UMM nm.M.B.Kengbiwua PAH

OHnanHoBas bubnuoTeka

KBaHTOBas AMHaMukKa
n
JpyHKLUMOHanNbHbIE

NHTEerparibl

MaTtepwuanbl Hay4yHOM
KOHbepeHLmn

PexomeHOyemas popma 6ubnuozpaghuyeckol cCbisiKu

KBaHTOBas AvHamMuKka 1 pyHKLMOHanNbHbIE UHTerparbl: MaTepuanbsl Hay4HOW KoHdepeHuun. — M.:
UMM nm.M.B.Kengpbiwa, 2018. — 140 c. — URL: http://keldysh.ru/quant/2018



http://keldysh.ru/
http://keldysh.ru/
http://keldysh.ru/
http://keldysh.ru/
http://keldysh.ru/
http://keldysh.ru/
http://keldysh.ru/
http://keldysh.ru/
http://keldysh.ru/
http://keldysh.ru/
http://keldysh.ru/
http://keldysh.ru/
http://library.keldysh.ru/
http://library.keldysh.ru/
http://library.keldysh.ru/
http://keldysh.ru/quant/2018

k1d§T94

.f"naqu




KBanToBag nmHaMuka

n d)YHKHHOHaJIbHI)Ie NMHTEI'PaJibl

MarepunaJjbl HaydIHOIT KOH(MepeHIInn

Opearusamoput:

Otmes BEIYUCIUTEIBHON (DUBUKU ¥ KUHETHIECKUX YPaBHEHUIA,
NIIM um. M.B. Kejgpimna PAH

JlabopaTopus 6ecKOHEYHOMEPHOIO aHa/IN3a U MaTeMaTUIeCcKoil pu3nKy,
Mexmar MI'V um. M.B. Jlomonocosa / UIIM nm. M.B. Kespima PAH

[To obmieit penaxiieit
1. ¢.-m. 1. FO. H. Opnosa

NIIM nm. M. B. Kenaprma
2018



VJIK 51
BBK 22

K32

K32

KBanToBasg nuHaMuka W (YHKIMOHAIbHBIE HWHTETPAIbl: MaTepUaIbl
HayuHoi koH(pepenuun. — M.: UTIM um. M. B. Kennprma, 2018. — 140 c.

ISBN 978-5-98354-049-1

B cOopHuk BOIUIM CTaTbu MO KBAaHTOBOW JWHAMHKE H €€
TOMOTpaUUECKOMy MPEACTaBIECHUI0 B KOHTEKCTE HCIOIb30BaHUSA (OpMYI
@delfHMaHa U1 [MOCTPOEHHUs ONEpaTOPOB DBOJIOLMM KBAHTOBBIX COCTOSHMIMA.
B pabGortax Takxke paccMaTpUBAOTCS PA3JIUYHbIE AaclEKTbl NPUMEHEHMs
UTEPAllMOHHOM  IIPOLIEAYpbl IOCTPOCHHUSA  PAa3PELIAOIIMX  OIEPaTOPOB
SBOJIIOLIMOHHBIX ypPaBHEHUN B KBAHTOBOM MEXaHMKE Ha OCHOBE TEOPEMBI
UYepHosa.

KBanToBasi TMHaMuKa U QYHKIIHOHAIbHbIE HHTErPaibl
MarepuaJjbl HAYy4HOH KOH(epeHIHH

ITon o0meii penaxkumeii FO. H. OpJioBa

ISBN 978-5-98354-049-1 © UIIM nm.M.B.Kenapima, 2018

Ioamucano B mevatsh 19.12.2018. ®opmar 60x84/16. Y. meu. 1. 8,2. Tupaxk 100 sx3. 3akaz M-18

WIIM nm. M.B. Kengermia PAH. 125047, Mocksa, Muycckast ., 4



lpeavcnoBue

B nannoMm HayvHOM W3JIaHUM TPEJICTABJIEHBI PAOOTHI 110 KBAHTOBOM JUHAMUKE
n ee TOMOrpaPUIecKOMY IPEJICTABICHUIO B KOHTEKCTE HMCIOJIb30BaHUS (DOPMYIT
QeitHMaHa JJId TOCTPOEHUS OTIEPATOPOB IBOJIIOINN KBAHTOBBIX cocTrosinuii. e
OPraHn3aTOPOB KOH(MEPEHIIUN COCTOAIa B TOM, YTOOBI IIPUBJIEYDL K OOCYKJICHUIO
pa3BUBAEMOI'0 HAIIPABJIEHUS KCCJeI0BaTE e, II0JOTBOPHO pabOTAIONIUX B ITOM
00J1aCTH, U, HAPSLy C O3HAKOMJIEHUEM C UX TOCJEIHUMU PE3YIbTATAMMU, MOIMBITATHCS
OYEePTUTDH OJIMKAMNIITNE TOPUBOHTHI U, 1I0 BO3MOYKHOCTH, CHHXPOHU3UPOBATD YCUJIUS
B PEIIeHUN aKTyaJbHBIX 3aja4d. Popmynamu DeitHMaHa HA3BIBAIOTCHA IIPEJICTAB-
nennst nosyrpymnsl [pemunarepa exp (—tH),t > 0, wim rpynust Hpeaunrepa
exp (itH),t € R, ¢ MOMOIIBIO MPEJETIOB WHTETPATIOB IO JIEKAPTOBBIM CTEIeHSIM
HEKOTOPOT'O TIPOCTPAHCTBA (IIPU CTPEMJICHIH CTeleHNn K GECKOHETHOCTH ), CBA3aHHOTO
C KJIACCUYECKOI raMUJIbTOHOBOM CUCTEMOil, IIpM KBAHTOBAHUN KOTOPOH I10J1y4YaeTCsd
orteparop amuiprorna H. Oneparop H moxkeT ObITh, B 9aCTHOCTH, T1CeBI0InMpde-
PEHIINAIBHBIM OIEPATOPOM, CUMBOJIOM KOTOPOTO ABJII€TCs KJaccudecKas (DyHKIHs
lamumabrona. B cirydae, Korjia uCrob3yoTcest HHTEMPAJIBI 110 JIEKAPTOBBIM CTEIEHIM
KOH(UTYPAIIMOHHOTO ITPOCTPAHCTBA, TOBOPAT O JIarpaHKeBbIX (popmyax Peitamana,
a IIPU UCIOJIb30BAHIYI MHTETPAJIOB 10 JEKAPTOBBIM CTEIeHAM (ha30BOro MPOCTPAHCTBA
— 0 TaMIIbTOHOBBIX popmytax Peitamana. CytmecTByoT Takxke hopmysibl Peitnmana,

HE OTHOCAIIMECA HU K OJJHOMY U3 3TUX THUIIOB.

Briepsroie nipecrasuth rpymiy wiau rosyrpyimy Hpeaumarepa B Buje npeseria
HHTErPAJIOB 110 JEKAPTOBBIM CTEIEHSIM KOHMUTYPAIMOHHOIO WK (ha30BOro MpoCcTpaH-
ctBa ObLI0 TIpetozkeHo P. DeitnmanoM; ciydail KOH(MUTYPAIMOHHOI'O ITPOCTPAHCTBA
obL1 paccMoTper B 1948 rojy, a ciaydait pazoBoro — B 1951 romy. Ilpu sTom Kak B
JlarpaHzKeBoil, TaK U B raMUJIbTOHOBOM (bopMax IpeJICTaBIeHUs OIbIHTEerpaIbHas
GYHKIMS B COOTBETCTBYIOIIMX HMHTErpasiax IMpeAcTaB/IsgeT coOOM SKCIOHEHTY OT
armpokcuManuit pyHkinonasta jgeiicrsus. [lepsoe mokazare/ibcTBO hOpMaJIM30BaH-
HO#1 Bepcuu pesysibratroB P. @eitnmana 1948 1. 6b110 nostydeno . Hembconom B
1964 roay; npu 3ToM ObLIa HCIOJIb30BaHa dopMmyna Tporrepa. JlokazareabcTBO
aHaJIormaHoi hopmasim3arnuu pe3yabraTtoB P. @eiitnmana 1951 1. ObLIO MOy YeHO
toabko B 2002 roxy B pabore O.I. CmossgroBa u coapropoB  O.G. Smolyanov, A.G.
Tokarev, A. Truman. Hamiltonian Feynman path integrals via the Chernoff formula //
J.Math.Phys., 2002, 43:10. [Ipu a3ToM ObLjIa UCIIOJIHF30BaHA TaK Ha3biBaeMas (hopmyJia
Yepnosa, onybsmkoBanHas erie B 1968 1. Ilocsie nosiBiieHnsi ykasaHHOW pabOThHI
CTAJIO SICHO, UTO (hopMy/ibl HepHoBa ABISIOTCS 3(DPPEKTUBHBIM METOIOM IOy YeHUs
AIIPOKCUMAINNA TPYI W IOJIYT'PYII, BO3HUKAIONINX B KBAHTOBOW MEXaHUKE M

CTOXaCTUYICCKOM aHaJIn3e. KpaTHbIe nHTEerpaJibl B (bOpMyJIe deitnmaHa upeacraB-



JIAIOT COOOM aIIPOKCUMAIINKA HHTerpaJja 1Mo OeCKOHETHOMEPHOMY IIPOCTPAHCTBY B
dopmyne Qeitamana-Kama. 91u popMysibl MOXKHO UCIIOIB30BATh JJIsI IIPEICTaBICHNN
KBAHTOBBIX OIIEPATOPOB SBOJIIOIUA U PABHOBECHBIX OMEPATOPOB IJIOTHOCTHU, TIPU
U3yYeHUN CJIydalHbIX MOJIyTPYHIl U CAyYalHBbIX TaMUJIbTOHUAHOB, JJIS IIPEJICTaB-
JIEHHIl pereHnii SBOJIIOIMOHHBIX JuddepeHnna bHbIX YPaBHEHHUN ¢ TepeMeHHBIMU
koabdurmeHTaMu (TaKUMU YPABHEHUSIMU OIMCHIBAETCs, B YACTHOCTU, KBAHTOBas
JUHAMUWKA YacTHUI] C Maccoif, 3aBUCAIIEN OT KOOPJWHATHI U UMITYJIbCa, a TaK¥Ke
coorBercrBytommast uddy3ust), st U3yUeHUsT CTOXaCTUIeCKUX T depeHInaIbHbIX
ypasuennii Tuma Illpeanarepa m KBAaHTOBBIX CTOXacTHIECKUX JuddhepeHnnaabHbIX
ypaBHEHU, I UCC/IeIOBAHUsI TOBEPXHOCTHBIX Mep Ha 00JIaIafolux OecKoHed-
HBIMU Pa3MEPHOCTBIO U KOPA3MEPHOCTHIO IOJIMHOI000Pa3usix OECKOHETHOMEPHBIX
IPOCTPAHCTB, JIJIs NIPEJICTaBJIEHNsT PEIeHnil ypaBHEHUH OTHOCUTEILHO (DYHKIUI Ha
PUMAHOBOM MHOTOOOpAa3Wy M BO MHOI'MX JIPYTUX 3a/a9aXx MaTeMaTHIeCcKoi (hU3UKH,
CTOXaCTUYIECKOIO aHAJIN3a U MaTeMaTHIeCKON OMOIOrnH.

Eunprit moaxo/1 K U3y4eHUIO0 MEePEIUCIeHHBIX 33789 COCTOUT B TOM, UTO JIJIA
KaXKJIOfl U3 HUX CTPOUTCS TOJIXOJIAIIAs OllePATOPHO3HATHAA (DYHKITHS, BO3MOYXKHO,
caydvaitaast, F'(t),t > 0, He obsiaaromast, BOoOIe TOBOPsI, MOTyTPYIIIOBBIM CBOHCTBOM,
IIOCJIe Yero paccMaTPUBAETCs MOCIEI0BATE/IHbHOCTD OIepATOPHOZHAYHBIX (DYHKITUIT
Gn(t), 3HAaYMeHNE N-TO WieHa KOTOPOil onpeessercs pasencrsoMm G, (t) = (F(t/n))™.
[Ipenen nocenosarensroctu hyukimit Gy, () Ipu n — 00 U ABJISIETCST MO TPYIIIOI,
Jaloliell pelleHne COOTBETCTBYIOIEH 3a1a4u.

O06CyXKIEHUIO CBSI3AHHBIX C TAKUMU 33/Ia9aMi KOHCTPYKITUH U TIOCBSIIIEHBI PAOOTHI,
IpeJIcTaBIeHHbIe B KOH(MEPEHIIMOHHBIX MoKIa ax. OMHONH U3 MOTHUBHPOBOK IIPH ITOM
ABJIACTCA IIPUMEHEHUE 9TUX KOHCprKI_[I/IIU/I JJId II0JIy9IeHrdA TOro, 9To0 MO2KHO 6I:>IJIO
6bI Ha3BaTb BepOHTHOCTHOIU/I I/IHTepHOHHL[I/Ieﬁ Pa3/INYHbIX METOI0B KBaHTOBaHUA.
TaKaH HMHTEPHIOJIAINA MO2KET IIPUMEHATHCA B TEX CJIy4dadX, KOr/la HE CYHIEeCTBYET
€CTECTBEHHOT'O OJIHO3HAYHOI'0 0TOOparkKeHusi 00'bLEKTOB, OIMMCHIBAIONINX KJIACCUIECKYIO
JUHaMUKY CHUCTEMBI, B KBAHTOBLIE OIIEPaATOPLI.

Nurepec K Teopeme YepHoBa CBs3aH He TOJBKO C Te€M, UTO OHA ITO3BOJISET
IIOJIYYUTDH BUJT PA3PENIAIONIETro OlleEpaTOPa B IBHOM BHUJIE, HO U C TE€M, YTO Uepe3 Hee
IIPOCMATPUBAETCA CBA3b CTATUCTUKHU W JUHAMUKN. Kak M3BECTHO, i1 TTOCTPOEHUS
PaBHOBECHOTO OllepaTopa KBAHTOBON MATPHIILI IIJIOTHOCTA HAJIO PEIIUTH YpPaBHEHUE
[MIpenunrepa /11 COOTBETCTBYIONIENH KBAHTOBOW CUCTEMBI, ITOCJIE Y€r0 ITPOCYMMUPO-
BaTh IPOEKTOPHI HA HAMJEHHBIE COCTOSTHUS C BeCAaMU, ITPOIIOPIIMOHAIbHBIMEI SKCIIOHEH-
te ['nb6ca. Hermocpe icrBeHHOE KBaHTOBaHUE KJIACCUIECKON (DYHKIINN pacipeieieHus
['u66ca HEe NPUBOIUT K KEJIAEMOMY Pe3YJIbTaTy, MOCKOJIbKY I HEKOMMYTUPYIOIIIX
B 00IIleM cJjiydae OlepaToOpOB, BXOJSAIIUX B FaMUJIbTOHUAH CUCTEMbI, (DYHKIIHS OT
oneparopa (T.e. skcronenta ['mb66ca or oneparopa 'aMuabTOHA) HE COBIAJIAELT C
ornepaTopoM OT (PYHKIUH. YAUBUTEJIBHO K€ TO, UTO JJId IIUPOKOI'O KJlacca ra-

MUWJIBTOHHAHOB UTEpalliOHHad IIPpOUeAYypPa BLIIIEOIINCaHHOI'O TUlla, IIPUMEHEHHaA K
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orepaTopy oT pyHKIUN, 1aeT GyHKIWO oT oreparopa. HbiMu cioBaMu, OeCKOHETHOE
YUCJIO pa3 MOBTOPEHHOE JINHAMUYECKOEe KBAHTOBAHME KJIACCHUYECKOTO PACIIPEIe/IEHUST
JlaeT KBAHTOBOE PacCIIpe/ieieHne. JTOT Pe3yJIbTaT U CTUMYJINPOBA MHOTOUYUC/IEHHBIE
paboThl B o0s1actu ucciaenopanuii popmyst PeitHMana MPUMEHUTETHHO K PA3JINTHBIM
zasiadam. CunraeM BaXKHBIM TIOJYEPKHYTh, 9YTO OCHOBHAs YaCTh IIPE/ICTABIEHHBIX Ha
KoH(bepeninn padoT Tak win nHade cpazana ¢ umernem 0.1 CmoiissHOBa. DTO JOKIA/IBI
€ro MPsIMBIX YIEHUKOB, & TAKXKe YIaCTHUKOB €ro ceMUHapa 110 OECKOHETHOMEDHOMY
aHaJIN3Y, e¥KeHeJeIbHO Tpoxo/siiero na Mexmare MI'Y moj ero pykKoBOJCTBOM.
Oueprus u TBopuecKas akTuBHOCTH OJsiera ['eoprueBnya criocobCTBOBAIN PA3ZBUTHIO
JIAHHOT'O HAIPaBJIEHUsI, B pe3y/IbTare 4ero cpopMUpOBAIACh JIEHCTBYIONAs HAY IHA
mkosia. Ha 6a3ze Mexmara MI'Y coBmecTHbIME yeuusaivu oprarn3aTopos Koudepen-
1un ObL1a co3mana JlabopaTopus 66CKOHETHOMEPHOTO aHAIN3a U MaTeMaTHIeCKO
dusukn oy pykoojcreoM O.I. Cwmostsinosa. Ilpejraraembie auTaTesio TPyIbI
Kondepenruu B 0CHOBHOM TIPEJICTABIAIOT COOOI HAyUIHBIE PE3YJIBTATHI, MOJIYYeHHbIE
corpyauukamu 3toit Jlaboparopuu. Takxke ciegayer ormeruth, uto B padbore Konde-
PEeHIUU aKTUBHOE yYacTUe MPUHSIN CTYIeHThI MarucTpaTypbl u aciupantsl MOTU,
TaK 9TO HAyIHO-TIeJAarorudeckas JiedTebHOCTh Jlaboparopun He orpaHnInBaeTCs
crenamu TobKo Mexmarta MI'Y. Bynyun ogrnoBpemenno npenojgasarensvu MOTH,
corpyaauku Jlaboparopun coBMecTHO ¢ KoJjuteraMu Kade/Ipbl BhICIIEH MaTeMaTHKH
MO®TN oprannszoBaymu cuenuajm3anuio «MaremaTndaeckne METOAbI B COBPEMEHHOT
dusuke», opuentTupoBannyio Ha ctyjgenToB POIIO MOTU.

Cuuraem, 9To 1mybJIMKaIUs B OJJHOM COOPHUKE TIOCJIEIHUX PE3YJILTATOB B 00/1aCTH
UCCJIeIOBaHUS KBAHTOBOW JIMHAMHUKHU M KOHTUHYAJbHBIX HHTEI'PAJIOB IIPEJICTABISET
UHTEPEC He TOJILKO JIJIsl CHEIUATUCTOB, HO M MOYKET CJIyKUTh UCTOUYHUKOM HOBBIX
33189 JIJI CTYJEHTOB MarucTpaTyphbl U aCIUPAHTOB COOTBETCTBYIONINX CHEITUATIHHO-

CcTel.

FO. H. Opaos, B.2K. Caxbaes



Cnyu4aiinbie nonyrpynnbi, ¢popmynbl DeliHmaHa n 3aKoH

60/1bLUNX Yucen

IO. H. Opaos!, B. 2K. Caxbaes?, O. I'. Cmounsnos.?

AnHOTaMS

B nupemraraemoit pabore UCCIEMYIOTCS MOCJIEI0BATETBHOCTH KOMIIO3UIIUAN
HE3aBUCUMBIX OJMHAKOBO pacCIIpeJIe/IEHHbIX CﬂyqaﬁHbIX IIOJIyT'PYIIIL JINHEHHBIX
nmpeobpazoBaHuilt 6aHaxoBa MPOCTPAHCTBA U ACHMITOTHIECKNE CBOWCTBA Pac-
npeiesIeHrni TAKUX KOMIIO3UIUI TTPU CTPEMJIEHUH UX JHUC/Ia K OECKOHETHOCTH.
B wactHOCTH, M3ydaeTcss OTKIOHEHNE 3HAYEHUN KOMIO3UIINN HE3aBUCUMbBIX
CJIydafiHbIX TOJIYTPYIIII OT UX MATEMATHIECKOI'O OXKWUIAHWUS U UCCJIELYETCs
BBIITOJIHEHUE I TaKUX KOMHOSI/H_[I/H?I aHaJIOT'OB IIpee/IbHBIX TeOpeM TEOpPpUU
BEPOATHOCTHU THIA 3aKOHA OOJIBINMNX YHCe] W IeHTpajabHoleftit mpemenbHOI
TeOpEeMbI. HO.Hy‘{eHI)I ycioBus, JOCTATOYHbBIC JIJigd CTPEMJICHUA K HYJIIO IIPDU T —
00 BEPOSITHOCTH OTKJIOHEHWsI Ha (DUKCHPOBAHHYIO BEJMYUHY 10 (TI0JIY)HOPME B
[IPOCTPAHCTBE ONEPATOPOB KOMIIO3UIINU N CJAYIANHBIX IOJIYTPYII OT e MaTe-
MaTHUYIECKOI'O OXKMJIaHM A (STO CBOMCTBO U CUUTAETCSI 3aKOHOM 6OHBH_II/IX quceJr
It Kommo3unuii). IlpuBeieHbl IpuMepsl Mocsie10BaTeIbHOCTe i HE3aBUCHMbIX
CJIYIAMHBIX MTOJIYTPYIII, JJISI KOMIIO3UIINH KOTOPBHIX 3aKOH OOJIBIIUX YUCEJT 110
HOpME WU 0 CUCTeMe TIOJIyHOPM He BhimosneH. [loyderno mpeacrasienne Ko-
EPEHTHBIX COCTOSHUIN B KBAHTOBO OIITHKE C IOMOIIBIO YCPEIHEHUST CJIy YailHbIX

OIIEPATOPOB CIBUTA.

Beenenune

U(t), t > 0 u ux mreparuu (U())", t > 0, n € Ny = {0} |JN. Tax xak js
KazkJI0ro Jromycrumoro 3uadenus t cemeiictso (U(t))™, n € Ny urepanuii siBiissercst
JIMHAMUYECKON CHCTEMON € JIMCKPETHBIM BPEMEHEM, TO MOXKHO CKa3aTbh, UTO MbI
HUcciieLlyeM OAHOIIapaMEeTPUICCKOE CEMEHCTBO CIIyYalHbIX TUHAMUYCCKUX CUCTEM.

B npenpigymux paboTax Mbl H3y9asn aCHMITOTHICCKUE CBOICTBA MaTeMaTHIe-
CKUX OJKHUJAHWI TAKIX KOMIO3HIUIL, TIPH 9TOM OBbLIH OIPEICJICHBI ONIEPAIIN YCPe THe-
HUSL OJTHOIIAPAMETPHYCCKUX HOIYTPYIH ¢ moMonibio nrepanuii Oeitamana-YepHosa.
Matremariieckue 0XKH/IaHNs KOMIO3UINI HE3aBICUMbIX OJIMHAKOBO PACIIPE/ICTICHHbIX
CJIyJafiHbIX MOJIYTPYINI ABIAIOTCH yiKe HecaydailHbIMu (DYHKIUAMEA, KOTOPBIC B

cuity Teopembl epHoBa (cM. [18]) cxomgarest K ofjHOIApAMETPUIECKUM MTOJTYyTPYIIIIAM

'NucruryT npuknagmoi maremaruxu uMm. M.B. Kenmeima PAH
2MoCKOBCKHii PUBUKO-TEXHUIECKAIT HHCTUTYT
3MockoBckuit rocynapcrsennbii yausepcuter um. M.B. Jlomonocosa



OIIEPATOPOB IIPHU CTPEMJICHUN K OECKOHEYHOCTH YUC/Ia KOMIIOHEHT KOMIO3uiuu. B
npeiaraeMoii paboTe n3ydaercs OTKJIOHEHHE 3HAYCHUI KOMIIO3UIIA He3aBUCHMBIX
CAyYafiHbIX TOJIYIPYIIL OT UX MATEMATHIECKOIO OKUJAHUA W UCCIEAYETCS BBIIIOJI-
HeHUe JJIs TAKUX KOMIIO3UIUII aHAJIOrOB IPEIeIbHBIX TEOPEM TEOPUU BEPOSITHOCTH
THIIA 3aKOHA OOJIBIINX YNUCE] U IEHTPAILHOM IPEIeIbHONR TeOPEMEI.

OO6BEKTOM HCCIIE0OBAHKSA ABIAIOTCA KOMIIOZUIIMN CJIyJaiiHbIX peobpasoBaHuii,
3HAYCHUSIMU KOTOPBIX SIBJIAIOTCs, KaK 1 B paborax [11,15,16| HekomMmyTupyrorme
OrpaHuYeHHbIE JTUHEHHbIE OlepaTopbl B 6aHaxoBoM IpocrpancTse. OCHOBHBIM OT-
JIYUEM PacCMATPUBAECMON HAMU MOJIEJN SABJSETCS M3y9eHue JIByXIapaMeTpHie-
CKOT'O ceMecTBa CJIy9ailHbIX OIIEPATOPOB — KOMIIO3UIMI CJIy9aifiHbIX OIIEPATOPOB
(U(t))", t > 0, n € Ny, 3aBucsIux OT BEIECTBEHOIO MapaMeTpa t 1 JUCKPETHOrO Ia-
pamerpa n. [Ipumenenue npeaeabHOro nepexoa K JAByIapaMeTpUIecKOMy CeMeHCTBY
CJIy9aiiHbIX OIIEPATOPOB MO3BOJINJIO UCIIOJIB30BATHL TeopeMy UepHOBa /IS OIUCAHMUST
ACMIITOTHYECKOTO TIOBEJICHUS MATEMATHICCKUIO OXKUIAHUSA KOMIIO3HUIU 1 Oy YUTh
YCJIOBHSI BBIIIOJIHEHUS 3aKOHA OOJIBINUX YUCEN JJIsl OCJIeI0BATEILHOCTH KOMIIOZUIIHI
HE3aBUCHMBIX CJIy9aiiHbIX IIOIYTPYIIIL.

OTmeTnM, 9TO OJHOTIApAMETPHYECKIEe ceMeiicTBa ciydaiiubix omeparopos (U)"
rae n € Ny, 1 aCUMIOTOTUYECKHEe MX CBOWCTBA IPHU N — 00 M3yYasuch B paboTax
13,5,7,10,12, 16, 17].

Cpejin HUX MBI XOT€IH Obl OTMETUTHL paboTy [17]|, B KOTOPOil BliepBbIE UCIIOJIB30-
BaJICh METOJbI TEOPHUH HOJIYyTPYIII JIJIsl JI0KA3aTeILCTBA EHTPAJIbLHO IpeIe/IbHO
reopeMbl. PaKTUUeCKH, Halla paboTa He UMEET TOYEK CONPUKOCHOBEHUS C IMPOIUTH-
POBAHHLIMU.

DopMmyMpoBKa 3aKOHA OOJIBINUX TUCE [T KOMIOZUIUK JIMHEHHBIX OlEePATOPOB,
npejyiaraeMasi B HacTosIeii pabore, paccMaTpuBaeTcs, HO-BUIUMOMY, BIIEDBBIE.
Pesynbrarsl 0 JOCTATOYHBIX YCJIOBHUAX BBINOJHEHUST 3aKOHA OOJIBINNX YHCEJI TI0JTyde-
HbI U3 PACCMOTPEHUS JBYXIIAPAMETPUIECKOIO CeMeiCTBa CIIyYaliHbIX OIIEPATOPOB
{(U(t))", t >0, n € No} Bmecro onnomapamerpuaeckoro {U", n € Ny}.

B paborax [8,9] usyuarorcst cirydaifHbie HOJTYTPYIIIbl — CIyYaiiHble BEJIUIUHBI CO
3HAYCHUSIMU BO MHOKECTBE IIOJIYTPYIIL; & TaKyKe UTEPAIUN CIyYadHbIX HOJTyTPYIIT —
[OCJIEeIOBATEIbHOCTH KOMIIO3UIHN U3 1, 1 € N He3aBUCUMBIX CJTy9IaiiHbIX TOTyTPYIIIT
JIMHEHHBIX OrPaHMYEHHBIX IIPeoOpa3oBanmii 6aHaxoBa IIPOCTPAHCTBA. YCTAHOBJICHDBI
YCJIOBHS Ha CJIyYaiiHbIe HOIYTPYIIIbI, JOCTATOYHBIE /I TOIO, YTOOLI MATEMATHICCKIE
OKMJIQHUS UTEPAIMil CydaliHBIX MOJIYTPYIIT CXOJUINACH B ONPEIEICHHOM CMBICIE K
HOJIYTPYIIIE IPKU CTPEMJICHIN K OECKOHEYHOCTH KPATHOCTH MTEPAIUii.

B macrosmeit pabore Oy1yT UCCIEI0BAHBI B3AUMOCBA3ZH 3TUX OOBEKTOB — UTEPAIIN
CJIy9alHbIX TToayrpymn u3 [8,9] paceMaTpuBaoTes Kak 0JHONAPAMETPUIECKHE CeMeli-
CTBa CJIlyYaliHbIX JUHAMUYECKUX CHCTEM C JMCKPETHBIM BpeMeneM u3 pabot [3,10];
B CBOIO OYepe/Ib, CJydaiiHble IUHAMUYECKHE CUCTEMbI C HEIPEPbIBHBIM BPEMEHEeM

u3 [15] MoryT paccMaTpuBaTcsi Kak MpeJie/ibl UTePAIi CTy JallHbIX IOy IPYIIIL.
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BynyTt npusejiens! ycjioBusi, JOCTATOYHBIE JIJIsI BBITIOJTHEHUS] U JIOCTATOYHBIE JIJIsT
HapyIIeHUs 3aKOHA OOJIBINNX YUCEs JIJI KOMIIO3UIIUA HE3aBUCUMBIX OJUHAKOBO
PACIIpe/IeSIEHHBIX CIYyYaflHbIX TOTYTPYIII.

st u3ydenus caydaiHbIX TOJYTPYIIT U JUHAMUAYECKUX CHCTEM HaM MOTpedyeTcst
U3Y4YUTh MATEMATHIECKOe OXKUJIAHUE U JIUCIEPCHO (KOBAPUAIMIO) CJIyUaiiHBIX Olepa-
TOPOB U UX cTeneneit. MaremaTuvyeckoe OXKujiaHue OMEPATOPHOIHAYHBIX CJIYYailHbIX
BEJIMYWH OIIPeJIeIseTcs ¢ moMoIbio nnrerpasia [lerruca, a qucnepcun MoryT orpe-
JIEJISITHCS C TOMOIIBIO PA3JIMIHBIX HEOTPUIIATETbHBIX KBAJIPATUIHBIX OTOOpaXKeHn
KaK OTKJIOHEHUsI CPEJIHEro 3HAYeHUs] KBAIPATUIHOIO OTOOPAXKEHHs CJIYUAHOTO OTle-
paTopa OT 3HaYeHUs] KBAIPATUIHOTO OTOOPAXKEHUs Ha MaTeMaTUIeCKOM OXKUIAHUN
ciydaitnoro oreparopa. [Ipm 3ToM KaxKioMy TakoMy KBaJIPATHIHOMY OTOOPAXKEHHIO
COOTBETCTBYET BBIOOP BTOPOIO MOMEHTa CJIy4aifHOro orepaTopa.

asee OyyT uccsie10BaHbl AHAJIOTY TAKUX PEJIETbHBIX TEOPEM JIJIsi CYMM HE3aBU-
CHUMBIX CJTy9aillHbIX BEJIMIMH KaK 3aKOH OOJIBIIMX YuCes (U IeHTpaJIbHAs Ipe/IeIbHast
reopema). Jljist ocsie10BaTeIbHOCTH KOMITO3UIU U3 1 HE3aBUCUMBIX CJIyJailHbIX
orepaTopoB (WM TOJIYIPYII) OYIeT MCCIeOBAHO MATEMATHIECKOe OXKUIAHWUE U
BTOpOit MOMeHT. CTpem/ieHne K HYJIIO IIPU 1 — 0O BTOPOIO MOMEHTA JIJIsi CPETHEro
reOMETPUIECKOI0 COBOKYITHOCTH U3 N CJIYYAfHBIX OIIEPATOPOB 03HAYAET BBITIOTHEHUE
HEKOMMYTATHBHOTO MYJIbTUILIUKATHBHOTO 3aKOHA OOJIBIIIIX UUCES JIJIs Ty YaHBIX
oriepaTopoB B opme HebbIrena.

