I Applied Numerical Mathematics. 1998. VVol.27. Pp.465-532.
3. Utyuzhnikov S.V. // Computers and Fluids. 2009. Vol. 38. Pp. 1710-1717.

Zavyalova N.A.', Utyuzhnikov S.V.'?
«A method for constructing simplified nonlocal artificial boundary conditions»
'Moscow institute of physics and technology, Dolgoprudniy, Russia,
Natalia.zavyalova@gmail.com
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JBYXCETOYHBIA METO/ AJ SJAJIUINTUYECKOM 3AJTAYN
C IIOTPAHUYHBIMU CJIOSAMH

AM. 3anopun

Owmcxuil hunuan PedepanbHozo 20Cy0apCmeeHH020 OH0HCEMHO20
yupeosicoenus: Hayku Mncmumyma mamemamuxu um. C.JI. Cobonesa CO PAH,
Poccua, zadorin@ofim.oscsbras.ru

Hccnenyercss ABYXCETOYHBIM METOJ PEWIEHHUS JIMHEMHOTO  SJUIAINTHYECKOTO
YPaBHEHUS C TOTPAHUYHBIMU CJIOSIMU Ha PABHOMEPHOM U Ha CTYIIAOLICHCS B IOTPAHUYHBIX
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CIOAX CEeTKAaX /Ul YMEHBIICHUSA BBIYMCIMTEIBHBIX 3aTpaT. B JIBYXCETOYHOM METOAE
pelIeHne CXEeMbl HAaXOIUTCS Ha JABYX CETKAaX, YTO IMO3BOJISIET IOBBICUTH TOYHOCTh HA OCHOBE
Metoza Puuapcona. OOcyxaar0Tcs pe3ynbTaThl YUCIEHHBIX SKCIIEPUMEHTOB.

Two-grid method for linear elliptic equation with boundary layers on uniform and on
dense in boundary layers meshes is investigated. Such method reduces the calculative
efforts. In two-grid method solution of the difference scheme is constructed on two meshes,
it can be used in Richardson method to increase the accuracy of the difference scheme.
Numerical results are discussed.

Kak u3BeCTHO, KJIacCHMYECKUE PAa3HOCTHBIE CXEMbl HE 00J1ajal0T CBOHCTBOM
PAaBHOMEPHOW CXOAUMOCTM B CIIydae »OJUIMITUYECKOTO YPAaBHEHHUS C MaJlbIM
napamMeTpoM IpHU CTAPIINX MPOU3BOJHBIX. OOECeYUTh PAaBHOMEPHYIO 10 MapaMeTpy
CXOJIUMOCTh PA3HOCTHOM CXEMBI MOXHO CTYLIEHHEM CETKH B IOTPAaHUYHBIX CIIOSX
WU TIOJTOHKOM CXeMBbl K TIIOTPAaHCIOMHOW cocTaBistome. B oboux ciyuasx
Pa3HOCTHAS CXEMa SIBJISIETCS MATUTOYCYHON U HAWTHU €€ PEIICHUE MOKHO Ha OCHOBE
utepaunid. HeobOxoaummoe KONMMYECTBO WTEpalMii MOXXHO YMEHBLIUTh, €CJIH
HCMOJIB30BaTh JIByXCETOUYHBIM METO. Torga npeaBapuTesbHbIE UTEPALIMU JETIAI0TCA
Ha BCIIOMOTaTelnbHOM, Oojiee rpyOoit cerke. Jlasee HawanbHOE MPUOIMKEHHUE IS
UTEPALMNA HA UCXOJHOU CETKE CTPOUTCS KAK MHTEPIIOJSALMSA HAMIEHHOTO PELICHUS HA
BCIIOMOTATEJIbHOU CETKE.

B cityyae CHHTYyJIsIpHO BO3MYLIEHHOM 33Ja4d JBYXCETOUHBIM METOJ JIOJIKEH
YUYUTBHIBAaTh HAJTMYUE MOTPAHUYHBIX CIOEB M PAHEE MTOYTH HE UCCIIENOBAJICA, OTMETUM
[1],[2]. B pabote paccmaTpuBaeTcs clieayroias 3aaaya:

gu, +eu, +axu, +b(y)u, —c(x, y)u= f(xy), (x,y) eQ,

u(x,y)=g(x,y), (x,y)el, Q==(01)",I' =0Q. @
[Ipenmonaraercs, yto pyHKmu a,b,c, f,g — nocTaroyHo riaagkue,
a(x)2a>0,b(y)>>0,c(x,y)>0,e €(0,1].
[Tpu manbIx 3HaYEHUSAX MapaMmeTpa € pemeHue 3anadu (1) umeer perysspHbie
norpaHuyHeie ciaou y rpanun X =0,y =0.

OcraHoBUMCS Ha cCllydya€ paBHOMEPHOW CeTKu. B ciyyae peryispHbIX
NOTPAaHUYHBIX CJIOEB CXE€Ma HSKCIOHEHIMAJIbHOW MOJrOHKH 00JaJaeT CBOMCTBOM
CXOJUMOCTH, paBHOMEpHOW 1O €. OT HUHTEPHOJALMOHHON QOpPMYyNBI TaK >XKe
HEOO0XO0JIMMO TpeOoBaTh TOYHOCTH, PAaBHOMEpPHOW Mo & TakuM CBOMCTBOM He
00J1aJ1at0T MOJIMHOMHUATBHBIE UHTEPHOJAIMOHHBIE (JOPMYJIbI, MPUMEHEHHUE KOTOPHIX
B JIBYXCETOYHOM METOJE MPUBOAUT K MCKAKECHUIO HAWIECHHOIO Ha BCLIOMOIaTEIbHOU
CETKE PEUIEHUs, TOrjJa TepAETCS MPEUMYIIECTBO JBYXCETOYHOTO METOJAa B
BBIUTPHIIIE B KOJWYECTBE apupMeThdeckux AeucTBuil. Jns ¢yHKIMM 1OBYX
MIEPEMEHHBIX C MOTPAHCIOWHBIMU COCTABIISIIOIIMMU MTOCTPOEHBI MHTEPHOJISLIUOHHBIE
(dbopMysbl, TOYHBICE HA 3THUX COCTABISAIONUX. [lOMydeHBI OIEHKM MOTPEITHOCTEH
MOCTPOEHHBIX (OpMyJ, paBHOMEpHbIE MO €. [losydyeHa oIleHKa BBIMTPHIIIA B
KOJIMYECTBE apU(PMETHUCCKUX CUCTBHUI MPU MPUMEHEHUH JBYXCETOYHOTO METO/IA.

Haubonpiiee pacrpocTpaHeHue MpU PEHICHUU CHHTYISPHO-BO3MYIIEHHBIX
3a7a4 MOJYYWJI MTOJIXO0M, UCIONB3YIOIINN CTYIIEHUE CETKH B MOTPAHUYHBIX CIIOAX. B


http://dict.rambler.ru/english-russian/reduce
http://dict.rambler.ru/english-russian/effort
http://dict.rambler.ru/english-russian/increase
http://dict.rambler.ru/english-russian/discuss
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paboTe uccienoBaH IABYXCETOUHBIM MeTOoJ Uil 3ajaud Buaa (1) B ciydae, xorga
pa3HocTHasg cxema crpourcss Ha  cerke [llmmkwmua. BcemomorarenpHas ceTka
[IInmkuHa BioXkeHAa B MCXOAHYH. Iloka3aHo, 4TO B 3TOM cCilyyae IOIPEHIHOCTH
dbopMyInibl IByMEpHOW JMHEWHON HMHTEPHOJSAIMU  paBHOMepHa 1o €.  llpu
IIPUMEHEHUN JIByXCETOYHOI'0 METOJA PELIEHWE Pa3HOCTHOW CXEMbl M3BECTHO Ha
JIBYX CETKax, YTO IPeIaraercsi HCIOJb30BaTh JUIsl IOBBIMICHUS TOYHOCTHU
Pa3sHOCTHOM CXEMBbl Ha OCHOBE MeTona 3KcTpanossiunu Pudapnacona. IIpoBeneHbl
YUCJICHHBIE JKCIEPUMEHTHI, NOJATBEPAMBIIME KAaK BBIMIPBHII B KOJIUYECTBE
apu(pMETUYECKUX JeUCTBUM MpPU MNPUMEHEHUU JABYXCETOYHOIO METOJAa, TaK H
3¢ pexTuBHOCTH MpUMEHEHUsI MeToAa Puuapcona.

Pa6ora BemonHeHa npu nojaepxke npoekta PODU (rpant Ne 11-01-00875) u
npoekta OMH PAH Ne 3.2 (2012).

Cnucok numepamypol.
1. 3amopun A.U., 3amopun H.A. // Cubupckue 3JIeKTpOHHBIE MaTEMaTUYECKUE
m3Bectus. 2011. T. 8. C. 247-267.
2. Vulkov L.G., Zadorin A.l. /I International Journal of Numerical Analysis and
Modeling. 2010. V. 7. Ne 3. C. 580-592.

Zadorin A.l.
“Two-grid method for elliptic problem with boundary layers”.
Omsk filial of Sobolev Mathematics institute SB RAS, Omsk, Russia,
zadorin@ofim.oscsbras.ru.

YCEUYEHHBIE YCJIOBUA NOJHOM MPO3PAYHOCTHU
HA OTKPBITBIX TPAHUIIAX B U3OTPOITHBIX CPEJAX

H.A. 3aiines

HITIM um. M.B. Kenoviuwa PAH, Mockea
zaitsev@Keldysh.ru

[TpuBenensr popmynsl Yceuennbix Ycnosuid [lomnoit IIpospaunoctu (Y VIIII) mus
M30TPONHOIN yNpyro cpeasl [Uisi BCeX TIpaHMIl TPEeXMEpPHOH 00JIacTH, MNpeUIoKeHa
metoauka Moaudukanumu YVYIIII nHa pebpax u B BepUIMHAX pPACYETHOH o00JacTH,
IpeJIoKEeHa pa3HocTHass cxeMa s pacuera Y YIIII, mposeneno cpaBHenme Y VIIII c
XapaKTEPUCTUYECKUMHU TPAHUYHBIMHU YCIIOBUSIMHU, HUCCIEI0BAHA 3aBUCUMOCTH AMIUIUTYIBI
OTpa’KEHHOMU BOJIHBI OT pa3Mepa pacueTHON 00J1acTH.

Formulas for Truncated Transparent Boundary Conditions (TTBC) for isotropic
media are presented for all boundaries of 3D computational domain. A method for
modification of the TTBC at edges and vertexes of computational domains and the
corresponding finite-difference scheme are suggested. The TTBC are compared to known
characteristic boundary condition. Dependency of amplitude of the reflected wave on size of
the computational domain is investigated.
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[Tpennoxxennsie B [1] rpaHnYHbBIE YCIOBUS HAa OTKPBITHIX TPAHUIAX PACUETHON
o0JacTu MOXXHO pacCMaTpHBaTh KaK YCEUEHHBbIE YCJIOBHSA IOJIHOM MpPO3pavyHOCTU
(YVIIII), koTopble MOJydaroTCs W3 TOYHBIX YCIIOBUH IMOJHOM mpo3padHoctd [2, 3]
oTOpachIiBaHUEM HEJIOKAIbHON YaCTH OlepaTopa.

B nacTosimelt pabote npeanoaraeTcs, 4To B OKPECTHOCTH OTKPBITON IPaHHUIIbI
pacyeTHOW oO0nacTM M BCIOAY BHE €€ pacnpoCTpaHEHHUE BOJH OIUCHIBACTCS
ypaBHeHUsIMHU Jlame:

u . _
— =(A+p)graddivi + pAl
ot
. T
¢ moctostHHBIMU Koo dunuentamu Jlame A u y, roe U =(u1,u2,u3) — BEKTOp
nepememienuili. Torma s rpanunsl X, =const YVYIIII moxxHO 3amucate B
CJIEIyIOLIEM BU/IE:
ou ou ou ou
—+B,,—+B,,—+B,;—=0. (1)
ot OX, OX, OX,
Jlnst pebpa pacueTHoi o6nacTi, 00pa30BaHHOrO rpaHUIlAMU X, =CONst u X . =const,
VIIII (1) mogudumupyercs clieayromuM o0pa3om:

ou ou ou
—+B,,—+B_ . —=0.
ot MMox,  ™Mox,
[IpoBeneno cpaBuenue Y YIIII ¢ XxapakTepucTUYECKUMH yCIOBUSMH BUIA
s, =0, @
ot " OX

n

U3BECTHOE B JIMTeparype Kak ycnoBue KieliToHa-DHKBHCTa mepBoro poxaa (cm.,
Hanpumep, [4]). U3 pucynka 1 BumHO, 4TO OTpaxkeHue otr rpanun ¢ Y YIIII
3HAYUTEIHHO MEHBIIIE.

TIBC o Chir +=200 1208 RS 5261 carl 6 1=0004
151 y=0 §

.

S

o 15 1 15 s = 3 s

Puc. 1. Beixon cdepuueckoit Bosnbl u3 kyouueckoit oonactu: t =0.6 (cunesa) u
t =0.8 (cnpasa). Ha npasoii rpanuiie XxapakTepucTHIECKOE yCIoBHe (2), Ha
ocTtanbHbIX rpanuuax Y YIIII.
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[ToxazaHo, 4TO HpH YBEIMYEHUM pa3Mepa pacyeTHON 00JaCTH aMIUIMTYAA
oTpakeHHOH oT rpanull ¢ Y YIIII BosHbI ObICTPO YOBIBAaET (B MPOBEIEHHBIX pacueTax
pu yBeIW4YeHUH pedpa pacueTHOro Kyda B 2 pa3a ommOka yObiBaeT mpumepHo B 10
pas).

Jnsa yucnennou peanmusauuu Y YIIII ucnons3oBanack siBHasg cxema BTOPOTO
MOpsJKa AamnmpoKCUMAalMi, B KOTOPOW MPEANoJiarajoch, 4TO T'paHUIBI 00JACTH
IIPOXOJAT YEPE3 MOIYLENbIE TOYKHA CETKU.

Pabora momnepxana PODU (rpanter Nel1-01-00114 u Ne 13-01-00338).

Cnucox aumepamypur.
1. Codponos N.JI. // Hokmaast PAH. 2009. T. 426. Ne 5. C. 602-604.
2. Codponos N.JI. // Joxmagst PAH. 1992. T. 326. Ne 6. C. 453-457.

3. Sofronov I.L, Zaitsev N.A. // J. Comp. Appl. Math. 2010, Vol. 234. P. 1732-
1738.

4. Higdon R.L. Absorbing boundary conditions for elastic waves // Geophysics, vol.
56, Ne 2, P. 231 — 241.

N.A. Zaitsev
«Truncated transparent boundary conditions on open boundaries for isotropic elastic
media»
Keldysh Institute of Applied Mathematics RAS, Moscow, Russia, zaitsev@Keldysh.ru

YUCJIEHHBIE METOIbI C IMCKPETHBIMMU ITPO3PAYHBIMHA
I'PAHUYHBIMU YCJIIOBUAMHU
I HECTAIIMOHAPHOI'O YPABHEHU S HNIPEJIMHI'EPA

A.A. 3JIOTHPIK1, U.A. 310THUK 2

YHIUY Buicwas wikona skonomuxu — Mockea, Poccus,
azlotnik2008@gmail.com
2HHUY Mockosckuil aHepeemuyeckul uncmumym - Poccus,
ilya.zlotnik@gmail.com

Jns pemenuss HectauumoHapHoro ypaBHeHusi lllpénuHrepa B HeOrpaHMYEHHBIX
00JacTsIX MOCTPOEHBI, UCCIENOBAaHbl M anpoOOUpPOBaHbl HOBBIE d(P(HEKTUBHBIC UHCICHHBIC
METOBI C JUCKPETHBIMH MPO3PAYHBIMH TPAaHUYHBIMU ycioBusiMu: MKD mro6oro mopsiaka B
cilydae MpsIMOM M METOJ] C PacIIEIJIEHUEM TI0 MOTEHIAITY B CJIy4ae MOJIOCHI.

For solving the time-dependent Schrodinger equation in unbounded domains, new
effective numerical methods with discrete transparent boundary conditions are constructed,
studied and tested: FEM of arbitrary order in the case of the axis and a splitting in potential
method in the case of a strip.


mailto:azlotnik2008@gmail.com
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VYpasuenue LllpénuHrepa urpaeT BaKHYIO poJjib BO MHOTUX 00JacTIX (PU3HKH,
M 4acTO €ro HeoOXOJMMO YHMCIEHHO pellaThb B HEOIpaHUMYEHHBIX oOisacTsax. C arToi
LEJbI0 HMCTONB3YIOT MPUOIMKEHHbIE Mpo3pauHble rpanudnbie ycioBus (IIIY) na
UCKYCCTBEHHBIX rpanunax [l1]. K uuciy mydmux W3 HUX OTHOCATCS Ouckpemmule
[ry (AII'Y): mng HUX OTPaK€HUsS OT MCKYCCTBEHHBIX TIPaHUI] IOJTHOCTBHIO
OTCYTCTBYIOT, BBIYMCIICHUS YCTOMYMBBI, & MaTE€MAaTHUYECKas OCHOBA IMPO3pAaYyHA M
II03BOJISIET CTPOUTH CTPOTYHO TEOPUIO YCTOMYMBOCTH METOIOB.

B nmannHo#i pabore s 00OOIIEHHOTO HECTAIIMOHAPHOTO ypaBHEHUS
[IpénuHrepa paccMoTpeHsl 3aaa4a Komm Ha npsiMoil M Ha4aJIbHO-KpaeBas 3a/Ja4a B
nosioce. B ciydae npsiMoil M3y4yeH NBYXCIOWHBIN cuMMeTpuuHbli (Tuna Kpanka-
Hukonbcon) mo Bpemenun u MKD mro06oro mopsika Ha KOHEYHOM OTpE3KE I1O
MPOCTPaHCTBY uucieHHbld Meron ¢ JAIIIY [2,3]. lns Hero nokasaHa paBHOMEpHas
10 BPEMEHU YCTOMYHUBOCTh B HOPME L, ¥ B DHEPIeTUYECKOU HOPME 10 OTHOLIEHUIO K

HAaYaJIbHBIM JaHHBIM UM cBoOomHoMmy uneHy. Jns BeiBoga MY wusyuen
BCIIOMOTATEJIbHBIN METOJ] Ha OECKOHEYHOW CETKE Ha MPSMOW W I HEero J0Ka3aHa
YCTOWYHMBOCTb Y BBIBEJICHBI 3aKOHBI coxpaHenus; JIIII'Y mo3Boisttor peaynupoBaTh
€ro pelieHue Ha KOHEYHbIM oTpe3ok. Hemokampueiii omepatop S, B AIIY

ref

MpeCTaBIsIeT COOON AMCKPETHYIO CBEPTKY MO BPEMEHH, SAPO KOTOPOH, B CBOIO
odepelb, ABISETCA KPaTHOM JUCKPETHOM CBEPTKOM  IOCJIENOBATENBHOCTEM,
BBIpaKaeMbIX yepe3 MHorouwieHsl JIexanapa. 31o sapo 3¢ HEKTUBHO BBIYUCIAETCS C
MOMOIIBIO OBICTPOTO IUCKpeTHOTO TIpeodpazoBanus Oypre (BJIIID). Beimonuenusie
YUCJIEHHBIE SKCIIEPUMEHTHI HAIJIAAHO JEMOHCTPUPYIOT BBICOKYIO PE3YJIBTaTUBHOCTD
ncnoJsib3oBanust MK Beicokoro nopsaka ¢ JAIIIY, B TOM 4ucie npu pacyeTe CUIbHO
OCHMJUIMPYIOIINX PEUIEHUNA U PAa3pbIBHOM MOTEHIUAJIE.

Uucnennble MeTOAbl, OOBIYHO HCMOJIB3YEMBIE B CIy4yae IMOJOCHI, SBISIOTCS
HesBHbIMU. [Ipy uX peaim3annu Ha KaXIOM CJIO€ II0 BpPEMEHU BO3HHUKAIOT
crenuaibHble KOMIUIEKCHBIE CUCTEMbI JIMHEHHBIX alreOpanyecKux YpaBHEHUM, AJis
KOTOpbIX 3((PEKTUBHBIE METOJbl pEIIeHHs IoKa He paszpaboranbl. C npyroit
CTOPOHBI, Ul YIPOLIEHUs Peaanu3aluy XOpOIIO U3BECTHA TEXHUKA PACLIEIJICHUS 110
bu3HUEeCKM MpoIeccam.

B paboTe mocTpoeHo CUMMETPU30BaHHOE PACILEIUICHUE MO MOTEHIHAly THUIIa
Crpenra miss JABYXCIOWHOW CUMMETpUYHOW cxembl [4]. [ns noiydeHHO#R
TpexwaroBou cxemsl ¢ JAIII'Y nokazana paBHOMEpHas MO BPEMEHU YCTOMUYMBOCTH B
Hopmel,. Jma BeBoma JIII'Y paccMoTpeHa BcemomorarenpHas CXeMa C

paCIICINICHUEM I10 IIOTCHIOHWATY Ha OCCKOHCYHOM CETKE B IIOJIOCE, 4 HEC JOKa3aHa
paBHOMCpHAA 110 BpEMCHU YCTOI‘/’I‘II/IBOCTB B L2 M BBIBCJCH 3aKOH COXPAaHCHUS MACCHI.

Oneparop S, B ALY nms cxeMsl ¢ pacllelIeHMEM TaKOH ke, KaK sl UCXOJHOM

CXEMBI; OH SIBJIIETCSI HEJOKAJIbHBIM IO BPEMEHH U 3aIIMCHIBAETCS TAKKE C MOMOILBIO
JI1® 1o mepeMeHHOM nonepek Mnoiaocsl. s peanusanuu MeToaa ¢ pacileluieHueEM U
NIT'Y B ciydae oOmiero moTeHIMala pa3padoTaH W peann3oBaH 3(PGHEKTHBHBIMN
MPSIMOW aJTOPUTM BBIYMCIICHUS PELICHUS], UCTIONB3YIOIIUN MTPOTOHKHU BAOJIb MOJIOCHI
n b/II1® nonepek nomnockl. [IpeacraBieHsl pe3ysibTaThl YUCIEHHBIX YKCIIEPUMEHTOB
M0 pacuetry TyHHeIbHOTO 3 dekra s npsAMOYyroiabHbIX OapbepoB. IlokazaHo, 4To
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OpPUMEHSIEMOE pACIEIJIEHUE M0 MOTEHIMATy HE BEAET K CHUKEHUIO TOYHOCTH
pe3ybTaTOB.

PaGora BbimosmHeHa mnpu (pUHAHCOBOM moaAepkke mHporpammbl «HayuHbrii
dorx HUY BIID» B 2012-2013 rr. (mpoekt 11-01-0051), PODU (mpoext 12-01-
90008-ben) u rpanta MunoOpHayku PO (cormamenue Ne 14.B37.21.0864).

Chnucox numepamypul.
1. Antoine X., Arnold A., Besse C. et al. / Commun. Comp.Phys. 2008. V.4. Ne4. P.
729-796.
3notauk A.A., 3notauk U.A. // Joxknager AH. 2012. T. 447. Ne 2. C. 130-135.
Zlotnik A., Zlotnik I. // Kinetic and Related Models. 2012.V.5. Ne3. P.639-667.
Ducomet B., Zlotnik A., Zlotnik 1. // 2013. http://arxiv.org/abs/1303.3471.
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PEHIEHUE CTOXACTHYECKUX TU®PEPEHIIUAJBHbIX
YPABHEHUU UTO-CTPATOHOBHNYA B MOJIEJIN
AMOPOU3AINU ITOKPBITUA

T.A. ABepI/IHal, AL BOHz[apeBaz, I'.U. 3MueBcKkasn’

YUBMuMTI CO PAH, HI'Y — Hosocubupck,
ata@osmf.sscc.ru
2UTIM um.M.B. Kendviua PAH — Mockea,
bal310775@yandex.ru, zmig@mail.ru

[ToctpoeHa JByXypoBHEBas cxema Uil pELIEHHs CUCTEM CTOXaCTUYECKHX
maddepennmansaeix ypaBHenuit (CAY) Uro B cmpicie CtparoHOBHYA, OMMCHIBAIOIINX
pazHoMaciITaOHble (PU3HUYECKHE MPOLIECCHl HEPABHOBECHOW cTaauu (a3oBoro mepexoxaa 1-
ro poja: KJIACTepU3aLUU 3apoJbllIe MOp U OpPOYHOBCKOTO JBUXKEHHS B IOTOKE MOHOB
MHEPTHOI'O ra3a KCeHOHa ¢ aHeprusmu ~10 k3B.