OJtHUM U3 KJTIOYEBBIX BOIIPOCOB SIBJISIETCS BHIOOD OIpee/IeHUs CPETHETO MeOMeT-
PUYECKOr0 KOMITO3UIINU 1 HE3aBUCUMBIX CJIYUYalHBIX oreparopoB A, ... A, aBisgercs

JIX TaKUM CPE€IHHUM OII€EpaTOPOM OIIepaTop

~

A=(A,o0..0A)n

WU OTIEPATOD
A= (An)% 0...0 (Al)% ?
Teopema Yepnosa (cm. [2,19]) mosBossier nccsie0BaTh 3aKOH OOJIBIINX TUCET
B CJlydae ONpPEJEeICHUS CPEJIHEr0 NeOMETPUUICCKOIO KOMIIO3UIIUU OIEPATOPOB I10
BTOPOMY BapuaHTy. V3ydeHuio TaKoi BOSMOYKHOCTH ¥ TTOCBSAIICHA HACTOSINA CTATHS.
Bynem roBoputh, 4T0 1 1MOCIEI0BATEIHHOCTA KOMIIO3UIUN CIyIailHbIX Ole-
pPATOPOB B TOIOJIOTHYIECKOM BEKTOPHOM ITPOCTPAHCTBE OIEPATOPOB BBIIOJIHACTCS
3aKOH OOJIBINNX YUCE], €CJIN [Tt JI060ro duciaa 0 > 0 u j1r000ii MOJIyHOPMBI ¢ U3
ceMeficTBa TTOPOXKIAIOIINX TOTIOJIOTHUIO IIPOCTPAHCTBA OIEPATOPHOZHATHDBIX (DYHKITHIT

BBLIIIOJIHAETCA YCJIOBHE

1

lim P{¢((Ap)7 o...o(A1)w — M((A,)7 o...0 (Ay)7) > 6}) = 0.

Ecnm ke nocieioBaTe IbHOCTh KOMIIO3UITUN C/TyHYalHBIX OIEpaTOPOB B DAHAXOBOM

IIPOCTPAHCTBE YAOBJIETBOPAET YCJIOBUIO

V§>0 lim P({]|(A,)

3=
3=
3=

o...0(Ay)" — M((A,) o (Ay)w)|| > d}) =0,



TO Oy/IeM MOBOPUTD, UTO 3aKOH OOJIBIIIX YUCEJ BBIIOJIHEH JIJIs TI0CJIE/I0BATEIbHOCTI
KOMITO3UITUI CJIyYallHbIX OIIEePaTOPOB B DAHAXOBOM MPOCTPAHCTRE.

YcTaHOBIIEHBI YCJIOBUS Ha CIydaifHbIe OIIEPATOPHI, JIOCTATOYHBIE JIJI BBIIIOJIHEHUS
3aKOHa OOJIBIIUX YHCEN; TPUBEJIEHDBI IPUMEDDI CJIyYaifHbIX OIIEPATOPOB, I KOTOPBIX
3aKOH GOJIBINUX YUCe]I He BBINOJHAETCs (1, TeM 6oJiee, He MOYKET ObITh BbITIOJIHEHA
IeHTpaJIbHAas MIPEJIeIbHAsT TEOPEMA).

[TocenoBaTe/IbHOCTL UTEPAIMil CITyYalHBIX TOJIYTPYIIT OYeM Ha3bIBATH BEPOST-
HOCTHBIM TIPeJICTaB/IEHNEM HEKOTOPOU mosryrpynnbl U, eciin Jijisd KazK10# 0Ty HOPMBI
P BEPOATHOCTH OTKJIOHCHUA N-KPATHOU UTEpaluU CIy4ailHON IOJYTIPYHIILL OT II0-
gyrpynnsl U 110 1oJIyHOpME p Ha JII00YIO 3aJIAHHYIO MOJIOYKUTE/ILHYIO BEJTUTHY
CTPEMUTCHA K HYJIIO IIpA 1 — OO.

C nomotnpio pejesa Ipu n — 00 MaTeMaTUIeCKOr0 OXKUJIAHUS KOMIIO3UIIUU 7
HE3aBUCUMBIX CJIYYailHBbIX MOIYrpymil B paborax [9,20| mosydeno npejcrabieHne
[OJIyI'PYIIIBI, paspernaromnieit 3aa4ay Kot i 9Bo/ronnoHuoro auddepeHImaibHO-
ro ypaBHeHus. Fcm mocienoBaTe/ lbHOCTh UTEPAIUI MATEMATUIECKOT'O OXKUJIaHU
CJIYYaMHON MOJMYTPYIIILI CXOUTCA B CUJABHOM OIIEPATOPHON TOMOJIOTUU, TO HPEJIe/Ib-
Hast QYHKIMS SBJIAETCS HOJYTPYIIION coriacHO TeopeMe 3 pabors! [8]. B Hacrosmeit
paboTe JlaHa aCUMIITOTUYECKasd OIEHKa OTKJIOHEHUS] UTEePAIU N-TO TMOPAIKa MaTe-
MaTUYE€CKOI'O OXKUJIAHUS CIyYalHON MOJYTIPYIIILI OT IIPEeAeJbHOI HOJIYIPYIIILL IIPU
N — 00, ABJIAIOIIETIOCd CUCTEMAaTUYCCKUM OTKJIOHCHUEM alllIPOKCUMAIINU IIPEeIe/IbHOMI
MOJIyTPYIIIbI. B TepMuHAX BTOPBIX MOMEHTOB JIaHA OIEHKA OTKJIOHEHUs UTEePAIUil
CJIy4aiHOM HOJIYIPYIIBL OT UTEePalil ee MaTeMaTUICCKOI0 OXKUJIAHUA, ABIAIOIICIOCH

CJIyYaHbIM OTKJIOHEHHEM AIIIPOKCAMAIMN IIPEJIeIbHON IOy PYIIILL.

CnydaliHble onepaTopbl v Moyrpymnnsl

Jts m3ydenns cJIydailHbIX TOJIYTPYIIT U OIIEPATOPOB BBEJEM CJIEIYIONIEe pac-
IMUpPEeHne MOHATUA CIydailHOl BeJWYUHBI. BcClojly Jlajiee m3MepUMBbIM ITPOCTPAH-
crBoM HasbiBaercs napa (£, A), rme ) — muoxkecTBO, A — HekoTopas asrebpa
ero TOJIMHOYKECTB; BEPOSITHOCTHBIM IIPOCTPAHCTBOM Has3biBaeTcst Habop (2, A4, 1),
rie (€2, A) — u3aMepuMoe MpOCTPAHCTBO, & (L — HEOTPHUIATeIbHAS HOPMUPOBAHHAS
KOHEYHO aJIUTUBHaA (PYHKIUs Ha ajaredpe A, KOTOPYIO MbI Ha3bIBaeM TaKzKe
BEpPOSITHOCTHOM Mepoii. CiydaiiHoll BeJIMInHOM Mbl Ha3biBaeM A-m3MepumMyio QpyHK-
o € Ha BeposiTHOCTHOM TpocrpancTse (€2, A, (1) co 3HAYEHUSIME B HEKOTOPOM
u3MepuMoM 1poctpancTBe. CrydaiiHas BeJimarHa £ MOXKET IIPUHUMATH KaK IUCI0OBbIE
3HAYEHUs], TAK U 3HAYEHUs B TOIOJIOIMIECKOM BEKTOPHOM IIPOCTPAHCTBE, CHAOKEHHOM
MHUHUMAJIbHON aaredbpoil oJIMHOXKECTB, cojiep:Kalieit Torosoruto. Hampumep, ecin
Takas ciaydaiiHas BendnHa { TPUHUMAET 3HAUEHHUS B IIPOCTPAHCTBE OIIEPATOPOB,
TO OHA& HA3bIBACTCA CJAYYalHbIM OIIEPATOPOM; aHAJIOIUYHO OIPEJIeIAeTCd U IIOHATHE

caydaitnoit nostyrpynist (onpejesenne 1 Huxe).
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[Tonsrne ciy4aiinoii mosyrpymmsl cocrout B caeayomeM. Ilycrs Y (X) — Tomoso-
IUYeCKOe BEKTOPHOE IPOCTPAHCTBO CHJIBHO HENPEPBIBHBIX 0ToOpazkenuii F mosmyocn
R, =0, 400) B 6anaxoBo npocrpancrso B(X) nuHeitHbIX mpeobpasoBanmii GaHaxosa
IpOCTpAHCTBa X, TOMOJIOTUS Ty HA KOTOPOM OIIPEIEISETCs CeMeficTBOM (DYHKITNO-

HaJIOB ¢r,, I > 0, u € X, geifcrByromux 1o upasuiy ¢r.(F) = sup ||F(t)ul|x;
te[0,7)

nycrh Takke X, — Takoe 6GaHaXOBO MPOCTPaHCTBO, UTo (X, )* = X.

Omnpegenenne 1. Cayuatinot nosyepynnoti Mol HA3vl6AEM CAYUATHYIO BEAUNUNY
G, npurnumarouyyro snaverus 6 muoocecmee S(X) cuavho HeEnpepueHbT 00HONAPG-
MEMPUHECKUL NOAY2PYNN ONEPATNOPOS, OCUCMEYIOUWUL 6 baHATO60M NPOCMPAHCMEE
X (anzebpa As nodmmoorcecms S(X), npespawarowan €20 6 usmepumoe npocmparc-
80, npedcmasaiem coboll MUHUMAALHYIO an2ebpy nodmmoccecms muoocecmesa S(X),
COOEPHCAUWYIO BCE MHONCECTNEA U3 MONOA02UL Ts, uHIyyuposanot wa S(X) us
monoaozuseckozo npocmparcmea Yy(X) ).

MareMaTU4ecKuM OXKMJIAHHEM CJIydaiiHoil mosyrpynnbl G Kak 0TOOparzKeHmst
npocTpancTsa ¢ Mepoit (2,29, 1) B Tomomormaeckoe mpocTpancTBo Yi(X) Gymem

Ha3bIBaTbh MHTEr'paJi IlerTuca

Mm—/@m@,

riae M[G| — rakoit ssement npocrpanctsa Yy (X ), aro st mobbix t € Ry, A€ X, g €

X* BBLITIIOJIHAETCA PaBEHCTBO

(ME))A.g) = [ (G, g)dute). (1)
Q
Baeck uepes (A, g) 06o3HauaeTCsI 3HAYEHUE HA J1eMeHTe g € X, JIMHEHHOro Herpe-
poiBHOTO (byHKImoHama A € X = X7,

Huzkecnenyromasn Teopema 1 mpemocrapisier J0CTATOYHBIE YCIOBUSA CYIIECTBO-
BaHMS IIOCJICIHEr0 MHTErpasa OT OrPAHUYEHHON YMC/IOBON (PYHKIUHU 110 KOHEIHO
ajuTusHON Mepe pu € W(E) (em. [6]).

Coyuaiiayro Bequuanny & €O 3HAU€HUAMEU B pocTpancTe Yy(X) HA30BEM paBHO-

MEPHO OTpaHuveHHOH, eciu supsup sup ||&(H)z]|x < C < +oo.
c€E 120 ||z]|x=1

Cay4aiinyto Besmanny & co 3HadeHUsAME B npocTpaHcTie Yy(X) HazoBeM

1. maoTHO ¢/1ab0 PABHOCTENEHHO HEIPEPBIBHOMN, €CJIH CYIIECTBYET TaKOE IJIOTHOE

JmHeitHoe monpocrpancTeo D C X, aro mys joboro A € D, mroboro g € X,

u joboro o > 0 cymectByer uucyio 6 > 0 Takoe, 9To Jjisd Jioboro t € R,

u soboro At € (0,0) : t + At € R, BBIIOIHSAETCS CJIEYIONIEE HEPABCHCTBO
sup [(&(t + At)A =& (1) A, g)| < 0.

teR, ecE

2. IIJTIOTHO CUJIBHO PaBHOCTEIIEHHO HereprBHOfI, €CJIN CyIIECTBYET TaKOE IIJIOTHOE

JmHeitHoe noaupocrpancTBo D C X, uro g goboro A € D u jroboro o > 0
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cymecTByer ducsao 6 > 0 takoe, 4To st jiroboro t € Ry u soboro At € (0,6) :

t + At € R, BbImosiHsETCS Ccoieytoree HepaBeHCcTBO — sup ||| (t + At)A —

teRi,eclE
E(A|x <o.

Teopema 1 [9]. ITycmv p — sewecmeennosnaunas mepa wa arzebpe A noo-
mHoocecms mnootcecmea E- ¢ ozpanunennot sapuavyuet. Tozda ecau uzmepumoe
omobpasicenue § : E — Y (X) asasemca pasHomepro 02panusernot u naommo
caabo (cuavno) pasrocmenenno nenpepuerot, mo ME(t) € Yi(X). Eeau cayuai-
HaA seaununa & co anauenuamu 6 npocmpancmee Ys(X) asasemea pasromepro
02PANUNEHNOT U NAOTIVHO CAGOO (CUNBHO) PABHOCTNENEHHO HENPEPbIBHOT, Mo cpediee

3HAYEHUE CAYUATHOT BEeAUNUHBL £ ABAAECNCA HENPEPLIGHOT ONePamop-PyHKyues:
M¢(t) € Cu(Ry, B(X)) (ME(t) € Cs(Ry, B(X))).

Jloxazamenvcmeo. PaBnomepHast orpaHUYeHHOCTD CJIy4YailHON BeJIMYMHBI £ O3HAYAET,
qTO

sup  [[&(t)||px) < C npu mekoropom C' > 0.
e€eE,teR

[Toromy B cuity ycjioBUsI paBHOMEPHOI OrpaHudeHHOCTH oToOpazkenus & @ E X
R, — B(X) mpu kaxjgom t > 0 u s gobbix v € X u g € X, byukius
(&.(t)v, g) orpanmdena Ha MHOXKecTBe F n n3mepuMma Kak orobpaxkenune F — C u,
cJIeJIOBATEIbHO, MHTerpupyeMa 1o Mepe i (em. [13]), a uarerpan (20) kak hyHKIUA ap-
I'YMEHTa, ¢ SIBJIAETCSl JIMHEHHBIM HEIPEPBIBHBIM (DYHKI[MOHAJIOM Ha IIPOCTPAHCTBE X, .

CuteroBaresnbo, jyist jmoboro v € X oupegesen unrerpan [lerruca [ vdu(e) € X,
E
npuaeM orobpaxenne v — [ Evdp(e) MMHEHHO 10 U B CUily JMHEHOCTH HHTErpasa
E

[lerTnca m HEpPepBHIBHO B CUJIy PABHOMEPHO# OT'PAHUYEHHOCTU OTOOpakeHud &.

CanenoBarenbro, orobpaxenne v — [ Evdu(e) onpeneneno na npocrpancree X u
E
sIBJISIETCS JIMHEHHBIM OI'PaHMYeHHbIM IIpeobpa3oBanuneM mpocTpancTsa X . ITosromy

upn kaxaoM t > 0 cpennee snadenne ME(t) = [E.du(e) € B(X) koppekTHO
OIIPE/IEJIEHO. g

CoryiacHo ycJIoBHIO IJIOTHOHN €/1a00H paBHOMEPHO HEIPEPBIBHOCTH CYIIECTBYET
Takoe IJIOTHOe JImHelHoe moanpocTpanctBo D C X, aro jays goboro A € D, oboro
g € X, n moboro o > 0 cymectByer 1ucjo 0 > 0 Takoe, 910 i1 Joboro t € Ry u

moboro At € (0,9) : t+ At € Ry BuimosHsOTCS Caeytorue ornenku sup |((ME(t +
teR4+

At)—ME) A, g)] = sup [([[e(t+A)A-E (DA, g)ldul < [ sup  [(E(t+Ar)A—
teRy FE E t€ERy €l
§(t)A, g)ldu < 0.
I/IB yCJ10BUA CUJILHOI paBHOMepHOﬁ HENIPEPbIBHOCTU CJIEJAYET CYIIECTBOBaHHE

TaKOIr'o IJIOTHOIO JIMHEeiHOTrO mojpoctpancTBa D C X, aro ajs aoboro A € D u

soboro o > 0 cymecTByeT Takoe duciio § > 0 aro jyis joboro t € R, u 106010
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At € (0,9) : t + At € R, UMeIOT MeCTO CJICJIyTOIIIe OIEHKH:
sup [[ME(t+ At)A — ME(HA|x =
tERL

sup sup |[((ME(t+ At) — ME(1)A, g)| <

teR+ lgllx. =1

< / sup  sup [(E(t+ ADA — E(H)A, g)|dp =

teR+,c€F || x. =1

— [ sw_Jle(t+ 804~ &0 Alxdn < o

teR4 €l

st smioboro u € X maidifnercs siaement A € D Takoit, uro ||[u—A| x < 0. Ilostomy
COIVIACHO YCJIOBHIO PABHOMEPHOIT orpanndeHHoCTH oneHka ||[ME(t)u — ME(H) Al x <
Co cupaseymBa 1pu Beex ¢ > 0. Takum 06pa3oM, HEITPEPLIBHOCTH MATEMATHICCKOTO
oxuaans ME caydaitHol BeTMIUHBL £ IMEET MECTO B COOTBETCTBYIONTHX TOIIOIOTHIX.

]

Ecsn na BepositnoctHOM 1ipoctpancTse (2, A, i) onpesenena ciydaiinas moJry-
rpymmna (G, TO ee reHepaTOPOM Ha3bIBaeTCs ciydaiinad pesmuunHa Hg na Tom ke
BEPOATHOCTHOM IIPOCTPAHCTBE, OIlIpejeadeMasl YCJIOBUEM: JId KazKaIoro € € {) 3nade-
nue Hg(e) coyuaitnoii Bemunnbr He npejicrassier coboil reHepaTop MOy TPy b
G(e) € §(X). Tak onpejesiennas ciaydaitnas sesnanna Hg npunumaer sHadenue
B MHOXKecTBe G(X) reHepaTopoB CHJIBHO HEIPEPBIBHBIX OJHOIAPAMETPUYECKUX
HOJIyrpyii, JeiicrByionux B npocrpanctse X . Tornosiorus 74 Ha Muoxkecrse G(X)
ompe/iesisiercs ycaosueM, 9tobbl 6ueknus J mexay S(X) u G(X), upu KoTopoii
KazKJI0ll IOJIyI'PYIIIIe COOTBETCTBYET €€ TeHepaTop, ObLIa roMeOMOP(MU3MOM TOIOJIOIH-
vyeckux npocrpancts (S(X),7s) u (G(X), 7¢). Takum obpasom, Hg = J o G; unaue
roeopst, Hg — 910 usmepumas dbyHKIMs Ha BepogTHOCTHOM npoctpancTse (€2, A, 1)
(cotyuaiinasi BeJIMYIMHA), TIPUHUMAIOIIAS 3HAUEHUS B TOHOJIOIMYECKOM [IPOCTPAHCTRE
rereparopos G(X). Eciin MmaTreMaTnueckuM oKujaHueM cirydaitHoil nosryrpyrmnst G
SIBJISIETCsI OllepaTopHo3HavHast pyHKIws Fg, skBuBasenTHas 1o HYepropy (cm. [21])
HekoTopoit noayrpynne Ug, To reneparop noayrpyunsl Ug U Oyner Ha3bIBATbCS
MaTeMATUIeCKUM OXKUIAHUEM CIydaiiHoro remeparopa Hg CirydailHOM II0JIyTpyIIIbI
G.

Taxoe omnpe/iesieHne yCpeJHeHIs FeHePATOPOB ABJISETC PACIIUPEHIEM HPOLELY Phl
yCPeJIHeHHd B IPOCTPAHCTBE OIIEPATOPOB, IIOCKOJILKY B CJIydae, C/Id BCe 3HAYCHUs
CJIy9aifHOrO reHepaTopa OrpaHMYeHbl, TO €ro CpeJHee 3HAYeHUe COBIAIAET ¢ OObIY-
HBIM CPEJIHUM 3HAYEHUeM 3J1eMeHTOB Ganaxosa npocrpancTsa. (cM. [9]). B ciayuae,
KOTJIa 3HAYEHH CJIyYaiiHOrO FeHepaTopa ABJISIOTCA HeOrPAHMIEHHBIMU OIIEPATOPAMHE,
€CTECTBEHHOE OIIPEIEICHIe MATeMaTUIECKOr0 OKUIAAHUS CIyYailHONH BeJMYMHbI
He MoxkeT He ObITh KOPPEKTHBIM, HO BBeJleHHOe B |9| ompejenenne ycpejHeHust

IIPUMEHUMO.
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MomeHTb! cnydaiiHbix onepaTopos v Moayrpynm

[Iycts H — cemapabeibHOE THILOEPTOBO MPOCTPAHCTRBO.

PaccmoTrpum ciryuaiinyio Besmmauay U co 3HadenusiMu B 6aHAXOBOM ITPOCTPAHCTBE
X = B(H) u onpejennm 00beKThI, XapaKTePU3yOIIne MOMEHTBI €e PACTIPe/Ie/IeH sl

MaremaTndecKuM OKuJIaHueM ciaydaitaoro oneparopa U Ha3bIBaeTCS OIEPATOP
M[U] € B(H), pasubiii narerpainy [lerruca or Bekrop-byukmun U : E — B(H)
o Mepe L.

MaremaTndeckoe OKUIaHUE ABJIAETCI MOMEHTOM TIEPBOTO MOPSJIKA 1T BEKTOD-
Ho#t corydaitnoit Benuanabr U.

[IepBoIit MOMEHT BeKTOPHO# cirydaitHoit Benauubl U XapaKTepU3yioT MaTeMar-
TUYIECKNE OXKUJIAHUS PA3JTUIHBIX JIUHEHHBIX 0TOOpaxkKeHuit mpoctpancrsa X . Ecin
nuHeliHoe orobpazkenue F' @ X — Y wenpepsisuo, To M[F(U)] = F(M[U]).

OxapakTepn30BaTh BTOPOIl MOMEHT BEKTOPHOMN cjaydaitnoil Besumauabl U MoryT
MaTeMaTUYeCKUe OXKUJIAHNA Pa3JIMYHbIX HEOTPUIIATEJIBLHO OINIPEAeJeHHBIX KBaIpa-
TUYHBIX OTOOpakeHuit npocrpanctsa X. /lucrepcueit ciayvaiinoit Beananabl U
ABJIACTCA 3HAYHUE BTOPOTrO MOMEHTA Ha OTKJIOHEHUMW CJIYYaHON BEJIMYUHBI OT €€

MaTeMaTH4YCCKOI'O O2KHJaHMA.

1. Hanpuwmep, ecim orobpaxkenune K : B(H) — BT (H) geiictByer 110 npasuiy
K(U) = U'U, 1o coorercrByomumM byHKIME K BTOPBIM MOMEHTOM CJIy-

qaitHoil BesmuuHbl U SIBJIsIeTCsl HEOTPUIATEILHO OIIPE/IeJIeHHBIN OIepaTop

MIK(U)] = M[U*U], a aucnepcueii ciydaitnoil Bemuanabl U sBiisiercs
Heorpuriaresibublii oneparop D (U) = M[K(U — M[U])] = M[K(U)] —
K(M[U)).

2. HemocpeicTBeHHO BTOPBIM MOMEHTOM BEKTOPHO3HAYHON CJIYYailiHOM BEJTNINHBI
U gBisiercss KoBapHallMOHHBIN olepaTop, TO ecTh OmmHeiHass dopMma Ha
npocrpaHcTBe X ¥, onpejiesgeMasi Tak: ounnneitHas popma Sy KaxkJIoi yIo-
psijiouenHoi mape BekTopos (f, g) € X* x X* conocrasnser uucio Sy(f, g) =
M{[f(U)g(U)]. TIpu 9T0M COOTBETCTBYIOMAS JUCIEPCHS CTyUAfHON BETHINHEI
U asnsterca 6ummneiinoit popmoit D(U) Ha npocrpancree X *, onpe/iessieMoit
JUTs Kazk1oit mapsl BekTopoB (f,g) € X* x X* pasencrsom Ds(U)(f,g) =
M[(f(U = M[U])(g(U — M[U)))] = M[f(U)g(U)] - f(M[U])g(M[U]).

3. Kpowme Toro, jmaamuka mpocTpaHcTBa KBAHTOBBIX COCTOSHUMN ([MHAMUKA ajired-
pbI HABJIIO/IAEMBIX ) TIPIIE/ICTaBIISET COOOil MOIOKUTEILHO OIPEICJEHHYIO KBaJI-
paruunyio dyukimio A : B(H) — B(B*(H)) (6o V : B(H) — B(B(H))),
neiicrsytontyio 1o npasuity A(U) = Ty, tue Tu(p) = UpU* V p € (B(H))*
(mu6o V(U) = Ty, rue Ty(A) = U'AU V A € (B(H))). Orobpaxenust T
(mu6o T') 1mepeBoJAT MOJIOKHUTEIbHBIE SJIEMEHTBI B HOJIOKHUTeIbHBIE. Torna

BTOPOii MOMEHT ciry4aiinoii Besmannbl U Moxker 6biThb onpeseer kak M[A(U)]
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(xkak M[V(U)]), a coorBeTcTByIOMNE IUCIEPCUN CIydaiiHoi Beamanasl U
onpegenstorest pasenctBamu Dy (U) = M[A(U)] — A(M[U]) = M[A(U —
MIU))] (mu6o xaxk Dy (U) = M[V(U)] — V(M[U]) = M[V (U — M[U]))).

OO61M CBOWCTBOM ITPUBEJIEHHBIX IIPUMEPOB BTOPHIX MOMEHTOB SIBJISETCSI CJIETYTO-
Iee — cCTpeMJIEHNE K HYJIIO 3HAUEHNUH JTUCIIEPCUT Ha TOCJIEI0BATETHHOCTH CTydaltHbIX
OTIEPATOPOB CBUJIETE/IHLCTBYET 00 aCUMIITOTUYIECKON JIeTEPMUHIPOBAHHOCTHU IIPEJIesia

I1ocJjie10BaTeJIbHOCTHU CﬂyqaﬁHbIX o1repaTopoOB.

B macrosieit pabore ncciaeayioTcs MEPBbI W BTOPOl MOMEHTBHI CJIyYailHOTro
oneparopa U, (t) npu dukcuposannom ¢t > 0 co 3HaveHusiMu B npocrpanctse B(H ),
caydaitnoii mosyrpymmsl U (t), ¢ > 0 co 3nadenusivu B upocrpancrse Cs(R,y, B(H))
U UX cjIydaiiHoro rereparopa L. co 3HauenusiMu Bo Muoxkectse G(H) reHepaTopos
CUJIBHO HEIPEPBIBHBIX MOJIYPYIIT B IMIbOepTOBOM IpocTpancTBe H. JlanbHeiiei
NIEJIBIO ABJIAETCA U3yUeHUE TPEJeJTbHOTO TTOBEJeHNA IIEPBOrO U BTOPOT'O MOMEHTOB Y
KOMIIO3UIINU U3 1. HE3aBUCUMBIX OJMHAKOBO PACIIPEJIEJCHHBIX CIYYaliHbIX OIIepaTOPOB

U: Q — B(H) (wm cayuaitabix nogyrpynn U(+) : Q — Yy (H)) upu n — oo.

IIpumep 1. Cuagasa paccMOTPUM IpUMep CIydaiiHoOro onepaTopa A, 33 JaHHOIO
Ha BepoaTHOCTHOM npoctpanctse (E,2F ;1) u npunnmaromero cuernoe MHOXKECTBO
suavenuit {Ay, k € N} B Hekoropom mape pajuyca r € (0,400) B mpocTpaHcTBe
B(H).

MaremarndeckuM OKUJIAHIEM CJIy9allHOTO oneparopa A sBiisieTcs Mpejie)t:

n—oo

A = lim zn:AkP({A — A}) € B(H)

MaremaTuaeckuM oxkuanuneM ciydaiinoit mosyrpymmst U(t) = exp(At), t > 0,
ABJIFeTC PaBHOMEPHO HellpepbiBHas onepaTtop-byHkimsa U, KoTopas corsacho |9)
sKBHUBaJeHTHa 110 UepHoBy nosyrpymme exp(At), ¢ > 0.

PaccmoTrpnm nokazaTesibHbIN 7T JTAIbHEHIIero n3/I02KeHNsT IIPUMED CJIy TaitHoO-
r0 YHUTAPHOT'O OIEPATOPA M CJYYallHBbIX YHUTAPHBIX 0yrpyii. OcobeHHocTaME
paccMaTpUBAEMOro IPUMepa SIBJISIOTCA KOHEUHas a/INTUBHOCTL MePhI Ha "'Bepo-
arnocrHom "nipocrpanctie (F, 2P 1) u nekoMnakTHOCTH (B CHJILHOM OnepaTopHOit
TOIOJIOIMH) MHOYKECTBa 3HaUeHNil cirydaitnoil Beamannsl U.

Ipumep 2. [Tycrs (E, 28, 1) — npocTpalcTBo ¢ HEOTOPUIATEILHO, HODMUPOBAH-
HOI KOHETHO a/INTUBHON Mepoii, u nycthb (B(H ), As) — IPOCTPAHCTBO OpAHNIEHHBIX
JIMHEHHBIX OlIePATOPOB, CHAOKEHHOE CTPYKTYPOil H3MEPHUMOTO IIPOCTPAHCTBA C aJl-
rebpoit moMHOKecTB Ay — MUHUMAJIBHON aiarebpoii, copepkalieil Bce OTKPBITHIE
[O/IMHOZKECTBA CUJIBHOM OIIepaTOPHOil TOIIOJIOTHN T Ha IIPOCTPAHCTBE OPAHUIEHHBIX
nmuneitnbix oneparopos B(H). Torna moboe orobpakenune U : E — B(H) aBisa-
ercs U3MEpUMbIM OTOOpazkKeHneM IpocTpancTsa ¢ Mepoit (E,2E 1) B usmepumoe

npocrpanctBo (B(H), Ay), TOo eCcTh, CIy9ailHbIM OIEPATOPOM.
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Uccnemyem MaTeMaTHaecKoe OKUIAHIE M BTOPOH MOMEHT CJIYUaiiHOTO OIepaTopa
u3 npumepa 2.

IIycts U, = e~ npu mekoropom saganuoMm umcie t > 0, rme L., ¢ € B =
(0,1), € = +0 — camocompszKeHHas PETyIAPU3AIHs MAKCIMAIBHOTO CHMMETPHIECKO-
ro oneparopa L. Torga npu € — 40 1moc/e/10BaTeIbHOCTD YHUTAPHBIX OIIEPATOPOB
{U.}, e = +0, b0 cxouTest B CUILHOM OMEPATOPHOl TOMOIOIUHU K olepaTopy €
npu yeaosuu dim(Ker(L*+iI)) = 0, mbo cxonures B c1aboii orepaTopHOil TOMOJIOI AT
itL*

K oneparopy e~ " mpu yeiaosun dim(Ker(L* 4 ¢I)) # 0. [Tosromy mist j1t060it Mepsbl

1 € Wo(E) Bemonnsiercst pasercreo M[U|(t) = [ e ™ =du(e) = e~ npu ycnosun
B

dim(Ker(L* + 4I)) = 0, sm6o eemosnustercs pasencrso M[U(t) = [ e edu(e) =
e " npu yenopun dim(Ker(L* +41)) # 0. Ornocurensho onpegeneImeX B COOTBET-
cTBUN ¢ 1)-3) BTOPBIX MOMEHTOB CJIy4aifHOIO YHHTAPHOTO OllepaTopa MM CJIyIaitHoil
YHUTAPHOI TTOJIYTPYIIIBI 3aMETHM CJIe/IyIOIIee.

IIpennoxenune 1. [Tycmv U — caywatnwd onepamop us npumepa 1 u nycmo
mepa 1 ydosaemeopsem yeaosuro i € Wo(E). Toeda D (U) = 0 npu ycarosuu
dim(Ker(L* +iI)) = 0, D (U) = I—e e = Py, () npu yeaosuu dim(Ker(L* +
il)) # 0. Bdecv Hy(t) — cdsuzosan komnonenma 6 pasaodiceruu Boavda (cm. [14])
uzomempuueckozo onepamopa el
Criestyer oTMeruTb, 9To Kak GyHkius napamerpa t > 0 mqucnepcust Dy (U) monoron-
HO BO3pACTaeT OT HyJIA JI0 MAKCHMAJBLHOIO 3HAYEHUS — IIPOEKTOPA Ha IPOCTPAHCTBO
HeKoppekTHocTH 3aja4n Komm s ypasuennst [penunrepa ¢ ramuibronnanom L
(em. [13]).

IIpennoxkenune 2. [Iycmo U — cayuwatinod onepamop u3 npumepa 1 u nycmo
mepa fi ydosaemesopaem ycaosuro i € Wo(E). Tozda By(f,g) = 0 das awbvx
f.9 € B.(H) = Ty(H).