The two-level scheme is constructed for numerical analysis of stochastic differential
equations Ito in the Stratonovich’s sense, describing physical processes with different
scales characteristic times of a non-equilibrium stage 1-st kind phase transition such as
clustering of pores’ nuclei and its Brownian motion into flux of ions inert gas xenon with
energy of ~ 10 keV.

MatemaTtnueckas  Monedb — aMop(du3alMu  YIPOUHSAIOMIETO  MOKPBITHS
(oOpa3oBaHMs ~ HETOYEUYHBIX  PAJAMALMOHHBIX  JEPEKTOB  TOPUCTOCTH B
KPUCTAIZTMYECKONW  pEIeTKE)  OmucaHa  KBAa3WJIMHEHHBIMU  KHHETUYECKHUMHU
ypaBHeHusmMu KonmoropoBa-demepa A 3BOMIONUKM pa3Mepa 3apojibllia MOpPbI U
OiiHmTeHa-CMOTyXOBCKOTO JIJIsi €ro OpoyHOBCKOM nud¢dy3un B 00beMe peIIeTKH,
ypaBHEHHMsSM CTaBUTCS B coorBercTBHe cucrema CJ/IY MUTt0, cymiectBoBaHue u
€IMHCTBEHHOCTh PEIICHUs] KOTOPOU JokazaHa. J[i1s pasHoMacTaOHBIX (PU3HUECKUX
IpPOIIECCOB MOJENIN IOCTPOEHA JABYXYPOBHEBas MoAM(pUKALUS yCTOHYMBOTO
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o06o0menHoro meroga tuna PoszenOpoka nns pemenus cucteM CIY B cwmbicie
CrparonoBuua. [{jst cuctemsl, cocrosiieit u3 ciost 6H-SIC Ha cybcTpare oOnydeHue
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PA3BHOCTHBIE U CTOXACTHYECKHUE METOAbI YNCJIEHHOI'O
PEIIEHUA HEJTUHEMHOI'O CTOJIKHOBUTEJBLHOT'O
KHUHETHYECKOI'O YPABHEHUA

n.o. HOTaHeHKol, C.A. KapHOB2

YUTIM um. M.B.Kenoviua PAH, Mockea, Poccuiickas @edepayus
°BHUHA um. HJIL Ilyxoea, Mocksa, Poccutickas ®@edepayusi

Jlan xpaTkuii 0030p pPa3HOCTHOTO W CTOXACTHYECKOTO IOAXOJOB K UYHUCICHHOMY
PEILICHUI0 HEJIIMHEHMHOr0 KUHETHYECKOTO CTOJIKHOBUTEIBHOIO ypaBHeHMs. HoBwiil meTon
NpsIMOTO  CTaTUCTHMYECKOTo MojenupoBaHus Tuna Monrte-Kapino cpaBHuBaeTcs ¢
pe3yiabTaTaMid, OCHOBAaHHBIMHU Ha IMOJHOCTBIO KOHCEPBATHBHBIX PA3HOCTHBIX CXEMax.
OTMeueHbI IPEeNMYIIEeCTBA U HEAOCTATKUA ITUX METOJIOB.

A short review of deterministic and stochastic approaches to numerical solution of
the nonlinear Kinetic equation is given. A new DSMC method is tested by comparison with
numerical results based on completely conservative difference schemes. Advantages and
limitations of both methods are indicated.

Haubosiee M3BecTHOE KMHETHYECKOE YPaBHEHHUE, OINHCHIBAIOIICE TUHAMUKY
rasa v miasmel, — ypaBHeHue bonbsimana (YB)

D, f, :ZQaﬂ[fa’ fﬁ], D, f, :{%+Vi+ F
B

—Aﬂ} f. [f.dv=n(r1)
or mov 2

C MHTETPAJIIOM CTOJIKHOBEHHUM

Qu(f. )= [ dwdn g ,(up{f,(V)f,)= ()W),

R3xS,
rae  g,,(U,n)=uo,,(u,u). B Teopun ypasuenns bonbumana nuddepenunansroe

ceveHue paccesnus o,,(U, 4) B CUCTEME LEHTPA MACC CTAIKMBAIOIIMXCS YACTHIL HA
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yron @ =arccos u, |,u|£1 npearnoaraeTcsa 3aJaHHOW M3BECTHOM (yHKIMen (cMm.,

Harpumep, [1]). OmepaTop CTONKHOBEHWN ISl 3apSHKEHHBIX YACTHUI[ OBLT TOJYYCH
Jlanpay [2] kak anmpoKCUMallMsi HWHTErpaja CTOJKHOBeHUM bosbiMana B
NPEANOJIOKEHUN PACCESIHUS HA MAJIBIE YTJIbI
2

W _m _J‘ 3 (R o m, o

Q) ) = g 3y [ U Ry (0 2~ L D (),
a uepe3 20 ner 3TOT omepaTop ObUT BHOBb BBIBEJIEH B (oOpMe HEIMHEHHOIro
ypaBHeHus: ®okkepa-Ilinanka (PII) [3]. 711 4UCHEHHOTO pEelIeHus MPOCTPAHCT-
BEHHO HEOJHOPOJHOIO KHHETUYECKOTO YPAaBHEHUS €CTECTBEHHO HCIIOJIb30BaTh
CTaHJAAPTHBIE METOJbl paculeIUieHus] Mo (U3UYECKUM MapameTpaMm, TO €CTb
paccMmaTpuBaTh paszfenbHO (a) ypaBHeHHEe BiacoBa (HempepbhIBHOE JIBHKEHUE
3JIEKTPOHOB M HOHOB BO BHEIIHMX U caMmocoriacoBaHHeix mnonsx) D f =0,

F, =e{E(r,t)+VvxB(r,t)/c} u (6) kynoHOBCKHE CTOIKHOBEHUsI ¢ uHTerpanom JIDIL.

JIJIsl 4UMCIEHHOTO pellleHUs MEePBOM CTaAUM OOBIYHO MCIOJIB3YIOTCS METO/Abl YacTHII,
KOTOpPBIE XOPOIIIO M3YYEHBI U MPEACTaBICHBI B uTeparype. s craguum (6) gare
MPUMEHSIIOTCS KOHEUHO-Pa3HOCTHBIE METOJIbI, UCTOPHUSI KOTOPBHIX HACUUTHIBAET HE
OJIVH JIECSTOK JeT (cM. paboTy [4] u cchuiku B Heil). Metonbl ke Tuna MonTe-Kapio
(MK) pa3BuTBl  XyXe€, XOTd HMMEHHO CTOXaCTHYECKHMH NOJAXOJ €CTECTBEHHO
oObenuHsieTcs ¢ MeToAoM dacTull. Cpeau CTOXaCTUYECKUMX METOJOB PEIICHUS
ypaBHeHust JIOII ormetum metonbl [5,6], KOTOpblE OCHOBAaHBI Ha OMPEAECICHHBIX
OpUTHHAIBHBIX (DU3UYECKUX UACSIX, U OOIIMI MOAX0/ K MOoCTpoeHuto cxeMm tuna MK
B [7]. 3aech MBI IpEACTABISIEM MOAXO]l K YUCICHHOMY MOJEIUPOBAHUIO YpaBHEHUS
JI®DII, xotopsrit nenaetr metox MK aGCOJIFOTHO SICHBIM U TTPOCTHIM B UCIIOJIB30BaHUU.

CyIIHOCTh €ro 3akKio4aeTcsi B TOM, YTO JJisi MOAEIMPOBAHUS CTOJIKHOBEHHI
3apsDKEHHBIX YacTUL] Ucnosb3dyercs Yb, annpoxcumupyromee ypasHeHue JIDII, c
CEUYCHHEM KBa3M MAKCBEJJIOBCKOTO THIIa [8,9].

Kak geTepMUHUCTHYECKUM, TaK U CTOXACTHYCCKHM IMOIX0IbI 00Jaal0T CBOMMH
MpeuMylIecTBAaMU U HeJAocTaTKamMu. Tak  KOHEYHO-PAa3HOCTHBIM  MOJXO[l
obOecrieunBaer Haubojiee KOPPEKTHOE U JCTaJIbHOE OMUCaHUE (YHKIMH
pactpenenenua. OOHAKO, g HEIUHEHMHOTO KHHETHYecKoro ypaBHeHus JIOII
CIIPaBEJIMBbI TPU 3aKOHA COXPAHEHUS: TUIOTHOCTH YACTHI, UMITYJIbCA U SHEPIUH,
BBIIIOJTHEHUE KOTOPBIX B JUCKPETHOM CJIydae TpPYIHO obOecrieunts. B
POTUBOMNOJIOKHOCTh 3TOMY aiaroputM meroaa tuna MK crpoutcs ucxons u3 Toro,
YTO YaCTHUIbI TOCJE CTOJKHOBEHHUSI MPUOOPETAIOT CKOPOCTH B COOTBETCTBUM C
3akoHaMM  coxpaHenusi. Meroast Tuna MK  o0nagaroT  HECOMHEHHBIM
MPEMMYIIECTBOM JIJII MHOTOMEPHBIX 3ajady B CWiIy uX ObicTpoaeiicTBus. OHuU
3 PeKTUBHBI, KOTJa B pellaeMoi 3ajadye HEOOXOJAMMO 3HATh IEpPBbIE MOMEHTHI
dbyHKIMU pacnpeaeneHus. s onucaHus k€ BBICOKUX MOMEHTOB HEOOXOAMMO OpaTh
OOJIBIIIOE YKCJIO PAa3bITPHIBAEMBIX «UYACTHUID» - CKOPOCTEH, YTO TMOBBIIIAET
CYILIECTBEHHO BpeMs pacyeTa. Mbl cpaBHHMBaeM 00a MOJXoJa K MOACIUPOBAHUIO
KYJIOHOBCKMX CTOJKHOBEHUU JJIsi TUNUYHBIX 3a1a4d (U3UKU T1a3Mbl. UWCIEHHBIC
pe3yJbTaThl, MPOBEJACHHBIE 10 METOAY MPSIMOTO MOJEIUPOBAHUS, CPAaBHUBAIOTCA C
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pacu€TtaMu, MPOBCACHHBIMHU I10 IIOJHOCTBIO KOHCCPBATHBHBLIM PA3HOCTHBIM CXEMaM

[10, 4].
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B nmokmame paccmMaTpuBarOTCS  BOMPOCHl  KOMIIBIOTEPHOTO — MOJACIMPOBAHUS

MMMYHHBIX  TIPOLIECCOB,  OMHUCBHIBAEMBIX  OOBIKHOBEHHBIMH  JU(PEpeHIHATbHBIMH
ypaBHEHUSIMH U UG pepeHnaibHbIMA YPAaBHEHUSIMU C 3a11a3/IbIBAHUEM.
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The report deals with the computer simulation of the immune processes described by
ordinary differential equations and differential equations with delay.

B nokmage paccmaTpuBaroTCs BONPOCH KOMIBIOTEPHOTO MOJEIMPOBAHUS
MMMYHHBIX TMPOIECCOB, OMNHCHIBAEMBIX OOBIKHOBEHHBIMH JU(depeHIIuaTbHBIMU
YPaBHEHUSIMH, byHKIIMOHATBHO-IU( HepeHIIATEHBIMU YpaBHEHUSIMU,
auddepeHnnaIbHbIMUA YPAaBHEHUSIMU C YaCTHBIMU MTPOU3BOTHBIMHU.

OcHOBHOE BHUMaHHUE B paboTe yJEJICHO BOMPOCaM MOCTPOEHUS UYMCICHHBIX
JITOPUTMOB MOJICIMPOBAHUS UMMYHHBIX MOJEIIEH.

Taxxe 00cCyXIal0TCs BOMPOCH MPOTPAMMHOM peanu3aluu pa3paboTaHHBIX
YUCJICHHBIX aJTOPUTMOB B paMKax IMakeTa MPUKIaAHBIX mporpamM Biomedical
Software Package u Ha MHOrOmpoIeCCOPHOM BBIYUCIUTENIBHOM KoMmIuiekce UMM
YpO PAH.

Pabora momnmepxana mporpammoii mnpesuanyma PAH «DyHmameHTaabHbIE
HayKu — MeauiuHey, PODU (mpoektsr 11-01-00117, 13-01-00089, 13-01-00110),
VYpano-Cubupckum Mex U CIUILUTMHAPHBIM POEKTOM.
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A METOJA KOHEYHbBIX 9JIEMEHTOB
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[Tonubie cuctembl HeanreOpandyeckux GyHKUUNA (GOpMBI 1T  WHTEPHOISIUN
Jlarpanka MOCTpOEHBI KakK pPEIICHHUsS YpPaBHEHUN B YAaCTHBIX NMPOM3BOAHBIX Ha Kybe. B
paMKax METO/la KOHEYHBIX 3JIEMEHTOB PEalM3yIOTCS JOCTOMHCTBA METOJ0B T'PAHUYHBIX
3JIEMEHTOB, a TaK)Ke 0€CCETOUHBIX U CHEKTPATbHBIX METO/IOB.

Complete systems of the non-algebraic shape functions for the Lagrange
interpolations are constructed as the PDEs solutions on a cube. The advantages of the
boundary element methods, meshless and spectral methods are realized within the
framework of finite element method.

C 60-x romoB NpoILIOro BeKa Mo HACTOsIIee BpeMs Hanbosee «CTaTUYHON) B
MeToJIe KOHEYHBIX 3neMeHTOB (MKD) ocrtaercs ero ammpokcHUMalyMOHHAas OCHOBA,
KOTOpas OrpaHHY€Ha BHIOOPOM anredpanyeckux (QyHKIUN (OPMBI: CTENEHHBIX U
OpPTOTOHAJILHBIX MOJUHOMOB B h-, p- 1 hp- Bepcusx MKD [1].

C mnoBbIIIEHHMEM TOpAJIKA alredpanyecKkor anmpoKCUMalMh B KOHEYHBIX
anemenTax (KJ) cyiecTBeHHBIM HEYJI0OCTBOM SIBIISIETCS HEOOXOIUMOCTh BBEIACHUS
BHYTPCHHHX CTEIICHEH CBOOOIBI C TOCICAYIOIIMM WX YCTPAHEHHWEM C TIOMOIIBIO
TPYIOEMKHX YUCIICHHBIX TPOIEAYP CTATHICCKON KOHICHCAIIHH.

Harmmeit nienpto ObT0 pacmmpenue Tumna (pyHKIIMOHAIBHBIX anmpOKCUMAIli B
MKD u HaneneHueMm ero HOBBIMHU TOJIE3HBIMH BO3MOKHOCTSIMH Ha TIyTH BBEICHUS
MOJIHBIX CHCTEM HealreObpanyeckux GyHKImi Gopmer [2].

[TocTpoensl HeanreOpandecKue (u3 HaOOpOB CUHYCOUJAIbHBIX,
AKCIIOHEHIIUATBHBIX U MOJMWJIMHEHHBIX (DYHKIHMN) UHTEPIOISIIMOHHBIE MHOTOWICHBI
Jlarpanxa mJis paBHOOTCTOSIIUX Yy3J0B HAa 3aMKHYTHIX MHOXKECTBaX €IUHUYHOTO
kyOa: orpeske [0,1]; rpanurie kBaapara; rpaHuile KyOa; KBajapate u Kyoe. B
OKPECTHOCTAX YIJIOB peaM3yeTCsl HAWIYUIIUN JIMHEHHBIA METOJ MPUOIKEHUS B
dbopme Tpuronomerpuueckux cymm @Daapa. B ogHOMEpHOM cilydae Ha Kiacce
HEMpepbIBHO U PepeHpyeMbIx GyHKINUN ¢ OTPaHUYEHHON BTOPOW MPOU3BOIHOM,
MOPSIIOK HACHIIIEHUSI WHTEPHOJIAIIMOHHOTO TPOIlecca XapaKTePU3YeTCs BEIIMIUHOM
O(n™®), rae N — uKco y3710B BAOMIb oTpe3ka [0,1].

[Tpu pacmonoxeHun y3JI0B Ha TpaHUIle KBajapaTa (C BO3MOXKHOCTBHIO BBIOOpA
pPa3IMYHOTO 4YHCIa TOYEK Ha Ppa3HBIX CTOPOHAX) HWHTEPHOJSIUOHHBIE CYMMBI
Jlarpanxa ctpowsiuch B (hOpMe TOYHBIX pelleHUd 3amaun Jupuxie s ypaBHEHUS
Jlaniaca mnpu 3aJaHUM HA KOHTYpPE TPUTOHOMETPUYECKUX MHTEPIOJSIIHUI C
YIIYYIICHHBIM ITOBEJICHUEM B OKPECTHOCTSIX YTJIOB.

Jlnst paBHOOTCTOSIIIMX Y3JI0B Ha TpaHWIle Kyba wuHTepnoysnuu Jlarpamka
HaXOJIMJIUCh KaK TPHOJMKCHHBIC aHATUTHYCCKUE pEIICHHs 3amaud Jlupuxie s
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ypaBHeHus Jlaraca B kyOe C MCMOJIb30BAaHUEM: IOCJEI0BATEILHOTO HCKIIIOUEHUS
y3JI0BBIX HEOJAHOPOJHOCTEH B BEpPIIMHAX, HA peOpax W TrpaHsx KyOa; IMpHUHIMIA
CYINIEPIIO3HULIMH; METO/IA MPSIMBIX U METOJA CETOK B COUETAHUH C KOHEYHBIMH PSIAMH
@ypre. IIpoBeneHHOE CBOpauyMBAHME MHOTOKPATHBIX CYMM JUISl BEPIIMH U TOYEK

pebep IpUBENO K MMHHMMAILHO BO3MOXKHOMY uuciy crnaraembix  O(n®)B

dbyHIaMEeHTAIBHBIX MHOTOWIeHaX ((QyHKIUSIX (OpPMBI) JJIsI BCEX TPAHUYHBIX Y3JIOB
KyOa. CylIecTBeHHO, YTO W JUIsl KBajpara W Uil Ky0a, BHYTpEHHHUE y3Jbl 37I€Ch HE
BBOJIATCA JIJIsl IPOU3BOJILHOIO YMCJIA TPAHUYHBIX Y3JIOB.

[Ipy  moctpoeHun  (yHAAMEHTAJIBHBIX  MHOTOYICHOB I CETKH
PABHOOTCTOSIIMX TPAHUYHBIX ¥ BHYTPEHHHUX Y3JIOB B KBaJpaTe v KyOe MPUMEHSIIUCH
CMEIIaHHBIE  HMHTEPIOJSIIIMM  HAa  OCHOBE  CYINEPHO3WIUNA  MOCTPOCHHBIX
byHIaMEHTAIBHBIX (YHKIWA I TPAHUYHBIX Y3J0B U KOPPEKTHUPYIOIIMX HX BO
BHYTPEHHHX y3JIaX CETKH MHOTOMEPHBIX KOHEYHBIX PsiioB Dyphe.

B pesynprate mnpuBieueHus omnepatopa [ enpMroiiblia CKOHCTPYHPOBAHBI
dbyHIaMeHTaNbHbIC (PYHKIIUU, UMEIOIINE KAHOHUYECKUE TUIThl N3MEHEHHUS: TIJIaBHBIMH,
3aTyXaronmi ¥ KoJieOaTeNbHBIM B 3aBUCUMOCTH OT 3aJaHUs BEIICCTBEHHOM
IIOCTOSIHHOM B OTIEPATOPE.

[TocTtpoennbie  (GyHIAaMEHTAIbHBIE  MHOTOWICHBI  HMCIOJB30BaHBI  IPH
(GOpMHpPOBAaHNHM  COBMECTHBIX  HM30TApaMETPUUYECKHX  MepexomHbix KO ¢
MPOU3BOJIBHBIM ~ YHUCJIOM Y3JI0B (Makpo3JIEeMEHTOB) M C pPa3HOMACIITa0OHBIM
MIPEACTABICHUEM TOJIEBBIX (PYHKITHI (B COOTBETCTBHH C TUIIOM MX U3MEHSIEMOCTH ).

B pesynbrate, Ha ocHoBe MKD 1 ero yHH(pUUIMPOBAaHHOTO MaTEMaTUYECKOTO
obOecrieueHrs peanu3yrTCs BakHbE (YHKIIMOHAJIbHBIE BO3MOXXHOCTU METOOB
TPaHUYHBIX PJIEMEHTOB, a TAKKe 0€CCETOUYHBIX M CIIEKTPAIbHBIX METOJIOB.

OO6cyxmaeTcs perieHue xectkux 3aaad MKD 00 n3rube TOHKHUX IIJIaCTHH.

Cnucok numepamypol:
1. 3enxeBuu O., Mopran K. Koneunsie snemeHTsl M anmpokcumanus. M.: Mup,
1986.
2. TopmkoB A.T'., Konecaukos W.10. // U3B. PAH. MTT.1998. Ne 1. C.116-129.

Kolesnikov 1. Yu.
«Complete systems of non-algebraic shape functions for finite element method»
Geophysical Center of the RAS, Moscow, Russia, kol@wdcb.ru



75

MNPUMEHEHUE MOJYJOKAJBHBIX CIJIAJKUBAIOIINX CINIAMHOB
B INPDPEPEHIIUAJIBHBIX YPABHEHUAX

JI.A. Cuaes’, J1.0. Koporaes®

YMT'Y um.M.B.JTomonocosa, mex-mam ¢-m — Mockaa,
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JlanHasg pa®oTa MOCBAILIEHA HCIOJB30BAHUIO MOJYJOKAIBHBIX CIIQXKUBAIOILUX
CIUIAHOB U TIOCTPOCHHUS METOJOB pemieHus MudepeHInalbHbIX ypaBHEHUH, B T.4. B
YaCTHBIX POU3BOJAHBIX, 00JIaJAIOIIUX BBICOKUM MOPSIKOM alllIPOKCUMALUH.

Semilocal smoothing splines allows us to build high-ordered methods of solving
differential equations, including partial differential equations.

[TocTpoeHnne mNONMyNOKaNbHBIX CIIIAXUBAIOIIUX CIUIAHOB (S-cruiaiiHoB) [1]
BBICOKOTO TMOpPSJIKA alMpPOKCUMALIMKM [O3BOJUIO pa3padoTaTh YHUCICHHBIA METOA
pemieHuss auddepeHIuanbHbIX 3a7ad s MIHUPOKOrOo Kpyra JBYMEpPHBIX U
TpEXMEPHBIX OO0JacTel ¢ KYyCOYHO-TJIAJAKON TpaHUIIeH. S-CIUTaiiHBI COCTOSIT U3
MIOJIMHOMOB, TIOJIOBUHA KO()PHUIIMEHTOB KOTOPBIX OMPEEIAETCS YCIOBUAMHU II1aKOM
CKJIEWKH, a OCTaJbHbIE — METOJOM HauMMEHBIIMX KBaJApaTroB. B OCHOBE peuieHus
aexut merop [Nanépkuna, MpUMEHEHHBIN K cucTeMe (yHIaMEHTalIbHBIX CIUIAHOB,
SBJISIFOITICICSL TOJTHOM B paccMaTpuBaeMoM TpocTpaHcTBe GyHKumid. [leneByro
0o0JIacTh MBI TOMEIIAeM B KPyr WM IIap HECKOJBKO Ooibiiero paamyca (Wim
MOKPBIBAEM CHCTEMOW TaKOBbIX). [lom0OHBIA MOAXOM TMO3BOJIIET TOYHO YYECTh
rpanuily oOJacTH, a TaKXKe perniaTh YpPaBHEHHS BBICOKOTO TOpsAIKa (C MOMOIIBIO
crmaiinoB kmacca C' GBUIO pemieHO OHrapMOHHYECKOE ypPaBHEHHE B IIape).
Wcrons3yst S-cruraiiner kiracca C° GbUIO peleHo ypaBHeHHe IlyaccoHa B 06IacTH ¢
HETJIAAKOW TPAHUIEH C TOYHOCTHIO O(h6) [2]. BbICOKHII TOPSAOK anmpOKCUMAIUU
MO3BOJISIET PE3KO COKPATUTH KOJI-BO TOYEK, OCOOEHHO B MHOTOMEPHBIX 00JIaCTSIX.

Cnucox 1umepamypul.
1. CunaeB I.A., KoporaeB 1.0 u ap. IlomynokanabHble CIUIQKMBAIOIIME CIUTANHBI
kiacca C' // Tpymsl cemusapa um. W.I.ITerposckoro. 2007. Beim 26. C.347-367
2. Cumaes [[.A., Koporaes J.0., Kamyctun C.B. IIpumenenue aBaxisl
HenpepsiBHO nuddepenmpyemoro S-crutaiina / Bectnuk HOYnl'Y, 2009, cep.
«Maremaruka, ¢pusnka, xumus», Boimyck 12. C. 37-43.
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MOJIEJINPOBAHUE TEYEHUI I'A30OBBIX CMECEM

C.B. ITonskos, T.A. Kyapsimosa

Keldysh Institute for Applied Mathematics, Moscow ,
serge@imamod.ru, kudryashova@imamod.ru

MopenupoBanne CBEpX3BYKOBBIX TEUEHMM I'a30BbIX CMECEH SBISETCS CYLIECTBEHHON
YacThIO0 OOJIBILIOTO Kpyra Hay4yHO-TEXHUYECKUX MPOOJIEM, B TOM YHCIIE OHO AKTYaJIbHO IPU
UCCIICZIOBAHUAX Ta30JMHAMUYECKMX IPOLECCOB BOJIM3M  PANIMYHBIX KOCMHUYECKUX
00BEKTOB, COCTABJISIET OCHOBY MHOTMX MUKpO- U HaHOTeXHOJIOrHil. Llenb nanHoi paboThl —
CO3aHHE MAaTEMaTUYECKOM MOJECIIH, MO3BOJIAIOIIECH HCCIIENOBAaTh TEUYECHUsS CMECHU Ta30B B
ClIy4ae YaCTUYHOI'O HApYyIIEHUs TUIOTE3bI CIUIOITHOCTH CPEIbI.

Supersonic flow of gas mixtures is present in a wide range of scientific and technical
problems, including the study of comets, vacuum technology, and materials science. The
supersonic expansion of mixed molecular gases is accompanied by several simultaneous
nonequilibrium processes. The purpose of this paper is to design a model to research flow of
the gas mixture in the case of a partial break of the continuity hypothesis.

B nmanno#i paboTe paccmaTpuBaeTcs TpoOsieMa MOJEIMPOBAHMS TEUCHUN
ra3oBbIX cMecel B ciydae npuOmmkeHus ynciia KnyaceHna k rpaHuiie npuMeHUMOCTH
npuOIMKEHUST CIUIOMHON cpenbl. OJHUM W3 NPUMEPOB TAKOW CHUTyallMd MOXKHO
CUMTaTh MCTEYEHUE CBEPX3BYKOBBIX Ta30BBIX CTPyd B BakKyyM, a TaKxke
B3aUMOJICICTBUE CTPYyd C MIEPOXOBATbIMU TNOBEPXHOCTSIMH U aAp. s
onpenenEéHHOCTH OCTAHOBUMCSA Ha 337]a4€ CBEPX3BYKOBOTO TEUEHUSI OMHAPHOU CMECH
razoB B MHKPOKAaHaJIaX TEXHUYECKUX CHUCTEM. Maremarndyeckas MOJEIb TaKOTO
TEUEHUs] HE  MOXKET OBbITh  MOJHOCThIO  CcPOpMyJIHMpPOBaHAa B  paMKax
MaKpOCKOMUYECKOTo moaxona. OOBIYHO B TaKOW CUTYallUd I OMHCAHUSI TCUCHUS
CMECH HUCTIONB3YIOT 00 ypaBHeHUs HaBre-CToKca cO crierManbHBIMUA TPAHUIHBIMH
YCJIOBHSIMU Ha CTEHKaX KaHalla, TUOO MEepexoaT K peuieHuIo ypaBHeHust bonbpiimana
B TOM, WJIM WHOM mpubamxenuu. O6a crmocoda MMEIOT CBOM TUIFOCHI U MHUHYCHI.
Pemenne Ha ocHoBe ypaBHeHUN HaBbe-CTOKca MO3BOMISIET CYIIECTBEHHO COKPATUTh
BBIYMCIIUTEbHBIE 3aTpaThl, OHAKO 4nciio KHyjceHa B paMKax Takoro Mmojaxoja He
MoXxeT ObITh OoJibie 0.1. Permenue Ha ocHOBe ypaBHeHUs bolibliMaHa mosydaercs Ha
MOpsIIOK OoJiee 3aTpaTHBIM, OJIHAKO JMarna3oH yucedl KHyjaceHa cBepXy HUYEM HE
orpannueH. OH orpaHnyeH cHu3y BennunHamu nopsanka 0.01, mockonbky st
MEHBIIMX 3HaueHuUW uyuciaa KHyJceHa BbIUMCIWTENbHAS TMpoleaypa Ha 0Oasze
ypaBHeHUs1 bonbllMaHa CTAHOBHUTCS a0OCOJIIOTHO HENPHEMIIEMOW C TOYKU 3PEHUS
BBIUHMCJIUTEIBHBIX 3aTpar.

MonekyndpHas JuHAMUKa SBJISETCS OJHUM W3 HauOojee MOIIHBIX
BBIUMCIUTENBHBIX TOAX0J0B, 3(P(GEKTUBHO TNPUMEHAEMBIX I MOJEITUPOBAHUS
(GU3MYECKUX, XUMHUYECKUX U OHOJIOTMYECKUX NpoleccoB. MeToj MOJEKYISIpHOM
muHamukud (MMJI) o6naiaeT BHICOKUM MPOCTPAHCTBEHHO-BPEMEHHBIM pa3pelieHHEM U
MO3BOJIACT TMOJYYUTh HMHQPOPMAIMIO O TIpolieccax, MPOUCXOASIMIUX B aTOMHO-
MOJIEKYJISIPHBIX MaciTabax M Ha BpeMEHaxX IMOpsJiKa HECKOJbKMX HAaHOCEKYH]I.
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Ucnonb3oBanue MM/l B monHOM 00BEME IS pealibHBIX pa3MepoB OO0JacTU U
KOHEUHBIX ITPOMEKYTKOB BPEMEHHU MPEICTABISAETCA MOKA MPEKIECBPEMEHHBIM, HaXe
Py HaJU4YUM OYECHb MOIIHBIX CynepkommnbioTepoB. Ha wam B3rmsg Hambosee
MPOIYKTUBHBIM TOAXOAOM K 3ajJadyaM MOAOOHOTO Kjacca MOXKET OKa3aThCs
KOMOWHAIIUSA MaKPOCKOMUYECKOTO MOX0/1a, OMUCHIBAIONIETO CPEIHEE MOJIe TeUCHUS,
Y KOPPEKLUS XapaKTEPUCTUK TEUCHUS C MIOMOIIBIO CTATUCTUYECKUX MTOAXO0/I0B.

B nmannO#l paboTe MaKpOCKONMWYECKHH TMOJX0J] 0a3upyercs Ha YpPaBHEHHUSX
kBazurazoguHamuku (KI'I[), a koppekuusi mapameTpoB TE€UYEHHUsS MPOU3BOJIUTCS C
nomornipio MM/I. Tlpennaraemerii oOmuii anropuT™ pacuéra MpeacTaBisieT coOon
pacmerienne no ¢usmueckuMm mnporeccam. KI'J[ cuctema paccmaTpuBaercs B
peaKkcallmOHHOM MPUOIMKEHUN U SIBISIETCS 0000IIEHUEM KBa3WUTa30IMHAMUYECKUX
ypaBHEHUH Ha ciydail cMecH razoB. OHa peniaercs MeToJ0M KOHEYHBIX 0OBEMOB Ha
noaxoAsuen cerke. Cucrema ypaBHEHHN MOJIEKYJISIPHOW JTUHAMUKHU UCIIOJIB3YETCS B
KaueCTBE MOJICETOYHOIO  ajiroputMa (MPUMEHSIOMIETOCS BHYTPH  KaKJI0TO
KOHTpOJIbHOTO 00bEéMa). B pamkax MMJl anropuTtMa B3aMMOJIEHCTBUE YACTHUI
ONMCBHIBAETCS C MOMOILIBIO MOTEHLHANIA, KOTOPBIM OINPENEIACTCS UCXO1 U3 CBOMCTB
MOJIETTUPYEMOI'0 BELIECTBA, €r0 arperarHoro M TEPMUYECKOrO0 COCTOSHUW. [l
pacuera CUJl B3aUMOJICUCTBUS MOJIEKYJ UCHOJIB3YETCS XOPOIIO 3apEKOMEHI0OBABIINI
ce0s nmoteHman Jleanapaa-J)xoHca, MO3BOJISIONINN ¢ MUHUMAIBHBIMH BBIYMCIIUTEITh-
HBIMH 3aTpaTaMy IOJy4YaTb JOCTaTOYHO TOYHBIE PE3YyJbTaTbl I CHUCTEM,
XapaKTEPU3YIOLIUXCA IMTAPHBIM B3aUMOJICUCTBUEM, B YACTHOCTH, JIJI1 HHEPTHBIX I'a30B.

Pabota noanep:xxana Poccuiickum (oHAOM QyHIaMEHTANbHBIX HCCIIEIOBAaHUN
(mpoexTnl NeNe 11-01-12086-o0¢u-m, 12-01-00339).
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B AOKJIAAC MPCACTABJICHA YHUBCPCAJIbHAA MHOTOCCTOYHAA TCXHOJIOTHMA — BApHUAHT
TCOMCTPUICCKUM MHOI'OCCTOYHBIX MCTOIAOB C HpO6HCMHO'HCSaBHCHMBIMH KOMITIOHCHTaMH.
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[TpuBeneHsl pe3yabTaThl aHAIW3a CXOMUMOCTH M 00BEMA BBIUMCIUTENBHOH paboTHI,
MPEICTABIICHBI PE3YJIbTAThl BHIYUCIUTEIBHBIX IKCIIEPUMEHTOB (0T ypaBHeHus [lyaccona mo
ypaBHeHuil HaBpe-Crokca).

The report represents robust multigrid technique as a variant of geometric multigrid
methods with problem-independent components. Results of the convergence analysis and
the computational efforts are given; results of computational experiments (from the Poisson
equation up to the Navier-Stokes equations) are presented.

[enpto gaHHOM pabOTHI SIBISETCS pa3pabOTKa BBHICOKOI(P(HEKTUBHOTO METOJA
pELIEHNs] NIMPOKOTO Kiacca KpaeBbIX 3aJady Ha CTPYKTYPUPOBaHHbIX ceTkax. [Ipum
ATOM TpeOyeTcs, 9TOOBI AITOPUTM HE COJEPIKAI MPOOIEMHO-3aBUCUMBIX KOMIIOHEHT
JUTSI UCKJTIOYEHHUsT BO3MOYKHOW €ro ajanTaiud K KOHKpeTHOW 3amade. [lomoOHBbIi
QITOPUTM TIpeAHA3HAYEH JJIi TPOrPAMMHOTO OOECIEYCHHs, YCTPOSHHOTO TIO
MPUHLHANY «YEPHOTO SLIUKAY.

B  ocHOoBe pa3pabOTaHHOTO  aNrOpUTMa,  TOJYYHMBIIETO  Ha3BaHUE
yHHBepcalibHas MHorocerounas texHojoruss (YMT) [1-4], nexar ampuopHas
amanTainusa KpaeBblx 3aady K YMT, opuruHaibHas mOCIEIOBATEIbHOCTh CETOK
(MHOTOCETOUYHAS CTPYKTypa), MOCTPOEHHBIX YTPOCHUEM Illara, WHTErPO-UHTEPIIO-
JISLMOHHBIA METOJT alIPOKCUMALIMHM U METOJ] 3eiiesisi ¢ OJIOYHBIM yIOPsII0UYMBaHUEM
HEU3BeCTHBIX. KaXk/Iplli CETOUHBI YPOBEHb COCTOUT U3 3" cerox, rae | ects HOMED
ceTouHoro ypoBHs, a 0=2,3. biarojgapsi MCIOJIb30BaHUIO JIOTIOJIHUTEIILHBIX CETOK
yaaérca uckiIo4YuTh uHTepnoysnuioo u3 YMT. KoHTposnbHbie 00bEMBI Ha OoJiee
rpyOBbIX CeTKax IOCTPOCHBI 00bEIUHEHUEM 3¢ KOHTPOJIbHBIX OOBEMOB Ha OoJiee
MEJIKUX CETKax, MO3TOMY OMEPATOp CYKEHUs HE 3aBUCUT OT pelraemMout 3agauu. B
MHOT'OCETOUHBIX uTepanuax YMT oTcyTCTByeT mpeaBapuTeIbHOE CrIaXKUBAHUE IS
MIPUMEHEHUS K PEIICHUIO OT/ACIbHBIX HEIMHEWMHBIX KPACBBIX 3a7a4.

JIns aHanu3a cXOAMMOCTH MOJIYYEH BHJI MATPUIIbI MHOTOCETOYHBIX UTEPAIUU.
B paMkax TpaJMIIMOHHOTO aHaldW3a CXOJAMMOCTH MHOTOCETOYHBIX METOJIOB,
OCHOBAaHHOI'O Ha CBOWMCTBAaX CIVIA)KMBAHUS M aNNPOKCUMAIIMM, MOKA3aHO, 4YTO
KOJIMYECTBO MHOTOCETOUYHBIX UTepaunii YMT He 3aBUCUT OT BEJIMYMHBI I1ara CETKH.
OnHako, B OTJIMYHE OT KJIACCUUYECKUX MHOTOCETOYHBIX METOJI0B, CTOUMOCTh MHOTO-
cerounoit urepanuu YMT Bbime u cocrarisger NIgN apudpmernyeckux omnepanui,
rae N — konuuectBo HeusBecTHBIX [5]. Takum obpazom YMT obnanaer Onu3kon K
ONTUMAJILHOM  CKOpPOCThIO  cxoauMocTu. [lojiydeHa OlieHKa TpoOWTphIia B
3 PEeKTUBHOCTH.

B kauecTBe criaxkuBaTenss WCIOJIB30BaH METON 3eiaens ¢ OJIOYHBIM
YIIOPSIOYMBAHUEM HEU3BECTHBIX, KOTOPOE IO3BOJSET NpUMEHATh YMT Kk peuieHutro
CEeJIOBBIX 3a/1a4 (00001IeHne Metona Bankn).

Jns ummocTpal  NPUBEACHBI PE3yNbTaThl PEHICHUS psia TPEXMEPHBIX
KpaeBbIX 3anad (ypaBHeHue IlyaccoHa, aHHU30TPOIIHOE YpaBHEHHE, YpPAaBHEHUE C
pa3peIBHBIMH  KOd(h(PHIIEHTaM, HEIMHEWHOE YpaBHEHUE TEIUIONPOBOJHOCTH H
ypaBHeHnuit HaBbe-Ctokca). Bee 3amaum pernieHsl yHUPUIIUPOBAaHHBIM 00pazoM 6e3
BHECEHUS KaKUX-TMOO M3MEHEHUN B BBIUYMCIUTEIbHBIA aJrOPUTM, €IWHCTBEHHBIM
BapbUPYEMbIM MMAPAMETPOM SIBIISICTCS KOJIMUECTBO CTJIAXKU-BAIOIIUX UTEPAIU.
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[To cpaBHEHHIO € KJIACCMYECKUMU MHOTIOCETOUYHbIMU MeTogamu YMT He
COJICP)KUT TMPOOJIEMHO-3aBUCUMBIX KOMIIOHEHT, YTO TMPUBOJUT K YBEIUUYCHUIO

00BEMBI BRIYHCIUTENBHOM padoThl ~ IgN B pa3s.
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O HOPAIKE CXOAUMOCTH PASHOCTHBIX CXEM WENO 3A
®POHTOM YJAPHOHU BOJIHBI

H.A. Muxaiijion

DOI'VII "PDOAL-BHUUTD um.axadem. E.U.3ababaxuna”,
n.a.mikhaylov@vniitf.ru

[lyrém uncieHHOro aHamM3a IOKa3bIBAETCS, YTO B OOIIEM cilydyae pa3HOCTHbIE
cxeMbl WENO BbICOKOro mnopsika annpoKCUMallMM HMEIOT JIMIIb HEPBbIA NOPSAIOK
CXOJIMMOCTH B I'JIaIKON 4acTu 00O0IIEHHOTO pelIeHus 32 GPOHTOM yJapHOM BOJIHBI.

The numerical analysis has shown that high order WENO schemes have only the first
order of convergence rate in the smooth part of solution behind a shock front.

[Tpo6iieMe MOHMKEHUS TOPSIIKA CXOAMMOCTH COBPEMEHHBIX PA3HOCTHBIX CXEM
BBICOKOTO TMOPSI/IKa KJIACCHUECKON anmpoKCUMAaIlMK B TJAJKOW 4acTu 0000mEHHOTO
pemienus 3a GpoHTOM ynapHoi BosiHbl (YB) mocsmén psg pador [1, 2, 3]. B Hux
OBLJIO TIOKA3aHO, YTO TaKWE SBHBIC JBYXCIIOWHBIC CXEMBI IS pacdéra pa3phbIBHBIX
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penieHni THnepooJMYECKX CUCTEM 3aKOHOB coxpaHeHus, kak TVD cxema XapreHa
BTOporo mopsaka, cxema ENO 4-oro mopsiaka, B oOmieM ciiydae UMEIOT JIMIIb
nepBeli  TOPSAAOK cxonuMoctu 3a (pontom YB.  Ilpuumna 3TOrO sBICHUS
3aKJIF0YAETCS B TOM, YTO B CIIy4a€ CHCTEM 3aKOHOB COXPAHEHHUS TOYHOCTH PEIICHHUS
3a ¢ppoHTOM YB CylIeCTBEHHO 3aBUCHUT OT TOYHOCTH Tiepeaadu yciaoBuil [ toronuo,
TaK Kak pelIeHUE B 3TOM 00JacTU OMpENeNseTcs XapaKTepUCTHKaMH, 1O KpaiiHeil
Mepe, OJIHa U3 KOTOPHIX BRIXOAUT ¢ pponTa YB [3].

B [4] Obu10 caemano mpenrnoaokKeHue, 9To sBHbIe AByXcioiHbie cxembl WENO
Osiarozapsi 0oJbIIEH TJIAJKOCTH YUCIEHHBIX MOTOKOB, YeM Y UX MPEIIIECTBEHHUKOB -
cxem ENO [5], criocoOHBI COXpaHSTh BBICOKHM MOPSAOK CXOAMMOCTU 3a (PpOHTOM
VB.

B Hacrosmieir pabote mpoBEpPEeHO ATO MPEANOIOKEHHE MyTEM YHCICHHOTO
aHaJIN3a Ha IPUMEPE CUCTEMbI YPABHEHUM TEOPUU MEJIKOM BOJIbI

Q2 H2
H +Q, =0, +| —+9g— |=0,
t Qx Qt H g 2
rae H(t,x) m Q(t,X) — rayOuHa M pacxona >KHIKOCTH, g — YCKOPEHHE CBOOOIHOTO
nazenus, X e (0, X), X=14. HauanbHble ¥ rpaHUYHBIC YCIOBHS B3ATHI U3 [3]:

H(O’X)=2—%arctg(X), Q(0,x)=0, Q(t,0)=at, Q(t,X)=pt

B pemennn 3amaun BeneACTBUE TPAIUEHTHON KaTaCTpO(bl B MOMEHT BPEMEHU
T=1 oGpazyercss YB (00p), pactpocTpaHstomascsi B MOJIOKUTEITHHOM HaPaBICHUH
OCH X C IEPEMEHHON CKOPOCTHIO.

B pabote paccmaTtpuBaiinch KoHEUHO-00bEMHBIE cxeMbl WENO 3-ero u 5-ro
MOPSIIKOB amnMpOKCUMAITNH, MpUHa Iexkanme tuny ['omyHoBa [5].

[TopsAnoK CXOOMMOCTH OIpPENENsUICS ¢ MOMOIIBK Merona Pynre. [linsa oneHku

TOYHOCTH IICpcaadun YCJIOBI/Iﬁ ['toroHno ucCnoab30BaaACh HHTCTpaJIbHAasd HOPpMa
X

||u(t’.)||[x,x] = ju(t,y)dy [4] (u(ty)=0).

X

3 8 10 12 14
(a) (©)
Puc.1. [lotoyeunsie (a) 1 B MHTErpabHON HOpME (0) MOPSAKU CXOAUMOCTH

g riryounsl H npu pacuére mo cxeme WENO 3-ero nopsiika Ha MOMEHT BPEMEHH
T=1.8.
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N3 rpadukoB Ha puc.l BuaHO, uTo 3a (ppoHTOM YB B oOsnactu €€ BIusSHUSA
MOPSAKA MOTOYEYHON I M MHTErpaibHOM R CXOAMMOCTH HE MpEeBBIIAIOT MEPBOTO.
PesynbraTel mis cxembl WENO 5-oro nopsiika ananoruudsl. OTCI0/1a BUJIHO, CXEMBbI
WENO B o0uiem ciiy4ae MMEIOT JIUIIL MEPBBIA MOPSIOK CXOAWMOCTH B TJIAJKOM
9acTH 0000MEHHOTO pemieHus 3a GpoHTom YB.
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MATEMATHYECKOE MOAEJINPOBAHUE UHKEHEPHbBIX CETHbBIX
KOHCTPYKIMHU BI'ETEPOI'EHHOUM CPEJIE
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B nanHoii craThe omucaHa o00OIIeHHAs MaTeMaTHYecKash MOJIETb CETHBIX OpYIuit
MPOMBIIIJIEHHOTO PBIOOJIOBCTBA, HE MCHOJB3YIOWIAsi CIOXKHBIX CHUCTEM ypaBHeHHH [1].
OrnucaH anropuT™ JJisl €€ MOJEIUPOBAHMS HA COBPEMEHHBIX NEPCOHAIBHBIX KOMITBIOTEPaX
U paboyuX CTAaHLUAX B TETEPOreHHOW cpeie ¢ MPUMEHEHHEM KaK LEHTPaJIbHOTO, TaK U
rpaduyeckoro mpoueccopoB.

This article describes a generalized mathematical model of commercial fishing
netting without using complex systems of equations [1]. An algorithm is described for its
modeling on modern personal computers and workstations tures in a heterogeneous
environment with both central and graphics processors.
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[IpensioxkeHHBIA aNropuT™M OazupyeTcsi Ha LIAPHUPHO-CTEPKHEBOM MOJIENU
(cMm. pucyHok) [2]. B nmanHOM MoOjenu KaxJAOW HUTKE COIMOCTAaBIISIETCS YNPYTHil
crepkeHb 12, 23, 34, 14, a xaxaomy y3iy - mapaup 1, 2, 3, 4. lng ydera
MPOTUBOACUCTBUN M3rHbaM B y3JaxX B MOJIETb BBEJEHBI JIOMOJHUTEIbHbBIE CTEPKHU
13, 24. YanuHeHue CTepxkHs 3aBUCUT OT cuiibl HaTskeHus (1). B paszpaboranHom
AITOPUTME pPEIIaeTCs 3a7a4a MUHUMHU3AINH IBYX TPy OJHOTHUIHBIX GYHKIHM (2) 1
(3), CBA3BIBAIOIIMX CHUJIOBBIE W TEOMETPUUECKHE XapakTepucTuku. B rpymnme (2)
KOKIOMY Y31y, a B rpynne (3) KakIoMy CTEP>KHIO CTaBUTCSI B COOTBETCTBUE CBOS

byHKIHS.