[To onpenenennto, f,g € B*(H), B 9aCTHOCTH, BO3MOXKHO PACCMOTPETDH CJIydai,
korna f,g € X(H), 6omee toro, f = |u >< u| u g = |[v >< v|. B Takom ciayuae
f(U()) = (u, U(t)u), nosromy szt moboro p € Wy(FE) cupaBeyimBo paBeHCTBO
MIf(U(@))] = (u,w — ll_I}(l) U.(t)u) = (u, M[U(t)]u). Tlosromy 1jist pyHKIIMOHATIOB

f, g ykazanHoro Buja u B ciaydae Mepbl 1 € Wo(E) cupaBeyinBo paBeHCTBO:

M[f(U(#))g(U(1))] = / (u, Ue(t)u) (v, U(t)v)dpu(e) =

= lim[(u, U (t)u) (v, Uc(t)0)] = (u, M{U(@)]u)(v, MU (2)]v)

e—0
CrenoBaresbHO, /Ui (DYHKIIMOHAJIOB f, ¢ YKA3aHHOTO BUJA U B CJIydae MEpHI [i €

Wy(E) cupaBemyimBo paBeHCTBO

Bu(f,9) = M[f(U)g(U)] — f(M[U])g(M[U]) = 0.

IIpennoxkenne 3. [lycmv U — caywatinwdi onepamop us npumepa 1 u nycmov mepa

p ydosaemesopaem ycaosuto 1 € Wy(E).
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Tozda DA(T)(p) = MIAD))(p) — ACM[U])(p) = Mle~ 5 peithe] — e #EpeitE" =
npu yeaosuu dim(Ker(L* +il)) = 0, 6 mo epems xax Da(U)(p) = M[A(U)](p) —
AM[U))(p) = Mle =peitle] — e UL peitl = TH(t)p — e L petL npu yeaosuu
dim(Ker(L* + iI)) = 0, 6 wacmuocmu, (Dx(U)(p),I) = 1 — p(Pn,) = p(Pn,) =
{p, D (0)).

To ects (Dp(U)(p),I) = (p, Dx(U)) u B s310oM cmbicite Dy (U) Kak smement
npocrpanctsa (B(H))* cosnagaer ¢ D (U) kak ¢ snmementom B(H). A npu yciaoBun

p = py, tae ¢ € Hy, cupasemymuso paserctso Dy (U)(p) = TH(t)p.

3akoH b6osbLINX YUCen n npesesbHble TeOPEMbI

AJ151 KOMIO3ULUI HE3aBUCUMBbIX ONEPATOpPoB (moayrpynn)

[IpetesibabIE TEOPEMBI JIJIS TTOCJIEIOBATEILHOCTEH CYyMM HE3aBUCUMBIX OJIMHAKOBO
pacipeie/IeHHbIX cIydaiinpix esnuun &, j € N, co snavenusyu B R (mm R?)

XapaKTEepU3YIOT aCUMIITOTUIECKHE IPH N — OO0 CBOUCTBa PacCIpeIe/IeHUsT BEPOsIT-
n

HOCTH CJIy9aiiHON BeJIMYMHBI =, = Y §j 1 yCPeJHeHHOI CJIy4JalfHON BeJMYuHbI
Jj=1

n
Fo_1 .
Emy =2 2 &)
=1
HpI/I I/I3yquI/H/I HOCJIeﬂOBaTeJIbOCTeﬁ KOMHOE}I/IHI/II';I HEe3aBUCHUMbBIX OJMHaKOBO paC—
[PeJIeJICHHBIX CIyvYaiubix Besaudand §;, j € N, co 3HadeHusAMH B 6aHAXOBOM IIPO-
CTpaHCTBE OrPaHUYEHHBIX JIMHEHHBIX oneparopos B(H) nac Gy/yT MHTEpecoBaTh
ACUMIITOTHUYECKUE HpI/I n — oo CBOICTBAa paCHpe,ILeJIeHI/IH BepOHTHOCTI/I Cﬂy‘{aﬁHOﬁ
BeIMunbl =, = &, o ... 0 {; B KauecTBe yCPEJHEHHOI C/IydaiiHOil BEeJTMYUHBI MOTYT

BBICTYIIATb CJIy‘I&fIHbIQ BEJIMYIMHDBI

~

gn = <§no,..o§1) (2)

3=

.= ()7 0.0 (&), (3)
riae ,ILpO6H8§I CTeEeIIEeHb onepaTopa OlIpeaejideTrcd C IIOMOIIBIO CHeKTpaJH)HOI‘O pa3n0>Ke—
HUA B cnyqae CaMOCOHpH}KeHHOFO nJjin yHI/ITapHOFO onepaTopa. B CB4A3MU C 3TUM IIpK
I/IBy‘{eHI/II/I Cﬂy‘{aﬁHbIX YHI/ITaprIX NJin CaMOCOIIPA2KEHHBIX OIIEpaTOPOB rH‘OHYCTI/IMO
paccMaTpuBaTb o6a BapuaHTa pre,ZLHeHI/IH KOMIIO3UIINI CﬂyqaﬁHbIX OHep&TOpOB, HO
HAMHU B 3TON cTaThe 6y,H‘yT PaCCMOTPEHDI TOJIBKO 1IpeJgejbHbIe CBOIiCTBA ycpe,ILGHHI)IX
1o npasuity (3) caydaiiHbIX OIepaTopoB £

AHaJIOFOM 3aKOHa 6OJH>HII/IX quceJ1 JJid II0CJIeJ10BaTeJIbHOCTHU CyMM HEe3aBUCUMBIX
CHy‘IafIHbIX BE€JIMYNH AdBJIAETCA CJIe,ZLyIOHlee YTBep}K,H‘eHI/Ie O IIocJIe10BaTeJIbHOCTHU
KOMHOBI/IHI/Iﬁ HEe3aBUCHUCUMBIX CJIy‘IafIHbIX OHepaTOpOBI

Onpepenenne 2. Ilycrs {A,} — nociiejoBaTeIbHOCTD HE3ABUCUMBIX OJIMHAKOBO

paciIpeae/JIeHHbIX CJIy‘I&fIHbIX OoIIepaTopoOB, UMEIOIIUX MaTEMaAaTUYIECKOE OXKHIaHHEe

A € B(H).
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Torma ciremyroree ycioBue:

lim P({[|((A,)7 0.0 (A))s — A)z]| > e}) =0 (4)

n—oo

pu J00bx € H, x # 0, u 100b1x € > 0, Oyj1eM Ha3bIBATH 3aKOHOM OOJIBITUX THUCET
B CHJIBHOIT OTI€paTOPHOf TOIOJIOrUH Jjisi oceoBarenbHoct { A, };
a yCJIOBHE:

lim P({[|(An)7 0.0 (Ar)" — Al > €}) =0 (5)

pu J00bIX € > 0, Oy/ieM Ha3bIBATh 3aKOHOM OOJIBIINX YHCEI II0 OLIePATOPHOIT HopMe
JUTs TocstetoBaresibHocT { A, }.

3akoH GOJIBIINX YHCeN [0 OMepaToHOi HOpMe (0 CHIIBHOI OmepaToOpHOii TOTOJI0-
run) B opme Hebblmesa st MOCTIEI0BATETBHOCTH CIIyYaifHbIX omepatopos {A, }
IIPe/ICTaBIIsSeT COOOM Crle/yIolee YTBEPK IeHNe:

Onpenenenne 3. Ilycrs {A,,} — mocie1oBaTeIBHOCTD HE3ABUCUMBIX CJTyYaifHbIX
OIIePATOPOB, NMEIOIINX OJIMHAKOBOE MaTeMaTHIeCKoe OxKujanue A 1 orpaHuueHHYTo
HocJIe10BaTeIbHOCTh BTOpbix MoMenToB { D(A,,)}. Torma ycinosue

lim [[D((A,)7 0 ..o (A1)™)|| g = 0 (6)

n—o0
HA3bIBAETCS 3aKOHOM 0O0JIbINNX 4uces B hopme HebbimeBa 1o OrepaTopHOit HOPME;
COOTBETCTBEHHO, 110 CUJILHON OIIEPATOPHOI TOIIOJIOTUN 3aKOHOM OOJIBIITUX YHUCET B
dopme HebbIreBa HA3BIBACTCS yTBEPIK/ICHUE:

lim ||D((Ap)# o...0(Ay))z||ly =0V z € H. (7)

n—oo

Jlemma 1. Eciau ciayvaiinbiii orpaHudeHHbIH JIMHEHHBIH onepatop A mmeer

mucnepento Dy € B(H), To cipaBeyinBo HepaBeHCTBO UebbiieBa
1
)

P{IIA = MA|pun > €}) < -

1Dkl By

Heticrurensuo, D = [((A — MA)*(A — MA))dp, nosromy
B

Dk = suw (o / (A — MA)"(A — MA))duu) =

=sup lim [ (u,((A—MA)"(A—-MA))u)du =

l[ull r=1

= sup | 1|i1m—1 / (u, (A — MA)" (A — MA))u)du+
. {e€E: |A-MA| pm)>e}

o[ A Ay (A - MA ) >

{EEE: HA—MAHB(H)<6}
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> sup | 1||im,1 / (u, (A — MA) (A —MA))u)du >
. {e€E: |A-MA| pm)>e}

>u({e € B |A— MA|pu) > €})

OTKY/Ia U CJIeJlyeT HepaBeHCTBO Jebbilena.

CaenacrBue 1. I3 mepapencrBa YeOblleBa cjeayeT, 9TO €CJAU JJIA IIOCJIET0-
BATEJLHOCTH HE3aBUCUMbBIX OJIMHAKOBO PACIIPEJICICHHBIX CJyYaflHbIX OIEepPaTOPOB
BBIIOJTHsIeTCsI yesioBue (6) ¢ pyHKInonaaoM jauctepcent Dy, TO Jijisl Hee BBITIOJIHAETCS
yesiosue (5).

Jlemma 2. Eciu ciyvaiiubiit orpaHUYeHHBIN JIMHEHHBIH omepatop A mMmeer
muctiepento D € B(H), To mist mroboro Bektopa x € H @ ||z||g = 1 cupasemmso

HepaBeHCTBO YeObleBa
1
P({[I(A = MA)zln > e}) < 5[ Drelln (8)

Heiicreurensuo, Dg = [((A — MA)*(A — MA))du, nosromy st 1o60ro
E
BekTOpa T € H Takoro, 410 ||z|g = 1, cpaBeyinBel COOTHOIIECHUS

IDxcalln = sup (u, [/(A ~ MAY(A — MA)dulz) >

lullm=1

> (2. / (A~ MA)'(A — MA)dpz) =

= [ A - may A - aapadn= [ (A=Al >
> [ A= MAWld > i € B (A= MYl > <),

{e€E: |[(A-MA)z|p=>e}

OTKY/Ia U CJIeyeT HepaBeHCTBO eObIieBa.

CraencrBue 2. I3 mHepapercTBa YebbimeBa ciieyer, ITO €CJIA JJIs TOCTIET0-
BaTeJIbHOCTU HE3aBUCHUMbLIX OJMHAKOBO PacCIIpeJc/JICHHBIX Cﬂyqaf/leIX OoIIepaTopoB
BbITIOJIHsIeTCs yestoBue (7) ¢ byHKimonanoM auctnepceun D¢, TO JJist Hee BBIIOJIHSIeTCsT
yciosue (4).

Awnajiorom 3akoHa GOJIBIIAX THCEJT JJIsI TOCTIE0BATEIHHOCTH CYMM HE3aBHCHMBIX
CJIYUYAHBIX BEJIMIHMH ABJISETCS CJIEIYIOIIee YTBEPXKIEHNE O TOC/IEI0BATETHbHOCTH
KOMTIIO3UIIUI HE3aBUCUCUMBIX CJTyYaifHBIX MOJIYTPYIIIL.

3akoH GOJIBIINX YKCEJ B CHJIbHOI OMepaTOPHOIi TOMOJIOTUH.

[Tycrs {U,(t), t > 0} — mocie0BaTeIbHOCTD HE3ABUCHMBIX CJIyYaHBIX TIOJIYTPYIIIIL,
MMEIOTIIX OJMHAKOBOE MaTeMaTudeckoe oxumanne U(t), t > 0. Torma
) t t _
nlg]gO P({||(Un(ﬁ) 0..0 Ul(ﬁ) —U@)x| ><}) =0 (9)
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upu JioobIx © € H, x # 0, u 066X £ > 0.

Bakon 6osbmmx dnces B dhopme Hebsimena: mycrs {U,(t), ¢ > 0} — mocsemo-
BATEIHLHOCTDh HE3ABUCUMBIX CJIYYalHBIX IIOJIyTPYII, UMEIOIUX OIMHAKOBOE MaTe-
MaTugeckoe oxuanue U(t), t > 0 1 orpaHIYeHHYIO MOC/IeI0BATETLHOCTD BTOPBIX

momentos {D(U,)}. Torma

3=

lim D((Uy,)# o...0 (Uy)

n—oo

) =0. (10)

Bameuanwue. [loguepkuem, aro st cayvaiabx noayrpymn U(t), ¢ > 0 paBeHCTBO
(U@t)n = U(L) umeer mecro mpu Beex ¢ > 0, n € N. Ilpu sT0M paBeHCTBO
(Upo..oUp)n = (Uy,)wo...o(Up)n He ClIPABEITHBO B CHILy HEKOMMYTATHBHOCTI
OIIEPATOPHOTO YMHOXKEHUS. DTO JesaeT 6osee yA00HbIM HCCICA0BAIIE YCPEICHHDIX

BesindanH (3) MO CPABHEHUIO C YCPEIHEeHHBIME BeJgnanamu (2).

MomeHTbi KOMTMosnynn HeE3aBNCUMBIX CﬂyqaﬁHle nosyrpynri

[Iycrs (E, A, ) — OpoCcTPaHCTBO € CYETHO-aJIUTUBHOM Mepoil Ha o-ajrebpe
A nonmuoxkecTB MHOXKecTBa E. Jlna kaxzoro unciaa n € N o6o3HadnM [epes
A, ® ... ® A, MEHIMAJIBHYIO 0-aJrebpy, COEpKaILyio COBOKYIHOCTb A, X ... X A,
BCEBO3MOYKHBIX N-KPATHBIX IPSMBIX POU3BEICHUI MHO)KeCTB u3 ajrebpor A (n-
MEPHBIX M3MEPHUMBIX HapaJUIeJIEIHIEeIOB); depe3 [ & ... @ fi 0DO3HATNM CUETHO-
AJIATUBHYIO MepY, ABJISIONIYIOCS CIETHO-a/[JINTUBHBIM [POIOJIZKEHIEM (DYHKIINHI
MHOZKECTBA [4 X ... X [i C COBOKYIIHOCTH TapaJiienennnesos A, X ... x A, na o-aarebpy
A, ®... @A, (cm. |2], reopema 3.3.1). Ilycrs U . E'— B(H) — cayvaiinblii oreparop.

Onpenenenne 4. Kommosunueit n He3aBUCHMBIX OJIMHAKOBO PACIPE/IEICHHBIX
oneparopos U nHaszwiBaercsa orobpakenne U" mpocrpancTBa ¢ Mepoit (B X ... X
EA ®.QA,n®..1& u) B usmepumoe nocrpanctso (B(H), A;), onpeaensemoe

PABEHCTBOM
U"(e1,...,6n) = U(en) 0...oUley), (61, ..6n) E EX .. X E (11)

Paccmorpum Teneps BMecTO cityvaitHOro JimHeHOTO orepaTropa U mocienoBaTesib-
wHocth {U"}, 3HAUeHHEM N-TO djIeHa KOTOPOH SIBJISETCS KOMIIO3UITHSI 7 HE3aBUCUMBIX

caydaitabix JmHeinbx oneparopos U, U,y ..., U, :
U'=U,o0..0Uy0Uj. (12)

Teopema 2. ( [11,15]). Ecin (12) — KoMmosuius n HE3aBUCHMBIX OJITHAKOBO
PACIPE/ICJICHHBIX CJIyYaifHbIX OIIEPATOPOB, KAXK/IbIl N3 KOTOPBIX SBJISETC U3MEepH-
MbIM oToOpazkennem U npocrpancrsa ¢ Mepoit (E, A, (1) B u3MeprMoe IPOCTPAHCTBO
(B(H),.A,), To oneparop U" sBisiercss u3MepUMbIM 0TOOPasKEHHUEM IIPOCTPAHCTBA C
Mepoit (B X ... X B, A, ®...Q A, u® ... ® p) B mamepumoe noctpanctso (B(H), A,),

TO €CTb — CﬂyqaﬁHbIM orepaTopoMm.
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Teopema 3. Eciu npu kaxkiaom n € N cirygaitabie orepatopst Uq, Us, ..., U,

ABJIAIOTCA HE3aBUCUMbBIMU B COBOKYIIHOCTH, TO
M[U"] = M[U,] o ... 0 M[U,] o M[U] (13)

nmpu KaxkjaoM n € N; a eciam upum 3ToMm ciydaiinbie oneparopsl Ui, Usg, ..., U,

ABJIAIOTCA OJUHAKOBO pacIlipeae/JICHHbIMU, TO
M[U"] = (M[U))" V n € N.

JlokazaTebcTBO. Y TBEPKJIEHUE TEOPEMbBI 3 CJIE/IyeT U3 TeOPEMbBI 2 U T€OPEMbI
Oy6unu (cm. 2], reopema 3.4.4).

JokazkeM Teopemy 3 Jjist caydast caeTHOro MHoxkectBa £ = N ¢ BepOSTHOCTHOI
Mepoii Ha ajrebpe nojmHuoxKecTs 27 cravana npu n = 2.

Cormacto Teopeme 2 orobpaskerne U? = Uyo U, : E x E — B(H) asnsercs
U3MEepUMbIM OTOOpasKeHueM u3Mepumoro npocrpanctsa (B x B, 2P ® 2F) = (E x
E,2E®E) ¢ mepoit p @ p (cueTHO-aIHTHBHBIM TPOJIOJIKeHIeM (byHKIINH MHOZKECTBA
[ X [4 C COBOKYIHOCTH IIpaMoyroabaukos 28 x 2F ma comepxxamyto ee MummMaInmyto
o-anredpy 28 @ 2F cm. 2], n. 3.3) B usmepumoe npocrpanctso (B(H ), Ase) (1, Tem
6osiee, B m3mepumoe mpoctparcTBo (B(H ), Ayot)).

Jns onpegenenus maremarudeckoro oxkupanus M (U?) pacemorpum 1pu dbuk-
CHPOBAHHBIX 3/IeMeHTax u,v € H wumcnosylo ciyuaiimyio semmanny (v, U%u) u

onpesies M ee MaTematdeckoe oxuganue M((v, U*u)) = [ (v, U(g9)oU(e1)u)du®
ExXE

(€1, €2)-

Bribepem nekoropoe uncio s > (. B cuty Toro, 4To 4 — BEpOATHOCTHAA Mepa Ha
caeTHoM MHOXKecTBe E = N, cymecrByer takoe quciao N € N, aro u(E\Ey) < s
u(p@p)((Ex E)\(Exy x Ey)) < s, tae Ey = {1,...,N}. Ilosromy Taxk Kak

sup  |(v,U(ez) o U(ey)u)| < 1, 0
(E1,€2)€E><E

| [ @ UERUE e~ [ @ U UE ndpen )| <5
ExXE EnXEn

Bribepem kakoit-1u60 opronopmuposannsiii 6asuc F' = { f;} npocrpancrsa H, Torga
st Beex (€1,62) € E X E cupaemuBo paBenctso y | (v, U(eq) fi) (fx, Uler)u),

k=1
IIO3TOMY

/ (0, U(e2) 0 Uler)u)d(p © 1) (e1, 22) =

ENXEN

/Z Ul(ea) fr)(fr, Uler)u)d(p @ p)(e1,62) =

= ZZZ v, Uleg;) fi) (fr, Ulen)w)p({eni}) n({e2;})-

i=1 j=1 k=1
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C npyroit cTOpOHBI,

(v, MUy 0 MUy)u Z v, MUs fi)(fr, MUy )u) =
k=1

=3 [w Ve e [ Uemdute),
<

A nockosbky u(E\Ey) < s, TO
(0 MUz 200 = 3 [ (0. U fduz) [ (i Ueudaten)| =

En

= (0, MU0 MU Ju) =3 37 5™ (0, Uleay) fi) (i Uler)wa({zi {2 )] < 3s.

k=1 =1 j

I
.

B cumy mpomssonbHocTH uncia s > 0 crnpaseaymso pasenctso M ((v, Uu)) =

(v, MUy 0o MUj)u), a B cujty IIpOU3BOJIBHOCTH 9JIEMEHTOB U, v € H — paBeHCTBO
MU? = MU, 0 MUj.

Pasencrso (13) npu npoussosibioM n € N MoxkeT ObITh JIOKA3aHO 10 WHJLYKIIUH.
B ciyuae KoHeuHOro MHOXKecTBa E joKazaresibcTBo pasercTsa (13) mposepsiercst
HEIOCPEeICTBEHHO.
Bameuanue. /s JaJbHEAIINX pacCMOTPeHHIT HaM MOTpeOyeTcsl yCTaHOBUTL pa-
BeHCTBO (13) jist crienuduaecKux CirydaiHbIX OlMEPATOPOB, OCOOEHHOCTHIO KOTO-
PBIX fABJIAETCS cJejylolee: caydaiinbiii oneparop U onpejiesisercs KaK N3MepPHMOe
oTobpaxkeHne usMepumoro npocrpancrsa (E,2F) ¢ xoneuno-amTusHON Mepoit
p B m3Mepumoe npoctpanctso (B(H), Asy) nmm (B(H), Ayoer). Takue mpumepsr
BOBHHMKAIOT [IPY U3YyYeHUH IPEJIe/ILHOIO MOBEJIeHUs peryidpusanuii 3a1ad Kommn ¢
0COGEHHOCTSIMHE, B 3TUX CJydadX uzmMepumoe rpocrpanctio (K, 2F) npencrasaser
co6Goii MHOYKECTBO HapaMeTPOB PEryJsapU3allid, a KOHeYHO-aJJINTUBHAA Mepa, [
onpejiesiger yabTpaduIbTp MOIMHOKECTE MHOXKeCTBa F.

B caydae KOHeYHO-a UINTHBHBLIX Mep Ha ajrebpe 28 mojaMHOKecTB MHOMKeCTBa
E dyHKnus MHOXKeCTBa fi X ... X (i, 3aJaHHasd Ha COBOKYIIHOCTH IPAMOYTOJIbHBIX
muoxkecTB 28 x ... x 2F | MoxkeT He MMeThb OJIHOZHAMHOTO IPOJIOJIKEHHA Ha ajrebpy
2E%-xE Tlosromy B ciIydae KOHEYHOH aJyIMTUBHOCTH MEPHI [ /I Beakoro n € N
oboznauuM uepe3 A(F X ... X E) MUHUMAIbHYO ajirebpy, COAEPIKAIILyi0 COBOKYITHOCTh
muozkeceTs 2F x ... x 2 a wepes X ... X p 0603HAMUM aIMTHBHOE HPOIO/IZKEHNE
bYHKIME MHOZKECTBa [ X ... Xt ¢ copokynHocT 28 X ... x 2F na anreopy A(E X ... x E).
Torpa xommnosuimio U™ omnpejenuM KakK HU3MepPUMOe OTOOparKeHHe H3MEepPUMOro
npocrpancrea (E X ... X B, A(E X ... X E)) ¢ Mepoii i X ... X [ B U3MEPUMOE

npoctpanctBo (B(H ), Agot) nim (B(H ), Ayet). IIpu onpe/ie/ieHHBIX yCIOBUSAX 9TOTO
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JIOCTATOYHO JIJIsT TOTO, ITOOBI OIPE/IETUTh MATEMATHIECKOE OXKUJIAHNE U JIUCIIEPCUIO
CJIydaifHOrO OllepaTropa u ycTaHoBuTh (opmyiry (13) mist Kommosunuii.

Jlemma 3. ITycts U(e), € € E, — oneparop-QyHKIMs, 3aa1011ast CIyJailHbIii
oreparTop; mycrhb £* — npejiesibHas Touka MHOKecTBa F v dyukius (U(e))* exomurest
k onepatopy (V) mpu € — €° B CHJIBHO# OIEPATOPHOf TOTIOJIOTUH: JIJIA JII060TO
x € H u moboro o > 0 cymecrByer Takas okpectHocTb O(g*) Toukn €*, 4ro s
moboro e € O(g*) somonngerca yenosue ||(U(e))* — (V))z|lg < o. Torna ecim p
— KOHEYHO aJI/IuTHBHast Mepa Ha uaMepumom tpocrpanctse (E, 2F), cocpenorouen-
Has B IPOM3BOJILHON MPOKOJIOTON OKPECTHOCTH TOYKH £*, TO s Jiodoro n € N
BBITIOJIHAETCS PaBEHCTBO

M((U)") = ((V))".

HeficTBuTebHO, IycTh U, v € H u mig sekoroporo n € N ompejeseHa ciydaiinast
sesimuuna (u, U"v) = (u, U(g,)o...0U(g;)v). Cormacno yenosuio na mepy p € W2 (F)
U YCJIOBUIO li_}rn* Uz = Vo V 2 € H, nia moboro uucia s > 0 HaifgeTca Takas
OerCTHOCTbeoa(é“*) roukn £*, uto u(E\O(e*)) = 0 u ||Uu — Vul|y < s ana moboro
e € O(e*). Tlosromy jyis muokectBa O (%) X ... x O(e*) € 2F x ... x 2F pumonnserca
yeaoBre (@ X ... X p(E X ... x E\O(e*) x ... x O(e*)) = 0 u myaa qoboro (1, ...,&,) €
O(g*) x ... x O(&*) spmonnsiercs: yenosue |[U*(g,) o ... o U*(e1)u — (V)"ully <

ns|U||7-". Cnenosarensro, [ (u, U™(ey,...,g,)v)d(n X . X 1) = (u, (V)*)"0)
Ex..xE
J1s1 J00bIX w, v € H n j1robbix n € N.

Ucciemyem Bropble MOMEHTBI JIMHEHHO# CJIyIaiiHON JuHAMIIECKON cucTeMbl (12)
(TO ecThb BTOpBIE MOMETHBI MOCJIEI0BATEIBHOCTH UTEPIUil CIryIailHbIX JTHHEHHBIX
OIIEPATOPOB).

IIpengyioxkenune 4. Ilycts ¢ > 0 u n € N. Torja ecsim B KauecTBe BTOPOIO
MOMEHTa, CJIyYailHO# MOYyTIPYNIbl BRIOpAHO KBaJlpaTudHOoe oTobpazkenue Dy, TO

CIIPaBeJIJIUBBI CJle/IyIOIIe PaBeHCTBA.
D ((U)") = MU (t)o...o Uy () o Up(t) o ... o Uy (4)] = (M[(U(#))"])" M[(U(2))"].

[Tosromy eciu {U,, } — mocsie0BaTeIbHOCTh HE3ABUCUMBIX CJIYYafHBIX YHUTAPHBIX

OIIepPaToOpoOB, TO
Dk ((U(t)") =I= (M[U@))") (M[UE)])";

ecJIi, KpOMe TOTO, MaTeMaTHIeCKOe OXKUIaHue corydaitnoii moayrpymmner U(t), t > 0,

ABJIdeTcd MOJIyTPYIIIOoii, TO
D ((U(#)") = T— (M[U(nt)])"M[U(nt)] = Dk (U(nt)),

TO €CTb IIPpU IEPEeINCJICHHBIX IIPEAIIOJNO2KEHNAX JTUCIIePCUAd DK KOMIIO3UIIMHN 17 HE3aBU-

CUMBIX O/IJMHAKOBO paclpeaesIeHHbIX CﬂyqaﬁHbIX IIOJIYI'PYIII COBIIaJdaeT C ,ILHCHGpCHGfI
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N-KPATHOM KOMIIO3UINK OJIHO u3 d1ux ciaydaitapix nosxyrpyni: Dy (U, (t) o ... o
U (1)) = D ((Ur(1))").

IIpennoxenune 5. [Tycrs ¢ > 0un € N. [Iycrs Boimosseno yemosue dim(Ker(L*+
iI)) = 0. Torya eciu B KauecTBe BTOPOrO MOMEHTa CJIYUAiHON TOJIyIPYIIIIBl BBIOPAHO

KBa/JIpaTUYIHOE OTO6pa}KeHI/Ie DA, TO CIIpaBE€AJ/IMBBI CJIEJYIOIIUE PaBEHCTBa
DA((U)™)(p) = (TH(1)" p — e ML peintt

e TH(t)p = Me "= peie] nns moboro cocrostius p € B*(H), To ects (TH(t)p, A) =

[{p, e Ae~™e)dpu(e) V A € B(H).
E
CoryiacHO OIpe/Ie/IeHIIO

Da((U@)")(p) = MIA(CU®))")]1(p) = AMI(U(1))"])(p) =

= M[e en e7iher peither  githen] _ M[(U(t)"]* pM[(U(t))"]

—itLe,
-

[TockombKy cirydaifHble OIIEPATOPHI € ., e e gRIgIOTCA He3ABHCHMBIMH, TO

MeMhen  emitley peitley  pitlen] — Nf[e=ien  =ithes (TH (1) p)eilea  eihen],
IIO3TOMY
DA((U<t))n) (P) — M[e—itLen me—ithg2 (Tu (t)p)eitLE? meitLgn] o (e—itL*)n p (ez‘tL)n _

_ (T“(t))np o efintL*peintL

B srom ciyuae ecin cpesinee 3unadenne T # cirydaiinoil KBAHTOBON JIMHAMUYIECKON
HOJTYTPYIIbI T, 9KBUBAJEHTHO 110 UepHOBY KBAHTOBOI JMHAMUYECKOI IOy PYIIIIE
TLe, TO B TIpEJiEsie Ipu n — 00

. t P
lim (Da((U(=))")(p) = Ten(t)p — e pe''™.
n—0o0 n

B sTom cayuae jucnepcus JMHAMUKH KBAHTOBOTO COCTOSIHUS ITPEJICTABIISIET

co60ii HEHOPMAJILHYIO KOMIIOHEHTY TIPEJIEILHOl B *-¢/1ab0i TONOJIOTHN JTUHAMUKY
KBAHTOBOI'O COCTOSAHMI.
Nrepanun He3aBUCUMBIX OJMHAKOBO PACIPEIETIEHHBIX CIYyYailHbIX MOJTYTPYII pa3Jya-
rarorcd Ha CyMMY JCTePMUHUPOBAHHON COCTABJIAIONIEH — UTEepalul MaTeMaTUIeCKUX
OXKUJIAHUN CJIyYalHbIX IIOJIYIPYIIL, U CAYYailHOM COCTaBJIAIONIECH — BCE OCTaJIbHbIC
cnaraeMble. B mipejiesie mpu n — 00 IpejiesibHOE TIOBEJIEHUE JIJIsl JIeTePMIHIPOBAHHON
U CIy4ailHON KOMIIOHEHT IUHAMUKU — CUCTEMaTUYECKOE U CJIy4YaiiHoe OTKJIOHEHUdA OT
IpeIeIbHON TUHAMUKY.

[Ipenmnonoxus, aro ciaydaitnas noayrpynna ¢ U nMeeT MaTeMaTHIecKoe OXKHJia-
uue F, BBesiem oneparop ciaydaiinoro orkyionernss AU = U — F| moMoIpio KoToporo
OIICHAM KOMIIO3UIIHNIO:

t t t t t t
U () 00U () = (F(-) + AU, () 00 (F(2) + AU, () =
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=Upn(t) + Uy n(t) + Ugp(t) + ... + Uy (), (14)

rie t
Una = (F()"
Ui = Y (F(L)" AU ()(FC))
Usu= 3 (FC) AU, () AU FC)
o |
U,, = AUen(ﬁ) 0..0 AUEl(ﬁ). (15)

Hopuepkuenm, aro oneparopsl AU, (1), ..., AU, () asnsorcs HesaBucnMbivy
B COBOKYIIHOCTH M MMEIOT HyJIEBOE MaTeMaTUdecKoe oxkuianue. Ilosromy B cuiry
TeopeMbl 3 JUIs MATEMATHIECKOIO OKIJIaHNs cipaBe/1Bo pasenctso MU, (L) o
t _ t\\n
o U ()] = (FQG)™
Hucnepcust epBoii rpymibl ciaaraeMbix (JimHelHbix 1o AU) B Beipaykenuu (14)

UMeeT BU/I
n

DS (R au, (HE) =
= 3 MIP() IAU (D) FE)P ) (FE) AU, (F) ) =
= 3 MR AU ()(F(E) ) (B )™ AUL (O)FC)A)] - (16)

U SIBJISIETCS CYyMMOIi 1 cjtaraeMbix 1epsoro nopsiiaka 1mo AU. Tlpu sTom npencrasienue
(16) jyist jucriepcun CyMMBbI cyiaraeMbix, juHelinbix mo AU, He 3aBucut ot BbIOOPaA
dpyHKIMOHAIA JIUCTIEPCHH.