X
@ .. F,

AL=f(E, L, F;, A) (1)

flzznlfﬁ+€+z+ﬁ (2)
j=1

f,=L, +AL—‘HU.‘ 3)

Pucynoxk. lllapaupHO-CcTEPKHEBAS MOJEID AUEU

rae AL- YAJIMHEHMWE, |- JJAMHA HHUTKM B CBOOOJHOM cocTosiHmu, E - mMomyis
ynpyroct, A - IUIOIIaJb CEYCHHS, F,- CHIA HATSDKCHHMS (CM. puC.), F - CHIa

TSOKCCTH, F - apXHMMCI0Ba CHIa, R - r’mapoaANHaAaMHUYICCKasA CHJIa, Dij- pacCTOAHHC

MEXy y37aMu, N - KOJTUYECTBO MHIIUICHTHBIX Y371y CTepPKHEH.
Pa6ora BeinonHeHa npu nojaepxkke rpanta POOU Ne 11-08-00096-a.

Cnucok aumepamypbi:
1. Poszenmteitn M.M., Hemoctyn A.A. Mexanuka opyaumii psiOosioBcTBa. M. -
Mopxknura. - 2011. 528 c.
2. Hepmoctynm A.A., Bomogsko JI.A., PaxeB A.O. I'mapogmHamuyeckuii pacder
prioosioBHOM ceTn// COOpHUK TPpyAoB V MEXIYHAPOIHON HAYYHO-TIPAKTHUECKOM
koHpepenuu «Muxenepusie cuctemsl - 2012». PY/IH. Mockga. 2012. -C.27-31.

A.A. Nedostup’, A.O. Ragev?
«Mathematical modeling of engineering structures in the netting heterogeneous
environment»
'Kaliningrad state technical university, nedostup@Kklgtu.ru
?Kaliningrad state technical university, progacpp@live.ru
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AETAJIBHOE YUCJIEHHOE MOJAEJIUPOBAHUE 'EO®PUJIBTPAIIUN
HA BOJIBIIUX TEPPUTOPUAX

A.Il. HukoaaesB, JI.A. Hukonaes

000 "T'eooun”, 2. Mockea, Poccus,
info@geodin.ru

HpezmaraeTCﬂ AJIropuT™M JCTAJIBbHOIO MOACIUPOBAHUA FeO(bI/IJ'IBTpaHI/II/I Ha OOJBIINX
TCPPUTOPHUAX, HOCTpOﬁHHbeI Ha TCXHOJOIUAX IPOCTPAHCTBCHHOI'O pacCIiapallJICIINBAHUSA U
"wiki-modelling".

The text reveals the algorithm of detailed geofiltration modelling over large areas
based on the technologies of spatial parallelism and "wiki-modelling".

JInst mporHo3a M3MEHEHHWsl PeXHMa MOJ3EMHBIX BOJ IPH CTPOUTENBCTBE M
SKCIUTyaTallul 3JaHUMl U COOpyXeHHil Tpebyercs pa3paboTka JIeTalbHbIX
TPEXMEPHBIX YHUCICHHBIX MoOJieJe reopuiabTpaluy, MaKCUMAIbHO YYUTHIBAIOIINX
TEXHOTE€HHBIE BO3/ICUCTBUS, KaK HEMOCPEACTBEHHO HA YYacCTKE CTPOUTENbCTBA, TaK U
Ha OKpyxarwueh teppuropur [1]. JleTanbHOCTh THUIPOrEOJOTHUYECKUX MOIEIIEH
MOKHO OXapaKTepHU30BaTh KOJIMYECTBOM OJIOKOB MOJENIM Ha €IWHUIY MJIUHBI,
Harpumep Ha 1 mumo - bpm (blocks per mile). Eciu gns pemenus 3anau
PErMOHaNbHON OLIEHKH pEeCcypcoB TMOA3EMHBIX BOJl JOCTaTOYHO MoJeNed cC
paspeuieHueM 1-5 bpm, To AJig 3324 THAPOTEOTOTHYECKOTO 0OOCHOBAHMS ITPOECKTOB
TOPOJICKOTO CTPOMUTENIBCTBA ONTUMAJIbHBIM MOXHO CYHUTAaTh pPa3pelIeHUE MOJIEIH
5000 bpm, T.e. pazmepom 6;10ka B 0.3 M. B 3TOM citydae B mpejenax CTpOUTIIOMAIKA
MOTYT OBITh IOCTATOYHO TOYHO CMOJEIMPOBAHBI UTJIO(DUIBTPHI, CKBaXKUHBI, TOHKHE
OTpaKJI€HUs KOTJIOBAHOB U MHOTHUE ApYyrue Bo3aeicTBus [2].

Jlnst  MonenupoBaHUM OOJBIIUX TEPPUTOPUM TPEJIaraeTcs CieayoInn
QITOPUTM, PEATU3YIOIMN TEXHOJOTHUIO IPOCTPAHCTBEHHOIO paclapalieIuBaHUs
BBIYNCIICHUM:

- 0051acTh MOJENMPOBAHUS pa3leisaeTcs B MPOCTPAHCTBE HA JIOCTATOYHO
MaJieHbKHE (PparMeHThI - KJIACTEPhl, UMEIOLIME HA TPAHULAX 30HBI NEPEKPHITUS, T.€.
0o0JlaCTh HAKpBIBAETCS KJACTepaMu Kak 'yepenuieil'; ONTUMaJbHBIM pa3mep
KJlacTepa Ui pelieHusl 3a7a4 THAPOTEOIOTHYECKOro MporHo3upoBanus - 333*333
6moka mu 100*100 M B m1aHe;

- napajuielbHbIE pacyeThl B KJIACTEpaxX BEAYTCA Ha MHOIONPOIIECCOPHOM
BBIYHCIINTEILHOM KOMIUIEKCE;

- Ha Ka)XJIOM 111are 1o BPEMEHU B Ka4€CTBE IPAHUYHOIO 3HAYECHHUS JUUIS KayKJ0T0
KJacTepa OepyTcs BBIYMCIEHHBIE YPOBHU U3 COCEAHETO KiacTepa B y3iie, JOCTaTOYHO
JAJIEKO YAAJICHHOM OT Kpasi, TEM CaMbIM aBTOMATHYECKH PEaTU3yIOTCS T'PaHUYHBIC
ycnoBus 4 pona [3]; 30Ha MEPEKPHITUS KIACTEPOB MPUHUMAETCS C yU4E€TOM HaJTUUHs
30H BO3MYUIEHUS BOJIU3U IPAHUIIBI U SIBIISIETCS IIEPEMEHHOI;

- KOJMYECTBO  €IWHOBPEMEHHO  BBIYUCISEMBIX  KIACTEPOB  MOXKET
YBEIMYMBATHCS MTPU PACIIMPEHUH BIMSHUSA TPOCKTHBIX BO3ZMYLLICHUM.
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CdopmynupoBaHbl TpeOOBaHUS K TEXHOJIOTUHM MOJEITUPOBAHUSA:

- BO3MOXXHOCTb MOJIEJIMPOBAHUS TEPPUTOPUN HEOTPAHUUEHHOTO pa3Mepa;

- XpaHEHHE JeTalbHOM MOJEIM W  BBIINOJHEHUE pPACUETOB  Ha
LEHTPAJIM30BaHHOM BhIUKCIUTENBHOM pecypce (LIBP);

- IIOATrOTOBKAa M Ilepefaya yJdajJeHHbIMH omneparopamu Ha L[BP umcxomnbix
JaHHBIX TI0 YydYacTKaMm JETaJbHOTO MOJEIUPOBAHMUS KOHKPETHBIX OOBEKTOB
CTPOUTEIBCTBA - JaHHBIE O TE€OJOTMYECKOM CTPOEHUM M THJIPOre0JIOrMYECKUX
YCIOBUAX MO pe3yJibTaTaM HOBBIX HMH)KEHEPHO-T€OJIOTHYECKUX  W3BICKaHUM,
napamMeTpbl M 3Tallbl CTPOUTEIBCTBA M JKCIUTyaTallUd MPOEKTHUPYEMOro OOBEKTa,
CLEHAPUH MPOTHO3HBIX PACUETOB;

- aBTOMaTUYeCKas MOJEPHHU3alMs JETaJbHON MOJENN U pelieHue oOpaTHOMN
3agauu Ha LIBP;

- IPOU3BOJICTBO MPAKTUYECKUX IPOTHO3HBIX BblYMciIeHU Ha LIBP;

- II0JIy4YE€HHUE Pe3yabTaToB pacuera Ha [[BP n ux Busyanuzauus Ha y1ajieHHOM
paboueM MecTe.

Takum oOpasom peanmsyercst Texnosorus "wiki-modelling” - mocrosHHas
KOJUIEKTUBHAs ~ MOJIEPHM3ALUsl  JIETAIbHOM  Treo(QMIbTPAlMOHHONM  MOAENu ¢
UCII0JIb30BAaHUEM €MHOTO anmnapara MOAEINPOBAHUS BCEMH OIIEPAaTOPAMHU.

Anroput™m peanuzoBaH B Bujae mnporpammbl Tiler ¢ ucnonb3oBaHueM IS
pelIeHUs] YpaBHEHUs (PUIIbTPAIMH JIOKAIbHO-0JJTHOMEPHOTO METO1a U onpoOoBaHa Ha
TECTOBBIX mpumepax. IIpu 3ToM pe3ynbTaThl pacueroB i IByX kiactepoB ¢ 10%
MEPEKPHITHEM NMPAKTUYECKU COBIAIM C PE3YJIBTATAMM pacyeTa JJisi €JUHON MOJEIH.

Cnucox numepamypul:

1. Jlomakun E.A., Muponenko B.A., IllectakoB B.M. UucneHHoe MoaennpoBaHUE
reoguibTpanuu. - M.: Henpa. 1988, 228 c.

2. HukonaeB A.Il.,, HukonaeB JI.A. JleTanbHO€ MareMaTH4eCKOE MOICIUPOBAHUE
JUHAMUKH TTOJ3EMHBIX BOJ Ha O0JbIIUX Tepputopusix // IlepcrieKTUBbI pa3BUTHS
WH)XEHEPHBIX M3BICKAaHWMM B cTpouTelbcTBE B Poccuiickon Depnepanum.
Marepuainsl 8-if o01iepocc. KoH(. U3bICKATEIbCKUX opranu3anui. 13-14 nexaOps
2012 r. M.: OOO "T'eomapkerunr". 2012. C. 174-175.

3. Camapckuit A.A., Babumesnu II.H. BrruucnurenbHas temionepenaya. - M.:
Enuropan YPCC, 2003. - 784 c.

A.P. Nikolaev, L.A. Nikolaev
«Detailed numerical modeling of geofiltration on large areas»
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MPUMEHEHUE COOTHOIIEHUI PACIIAJIA PA3PLIBOB
B METOJE SPH

C.A. Memun'?, A.H. Mapmukos’

'OUBT PAH*M®TH,
medin@ihed.ras.ru
'OUBT PAH,
parshikov@ihed.ras.ru

[IpencraBnen ycoBepuieHCTBOBaHHBIM MeTon SPH, ocHOBaHHBIH Ha NpPUMEHEHUU
peuieHus 3a1a4 O pacnaje pa3pbiBa B U30TPOINHBIX, YIPYTUX, TEILUIONPOBOJIHBIX U BSI3KUX
cpenax. PelieHbl 3aaud 10 BBICOKOCKOPOCTHOMY IPOOMBAHUIO, YAAPHOMY HarpyXeHHUIO
MIOPUCTBIX MAaTEpPHAJIOB, JETOHALIMM IOPUCTBIX B3pPBIBYATBIX BEIIECTB U  BOJIHAM
pa3pylieHus B CTEKIax.

The modified method SPH based on interparticle discontinuity breakup relationships
in isotropic, elastic, heat-conducting and viscous media is presented. The corresponding
algorithms are developed. The various problems on the hypervelocity impact, the shock
loading of porous materials, the heterogeneous detonation and the failure wave propagation
are considered.

Meton SPH sBisieTcss 6ecceTOUHBIM JIarpaHKEBbIM UYHCICHHBIM METOJI0OM
pelieHuss ypaBHEHUM MEXaHUKH CIUIOMIHBIX cped. B aTtom wmeroae cpena
MIPEACTABISIETCS. HAOOPOM YaCTHII, 3HAYCHUS (PU3MUECKUX MEPEMEHHBIX B KOTOPBIX
anMpoOKCUMUPYIOTCS B BUAE [1]

m.f(r,
f(r)zj f(r' )W (r-r’,h)dr’ wm f(ri)zzﬁwij(ri —rj,h) ,
i P
rae ¢ynkmus Wi(ri — rj, h) sBisercst crioaxuparommm siapoM, U h — nucTaHnus
CTJIOKUBAHUS MEXKIy 0a30BOM 4YacTHICW | M YacTUIIAMHU OKPYXKCHHS |, TIPU ITOM
00bIYHO NpuHHMMaeTcs, 4to |I; — Ij| < 2h. Ocobennocts Meroma SPH cocrout B

BBIUMCIICHUH TpajuenTa nepemennoi f(r;): VI (ri ) = ZMVW ( — T, h)
i P

OTO0 BBIpaXXKEHHE MO3BOJISET 3aMKUCATh MIPaBble YaCTH YPABHEHUN COXpAaHEHUS B
SPH-popme. B crammaptaom w™etroge SPH s oGecriedeHuss MOHOTOHHOCTH
pelleHrss  BBOAMUTCA  HMCKYCCTBEHHAss  BA3KOCTb.  ABTOpaMU  MPEIJIOKEHO
ycoBeplIieHcTBOBaHHE MeToaa SPH, He TpeOyroliee BBelEeHUS HMCKYCCTBEHHOM
BA3KOCTH [2]. IIpn »TOM BBOAMTCS B PaCCMOTPEHME TOYKA KOHTAKTA I KaKION
napbl 4acTull | u J. B 9To# Touke M3 pelnieHus 3a1adu o pacmaze paspbiBa, TOYHOTO
WA TPUOIMKEHHOTO, OTPEENISIIOTCS 3HAYCHHUSI CKOPOCTH UIJ U JaBJICHUSA P.J Ha
KOKJIBIH MOMEHT BpeMeHU. Moaudukanus cTaHgapTHeIX ypaBHeHud SPH
OCYUIECTBJISICTCS 3aMEHOM B MPaBbIX YACTSIX YpPaBHEHUU MEPEMEHHBIX CKOPOCTH U
MaBJEHUS B YacTHUIaX MX 3HAYEHUSIMH B TOYKE KOHTAKTA: Ui+Uj—>2Uij* 51
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*R
ij »

Pi+P;—2P; . Jlna ciydas cpeil ¢ IPOYHOCTBIO HCIIONB3YETCS O +6? —>06., TIe

GE.R - BBIYMCIIEHHBIM IO PELICHMIO 33Ja4M O paclajie pa3pbiBa BEKTOP HAIPSKEHUN HA

IUTOIIAIKEe, OPTOTOHAIBLHOM K HampaBiieHHi0 R oT wactuiel | k uactuie . Ilpu
pelieHud 3a7a4  TEIUIONPOBOAHOCTH U1 BBIYMCICHUSI TEIUIOBBIX IIOTOKOB B
KOHTAKTUPYIOIIUX YaCTHIAX HMCIOJIb3YETCsS KOHTAKTHAsl TeMIepaTypa W3 PeIieHus
3a/1a4M O pacraje TEMIIEpaTypHOTO pa3phiBa

Tij* :(Ti 4pCy +Tj\/m>/(\/ﬂipicw +\//’i’jijVj )

JIns1 TeueHn BA3KHUX KUJIKOCTEM CKOPOCTh B TOUKE KOHTAKTa BBIYUCISIECTCS 10
aHAJIOTMYHOM (opMmyie (IIpH moacTaHOBKEe KoddduimenTta Bs3koctu 77 BMecTo ACy ).
JUJIsl IepeuuCIIeHHbIX Cpell — U30TPOIHBIX, YIPYTUX, TEIUIONPOBOAHBIX U BSI3KUX —
MPUBOJSTCS PEIICHUs TECTOBBIX 3a/1a4.

MoaudunupoBanusiii  Meroq SPH Obin addextuBHO npumeHEH s
ME30MEXaHUYECKOTO  MOJEJIIMPOBAHUS  CJOXKHBIX  TE€UEHUH, B  KOTOPBIX
MHOTOKOMITOHEHTHAsl CTPYKTYpa reTEPOreHHbIX MaTepUaoB 3a4aETCsl MHOTOCBSI3HOM
00JIaCThI0O U ME30CTPYKTypa Marepuaja MpeCTaBiIseTcs B sIBHOM BHje. B manHoM
JIOKJIa/Ie TIPEJICTaBICHBI PE3yIbTAThl ME30MEXAaHUIECKOTO MOCIIUPOBAHUS POOUTHS
Mperpaj yaapHUKaMHU, PaclpOCTPAHCHUS yAApHBIX BOJH B MOPHUCTOM QTIOMUHUU U
MOCTPOEHUS YIApHBIX aauadaT MOPHUCTOTO BEIIeCTBA IO W3BECTHOW aguabare
CIUIOLITHOTO BEIECTBA, MPOIECCOB JIETOHAIIMU TMOPUCTHIX B3PBIBUATHIX BEIIECTB, a
TakKe pe3yJbTaThl MOJEIMPOBAaHUS BOJH paspylieHus B cTEkiIax. Bo Bcex
MEePEUYNCICHHBIX CIIydasX METOJl TOKa3ajdl XOpOIIee COBMAJACHHE PACUETHBIX H
OKCIIEPUMEHTAIIbHBIX JaHHBIX.

Cnucok aumepamypol
1. Gingold R.A., Monaghan J.J. Smoothed Particle Hydrodynamics // Mon. Not. R.
Astron. Soc. 1977. V. 181. P.375.
2. Parshikov A. N. and Medin S. A. Smoothed Particle Hydrodynamics Using
Interparticle Contact Algorithms // J. Comp. Phys. 2002. V.180. P.358.
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[IpumeneHnne coOOTHOILIEHUH pacnaaa pa3pbiBoB B meToae SPH
LJoint Institute for High Temperatures, RAS, Moscow,
“Moscow Institute of Physics and Technology, Russia, medin@ihed.ras.ru
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O IPOBHOM CTENEHU PASHOCTHOI'O OIIEPATOPA
BTOPOI'O NOPAIKA JJISI OBBIKHOBEHHOI'O
JAAOPEPEHIHUAJIBHOI'O YPABHEHUASA

HN.A. I/Inanl, I.C. HOIHCHKOZ, A.C. Hepemomnl’2

lﬂﬂcmumym KOCMO@U3UYECKUX UCCIe008aHUL U pACnpoCcmpanernus paouosoat J{BO
PAH — n.Ilapamynxa, Kamuamcxuii kpau, Poccus,
d72156@gmail.com
2Kamuamexuii 2ocyoapcmeennblil ynugepcumem umenu Bumyca bepunea —
Ilemponasnosck-Kamuamckuu, Poccus

[IpennosxkeH mMOAXOA Uisl YUCIEHHOTO [UIsl YpaBHEHHH ¢ JpoOHOIM MPOU3BOAHOM
nopsinka ot 1 1o 2. B uucneHHoW cxeme pemnieHuss 0OBIKHOBEHHOTO () GepeHIINAIIBHOTO
YpaBHEHHSI BTOPOTO TMOPSJIKa MOAU(PUIIMPOBAHA OCHOBHAS MAaTpPUIlA CUCTEMBI IS CIIydas
crenenn 3/2. [lpuBeneHbl pe3ynbTaThl YUCICHHOIO PEIIEHUs IS CUCTEMBbI C JPOOHBIM
ONepaTopoM, KOTOPBIE COBIAAAIOT € PelIeHUEM il oneparopa Kamyto.

Numerical method for solving ordinary differential equations of the order from 1 to 2
is represented. In the numerical scheme for solving ordinary differential equations of the
second order the basic matrix of the system is modified for 3/2 order. The results of
numerical solutions for linear system matches to Caputo's fractional operator.

MaremaTtuyeckoe  MOJEIUPOBAHUE  (PU3UYECKUX  MPOIECCOB, KOTOPbIE
o0nanaoT (QpaKkTaIbHBIMH CBOMCTBaMH, BBINOJHIETCA C TOMOUIBIO ammapara
npoouoro muddepeniupoBanus [1]. Kpyr ¢pusndeckux 3amad, B KOTOPBIX BO3HUKAIOT
omeparopsl ApoOHOTO MU PepeHIMpPOBaHUs, JOCTATOYHO IMUPOK, HAYWHAS OT 3aja4
TEOPHUH YIIPYrocTu A0 AU(Hy3UOHHO-BOIHOBBIX MPOLIECCOB [2].

UucnenHoe pemieHne OOBIKHOBEHHOTO Au(GhepeHIIMaIbHOTO YpPaBHEHUS C
MOAUGUITIPOBAHHOW MAaTPHIICH, COOTBETCTBYIONICH APOOHON CTETMEHH Pa3HOCTHOTO
oreparopa IMEpBOro Mopsjaka, OblIo paccMoTpeHo B [3]. B Hactoseir pabote
ucrnonb3yercs 3amada Komm ayig ypaBHEHHMsI BTOPOro TMOpsJKa C HadajdbHBIMU
YCIOBUSIMU TP TOCTPOEHUHU APOOHOTO aHajora pa3HOCTHOW CHCTEMBbI B Cilydae
Helesoro nopsiaka 3/2. YucneHHoe perieHue s JaHHOW 3a1adu OyJeM HUCKaTh U3
CUCTEMBI JIMHEUHBIX anreOpandyeckux ypaBHeHHUU. VI3 OCHOBHON MaTpHIIbl CUCTEMBI,
KOTOpasi COOTBETCTBYET PAa3HOCTHOMY OIEPATOPY BTOPOro MOPSAAKA, IMOCTPOEHA
Moau(ULIMPOBaHHAS MaTpULla HA OCHOBE IPOOHOW CTENEHHW MATPHUIbl Pa3HOCTHOTO
oIreparopa MepBoro nopskKa.

Ha pucynke 1 mnpuBeaeHbl YHCIEHHBIE pPacyeThl MJI JBYX JMHEUHBIX
anredpandecKuX CUCTEM C LENBIM MOPSAKOM, PAaBHBIM 2, U JPOOHBIM MOPSIAKOM 3/2.
B cnyuae  gpoOHOro mopsiika penieHue IMpeacTaBisieT coOoi 3aTyxarouiue
KoJie0aHusl CO CTENEHHBIM 3aTyxaHueM. UncleHHOoe peleHue cucteMsl 3/2 mopsiika
coBmajaer ¢ pemeHueM 3amadn  Komm, B KOTOpOM B3aMEH KJIACCHUYECKOU
ITPOU3BOIHOM HCIIOJB3YeT npousBoaHas Kamnyro [2].
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Puc. 1. Uucnennoe pelnieHne ypaBHEHU; + — MOPSAIAOK OlepaTopa paBeH 2;
X — TOPSAIOK OTepaTropa paBeH 3/2.

N3 cTpyKTYypbl CUCTEMBI JINHEHHBIX YPABHEHUN YCTAHOBIICHO, YTO BBIYMCICHUE
pelIeHUsT Ha TMOCIEAYIOUIMX Iarax 3aBUCUT OT BCEX MNPEAbIAYIIMX 3HAYCHUU
pemeHus. B Takom ciydae, cucrema o0iamaeT MaMsaThio, HO BO3HHKAIOT TOJBHKO
3aTyXarolue pemeHus B ciiydae JpoOHOTo mopsaka ot 1 1o 2.

PaGora BrimoniHeHa pu pUHAHCOBOM Moaep ke MuHHCTEpCTBa 00pa30BaHUS
u Hayku P® B pamkax mnporpammsl crparernyeckoro pasputus PI'BOY BIIO

"Kamuarckuii rocy1apCTBEHHBII yHUBepcuTeT nMeHH Burtyca bepunra" na 2012-
2016 rr.

Cnucox 1umepamypul:
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2003.
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nMpoBaHueM ApooHoro nopsaka. Mocksa, Mxesck: PX]1, 2011. - 568 c.