AHaJIOrUIHO, JUCIIEPCHsi BTOPOIT TPYIIIBI claraeMbiX (KBaAparudHbix 10 AU) B
Boipazkenunu (14) apisgerca cymmoit C? ciaraembix, u T.J1. Vcronb3yeM 1pejicTas-
nenre (14) KOMIIO3UIUE HE3ABUCUMBIX CJIyYaiHBIX PEOOPA3OBAHU JIJIsi OIEHKH ee
JIUCIIEPCHH.

ITpumep 3. PaccmorpuM npuMep crydaifHON MOTyIpyIIbl JIMHEHHBIX Tpeobpa3oBa-
HUI KOHEYHOMEPHOIrO Iumiibbeprosa npocrpanctsa H. [pemnonoxum, uro {U,, € €
E} — cayuaitnast 1oJryrpymia JUHERHbIX Tpeodpa3oBaHuil KOHETHOMEPHOIO THIILOED-
roBa npocrpancrsa H, npuuem ||[U.(¢)|| = 1 upu Bcex t > 0 u € € E, (nanpumep,
U,, € € E} — cayuaiiHasg 10/yrpynna JUHEHHBIX YHATAPHBIX Peodpa3oBaHuii Ko-
HeYHOMEpHOro ruybbeprosa npocrpanctsa H). Ilycers, kpome toro, E = {e1,...,e,}
— KoHeuHoe MHOKecTBO U L, €; € E, — reneparopsl nosyrpynn U, COOTBETCTBEHHO.
[Tosnoxkum A = max{||Le,||, ..., ||Le,, || }- Torma maremaruueckoe oxxumanue F(t) =

M[U.(t)], t € Ry, aBiasiercs oneparop-pyHKImedi, S5KBUBajeHTHONH 10 HepHOBY
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nomyrpymme U(t) = e¥, ¢ > 0, ¢ yepeamennpv reneparopom L = Z piLe, (em. [9]).
]7

[Tpu sTom onenka ||[F(t)]| < Z p;l|Ue,(t)|| = 1 cupaseymusa npu mobom ¢ > 0.
j=1

OreHnM Jucepcnn st TOCIeI0BATEIbHOCTH KOMIIO3HUITNIT HE3aBUCUMBIX CJIy-
YallHbIX MOJIYTPYII B CJIydae MPUMepa 3 IpU KaKOM-JU00 BBIOOPE (DYyHKITMOHAJIA
JINCTIEPCHT.

[Mockonmbky L, €; € E, — renepaTopbl HENPEPBIBHLIX 110 HOPME IOJIyTPYIII
U,, coorsercrsenno, 1o ||[AU, (L) — L. Ly = o(L) mpu £ — 0. Iosromy

cjaraeMoe IepBOro MopsiJika B BhIPAsKEHIH (14) umeet, cornacto (16), aucrepcnio
n

D[Y (F(L))"FAU,, (£)(F(%))* 1], nomyckamortyo onenky

DY) = D[S ()" AU, () (F(5)] <
At

< n|[F(= )||2(" Y AQ( (1 +0(1)) < Ci(;)z(l +o(1))
mpu £ — 0. ucnepenst ciaraemoro us (14), comepxxaimero k coMHOKUTE/Iel BIa
AU, aHajoruaHo, JOIyCKAET OIEHKY CBEPXY

DO < CHIRCH)Prtar (D o)) < (14 o)

npu % — 0.
[TosTomy
DU (Lo oLy < 30k < Zo’f Aok 1)1+ o(1)) =
0+ 2y o) = 25+ to( )

npu % — 0. ITostomy st Jsioboro dpukcuposannoro 7' > (0 cupaBe/InBa OIEHKA

t t
sup D[U., (=)o..oU, (=) —0 n — 0o,
t€[0,7] n n
6oJiee TOrO,
t t T?
sup D[U,. (=)o..oU.(—)] =0(— n — oo.
s DU () ()] =0(—)

Taxum obpaszom, pu Kazxk oM (hukcupoBanHoMm n € N 1 Ipu KaxKJI0M (pUKCAPO-
BanHoM 7' > 0 ciyuaiinas BeJTUInHa Uen(%) 0..o0 Ual(%) nMeeT MaTeMaTUuIecKoe
OXKUJIaHUE (F(%))”, cpejiHee KBaJIpaTUIHOE OTKJIOHEHUE OT KOTOPOT'O UMEET MOPSIOK
O(\/Lﬁ) npu n — oo pasHomepto Ha orpeske [0,7T]. Coriacuo reopeme YepHosa,
B KOHEYHOMEPHOM ITpocTpaHcTBe H mocse/10BaTeIbHOCTD {(F(%))”} CXOJIUTCS TIO

HopMe npocrpancTsa B(H) paBHoMepHO Ha KaxkjoM orpeske [0, T] K npeebHoil
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nosyrpyme e¥t, ¢ > 0, HputieM OTKJIOHEHHE 3HAYCHIS N-T0 JIEMEHTa [I0C/IEI0BATE b
HOCTH OT Lpejesa gomyckaker onenky || — (F(L))"| gy = O(\/Lﬁ) LIPH N — 00
pasHOMepHO Ha orpeske [0, T7.

Teopema 4. I[Iycmov & — cAyualinGs 6EAUNUHG CO BHAMEHUAMU 6 NPOCMPAHCIMGE
B(H), mnoorcecmso anavenut Komopot ozpanuieno no nopme npocmpancmea B(H ),
u U(t) = exp(ift), t > 0, — coomsememeyrowasn cayuatinas nosyepynna. Tozda das
nocaedosamenvnocmu { U, } nesasucumoir 00unarkoso pacnpedeseHivis CAYwatins

noaAyzpynn 6vlNOAHAEMCA YCAOBUE

lin [sup | DU () 0 - 0 Un(5) ] = . (17)

n—oo T>0

CaencrBue 3. [Iycts BoInoHEHBI yeaoBus TeopeMbl 4. Torma aad KaxKI0ro ducia
T > 0 u kaxaoro aucja € > 0 naiigerca takoit nomep N € N, 4To OoTKJIOHE-
aue ciydaitnoit sesmranner (U(L))" or caywaiinoit semuaunsl 1,(t) = (F(L))" +
n

> (F(3))" AU, (1)(F ()"

k=1
ATHOCTBIO 1.

n
Heiicteurensuo, (U(L))" —n,(t) = 3 Ugp.
k=2
[TockoubKy Jyist Kaxkjoro k € 1,n ¢ BEPOSATHOCTBIO 1 cupaBejyiuBa OIEHKA

IOkallsm < CR(EH*F, 20 [(U(E))" =na(t)ll 5 <ZC’“(At) (145" —1=5 <

110 OﬂepaTOpHOI/I HOpME He bosiee 4eM Ha € ¢ BeEpPO-

C (%)2, 13 KOTOPOIi, coraacHo jeMMe 1, ciegyer yTBepqueHHe cJIeICcTBAA 2.

Ipenensroe pacipezenenne ciydaiinoit seannst (U(L))", ¢ € [0,T] mano ommda-
eTCs OT MPEIEILHOTO PACIPEIesIeHIs Calydaiinoi Besmauust 1,(t), t € [0, 7.

Bameuanne. Ecin suadenus oneparop-dyukiun U (1), t > 0, ¢ € E, KommyTn-
n
pYIOT Mex 1y co6oit, To 7, (t) = (F(£))" + (F(L))"! 3> AU, (%) u pacupesenenue
k=1
CJTyqaiiHON BEJTMIUHBI 1), (1) OnpeessieTcst pacipe/ieIeHIeM CyMMbI He3aBUCUMBIX
n

caygaitneix semmann y AU, (L),
k=1
Teopema 5. [Tycmov & — CAYMAUHAA BEAUNUNG CO 3NAYEHUAMYU 6 MHONCECTNEE

CaAMOCONPAACEHHUT onepamopos 6 npocmparcmee H u nyemo U(t) = exp(it), t > 0,
— coomeememeyowasn cayyatinas noayepynna. Ilyems cywecmeyem makoe naomHoe
6 npocmpancmee H noonpocmparcmeo D, wmo das 06020 u € D evinoansemcs

yeaosue [ [|E(w)ullpdp(w) < 0o. Toeda ecau onpedesennvidi na npocmpancmee D
pasencmeom Eu = f§ Yudp(w) onepamop & cywecmeenno camoconpasicen, mo

oA nocne&oeamenbnocmu {U”} KOMNO3UUUT HE3ABUCUMBLY CAYUATHDIT TMOAY2PYNN,

GOTNONHAETNCA YCAOBUE

t t
lim | sup ||D(Un(ﬁ) 0..0 Un(ﬁ))xHH] =0VT >0, VzeH. (18)

=0 +c[0,7]
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ﬂO’K?GS(Zm&/L’bC’InGO. PaCCMOTpI/IM I10CJI€J0BATE/IBHOCTD {Un}, SHa4YE€HHUEeM N-I'o 4JieHa
KOTOPOH ABJIAETCA KOMIIOZUIUA N HE3aBUCHUMbBIX CJIYYalHBbIX ITOJIyTIPYIIT JUHEAHBIX
orepaTopoB
Ul, UQ, ceey Un :

Un:UnO...OUQOUl.

Tak kak npu kaxkjgom n € N ciayqaiinbie onepatopbl Uy, Us, ..., U, gaBisiorcd

HE3aBUCUMBIMU B COBOKYITHOCTH U OJIMHAKOBO PacCIpe/IeIEHHBIMU, TO
M[U" = M[U,] o ...0 M[Us] o M[U,] = (M[U])" ¥ n € N.
[Ipu kaxxom t > 0 un kKaxkoMm n € N cripaBeJIJTUBO CJIE/IyIOIIee PABEHCTBO
D((U(

= MIU;(D) oo U)o Un(Ly o o Uy (L) — (MU ML),

[Mostomy murst mocnemoBarensbnoct {U"} He3aBUCHMBIX CIIyYailHBIX YHUTAPHBIX

MTOJIYTPYIITT UMEET MeCTO PABEHCTBO

D((U(L)") =1 (M[UC)])") (M[UC)])" (19)

B coorBercrBun ¢ Teopemoii 3 paborsr 9] omeparop-dyukmus M[U(t)], t >
0, skBuBasenTHa 110 Yepnosy (cm. [8,9]) momyrpymme exp(iét), t > 0, To ecThb
noceposarensaocts (M[U(L)])™, ¢ > 0, cxoaures K momyrpyie exp(iét), t >0, B
CHUJIBHOM OIIepPaTOPHOIT TOMOJIOTUE PABHOMEPHO Ha KazKIOM OTPE3Ke HOJIyIpaAMOiil R .

[Tosromy lim (tg[%% [(MUEN)) [(M[UE)])® = Tz||g) = 0 mrs m06ex T > 0 1

n—o0

xr € H. Teopema 5 mokazana. ]

[pumep Hapylenns 3akoHa 6obLLINX YUCEN

47159 KOMIMO3ULMNI C/TYHaliHbIX MOayrpynmn

[ycts E = (0, 1), 2F — anrebpa Beex noamuozxkects muozkecrsa E u myers Wy (FE)
— KJIaCC HEOTPUIATEILHBIX HOPMUPOBAHHBLIX KOHEYHO aIUTUBHBIX MED (i Ha ajredpe
oMHOKeCTB 2P, coCcpeoTOUeHHBIX B MPON3BOJILHOM ITPOKOIOTOI OKPECTHOCTH
TouKH €y = 0 B TOM cMBbIC/Ie, 9TO s Jjoboro muoxkectsa A € 2F, sambikanme
KOTOPOTro He cojiepKuT Touku 0, Beimosnstercs yenosue ju(A) = 0. Hycrs (E,2E, p) —
POCTPAHCTBO ¢ Mepoii u € Wy(E).

[Tycrs L — MakcuMaIbHBIA CHUMMETPUYECKUIT, HO HE CaMOCOIIPSIXKEHHbIH olepaTop
B ruibbepToBoM npocrpancTtee H ¢ unjgekcamu jgedekra (0,m), m € N, u nycrb
L., € € (0,1), — omHOIApaMeTPUIECKOE CEMENCTBO CAMOCOIPSIZKEHHBIX OIIEPATOPOB,
CUJILHBIA Ipad-Ipeen KoTophix pu € — 0 coBnagaer ¢ omneparopom L. ITpumep

TaKUX OIepaTopoB IpusejieH B pabore 13| u tam ke mokazaHo, uro oneparop iL
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ABJIAETCA TeHepATOPOM M3MeTpHdecKoil moayrpymnsl et ¢ > 0, a omepatop iL

ABJIAETCS TEHEPATOPOM CxKUMAIOMel moayrpynnsl e ¢ > 0. Tlpu kaxaom t > 0

onepatop e " ynmeer nerpusnanbroe aapo Hy(t), npuuem omeparop e etk

ABJISIETCsT OPTOTOHAILHBIM MPOEKTOPOM Ha mojiipoctpanctso Hy(t) = (Hi(t))* ([14]).
Torna orobpaxkenne E 3 € — {e < t >0} € Y,(H) apasiercst ciy4aiinoii mo-
nyrpytrmoit. [Ipn dbukcupoBannoM 3Havennn napamerpa t > 0 mosydaem CrydaiHbIR

oIepaTop
U (t)=e ™ ccE, (20)

CO 3HAYEHUSIMU BO MHOXKECTBE YHUTAPHBIX OIIEPATOPOB.

JIemma 4. [l mo6oro ¢t > 0 caydvaiinsii omeparop (20) nmeer MareMaTHIECKOe
oxxumanme M[U|(t) = e ",

HeitcrBurensho, B cuny yerosuit dim(Ker(L* —4I)) = 0 u dim(Ker(L* 4-¢I)) # 0

(em. [13]) mpu sir06om ¢ > () ocsieoBaTebHOCTE yHITapHBIX ortepaTopos { U (1)}, € —

;. *
+0, cxomuTesa B ¢1abo0i OIMepaTOPHOil TOMOIOrNH K oneparopy e Y mpm € — 0.

Tax xak f1 € Wy(E), To nurerpan Ilertuca [ e Ledy(e) pasen e V",
E

IIpennoxenune 6. IIycmvt >0 u U(t): E — B(H) — cayuatnot onepamop
(20). Toeda D((UL)") = I — e e ™" = Py ) npu ecex n € N. 3decv

H,(t) — cdsuzosasn komnonenma 6 pazrosceruu Boavda (em. [14]) usomempunecrozo
onepamopa ek,
JeiicTBUTENIEHO, TOCKOJIBKY 3HAYEHUSIME CJIy9aiiHoii nosyrpynbl U aBisiores

YHETApHBIE OIIEPATOPLI, TO Jylst Jucrepenn n-kpaTaoil komnosumun (U(L))" cipases-
muBa dopmyrta (19). Tak kak maremarndeckoe oxuganue M[U](t), t > 0, apagercs
nosryrpymmoir, To (M[U](£))" = M[U](t) = e ™Y npu Bcex n € N. Ilostomy

n

cornacto (19)

D(U(=)") =1—¢"e ™ =Py, )y VneN (21)

t
n

9TO U JIOKA3bIBAET IpejioxKeHne 6.

U3 npepozennst 6 ciexyer, uro npu o6om ¢ > 0 || D((U(L))™)|| gy = 1 u uro
ycJIoBue
. t n t n —
Tim PO =~ MO o > 6)) = 0

HE BBINOJIHSETCS HU 1pu KakoM 0 > 0. Takum o6pa3omM, 3aKOH GOJIBIINX YHCEIT st
KOMITOBHIIMH CJTyYaiiHbIX TIOJIyTPYIII He BBIIOJIHSETCs 110 HopMe npoctpancTrsa B(H).

Boulee Toro, oH He BBIOJIHSAETCS U B CHJIBHON OIIEPATOPHON TOLOJOMHH [IPOCTPAH-
crBa B(H) u6o npu mo6om t > 0 momnpocrpancrso H'(t) merpusnanbao (nnaue
nonyrpynna U(t), t > 0, gBisiiack 6bI YHUTAPHON), W TOTOMY HaiiIeTcst Takoii
eHIIHEIA BekTOp ¢ € Hi(t), uro || D((U(L))")é|lx = 1. IIpu srom ycrosue

. t t
lim POV — Myl > oy =0v e a
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HE BBIIOJIHACTCA HU IIPU KaKOM o> 0, IIOCKOJIbKY

[UC)) = MUl 2 [UC)) 0l — [MUE)")oly =1

C BEpPOSTHOCTBIO €IUHUIIA.

Takum 0O6pazoM, IPUBEJCH PUMED CJIYUARHON MOJIyTPYIIIIBL, JJIs KOTOPO 3aKOH

OOJIBIINX YUCEs HE BBIIOJIHAETCA HU 110 HOpME, HU B CUJIbHOA onepaTopHOﬁ TOIIOJIOTUN.

[IpuBegem npumep caydaiiHOM MOTYTPYIIILI, I KOTOPOil 3aKOH OOJIBIIIX TUCET
BBITIOJTHAETCS B CUJIBHON OTIEPATOPHON TOTIOJIOTHH, HO HE BBITIOJHSIETCS 10 OTIEPaTOp-

HOII HOpME.

IIpumep 4. [Tycts E = {1,2} u mepa p na anredpe 2F zanana pasencrsamu
n({1}) = u({2}) = 3. Tlycrs cayuaiinslii onepaTop A ecTh 0TOCpaZKEHHIE MHOKECTBA
E B MHOXKECTBO CaMOCOIIPSI?KEHHBIX OIIEPaTOPOB B IIpOoCTpaHcTBe H Takoe, 91O
A(1l) = L u A(2) = —L, e L — oneparop ¢ OpTOHOPMUPOBAHHBIM 6a3HCOM
{ex} w3 coberBennbix BekTOpoB U Ly = ke Vhk € N. Cayuaitnas nosyrpymmna
U(t) = exp itA NpUHEMAET C BEPOATHOCTBIO 3 OJHO M3 JIBYX BO3MOXKHBIX 3HAMCHMUIA
U, (t) =™ t >0, mm Uy(t) = e ¢ > 0.

[TockosbKy Mepa j onpe/iesiena Ha anrebpe 2€. to orobpaxkenne U : E — Y,(H)
SIBJISIETCSI UBMEPUMBIM |, cjejoBaTe/ibHo, U ecTh ciydaiiHas HOJIyTPYyIia B CMbICTIE
oupesesnenus 1. Ouesnno, aro M(U(t)) = F(t) = 5(e"™ + ) = cos(Lt), t > 0.

CormracHo Teopeme 2 (u caemnctBuio 2) pabotsr [8] oneparop-dyukims F sxsu-

BasieHTHa 110 YepnoBy nosyrpymie €4 = 1.t > 0, To ecthb 114 moboro u € H u

moGoro T' > 0 Bemosnsercs paserctso lim sup [|((F(L))" — Dul|g = 0.
=0 10,77

IIpenmoxenne 7. [ocaedosamenvrocms {(U(L))"} komnosuyui nesasucumoix
CAYUATHBIT 00UHAKOBO PACTPEIENEHHHIT YHUMAPHOIT NOAYZDYNN U3 NPUMEDE 4 HE
ydos.aemeopaem 3aKoHy OALWUL YUCEN NO HOPME, HO YOOBAEMBOPALT EMY 6 CUALHOT
onepamopHots MONOAOUL.

[TockobKy 3HaUEHUAMHA CIydaiinoil momyrpynmnsl U saBIAOTCS YHATAPHBIE OIle-
paTopsl, TO JUIst auctepcenn nocsenopareabroctn { U™} nrepannit He3aBUCHMBIX
CJIyIaifHbIX OJMHAKOBO PACIIPE/ICJICHHBIX TTOJIYTPYIII CIIPABEINBO paBeHCTBO (19).

Pacemorpum npu ¢ = 7 nociesosaresrocts {(U(Z))"} ureparuii He3aBHCHMBIX
CJIyYafiHBIX OJIMHAKOBO PACIPE/IEJIEHHBIX YHUTAPHBIX orepaTopos. [lpu kaxiom n €
N oneparop F(T) nmeer 6eckoneanomepnoe aapo K, mosromy || D((U(Z))")| ) =
1 npu Becex n € N, T0O ecTh JuCIEPCHsi KOMIIO3UIMA 7 HE3ABUCUMbIX OJMHAKOBO
pacHpeIeJIeHHbIX CJIyYailHbIX YHUTAPHBIX OIEPATOPOB HE CTPEMHUTCH K HYJIIO II0
HopMe. [Tokazkem, 4To 1 3aKOH GOJIBIIUX YKUCE] B TOIMOJOTUE HOPMbI HE BbIIIOJTHEH
nust nociesosareproct {(U(Z))™} urepanuii He3aBUCUMbIX CIIyYaifHBIX OJMHAKOBO

pacuupeaesjieHHbIX YHUTAaPHBIX OIIEpaTOPOB.
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lelicTBUTEIBHO,

S el = sup [[(UC

=/l z=1 n

Dy — MU

n

sup | ((U(

=l m=1

)" = (cos(L)) ) 2

> sup I(UC)" el inf (cos(L )l = 1

|zl =1 n =l =1

TaK Kak Bce onepaTopsl B Kommosunma ((U(T))" coxpaHaroT HOPMY, a OTlepaTophl
1\\n
(cos(Li))" mmeroT HeTpUBHAILHOE AJIPO.
Ho nockouibky omneparop-dyukiusa F sxpuBajienTHa 1no YepHoBy yHUTApHOI
noyrpynmne U(t) = I, ¢ > 0, To ma moboro v € H BBIIOTHAETCS PABEHCTBO

n

lim ||((F(£))" — Du|lg = 0. Hostomy st smoboro uw € H u jyrst sroboro ¢ > 0
n—oo

piosHsiercss pasenctso lim || D((U(L))")ullz = 0, To ecrs mst mocieoBaTe bHO-
n—oo

cr {(U(L))"} xoMmosumumii He3aBUCUMEIX C/Ty9aifHBIX OIUMHAKOBO PACIIPEIEIeHHbIX
VHUTAPHBIX HOJIyTPYIIT 3aKOH GOJIBIINX YUCETT BBIIOJIHAETCS B CUJILHOI OllepaTopHOii
TOIIOJIOT N,

Takum obpaszom, B ciydae ciaydaiifHoro omeparopa L, MHOXKecTBOM 3HaUeHUi
KOTOPOI'O OI'PAHUYEeHO 110 HopMe TpocrpancTBa B(H) ¢ BepositHOCTBIO 1, mocsieioBa-
TeJILHOCTH UTepaIuii HE3aBUCUMBIX CIydaiiabix noayrpynn £ = exp(Lt) B npemese
P N — OO CTPEMUTCS, B CUJIy T€OpeMbI 4, K JIeTePMUHUPOBAHHOMN MOJIYIPYIIIIEe
e, t > 0, paBrOMepHO Ha KazkoM orpeske [0,7] B Ganaxosom npocrpanctse B(H).
[Ipu sTOM cucTeMaTuveckKoe OTKJIOHEHHWE WTepalyii OT Mpeje/bHOM MOy TPYIIIbI
(1o ecth orkmonenue Maremarndeckoro oxupanns MU, (£) o ..o U, (L)] or
npeiesbHoil mosyrpymmsl e, ¢t > 0) mo mopme Ganaxosa npocrpancrsa B(H)
UMeeT TOPSIIOK O(\/Lﬁ) npu  n — oo paBHoMepHO Ha orpeske [0, 7], a ciaygaiinoe
OTKJIOHEHKE UTepaIuii 0T IpeIeIbHOl oIy TPYIIIBI 10 HOpMe HaHax0oBa IPOCTPAHCTBA
B(H) (ro ecrb aucnepeust ciydaitnoii Besmanusl U, (L) o ... o U, (L)) Taxxke nmer
TOPSIJTOK O(\/Lﬁ) upu 1 — oo paBHoMepHo Ha orpeske [0,7]. B arom cmbicie
JIUTE UTepanuii He3aBUCUMbIX CIyYaifHbIX mostyrpyni (12) ¢ paBHOMEPHO orpaHUYeH-
HBIMU TI0 HOpMe TpocTpancTBa B(H) remeparopamu CipaBe//inB 3aKOH OOJIBIITNX
quce1 (II0C/Ie0BATEIbHOCTL UTEPAINil He3aBUCUMBIX CJIyUYaiiHbIX moyyrpymi (12) ¢
OrpaHUYEHHBIM MHOYKECTBOM I'€HEPATOPOB ABJIAETCA HEKOMMYTATUBHBIM aHAJIOIOM
[OCJIEIOBATE/IBHOCTH CYMM HE3aBUCUMBIX CJIy9aiiHbIX BEJTMYINH).

B 6eckoreuHOMepHOM IPOCTpaHCTBE H COMJIACHO OIEHKAM B JIOKA3aTe/IbCTBE
TeopeMbl HepHOBa cHCTEMATHIECKOe OTKJIOHeHHe urepaluil (12) or npenesibHOil 1mo-
Jlyrpymisl (To ecTh oTKJIOHeHHe MareMaTndeckoro oxutanus MU, (£)o...oU,, (L)]
OT NPeIeIbHON oMy TPyl €X', ¢ > 0) 110 HOJIyHOPMAM, HOPOKIAIONIAM CHIILHYIO
OIIEPaTOPHYIO TOIOJIOTHIO pocTpancTBa B(H ) nMmeer mopsiIoK O(\/Lﬁ) upu n —>
oo pasHOMepHO Ha orpeske [0, T']. Ho Kak 110Ka3bIBAIOT IPUBEJIEHHbBIE BBIIIE IPUMEDDI
(npesiozkenust 4 u 5), caydaitHoe OTKJIOHEHHEe UTepaIuii 0T IPeIeIbHON IOy IPYIIIIbI

(1o ectb ucnepens caydaiinoit Bemnaunst U, (L) o ..o U, (L)) no moaynopmanm,
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MOPOXKJIAIOIIIM CUJILHYIO OMEPaTOPHYIO TOIOJIOTHIO rpocTpancTa B(H ), wim 1o
HOpMe ripoctpancTBa B(H ), He sB/sgieTcss GECKOHETHO MAJIOH BEJIMIUHOM TP 1 — 00
uu pu KakoM t € [0, 7]. B arom cmblcite jijist nrepanuii He3aBUCUMBbIX CJIyIailHbIX

nostyrpymi (12) B mpocrpancTBe H 3aKOH OOJIBIMX YHCEN HE CIPABE/IJIHB.

”pe,qCTaBﬂEHVIe KOrepeHTbIX COCTOSIHUW B KBAHTOBOW ONTUKE

[Ipeacrapiennass B paboTe KOHCTPYKIMSA CIyYafiHbIX ITOJIYTPYIIT UMeeT IPaKTHU-
JecKoe TPUJIOKEeHNE B 3a/ladaX KBAHTOBON ONTHUKU IIPU PACCMOTPEHUH OCIUJLIITOPA
¢ IrepeMeHHoi vacToToii. /Ijs1 HUX BO3HHKaeT IpobJieMa IMOCTPOEHUS OIepaTop-
GYHKIMU KOMILJIEKCHOT'O apryMeHTa, 9KBUBAJEHTHON 110 YepHOBY Cylepro3uiun
OIIePATOPOB CJIBUIA B TEPMUHAX TAK HA3bIBaeMbIX KorepeHTHbIX cocrostauii (KC).
Hanomuum, uro KC |z) HasbiBaeTcst COGCTBEHHDIN BEKTOD ONEPATOPa YHUUTOKEHHSI
a, oTBevalonnii coocTBeHHOMy 3HadYeHuio z € C.

OrnepaTopbl poxK/JIeHHsT a* 1 yHUITOXKEHUs a JIECTBYIOT Ha BEKTOPBI |1n) CTaH-

JnapTHOro (POKOBCKOro 6asuca rujibbeprosa npocrpanctsa H o dhopmynam
a'ln) = V£ 1ln), aln) = valn — 1)

Uzeecrro, uto KC |z) umeer mpejicraBienne ¢ TOTHOCTHIO 10 (a30BOr0 MHOXKHUTEJISI

|2)

I MOXKET OBITD IIOJIYY€HO r[[eI‘/JICTBI/IeM orrepaTopa CIABHUT'a

~

=
D(Z) — pra’—7a
Ha BEKTOPHOE COCTOAHUE
[2) = D(2)]0).
COCTOHHI/IH, OoTBeYaromue pa3dHbIM CcOOCTBEHHBIM 3Ha4Y€HUAM, HE OPTOI'OHAJIbHBI:

(zw) = e~ 2lz—wl-wztuwz),

Tem He Menee, oHu 00pas3ylOT (IIEpPEIOJIHEHHBIN) 0a3uC, MOCKOIBKY (OKOBCKOE

COCTOdHME nMeeT IIpeJCTaBJICHUE

z|2

|2)d?z

E)
I
5=
—
ml

277)
vn!
OnHonapamerpudeckoe ceMeiicTBo orneparopos ciasura D(z), z € C, He obaasaer

IIOJIyI'PYIIIOBBIM CBOICTBOM, ITOCKOJIBKY

A

D(2)D(w) = €“D(z + w),
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rae ip(z,w) = (02 — wz).

Ho monajanme B coctosinue |z) Ha TpPaKTUKE MOYKET DACCMATPUBATHCS KAk
cirydaitnoe G/IyzKIaHIe 110 BCEBO3MOXKHBIM TPAEKTOPHSIM, COEJIUHSAIONIIM BaKyyMHOE
cocrostaue |0) n mHTEpeCcyIoIee HAC COCTOSHUE |2).

Tora peajibHO CreHEPUPOBAHHOE COCTOSIHUE |2) MOXKET TPAKTOBATHLCH KaK Jeii-
CTBHE HA BaKyyMHBIN BeKTOD |0) cpejiHero 3HavdeHus Cynepro3uIuu OlEPATOPOB
capura, skBusatenTHoil 1m0 UepHosy omeparopy €#0D(z), rae @o — pesysibraT
yepeaenust da3 (cMm. Hizke dhopmyiy (22)).

PaccmoTpuM cHavasia momnajjanne B COCTOSIHEE |2) depe3 HEKOTOPOe MPOMEKYTOU-
HOE COCTOSIHHE |w).

Torma BBegEM

A

U(z,w) = D(z — w)D(w) = ¥*D(z).
B cuty Toro, uro (=) iy D(z) KoMMyTHDYIOT I IMEIOT MecTO pasencTsa (e ) =

ele(zw) o (]j(%))" = ﬁ(z), IIOJIy 9aeM, 9TO

A~

(U(

A~

’w))n = U(va)'

3w

Hasee, eciin BBecTH cymeprio3unuio Tpackropuii u3 |0) B |2) depe3 |w) ¢ HEKOTOPOIt
Mepoit v(w), To
/eiw(zﬂw)dy(w) ~Ch eisoo(:c)’

C
rjae

o(2) = / (2, w)dv(w). (22)
C
Torna cpemHee 3HAYCHUE CYIEPIOZUAIMN OIICPATOPOB CABHUIra, SKBUBAJICHTHO 10 ep-

HOBY Tipou3sBejieHuio dbyHKIMKU Buraepa pacnpe/iesiennst v(w) u oneparopa ¢BHUra

D(z):

/ Uz, w)dv(w) ~a W,(5)D(2) = (),

re
W,(z) = /ezw_wdl/(w).
C
Dra Benmuanna W,(z) BBemena mo aHajoruu ¢ obbranoit dyskimeil Buraepa B

KBAHTOBOW OITHKE, ONPEICTCHHON KaK

1 o
W(z) = —2/ezw_sz(w)d2w,
m
C
riae X (w) — xapakrepucTuieckas QyHKIUs UM CPeJiHee 3HAYEHHE OIePAaTOpa CJIBUra

II0 COCTOAHUAM, OIIpeae/IdeMbIM ManI/Iueﬁ IIJIOTHOCTHU ,5, I/IMeIOIHeﬁ IIpeacTraBjacHue
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Fnay6epa-Cynapiana

U JiJIsl KOTOPO#

X (w) = Tr(pD(w)).