3. Wnbun U.A., Homenko JI.C., Ilepexxorun A.C. O npoOHOI cTeNeHN Pa3HOCTHOTO
orneparopa sl 0ObIKHOBEHHOTro nuddepennmanbioro ypaBHeHus: // COOpHUK
JI0KIanoB  Bropodt  MeXIyHapoaHOW ~ KOH(EpEeHIMH  MOJIOABIX  YYEHBIX
“MaTtemMaTH4ecKOe MOJICTUPOBaHNE (PpPaKTAIBHBIX MPOIECCOB, POJICTBCHHBIC
npoOsembl ananu3a u napopmatukn”. . Hampuuk. 2012. C. 107-109.
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YUCJIEHHOE PEHIEHUE HEKOTOPBIX CMEIITAHHBIX KPAEBBIX
3AJIAY B KNIMHOBU/IHbBIX OBJACTAX

IO.M. Panmmonopt

Hncmumym asmomamuzayuu npoexmuposanusi, PAH — Mocksa,
jmrap@landau.ac.ru

Pa3zpa®oTaH anropuTM YHCIEHHOIO PEUIEHHs HEKOTOPhIX CMELIAHHBIX KpPaeBbIX
3aJa4 MaTeMaTU4ecKol (U3UKU IYyTEM HCIIOJIb30BAaHUS MHTErPalbHBIX IpeoOpa3zoBaHMM
KonTopoBuua-JlebeneBa 1 mNapHbIX HHTErpajbHBIX YypaBHEHUH. [laHbl NpHIIOKEHHS K
YHICIIEHHOMY PEIICHHUIO YpaBHEHUs [ 'enbMrosiplia B KIMHOBUAHBIX 001aCTSIX.

The new applications of modified integral Kontorovitch— Lebedev transforms for the
solution of some problems of mathematical physics are given. The algorithm of numerical
solution of some mixed boundary value problems for the Helmholtz equation in wedge
domains is developed.

[Tapuble uHTerpanbHble ypaBHEHUS C (yHKUMEH MakaoHanbla MHHMOTO
ungexca K, (X) B aape Obinu BBeaeHs! JlebeneBsim u Cranbckoit [1]

['M(2)rtanh(az)K, (krdz =rg(r),0<r <a,
I:M (r)K;, (kr)dz = f(r),r >a,

rae g(r) u f(r) — 3amannbie QyHkuuu. OHM Tokazanu [1], 4TO pemieHus 3TUX

ypaBHEHUI MOTYT OBITh OIpPEAEICHBI B BHJIE OJHOKPATHBIX KBAAPaTyp OT PELICHHI
MHTETPpaAIbHBIX ypaBHeHUH @Ppearonbma BTOPOrO poja ¢ CHUMMETPHUHBIM SIIPOM,
cozpepxanmmM pynkuuto MaknoHnansaa kommiekcHoro nopsiaka K, . (X)

_2sqrt(2)sinh(zz) ¢
) Zsqrt(z)sinh(a7) IO v (OREK,, . (k)L

w(t) = h(t) - _[OwK(s,t)z//(s)ds,a <t<oo,

rne ReK,,.. (z) — BemecTBeHHas 4acThb (GYHKUMM MakJIOHaIbJa KOMIUIEKCHOIO

nopsiaka 1/2+i7. B cinygae g(r)=0

h(,[):_sqrt(k)exp(kt)ijaoexp(—kr)f(r)dr
T dt’o sqgrt(r—t)

_ 4 r=sinh[(7 — a)7]
K(s,t) = ;_[0 sinh(az) ReKy,.i; (ks)ReKy, ;. (kt)dz.

JlaHbl MPHUIIOXKEHUS WHTErpajbHBIX Tpeobpa3zoBanuii Kontoposuua—Jlebenena
U TapHBIX HMHTETPAJbHBIX YPABHEHHM K PEIICHUIO CMEIIaHHBIX KPaeBBIX 3a/ad.
3amaun auddy3sud W yOpYrocTH CBOISTCS K PELICHHIO COOTBETCTBYIOIICH

CMEIIaHHOM KpaCBOﬁ 3aJdavuu OJis1 YpaBHCHUA FCJIBMFOJIBHa

ou
M=KUZ0 Tl s (D90, Ul ()= F0)
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uf
Pemenne 3amaun kak momydeHo JleGexeBbIM ompenenserca B - BUAC
MHTETpalbHbIX Mpeobpa3oBanuii Kontoposuua—Jlebenena

u(r,p) = [ M @) NPT (ke
0 coshar *

rae M (7) ecth perieHue mapHOTO UHTETPATLHOTO YPaBHEHMUSI.

— OTpaHW4eHo, U|__ — OTpaHUYCHO.

r=0 r=o

[IpoBeneHo uwncieHHoe penieHue. lIpemyioxkeHbl SKOHOMHBIE  METOJIbI
BBIYMCJIEHUS SIEp HWHTETPaJbHbIX YPAaBHEHUM, OCHOBAaHHBIE HA KBaJApaTypHBIX
dbopmynax [Naycca mo yznam monmHoMmoB Jlareppa. Jlyisi yBelWuYeHHs] TOYHOCTH M
OBICTPOJICHCTBHSI  QAJITOPUTMOB  MCIIOJIB30BAaHbl  MPOLEAYPHl  MPEABAPUTEIHHOIO
peoOpa3oBaHusl HMHTETPAJIOB M BBIJCJICHUS OCOOCHHOCTH B IOJUHTETPAIHLHOM
BBIPAKEHUHU. PacCMOTpPEHBI Cilyyad, JOMYCKAIOIIKE MTOJHOE aHAJTUTUYECKOE PELIEHUE
3amaun. PaccMoTpeHHbie TpUMeEphl IEMOHCTPHUPYIOT Y(PPEKTUBHOCTH ITOW METOIUKH
IIPU YUCJICHHOM PEIICHUM CMEIIAHHBIX KPAEBbIX 3aj]1a4 Il ypaBHEHUs [ enpMrosbna
B KIWHOBUJHBIX OOJACTAX, B TOM WYHCIE 3a7ad yOpyrocTd u ropeHus [2].
PazmepHOCTh 3aauM IIpHM KCHOJIB30BAaHWH YKA3aHHOIO MOJAXOJa ITOHMXKAETCS Ha
€IVMHHIy, YTO SIBJSETCS CYIIECTBEHHBIM MPEUMYLIECTBOM 3TOro merona. JlaHa
OIICHKA MOTPEUTHOCTH.

PaboTa BbINOJIHEHA NpU NOJJEPKKE TeMaTHYecKol MporpaMMebl 10 0OpaTHBIM
3a1ayaM U u300paxkeHussM OUICOBCKOrO HHCTUTYTA.

Cnucok aumepamypeol:

1. H. H. JlebeneB, W. II. Ckanbckas, "IlapHble uHTErpajgbHble YpaBHEHUS,
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2. J. M. Rappoport, "Dual integral equation method for some mixed boundary value
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MOHOTOHHBIE BBICOKOTOYHbIE KOMIIAKTHBIE CXEMbI
BEI'YIIEI'O CHETA JJISI MHOI'OMEPHbBIX YPABHEHUU
I'MIIEPBOJIMYECKOI'O TUITA
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YUTIM um. M.B.Kenowvuua, MOTH,
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JUis KBa3UIMHEMHBIX MHOTOMEPHBIX THIEPOOIUYECKUX YPaBHEHUH Ipe/ICTaBJICHBI
KOHCEpBAaTUBHbIE a0COIIOTHO YCTOMUYMBBIE KOMIIAKTHBIE PA3HOCTHBIE CXEMbl, MOHOTOHHBIE
B IIMPOKOM JMana3zoHe 3HaueHui JiokaiabHOro uucia Kypanra. OHM UMEIOT 4eTBEPTHIN
NOPAOK AaNNPOKCHMAllMA IO KAKIOW KOOpAMHATE Ha TINAAKUX pemeHusx. Cxemsl
HSKOHOMHUYHBI U PEIIAOTCs OEryIIMM CYETOM I10 POCTPAHCTBEHHBIM ITEPEMEHHBIM.

Monotone compact conservative difference schemes are presented for solving
quasilinear multidimensional hyperbolic equations. The schemes have a fourth-order of
approximation on smooth enough solutions in each space direction and can be used in a
wide range of local Courant numbers. The presented schemes are numerically efficient
thanks to a simple two-diagonal structure of the matrix to be inverted.

B HacTosimiee BpeMsi IIMPOKOE pPACHPOCTPAHEHUE MOJYUYWIH JIBYXCIONHBIE
PA3HOCTHBIE CXEMBbI IMOBBIIIEHHOW TOYHOCTH I CKBO3HOTO pacuera pa3phIBHBIX
pereHnii TunepOoIMYecKuX CUCTEM 3aKOHOB coxpanenus [1]. Ilpu moctpoeHumn
TaKMX CXEM OCHOBHBIM IPHHITUIIOM SIBJIICTCS M3BECTHAsI Teopema 00 OTpaHUYEHUU
MOPSIIKA aNIPOKCUMAIIMU JBYXCJIOMHBIX MOHOTOHHBIX JHHEHHBIX cxem [2]. B
0030pHOI cTathe [3], MOCBAMIEHHON mMpoOJIEeMe TIOCTPOCHHS MOHOTOHHBIX,
KOHCEPBAaTUBHBIX  BBICOKOTOYHBIX  Pa3HOCTHBIX  CX€M Ui  YpaBHEHUH
rUnepOoIMYecKoro  TUIMA, OTMEYEHO, UTO TMEPCIEeKTUBHBIM  HAIpPaBJICHUEM
pa3pabOTKM TaKuUX CXEM SBJISETCS WX TIOMCK Cpeau CcXeM, OO0JaJarolmx
KOMMAKTHOCThIO TMPOCTPAHCTBEHHOTO Ia0joHa, T.€. CpeaAM TaK Ha3bIBaEMbIX
KOMINakTHBIX cxeM [4]. Cpeau kiacca KOMIIAKTHBIX CXEM HAaWOOJIbIIUA WHTEpEeC
MPEJCTABISAIOT CUMMETPUYHBIE CXEMbl UYETHOrO TMOpsJKa amnmpOKCUMAIMKM 10
MIPOCTPAHCTBEHHBIM HE3aBUCHUMBIM TEPEMEHHBIM, BCIIEJCTBHE Ba)KHOTO CBOWMCTBA!
MOPSKM  MX  KJIACCUYECKOW  anmpoKCHMAallud  Ha  T[JIaJKUX  pPEelIeHUsX
rUnepOoIMYeCKO CHUCTEMbI 3aKOHOB COXPAaHEHWS M CIabod anmmpoKCUMAaIuud Ha
Pa3pbIBHBIX PEMIEHUSAX COBIAIAOT [J].

B pabote mpemoxkeHa KOMMAKTHAs Pa3HOCTHAs CXeMma Il YHCIEHHOTO
pacuéTa MHOTOMEpPHBIX HECTAllMOHAPHBIX YpPaBHEHWW M CHUCTEM YpPaBHEHUU
runepOonmnueckoro tumna. [lpu e€ mocTpoeHur HCIONB3YIOTCS: 1) NUBEPreHTHBIC
mubdepeHnranbuble  CIEICTBUS UCXOJIHBIX YpaBHEHUM, TakKe B3ATHIX B
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IUBEPreHTHON (popme, 2) METOJ NPSIMBIX, 3) UHTETPO-UHTEPIOJIALMOHHBIA METOI B
npenenax OJHOW MPOCTPAHCTBEHHOW CETOYHOM siuekiku. IlocnenHee o3Hadaer, 4dto
JaHHAasl CXema SIBJISCTCS JUCKPETHU3aLHMENd HWHTErPAIBHBIX 3aKOHOB COXPAHEHHS.
brnaromapss takomy cnoco0y TOCTpOEHHsS 23Ta CXeMa YyHacjleIoBalla Yy CBOETO
OJIHOMEPHOTO aHajora [6] psl BaXKHbIX CBOMCTB: 1) oHa MMeeT 4ETBEPTHIN MOPSIAOK
anmnpoKCUMAaIlMU 1O KaXJ0M MPOCTPAaHCTBEHHOM IMEepeMEeHHOW Ha IabiioHe,
COCTOSIIIEM M3 JBYX LEJBIX Y3J0B, Ha TVIAJKAX PELICHUSX, IO3TOMY Pa3HOCTHBIC
YpaBHEHUSI CXEMbl MOKHO pEIIaTh METOJIOM OETyIero cueTra; APYTUM CJEICTBHEM
SBJISIETCS. ~ COXpPAHEHUE  TOpSJAKA TOYHOCTM CXE€Mbl HAa  HEPABHOMEPHOMU
MIPOCTPAHCTBEHHOM CETKE, COCTOSAIIEH W3 LEJbIX Y3J0B; 2) CXeMa MMEET TPEeTHi
MOPAJIOK anmpoOKCHUMAllMM IO BPEMEHUM Ha TIJIAJKUX PEUICHUSX, OHA SBIISIETCA
TPEXCTAIUMHOW, a Ha KAKIOM CTaAud —  JABYXCIOWHOW; MPEIJIOKEHBI
MIPOCTPAHCTBEHHO-JIOKAJIbHBIE BECOBBIC (DYHKIMU, Oyarofapsi KOTOPHIM TMOPSAOK
amnmpoOKCUMAIIMA CXEMbl MO BPEMEHHM MOHMKAETCA C TPEThEro J0 MEPBOro BOJIM3HU
Pa3pbIBOB; 3) YKMCICHHBIE IKCIIEPUMEHTHI MTOKa3alal, YTO CXeMa UMEET MOHOTOHHBIE
YUCJICHHBIE PEIIEHUS] B TAKOM K€ IIMPOKOM JHaIla30He JIOKAIbHBIX uncen KypaHnra,
910 M €€ OJHOMEpHBIM aHanor [6]; 4) cxema aOCOJIOTHO YCTOMYMBA; 5) cxema
KOHCEpBAaTUBHA; 6) cXeMa 3KOHOMUYHA.

Pabota BeImosiHeHa npu PuHAHCOBOM Moaepkke rpanta lIpaButenscrBa PO
no mnocrtaHoBiaeHno N 220 "O Mepax N0 NPUBJICUYCHUIO BEAYIIUX YUYEHBIX B
poccuiickue  00pa3oBaTeNbHbIE  YUPEKIEHUS  BBICIIETO  MNPO(EeCCHOHATBLHOrO
obpazoBanus" mo goroBopy Ne 11.G34.31.0072, 3aKIIOYEHHOTO MEXKIY
MuHuctepcTBOM 00pa3oBaHusi U Hayku P®, Bexymum y4éHbIM U MOCKOBCKHM
(U3UKO-TEXHUYECKUM HHCTUTYTOM (TOCY/IapCTBEHHBIM YHHUBEPCUTETOM).
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2001. 608 c.
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CETOYHBIE METO/IbI PEHIEHUS CIIEKTPAJIBHBIX 3AJIAY

C.M. CouoBbén’

'Kazancxkuii (Tlpusonscckuii) hedepanvhviii yrusepcumen,
sergei.solovyev@ksu.ru

Bapuannonnass 3amaya  Ha COOCTBEHHbIE 3HAa4eHHUA B OECKOHEYHOMEPHOM
TWJIBOEPTOBOM  IIPOCTPAHCTBE  ANNPOKCUMHUpPYETCA  3ajadyeili B KOHEYHOMEPHOM
noanpocrpancTee. Mccnenyercss cXoquMOCTh M MOTPEIIHOCTh NPUOIMKEHHBIX PELICHUH.
OO01me pe3yabTaThl WUTIOCTPUPYIOTCA Ha IPUMEPE CXEMbl METOJ]a KOHEYHBIX 3JIEMEHTOB C
YHCIICHHBIM HHTETPUPOBAaHUEM JUTsl TU( HepeHInaIbHOM 3a1a4l BTOPOTO TOPSIIKA.

A variational eigenvalue problem in an infinite-dimensional Hilbert space is
approximated by a problem in a finite-dimensional subspace. We analyze the convergence
and accuracy of the approximate solutions. The general results are illustrated by a scheme
of the finite element method with numerical integration for second-order differential
eigenvalue problem.

ANnpoKcuManusi MO0 METOJYy KOHEYHBIX 3JIEMEHTOB CTPOUTCS C MOMOIIbIO
BapHAIlMOHHOM IMOCTAHOBKM HCXOJHOW 3aJaud, KOTOpas €CTECTBEHHBIM 00pa3oMm
BO3HHMKAeT U3 O0OOOIIEHHOW MOoCTaHOBKM nuddepeHnmnanboi 3amadu. XOopoIo
u3BecTHas mnepsas jemMa CTpeHra CBOJUT MOTPEUIHOCTh alMpOKCUMAIIMKU PEIICHUs
BAPUAIIMOHHOTO YPaBHEHUSI K OILIEHKAM TMOTPEUIHOCTH 3JIEMEHTa HAWIY4IlIero
MPUOJIMIKEHUS U3 KOHEYHOMEPHOTO MOAMPOCTPAHCTBA ISl TOYHOTO PEIICHUS 33 a4H
M TIOTPEIIHOCTA 3aMEHbl TOYHBIX OWIMHEHHOW U JuHehHHOW ¢dopM Ha
NpUOJIMKEHHBbIE. DTOT PE3ysNbTaT UMeeT (PyHIaMEHTaIbHOE 3HAYEHUE JIsi METoja
KOHEUHBIX JJIEMEHTOB M MPUMEHACTCS TP  HCCIEIOBAHMM  TOTPEIIHOCTH
KOHKPETHBIX CXEM MeTOJa KOHEUHBIX AJIEMEHTOB C UYHUCICHHBIM HHTETPUPOBAHUEM
pelieHuss KpaeBbIX 3a1aud s aud@depeHIanbHbIX ypaBHEHUNU. AHAJIOTHUYHBIN
pe3yJIbTaT JJIs CIIEKTPAILHBIX 3a/1a4 moJrydeH B [ 1-3].

B noxmame »ToT pe3ynbrarT (GopMynHpyeTcs i 3aJadd Ha COOCTBEHHBIC
3HAYECHUSA MIOJIOKUTEIIbHO-OIIPEICIICHHON OTPAaHUYEHHOU CHUMMETPUYHOU
OmIMHEWHON (OPMBI OTHOCHUTEIHHO BIIOJHE HEMPEPBIBHOW 3HAKOHEONPEIEICHHON
CUMMETPUYHON OMIMHENHHON (OopMBbI B THIIHLOEPTOBOM MPOCTPAHCTBE. JTa 3ajlaya B
o0IeM ciydyae MMeeT MOCIeI0BATEIbHOCTh OTPUIATENBHBIX U TIOCIEI0BATEIHLHOCTD
MOJIOKUTENBHBIX ~ KOHEUHOKPATHBIX  COOCTBEHHBIX  3HaueHuit. OpHa  u3
MOCJIEIOBATEIBHOCTE  MOXET OTCYTCTBOBAaTh WJIM ObITh KOHEUHOH. g
OECKOHEYHOUM IIOCJIENOBATEILHOCTH COOCTBEHHBIX 3HAUEHHWM OJHOTO 3HAaKa
€MHCTBEHHOU MpeJeIbHON TOYKOW MOXKET OBITh TOJBKO OECKOHEYHOCTh TOTO K€
3HaKa. COOCTBEHHBIM 3HAYEHHUSIM COOTBETCTBYET OpPTOHOPMHUPOBAHHAs CHCTEMa
COOCTBEHHBIX AJIEMEHTOB, 00pa3yroiias 6a3uc B OPTOrOHATBHOM JOTIOJIHEHUH K SIAPY
BIIOJIHE HENPEPBIBHOW OWMIMHEHHON (opMbl. 3a7aeTcsi CEeMENUCTBO KOHEYHOMEPHBIX
MOANPOCTPAHCTB TWIHOEPTOBAa MPOCTPAHCTBA M JBa CEMEMCTBA CUMMETPUUYHBIX
OWIMHEWHbIX  (OpPM, aANMPOKCUMUPYIOIIUX TUIBLOEPTOBO  MPOCTPAHCTBO U
ownuHelinbie QopMbl 3amaun. McxomHas 3amaya anmpoKCUMHUPYETCS CEeMEMCTBOM
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KOHEYHOMEPHBIX 3aJ1a4, MOJIyHarolIMXCsl 3aMEHOW HMCXOJHBIX JIaHHBIX 3aJlayd Ha
npubnauxeHHbie. JlokazaHa CXOAUMOCTh MNPUOIMXKEHHBIX PEIICHUH K TOYHBIM.
[Tomy4eHBI OIIEHKH TMOTPEITHOCTH TPHUOJMKEHHBIX COOCTBEHHBIX 3HAYCHUU W
COOCTBEHHBIX TMOANPOCTPAHCTB YE€pe3 IMOTPEIIHOCTH, BHOCHMBIE B JaHHBIC TPH
anmpokcumaruu 3agadu. OOmme pe3yiabTaThl MPUMEHSIOTCS TPHU BBIBOJE OIICHOK
MOTPENTHOCTH METOJ]a KOHEYHBIX AJIEMEHTOB C YHMCICHHBIM WHTETPUPOBAHUEM IS
OJTHOMEPHOM 3HAKOHEOIpeAeIeHHON nudepeHranibHON 3aau HA COOCTBEHHBIC
3HA4YE€HUsI BTOPOTO MOPSAIKA.

N3noxxeHne pe3yabTaToB omMpaercs Ha padotel [1-3]. AHajmoruyHbie
pe3yabTaThl CHPABEUIMBLI TAKXKE I HECAMOCOMPSHKEHHBIX 3a/lad Ha COOCTBEHHBIC
3HavyeHus [4,5] u HeMMHEeWHBIX 3a/1a4 Ha COOCTBEHHbBIE 3HaUeHUsI [6].

Pabora momumepxkana dougom ['ymGompara (Alexander von Humboldt

Foundation) u Poccuiickum onmoM PyHIaMEHTATBHBIX UCCIIEAOBaHUN (TpaHThl No
11-01-00864, 12-01-97026, 13-01-00908)
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ConosbeB C.W.//[Inddepennuansubie ypapHenus. 2011. T.47. Ne8. C.1175-1182.
ConosbeB C.1.//[Inddepenuansubie ypapHenus. 2012. T.48. Ne7. C.1042-1055.
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B noknage usywaercs R-momudukanus metoma ['aycca st pemieHHUs] CHCTEMBI
JUHEWHBIX YPAaBHEHUH U TIOJIYYCHBI OIEHKH BEIYIINX JIEMEHTOB.
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R-modification of Gauss method for solving the system of linear equations is studied
and estimations of the leading elements are obtained.

Onpenenenne. Ilycte ke NT, marpuma AeM K (R) ¢ wmarpuyHbBIMHU

aJIEeMEHTaMHU (A)i i€ R, 3aHymepoBaHHBIMH mapoii uHAekcoB |, j=1k. Ilycts
1

BEKTOpa-CTOJIONBI X, b € RK ¢ xoopaunaramu (X);,(b)j € R, 3aHymepoBaHHBIMH

vaaekcoM 1 =1 k.
R-momudukanueii meroma Iaycca [Ist pemICHHS CHCTEMBI JIMHEHHBIX
ypaBHEHHI (¢ MaTpuIieii A, MpaBoii 4acThi0 D OTHOCHTEIBHO HEU3BECTHOTO X )

D (A);- (9, =), Vi=Lk 1)

1< j<k

Ha3bIBAETCS ATOPHTM, OTIMYAIOIIMAICA OT MeTofa laycca BBIOOPOM BEIYIIETO
asleMeHTa N-ro mara, rae N=1,k —1. [Tyctp A© = A, b =,

Benymwum snemenToM N-ro mara, rae N=1 K—1, Ha3pBaeTCsd MaTPUYHBIN

-1 = . ..
AIIEMEHT MAaTpPHULbI A A" geit Homep (i, J,) SBIAETCA TEPBBHIM B
JeKCUKOTpauyeckoM TMOpsSAKe M 4Yell MOAydb MaKCUMaleH Cpeau Moayieu

MaTPUYHBIX 3JIEMEHTOB (A(”_l))iy j»THe i, j=nk.
ITyctp
_ (n-1) _ _ (n-1)
Wi _(A )io,jo’ 1_‘n _|Wn|_nrgi.1§( (A )i,j" (2)

Ecim w, =0, TO anaroput™ 3akaHuMBaeT paboTy ¢ cooOmeHuem: “Marpuma A

BBIPOXKJICHA’, WHA4Y€ BBIUUCIISIIOTCS MaTpulla AM g BEKTOP-CTOJIOEI] b™ . Dru
BBIYHMCIICHUS 33a10T N -bIii mar R-moaudukanuu metona [Maycca.

Buauane 3agaqum A" = A bW =pY  Ecnm i, #N, TO

(b(n))n — (b(nfl))iO ’ (b(n))iO — (b(nfl))n’

(A™), =(A"D), ., (A?), =(A"Y) ., Vj=nk.
Ecmu j, #n, To
(A™) = (A" D) (AT, = (A7), Vi=nk.

ITpoHCXOAUT TaKXKe EPEHyMepaIrs KOOPAMHAT HEU3BECTHOTO X
d :(X)n’ (X)n :(X)jol (X)jo =d.
3arem nepecunteiBaeM 3HaueHns A"V n b mmgi=n+1k, j= n, k
5,=(A),, 1wy, B"),=(0"), -8 ("),
(A(n))i,j = (A(n))i,j _é} '(A(n))n,j-

Teopema. Ilycts mpu n=1 k-1 B ycnoBusax onpenenenus ', — moxmyib

BeIyIIero sjeMenTa N-ro mara R-moaudukanuu metona ['aycca. Torna:
1. r,,<2.r,n=1k-1. 3)

n+l —
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2. I'.,=2-T,, n=1 k-1 neBo3moxuo npu K > 3.

3. I,>1+6)-I',,n=1k-1, 0<6<1, HeBo3moxxHo npu K > K,
rae K, >1 — BTopoe o BeIn4uHe 3HaUeHUE, AJIs1 KOTOPOTO CIIPAaBEAINBO
k,!< (L+ @)t

4.  T,=2-(1+1(n-3)), T, =T, -(l—l/(n — 2)2) mpu n=4,k s

matpunibl A€ M, (R) Takoit, uto (A), . = L !:mOdk(_Hl)’ Vi, j=1k.
P ‘ T 1, jemod, (i+1)
Y k 1

Pa6ora momneprkana rpantom PODU (kox mpoekra 12-01-00960).

Cnucok 1umepamypol:

1. baxBamoB H.C., XuagkoB H.II., KobGempxkoB I'.M. UYucnennwle metonnl //
MockBa: Hayka. I'maBHas pemakuusi (hU3MKO-MaTEMaTUUYECKOW JIMTEPATYPHI.
1987.

2. boraueB K.IO. IIpaktukym Ha OBM. MeToibl pelieHus JIMHEWHBIX CUCTEM U
HaxoKaeHue coOcCTBeHHBIX 3HadyeHuit // M.: Uszx-Bo mexmara MIY wum.
M.B.JIomonocoBa. 1999.

P.N. Sorokin®, N.N. Chentsova?
“R-modification of the Gauss method”
'Scientific-Research Institute for System Studies, Russian Academy of Sciences,
Moscow, Russia, s_p_n_1974@bk.ru
“Moscow State University, Russia, chentsova@mech.math.msu.su

YCEUYEHHBIE YCJIOBUS MMOJIHOM ITPO3PAYHOCTH
JJIA CUCTEM I'HIIEPBOJIMYECKUX YPABHEHUN
BTOPOI'O ITIOPAJIKA

N.JI1. Copponos

MHI] «Illnrombepoicey,
isofronov@slb.com

Wznoxxena Tteopust monydeHus auddepeHnnanb-HOro omnepaTopa, BXOISIIEro B
[IPO3pavyHble IPAHUYHBIC YCIOBUAL.

Theory of deriving differential operator appearing in transparent boundary conditions
IS presented.

[Ipumenenue mnpo3paunbix TpaHuuHblx yciouidt (III'Y) [1] mna pemenus
TUNEepOOIMYECKUX 3aJad B  OTKPBITBIX O0JACTAX TO3BOJSET MCIOJIb30BaTh
BBIUHUCIUTENbHBIE 00JaCTH MHHHMMAJIBHOTO pa3Mepa, mnockosibky III'Y sBrsroTcs
TOYHBIMU IO ompeneneHuto. OcHoBHOM HenocTatok [II'Y — Hannuyme HenoKalbHON
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4acTU OIlepaTopa, KOTOPYHO CJIOKHO IOJIy4UTh M, T€M Oosee, peaau3oBaTh B
HETPUBUAJIBHBIX CilydasX. YMCIEHHBIH IMOAXOJ IMOCTPOEHUS KBa3HaHAIUTUYECKUX
[II'Y [2], ynoOHBIX AJisi BBIYUCIIEHUH, HCnoNb3yeT Dypbe pasnokeHue mno 0a3ucHbIM
GyHKIUSAM Ha OTKPBITOW T'PAHUIE B COUETAHUU C MPEJICTABICHUEM SIJIEp CBEPTOK IO
BPEMEHM CyMMaMH 3KCIIOHEHT. boiee mpocToii crnocod MMUTAIMK HEOTPAaKEHUsS OT
OTKPBITBIX TPAHUI] COCTOUT B OTOpachIBaHMM HeJIOKaJIbHOU yacTu omepaTtopa [II'Y,
T.€. B HCIOJIb30BaHUU TOJIKO Tu((EepeHINATBHOTO OnepaTopa, BXOMASIIErO B €ro
dbopmysl [3]. Mbl Ha3bIBaeM Takue ycioBus yceueHHbIME [TV,

B noknmage npexacraBieHa Teopus yceueHHbIX [IIY g cuctem
runepOoIMYEeCKUX YPaBHEHHU BTOPOTO MOPSAKA, BBIMUCAHBI (POPMYINBI IS psaa
3a/1ay AMHAMUYECKOM YIIPYTrOCTH U MPUBEIEHBI YUCIEHHBIE TPUMEPHI.

Pa6ora nognepxana PODU (rpant Ne 13-01-00338)

Cnucok r1umepamypbi:
1. Codponos U.JI. // Joxmamer PAH. 1992. T. 326. Ne 6. C. 453-457.
2. Sofronov I.L, Zaitsev N.A. // J. Comp. Appl. Math. 2010, V. 234. P. 1732-1738.
3. Codponos N.JI. // Nokmaaer PAH. 2009. T. 426. Ne 5. C. 602-604.

I.L. Sofronov
«Truncated transparent boundary conditions for second order hyperbolic systems»
Schlumberger Moscow research, isofronov@slb.com

IDDEKT OBT)EMHQfl BA3KOCTHU B UEPAPXUHN
ACUMTOTHYECKU YITPOLIEHHBIX YPABHEHUU HABBE-CTOKCA

B.B. Poros’, A.B. Yukurkus’, I'.A. Tupckuii’

YUTIM um. M.B.Kenoviua, MOTH, rogov@post.ru
2M®TH, alexchikitkin@gmail.com
SM®TH, tirsky@imec.msu.ru

B paboTe kauecTBEHHO M YUCIECHHO UccaeayeTcs BIusiHue Kodpduinenta 00bEMHON
BSI3KOCTU (K.0.B.) Ha COMNPOTHUBIIEHHUE M TEIUIOOOMEH B CBEPX3BYKOBOW M TMIIEP3BYKOBOM
a’poMHaMUKEe B pamkax ypaBHeHuM HaBbe-CTOkca M MX aCUMOTOTHUYECKU YHPOIIEHHBIX
BapuaHToB. [logpoOHO uccnenyeTcs 3aa4a 0 CTPYKType yAapHOM BOJHBI.

Influence of the bulk viscosity coefficient on drag and heat transfer in supersonic and
hypersonic aerodynamics is investigated in the framework of the Navier-Stokes equations
and their asymptotically simplified versions. A detailed study of of the shock wave structure
IS presented.

B Hacrosimiee BpeMs HW3BECTHO, XOTS M HE JOCTAaTOYHO IIUPOKO, YTO
kimaccuueckass (opma ypaBHenuit Haswe-Ctokca-®Oypre (nmanee Habe-Croxca)
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IpUMEHHMMa B JIy4IlleM cllydae TOJIbKO K ogHoaToMHBIM Ta3zam (He, Ar, Ne), pu sTom
npuMensieTcs runote3a CTokca: 00bEMHAs BI3KOCTh paBHA HYJIHO: 4, = 0 [1].

Ota rumoTe3a, Kak MPaBWJIO, MOJYATUBO MPUHUMAETCS W 1O CEHl JCHb MPHU
PEIICHUH 3a]1a4 a’dpOTEPMOIMHAMUKHI B paMKax IMOJTHBIX ypaBHeHUH HaBbe-CToKca n
UX YINPOIIEHHBIX BApUAHTOB M K MHOTOAQTOMHBIM ra3aM, B YaCTHOCTH K BO3IyXY, K
atMocepam 1mianet, coaepxkamum CO,, H,. Onnako, 11 MOJIEKYJISIPHBIX Ta30B C
BHYTPCHHHMH CTEIICHSIMH CBOOOJIbI (DEHOMEHOJIOTUYCCKUN M KHHETHYCCKUH BBIBOIBI
ONPEAETSAIONIETO YPABHEHUS JJIs TeH30pa HanpsHKEHUM JlatoT [2]:

P P=(—p+ P + 14,V u)I+2ye &°=6-1/3V-51 (1)

A~

rae P- OaBleHHE, P, - PEIAKCAIMOHHOE IaBlcHHE, |-MeTpuuecKuil TeH30p,e€ -
TeH30p cKkopocTedl nedopmanuu. K.o.B. g nossisercs u3-3a Hanuuusg oOMeEHa

DHEpPruerd  MEXKAy  I[OCTyHnaTeIbHBIMA W  BHYTPEHHMMHM Moaamu. Ecium
IPEeAnosaraeTcs, 4To BCe 3TU MPOLECChl ObICTPhIE, MOSBISETCS OJAUH K.0.B., KOTOPBIH
MPOIMOPLIMOHANIEH BPEMEHAM peJIaKCcalliy MPOoLecCOB 0OMEHa, U MO3BOJISIET YUeCTh UX
0€3 CyILECTBEHHOIO YCIOXHEHUS ypaBHEHUH MOJENH. P, B JaHHOH pabore He

paccmarpuBaercs [3].

N3 Beipaxkenus (1) cineayeT, 4To BKJIAJ 00BEMHON BSI3KOCTH T€M OOJIbIIIE, YeM
CUJIbHEE CKHMAEMOCTh TEYEHHS, IMO3TOMY Y4Y€T K.0.B. OCOOCHHO Ba)KE€H MJiA
CBEPX3BYKOBBIX TEUEHUH, TJ€ CKUMAEMOCTh BEJIMKa B YIapHBIX BOJIHAX H
MOTPAaHUYHBIX CIIOSX.

B nanHoit pabGote mpoBoautcs ux a”Hanu3 ypaBHeHuit H.-C. Ha mnpeamer
MOSIBJICHUSI K.0.B. B ACHMNTOTUYECKH YIPOIIEHHBIX MOJENsX. B ypaBHeHuUs OymyT

BXOMMTH wieHbl mopsiaka O(u, Re™), koTopble [/ HEKOTOPHIX Ta30B (HaNpUMep,

s CO, g, ~10%), OyayT Heckonbko TNOpsAAKOB Ooiblie uncen Peiinonbica.

[Tosromy pnst OONBIIMX 3HAYEHHM K.0.B. TEOPHUS IMOTPAHUYHOTO CJIOSI PAa3HOTO
MOpsIZIKa TOJKHA OBITh IEPECMOTpPEHA.

B pabote netanbHO uccaeayercs CTpykTypa PpoHTa yIapHOM BOJHBI ¢ YIETOM
K.0.B. Pa3zpaboTan uuciaeHHble METOJ Uil akKypaTHOro pacuéra. [lokazaHo odeHb
XOopoulee COBIIaJICHUE PACYETOB C SKCIIEPUMEHTAIBHBIMU JAHHBIMU IIPU YYETE K.O.B.
Pacuérel mo moxenmu ITYHC Ttakxke NeMOHCTpUPYIOT CUJIBHOE BIUSIHUE OO0OBEMHOMU
BA3KOCTH HAa OCHOBHBIE XAPAKTEPUCTUKHU TEUECHUS.

PaboTta BbInosiHEeHa npu (puHAHCOBOW moanep:kke rpanta IlpaBurenscrBa PO
no nocrtaHoBiaeHnro N 220 "O Mepax IO NPHUBJICYECHUIO BEAYIIMX YUYEHBIX B
poccuiickue  00pa3oBaTeNbHBIE  YUPEKIEHUS  BBICIIETO  MPO(EeCcCHOHATBLHOrO
obpazoBanus" mo goroBopy Ne 11.G34.31.0072, 3akIIOYEHHOTO MEXKIY
MunucrepcTBOM 00pa3oBaHusi U Hayku P®, Beaymmum y4éHbIM U MOCKOBCKHM
(U3UKO-TEXHUYECKUM UHCTUTYTOM (TOCYIapCTBEHHBIM YHUBEPCUTETOM ).

Cnucox 1umepamypol:
1. G.G. Stokes // Math. Phys. Papers. 1880. T. 1.
2. Xmanop B.M., Amumeckmii M.S. Ilpomecchl mepeHoca W penakcaluyd B
MOJIEKYJIIpHBIX Ta3ax // M.: Hayka. 1989. 336 c.
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3. Haruumb6ena E.A., KycroBa E.B. Kunetnueckasi Teopusi mpoleccoB nepeHoca u
pelakcani B IOTOKaX HEPaBHOBECHBIX pearupyroomux razoB [/ CIIO.:
NznarensctBO C.-Ilerepbyprckoro yauBepcutera. 2003. 272 c.

B.V. Rogov', A.V. Chikitkin?, G.A. Tirsky®

«Effect of bulk viscosity in the hierarchies of the asymptotically simplified
Navier-Stokes equations»

'Keldysh Institute of Applied Mathematics, Moscow, Russia, rogov@post.ru
2Moscow Institute of Physics and Technology, Moscow Region, Dolgoprudny, Russia,
alexchikitkin@gmail.com

*Moscow Institute of Physics and Technology, Moscow Region, Dolgoprudny, Russia,
tirsky@imec.msu.ru

CPABHEHME HESIBHBIX PASHOCTHbBIX CXEM
JJIA PEHHEHUSA YPABHEHUU HABBE-CTOKCA
CXKUMAEMOI'OT'A3A

B.A. TnTapeBLZ, C.B. Vrioxunkos*?

'BIJ um. A.A. Jopoonuywina PAH, Mockea, Poccus, titarev@ccas.ru
2 M®T, U, Mockea, Poccus,
3YHueepcumem Manuecmepa, Bearuxobpumanus,
s.utyuzhnikov@manchester.ac.u

B pabote npoBoauTCs cpaBHEHHE HESIBHBIX KOHEYHO-OOBEMHBIX CXEM JJIsl pelIeHus
ypaBHeHuii HaBpe-Ctokca cxumaemMoro rasza. Jlns BbIOpaHHBIX TECTOBBIX —3a/ay
UCCIIEAYIOTCS CXOAMMOCTh 1O CETKEe, MacmTabupyeMoCTb U BIUSHUE pa3OMEHHs] CETKH Ha
OJIOKM Ha CKOPOCTh YCTAHOBJIEHUS CTALIMOHAPHOT'O PEILIECHUSI.

The paper concerns comparison of finite-volume schemes for solving the
compressible Navier-Stokes equations. For a number of problems mesh convergence,
scalability and the influence of mesh partitioning on the steady-state convergence are
investigated.

B nma6opatopun “FlowModellium” M®TU Benercs pa3paboTKa YHCICHHBIX
METOJOB U MaKeTa NPOrpaMM I PEIICHUS TPEXMEPHBIX CKUMAEMbIX YPaBHEHUI
HaBpe-CTOKCa XMMUYECKHM PEArupyroLIEro ra3a Ha OCHOBE CYIIECTBYIOILIETO 3ajieia
y4acCTHUKOB TpoekTa [1-3]. B HacTosmeM gokiaae OyAeT MpeIcTaBiICHO JeTalbHOE
CPaBHEHHE HECKOJIBKMX HEABHBIX METOJOB pEIICHMS CTAalMOHApPHBIX 3ajad,
MOJIy4aeMbIX NMPU KOMOMHHPOBAHUU TOJHOCTBIO TpEXMEpHOW [2,3] WM JIOKaJIbHO
OJTHOMEPHOW  amnmpOKCUMAIIMi  KOHBEKTUBHBIX TMPOW3BOIAHBIX, KOHBEKTHUBHBIX
notokoB PycanoBa, HLL u HLLC [4] u AByX METOJOB AMCKPETH3AIUU BSI3KUX
4JIeHOB [5,6].


http://mipt.ru/en/about/aboutmipt.html
http://mipt.ru/en/about/aboutmipt.html
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B kauecTBe npuMepoB pemaroTcs 3aa4i 0 MOTPAaHUYHOM CJIO€ Ha TUIACTHHE U
TUIEP3BYKOBOM OOTEKAHMM 3aTYIUJIEHHBIX Tesl. PacueTsl MpoBOIATCS Ha KiacTepe
naboparopuu ¢ ucnosnb3oBanueM 10 128 saep. HccnemyroTess cXo0auMOCTh 1O CETKE,
MacHITa0UPyeMOCTb M BIMSHHUE pa3OMEHUs CETKM Ha OJOKM Ha CKOpPOCTb
YCTaHOBJICHHUS  CTAlMOHAPHOTO  pPEUICHUS MpPU  HUCHOJB30BAaHUU  HESIBHOM
muckperusanuu 1Mo Bpemenn tuna LU-SGS [7,8]. OcHOBHBIM KpUTEpHEM KadecTBa
YUCIEHHBIX pPE3YyJIbTaTOB SIBISIETCS TOYHOCTh BBIUMCICHHSA TIOTOKA Temia K
MOBEPXHOCTU U Kod(duimenTa TpeHus i pa3nIuyHbix yncen Maxa u PeitHonbaca
Haleraromero moTokxa.

Pabota mogneprkana rpantom IlpaButensctBa P® no Ilocranosiaenuio N 220
"O Mepax MO NPUBJICYEHUIO BEAYLIMX YUYEHBIX B POCCHICKHE 00pa30BaTElIbHbBIC
YUpEXIEHUS BBICIIETO0 MpodeccHoHaNbHOrO 00pa3oBaHusa" 1o poroBopy Ne
11.G34.31.0072, 3axinroueHHOMY MEXIy MHUHHUCTEPCTBOM 00pazoBaHus U Hayku PO,
BeoylUM  Y4€HbIM U MOCKOBCKUM  (PU3UKO-TEXHUYECKHUM  HHCTUTYTOM
(rocy1apCTBEHHBIM YHUBEPCUTETOM).

Cnucok numepamypol:

1. Utyuzhnikov S.V. and Nabiev, V.U. Numerical investigation of 3D supersonic
viscous nonuniform flows past blunt bodies // J. of Fluid Dynamics. 1999. V.34,
No. 6, pp. 906-911.

2. Dumbser M., Kaser M., Titarev V.A., Toro E.F. Quadrature-free non-oscillatory
finite volume schemes on unstructured meshes for nonlinear hyperbolic systems //
J. Comp. Phys. 2007. V. 221. - No.2, pp. 693-723.

3. Tsoutsanis P., Titarev V.A., Drikakis D. WENO schemes on arbitrary mixed-
element unstructured meshes in three space dimensions // Journal of
Computational Physics. 2011. V. 230, pp. 1585 - 1601.

4. Toro E.F. Riemann solvers and numerical methods for fluid dynamics. Springer-
Verlag. 2009. Third Edition, p. 724.

5. Dumbser M. Arbitrary high order PNPM schemes on unstructured meshes for the
compressible Navier-Stokes equations // Computers & Fluids. 2010. V. 39 N. 1.
p.60--76.

6. Frink N.T. Assessment of an unstructured-grid method for predicting 3-D
turbulent viscous flows // AIAA-96-0292. 1996.

7. Men'shov L.S., Nakamura Y. An implicit advection upwind splitting scheme for
hypersonic air flows in thermochemical nonequilibrium. 1995. A Collection of
Technical Papers of 6th Int. Symp. on CFD. V. 2. Lake Tahoe, Nevada. 815 p.

8. Men'shov LS., Nakamura Y. On implicit Godunov’s method with exactly
linearized numerical flux // Computers and Fluids. 2000. V. 29. N. 6. P. 595-616.

V.A. Titarev'?, S.V. Utyuzhnikov?*®
! Dorodnicyn Computing Centre of RAS, Moscow, titarev@ccas.ru
> MIPT, Moscow, Russia,
*Manchester University, UK, s.utyuzhnikov@manchester.ac.u
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TOYHAA PASHOCTHAS CXEMA JJI51 OTHOMEPHbBIX YPABHEHUM
AHU3O0TPOITHOU JTUDPDY3NUU U3JITYUYEHUSA

A.B. H_[I/IJIBKOBI, B.A. Thirausin’

YUTIM um. M.B. Kendviua PAH — Mockea,
ale-shilkov@yandex.ru
2UTIM um. M.B. Kenowviwa PAH — Mocksa,
trititaty@gmail.com

PaGota mnocpsmeHa pa3pabOTKe TOYHOM pPA3HOCTHOM CXeMbl [UIsl PpEeLIeHUs
OJHOMEPHBIX 337a4 JUIsl ypaBHEHHS TMEpEHOCa B IPUOIMKECHIH aHU30TPONHON nuddy3uu B
TUTOCKOM, IMIIMHAPUIECKON U CPePUIECKON T€OMETPHSIX.

The paper considers development of the exact finite-difference scheme for solving
one-dimensional problems for transfer equation in the anisotropic diffusion approximation
in the plane, cylindrical and spherical geometries.

CornacHo knaccudukanuu TuxonoBa A.H. u Camapckoro A.A. [1] «rounasy»
Pa3HOCTHAsA CXeMa — 3TO CXEMa, KOTOpask BOCHPOU3BOJIUT TOYHOE AHATUTHYECKOE
pelieHrne cucTteMbl AudQepeHInanbHbIX YpaBHEHUN BHYTPU NPOCTPAHCTBEHHBIX
A4eeK C OJHOPOAHBIMU (pu3MueckuMH cBolicTBamMu. Ha rpanHunax sdeek, rie
KO3 (UIMEHTHl U HUCTOYHUKU YPAaBHEHUH MOTYT HMETh Pa3pbIBbl, MPOU3BOIUTCS
CIIMBKA PEIICHUA U3 COCEHUX SUEEK WM YBSI3Ka PELIEHUSI C KPA€BbIMH YCIOBUSIMHU
Ha BHEIIHEW TpaHUIle pacueTHOM obOnacTu. Pe3yiabTatoM SBISETCS «TOYHAS»
pPa3HOCTHAs cXeMa UCXOAHOU auddhepeHInanpHOM KpaeBoi 3a1auu (¢ TOUHOCTBIO 10
AOpUOPHBIX  NPEAINOJIOKEHUM, INPUHUMAEMBIX IpU  33JaHUM  TOBEICHHUS
KO3()(PUIIMEHTOB M UCTOUHUKOB BHYTPH siueek). B oTiinuue oT 0OOBIYHBIX pa3HOCTHBIX
CXEM, B «TOYHOI» Pa3HOCTHOM CXeM€ HE JEeJaeTcsl anpHOPHBIX MPEANOI0KEHHUM
OTHOCUTEJILHO MOBEICHUSI HICKOMBIX (DYHKIIMI BHYTPH STYEEK.

Panee TouHast pa3HOCTHas cxeMa JUisl YpaBHEHU aHU30TpONHOU nuddy3uu B
OJTHOMEPHOM IJIOCKOM 3ajade Oblia octpoeHa B [2], (cM. Taxxke [3]). Jlannas pabota
pacnpocTpaHsieT TOYHYIO CXEMy Ha OJHOMEpPHbBIE 3a/ladyd C LWIMHAPUYECKOH U
chepuuecKoil CHMMETPHSIMU.