Takum obpasom, mepexoj; u3 cocrostaust |0) B cocTosiHue |z) depes cirydaiiHoe
cocrosinue |w) onpenensier ciydaiinbii oneparop nepexoia U(z, w) u3 cocrosiHust
|0) B cocrosinme |z). Crenudprika paccMaTpuBaeMoit 3a/1a49u TaKOBa, 9TO OT BBIGOpA
9JIEMEHTA W BePOSTHOCTHOIrO IpocTpancTBa C 3aBUCUT TOJBKO (Pa30BbIii MHOXKHUTED,
¢ TOUHOCTBIO 10 KOTOPOIo Ciydaiinbiii oneparop mepexoga U(z,w) coBuagaer c
OIIEPaTOPOM IIEPEXOIa ]5(z)

OrnmcaHHbIi TpUMEpP TTOKA3BIBALT MPAKTUYIECKOe TPUMEHEHNe TeOPEMBI 2 pabOThI
[9], KoTOpast IPUMEHUTEBHO K JJAHHOMY CJIy9aro (bOPMYIUPYETCsl TaK.

Teopema 6. [Iycmv na Komniexcrot naockocmu C 6vl0para 6eposMHOCTIIHAA
MEPa vV, abCOAOMHO Henpepueras omuocumesvho mepvi Jleoeea na C. Tozda cpednee
Nno MEPE UV 3HAMEHUE ONEPAMOPA U(z,w) nepexoda u3 cocmosnus |0) 6 cocmoanue
|2) wepes npomestcymounoe cocmosnue |w) sxsusasermmuo no deprosy onepamopy
D(2)ei#0) | 20e D(z) — onepamop nepexoda us cocmosnua |0) 6 cocmosnue |z), a

eo(z) = 5 [(wz — wZ)dv(w), 6 mom cmuicae, wmo dan mobozo z € C u 106020
c
u € H svinosnsemes pasencmeo

n—00 n

im ([ O whdvw))" ~ D)™ s = 0.
C

OcobeHHOCTBIO TIpUBeeeHHON (hopmysibl UepHOBa sIBISIETCS TO, 9TO B Hell HC-
CJIeJIOBAHA CXOAUMOCTD UTEPAIUil OllepaTOpHO3HAYHONW (DYHKITHHU, 38/ IaHHON He Ha

IIPpOMEKYTKE, a Ha KOMILJIEKCHOU TIJIOCKOCTH.

B 6ostee obmmem ciryuae npu pasbuenun tpaekropun u3 |0) B |z) Ha 1 JIOMAHHBIX
IOJIy4aeM CyNepIIO3UIMIO 1 ollepaTopos casura. IlycTs 7, 3 — y4acToK TpaeKTopuu

u3 |a) B |f5). Torga BBegeM ¢, Tax, 4ro

2i¢VOZ:/da/dﬁ—/da/dﬁ.
Yoz Yoz Y0z Yaz

Ecim kaxk1as Takast Tpa€KTOPHst BBIOUPAETCs ¢ HEKOTOPOii BEPOATHOCTHIO dfi(Yo2 ),

TO MO2KHO OHpe,He.HI/ITb Cpe,ZLHee 3HaYEeHUEe onepaTopa caBura 110 TpaeKTOpI/IﬂM P)/Oz:
D(z) = / D(z)e"* 0= dp(vo.) ~cn, Dy, (2),
T

rie

%zf%ﬁmw,Dszﬁﬁw.
I
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Temnepb HyKHO pPaccCMOTPETh CMeCh CPEJIHUX OleparopoB cjiasura B pasubie KC,
HAIIPUMED
> mD(t) = [ €*D(Edu(z) ~en D (z0)
k

C

Yo = /@zd/L(Z)? 20 = /Zdﬂ(z)
C C
B urore nomy4aem, 4To cpejnee 3HAUECHEE B CMBIC/IE SKBUBAJICHTHOCTH 110 JepHOBY
CYNEPIO3UIH OIIEPATOPOB CIABUTA, TAKXKE €CTh OIIEPATOpP CABUTA, TEHEPUPYIONIHii
HEKOTOpOE CpeiHee KOrepeHTHOe COCTossHne. B KadecTse mpuMepa BepOATHOCTHOI
Mepbl Ha MHOYKECTBe IyTeil, Beiymux u3 cocrosguus |0) B cocrogHue |z), MOXKeT
6prTh paccmoTpena Mepa Bumepa ma mpocrpancrse Cp ([0, 1], C) menpepbIBHBIX
KOMILJIEKCHO3HAYHBIbIX (byHKIM Ha orpeske [0,1] ¢ 3aJaHHBIME HAYATBHBIM U
KOHEeUHbIM 3HauenneM () U z, onpe/ie/ieHHas Ha MUHUMAJIbHON ajreOpe, HOpOXK IeHHO

TMJIMHAPUYICCKUMU ITIOAMHOXKECTBaMMU.
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IkBuBaseHTHOCTb no YepHoBy v 3BoOUNA hyHKLNN

BMrHepa AJ15 JINHENHOro KBaHTOBaHWS1

JI. A. Bopucos! 0. H. Opaos?, B. K. Cakbaes?

AnHoTaus

[Ipengoxkeno pacimpeHne MOHSATUS SKBUBAJIEHTHOCTU 110 YepHOBY st
OIIePATOPO3HAYHBIX (DYHKIWI Ha PENIeHUs] KBAHTOBBIX YPABHEHUN IBOJIOIUN
OTHOCHUTEILHO MaTPUIB! II0THOCTH U pyukinu Buraepa. IIpoanasmsupoBansr
SBOJIIOIIMOHHBIE YPABHEHUS, [TOJIYYAIONIHeCs: B PE3yJIbTaTe MPOU3BOJIHHOTO JIU-
HeifHOro KBaHTOBaHUs. [lokazaHo, uTo B 00IeM ciydae ypaBHeHue Burnepa
nmMeet crienndpudeckKuii 1uddy3nOHHLIA WIeH, 00CY/TOBIEHHbBIN PACILIBIBAHIEM

ITaKeTa KBaHTOBBLIX MO/

Beenerne

Hacrosmas pabora siBjIsieTcd ITPOJIOJIKEHUEM HUCCJIeI0OBAHUI 110 ITPUMEHEHUTO
TeopeMbl UepHoBa W IOHATUSA SKBUBAJIEHTHON 1O YepHOBY omneparop-yHKIUN
[1-4] nys onmcaHus SBOIONIKM KBAHTOBBIX CHCTeM. PasBurne 5TOro MeToja B I0-
cJIeJIHee BPEMsI CBSI3aHO C MOJIYUCHUEM sIBHBIX aHAJUTUYICCKUX BbIpaykKeHuit [5-7|
JIJIS pelaionux orneparopos 3aga4un Komm s mnddepeHnua bubix ypaBHEHN B
YaCTHBIX MTPOU3BOJIHBIX, TAKUX KAK ypaBHeHue reruionpooHoctu wim [peaunrepa.
HenTpayibHbIM MaTeMaTHIeCKUM (DaKTOM, JIEYKAIIIUM B OCHOBE 3TUX UCCJICIOBAHUM,
sBJIsieTcs Teopema UepHOBa (8], ycraHaBIMBAIONAS CXOAUMOCTH OIPEICICHHOTO
UTEPAITMOHHOTO IIPOIlecca K MOJIYTPYIIIe, KOTOpas IMPeJICTaB/IdeT PelleHue 3a/1auu

Kommm. [Ipusesiem 3/1ech (hopMyIUPOBKY 9TOI T€OPEMBI

Teopema (Chernoff, 1968). ITycmv X — 6anazxoso npocmparncmeo, B(X) — banazoso
NPOCMPAHCMEO AUHETIHBIT 02PAHUMEHHBLT onepamopos 6 X u nycmo dynryusa F
[0; +00] — B(X) ydosaemsopsaem ycaosuro F(0) = I, nenpepvisnan 6 cusvnod
onepamopnoti monoaozuu, ydosaemesopaem ouenke || F(t)||px) < e*,t > 0 npu
nexomopom « > 0. Toeda, ecau onepamop F’(0) samwikaem u €20 3amvikanue
ABAACMCA 2EHEPATMOPOM CUADHO HENPEPLIEHOT Nosyepynns. onepamopos U(t),t > 0,

mo oas a0b020 u € X u 06020 T > 0 6vinosHsemcs pageHcmeo

lim sup [[(U(t)u — (F=)"w)][x =0

=0 10,7

'NucruryT npukaagsoit maremaruxu uM. M.B. Kexgerma PAH
2MocKoBCKnIiit (PU3UKO-TEXHUTECKUH THCTUTYT
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WHurepec K NpUMEHEHUIO TeopeMbl depHOBa JjIsI MOCTPOEHUs] PEHEPATOPOB IIOJIY-
IPYIII CBA3aH HE TOJBKO C BO3MOXKHOCTBIO IIOJIyYeHHs PEIIeHNs COOTBETCTBYIOIINX
ypaBHeHHiT B 60jiee IBHOM BHJE, YEM 9TO MO3BOJIAIOT TEOPEMBI CYIIECTBOBAHUS, HO 1
C IpHUaHueM HOBOT'O CMBIC/Ia HEKOTOPBIM MaTeMaTHIeCKUM KOHCTPYKIUSAM, KOTOPbIE
JIO 9TOT0 BOCIHPUHUMAJIUCH TOJBKO KaK IIPOSABJIEHUs] OIPeIe/IEHHON MaTeMaTHIeCcKOi
TEXHUKHU.

Hanpumep, npu mocTpoeHnn paBHOBECHOI'O OlepaTopa ILIOTHOCTH KBaHTOBOM
CHCTEMBI HAJIO OTIPEJIETUTH sijipo oreparopa p(f) = exp(—/f H ), TIe H ectb muneitHbIi
CaMOCOTIPSI?KEHHBIN OIePaTOp, CUMBOJIOM KOTOPOTO SIBJIsIETCA (PYHKIUS [ aMuIbTOH:
H(q,p) xmaccuyaeckoii JUHAMIYIECKON CHCTEMBI, 33/aHHas B (ha30BOM HPOCTPAH-
CTBe KOOPJMHAT ¢ W UMITyIbCcOB p. ComocTaBieHne KJIacCUuIeCKOl TUHAMUIECKOM
BeJImdnHe (T.e. TaKOii, SBOJIONUS KOTOPOi OlpeieiseTcss ypaBHeHusIMU [aMIIbToHA)
KBaHTOBOT'O OIEPATOPA, T.e. JJUHEHHOTO OlepaTopa, JeHcTBYyoero B I'nanbeproBom
IIPOCTPaHCTBE, HA3bIBaCTCA KBaAHTOBaAHMEM. MaTeMaTI/I“IeCKI/Ie ACIIEKThbI IIPOIEAYPhbI
KBaHTOBaHUsI (B YaCTHOCTHU, JTUHEHOrO KBAHTOBAHMsI) TIOJPOOHO OMHMCAHBI B TPY/IaX
®.A. Bepesuna [9]. dnpa cooTBETCTBYOMIX HHTEIPATBHBIX TPEOOPA3OBAHMUIA, CBS3bI-
BAIOIIIX MKy coOOi CHMBOJIBI U oriepaTopsl, comepkarcs B [10]. C rexandeckoi
TOYKW 3PEHNUsI TPOKBAHTOBATH MOXKHO JTFOOYIO (PYHKITHIO OT KOOPUHAT W UMITY/IHCOB,
npeoopazoBanne Pypbe KOTOPOI IO UMITYIbCaM SIBJSIETCs 0ODOOIEHHON (hyHKITIEH
(mubo peryssgpHOii, OO ¢ TOYEUHBIM HOCHUTENEM, JubO MeJJIEHHOro pocTa). B
YaCTHOCTHU, MOYKHO TIOCTPOUTH OIIEPaTOP f (B), KOTOpOMY OTBEYAET CHMBOJI B BUJIE
KJIACCHYIECKOT0 paBHOBecHOrO pactpesenenus f(f) = exp(—FH). Oanako omeparop
f (B) He omuchIBaeT CTATUCTUIECKUE CBOWCTBA KBAHTOBOI CHCTEMBI. AHAJIOTHYHO 1
KJIACCHIECKUI CHMBOJI, OTBEYAIONINiIl KBAHTOBOMY OIIEPATOPY ILJIOTHOCTH f , HE ABJIdA-
eTCsI KJIACCHIEeCKUM PaBHOBECHBIM PACIIPEIeJIEHIEM, T.e. He MMeeT CTATUCTUIECKOTO
n MexaHu1Ieckoro cMmbicia. CormacHo e Teopeme UepHOBa, MOKHO PACCMOTPETH
NTEPAIMOHHLII IPOIECC, COCTOANUI B IIOCTPOCHUH OIIePaTOPa, ﬁn(ﬁ) = ( f (B/n))",
OCJIe Yero IepeiTu K npeneay B CUJIBHONW OllepaTOPHOM TOIIOJOIMU U IIOJIYYUTh

orepaTop

D(B) = lim D,(B),

obJrajraronuit o ryrpyImoBbiM cBoiictBoMm. B padore O.I. CmolisiHoBa 1 cOaBTOPOB
[11] 6buI0 MOKa3aHO, YTO TOT UPEEILHBIN OIEePaTOP COBIAJIAET C OIEPATOPOM
wiotaoctu p. CreoBaTe/bHO, YTOOBI HOJIYUYUTh CTATUCTUYECKUI OIIEPATOD, HAJIO0
IIPOKBAHTOBATH KJIACCHIECKYIO IJIOTHOCTH (DYHKITUU PACIpEJIeIeHUs KaK JTHHAMITIe-
CKYIO BEJIMYUUHY, IIPUTOM, UTO COOCTBEHHO KBAHTOBAHHE KJIACCHIECKOI'O PACIIpe/ieie-
Hus (pu3nIecKkn 6€CCMBICIEHHO, U DECKOHEYHOEe YNCJIO pa3 CBEPHYTH IOJIyIeHHBI
omnepaTrop ¢ camum coboit. TeM caMbIM KBaHTOBas CTaATUCTHKA IOJIYUUIACh KaK
Ipejes urepauii KBAaHTOBOW JMHAMUKH. [IOCKOIBKY Ke si/ipo oreparopa ﬁn(ﬁ)

OIIpe/ieJIeHO ABHO U IIpeJcTaBJ/IdeT coboit CBEpTOYHOE ITpou3BEJcHUE, €I'0 MOZKHO
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paccMaTpuBaTh KaK yCpeJHeHNe M3BECTHBIX (DYyHKINIl, 33/ JaHHbIX B KJIACCUYECKOM
dazoBoM npocTpaHCcTBe, 110 U3BECTHOI Mepe. B 1pejiese mpu n — 00 9TO NO3BOJISIET
TPAKTOBaTh KBAHTOBBIN CTATUCTUYECKUIl OIlepaTop KaK Pe3yJbTaT CTaTHCTUYECKOIO
yCpe/iHeHNs] GECKOHETHOT'O YHCJIa HE3aBUCUMBIX CIYyYalHBIX CJBHIOB B KJIACCHYECKOM
IIPOCTPAHCTBE, T.€., B CYITHOCTH, KaK Pe3yJIbTaT YCPeJIHEHUsI CIydailHbIX ITOIYTPYIIL.

YKazaHHasi TPAKTOBKA BBIBOJUT HAC Ha CJIEIYIONIYIO 33/1a1y, CBA3AHHYIO C YCPEe/I-
HEHUEM TOJIYTPYII U C MPUJIAHUEM CMBICIa TakKuM oreparnuaMm. O4ueBuiHO, YTO
JIMHEiHasi KOMOMHAIINS TIOJIyTPYIIT He 00si3aHa ObITh moJiyrpymmoii. Ho eciim B pe-
3yJIbTaTe UTEpAInil, aHAJIOTTIHBIX ONMCAHHBIM BBIIIE, MOYKHO TOIYYATH CXOINMOCTH
K TOJIYTPYIIIIe, TO TaKas MOJIYTPYIIa OObIBJIAETCA SKBUBAJIEHTHON 1o epHOBY
JIAHHON JimHelHoit KoMmOunaruu mno ayrpyii. CTporoe ornpejiesenne SKBUBAICHTHOCTI
o Yepuony 66110 gano O.I. CmossiHoBbIM B [12] 1 060011€HO Ha HECKOJIBKO GoJIee

IIUPOKUIA KJIaCC OlepaTopos B [2].

Onpenenenne 1. [lycmv X — 6anaxoso npocmpancmeo, B(X) — 6anaxoso npo-
CMParcmeo AuUHetHux oeparudennor onepamopos ¢ X, II(X) — muoocecmso cuavho
nenpepuenur omobpasicenuts F' noayocu [0, +00) 6 6anaxoso npocmparncmeso B(X),
ydosaemeoparouguz yeaosuio F(0) = I. Tozda onepamoprosnaunsie gynrkyuu F,G €
II(X) naswearomes sxsusarenmuvmu no depnosy, ecau das mobozo T > 0 u 4106020

u € X 8bNoAHACTNCA ycaosue

lim sup [[(F(t/n)" — (G(t/n)")u||x = 0.
N0 +¢[0,T]
Ha ocHose 31010 onpejesnenus B [2—4]| ObLIM MOCTPOEHBI TIPUMEPHI SKBUBAJIEHT-
HBIX 110 YepHOBY OIEpaTOpOB, OTBEYAIONINX CTATHCTHYECKON CMECH I'eHepaToOpOB
nosryrpymi. Teoperndeckoe 0606ITIEHIE OMUCHIBAEMOTO MOJIX0J1a O3BOJINIIO B 2] 1aTh

cJeayrolee onpejeaeHue 0600IEeHHOr0 CPeHEro 3HaYeHUA CIyYailHOM Oy TPYIIIHL.

Onpenenenune 2. Cuavho nenpepwviehas odnonapamempuveckas nosyepynna U
02PAHUMEHHBLT NUHETHDLT NPeodPa3osanuli banarosa npocmparcmea X AGAAECMCA,
0000WEHHBIM CPEOHUM 3HAYEHUEM CAYUATHOT noayepynno &, ecau noayepynna U

axeusasenmna no deprosy mamemamuveckomy ostcudanuro ME.

B pabGore [2] 6 goKa3aHbl TeOpEMBI 06 SKBUBAJICHTHOCTH 110 U€pHOBY 1Jist
CPEJIHUX 3HAYEHUH CJIy9IallHbIX MOJIYIPYIII, B KOTOPBIX C(hOPMYIUPOBAHbI JOCTATOY-
HbIE yCJIOBUSL TOTO, YTOOBI 9TU CPEeJIHIME 3HAUEHUs, He Oy/[yun CaMu HOJIyIPYIIIaMu,
HOPOZK/IAJIN TIOJTyTPYIIILY, SKBUBaJeHTHY0 UM 110 HepHoBy. [Ipusejem 3jech coorser-

cTByoMIe (DOPMYTUPOBKH.

Teopema 1. ITycmov {H,} — nocaedosamesvrocms 2eHEPamMOpPos CuibHO HENPEPHIE-
HoLT noayepynn 6 banaxosom npocmpancmee X . Ilyemo {p,} — nocaedosamenvrocmo

HEOMPUUAMEANDHBIT YUCEN, CYMMA pﬂda U3 Komopuvlxr pashra 60UHUM€. Hycmb mawrotce
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cywecmsyem aunetinoe nodnpocmpancmseo D C X, Asaaiouseeca cyuecmeentod
obaacmvio onpedeserus KaHcdo20 u3 2eHepamopos H,,n € N u maxoe, wmo dan
106020 v € D pad Zzo:lanI:IanX cxodumea. Toeda, ecau onepamop H onpedeaen
na D dopmyaoti Hr = Zzozlpnf[nx u makoti, wmo samwranue onepamopa H
ABAACTNCA 2ENEPAMOPOM CUNLIO Henpepuerot noayepynnw U = exp (tH),t > 0,

mo cpedree 3HaveHue F(t) cayuatinot noayepynnw U = exp (tI:I) onpedeasemoe

n’

Ppopmyaot F(t) = > Pnexp (t[:In),t > 0 axeusasermmo no Yeprnosy nosyepynne
U =exp (tH).

B wactrOCTH, TyCcTH I:I1 151 I:IQ — 9PMUTOBBI ONEPATOPHI (TAMUIBTOHUAHBI), TOPOK-
JaloIue MoJIyrpy bl U= exp (t]:h) ul = exp (tflg), t > 0 PacemoTrpum omepaTop
H= p1H1 + pgﬁg, p1 > 0,pe >. Hanpumep, 3Ta cuTyarms BOSHUKAET TOT/Ia, KOT/Ia
raMWJIbTOHUAH MPOKBAHTOBAH YaCTUYHO IO I7Iop;LaHy, a gactruaHo 110 Beitmo. [lycrs
OIlepaTOpPhI H 1,2 TAKOBBI, YTO YCJIOBUsA TeopeMbl 1 BbIoJIHEHbI. Torja B cooTBeTCTBUN
¢ dopmyioii (2) mosyrpyria U= exp (tI:I ) SKBUBaJIeHTHA 110 epHOBY JIMHEHHOM

KOMOWHAITAY TTOJTyTPYIII Py U 1+ D2 Ug.

Anajiornano dhopMyIupyercs u Bropasi TeopeMa 00 9KBUBAJTEHTHOCTH, TPUMEHSI-
eMasi TorJla, KOIJla yCpeJHEHUE CJIYUYalHbIX HOJIYTI'PYIIl IIPOBOJIUTCS 110 HEKOTOPOIt
CYETHO-aJJINTUBHON Mepe, 3a/[aHHOi Ha o-aJiredpe TOJIMHOXKECTB HEKOTOPOTO MHO-

xkecrBa F.

Teopema 2. ITycmwv H.,e € E — onepamoprosnaunan gynxyus na mmoscecmse E,
na o-anszebpe nodmmosicecme 28 xomopozo 3adana cuemmo-adoumusnan HoOpMUPOGaH-
HAA HEOMPUYUATNEALHAA MEPA [1, TAKAA, YMO €€ ZHAYEHUAMU ABAAOMCA 2EHEPATNOPDL
CUNDHO HENPEPBIEHBIT CHCUMAIOWUT NOAY2PYNN 6 baHaxrasom npocmparcmee X .
Iyemov cywecmsyem aunetinoe noonpocmparncmeo D C X asasaoueecs cyuecmseen-
HOTL 00AACMBIO ONPEdeseHUA KAHCA020 U3 2EHEPATNOPOS H. u makoe, 4mo 0aa 11006020
x € D unmeepan [, || H.z||xdp(e) cxodumea. Tozda, ecau onepamop H onpedenen na
D gopmyaot Hx = J H_.zdp(e) u makot, wmo samwarue onepamopa H saeasemea
2ENEPATOPOM Cusbio nenpepuerot noyepynno U = exp (LH),t > 0, mo cpeduee
snavenue cayuatinot noayepynno F(t) = Sz exp (tH.)dp(e), t > 0 sxeusarenmmo no

Yeprosy noayepynne U = exp (tH)

OrmMeTuM, 9TO IPUMEHUTEILHO K caMoii Teopeme UepHOBa BBEJIEHHOE IOHATHE
SKBHUBAJIEHTHOCTU O3HAYAET, B YaCTHOCTHU, UTO IIPU BBLIIOJHEHUU YCIOBHI 3TOI
TeopeMbl HOMYIPyIIa, SKBUBaIeHTHAs 110 YeproBy oneparopuoit dynxmun f(5),
KJIACCHIECKIM CUMBOJIOM KOTOPOii siBiistercst pyuknus f () = exp (—5H), ectb KBaH-
TOBBIII oneparop mioTHocTH P(fF) = exp(— BH ). Tem cambiM omepaTopHast DYHKITHS,

SKBUBaJIEHTHasI 110 UepHOBY HEKOTOPOil «ITpOOHOI» (DYHKIINU C HESICHBIM (DU3UIECKUM
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CMBICJIOM, OKa3aJ1aCh HE MPOCTO OIEPATOPOM, YIOBJIETBOPLAIONIIM OIPE/IETIEHHBIM
dOpPMAILHBIM YCJIOBUSIM, HO YK€ UMEIOIIUM CMBIC KAK OIepaTop ILIOTHOCTH.

Touno Tax ke omeparop U (), KJIACCHYECKUM CHMBOJIOM KOTODPOTO SIBJISIETCSI
dyuxmusa U(t) = exp (—itH), skBuBajienTeH 1m0 UepHOBY orepaTopy exp (—it[:I ),
pasperatonemy 3aady Komm s ypasuenusi [Hpenunrepa. [lostromy Teopema
YepHoBa u BBeJICHHbIE OTHOIIEHUS SKBUBAJEHTHOCTH ITO3BOJISIIOT 0OOCHOBATDH IIPO-
HeJIyPy AIMPOKCUMAIINNA KBAHTOBOI MOJIYTPYIIIHI IOCIEI0BATE/ILHOCTHIO HTEPAIINIi,
Ha KaKJIOM I1are KOTOPbIX BOZHUKAIOT OIEPATOPbhI, KOTOPBIE HE SIBJISIOTCS, BOOOIIE
rOBOPsI, TeHepaTOPaMU KaKUX-JIU00 MOJIYTPYIII, HO CTAHOBATCS TAKOBBIMU B PE3YJlb-
TaTe mpeeabHOro mnepexosa. [IpuBenennbie Bbie TeopeMbl 1 U 2 000CHOBBIBAIOT
9TOT TPEJIe/ILHBII TePEXOI.

CitestoBaTebHO, IPUOOPETAET CAMOCTOATE/ILHYIO TIEHHOCTh (hopMupoBanue HabO-
pa orepaTopHbIX (DYHKIINN, TOJIyIAeMbIX B COOTBETCTBUU C BBEJCHHBIM MTPUHITUIIOM
9KBUBAJIEHTHOCTH 110 UepHOBY JI/Isi Pa3JIUYIHBIX 9BOJIIOIMOHHBIX ypaBHenwuit. Ha-
[pUMep, ONHUChIBaeMas 3a/1a4a 00 YCPeIHEHUN MOJIYTPYIIT €CTEeCTBEHHBIM 00pa30M
BO3HUKAET IIPU PEIeHNN KBAHTOBOIO ypaBHenus JInyBuiuis

SR R ®)
t
OTHOCUTEJILHO CTATUCTHUYIECKOTO OIlepaTopa PB cjaydae JIMHEHHOTO KBAHTOBAHUA,
KOI/Ia omepatop H MpecTaBisieTcss B BHE CTATHCTUIECKOIl CMECH OIepATOpOB, KAk
B IIpUMepe, WJLTIOCTPUPYIOIIEM TeopemMy 1 BBIIIe.

st Tak Ha3bIBAEMOr'O JIMHEHOTO KBAHTOBAHUSA, OIPEIEIsIeMOr0 B CJIEJIYIO-
meM pasjesie, aKTyaJIbHON ABJIAeTCH TaKXKe U 3a/ia4a Iepexoia K SKBUBAJIECHTHBIM
oriepaTopaM B ypaBHEHUH 3BoJOInn GpyHKIN Buraepa. Dta QyHKINS SIBISIETCS
CIeIUaIbHBIM peobpasoBanueM [10] MATPHIB! INIOTHOCTH W MMeEeT CMBICJT KBA3HBEPO-
SITHOCTH (HETIOJIOKUTETHHON MephI), 10 KOTOPOH YCPeTHSIeTCsT KJIACCHIeCKUT CHMBOJT
orepaTopa, Tak 4TO B Pe3y/IbTaTe MOJIydaeTcs cpejHee 3HaUYeHne KBAHTOBOTO Olepa-
Topa. bes takoro repexojia ypaBHeHHe 3BOJIOINN (YHKIMU BUraepa oka3biBaeTcsl B
obIIeM CJIyvae He3aMKHYTHIM (MCKJIIOUeHHe COCTABIISET TOJBKO KBaHTOBaHNe Beiist).
[Mens wmacrosieir paboThl COCTOUT B HUCCJIEIOBAHUU SBOJIIOIMOHHOTO ypPaBHEHUS
nist pyHKImn Buraepa ¢ MCIOb30BaHUEM yCPeTHEHUsI TeHepaTOPOB KBaHTOBBIX

MTOJIYTPYIII B CMBICJIE onpeaeieHuii 1 u 2.

JlnHeriHoe kBaHTOBaHVE

OmnuieM KpaTKo KOHIENIUIO JIMHEHHOro KBaHTOBanwus, ciaemys [9, 10]. s
HPOCTOTHI POPMYJIbI OyJIeM 3aIUCHIBATH JJIsI OJHOMEPHOTO CJIydasi.

[Tycts ' = R? — kiaccudeckoe pa3oBoe HPOCTPAHCTBO OJHOMEPHOI JUHAMIIe-
CKOW CHCTEMBI, 3aIlIlMCAHHON B TepMUHAX KAHOHUYIECKH COIPSKEHHBIX 000OIIEHHBIX

koopauHat q u p. I[lycts Takke A : I' = R — dyukius toukn B ', F4 — ruibbepToBo
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npocrpancTBo dyukimit A. Oyukims A(g, p) B KIacCHIecKoil MEXaHUKe HA3bIBACTCS
JIMHAMIYIECKON BeJIMIUHOMN, min Hab/oaemoit. O aa u3 vabmogaembix A = H Ha3bl-
Baercs dbyHKImei [aMuibTona, oHa orpe/iesnsgeT ceMeiicTBo (rpyity) npeobpasoBaHuii
U : T — T dasosoro npocrpancTsa. 3ajasast B [ IMHAMIYECKYIO MEPY C IIOTHOCTHIO
f(z,t), z = q,p € ' u ramunbronnan H, MOXKHO TIOCTPOUTDH yPABHEHUE IBOJIIOIAN
iotHocTu Beposgtaoctu f(x,t)(ypasuenne Jluysuis). Kaxoit nabiomaemoit A
CONIOCTABIISIETCS e CpejiHee 3Hadenne B MoMenT Bpement ¢ : (A) = [ A(x) f(z,t)dl,
(A) € R.

B KBaHTOBOI MeXaHWKe BBOJIUTCS BEIECTBEHHOE WJIM KOMILIEKCHOE IMJILOEPTOBO
POCTPAHCTBO L, MOJIHOE 110 HOPME, OIIPEJIEJICHHON CKAJISIPHBIM [IPOU3BEJICHUEM B
L. Oupezenennbie Ha L caMOCOIPSIZKEHHbIE JHHEIHbIE ONepaTopbl A HA3BIBAIOTCS
HabsogaeMbiMu. CaMOCOIPSIZKEHHBIE TOJIOYKUTE/IbHbIE JIMHEHBIE OllepaTopbl p C
CJMHIIHBIM CJICOM HA3BIBAIOTCA COCTOsHusAME. Cpejinee 3uatenne Habonaemoii A

B COCTOSIHUH ) BBIMHCJISETCS 110 hopMyJIe
(A) =TrAp.

[Iycts L peanmzoBaHO Kak MPOCTPAHCTBO QyHKIWI ¢ (x) € L, ¢ MHTErpHUpyeMbIM
KBaJApaTOM MOIYJIA. SﬂeMeHT Ha3bIBAE€TCSI BOJTHOBOI beHK]_[I/Ieﬁ " dBJIdeTCd aHaJIOI'OM

TOYKM B KJiaccu4ieckKoil Mexanmke. OQmna n3 mabogaeMbix A = H naspiBaercs

FaMUJIBTOHIAHOM; 9TOT OIEPaTOp 3a/1aeT IBOJIIONHUIO daeMenTa ¢ (x) € L:
iy = Hap (5)

[IpunnumomM cooTBETCTBUS HA3LIBAIOTCS YCJIOBHS, HaJaraeMble Ha BO3MOYKHDIC
JIBYCTOPOHHIE OTHOIIEHNs Mezk 1y MuozKecTBaMu byskimit {A} u oneparopos {A}
. CoorserctBre A — A HA3BIBACTCH MEPEXOLOM K KJIACCHIECKOMY MPEJCIY; IPH
stoM A HasbBaeTcs cuMBosoM omeparopa A. Coorsercreue A — A HasbBaercs
KBaHTOBaHueM. Jlj1s mocTpoeHnst KBAaHTOBOM JIMHAMUKY 10 KJIACCUIECKON CJIe/IyeT
ykazaThb KBaHToBanue dyukmun [amumiabrona. IIpm sTomM, KakoBo Obl HU OBLIO
KBaHTOBaHUE, MOTPEOYyeM BBIOIHEHUS OOBITHOTO COOTBETCTBHS JIJIsI OIEPATOPOB

KOOpJAMHATBI 1 UMIIYyJIbCa:

a n ~\ T n A\ T
g @ pe—ign 4 (@, pt e ()™ (6)

UseectHO [9], uT0 cooTBETCTBHE MEXKJIy OIEPATOPAME M CHMBOJIAMU OIEPATO-
POB TIOJIHOCTBIO OmpeiessieTcss (POPMYJIaMy, BhIPAKAIOIIMMI CUMBOJIBI OTIEPATOPOB
ﬁfl, Aﬁ, QA, fl(j qepes3 CUMBOJI OlepaTopa A. KpanTtosanue HasblBaeTcs JIMHEHBIM,
ecu 3T (POPMYJIbI UMEIOT BHJI JIMTHEHHBIX OIEPATOPOB C MOCTOTHHBIME KO3 huIm-

eHTaMU, HaIlpUMeD:
) - o 0
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CootsercrBue Mexkry Marpureit A(z,y) oneparopa Au ero KJIacCuIecKuM CHUM-
BosioM A(q,p) omnpesesisieTcsi B JIMHEHOM KBaHTOBAHUU OIPEJIEJISIETCs] JTMHETHBIM
HHTErpajbHbIM 1peobpasoBarneM K ¢ siapom K (g, p|r,y), Ha3bIBAEMBIM sIIPOM

KBaHTOBaHUMA:

A=KA: A(z,y) = /A(q,p)K(q,p!w,y)dqdp (8)

Omneparop A JeficTByeT Ha j1eMeHT 1 € L o dpopmysie
Av@) = [ Al yyot)dy. )

3/1ech MHTErpupOBaHUE MIPOBOIUTCI OT —00 JI0 +00. Jlasee mpeebl HHTErpUpo-
BaHNU¢ JIJIsT KPATKOCTU HE YKa3bIBAIOTCS, €CJIU IPEJIIOIAraeTcs, YTO NHTEIPUPOBAHNE
MIPOBOJIUTCS IO BCEMY ITPOCTPAHCTBY.

[IpencraBurens Kiacca JUHENHBIX KBAHTOBAHMIL, 38/1aBAEMOTO SIPOM

L g —ra— (1 - )y explivl@ -y, r€ 0,1 (10)

K- (q,plz,y) = 5

OyzeM HasbBaTh T-KBanToBanneM. COOTBETCTBYIOINIYIO MATPHILYy OI€paToOpa, HOJIy-
qaeMyio 10 dopmyite (8), Gymem obosuadars A, (z,y). U3 (8) u (10) ciemyer, aro
JUIST T-KBAHTOBAHMs CBSI3b MEXKJLy $/IDAMH OLEPATOPOB M MX CHMBOJIAMHU JIAETCS
dopmyoii

Aw) = 5 [ Alra+ (1= 7 explin(e — ). (1)

[Ipn Takom KBaHTOBaHNU MOHOMY ¢"p™OTBedYaeT ONEPATOP

3
|
3
/_\
\_/
)—l
|
\]
?T‘
;—‘
=
8
Q
8
3
E
—
N

A=4q"p
ManI/IHa KOTOpOI‘O nMeeT BU
Ar(z,y) = @)™ (rz+ (1 —1)y)" —5(Sc—y) (13)

ﬂﬂﬂ IIpuMepa IpuUMEHCHUA T-KBaHTOBaHUA YCTaHOBUM BHJ CHUMBOJIa JIJIA OIl€paTOpa
B, =p.A., tne A, zanaercsa dopmymoit (12).

C ucnosszosamnueM (10) u3 (13) momyaaem

BT(x,y) = /ﬁf(x,z)fl (z,y)dz = (i )m“/%(r&l—(l —7)y)" ggm d(z—y)dz =

A\m+1 n—1 am n am+1
= - e+ (1 =n)y)" g mole —y) = (re+ (L= m)y)" 5 2 9(z — w))

CpaBHuBast TOJIy 4e€HHOe BhipaxkeHue ¢ (13), 3akiodaeM, 9To onepatopy BroTBedaer

CHMBOJI

B+ B=(p— w(%)A “ prA,.
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Ananorngno nosydaeM cornocraBierns Buga (7):

) A ) ) )
—)A 7 A (1 —7)—A, A.qg —iT—)A.
aq) . G A= (g+i(l—7) . Ard- < (g ZTap)

~

Apr 5 (p+i(1—7)

Cpean T-KBaHTOBaHUII CyIIECTBYeT €IMHCTBEHHOE SPMUTOBO KBAHTOBAHUE, KO-
Topoe nosydaercs npu T = 1/2. B sTom ciygae dbopmyaa (10) ompesesnser Tak
Ha3bIBaeMoe KBaHTOBaHUe Beiis. JIpyrue BapuaHThI THHEHHBIX SPMUTOBBIX KBAHTO-
BaHUIT MOXKHO MOJIyIUTh C MOMOIIBIO JINHEHHONH KoMOuHauu siaep Buja (10), Kak 910
crnenano B [10]. Takast KoMOUHAIHST MOYKET ObITH [IPEJICTABICHA B BUJIE JTUHEHHOTO
HHTErpajbHOrO IpeobpasoBanust sapa KBanTosanus (10) ¢ HEKOTOPOit 06001TeHHO
dbyukuumeit Q(7), obpamaorieiics B Hosib BHe oTpe3ka [0; 1] u ymosieTBopsorieit

YCJIOBUIO
1
/0 Q(t)dr =1 (14)

B pe3yjibTaTe AP0 KBaHTOBaHUA M MaTpHUlla OllepaTopa IIPEACTAaBJIAIOTCA B BUIE

Kz/olQ(T)KTdT, A:/OlQ(T)A)rdT (15)

[Tyctb cumBost A(q, p) mMeeT BHJL IIPOU3BEIEHUST MOHOMA TI0 UMITYJIbCY Ha Judde-

peHIupyeMyio (pyHKIIUIO KOOP/IMHATHI:

Alg,p) = flg)p™. (16)
Torya npu KBanTOBaHUM ¢ sijipoM (15) emy orBedaer omeparop

A= (=i)my (m) onfP ()", p= 9 o = /0 Q(T)(1 — 7)kdr. (17)

—~\k ox’
Beswmaunbl oy, Gymem Ha3blBaTh MOMeHTaMU (DYHKIMN cuMMeTpu3armn Q(7), a
pesimany G(s) — XapaKTepuCcTHIecKoii (byHKIMeli KBAHTOBAHMST:
1 00 N
G(s) = / Q(7)exp(iTs)dr = Z M (18)
0 prd k!

U3 (17-18) corepyer, 9ro Jijist TOTO, 9TO0BI 33/1aTh OIIEPATOD, OTBEYAIOIIUIT TOTMHO-
MHUAJIBHOMY 110 MMIIYJIbCaM KJIACCHIeCKOMY CHMBOJIY, JIOCTATOYHO YKa3aTh MOMEHTDI
dbyHKIIMM KBaHTOBaHUS WK Xapakrepuctuieckyo Gyuknuio G(s). CumBosibl, He
MMeIOIHe MOJMHOMHUAJILHOIO BUjia, OyIeM CYUTAaTh IPOKBAHTOBAHHBIMU C TEM K€
PaBIJIOM KBaHTOBAaHMUsI, OIpPeIeisieMbiM siipoM (15).

[IycTh 3aaH0 HEKOTOpOE JIMHEHHOE SPMUTOBO KBaHTOBaHue. JIj1g spMuToBoCcTH
orepaTopa HeOOXOMMO U JIOCTATOYHO, YTOObI (DyHKINA cumMeTpusanuu (1) Opuia
CUMMETPUYHA OTHOCUTEBHO HeHTpa orpeska [0; 1]. B arom ciryyae He Bce MOMEHTHI

beHKHI/II/I CUMMETPpHU3all HE3aBUCUMBI. I/IMeHHO7 MOMEHTBI 9€THOI'O IIOPAAKa MOI'yT
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OBITH 3a/laHbl IPOU3BOJILHO, & AJIdd MOMEHTOB HEYETHOI'O IIOPsAJKa TOTda IIOJIYda€TCd

pekyppeHnTHas (popmyJia:

2k
1 1 W (2k+1
og = 1,0’ == §;U2k+l = 5[1 -+ nél(—l) ( n )Un]. (19)

B pesynabTaTe Bce MOMEHTLI HEYeTHOTO MOPSIKA MOTYT ObITh BLIPAyKeHbI 4epes
1 1
309 — 3 05 = 5(1 =50y + 504) m T.I.

2
Cpem/l IPMHUTOBBIX KBaHTOBaHUN O6IHGYHOTpe6I/ITeHbeIM ABJIdeTCcd KBaHTOBaHUE

JeTHbIE MOMEHTHI. B JaCTHOCTH, O3

Beitsis1, HO MHOT/IA UCHOJIB3YIOTCS U JIPYTHUE CIHOCOOBI CUMMETPH3AIINH, TOCKOJIBKY
HET TeOPETUYECKU BBIBOJUMOIO TPeGOBAHUS Ha UCIOJIb30BAHUE TOJBKO KAKOIO-
HuOy/Ib OJIHOTO IpaBUJa KBaHTOBaHUsA. [IpuBeieM HEKOTOpPbIe U3 KBAHTOBAHUH C
VKa3aHUeM MOMEHTOB 0, (DYHKIIMN CUMMETPU3AIME 1 XapaKTePUCTHIECKON dyHKIII
kBanToBanus G(s):

Kpanropanne Beiins: Q(7) = Qw(7) =06(1 — 1), o) = 5, G(s) = exp(is/2)
Ksanropanne Vopnana: Q(7) = Q (1) = w, or=13,k>1,G(s) = Liexp(is)

2
G(S) _ 1—exp(is)

KsanroBanne Bopua: Q(7) = Qp(7) = 1, o) = 5

1
k1o

Ormernm, 4To st HeoTpHIaTebHOH Q(T) dbopmyrta (15) MokeT ObITH HHTEPIIPE-
THPOBaHA KaK YCPeIHeHNe T-KBaHToBaHuii ¢ BecoM (7). st Takoit pyHKIME MOKHO

OIICHUTDL I'PaHUIIbI, B KOTOPbLIX JIC2KUT BTOpOﬁ MOMECHT (byHKLII/H/I CHUMMeETpPpUu3alunn.

Nmeem:
09 —
1 1/2 1/2
= / Q(T)rdr = Q(1/2—a)(a+1/2)*da = Q(1/2—a)(a*+a+1/2)da >
0 —1/2 —1/2
1/2
> 1/4 + Q(1/2 — a)(a* + a)da > 1/4.
—1/2

SHaK paBEeHCTBA IIOJIyYaeTCs 3/1eCh IIPU KBaHTOBaHUN Beiis.

C sipyroit croponsl, ockosbKy Ha orpeske [0; 1] cupaseimsa onenka 72 < T, TO
09 < 1/2. 3HaK paBeHCTBA B 9TOil OIEHKE JIOCTUTACTCS JIJisi KBAHTOBAHUSI Nopraia.

C yderom (19) aHAJIOrUYIHO MOYKHO TIOJIyYUTH OIEHKU JIJIi MOMEHTOB JPYTUX
opsiikoB. TeM 7Ke MEeTOIOM IMOKa3bIBAETCs, UTO KBaHTOBaHUA Beiiaa u Vopgana
OTIPEJIEISIOT COOTBETCTBEHHO HUKHIOIO M BEPXHIOIO I'PAHUIIBI IPOMEYKYTKOB BBICIITUX
MOMEHTOB (DYHKITUU CUMMETPU3AIUNN: 2% <o < % OTH JiBa KpaiiHue B yKa3aH-
HOM CMBIC/IEe KBAHTOBaHUs OY/IyT PacCMaTPUBATHCA Jlajlee B KaueCTBe KOHKPETHBIX
IIPUMEPOB Pa3HBIX SPMUTOBBIX KBAHTOBAHWI. Y CYMMBbI JBYX WJIu Oojiee pyHK-
U CUMMETPU3aIIi, CAMMETPUIHBIX OTHOCUTEJILHO IEeHTPa OTpe3Ka . KBaHTOBBII
raMu/IbTOHUAH, Oy/Iy4dd MeHepaToOpPOM KBAHTOBOW 9BOJIIOINN, IIPEJICTAB/IAET COOOI
CTATHUCTUYECKYIO CMECh T-KBAHTOBaHWUI, IIO9TOMY TeopeMbl 1 u 2 00 ycpeHeHun

reHepaTopoB KBaHTOBLIX IIOJIYI'DYIII UMEIOT IIPAKTUYCECKYIO BaKHOCTbD.
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ypaBHeHMFI IBOJ/IlOUNN KBAHTOBbLIX CTATUCTUHECKUX ONepaTopoB

[TocTponMm Temnepsh T IMHERHOTO SPMATOBOTO KBAaHTOBAHUS ypPaBHEHUS IBOJIIO-
UM KBAHTOBBIX CTATUCTUYECKUX OIEPATOPOB.
O6osznaunm yepes p(x,y) Marpuily omneparopa miorHoctu. Torjaa cpenHee 3Haue-

HIe OoIleparopa A B cocrosnnn p ompejiensiercs 1o popmyJie
() = 1o = [ pla.)Aly.)dady (20)

Ecym nogcrasuts B (20) dopmyny (8) mist marpuiist orieparopa A, To cpejmee
3Ha4YeHue olepaTopa MOYXKHO IOJYyYUTh, HHTEIPUPYs €ro KJIACCUYEeCKUNl CUMBOJI C

Hekoropoit dyukimeit W (q, p), HaspiBaemoii dpyukiueii Burnepa:

(A) = / W(q,p)A(q, p)dqdp, (21)

W(q,p) = /p(% ) K (q,ply, v)dzdy < W = K7 p. (22)

B (22) Bepxuwmit unerce 7' 03HAYAET TPAHCIOHUPOBAHKE, T.e. B3ANMHYIO 3aMEHY B

siape (10) x wa y. s T-xBantoBanust dopmyia (22) umeer Buj

vu@mzkﬁzjﬁmwmmmm@w@=

1
21

O6paTHo, /st IPOU3BOJILHOIO T-KBaHTOBaHU ¢ g1poM (10) mveem

plqg — 7€, q+ (1 — 7)) exp(ip€)dE. (23)

p=2rKIW & p(x,y) = /WT(Ty + (1 —7)x,p) exp(ip(z — y))dp, (24)

IJIe «ILJTIOC» Y sJipa KBAaHTOBAHUS O3HAYAET IPMUTOBO colipsizkenue. [lockobky ke
MaTPHIA JIOTHOCTH B (24) He 3aBUCHT OT T, MOXKHO YMHOYKHUTH 9TO DABEHCTBO Ha

Q(7) u ycpeauuts 110 7. JleBas wacTh (24) npu 9TOM HE H3MEHHUTCsI, ¥ TOTJA [OJIYIaeM

1

p(z,y) = /V(:E,y;p) exp(ip(x —y))dp, V(. y;p) = / W (ry+(1—7)z,p)Q(T)dr.

: (25)

U3 Buga sapa K- (10) 1 5pMUTOBOCTH MATPUIILI IVIOTHOCTH CJEIYET, 4TO (OYHKITHST

V' nefictBuTeIbHA U CHMMETPUYIHA OTHOCUTEIBHO 3aMeHBI & Ha y. Bojiee Toro, ecm

KJIACCHIECKUI TaMUJIBTOHNAH eCTh (PYHKINS C pa3/IeJIeHHBIMI IIEPEMEHHBIMU ¢ 1 P, TO

MaTpHIla IJIOTHOCTU HE 3aBUCUT OT KBAHTOBaHUsI, U Toraa (PYyHKIMA |V nWHBapUaHTHA
OTHOCHUTEJIbHO BBIOOPa KBaHTOBaHUS ().

B coorsercruu ¢ (15), onpejenum rerneps nosHyoo dyHKIMO Buraepa, orseda-

IOIYI0 KBAHTOBAHUIO C sjipoM K dopmyIoit

Wiq,p) = /0 W (q, p)Q(7)dt (26)
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U3 (22) cnemyer, uro dyukims Buraepa siBHO 3aBHCUT OT KBAHTOBAHUS, JIazKe
ecJii MaTPUIla IJIOTHOCTU OT HEro He 3aBUCHT.

C onHOIT CTOPOHBI, YJI0OCTBO MPEJICTABICHUS CPEJIHUX 3HAYEHUI KBAHTOBBIX
orepaTropoB B TepMuHax dyHKIUK Buraepa cocrout B TOM, 9TO ycpejnerue B (21)
IIPOBOJINTCS B KJaccuiaeckKoM (azoBom mpoctpancTse. C APYyroit CTOPOHBI, TOMUMO
u3BecTHOrO (hakTa O HeroJiokuTebHOCTH (byHKIMU Buraepa (B obmiem ciydae
SPMHUTOBOTO KBAHTOBAHUS), T.€. O HEBO3MOKHOCTH €€ MHTEPIIPETAIN KaK IIJIOTHOCTH
COBMECTHOI (DYHKIIUK PACIIPEJICICHIsT KOOPJAMHAT U UMIIYJIbCOB, CYIIECTBEHHBIM
3aTPy/JHEHNEM IIPU ee UCIOJIb30BAHUNU SBJSETCH TO, YTO IIPU BBIYUCJIEHUU CPEJIHErO
3HAYEeHUsI KBAHTOBOI'O oreparopa dbyukius Burnepa cBopadnBaeTcs ¢ KJIACCUIECKUM
CHMBOJIOM, OTBEYAIOIIIM 3TOMY OIIepATOPY IIPU TOM Wi UHOM KBaHTOBaHUU. CUMBOJI
2Ke, B OTJINYME OT ollepaTopa, Jjisd IPOU3BOJIBLHOIO KBAaHTOBAHMUS HE BOCCTAHABJIU-
BaeTCs 10 BUJY oreparopa, mosromy dopmysa (21) okasbiBaeTcst MPaKTUIECKN

becriosie3noit. [l 7-KBanToBaHus cyriecTByer hopMmysia odbparieHus
Ala.p) = / A, (q— (1= 706, q + 7€) explipé ) de, (27)

HO JIJIs1 00ITIero KBAHTOBAHMUS [TOCJIe TPOBeJIeHNns cuMmMeTpusarun (15) BoccranoB/eHne
CAMBOJI& HEOTHO3HAYHO.

OTmpaBHO# TOYKOII JIJIsT BBIBOJ/IA YPABHEHMs SBOIONMK (QYHKIUN Buruepa spis-
ercs KBaHTOBoe ypasHenue JInysusuist (3), KOToOpoe npu 3aJaHHOM TaMUJIBTOHUAHE

H zanuceiBaercst gepe3 MaTpuYiHbI€e 3JIEMEHTBI OIIepaTOpPOB B BHJIE

i0,p(z,y) = / (H(z, 2)p(z 1) — (2 y)pla, 2))dz. (28)

[ToraepKHEM, 9TO B CUJTY SPMUTOBOCTU MATPUILBI JIOTHOCTH €€ SBOJIOIUS TEeHE-
PUPYETCs TaMIJIBTOHUAHOM, KOTOPbIi IIPOKBAHTOBAH 3PMUTOBBIM JIMHEHHBIM KBAH-
roBanueM. Vcnonb3ys npejcrasiaenue aiapa (10), ¢ yaerom (15) momyaaem u3 (28)

6oJiee pa3BepHYTYIO 3AIMCh ypaBHeHus JInyBuiis:

iOnpla) = 5= [ Q) [ Hlra (1= 7)2,p)o(e.) explin(e — 2))dzdpdr—

1

_%0

Q(7) /H(Tz + (1 —=7)z,p)p(z, z) exp(ip(z — y))dzdpdr.

3 moc/ieiHero BeIpasKeHusl BUJIHO, 9TO IIPUA KBAHTOBAHMHU, OIPEICIACMOM Pa-
serncreoM (10), npoucxogut npeobpasoBanne Pypbe KIaCCHIECKOTO MaAMUIBTOHUAHA
no uMmmysiabcaM. OBGO3HAYMM COOTBETCTBYIOMUil 06pa3 uepes H,(q), t.e.H,(q) =

% | H(q,p) exp(—iwp)dp. Torna nomyaaem

i0;p(x,y) = /0 Q(7) /Hz_z(TI + (1 —7)2)p(z,y)dzdr—

- [ e [zt 0= gt azar
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Ucnonbays npeacrasienue (18) it xapaKTepUCTUIECKOl (DYHKITMN KBAHTOBAHUS,
B IIOJIyY€HHOM BBIPaXKeHUHM MOYKHO IIPOBECTH MHTEIPUPOBAHUE 110 T, €CJIM IepefiTu K
dypbe-obpaszaM raMuJILTOHUAHA HE TOJIHKO 10 UMITYJILCAM, HO U 110 KOOP/IMHATAM,

T.€. €CJIN IIOJIOZKUTDH

Hy = # / H(q,p) exp(—ikq — iwp)dqdp (29)
B 9TUX 0603Ha‘{€HI/IHX nMeem

Hy,. = (2%)2 / H(q, p) exp(—ikq — iwp)dqdp. (29)

B gacTHOCTH, ecin raMUJIBTOHUAH TIPOKBAHTOBaH 10 Beitsio, To , mocie gero (30)

IIpUHUMaeT BUJI
i0,p(7,y) = /(G(—kU)Hk,up(x +u,y) exp(ik(z + y))—

—Hy, G (ku)p(z + u, y) exp(iky)) (30)

Hng xsanrosanust Nopaana ypasaenue Jluysuiig 6yaer otmmdarbes ot (31):

i0-p(x,y) = % /p(x +u,y)(Hy(r +u) + H,(z))du—

~5 [ ple O (Hoy + )+ Houly)de

Taxum oOpa3oM, BBIOOD KBAHTOBAHUS IMPOSBIIAETCA B KBAHTOBOM ypaBHEHUM
JImyBuig Kak crocob armmpokcuMarymu TudepeHnaibHoro orepaTopa B KJIacCh-
YeCcKOM ypaBHeHNNU JInyBHILISA €ro KOHEYHO-Pa3HOCTHBIM aHAJIOTOM.

[Tostyaum Teneps ypasrenue spostonnn Gynkiwn Buraepa (22). [Tockonbky dyHK-
st Burnepa omnpesiesisiercs Kak cpejiaee 3Hadenne T-dyukunn Buraepa W, (q,p) B
coorBercTBun ¢ dhopmytamu (23), (26), cHavasa MOJYIUM yPaBHEHHE SBOJIOIIN JIIsT
W.(q,p), a morom ycpeauum ero no GyHkimu cummerpusarmu. Juddepenimpys (26)
[0 BpeMeHH ¢ 1 MOJICTaBIIsid BMeCTo 10;p(x,y) UpaByio 4acTh ypaBHeHus JInyBusiist

(28), moygaem
0.Wo(a.0) = [ Kelauply. 2)(H (. 2p(e,) ~ Hzsp)ple 2)dedydz, (32)
[TpoBo/Is BBIKJIAKU, aHAJIOTHYHBIE BLIBOJY ypasHenus (30), mosydaem
0. (g, p) / Koo G(—hw) exp(i(kg + wp + (1 — 7)kw)) A Wodkdw,  (33)
IJIe I COKpAaIIeHns: 0603HAYeHMIT BBEICH PA3HOCTHBIN OnepaTop
AW, =W (g+ (1 —7)w,p—7k) = W.(q—Tw,p+ (1 — 7)k). (34)
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VYpasuenue i oo yHknuu Buraepa mosrydaeTcs OTCIO/a MOCPEICTBOM

yepeaenust (34) o 7 ¢ dyakimeit cuvmMerpusaryu Q(7)

1
i0W(q,p) = /kaG(—kw) exp(i(kq+wp+kw))dkdw/ Q(7) exp(—iThw)A, W, dr
° (3)

U3 (35) coemyer, 9TO 1P IPOU3BOIBHOM JIMHEHHOM KBAHTOBAHUU B BUJIE CTATH-
cruaeckoit emecn siziep (15) ypasaenne sposroruu jiist hyHKnun Buraepa He siBiisgiercst
3aMKHYTBIM, TAK KAK BBIPAYKAETCS U€PE3 YCPETHEHNE PA3HOCTHOTO OIEPATOPA, 3a-
BUCAIIETO OT T, PUYEM JIEHCTBYeT STOT ollepaTop He Ha camy (yHKIuo Buraepa
W(q,p), a Ha ee T-KOMIOHEHTBI. VCKIoueHneM sBJIsieTcs Caydail KBAHTOBAHUS

Beiins, korja cupaBa u cjieBa CTOAT OJHU U Te ke yHKImn Burnepa:

0. (q.p) = / Hy, exp(ikq-+icop) ) (W (q+w/2, p—k/2)— W (q—w/2, p-+F/2)) i

(36)
Jlst kKBaHTOBaHMs Vlop/ana ypaBHEHIE SBOIONMAY HOJHOI (GyHKIMN Buraepa mpe-
CTABJISIETCS B BHJIE CUCTEMBI JIBYX YPaBHEHHMIA: OHOTO Jjist O-KBAHTOBAHUS, & JIPYIOro

— JJIs1 1-KBaHTOBaHU:

1
10-Wola,p) = 5 / Hy o exp(ikq+iwp)) (1+exp(ikw))(Wo(g+w, p) = Wo(q, p+k)) dkdw

1
10 Wo(q,p) = 5 / Hy ., exp(ikq +iwp))(1 — exp(ikw)(Wi(q, p — k) — Wi(qu, p))dkdw
(37)
1 1
Wy(q,p) = §Wo(q,p) + §W1(q,p)

OrmernM, 9TO T-KOMIOHEHTHI yHKIun Burnepa B o0mem ciydae He SBJIAIOTCS
HE TOJILKO HMOJIOKUTEIHHBIME, HO JIayKe U BEIIEeCTBEHHBIME, BEIEeCTBEHHON SBIAeTCS
quiib nosiHas dbyskims Burnepa — B npumepe (37) sro dyukims Wy (g, p) .

U3 (37) BuHO, 9TO I TOrO, 9TOOBI PEIIUTh HAYATBHYIO 33/1a4y JJis Yy PaBHEHHSI
Buruepa (35), ee Haj0 pemuTh I T-KOMIIOHEHT COOTBETCTBYIOIIEH (DyHKIHN,

HadaJIbHBIE YCJIOBHS JJIsi KOTOPBIX OIPEJIe/IAI0TCs (hOPMYIoit

W, (q,p)li=0 = W2(q,p) = /po(x,y)KT(q,ply, v)dady = KFp° =

1
0 .
=5 | P la—7&q+ (1= 7)¢) exp(ipg)de,

110CJIe Yero YCPeHUTD [OJTyYeHHbIe PEIeHUs] 110 Mepe, IJIOTHOCTh KOTOPO# JlaeTcs

dbyukimeit cummerpuzanun Q (7).
B dusnueckn BazkHOM cirydae, KOrjia KJIACCHYECKUT TaMUIBTOHUAH [IPEeICTaB-

2

ngercsa B Buje cymmnl H(q,p) = ®(q) + %4, ypasnenue sposonun (35) /1 T0IHOM

dyukiun Buraepa npeobpa3yercs K BUJLY

. W,
ZaTW(Q>p) + ZP# =
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/ By exp(ikg) Wy (q.p — k) — Wr(g,p + (1 — 7)k))dk)dr (38)

[IpaBas wactb (38) comepKuT ciaaraembie JAByX THUIOB. [lepBoe ciiaraemoe mmeer
nuddy3uoHHbIH BU, a BTopoe — cujioBoil. s kBantoanus Beiis quddy3nonmbii
IeH oOpaIaeTcsd B HOJIb, U B yPABHEHUM BOJIONUU OCTACTCS TOJBKO CHUJIOBOI
4jieH, 00yCJIOBIeHHbII feiicTBuem norenrmaia $(q). Baxkubiv actiekrom, Tpebyro-
UM OT/E/ILHOTO U3YUCHUs, sABIsgeTcd B 0bIeM ciaydae quddy3noHHbI XapaKkTep
ypasHeHust 3BoJionuu GyHKImn Buraepa (33), B ommdmre 0T KBAHTOBOTO YPaBHEHUST
Juysuuist (28), u3 KOTOPOro OHO ¥ GBLIO MOJIYYEHO IIyTEM OIPEJIEICHHOTO IPeod-
pa30BaHMs MAaTPUIILI IJIOTHOCTU. YKa3aHHBIH 3dekT MoxkHO Ha3BaTh Auddy3ueit
KBAHTOBAHUS, IIPOSBJISIONINNICS TOT/A, KOT/Ia (PYHKIUS CUMMETPU3AIUN OTJINIHA,
ot nenbra-pyHkimu. PaccMorpuM 31oT 3ddekT 6os1ee moapodHO Ha CJIETIYIONeM
HpuMepe.

[TycTb cucema omnmcbiBaeTcs rammibronunanom H(q,p) = cq + %2, rJe ¢ ecThb
HeKoTopas rnocrosintas. [{ist Hero ypasaenue spostoruu (38) dyuknun Buraepa

IIPUHUMAaET BUJT

0.-W(q,p) +p6Wa(;],p) + 8W@(;7 ) / Q(r)(1 — 1/2)62 q(q ) dr  (39)

[Tpoanamusupyem Biusaue quddy3uoHHOTO WieHa B ypaBHeHun (39) jyist ciydast
kBanToBanusa llopaana, korna semecrsennas dyukmus W (g, p) npeacrasigercs
B BHJIE TI0JIy-CYMMbI KOMILIEKCHO3HAUYHbIX dyukiwmii Wy(q,p) u Wi(gq,p). B stom

ciiydae cucrema ypasHenuit (37) nmpeobpasyercst K BUJLY

Wo(q,p) . OWo(q,p) i *Wy(q,p)

IWola,p) +p—p ==t = = 5 5
oWi(q,p) ~ OWil(q,p) i 0*Wi(q,p)
‘/'/ = —-——_—— 4

Kaxioe u3 ypasuenuii cucrembr (40) pemaercs oriaenbHo. Mckomyto GyHKIUO B
KazKJIOM ypaBHeHuu obozuadnM i kparkocru f(q,p,t), f(q,p,t)|=0 = f°(q,p).

[lepeiizem B (40) K J1am1acOBCKUM 0Opa3aM 110 BPEMEHH, [10J1arast

fa,p,z / f(q,p,t) exp(—tz)dt,

u K obpazam Pypwe 10 mepemenHoit ¢, nonaras fi(p,t) = % ffooo f(q,p,t) exp(ikq)dq.
Torna s nepsoro ypasuenus n3 (40) mosty«auM oObIKHOBeHHOE JrHeiinoe audde-
PeHIIMAJIbHOE ypaBHEHHE II0 IePpEMEHHON p ¢ mapaMeTpaMu kK U 2 OTHOCHTEIBHO
f k(p, 2): .

AP 2) _ (

dp AT %’f2 +ikp) fi(p, 2) + [ (p) (41)
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Bropoe npeobpaszosantoe ypasuenue u3 (40) ormuaercs or (41) ToabKO 3HAKOM

npu wiene ¢ ik?/2:

Cdfk<p7 Z) _ (

o _Z+ik2+ikp)fk(p,z)+f/g(p)

2
Pacemorpum ypasrenne (41). Ero obiee perierne mmMeer Bu

Flp. ) = exp(- 22 ) (Al + [ gy e (CTEEEER)) - (a2)

re A(k, z) ects dynkus, onpeengemas u3 ycnosuit 3amaun npu p = 0 . Bygem mia
IPOCTOTHI cuuTaTh, 9T0 QyHkims A(k, z) ogna u ta xke ais Wo(q, p) u Wi(q,p), a
TaK’Ke U TO, ITO B HAYAILHBII MOMEHT BPEMEHH MATPHIIA IJIOTHOCTH o (2, i) 3aBUCAT
TOMIBKO OT pasuoctu x — y. Torma, obosuadas po(p) = 5= [ €™ po(£)dE, nomyaenm
perienne Jiist (bypbe-JamiacoBckoro obpasa dyuknuu Wj(q, p) B Buge:

k*p

2z2p — ikp?
_— C —_—
2c

VNVJ,k(pa Z) = A(kv Z) €xXp ( - %

os(

1 22p + ikp? — ikp? . 22p + ikp? — ikp?
+5 exp (- 5 )6 (k) /Po(p) exp ( o0 )dp+

1 22p — ikp? — ikp? B 22p — ikp® — ikp?
e (- L0 [ i) eso (I g ()

B uacrrocTH, ecau po(p) = d(p), TO

)+

)cos(kQ—f)(A(k, )+ 6(k) (44)

2z2p — ikp?

Waalp. 2) = exp(———

Jlnsg kBanToBaHus Beilsisi KOCHHYC B aHAJOTHYHOM PEIIEHUHM 3aMEHsIeTCs Ha
eJINHUILY.

Henast reniepn B (43) obparHOe MpeobpasoBaHue, MOJIydYaeM pellleHne 3BOJIIOIU-
oHHOTO ypaBHeHus (39) B Bujie cBepTKU (byHJIAMEHTAJIBHOIO PEIeHUsT YPABHEHUSI
muddysun u onpeiesIeHHBIM 00pa30M CIBUHYTOrO HadaabHOro yeiaosusa W9(q, p).