OCHOBHBIM JOCTOMHCTBOM «TOYHOI» PA3HOCTHOM CXEMBI SBJISIETCS TO, YTO OHA
(B oTiIMUME OT OOBIYHBIX CXEM) HE TepsieT anmpOKCUMAIMU B ONTHYECKH TOHKHX U
ONTHYECKHU TOJICTBIX SYEHWKaX IPHU IOCTAHOBKE €CTECTBEHHBIX I'PAHUYHBIX YCIOBHIA
Ha TPaHUIIe PaCYeTHOM 00JIacTH.

[IpoBomuTCS CpaBHEHHE PE3YJIBTATOB PACUETOB, BBIINOJHEHHBIX 10 TOYHOU U
OOBIYHOM CXeMaM.

O06cyxaarTcst BOMPOCH! MPAKTHYECKOTO UCIOJIb30BAHUSL CXEMBI IIPU PEUIEHUU
MPUKJIAAHBIX 33]1a4.
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Cnucox aumepamypul.
1. TuxonoB A.H., Camapckuii A.A. OO0 OJHOPOJHBIX PA3HOCTHBIX cXemax. //
KypHan BEIYMCIUTENBHON MaTeMaTHUKU U MaTeMaTtuyeckoi ¢pusuku. — 1961. —

T.1.—Ne 1. — C. 6—63.

2. TwuxonoB A.H., Camapckmii A.A. OxHOpOAHBIE PA3HOCTHBIE CXEMBI Ha
HEpaBHOMEPHBIX ceTkax. // JKypHan BBIYMCIMTENLHON MATEMAaTHKUA W
Marematuueckon ¢puzmku. — 1962. — T. 2. — Ne 5. — C. 812—832.

3. Camapckuii A.A. BBeneHue B TeOpHro pa3HOCTHBIX cxeM. — Mocksa: Hayka,
1971. — C. 140—999.

A.V. Shilkov?, V.A. Tygliyan?
«Exact finite-difference scheme for one-dimensional equations of anisotropic
diffusion of radiation»
'Keldysh Institute of Applied Mathematics, Moscow, Russia, ale-shilkov@yandex.ru
?Keldysh Institute of Applied Mathematics, Moscow, Russia, trititaty@gmail.com

METO/ JEKOMITO3UIIUU BE3 NEPEKPBITUS ITIOJOBJIACTEN
JJIA MOAEJIMPOBAHUSA NPUCTEHHBIX TYPBYJIEHTHBIX TEHEHUHU

C.B. YTIOXXKHUKOB

The University of Manchester -U.K.,
s.utyuzhnikov@manchester.ac.uk
MOTH - Jloneonpyonwiii, Poccus

[Toka3piBaeTcsi BO3MOKHOCTh pealn3alliy JAEKOMIIO3UIMY pacuyeTHOW obnacTu Jyis
MOJICITUPOBAHUS TPUCTEHHBIX TypOylIeHTHBIX TedeHui. [Ipm TakoMm moaxome TrpaHHYHOE
YCIOBHE CO CTEHKH IIEPCHOCUTCS Ha MCKYCCTBEHHYIO IIPOMEXKYTOYHYIO TpaHULLY
IPEUMYILECTBEHHO BHE JIaMMHApHOro Tmojaciod. B olmeM ciaydae BO3HMKaroIIMe
IPAHUYHBIC YCIIOBUS SABJIAIOTCS HEJIOKAJIbHBIMH.

A non-overlapping domain decomposition is developed for modelling near-wall
turbulence flows. Boundary conditions are transferred from the wall to an interface
boundary predominantly situated outside the laminar sublayer. This leads to nonlocal
interface boundary conditions.

[IpuMeHeHre BBICOKOPEUHOIBAOCOBBIX MOJENe TypOyJIeHTHOCTU Tpedyer
MMOCTAHOBKY T'paHUYHBIX yciaoBui (I'Y) Ha BHENIHEH IpaHUIe JaMUHAPHOTO TOJICOS,
94acTO Ha3bIBA€MbIX MPUCTCHHBIMU (QyHKIusMu. Kak mpaBuno, takue ['Y sBistoTcs
noJly3MIpupuueckuMu. B HacTosmeil pabore, mnoiydeHsl mnpucteHHeie ['Y ¢
MOMOLIBIO MPUOIMAKEHHOTO nepeHoca ['Y co cTeHKH Ha UCKYCCTBEHHYIO rpaHuily. B
MPOCTPAHCTBEHHOW MOCTAHOBKE Takue ['Y sBsrOTCS HenmokanbHbIMU. [loka3biBaeTCs
CYIIECTBEHHOCTh HENOKambHBIX [Y © paccMaTpuBarOTCs OCOOCHHOCTH  UX
peanu3ainuu. [IpogemMoHCcTprupoBaHbl 0COOEHHOCTH mepeHoca ['Y misi cymiecTBeHHO
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HECTallMHApHBIX TeueHuil. [loka3aHo, YyTO MoOJEenIM, OCHOBAaHHbIE HA CTAHJAPTHBIX
IPUCTEHHBIX QYHKIUIX HENPUMEHUMBI IIPU TAKUX PEKUMAX.

PaGora BbImonHeHa mpu mnoxanepkke rpanta llpaBurensctBa P® 1o
[ToctanoBnenuto N 220 "O Mepax Mo NPUBICYEHUIO BEAYIIUX YUYEHBIX B POCCUNCKHE
oOpa3oBaTeNibHbIE YUPEXKACHUS BBICHIETO NPOGECCHOHATBLHOrO 00pa3oBaHud" MO
noroBopy Ne 11.G34.31.0072.

Cnucox numepamypol:

1. Utyuzhnikov S.V.// “Interface boundary conditions in near-wall turbulence
modeling”. Int. J. Computers & Fluids. 2012. 68, cc.186-191.

2. Utyuzhnikov S.V.// “Domain decomposition for near-wall turbulent flows”, Int. J.
Computers & Fluids. 2009. 38 (9), cc. 1710-1717.

3. Utyuzhnikov S.V.// “Robin-type wall functions and their numerical
implementation”, J. Applied Numerical Mathematics. 2008. 58(10), cc. 1521-1533.

4. Utyuzhnikov S.V.// “The method of boundary condition transfer in application to
modeling near-wall turbulent flows”. Int. J. Computers & Fluids. 2006. 35 (10), cc.
1193-1204.

KOHTPOJIb INPUHBI TAT'A ITPU YNCJIEHHOM NCCJIIEAOBAHUU
CXOIMMOCTHU NIOJIMHOMA UHTEPITIOJIALINN
IKCHHEPUMEHTAJIBHbBIX TAHHBIX

O.TI. Ynxko

Mockosckuii Ixonoeuyeckuti L{enmp, Poccus,
oleg.tschischko@ingenieur.de

[IpoBeneHo maTeMaTH4YECKOE€ MOJECIMPOBAHUE XHMHYECKOTO COCTaBa CHUCTEMBI,
MOJIYYEHHON MPU CrOpaHUM TBEPABIX IJIa3MOOOPa3yHOIIMX TOIUIMB. MeToJoM cCIlIailHOM
NOJy4yeHbl (DYHKIMU H3MEHEHMsI TEMJIOEMKOCTH KOMIUIEKCHBIX COECIUHEHHUH aTrOMHUHMSL.
W3y4eHO BIMSHUE HEBA3KU U NOTPEIIHOCTH JAUCKPETU3ALMKA HA TOYHOCTh ANNPOKCUMALUN
AKTUBHOCTEH CMECEBBIX KPUCTAIIINYECKUX BEILIECTB.

We introduce the mathematical model of computation for the chemical content of
systems, which are produced during the burning processes of solid plasma-spraying fuels.
The functions for heat capacities of complex aluminum-containing compounds were
interpolated with help of the spline method. We study an influence of the local and global
discretization errors on the approximation of activities for oxide composites.

Haiinem  uynmcnenHoe  pemieHWMe  4YacTHOM  NPOM3BOAHOM  YpaBHEHUS,
MOJIy4YEHHOI0  CIUTAiHaMH 10 JAHHBIM  KaJOPUMETPUYECKOTO aHaln3a, Ui
npuBeIeHHOM sHepruu ['nbbca

AnD°(T)=f(T,®°(T)), ®°(298,15)=Axo, TEI(To, To+H), (1)
MeToJlaMu Dijiepa IepBOTo ¢ HEBS3KOM puOIkeHust [ 1]

Ty = (On— bn-2)/h = F(Th0,d 01(T)), n =0, ..., N, (2)
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Xeiina (Tpamneruii) BToporo u Pyare-Kyrra 4eTBepTOTrO MOpsIKoB.

B Tabmune 1 BeiBeaeHa ommbKa AMCKpeTH3anuu e,=maXoxn<n||P°(Tn) — dn(T)||
B MPENNOoJIOKeHUH KoHBepreHtHoctu P°(298,15) u ¢y, a Takke KOHCUCTEHTHOCTH
3HAYECHUU

[[€nl[</len-1|[+hL{len-v[+h][z )

JUISL BBIYMCIUTENBHOTO AJITOPUTMA TOYHOM NOCTAHOBKM 3a1aun Komm. 31eck Ajgg 15 —
KOHCTaHTa MHTErpUpoBaHus U Ay omepatop aAuddepenunpoBanus, L — mocrosHHas
CXOJUMOCTH.

Ta6numa 1: HeBsizka 1 mOTpenTHOCTh alMmpOKCUMAaIIUH

Meron | Ditnepa XeitHa Pynre-Kytra len|
Ilar h | || [th| |th|
0,01 8,3666234391 | 0,6163134392 0,0706482156 0,2707517365

0,001 |0,6296028597 | 0,0048414538 4,71279124686E-6 | 0,2115998264
0,0001 | 0,0607887368 | 4,7448783604E-5 | 4,49702497/46E-10 | 0,2096/78906

[Tycts ynknus f(T,D°(T)) HenpeprbiBHa Ha | 1 cxomuTCs

f(T,®°(T)) - F(T.6(T)| < LID(T) - (Tl @)
TO pewmenue (3.2) cymecTByer U equHCTBEHHO 1y T > 0.

HeoOxomumo chenate BbIBOA [2], YTO TMpH  BBHINOJIHEHUH  YCIOBUS
ctabunpHOCcTH (4) npubnmxeHnue pemeHus (1) orpanuueHo 3HadyeHueM L, a
BeJIMUMHA IIUPUHBI Imara yaoeierBopsier h,<2/L,; npu n>1. VYTouyHeHue
BBIIIIEHA3BAHHOI'O apIyMEHTa MO3BOJISIET PACIIUPUTh 00J1aCTh AeiCTBUA (4) Ha pacyer
OLICHKU JIOKaJIbHOU ommOKU ||tp|[<0,5h-maxye)||@"(T)||, xoTopas Ha HavaIbHOM
uHTepBasie Temreparyp mnpu h=0,01 He pmocTUraer JaHHOTO HEPAaBEHCTBA.
VYmensiienne 10 h=0,001 caumaer 3Ty npobiemy. I'moOanbHas e MOTrPEIIHOCTD
npennoyiaraetess  MaXrnelllen|[SH-eXp(HL)maXtqe|||tn]| rTopasmo  Oonbireidr, dYem
MAaIIMHHAS TOYHOCTh OKPYTJICHHUS.

Cnucox 1umepamypol:
1. T'amanun M.H., Ilonos IO.I1. KBa3ucraumoHapHbl€ 3J€KTPOMAarHUTHBIE MOJS B
HEOJIHOPOAHBIX cpenax: Marematnyeckoe wmoxaenuposanne. — M.: Hayka,

®dusmataur, 1995.
2. Ranacher R. Numerik gewohnlicher Differentialgleichungen. Institut flr
Angewandte Mathematik, Universitat Heidelberg, VVorlesungsskriptum, 2012.
Kanmutkun H.H Yucnennsie metonsl. — M.: Hayka, 1978.
Camapckuii A.A. Teopust pazHocTHbIX cxeM. — M.: Hayka, 1978.

B w

Oleg Chizhko
«The control of step width during the numerical investigations of convergence for
interpolation polynomials of experimental dates»
Moscow environmental center, Russian Federation, oleg.tschischko@ingenieur.de
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O PABHOCTHBIX CXEMAX JIJISI PACUYETA HEJIMHEMHBIX
IJIASMEHHBIX KOJIEBAHUM

C.B. MI/IJHOTI/IHl, AA. CDpOJIOBZ, E.B. Yn:konkos®

L1000 «Pox ®noy Juuamuxc» — Mockea, Poccus,
svmilytin@gmail.com
206vedunentplil uncmumym evlcokux memnepamyp PAH — Mockea,
frolov@ihed.ras.ru
3Mexanuxo-wamen. ¢d-m MI'Y um. M.B.Jlomonocosa,
chizhonk@mech.math.msu.su

Panee aBTOpamMum B pamMKax OJHOMEpPHOH THAPOAMHAMHYECKOW MOJEIN ObLI
uccienoBadn 3(pQexT BHEOCEBOTO  ONPOKUIBIBAHMS — HUIMHAPUYCCKUX  AKCHAIBHO-
CUMMETPUYHBIX HEIMHEHWHBIX IUJIa3MEHHBIX KoyieOaHuil. B pokmane Ayt ABYXMEpPHOIO
MOJIETUPOBAHUS yKa3aHHOTO 3(p@dekTa Ha KOMIBIOTEpPAX C pachpeieseHHOW MNaMsThIo
o0CyX1aeTCs IBHBIN METO]] BTOPOTO MOPSAKA TOYUHOCTH B SUJIEPOBBIX MEPEMEHHBIX.

Previously, the authors was investigated the effect of off-axis breaking cylindrical
axially - symmetric nonlinear plasma oscillation in the one-dimensional hydrodynamic
model. In report, a two-dimensional simulation of this effect on computers with
distributed memory discussed explicit method of second order accuracy in Eulerian
variables.

B kauecTBe 00beKTa /U UCCIIEOBaHUM M1a3MEHHbIE KOJIeOaHUsI BHIOPAHBI U3
cinenyronux coobpaxkenuii. C omHON CTOpOHBI, xopomio wu3BecTHO ([1]), yTO
OJTHOMEpHBIC NUIUHAPUYECKHE KOJeOaHUs B IUIa3ME€ pa3pyIIaloTcs MpH JIFOOBIX
(ckonp  yrogHo Manbix!) aMIUIMTyJaxX — BCIEACTBUE BKJIAJa  DJIEKTPOHHBIX
HEJIMHEHHOCTE B CABUT  4YacTOThl. OJTO  MOPOXKIAET  MAaTeMaTHYECKYIO
HETPUBHAIBLHOCTh 3alauyd. A C Jpyroil — OHM SIBJIAIOTCS MPOCTOH, HO BEChMa
COJZIEPKATEHHON MOJIEIBIO /ISl U3YYCHUS aKCHATbHO-CHMMETPUYHBIX KAJTbBATEPHBIX
MJIA3MEHHBIX BOJIH, BO30YXXIAEMBIX JBWKYIIUMHUCS HCTOYHHKAMU — JpalBepaMH
(3TIEKTPOHHBIMH CTYCTKaMH, KOPOTKUMH JTa3€PHBIMH UMITYJILCAMU).

[Ipy mMaTeMaTHYeCKOM MOJAETUPOBAHUHU IPOIIECCOB B OECCTOIKHOBUTEIHHOU
XOJIOZIHOM TMJ1a3Me HaubOoJee 4acTO HCIOJIB3YIOTCSA JIBa MOJAXO0JAa: METOJ YaCTHIl U
TUAPOJAMHAMUYECKOE omucaHue. B mepBoMm ciydae KpuUTEepHeM ONPOKHIBIBAHUS
(pa3py1ieHus1) KojaeOaHuil SBISETCA MEepeceyeHue SJICKTPOHHBIX TPACKTOPHUI, a BO
BTOPOM — oOOpaiieHne B OECKOHEUYHOCTh (YHKIIMH, OIHCHIBAIOIICH TIOTHOCTD
MEeKTpOoHOB. B [2] umeeTcs ctporoe OOOCHOBAHHE TMOSBICHUS CUHTYJISPHOCTH
Cpebl IIPU NEPECEUECHUH TPAEKTOPUN YaCTHUILI.

OnnomepHast 3amada 00 ONPOKHIBIBAHUM KOJIEOaHWNW B  SUIEPOBBIX
MEPEMEHHBIX YK€ SIBJISICTCS JOCTATOYHO CIIOKHOW C BBIUMCIUTEIBHOU TOUKH 3PECHUS
[3]. Bo-niepBbIX, 3HaU€HHE KOOPAMHATHI 10 BPEMEHHU pa3pylICHHs KoieOaHui BechMa
YyBCTBUTEIHHO K BXOJHBIM JIaHHBIM: B CJ1a00-HETMHEHHOM MPHUOIMKEHUH OHO
0o0paTHO MPOMOPIHOHAIBHO KyOy HAYaJIbHOW aMIUIUTYAbl. DTO O3HA4YaeT, 4TO
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onpeneneHrue (PU3NYECKUX MapaMEeTPOB BBIYUCIHUTEIBHO JOCTYITHOTO BapHUaHTa
ABJISIETCSl HEMpPOCTOM 3amaudeid. Bo-BTopbix, paauanbHas (110 OTHONIEHUIO K OCH
CUMMETPHUH) KOOPJWHATA OMPOKHUIBIBAHHUS B YMEPEHHO HEIMHEHWHOM pEXHUME, T.C.
KOT/Ia BO3MYIIIEHHUE IEKTPOHHOMN TUIOTHOCTH BCETO JIMIIb HA TIOPSAIOK MTPEBOCXOIUT
dboHOBOE 3HaueHWE, COCTaBIsAeT Tmopsiaka 1-2 % OT XapaKTepHOTro pasmepa
pacdyeTHou oOmactu. [lpyrumu cioBaMu, € 1ENBI0O aJ€KBATHOTO OTOOpaKeHUS
mpoiiecca TPEOYIOTCS TO TMOPSAKY THICAYM TOUEK MO KaKIOM MPOCTPAHCTBEHHOM
KOOPJIMHATE JaKe MPHU yCIOBUHU TJIAIKOCTA U OTPAHUIECHHOCTH UCKOMBIX (DYHKITHH.

[Tpu oTKa3ze OT aKCHAIBHOW CHMMETPUH 3a7a49d HEOOXOIUMBIM JJISI pacueTOB
CTAHOBUTCS TPHUMEHECHHE CYIEPKOMITBIOTEPOB: TpeOyeMbIli 00BEM BBIYUCIICHHMA
BBIpAcTacT NPUMEPHO HA TPH - YETHIPE MOPAAKA, AaHAJIOTUYHO MEHSIOTCS TPEOOBaHMS
K ONepaTWBHOW maMaTH. Kpome TOro, MOIECPHUBHPYIOTCS UACH BBIYUCIHTEIIBHBIX
ANTOPUTMOB, TaK KaK MacITa0MPYeMOCTh PAcUETOB CYIICCTBEHHO OIMPACTCS Ha
SIBHBIE METObI alllpoKcuMaIuu [4].

B nokmane mpuBeneHbl: (u3nyeckas MOCTAaHOBKA 3a/laud M KauyeCTBEHHBIN
CIEHAPUM pa3BUTHS - 3aBEPIICHUS AaKCUAJIbHO-CUMMETPUYHBIX IUIa3MEHHBIX
KojebaHuii,  pe3yiabTaThl  OJHOMEPHOTO  MOJIETUPOBAHHMS  HA  OCHOBE
TUAPOAMHAMUYECKOTO ONHMCAHUS C MCIOJb30BaHUEM TIEPEeMEHHBIX Oiiepa M
Jlarpanxa, pacuetsl o AByxMepHoil Moaenu Ha CKU® MI'Y "Uebsimes" Ha 0aze
TUOpUIHOTO TapauieTbHOTO Koja. OCHOBHOW AakIEHT clieflaH Ha KOHCTPYKIIMH
UCIIOJIb3YEMbIX PA3HOCTHBIX CXEM.

Cnucox rumepamypul:

1. Dawson J.M. Nonlinear electron oscillations in a cold plasma // Phys. Review.
1959. V.113, Ne2. P.383-387.

2. Topbynos JL.M., ®pornos A.A., Umwxkonkos E.B., Aunpees H.E. OnpokunsiBanne
HEJTMHEWHBIX IIIMHAPUYECKUX KosieOaHui muasMbl // ®@usmka mmasmbel. 2010.
T.36, No4. C.375-386.

3. TlomoB A.B., UmwxonkoB E.B. O06 omHOW pa3HOCTHOM cXxeme mJid pacuera
MJIa3MEHHBIX aKCHAJIbHO-CUMMETPUYHBIX KojieOaHuil // Bbluuci. MeToasl u
nporpamm. 2012. T.13, Nel. C.5-17.

4. Chizhonkov E.V., Frolov A.A. Numerical simulation of the breaking effect in
nonlinear axially-symmetric plasma oscillations. // Russ. J. Numer. Anal. Math.
Modeling. 2011. V.26, Ne4. P.379-396.

S.V. Milyutint, A.A. Frolov?, E.V. Chizhonkov?
«On finite-difference schemes for computing nonlinear plasma oscillations»
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2Joint Institute for High Temperatures of RAS, Moscow, frolov@ihed.ras.ru
3 Faculty of Mechanics and Mathematics of Lomonosov Moscow State University,
chizhonk@mech.math.msu.su
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Ob OJIHOM PASHOCTHOM CXEME PEIIEHHUS
YPABHEHUIA CEH-BEHAHA B TEOPUM MEJIKOX BO/IbI

AA. ny0M03rHﬁ1, 10.B. HlepeTOB2

' Teepckoii 2ocyoapemeennviii ynusepcumem, Poccus,
suhomozgy.andrey@gmail.com
T, 8epcKoll 2ocyoapcmeenublil yHusepcumem, Poccus,
yurii.sheretov@tversu.ru

[IpuBeeH KOHEUHO—PA3HOCTHBIM BBIBOJ, PETYJISIPU30BaHHbIX YypaBHeHUH CeH—
Benana B Teopun menkoit Bojibl. MccnenoBansl ux cBoiictBa. [locTpoeHa pazHOCTHas cxema
pacyeTa OJIHOMEPHBIX HECTAI[MOHAPHBIX TEYEHUH KUAKOCTH. METOJOM SHEpPreTUYECKUX
HEPaBEHCTB B JTUHEHHOM MPUOIMKEHUH MOIYYEHO JOCTATOYHOE YCIOBHUE €€ YCTOMYUBOCTH.
PaccMoTpeHa cepusi TECTOBBIX 3a/1a4.

Finite—difference derivation of regularized Saint-Venant equations in the shallow
water theory is presented. Their properties are investigated. Finite—difference scheme of
calculation one—dimensional non-stationary fluid flows is constructed. Sufficient condition
of it stability is obtained in linear approximation by the method of energy inequalities. A
series of test problems is considered.

B monorpadum  [1]  U3M0XKEHBI ~ KOHEUYHO—PA3HOCTHBIE  BBIBOJIBI
perynsipu3oBaHHbIX  ypaBHeHME ~ HaBbe—CTOkca  Jyisi  BSI3KOM  COKMMAEMOM
TEIJIONPOBOAHOW  cpenpl. OpHa W3 TOMYYEHHBIX CHCTEM — coBHajga C
KBa3Ura3oJUHaMHUECKON cucTteMou, npemtoxenHon b.H. Yersepymkuneim u T.I
EmmzapoBoii. Ha ocHOBe KBa3urazoguHamMuueckod cuctembl B [l] moctpoeHna
sd¢dekTuBHAsT pa3HOCTHAs CXEMa pacueTa OJHOMEPHBIX  HECTal[MOHAPHBIX
ra30/IMHaMMUYECKUX TEUYEHUW B JHIIEPOBBIX KOOpAMHATAX. TaM K€ NPUBEACHO
JI0Ka3aTeNIbCTBO TEOPEMbI 00 €€ YCTOMYMBOCTH B aKyCTHUYECKOM MPUOIHMKEHUH.
JlocTaTO4HOE YCIOBME YCTOMYMBOCTM HWIAECHTUYHO HepaBeHCTBY Kypanrta. 3Ot10
Hay4HOE HaIlpaBJeHUe MOJYyUUIIO JlajbHeENIIee pa3BUTUE B pad0TaX MHOTUX aBTOPOB.