Ecim IIPEAIIONIOKUTD AJIdA IIPOCTOTHI, YTO 9TO Ha4daJIbHOE YCJIOBUE OJJHO U TO 2K€ JIJId

0-koMIIOHEHTHI U 1-KOMIOHEeHTHI (byHKIMKM Burnepa, To mojydaem

82

/ W3(q—s,p—ct) cos(ﬂ — %(Qp — ct)?)ds. (45)

1
V27t

WJ(vaa t) -

JkBuBaneHTbie no HYepHoBy onepaTopHbie yHKLMY

I/ICCJIG,ILyeM JaJjiee BOIIPOC O BO3MOXKHOCTU BBEJICHUA HOHSTHUI SKBUBaJEHTHBIX
110 I‘IepHOBy OHepaTOp—(bYHKHI/Iﬁ IIPUMEHHNTEJIbHO K 3a/ia4de 3BOJIIOIINN KBaHTOBBIX
CTaTUCTUYIECKUX OIIEPaTOPOB, UMeEA B BUJY MaTpUully IIJIOTHOCTU U (bYHKHI/HO BI/IFHepa.
B kitaccrmueckoil craTucTUUecKoil MeXaHUKe YpaBHeHHUE 3BOJIIOIUUA IIJIOTHOCTHU

dbyukuu pacupenenenuns f(q,p) B hazoBoM IPOCTPAHCTBE CHCTEMbI, 33/1aBAEMOIL
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HE3aBUCAIITUM OT BpEMEHU I'aMUJIBTOHHAHOM H(q,p), T.€. KJIaCCUIE€CKOE YPpaBHEHHE

HI/IyBI/IJ'IJ'IH, nMeeT B

OH 0 OH
of=—H, fl=-Lf, L_E)_q@_p_f)_paaq’fltzo_fo (46)
Ero pemenne jaerca dpopmyiioit
f=exp(—tL)fo (47)

st perennst B Bujie (47) BBIMOJIHSIIOTCSL YTBEPKJI€HUsT TeopeM 1 u 2 OTHO-
CUTEJILHO KBUBAJEHTHON 110 YepHOBY cpejiHeil mOIyTrpyIIle, eCiu TaMUJIbTOHUAaH
[IpEeJICTaBIeT cOOO0M CTATUCTUYIECKYIO CMECh HECKOJbKUX TaMUJILTOHUAHOB.

B kBaHTOBOII MeXaHUKe pellleHne KBAaHTOBOrO ypaBHenus Jluysusis (28) oTHOCH-
TeJIbHO OTepaTopa IJIOTHOCTU ) MPUHATO MPEJICTABIATH Yepe3 TeHepaTOp SBOJIIONNN
BOJTHOBBIX (DYHKIIMIA, T.e. Yepe3 oneparop l'amuiabTona H , KJIACCUYECKUM CUMBOJIOM

KOTOPOTO sBjidgerca H (q, p), B BUJEC
p = exp(—itH)p exp(itH) = exp(—tLy)(°) (48)

rre exp(—tL 77) — TIOJIYT YA Ipeobpa30BaHnil IPOCTPAHCTBA OIIEPATOPOB IVIOTHOCTH,
nopoxkaemas 3aadeit Kommu jyist ypasuenus (28) ¢ omeparopom ['aMuibrona H.
Cormacuo 13| cuuraem, 4ro mpocTpancTBO oneparopos mwiorHoctu B, (H) sBisercs
6aHaXOBBIM IIPOCTPAHCTBOM sJIEPHBIX onepaTopos T (H ), cONpPSzKEeHHBIM K KOTOPOMY
sIBJIsIeTCsT GaHaxXoBO mpocTpaHcTBo B(H) orpaHuYeHHBIX JUHEHHBIX OMEepaTOpOB,
JIECTBYIOMNX B MUILOEPTOBOM IIpocTpaHcTe H.

Eme pas mojuepkueM, 9To, B oTIndme oT raMmuibTornana H (g, p), KOTOpHIi mpu
KBaHTOBaHUU (8) [EPEXOIUT B OIEPATOp H, wrorrocrs f (q,p) B ypaBrenuu (46) n
ero perreann (47) He SBJISIETCS KJIACCHIECKUM CHMBOJIOM KBAHTOBOW ILIOTHOCTH
pu3 (48) B TOM cMBbICse, YTO ecJau UpokBaHTOBaTh f(¢,p) mo mpasuiy (8), To
HOJTY JatoIasicst MaTpuiia p(x, y)He OyJIeT SBIAThCS MATPHIEIl oepaTopa MI0THOCTH,
TaK Kak, HAI[pUMEP, B PABHOBECHOM CJIydae Takoil oreparop He Oy/er yI0BIeTBOPIThH
ypaBHenuio Bjroxa g—g = —H p-

Coruacro (15), jyist IPOM3BOJIBHOIO JIMHEHHOTO KBAaHTOBaHUs ypaBHeHue (28)
[IPE/ICTAB/IACTCS B BIJIC CTATUCTUHECKOIL cMecn aeficTsuil omepatopos H,. amerny,
970 ecyi T # 1/2, To oT/esibHAST MOJIA T-KBAHTOBAHUSI HE TIOPOK/IAET B OOIIEM CJIydae
SPMHUTOB OIIEPATOp, TaK ITO FaMIILTOHHAH H, MOKET He GbITh CAMOCONPSIKEHHBIM
oreparopoM. B ¢Bsi3u ¢ 3TMM BO3HUKaET BOIPOC, OYJET JIM TAKOW raMu/IbTOHUAH
HOPOXKJIATH CHJIBHO HEIPEPBIBHYIO TOJIyTPYIILY (y2Ke He 00s3aTe/IbHO yHUTAPHDIX )
oneparopos U, (t) = exp(—it]:IT). JI1s1 TaMUJIBTOHUAHOB € Pas3/Ie/IsoIMIMUCS [1epe-
MEHHBIMHU O1epatop H, caMOCOIpSIZKEH, HO CYIECTBYIOT U APYIHe FaMIJIbTOHHAHL,

YAOBJIETBOPAIOIIINE Tpe6OBaHI/IHM TeoOpeMbI 2.
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Paccmorpum citeyromuii Moebubiil npumep. [lycTsb Kiaccudeckuii raMiIbTOHY-
au umeer Bug H(q, p) = T'(p)+V (q)+cpq, tie c— HekoTopast nocrosiiias. Torma mpu 7-
KBaHTOBaHUH noxyaaeM H, — H; 2 =ic(t—1/ 2)1. TIOCKOJIBKY 7K€ CAMOCONPSIZKEHHBII
oueparop H; /2 IOPOZKJIAeT YHUTAPHYIO TPYIILY U, /2(t) = exp(—it]:I 1/2), TO 1 onepa-
top H, upu mobom 7 € [0; 1] mopozkaeT CHIIBHO HEIPEPBIBHYIO MOJIYTPYIIILY UT(t),
THUII KOTOPOIl JIOIyCKaeT OIeHKY cBepxy w < 1/2|c|. Hamee Mmbr Oymem mpesmnosarars,
9TO paccMaTpHBAEMble KJIACCHIECKIE MaMIIBTOHIAHBL TAKOBBI, UTO orepatop H
npu Beex 7 € [0; 1] aBasgeTcs reHepaTopoM CHJILHO HEIPEPHIBHON MOy TPYIIIIbL.

Wrak, obo3Haunm gepes Uf(t) = exp(—z’t}L) paspermaionuii onepaTrop ypaBHeHust
(28) mist T-KBAHTOBaHUsI, & Yepe3 P,— COOTBETCTBYIOIIEE PEIlleHNne, 3alNChIBAeMOe 110

amajornu ¢ (48) B Buje:
pr(t) = U ()" U (1) (49)

[Momuepkuem, uto p, u3 (49) B obrmem ciaydae He 00Ia1a€T CBORCTBAMU MATPUIIBI
IJIOTHOCTH: 3TOT OIepaTop He 00s3aTeIbHO SPMHUTOB, NOO T-KBAHTOBAHUE B OOIIEM
caydae He 3pMuToBo. OJHAKO €ro yepeaHeHne ¢ IMOMOMIbI0 (PYHKIINNA CUMMETPU3AIINN
ITPOBECTU MOXKHO, ITOCKOJILKY HAdaJbHOE paclpejieleHne OJJHO U TO Ke JIJIsd BCEX
T-KBaHTOBAHUI, 1 MOy JAIOMINIICA CPeIHU oepaTop OYIeT SPMHUTOB.

Tak Kak

~

1

H=H,, :/ HTQ(T)dT,
0

TO OIIEpaToOp

1
Uavr:/ U.Q(r)dr
0

sxBuBasierTen 110 UepHoBy oneparopy exp(—itH), Tak 4To oleparopy IIOTHOCTH
p u3 (48) MOXKHO TOCTABUTH B COOTBETCTBHE OHEPATOD Puvr = fol p-Q(7)dr, Te.
cpejiHee 3HaUYeHMe o1epaTopos p, u3 (49). Takum obpasom, s ypasaerus JInyBuiis
OTHOCHUTEJIbHO KBAHTOBOI'O OIIEPATOPA IJIOTHOCTH [IPU JIMHEHHOM KBAHTOBAHUM €CTE-
CTBEHHBIM 0OPA30M ONPEIEISIeTCs SKBUBAJICHTHBIN 110 TepHOBY OmIepaTop 3BOJIONHUI
B COOTBETCTBUU C olpejiejieHuaMu 1 u 2.

Pestomupys, mpuxoauM K CIeayiomeMy YTBEPKIEHHIO.

Teopewma 3. [lycmv onepamopol fIT, T € [0; 1], ydosaemeopsarom ycaosusm meopemo.

2. Tozda cpednee 3navenue

~

U () = / exp(—itH,)Q()dr (50)

cayuatinotc noayepynnu U (t) = exp(—itH,) axeusasenmno no Yeprosy cusvro

Henpepuiehoti nosyepynne exp(—itHy,, ), a cpeduee anavenue

~ A

Seavr(t) :/0 exp(—tLy )Q(T)dr (51)
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CAYHATHOT, MONY2DYNIDL ST(t) = exp(—t[:m) IKEUBANEHMHO NO HePHO8Y CUABHO
HENPEPOIGHOTL MOAY2PYNNE exp(—t[:ﬁaw) 6 npocmpancmee By(H) mampuy naommo-

cmu.

PasBubas Takum o6pa3oM ornpejiesierne 1, JajuM olpeiesieHre SKBUBAICHTHON
10 YepHOBY TMOJIYTPYIIIBl B KOHTEKCTE PEIIeHNs] KBAHTOBOIO ypaBHEeHUs JInyBuILIs.
Onpedeaenue 3. Onepamoprosnaunyro dynkyuto F : [0;+00] — B(B.(H)) us
mnoorcecmea (B (H)) 6ydem nasvieams sxsusanrernmnoti no deprosy nosyepynne
U(t) e II(B.(H)),t > 0, ecau dan ecex p € B.(H) u daa scex T > 0 svinosnsemcs
PABEHCMEO:

lim sup [[(U(t) — (F(t/n)")p|

=00 t¢[0,T]

B.() =0 (52)

Teopema 3 jiaer JoCTATOYHbIE YCIOBUS SKBUBAJECHTHOCTH 110 epHOBY ornepaTrop-
HO3HAYHBIX DYHKIWI B pocrpancTse 11(B,(H))

Onpedenenue 4. Ilopooicdernnyro yepednennot noayepynnoti exp(—tLy ) mampuuy

naomHocmu

1 1 N Chernof f N
Bron = / 5 Q(r)dr = / exp(—tL )PQMdr = exp(—thy ) (53)
0 0

bydem Hasvleamy Ycpeonennot mpaexmopuets 6 NPoCMpaHcmee Mampuy, NAOMHOCTIU
B.(H).

Yro KacaeTcs ypaBHEHUs IBOJIONUU IOJHON dyHKIMU Burnepa, To Hermocpei-
CTBEHHO NPUMEHUTH TeOpeMy 2 K ero PelleHUI0 He YaeTcs, HOCKOJIbKY B (35)
yCcpeJIHeHne TTPOBOUTCS HE TOJBKO JIJIsl 9BOJIIOIIMOHHOT'O OllEpaTOpa, HO OJJHOBPEMEHHO
U JIJIsi T-KOMITOHEHTHI (pyHKInn Buruepa.

PaccmoTpuM BosHEKarOIUE TPYIHOCTH OOJiee JIeTalbHO.

CBs3b € KJIACCHYECKON MeXaHUKOMH /i (pYHKINH Buraepa mnposiBiasiercd He
TOJIbKO B nipasujie (21) ycpe/lHeHnsl KBAHTOBBIX OIIEPATOPOB B KJIACCUIECKOM (hazoBOM
IIPOCTPAHCTBE, HO TaKKe U B TOM, UTO PeIlleHre SBOJIIOIMOHHOIO YPaBHEHUS JIJIsl Hee
MOZKeT ObITh 3aucano B hbopMe, aHAIOruIHO (47) Jisi peleHnst KJIacCuaeckoro
ypasuenus Jluysujuig. Bepremcs k ypasrenuio (33), perierue KoToporo ¢hbopMaibHO

MOZKET OBITD IIpeacTaBJIEHO B BU/E

W (q,p) = exp(—it R;)W (g, p), (54)

TJe BBEJICH OoIepaTop
R‘r _ / HkMG(—kW)eiqurinJrikw*

x exp[—iT(kw — iw% - Zka%)] ( exp(w(%) - exp(k(,%))dkdw
Ucnonbayst npejcrasaenne (23), nadanbible yeaosus g WP (g, p) MoxHO 3amucaTh

gepes p°, Tax 4ro BeIpakenue (54) MpUHEMAET BUJ

W, = exp(—itR,)KTp° (55)
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@opwmysta (55) mokasbiBaeT, MoveMy peIleHre HAYAIbHON 3aadu JIJIsl TIOJIHO
dyukiuun Buraepa ne moxer ObITH 1IpeJIcTaBIeHO B (hOPME yCPeIHEHUST TeHepaTopa
MOJIyT'PYIIIBI B SKBUBAJIEHTHON 10 YepHOBY TPAKTOBKE: CXOJIUMOCTH K T'€HEPATOPY
MOJIYTPYIIIBI, KaK 3TO TpedyeTcs B TeopeMax 1 U 2, IPEnsaTCTByeT HAJUYINue B STOM
dopwmye siapa IA(tT . Kaxk jierko mpoBepuThb, CBEPTOYHOE NPOU3BEJIEHUE STPa f(tT
He TIpeodpa3yeTcsi CHOBa B siJIpO TOTO Ke Buja. Harmpumep, st 0-KBaHTOBAHUS

IIOJIYyHJaeTCAd «IIOYTU» HY2KHO€ BbIpazKEHHE (C TOYHOCTBIO 10 MHO}KI/ITGJIH)

/Ko(qml% 2)K0(q, plz, y)dz = (271)25@ —y)exp(ip(xr — y)) = iKo(q,pI:v, Y),

2T

HO JIJIs 1 /2-KBAHTOBaHUS UMEEM COBCEM JPYTYIO (POPMYILY:

/Kl/z(q,plﬂcn 2)K1/2(q, plz,y)dz = (2;)25@ —y) exp(ip(z — y))

[TocieHee BbIpazkenne (paKTUYECKH sIBJISIETCs Jlesibra~-pyHKIMed or & — ¥, He
PUBOJIAIIEH K COOTBETCTBUIO «CUMBOJI — MaTPUIla ollepaTopay. B pesyibrare nre-
parmoHHas mporeaypa Buja (1) He MoKeT OBITH peajim30BaHa, U IOTOMY OIEPATOD
9BOJIIOIUNU TIOJIHOM (DyHKIMK Burnepa He siBJIsieTcsl SKBUBAJEHTHBIM 110 1epHOBY
CpeJIHEMY OIIEPATOPY IBOJIIOIUK €€ T-KOMIIOHEHT.

BameTnm, 9TO OTJEIBHO Jist ceMeiicTBa onepaTopoB L, = exp(—itR,) MOXKHO BBe-

o 7 1 7 %
cru cpefpmii oneparop L = [ L;Q(7)dT , 1u1s KOTOPOro CyIeCTByeT 9KBUBAICHTHBII
2 .o S 1 A
emy 1o YeproBy omnepatop L = exp(jsz) ,tne R = [} R,Q(T)dr

U3 (18) maxommm, 9TO OmepaTop R uMeer ciieyromuil SBHbIA BUI:

- o 0 9, 0 0
. . ikq+iwp+ikw _
R= /H;WG( kw)e G(—kw+iw —Hka )(exp(waq) exp(k;ap))dkdw.

dq
(56)
CrenoBaTe/IbHO, TUIIOTETHYECKOE SBOJIIOMOHHOE YPaBHEHUE ¢ PA3PEeIIaIONM Ollepa-
Topom L = e~ ormocurensuo nexoropoit dyuximn W (g, p) nmeer Bu;
8W(q p /Hk k‘W) qu+zwp+zkw
a w
0 0 o 2\ =
*G(—kw + zwa— + zka ><ew§’q — ekf?P)W(q,p)dkdw. (57)
q p

s kBanToBanus Beisiss 5T0 ypaBHeHHe, oueBuHO, coBnagaer ¢ (36). s

kBaHTOBaHus Vlopana BMecTo cucteMbl (37) 1ojydaeM OJHO ypaBHEHUE:

ddioyW;(q,p) /Hk eFITP (1 4+ ™YWy (g + w, p) — Wilg,p + k))dkdw =

1 . ,
= /Hk,we’kq_’wp(l + e*NWi(q,p — k) — Wilg — w, p))dkdw. (58)

[Tokaxkem, uro dyukiwms W(q, p), yaosiersopsiomnias ypasaenuio (57), He MOKeT

CHHUTATbCA HOHHOHGHHOP'I CbYHKHI/Ieﬁ BI/IFHepa B TOM CMBbICJ/IE, YTO OHa HE JJaeT

95



IIPaBUJIbHYIO 9BOJIIOIIMIO KBAHTOBBIX CPEJIHHUX. ,ZLTIH 9TOI'0 paCCMOTPUM KJIaCCUYECKUI

raMMJIbTOHUaH C Pa3/Je/ICHHBIMU II€pEMEHHBIMUA, KOTOprfI nMeeT BU/g

H(gq,p) = ®(q) + p;

Torpa nisa dyukuuu W (g, p) u3 ypasuenus (57) ciaeyer ypaBHEeHUe, BUJL KOTOPOTO

6130K K ypaBHeHHIO (38):

OWlg,p)  OWla,p) _
ot dq

1
- /0 Q) / By exp(ikq) (W (g, p — 7k) — W(gop + (1 — k) dk)dr  (59)
Omnane ypasuenusi (59) ot (38) cocrour B ToM, uTo Tenepnb dyukius W(q, p)

y2Ke He cHabyKeHa HYZKHUM UHJEKCOM T HO, 9TO caMoe IJlaBHoe, B ypasHeruu (59)

orcyrersyer audpy3HOHHDI WIEH, OOPAIAIONMIC B HOMIb JUIsl OlepaTopa L, =

exp(—itR) , IOCKOJIbKY TOJIHOE KBAHTOBAHIE SPMUTOBO.
Ceg0BaTeIbHO, TOJILKO JII KBAHTOBAHUS Beilyls 9BO/IONIA KBAHTOBBIX CPEIHIX

B 9KBUBAJICHTHOM 110 YepHOBY cMbIc/ie OyeT OCHOBLIBATLCA Ha TOM K€ yPaBHEHNH,

9TO M 3BOJIONUSA CPEJHUX B OOLITHOM CMBIC/IE (HO, 3aMETHM, CaMa SKBUBAJEHTHOCTD

BBIDOZKJIAETCS B 9TOM CJIydae B TOXKJIECTBO). ILOCKOIbKY ¥Ke <«3KBUBAJIEHTHDIE>

cpeHue He 6yIyT, BOOOIIE TOBOPSI, CPEHUMU 3HAYCHUAME KBAHTOBLIX OLEPATOPOB, TO

dbyukuusa W(q, p) ne ssusterca dbynkueii Burnepa, Tak Kak ¢ ee IOMONIBIO HEIb3s

HafiTH cpejHMe 3HaYeHus KBAHTOBLIX ONEPATOPOB 1O mpasumiay (21), u mostomy

yepemenue oneparopos L, = exp(—itR,) IPUMEHITENbHO K HAXOMK ICHIIO HEKOeH

SKBUBaJICHTHON (pyHKIKM Burnepa He uMeer (pU3MICCKOrO CMBICIIA.

C apyroil CTOPOHBI, MOKHO paccMOTpeTh (gyHKnuio Burnepa W, KoTopas

oTBeYaeT cpeJHeil MaTpUIle IIOTHOCTU Pgyr = fol p-Q(T)dT 1pm KBaHTOBaHUM C

suipor KT B coorsercrsuu ¢ (55) onpe/erena 3aBHCHMOCT BBEICHHON (hyHKIAN

Burnepa W,,, oT BpeMeHu coryiacHO PaBEHCTBY

Wane () = K pun(t) 2" KT exp(=tLy ) 60
cwr( ) - av'r( ) - eXp( Havr>(p ) ( )

®opmyta (60) BeIpazkaer yCTAHOBJIEHHYIO B paboTe CBsI3b MEXKy Pe3yJIbTaTaMi
yCpeIHEeHN KBAHTOBBIX CTATUCTUYIECKUX OTIEPaTOPOB: UMEHHO, YCPETHEHHON TpaeK-
topun (53) B IPOCTPAHCTBE MATPHIL IJIOTHOCTH OTBEYAET YCPEIHEHHAS TPACKTOPHUSI
(60) B mpocTpancTee dyukiumit Burtepa.

Ypasuenue sosonuun GyHrimun Wy, HECKOJIBKO OTINYAETCA OT YpPaBHEHUS
spostonnu by W. B cokparenubix 0o603HadeHnax (22-23) depes omepaTop

KBaHTOBaHUSA K HUCXOAHOE YpaBHEHUE HI/IYBI/IJIHH JJId MaTPUIIbI IIJIOTHOCTHU MMeEeT

BUI
O _ iy oo [ 5 s
o = [H, p] =/ Q(u) K, H, pldp
0
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a JJId beHKILI/II/I BI/IFHepa IIOJIydaeTCA

OW Lt b T
i = Q(UQ(T)[ K, H, K" pldudr.
st ycpeiHeHHO# B CMBICJIE OIpejie/ieHus 4 MaTpPHUIlbl IJIOTHOCTH MMeeM

aAavr ! ! > ~
gt =/ / Q) K H, pldp,
0 0

i

u JIjis coOTBeTCTBYIoMIEl dbyukimn Buraepa mosydaem

aVVam‘ ! ! > > N
iT:/U /O Q(WQ(r) K, H, K] p,dudr (61)

U3z (61) BumHo, uto Wy, TOTyYeHA yCPEIHEHHEM IO T W II0 [t HEKOTOPOH T-

p-pyaxnun WHE taxoit, aTo
1OWE = [[A(MH’ f(zﬁu]

Huzxunit unyexe 7 y dysknun WH obosnadaer 1o, 9TO OHa IOJIydYeHA U3 MaT-
PHUIIBI OIlepaTopa p C IOMOIIBIO T-KBAHTOBAHUSA, & BEPXHUI WHJIEKC [t — TO, YTO
B Ka4decTBe ollepaTopa p B3AT OLEPaToOp p,, dBOJIIOLUS KOTOPOI'O OIPEIe/IAeTcs
J~-TIPOKBAHTOBAHHBIM TaMUJIBTOHUAHOM.

Bsesem Takzke «KBaHTOBBLH ciiesiy dbynknuu WH, r.e. dbynknuio W, orBevatomniyto
MaTpPUIIE ), TPU KBAHTOBAHUU C sIJIPOM KT. Xota W ne objiagaer cBoiicTBaMu T-
dbyuknun Buraepa (23), Tem He MeHee, Kak Oy/IeT OKA3aHO JaJjee, OHa IPEJICTABIISeT
olpeJieicHHBIN nHTepec. Pacemorpum Hapsany cW! u «cpegHmnit KBaHTOBBIII Ciiefl»,

T.€. (DYHKIIHUIO X
W :/ WIQ(r)dr (62)
0

[Ipexksie Bcero orMeTuM, YTO BBIYHMCJIEHUE CPEJIHUX 3HAYEHUiT OIEepaTopoB C
romotpio dyHkiwn (62) B 001eM cirydae JTHHEHHOIO KBAHTOBAHUS HE IPUBOJIUT K

NCXOOHBIM IIPpaBUJIbHBIM BbIPpazK€HUAM, ITOCKOJIBKY

/ W7 (q,p)A(g, p)dgdp = Trp, A,

1 1
TrpA = / Q(r)TrpA.dr # / Q(T)Trp,; Adr.
0 0

Tem He Menee, eciin KBaHTOBaHUE TTPOBOJIUTCS C SIPOM KT, TO CpeJiHuEe 3HAYEHUS
orepaTopoB (BooOIe TOBOPsi, HE «HAOIOJAEMBIX» 10 TEPMHUHOJOIUN KBAHTOBOM
MeXaHWKH) BBIYUCIAIOTCA 110 dyHKImn Burnepa W, a 9BOJIIONMS CTATUCTHIECKUX
OTIEPATOPOB OIPEJIEIAETCH T-IIPOKBAHTOBAHHBIM IMaMUJIbTOHUAHOM. B TakoM ciiydae

n byukiua W npuobperaer CMBICI.
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Ypasuenue sposmonun s Gyuximun W ciaegayer u3 ypasaerns (32), B KOTOPOM

BMecTo Marpuipl H ucronssyercs H,. Torma mosydaercs ciepyiommee ypaBHeHie:
iOW(q,p) = /Hk,w exp(i(kq+ wp + (1 — 27)kw)) A W dkdw (63)

Ypasuenue sBostonun s dyuknun (62) nmeer By

1
i0W (q,p) = /0 Q(r) / Hy o exp(i(kq+ wp + (1 — 27)kw)) AW dkdwdr  (64)

st kBanToBanus Beitst yparenue (64) copnasaer ¢ (63) u 06a OHE COBIIAIAIOT
¢ ypasHenueM (36), Kak U JOJKHO ObITh. JlJist IPYruX SpPMUTOBBIX KBAHTOBAHUIL
ypasuenue 3BoJiiorun W orymmyaercsa ot ypasuenus 3sosiornun i W. Hanpuwmep,

Jst kBanToBaHus Mopaana Bmecto (37) nmeem

1
iOWg(q,p) = 5 /Hk:,w exp(ikq + iwp + ikw) (W (q + w,p) — Wi(q,p + k))dkdw;

. 1 . . .
oW} (g, p) = 3 / Hy, o exp(ikq + iwp — ikw) (W] (q,p — k) — W (¢ — w, p))dkdw;

1 1
W,(q,p) = ch?(q,p) + §W11(q,p)-

BaxkHO MOUEPKHYTh, 9TO JIJIsi FAMUJIBTOHMAHA C PA3JIeJIEHHBIMU [T€PEMEHHBIMU
H(q,p) =
=®(q) + %2 ypaBHeHne 3pomonun yig W coBHaaeT ¢ ypaBHeHueM sBosonun (38)
JUIs T10JIHOM pyHKIMn Buraepa. 9o o3HadaeT, 4To, BO BCIKOM CJIydae, Ha JOCTATOYHO
IIMPOKOM KJIacce MOJIesIell paccMaTpuBaeMasi SKBUBAJIEHTHOCTD IPUMEHUTEIHHO K
YPaBHEHUIO 9BOJIONMK (DYHKIME BUrHEepa MMeeT pasyMHYIO HHTEPIPETAIHIO.

IIpeicTaBIseT HATEPEC UCCIeI0BATh pa3anyus ypasnennii 11g W n W B ciy4ae,
KOIjla TaMUJIBTOHUAH SIBHO 3aBUCHT OT IIpaBujia KBaHTOBaHUsA. Takue Mojenn, B
KOTOPBIX KOODJMHATHI U UMITY/JIbCHI BXOJIAT, HAIIPUMED, B BHUJIE IIPOM3BE/ICHMIA, CIie-
mubuaHbL I 3aja49 KBanToBoil ontuku |[14]. TIpocreiieit Mojesbio, B KOTOPOii
[POSIBJISIIOTCS PA3ININs MeXKy ypasHenusamu it W, u W aBjsiercst OCIUIIISITOD

C aHI'apMOHHM3MOM YE€TBEPTOI'O IMOPdIaKa, OJIMHOMHUAJIbHBII TaMUJILTOHIAH KOTOpPOro

UMeeT BU/L

H{q,p) = 21* + 2¢* + cgp*, (65)

2 2

rje ¢ ecTb HeKOTOpasl OCTOsAHHAs. XOTs KBAHTOBLI onepaTop 'aMIILTOHA C CUMBO-
aom (65), kak caexyer u3 (17), 3aBucur or MOMeHTa 09 (DYHKIMU CUMMETPU3AIINH,
U OT 093aBUCUT TaKzKe U ypaBHEHUE 3BOJIONUN MATPUILI INIOTHOCTU, B yPaBHEHUE
spoJioIMK (PYyHKIUU Burnepa sToT napamerp sBHBIM 00pa3oM He BXOIUT. Buibop
KBAHTOBaHUSI CKAa3bIBACTCS B 9TOM YpaBHEHHH 0oJjiee CJIOXKHBIM 00pa3oM, depes

ycpeaHnenune T-KOMIIOHEHT CbYHKHI/II/I BI/IFHepa.
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st ramusronnana (65) ypaBHenue sBosmonun T-gyHkiun Buraepa (33) umeer

BUI,
OW.(q,  OW,aulq,
i0Wi(.p) +ip ) OWaap)
q op
—(r— 1)(aQW - 82WT@’p)) +2eF, W, (g, p) (66)
- 2 8q2 apQ T T q?p )

rie omeparop F, mMeeT BUJ,

P = 21 — 27 —i(1 — T)pq)q2 —2(1—-27— iqu)pg—

dq op
1., , 0 5 02 , o3 0?
—<T—§)(P a—pQ—q a—qg)‘i‘”(l—ﬂ(p@qapg _Qapq2) (67)

st dyukmmu W ypasaenne sBostonun (63) B rapMOHIYECKO# 9aCTH TAMEIBTO-
HIaHA COBIaJaeT ¢ ypaHenuneM (66), a B yactu anrapmonusma onepatop F, (67)

3aMeHsIeTcsd Ha oreparop FT, KOTODBIt mMeeT BI

- 00 1, ,0 0
Fr= Q=2 +iap)gs —a5.) = (0= 5) 055~ 55)+
: 0 02
+it(1 —7)(p door ¢ apaq2) (68)

CpasuuBasg (67) u (68) 3amedaem, 9TO OTJINYHME €CTh TOJBKO B UIEHAX, COJEP-
JKAIUX IIPOU3BOIHBIE IIEPBOIO MOPSIKA 110 ¢ U P. DTO OTJIUYIUE COCTOUT B TOM, UTO
yCpeIHEHUe 10 T, KOTOpoe OyAeT NPUMEHATHCA Ha dTalle IHOCTPOCHUs ypPaBHEHUs
OTHOCHUTEIHLHO NOJTHON (byHKIMM Burnepa, jist Bapuanta (67) 6ojiee U30IIPEHHOE,
yem i pyakinuun W. Tlocnennee ypasHenue yao0HO T€M, YTO B HEM OIEPATOPLI
g depeHIupoBaHus 110 ¢ U P BXOJAAT KOCOCUMMETPUUECKUM 0OPa30M, TOI/a KakK B
(61) Takoit KococuMMeTpUIHOCTH HeT. Pasymeercs, i KBaHTOBaHUsT Beiisist dieHbl
F, u F7 B ypasuenns (67) u (68) couaiaior.

CueslaeM B 3aK/II0YEHHE Pl 3aMeYaHuil OTHOCUTEILHO YCPEIHEHHBIX B CMbICIE
dbopmyit (53) u (60) KBAHTOBBIX PaCHpejIeIeHUil B PABHOBECHOM CJIyJae.

PaBroBecHBIII KBAHTOBBII orepaTop mwioTHOCTH pH(5) = exp(— BH ) KOMMYTHDPYeT
¢ H ¥ m0TOMY y/IOBJIETEODSIET CTAIMOHAPHOMY ypaBHEHHO JlnyBu/is. Toria paBHo-
BecHble pyHKIMU Buraepa takzke yI0BIETBOPAIOT COOTBETCTBYIOIINM CTAIIMOHAPHBIM
ypaBHeHusIM. B wacTtHOCTH, BBeJleHHAas Bbilie T-T-pyHKius Burnepa W, moctpoeH-
Hasl 110 PABHOBECHOW MATPUIIE IJIOTHOCTH [y, VIOBJIETBOPSIET CBOEMY CTAIHOHADHOMY
yPaBHEHUIO.