KBazurazogunamuyeckas cucreMa B OapOTpONHOM MNPUONMKEHHH Oblia
BrepBele BbimucaHa A.A. 3notHukoM [2]. PerymspuzoBanHble ypaBHeHus CeH—
Benana mnpencraBisitor coboil ee yacTHBIM ciiydail. B mocnegnee Bpemsi ujew,
M3JIO)KEHHBIE B [ 1], cTamm npuUMEHATHCSA AJI BBIBOJA PETYJIIPU30BAHHBIX YPABHEHUN
TEOPHUH MEJKON BOJIbI U KOHCTPYHUPOBAHUS Ha UX 0a3e HOBBIX PA3HOCTHBIX cxeM [3].
B Hacrosmen 3ameTke TH UCCIIEI0BAHUS ITPOJLOIIKEHBI.

Pabora aBTOpoB [4] mOCBSIEHA HCCICIOBAHUIO CBOMCTB KJIACCHUYECKHUX
pellieHui peryisapu3oBaHHbIX ypaBHeHUN CeH—Benana. /[aHa mocTaHOBKa OCHOBHOM
Ha4yaJbHO—KpPAeBOM 3aJlauy U TOKA3aHA TEOPEMA O BO3PACTAaHUU C TCUECHUEM BPEMEHU
cnenupuueckor sHTponuu. BeiBenaeHa perynspuszoBanHas cuctemMa CeH—Benana B
JUHEHMHOM mpuOMMKeHuu. Jljis Hee yCTaHOBJIEHBI CBOWCTBAa ACHMIITOTHYECKOM
YCTOMYMBOCTH PABHOBECHOTO PELIEHUS U €IUHCTBEHHOCTH KJIACCUYECKOTO PEIICHHUS.

B craree [5] mpuBeneH KOHEYHO—PA3HOCTHBIA BBIBOJ PETYJISIPU30BAHHBIX
ypaBHeHu Cen—Benana. Ha ux ocHOBe mocTpoeHa siBHasl HEJMHEWHAs OJHOPOAHAsS
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Pa3HOCTHAsI CX€Ma IMEePBOro MOpsAIKa alPOKCUMAMU [0 IPOCTPAHCTBY U BPEMEHH,
MO3BOJISIIONIASE MPUOJIIMKEHHO HAXOJUTh OOOOILIEHHBIE PEIIEHUs KIACCHYECKUX
ypaBHeHuil CeH—Benana B Teopuu Menkoill Bojbl. IIpoBeneHa cepus TECTOBBIX
pacuyeToB OJHOMEPHBIX HECTAlMOHAPHBIX TEUEHUH IKHUJIKOCTH CO CBOOOJHOM
rpanunen. g 3amaun Pumana o pacrazge paspeiBa M 3a1a4d O HAaTEKAaHWH IOTOKA
KUJKOCTH Ha Iperpaay UCIOoJIb3yEMbIN AJITOPUTM OKA3aJICs Ha NMOPSAOK TOYHEE, YeM
Meron Jlakca—@puapuxca, IIpyu HE3HAYUTEIBHOM YBEJIWYECHHMM 3aTpaT MAlIMHHOTO
BpeMeHu. KadyecTBO pa3HOCTHOroO penieHusl Takxke yiaydiiock. B [6] meTomom
DHEPreTUYECKNX HEPABEHCTB BBIBEIEHO JOCTATOYHOE YCJIOBHE YCTOWYMBOCTH 10
HayaJbHBIM JAHHBIM MCHOJIb3YEMON PA3HOCTHOM CXEMBI B IMHEWHOM MPUOINKEHUU.

Cnucok numepamypbi.:

1. Illepetor FKO.B. /IluHamuka CIUIOIIHBIX CpeJl MPU MPOCTPAHCTBEHHO—BPEMEHHOM
ocpenneHuun. M. — Mkesck: HULL "Perynspnas n xaotnueckas nuHamuka', 2009.
400 c.

2. 3nmotHUK A.A. DHepreTMYecKMe paBEHCTBA M OIEHKU i1 OapOTPOIHBIX
KBa3Ura3o- U KBa3UTHJIPOJIMHAMHUYECKUX CUCTeM ypaBHeHU# // KypHan BeIUUCIH.
marteM. u MaT. ¢pusuku. 2010. T. 50, Ne 2. C. 325-337.

3. Emmzaposa T.I'., bynaroB O.B. Perymnspu3oBanHble ypaBHEHUS MEJIKOW BOIBI U
3G ()EKTUBHBIA METOJ UWCIECHHOTO MOJEIUPOBAHUS TEYCHUM B HEMIyOOKHX
BojoeMax // XKypH. Beruncia. mateM. u mat. pusmku. 2011. T. 51, Ne 1. C. 170-
184.
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5. Cyxomosruii A.A., llleperoB I0.B. TecTupoBaHre HOBOrO aJropuTMa pacuera
OJTHOMEPHBIX HECTAIIMOHAPHBIX TEYEHUU >KHJIKOCTHU CO CBOOOMHOW TpaHHIleH //
Bectauk TBI'Y. IIpuki. mat. 2012. Beim. 27. C. 47-64.

6. Cyxomosruii A.A., llleperoB }0.B. AHanu3 ycTONYMBOCTH OJHON Pa3HOCTHOU
cxembl perienus ypaBHeHuii CeH—Benana B Teopuu Menkoi Boabl // [Ipumenenue
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MATEMATHYECKOE MOIEJIMPOBAHHUE SJIEKTPUYECKOI'O 110JIA
B OBJIACTAX C AHU3OTPOIITHBIMU OB BEKTAMHA

M.H. Dnos', H.B. Itaéeas’, D.I1. [Lypuma’

Y Unemumym nepmezazosoii 2eonoeuu u 2eodusuru um. A.A. Tpogpumyxa CO PAH —
Hosocubupck, Poccus,
orlovskayanv@ipgg.sbras.ru
2Hosocubupckuii 20cy0apcmeenblii mexHuueckutl yHugepcumen,
shurina@online.sinor.ru

B pabore mnpeiokeHa BbIYMCIUTENbHAs cXeMa Uil ypaBHeHHMs ['enbmrosbna c
TEH30pHBIM  KOA((UIMEHTOM  3JIEKTPOIMPOBOJAHOCTH.  UYHWCIEHHOE  MOACITUPOBAHHE
BBIIIOJJHEHO Ha 0a3e BEKTOPHOIO METOJa KOHEUHBIX »3jeMeHToB. IlpoBeneH psn
BBIUMCIIUTENbHBIX HKCIEPUMEHTOB, NOKA3bIBAOIIUN BIMSHUE aHU30TPOIHOrO0 OOBEKTa HA
10JI€ B 3aBUCUMOCTH OT MOJIOKEHUS 00BEKTa ¥ YaCTOThl HICTOYHHUKA BO30YKIECHUS MOJIS.

The computation scheme for the Helmholtz equation with tensor conductivity was
proposed in this work. Numerical computations based on vector finite element method. The
series of numerical experiments showed effect from anisotropic object depending on
object’s location and source frequency.

B pabore paccMOTpeHO MaTeMaTHYECKOE MOJIETUPOBAHHUE DSJIEKTPUUYECKOTO
MOJISI B YaCTOTHOM 00J1acTH, OMUChIBaEMOE ypaBHEHUEM [ ebMroiblia:

rot 41" rotE + 0*sE — iwoE = —iwJ
E x n|a(2 =0

rie E - snexrpudeckoe mosne, J- BO3MYIIAIOMINIA TOK B TEHEPATOPHOM TeTIe, 1 & -

MarHuTHasg8 MW JUDJICKTpUYECKas IPOHMIIAEMOCTH  COOTBETCTBEHHO, G -
AIIEKTPOTIPOBOIHOCTh CpEJibl, OMHChIBaeMasi TEH30pOM BTOpOro panra. Ha rpanwuie
00JacTu 3aJlaHbl KpaeBble YCIOBUS «O0NBIIOTO OaKay.

Bapuanmonnas noctaHoBka sl ypaBHeHus: ['enpMrosbiia moctpoeHa Ha 6ase
BEKTOPHOT'O METOJa KOHEYHBIX 3JIEMEHTOB Ha CHUMILTUIMAIBHBIX HEPaBHOMEPHBIX
CeTKaX C JIOKaJIbHBIMU CTyIlleHUusIMU. B kauecTBe 6a3uca ObLI BbIOpaH MOJIHBIN 0a3uc
Heneneka mepBoro mopsaka, acCOIMUPOBAHHBIM ¢ pedpamMu TeTpadpaabHOTO
pazoueHusl.

B pabore umccnemoBaHO BIMSHHAE aHU30TPOMHOTO OOBEKTa, HAXOIAIIETOCS B
MU30TPOMHON Cpefie, Ha TMOBEACHHE JJIEKTPUYECKOTo mojs. B kadecTBe oObekTa
UCClIeZIoOBaHMs ObLT BBIOpAH AWCK, TOJIMHA KOTOPOTO B HECKOJBKO pa3 MEHbIIE
auameTpa. DNEKTPOIPOBOAHOCTH BJI0JTb o0BeKTa OTIIUYACTCS oT
AJIEKTPONPOBOIHOCTH B KPYIJOM CEYEHHH. Takas aHU30TPONUS OIKCHIBACTCS
JuaroHaibHbIM TeHsopom: o =diag(o,,0,,0,), rae o,,0, - MEKTPONPOBOAHOCTD B

KpYIrioM C€YCHHNU OHCKA, O, - 3JICKTPOIIPOBOAHOCTDL BAOJIb TOJIINHBI I1UCKA.

OOBEKT MOXET OBITh MPOW3BOJIBHO OPUEHTHUPOBAH B IPOCTPAHCTBE, TOrAA
TEH30p 3JEKTPONPOBOJHOCTH B YPAaBHEHHUH [ '€IbMroJiblia CTAHOBUTCS IUIOTHBIM M
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3HAQYEHHUSI KOMIIOHEHT TEH30pa 3aBUCAT OT IIOJOKEHHUS JUCKA, OTHOCUTEIHLHO
cucTteMbl kKoopauHat[1].

Puc. 1. Pacnpenenenue neicTBUTENBbHBIX KOMIOHEHT mons Ex, Ey mis
U30TpONHOTO (KpuBbIe 1 1 3) M aHU30TPONTHOTO 00BEKTA (KpUBBIE 2 U 4) 10 MpodHITIO
x=3.4Mm

UccnenoBanmne mokasano, 9TO aHU30TPOTHBIA OOBEKT HE BCET/Ia MOXKET OBITh
BBIJICJIEH B 3JIEKTPUYECKOM I0JI€, CO3/IaBAEMOM I'OPU30HTAJIBHOW TOKOBOM IMETJIEN HA
gactorax oT 1 k['m o 1 MI'11, mo cpaBHEHMIO C TaKUM >K€ U30TPOMHBIM OOBEKTOM.
MakcumanbHOE TIPOSBICHUE aHU30TPOIHBIX CBOMCTB 00BEKTa OBLIO 3a(UKCHUPOBAHO
Ha HU3KoM yactore (1 k1), Kora och aHU30TPONHUH o, ABJISUIACH TAHTCHITUATBLHON K

MJIOCKOCTH TIeTH (cM. puc. 1).

PaGora mopnep:kaHa MeXAUCUMUILTMHAPHBIMU HMHTETPALIMOHHBIMU TPOCKTaAMHU
CO PAH Ne 98 u Ne 130.

Cnucox numepamypul.
1. Opmosckas H.B., Hlypuna D.I1., Dnos M.U. // Kypnan «BwraucnurenbHbie
texHoJiorun», 2008, T.13. Nel, C. 93-106.

M.1. Epov?, N.V. Shtabel®, E.P. Shurina®
«The mathematical modeling of electric field in the domains with anisotropic
objects»
Trofimuk Institute of Petroleum Geology and Geophysics SB RAS, Novosibirsk,
Russia, orlovskayanv@ipgg.sbras.ru
Novosibirsk State Technical University, Novosibirsk, Russia,
shurina@online.sinor.ru
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MOJAEJIUPOBAHUE BBICOKOYACTOTHOI'O TPEXMEPHOI'O
AJIEKTPOMAT'HUTHOI'O I1OJIA B OBJIACTAX
C MAJIBIMH BKJIIOYEHUAMHN

M.U. Bros’, 3.11. lypuna*?, E.1. Muxaiinosa’

Ynemumym nepmezazosoii ceonozuu u ceopusuxu um. A. A. Tpoumyka
CO PAH - Hosocubupck, Poccus,
2Hosocubupckuii 20cy0apcmeenblii mexHuweckuii yHugepcumen,
shurina@online.sinor.ru

B pabore paccmaTpuBarOTCs  OCOOCHHOCTH  YHUCIEHHOTO  MOJIEIHPOBAHUS
KBA3WUCTAIMOHAPHBIX JJIGKTPOMATHUTHBIX TIOJNIEH B OOJIACTSAX CIIO)KHOH TE€OMETPUU C
MaJbIMHA BKJTIOYCHHMSIMU BEKTOPHBIM METOJOM KOHEUYHBIX JJIEMEHTOB Ha TETPadpPaIbHBIX
pazOUCHMSIX.

The paper is devoted to some aspects of numerical simulation of quasi-stationary
electromagnetic fields in complex computational domains with small inclusions. The
problem is solved using the vector finite element method on tetrahedral triangulation.

B uccnenoBaHusiX COBPEMEHHBIX HCKYCCTBEHHBIX W MPUPOJHBIX OOBEKTOB
CIIO)KHOW TeOMETPUYECKOM M  JJIEKTPOPU3UYECKOM CTPYKTYphl Bc€  Oosee
BOCTPEOOBAHHBIMU  CTAHOBSITCSI  BBIYMCIIMTENIBHBIE CXEMbI, 00€CIeUnBaIOIINE
HEOOXOJIUMYIO TOYHOCTh pEIICHUsI TPEXMEpPHbIX YypaBHeHUM Makcpemia. B
YaCTOTHOM  00JacTH Il  KOMIUIECKHO3HAYHOTO  BEKTOpAa  HAIPSKEHHOCTH
ANEKTpUUYecKoro mojii E mepexoasT Kk pemieHuto ypaBHeHHs [enpMronibia B
pacderHol obnactu Q ¢ Jlunmmn-HenpepsiBHOM rpanunei 0Q=I",+1,,

rotp ' rotE+k’*E=—-iwd B Q
re kX — BomHOBOE YHCJIO, HE SIBIAIONIEECS COOCTBEHHBIM 3HaueHueMm, [, u 'y —

rpaHulbl, HAa KOTOPBIX 3aJddHbl J3JICKTPUYCCKHUC W MAIHUTHBIC KpPACBBIC YCJIOBUI
COOTBCTCTBCHHO:!

AxE| =E,.,
r3
-1 — — _
Y7, rotEanM_O
u
AxEl =0,
r3
/flrotExﬁr =—ih.

[Ipu BBIYUCIEHUAX B O0OJACTIX C BHYTPEHHHMMH TpaHHUIIAMU, K KOTOPBIM
OTHOCSITCSI U OOJIAaCTH C MajbIMU BKJIIOYEHHUSIMH, Pa3JCIIOMMMHU TO0J007acTH C
KOHTPACTHBIMH 3JIEKTPOPUZNYECKUMHU XAPAKTEPUCTUKAMHU, JTOJKHBI BBIMTOIHITHCS
YCJIOBUSI HENPEPBIBHOCTH TAHTECHIMAIBHBIX KOMIIOHEHT BEKTOpa HAIPSKEHHOCTH
JJEKTPUYECKOTO IIOJsA M CKAadyka €ero HOPMajabHOM  KOMIIOHEHTH. Ilpm
KOHEYHODJIEMEHTHOW allpOKCUMAalMK yYpaBHEHUs ['enbMrosbia Ha TETpaj’apaJbHOM
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pa3bueHun pacueTHOM oOjacth Ha (QYHKIUAX (GOPMBI, MPUHALICKAININX
npoctpancTBy H(rot, Q) [1, 2], cucrema JMHEHHBIX alre0OpandecKuxX ypaBHEHHI
(CJIAY) siBnsieTcsi 3HAKOHEOIPEICICHHOW BCIECTBHE HYJb-siJpa rotrot-omneparopa,
YTO TPUBOJUT K HEOOXOJUMOCTH WCIIOJIb30BAHUS CHEIUAIBHOTO peIIaTes Hu
Hepapxuueckoro 6asrca He MEHee BTOPOIo MOJIHOTO mopsiaka [3].

B pabGore mpencraBieHbl pe3yNbTaThl MOJEIUPOBAHMS AJICKTPOMATHUTHOTO
MOJIsl B Cpelax C MaJIbIMU BKIIFOUEHUSIMHA TTPU BapbupoBaHuu 4actoT (oT 500 MI' no
10 I'T'r), pa3sMepoB BKIIFOUEHUN U PACCTOSHUSI MEXKAY HUMU.

PaboTa BbINOJIHEHA TIPU TOAJEPIKKE MEXKIMCUUILITUHAPHOTO HHTErPALIMOHHOTO
npoekta CO PAH Ne98

Cnucox 1umepamypol:

1. Nedelec J.-C. A new family of mixed finite elements in R3 // Numer.Math.. —
1986. — Vol. 50(1). — P. 57-81.

2. Webb J.P. Hierarchal vector basis functions of arbitrary order for triangular and
tetrahedral finite elements / J.P. Webb // IEEE Trans. on antennas and
propagation. — 1999. — vol. 47(8). — P. 1244-1253.

3. ypuna D.I1., OnoB M.U., HeuaeB O.B. YcToliunBbie BBIUUCIUTEIBHBIC CXEMbI
MOJCINPOBAHUSA TPEXMCPHBIX QJICKTPOMAarHuTHBIX noJiei B 3adaduax
reoanekTpukn // Cub. 35mekTpoH. MaTeMm. u3B., 7 (2010), C.150-162.

M.1. Epov', E.P. Shurina®, E.I. Mikhailova®
«Modeling of High Frequency 3D Electromagnetic Field in a Domain with Small
Inclusions»
'A.A. Trofimuk Institute of Petroleum Geology and Geophysics SB RAS, Novosibirsk,
Russia
’Novosibirsk State Technical University, shurina@online.sinor.ru
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MOJAEJIUPOBAHUE KOPOTKOBOJIHOBOI'O HCTOYHHUKA
N3JIYUYEHUA I HAHOJIMTOI' PAOUHN

B.F.HOBI/IKOBl, K.H.KOHIGJ'IGBZ, B.B.I/IBaHOBZ, A.C.prmHHl, .10 .Buues’,
B.B.MGI[BGI[GBZ,

YUTIM um.M.B.Kenowviua PAH — Mockea, Poccus, novikov@kiam.ru
2UC PAH — Tpouyk, Poccus

[TpoBeneHo MoOAEIMPOBAHME MCTOYHMKA KOPOTKOBOJHOBOI'O M3JIYYEHHUS C JJIMHOU
BOJIHBI 13.5 HM Ha OCHOBE J1a3€pHOM IIa3MBbl OJIOBA.

The modeling of tin laser plasma source on 13.5 nm wavelength was performed.

HcTouHnkn  KOPOTKOBOJIHOBOTO  (SKCTPEMAIBHOTO)  yJIbTPaduoIeTOBOTO
U3ITy4eHUs] HeOOXOIUMBI AJis OynyIiel TuTorpapuu ¢ BHICOKOU CTENEHBIO YITAaKOBKH
AJIEMEHTOB UHTETPAIbHBIX CXeM (C JeTanbHOCThiO ~ 10 HM) [1]. Takue UCTOYHHKH,
OCHOBaHHBIE Ha IJIa3Me 0JIoBa, co3naBaemoil CO, mazepom, 001anal0T BBICOKOU
3¢ (PEeKTUBHOCTHIO B JIMAIia30He JIMH BOJH BONMM3m 13.5 am. WMsmydwaromas miasma
0JIOBAa MPH TUIOTHOCTH 10? 1/em® u npu temneparype ~ 50-100 3B gocturaer
JECATUKPATHON HOHU3ALMM U SBISIETCS ONTHUYECKU IUIOTHOW, MPUYEM MPOLECCHI
MOYPOBHEBOM KHUHETUKU COBMECTHO C TIEPEHOCOM H3JIYyYeHHS BO MHOIOM
ONPENENSAIOT JUHAMUKY TaKOM IJIa3MBbl.

Time: 0.000000e+00  Time: 6492754208  Time: 1.704348e-07 Time: 5.275362e-07

Puc.1. I[I/IHaMI/IKa pasii€Ta KallJik OJIOBa IMOCJIC IMMPCANMITYJIbCA.

[locne na3zepHOro MNpEeaUMITYNIbCA JITUTENBHOCThIO ~ 60 HC OTHOCHUTEIBHO
cmaboit MomHOCTH (Pmayx=10 kbOap) karus skuakoro osoBa amameTpom 30 L
pacnanaercs Ha ¢pparMeHThl pazmMepoM ~ 1 | 3a Bpemst ~ 1 Mkc. s MmogennpoBaHust
ATOTO MpoIecca ObLT UCTIOJIB30BaH OTKPHITHIN makeT OpenFoam [2] (cm. puc.1).

Jlnst onucaHus NpOLECCOB AMHAMHUKH IUIa3Mbl IOCJE OCHOBHOTO JIA3€PHOTO
UMITyJIbCa JUIS MHILIEHH, pa3dutoil Ha ¢parmenTsl, ucnoisdyercs 2D PMIJ
nporpamma RZLINE [3], kotopas BkitodaeT pedpakiuio, OTpaKeHHUE 1 MOTJIONICHHUE
JA3€pHOTO0 HU3JIYYEHHs, HECTAIMOHAPHYI0 HMOHM3AILIMIO, 3JIEKTPOHHYIO U HOHHYIO
TEIJIONPOBOJIHOCTh, @ TAKXKE CHEKTPaJbHbIN MEPEHOC HEPAaBHOBECHOTO H3IIyUCHHUS.
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JUis ydera pajgMallMOHHBIX IPOLECCOB HCIOJIB3YETCS MPOrPAMMHBIA KOMIUIEKC
THERMOS-BELINE, koTopslii jegaeT BO3MOXKHBIM CaMOCOTJIACOBAaHHBIM pacyer
[IEPEHOCA HW3JIyYEHUs] B THEPEKPBITBIX CIEKTPAJIBHBIX JMHHUSX COBMECTHO C
IIOyPOBHEBOM KHMHETUKOM I MHOIO3apsiHOM HECTAllMOHAPHOW IIIa3Mbl B
Pa3IMYHBIX TEOMETPUSX [4].

Pe3ynbTarsl pacyeToB mpuBeACHHI Ha pUc.2 — 3.

Time=56.000000e-011 sec Time= =008 sec Time=: Se-Ud sec

Puc.2. MOI[CJII/IPOBaHI/Ie BOB,ZIefICTBPI}I OCHOBHOI'O JIa3€pHOI'O0 HMITYJIbCa Ha
IMOATOTOBJICHHYIO IPECAUMITYJIbCOM MUIIICHD.

0.8

06

Y-Axis fem)

0a | ‘l

/ -
i |
| )
0.040 Y i > < T
7 N e/
o.030 \ ; S Ve 0.2 — - Mm e S .
~ /7 N
$0 0,070 -0.010  0.000  0.000  0.020 0.8 e T Lk ")
s-dris fom)

10 12 14 16 18 20
Time=7.195015e-008 sec. Wavelength, nm

EUV Energy, arb.u.

Puc.3. O0pabotka pe3ynpbraToB PMI'J[ pacuéroB MeTOAOM IJIMHHBIX
XapaKTEPUCTHK.

Cnucox aumepamypbi:

1. Bakshi V. EUV Source Technology: Challenges and Status, EUV
Sources for Lithography, SPIE Press, Bellingham, Washington, USA, 2006.

2. http://www.openfoam.org

3. Koshelev K.N. et al, RZLINE code modeling of distributed tin targets
for laser-produced plasma sources of extreme ultraviolet radiation, J.
Micro/Nanolith. MEMS MOEMS, 11(2), 021112, 2012.

4, Novikov V.G. et al, Calculation of tin emission spectra in discharge
plasma: The influence of reabsorption in spectral lines, High Energy Density Physics,
v.3, pp.198-203, 2007.
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