Kak yKe roBOpWIOCH paiee BO BBeleHuu, omeparop f(f) ¢ Kiaccmuecknm
cumposiom f(f) = exp(—FH(q,p)) sxBuBanenten no YepHosy oneparopy p(f) =
exp(—ﬂﬁ ). B paborax |2, 3| 6buin BBejieHbI onepaTopbl p, () = exp(—ﬁ]:]T), 110-
cjle 9ero ¢ IOMOIIBI0 TeopeM 1 u 2 ObLIO [MOKa3aHO, YTO CPEJIHMAd ITOJIYTPYIIa

. 1 R
Pavr = fo Q(7)p-dr sxBUBaJIeHTHA 10 YepHOBY TOMY K€ PABHOBECHOMY OIIEPATODY
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p(B) = exp(—ﬁf] ). CiresioBaTeIbHO, pABHOBECHBIE OIIEpaTOphl pr([3) = exp(—ﬁ]:IT),
BBeJICHHBIE B |2, 3|, MOTYT OBITH OTOXKJIECTBJIEHBI CO CTAIMOHAPHBIMU PEIIEHUSIMU
ypaBHenust JIHyBILIs ¢ raMu/IbTORnAHOM H,. TeM caMbIM IOHSITHE 9KBHBAICHTHOCTH
o YepHoBy MOxKeT ObITH B OJIHO M TOH »Ke (OpMyJIMPOBKE NPUMEHEHO KaK K
PABHOBECHBIM, TaK U K HEPABHOBECHBIM KBAHTOBBIM CTATUCTUIECKHUM OIEPATOPAM.
Uraxk, B pabore IpejIozKEeHO PACIIUPEHKe TIOHITHS SKBUBAJIEHTHOCTH 110 JepHOBY
HPUMEHUTEIHHO K PElIeHUs M yPABHEHUI SBOJIIOIUHA KBAHTOBBIX CTATUCTUIECKUX OIle-
pPaTOpOB, IPUYEM B Pe3yJIbTaTe I0JIydaioTcsd 00beKThI, UMeIoIne (PU3MIECKUH CMbICII.
OnncanHbIii 10JIX0JL IPEJACTABIISIETCST METOIOJIOTUYECKH TTOJIE3HBIM JIJIsi aHAJN3a
3aBUCUMOCTH YPaBHEHUIT 3BOJIIOIMN KBAHTOBBIX OIIEPATOPOB OT IIPaBUJIa KBAHTOBAHMS
U IPHU KMCCJIEJOBAHUN SBOJIIONMNA KBAHTOBBIX CHCTEM IIOJ[ JefCTBUEM CJIydailHbIX

IraMMNJIbBTOHHNAaHOB.
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O Tomorpachnyeckom npegcraBaeHun Ha MNJA0OCKOCTU

npoctpaHcTBa onepartopos LlIBapua v gyasiibHOro Kk Hemy

I.T. Amocos!

AnnoTaiusa

ITokazano, 9T0 MHO>KECTBO ONTHIECKNX KBAHTOBBLIX TOMOI'DAMM MOXKHO
cHabuTh Tonosiorueit npocrpancrsa Operre. IIpu sTOM compsizkeHHOE TTPO-
CTPAHCTBO OyJIeT COCTOATH U3 CUMBOJIOB KBAHTOBBIX HAOJIIOIAEMBIX, BKJIIOUASs

BCE€BO3MOZKHbBIEC ITOJIMHOMBI OT OII€EPaTOPOB KOOPAWHATHI 1 UMITYJIbCA.

Beenenne

B ciydae, eciin 9KCriepuMEHT TIPEJICTAB/ISIET U3 ceOsi TOMOJUHHOE JIETEKTUPOBAHUE
[1], pesysibraTom m3MepeHust SIBJISIETCsT ONTHIECKAsT KBAHTOBasi ToMorpamma w(t, ¢).
st kazktoro bukcupoBanuoro ¢ € [0, 27) oHa mpejcTaB/sger u3 ceds pacipeieseHue
BEPOSITHOCTEN Ha, MPAMOil. 3HaHME ONTHYECKON TOMOTPAMMBI I BCEX 3HAUYCHUIA
napameTpos (, ) € R x [0, 27) mo3BoiseT 6e301MO09IHO BOCCTAHOBUTH KBAHTOBOE
cocrostane. HenaBHo 6110 TOKa3aHo 2], 9T0 MHOXKECTBO BCEX OIEPATOPOB MJIOTHOCTH
¢ gapamu u3 npocrpancTsa [IIBapiia MOXKHO HaJIEJIMTH TOIOJOTHEH ITPOCTPAHCTBA
@perre. [Ipu 3TOM colpsizKeHHOE MTPOCTPAHCTBO OY/IET COCTOATH M3 KBAHTOBLIX
Ha0JII0/IaeMbIX, BKJIIOYas BCEBO3MOXKHbBIE OIIEPATOPDI, ABJIAIONINECS TOJMHOMAMUA OT
KOOPJIMHATHI U UMITyJIbca. B Iipejiaraemoii paboTe Takasi UJIe0J0TUd PUMEHSIETCs
JIJIST MHOKECTBA, OIITHIECKNX KBAHTOBBIX TOMOIpaMM. TeM caMbIM MBI IIPOJIOJIZKAEM
pa3paboTKy almapara TOMOrpaudecKoro 0ToOpaKeHHus Ha IJIOCKOCTD U JIyaJbHOI'O

K HeMy, Hadaryio B [3,4].

Ontuyeckune TOMOrpammabl

O6o3uradnM S(H) MHOKECTBO KBAHTOBBIX COCTOSTHUI (ITOJIOXKUTEIBHBIX Ollepa-
TOPOB C €JIMHUYHBIM CJIeJIOM) B rujibbeproBoM mpocrpanctee H. Ilycts p u g —
CTaHJIAPTHBIE OIEPATOPBI UMILYJIbCA U KOOPJIUHATHI, JJIi KOTOPBIX IPOCTPAHCTBO
Isapra S(R) siBiisiercs cymecTBeHHO 06/1aCTBIO OIpe/ieeHnst (Ha HEM OIIpe/IeIeHbI
BCEe BO3MOXKHBIE TIOJIMHOMBI OT D U ¢). BBejeM XapakKTepuCTUIecKy (DyHKIIUIO

cocrosinust T € &(H)

Fr(z,y) = Tr(T exp(xq + iyp). (1)

!Maremarnueckuit mucruryt um. B.A. Crexnosa PAH
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Xapakrepucrunaeckast GyHkiwst (1) onpesessier HabOP pacipe/ie/ieHuii BeposSTHOCTE

w(t, ) Ha upsaMoii, 3aBucamuii or napamerpa ¢ € [0,27), o dopmyite

1

WT(ta QO) = %

/e‘“sFT(s cos p, s sin p)ds. (2)
R

Oynkips (2) Ha3bIBaeTCs ONTUIECKON KBaHTOBOI TomMorpammoii. B ciyuae, ecom

T 3ammcaH B BHJle MHTEI'PAJBHOIO OllepaTopa B KOOPJMHATHOM IIDe/ICTABJIEHUN
(Tf)(x) = [ p(x,y)f(y)dy, nonyuaem
R

Fr(z,y) = /emp (t - g,IH— %) dt. (3)
R
Ob6paTtHoe peobpazoBanre Pypbe MO3BOJIAET BOCCTAHOBUTD XapaKTEPUCTHIECKY IO

PYHKIHIIO TI0 €€ TOMOTpaMMe:

Fr(rcosg,rsiny) = /eirth(t,go)dt. (4)
R

OtobpakeHue, fyasbHOE TOMOrpPaghu4ecKkomy

Pacemorpum MHOXKECTBO T JIMHEHHBIX HHTETPAJIBHBIX OlepaTopoB 1’ B rujbbep-
tooM Tipoctpanctee H = L%(R), syipa KOTOpbIX p(+, +) NpUHA/IEKAT IIPOCTPAHCTBY
Isapa S(R?). g onepatopa T € T ¢ saupom p(+, -) MozkHO BBecTH yHKiuu (3) u
(2). B ciryuae, korma T' siBjisieTcst TOJIOXKUTEIBHBIM OIIEPATOPOM C €THHIUIHBIM CJIEIOM,
w(X, p) npeacrapisier u3 cebs ONTUYIECKYIO KBAHTOBYIO ToMorpammy. B |3, 4] 6bu1o0
nocrpoeno orobpaxkenue 1" — fr (X, ¢), nyanbaoe Kk orobpaxkenuto T — wr (X, ) B

TOM CMbICJIe, qT0O
2T
//wwwﬁwwﬂwzwwa (5)
0 R

qtst iiobbix 1) S € T . lanee, B [3,4] 661710 oKa3ano, aro orobpazkenne T — fr (X, )
[IPOJIOJIZKAETCST Ha KJIACC OIEPATOPOB, BKJIFOUAIONH oJImHOMBL P (g, p) 0T orepaTopos
KOODJMHATHI 1 UMITYJIbca. Takoe npecTaBIeHne MOXKHO PeaIn30BaTh U B JI€KAPTOBLIX
KoopamHaTax [5].

B [3| He 6b110 nOTyUeHO B siBHOI (bopMe BBIpazKeHe, Opeessaionee IyalbHoe
orobpazkKeHne B BUJE MHTEIPAJIBLHOIO OIIEpaTopa. DTO CBA3AHO C TEM, 9TO MPeJICTaB-
nenue (5) aBiasgercsa HeyobubIM. B ném ne yureno, aro wr(X, ¢ + m) = w(—X, ¢).

[Iepeornpeiesium jryasbHOE OTOOPazKeHUe TaK, YTOObI BBIITOJIHAIOCH YCJIOBHE

2w +o00

//WWMBW@MWZW@$ (6)

64



IIpeagioxkenne 1. [lycmv unmezpasvnoi onepamop S € T onpedeasemcas

adpom p(-,-), moeda daa fs(X, @), onpedesernozo (6)

; g tsi tsi
fS(X,gO):/tGZ(XJ'_xsmw)tp (x_ 812119071,_{_ Sl;@) drdt. (7>

RQ

Jlokasameavcmeo. [lpuanmasi BO BHUMaHUE BUJT XapaKTepuCTHIecKoii GyHKimn (3),

ImoJyrydaemM
21 400

//wT(Xﬂ(p)fS(X;SO)dngo_

21 400

1 .
—/ / /e1XTFT(rcosgo,rsingo)f5(X, p)dXdpdr = 1.
7r
0 0 R
Us (7) crenyer, aro

1
2—/ T £ (X, 0)dX = rFs(r cos p, rsin ).
77
R

Takum obpazoM, mosydaem

21 +o0

I://FT(TCOSgp,rsingp)rFs(Tcosgo,Tsingo)drdcp:

/FT(x,y)Fs(x,y)dxdy =Tr(TS).

]

Paccmorpum 6a3uc npocrpanctBa H, cocrosimuii u3 coOCTBEHHBIX (DYHKITI

OCITUJLTIATOPA
1 22
<zn>=—-"——7—H,(x)e 7,
| wl/4y/2nn) (@)
riae H,(z) — nomurombr Dpmura u n = 0,1,2,.... dapo oneparopa panra ojus

|n >< m| npunasexxur npocrpancrsy [llBapria, tak aro |n >< m| € T.

IIpennoxkenune 2. Tomozpaguyeckoe omobpascerue nepesodum |n >< m| 6

w|n><m| <X7 ()0) = ei(nim)(pHn<X)Hm<X)eiX2

Jlokazameavcmeo. 3amernm, 4To
1 . . .
m><n|= §(|m+n><m+nl+z|m+m ><m+in|—
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(14 7)(|lm ><m|+|n><n|))

B cuny nuneitHocTH TOMOrpaduIecKoro orooOpaXKeHus,

Wim><n| = §(w|m+n><m+n| + iW\m+in><m+in\ - (1 + Z) (W\m><m\ + W|n><n|))

NsBecTHO, 9TO TOMOrpauuecKuM CUMBOJIOM, OTBEYAIONINM JIMHEITHOW KOMOUHAIINN

|n + Am >< n + Am| 6yner dyuxus
wX,p) =] < X,n>e™ 4+ X< X, m > ™M
Tereps gocTaTouHO paccMoTperh A =11 A\ = 4. O

st pukcupoBannoro n = 0,1,2,..., paccMOTPpUM ceMeicTBO PYyHKITH
+o00 2
{Hi(X)Hp1n (X))} 25 Tockonbky dbyHKnum u3 ceMeiicTBa IpPeICTABIAIOT U3 cebs
[TOJTMHOMBI BO3paCTaIOIIell pa3MepHOCTH, B ee 3aMKHYTON JIMHEHHO 000/I0UKe CyIIe-
s h(") +oo 6 o
CTByeT eJUHCTBeHHas cucreMa bynkuit {h, '}/ 20, aBisomascs 6HOpTOroHaIbHOI
K Hell B CMbICJIC
-X? n
/e Hu(X)Hyopo(X)R(X)dX = 6.
R

IIpensioxkenune 3. /lyaavroe omobpasicerue nepesodum |n >< m| & dynruyuro

f|n><m\ (X> = h(|n_m|) (X)ei(n—m)go

min{n,m}

Bameuanue. B xeanmosot momozpaguu dynrkyuu h™(X) npunsmo nasveamo

"pattern functions”. Ilodpobro ux ceoticmea usnooicervs 6 [6]

Joxazameavcmeo. Ilpsamoit mpoBepkoii yoexKjaeMcst, 9TO

21 +o0

//w|k><l|(X7 ‘P)f|m><n|(X7 SO)dXdSO = OknOim-
0 0

[lpocTpaHcTBO onepatopos LllBapua v gyansHoe K HEMY

B [2] 66110 BBesieno nousitue oneparopa IlBapua T’ rusib6epTOBOM IIPOCTPAHCTBE
H = L*(R). TTo onpeesienuto, mpocTpancTso onepatopos Isapna 7T cocrouT us

JIMHENHBIX OIIEPATOPOB, HENIPEPBIBHBIX OTHOCUTEJIbHO CUCTEMDBI IIOJIYHOPM

Tl = [lg"p™ T |, (8)

rjie ¢ U p — OlepaTopbl KOOpJAMHATHI 1 uMmityibca, a ¥ € S(R). Conpskennoe

LIPOCTPAHCTBO T, cocTosInee U3 JIMHEHHBIX HEIPEPLIBHLIX (PYHKIMOHAJIOB Ha T,
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COJIEPZKUT, B TOM 4YmcIe, Bee mojuHoMbl P(q, p) ot ¢ u p. Ilpu srom coornomenmne

JIBOIMCTBEHHOCTHU 3a7aeTcsa (pOpMYyJIoi
T — Tr(TP(q,p)).

B |2] 6b110 mOKazano, uro T smisercs: npocrpanctsoM Ppere. Bosee Toro, T €
T Torma m TOJBKO TOTJA, KOTJAa OH SIBJISIETCS] WHTEIPAJIBHBIM OIEePaTOPOM, SIIIPO

KoToporo p(-,+) Gyaer npunajexars npocrpancrey [sapua S(R?).

[NpenctasneHne npoctpaHcTea onepatopos LLlBapua
B BUJE ONTUYECKUX KBAHTOBbLIX TOMOrPaMm
Pacrimpum o6s1acThb ornpe/iesieHnst HHTErpajbHOrO orieparopa (3) Ha BCe BO3MOXK-

uele sypa p(-,-) € S(R?) (sTo To e camoe, 9TO pacHUpenne 1o JuHeiinocTn). 3aa-

auM Ha npoctpanctse T unrerpaibubix oueparopos (T'f)(z) = [ pr(z,y) f(y)dy, f €
R

H, orobpaxkenne T — wr (X, ¢) mo dopmye

1 - tsi tsi
wr(X,p) = Py / / eilscose=X)t (S — smgp’ 5+ Sngp) dsdt. 9)
R R

2 2

Orobpaxkenne (9) mpe/craisieT n3 cebs KOMIIO3UIUIo oTobpaxkenuit (3) u (2).

Orobpazkenue (3) mpejcrapisier u3 cebs KOMIO3UIUIO apUHHOTO TPeobpa30oBaHUsT
IJIOCKOCTH ¥ IpeobpasoBannsg Pypbe Mo 0aHOM u3 AByX KoopauHaT. OTobparkeHne
(2) mpejcrabisier u3 cebs npeobpazoBanne Pyphe MO BIIEJIEHHON HA TLIOCKOCTH
npsamoit. CiesoBatesibo, obpazom npocrpanctsa [Isapia S(R?) npu orobpakenun
p(+,-) — w(-,¢) asagercsa npocrparctso [Isapma S(R). Bosee toro, dyukmumn
w(X,-) 2r-nepnoanaHbl 1 GeCKOHETHO M bEPEHIINPYEMBI, TO €CTh

(i) w(- ) € S(R), € [0, 27);

(il) w(X, ¢) 2m-nepuouaHbl 1 GECKOHETHO AU OEPEHIUPYEMBbI.

Tem He Menee, He Bce DyHKIMN, y0BIeTBOpsitomue ceoiicrBam (i) u (ii) BXoAAT B

~

T.
IIpumep. Ilomoxum

w(t, o) =e ¥ singp. (10)

Oynkrmsa (10) ymosaerBopsier coiictBam (i) u (ii). Haiiném xapakrepucrudaeckyro

dbyukmuio, coorsercrayionryio (10):

2
4

sin . (11)

. 1
F(rcosp,rsing) = / erte " sin pdt = e

8V 2w

R

Takum obpaszom,
1 22 1y? y

e T
8v 2 Va2 +y?
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Herpyano sugers, uro F(-,-) ¢ S(R?).

Bosuukaer Bomnpoc, 3 Kakux dyHkiwmii cocrout 7. [lpuHnMasi Bo BHUMaHUE, 9TO

3]

n! 1

m=
BBEJIEM CEMENCTBO (DYHKITHIA

[

! | (_Z')n72m

NIE]

n(t) = — ———H, _9,(t), n=0,1,2,3,... 14
Ilomoxkum
1 2
() = ——=gn(t)e " sin™ pcos" ™y, 0 <m < n. 15
fmn(t ) mg() @ @ (15)

IIpennoxkenune 4. Hmeem mecmo sxaroverue fon, €T .

Jloxazamenvcmeo. Haiiném xapakrepuctudeckyio dbyHKImo Fy, ,(x,y), orsedaro-

YO fiyn. 3AMETHM, 9TO

Frn(rcosp,rsing) = / " frnn(t, @)dt = e sin™ pcos" ™.
R

Takum obpaszom,

z2+y2

Fla,y) = 2"y 5" (16)

Oyukipn F,,, € S(R?), npuuém mx JmHeiiHble KOMOMHAIMN 0GPasyloT BCIOLY

I0THOE MHOXKeCTBO B S (R?). O

Hirzke nam norpebyercst cemeiictBo dynkuuit {Q, (@), 0 < m < n}, 6buopro-
roHajbHOe K cemeiicTBy dyHKmin {sin™ ¢ cos” ™ ¢} B cBoeil JuHEHHON 060/10UKe
[3]. O6o3Hauum Vy JimHERHOE IO IPOCTPAHCTBO, HATSHYTOE Ha CHCTeMY (DyHKITHI
{fman, 0 <m < N} Ilycrs Py — OPTOrOHAJIBLHBLI IIPOEKTOP Ha IIPOCTPAHCTBO Vy .

Omnpejiesium ceMeificTBO TOJIyHOPM Ha MHOXKecTBe T 110 hbopmyJie

2w +o00

wllmy = | [ [ XV PullX, ) Qman(odod|. (1)
0 0
N=01,2,...
Teopema. Omobpasicerue T — wr(X, p) HENPePLIBHO OMHOCUMEALHO CEMET-

cmea noayropm (17).

Jloxazameavcmeo. Tlo onpenenenuto, T — wr (X, ¢) 3a1aéT orobparkeHne IpOCTPaH-

crBa oneparopos [IBapma 7 nHa MHOXKecTBO T . 3ameTnm, 4uto |3

|[wr|[m.n = [Tr(Pan(q,p)Tn)], (18)
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rjie Poy — HEKOTODBIH oJIHOM cTerteHn 2N OT o1epaTopoOB KOOPJAMHATEI ¢ U MMITYJThb-
ca p, a Ty cy)eHue orneparopa IJOTHOCTH Ha KOHEYHOMEPHOE IOIIPOCTPAHCTBO,
HATAHYTOE Ha mepBble [N BO3OYKJIEHHBIX COCTOSHHUII KBAHTOBOI'O OCIUJLISITODA.

CaentoBaresibHo, orobpazkenne T — wr (X, @) OGylaer HelPepPbIBHBIM. 0

s TeopeMbI HEMEJIJIEHHO BbITEKACT

CaencrBue. Omobpasicenue S — fs(X, @) onpedeasem npedcmasaernue npo-

cmpancmea T' 6 npocmpancmee T, cnaborcennom cucmemoti noaynopm (17).
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On the algebra generated by projectors with commutator

relation

A.S. Kocherova! I.Yu. Zhdanovskiy!?

Abstract

In this article we apply methods of representation theory and combinatorial
algebra to the different problems related to quantum tomography. For this
purpose, we introduce the algebra generated by projectors satisfying some
commutator relation. In this paper we study this commutator relation by
combinatorial methods and develop the representation theory of this algebra.

Also, we apply results to the case of mutually unbiased bases in dimension 7.

Introduction

Consider the following situation in physics: we have quantum-mechanical system
consisting of two algebras of observables A and B. Assume that there are some linear
combinations of elements of A and B which are compatible observables (cf. [8]).
We can ask the following question: is there some decomposition of our quantum-
mechanical system into a sum of some smaller quantum-mechanical system.

We can reformulate this situation in terms of classical algebra. Namely we have
free product of the algebras A x B and the ideal I generated commutator relations
as [a; + b, a; + b;] = 0, where a; € A, b; € B. Denote by R the quotient A x B/I.
Consider finite-dimensional algebras A and B. And also, assume that the set of {a;}
is a basis of A, set of {b;} is a set of generators of B. In present paper, we show
that for sufficiently large N: the N-dimensional representation of the algebra R is a
direct sum of smaller dimension representations of R. More precisely, we prove that
dimension of any irreducible representation of R is less than dimension of the algebra
B. Further, assume that A = C®3 and B = C% with bases P, P,,1 — P, — P,
and @Q1,Q2,1 — Q1 — @ respectively. Suppose we have the following relation for
Py, Py, Q, Q2

[Py~ Qa, Py — Q1] = 0, (19)

where [a,b] = ab — ba. Denote by C the quotient C*3 x C®3 by the ideal generated
by relation (19). Recall the notion of mutually unbiased bases in n-dimensional

complex Hilbert vector space with scalar product (,). Two orthonormal bases {e;}

Moscow Institute of Physics and Technology
2National Research University High School of Economics, Laboratory of Algebraic Geometry
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and {f;} are mutually unbiased iff |(e;, f;)|> = L. The study of this notion is closely
related to study C* - subalgebras of von-Neumann algebras (see [9], [10]) Applications
of mutually unbiased bases is an object of constant use in Quantum Information
Theory etc, [1], [2]. One of the reasons why mutually unbiased bases are important
in practice is that they provide a crucial mathematical tool that allows to transfer
quantum information with minimal loss of it in the channel. Reliable protocols in
quantum channels are based on a choice of maximal number of mutually unbiased
bases in the relevant vector space of quantum states of transmitted particles. For
instance, protocol BB84, which utilizes 3 of such bases in a 2-dimensional vector
space, enables to significantly extend the distance between the source and the receiver
of quantum information. Constructing maximal number of mutually unbiased bases
in vector spaces of higher dimension is important for producing reliable protocols in
quantum channels.

Recall that the problem of classification of mutually unbiased bases in any
dimension is far from the solution. Complete classification is known only in the
case of dimension less than 6. Petrescu constructed one-dimensional family of
mutually unbiased bases in dimension 7 (see [6]). Consider fixed pair of mutually
bases {e;},{f;} from family of Petrescu. Associate with vectors {e;};_; and {f;}7_,
hermitian projectors p; and ¢; of rank 1 respectively. Nicoara showed that we can
order p; and g; such that [p; + p2, g1 + 2] = [p3 + P4, g3 + 4] (see [7]). It is easy that
if we denote by Py, P, ()1 and ()5 the elements p; + po, p3s + psa, ¢1 + g2 and q3 + ¢4
respectively, we get that [P, Q1] = [P, Q2] or, equivalently, [P, — Q2, P, — Q1] =0,
i.e. 7-dimensional representation of the algebra C. This gives us another motivation
for studying of this algebra C in quantum mechanics.

Our article is organized as follows. In Section we discuss the general problem of
two finite-dimensional algebras A and B. In this section we introduce the algebra R
and prove the useful property of irreducible R-modules. In Section we define the
algebra C as the quotient of A * B by relation (19). Further, we define the filtration
on the algebra C for combinatorial description. Crucial result for understanding of
the algebra C is Theorem 1. This theorem claims that the ideal generated by the
relation is the intersection of three ideals generated by projectors. This fact permits
us to describe irreducible C-modules as irreducible modules of the quotients of C by
these three ideals. In Section 4 we develop a representation theory. We classify all
irreducible C - modules. At the end of the article, we apply our result to the case of
mutually unbiased bases in dimension 7.

We are grateful to Amosov G.G., Bondal A.I., Man’ko V.I. for very helpful
discussions.

Second author is partially supported by RFBR, research projects 16-01-00113 A
and 14-01-00416. The article was prepared within the framework of a subsidy granted
to the HSE by the Government of the Russian Federation for the implementation of
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the Global Competitiveness Program.

Finite-dimensional algebras with commutator relations

and quantum mechanics

In this section we study the quotient of free product of finite-dimensional algebras
by ideal generated by several commutator relations.

Firstly, recall the notion of free product of finite-generated associative algebras
A and B. Denote by F(S) a free associative algebra with a set of generators S. In
this case A = F(S1)/J; and B = F(S3)/J2, where S; and S, are generating sets of
A and B respectively. J; and Jo are two-sided ideals of relations of the algebras A
and B. Free product A x B is the quotient of F'(S; U Sy) by the ideal J generated
by the ideals J; and Js.

Further, consider two finite-dimensional algebras A, B and their free product
A x B. Assume that dimcA = n; and dimcB = n,y. Consider elements ¢; of A x B
given by formulas:

s;i=a;+bj,i=1,...,n, (20)

where a;,7 = 1,...,n; is a basis of A as a vector space over C, b; are generators of
B as an associative algebra over C. Let I be an ideal generated by commutators
[si,85],4,5 = 1,...,n1. Denote by R the quotient A« B/I. Also, denote by S the
unital commutative subalgebra of R generated by s;,7 = 1,...,n;.

Since a;,7 = 1,...,n7 is a basis of A, we have the following relations:

1
a;a; = mejak,i,j, k=1, ..n, (21)
k=1
where mfj are structural coefficients. We obtain that a; = s; — b; from formulas
(20). Thus, algebra R is generated by s;,b;,i,7 = 1,...,n;. Also, we get that
(si—bi)(s; —bj) = )Ly mli(sk — by). Rewrite formula (21) in the following manner:
ni ni
Sibj = —biS]‘ + SZ'S]' — ZmZSk —+ blb] + mejbk,l,j = 1, Ny (22)
k=1 k=1

Denote by s;; and b;; the elements s;s; — Zk 1 m”s;.C and b;b; + Ek 1 m bk respec-

tively. Thus, we get the following relations:
sibj = —=b;is; + sij + bij, 0,5 =1,...,n1. (23)
Proposition 1. jective morphism of right S - modules:
f:8%" R (24)

In other words, any element ¢ of R can be represented as Y .2, sib;, where s; € S,
{b;}2, is a basis of B.
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Proof. Choose the basis b},i = 1,...,ny of B. As we know s; and b, generate the
algebra C. Thus, any element ¢ of R is a linear combination of monomials of the
following type: s\b)...spb5, bys)..b;s,, s1b)...s) or b)s)...b, for suitable s; € S and
b, € B and various k. Consider the monomial s}b]...s;.b;,. By induction of k and
using formulas (23), we can transform this monomials into the sum of monomials of
type s7b;. Analogous arguments prove the same for other monomials. Therefore, any
element is a linear combination of elements s;b;, where s, € S, {b.} is a basis of B.

Further, the immersion S — R defines the structure of a right S-module on R.
Also, consider free S - module S of rank n, with basis e;,7 = 1, ..., ny. Define the
morphism S-modules f as follows. f :e; — b;. Using the first part of the proof, we

get that the morphism f is surjective. O

Corollary 2. Assume that V' is an irreducible finite-dimensional R-module. In this

case we have the following inequality:

Proof. Let V be an irreducible finite-dimensional R-module. Consider V' as an S-
module. Since S is a commutative algebra, there is a one-dimensional S-submodule
CX of V, where CX is an S-module given by a character y : S — C. Thus,
Homg(CX, V') # 0. Using adjointness of functors, we get that

Homp(C ®5 CY, V) = Homg(CX, V) £ 0 (26)

Hence, there is a non-trivial morphism of R - modules: g : C ®¢ CX — V. Using

irreducibility of V', we get that the morphism g is surjective. Therefore,
dimeV < C ®g CX. (27)

Also, using proposition 1 and tensoring of seqence (24) by CX, we get that the
morphism: f : S¥"2®qeCX = C" — C®g¢CX is surjective. Hence, dimcR®gCX < ny.
Combining this with formula (27), we get the required statement. O

Remark. Note that if we put s; = 1 we can consider n; — 1 elements s; satisfying
commutator relations: [s;, s;] = 0.

Remark on the connection with quantum mechanics.

At the end of this section we make a remark about the application of this
construction on quantum mechanics. Consider the following situation: we have
two algebras of variables A and B of dimension n; and ns. Fix the basis a; of A
and generators b; of B. Consider an N-dimensional quantum mechanical system
consisting of algebras of observables A and B. Assume that there are n; compatible
observables - linear combinations: s; = a; + b;,i = 1,...,nq. In this case an N-
dimensional space decomposed into the direct sum of quantum mechanical systems

of dimension of less or equal ns.
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Algebra C

In this section we apply the result of Section to the case A = C®* and B = C®3,
In the first subsection we define the algebra C and light the connection with quantum

mechanics.

Algebra C and connection with quantum mechanics

In this subsection we will explain and light relations between of the representations
of constructed algebra C and some notions of quantum mechanics [10].

Consider the algebras A = C®3 and B = C®3. Fix the bases 1 — P, — P, P, P,
and 1 — Q1 — Qs, Q1, Q2 of the algebras A and B respectively, satisfying the relations:

L PZ:PszQ:QZaZ:]-?Q

e PP =QiQ;=0,i#j.

Consider the algebra C - the quotient of A % B by ideal generated by the relation:
[PL— Qa2 Py — Q1] =0, (28)

ie. PIQ1 — Q1P — PQ + QP = 0.

Consider the representation of C such that generators P, P,, )1, ()2 are repre-
sented as Hermitian matrices. In this case we have the following quantum-mechanical
interpretations:

Firstly, we have the interpretation from Section . Namely, projectors Py, P, )1, Q>
are observables. In this case relations PiP, = PP, and QQ1Q> = (J2(); mean
that pairs P, P, and )1, Q)2 are pairs of compatible observables. Since F;, (); are
projectors, we get the following interpretation: P; and (); are ”indicator” observables.
Also, P, — 2 and P, — ()1 are compatible observables.

Secondly, recall the notion of mutually unbiased bases in a complex vector space
C" with Hermitian form (,). Two bases {e;}iL; and {f;}}_, are mutually unbiased
iff .

(e ) = (29)
We can consider with the sets of vectors {e;}, {f;} the sets of orthogonal projectors
{pitici; {g;}7=1 of rank 1 respectively. Condition (29) can be rewrite in the following

manner:
1 .
n n

Recall that reduced Temperley-Lieb algebra B,(I') for some simply-laced graph I

is a unital algebra over C[r| with generators x, labeled by vertices of I' and relations:

r? = 1, (31)

v
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TpTyy = Ty = 0, (32)

if vertices v, W are not adjacent and
Ly Toyly = Ty, TuyTyply = Ty, (33)

if v, w are adjacent.
Relations (30) lead us to the representations of reduced Temperley-Lieb algebra
Bi (T, ) of full bipartite graph I',,,, with n vertices in each row.

' One can find details of these representations connected with mutually unbiased
bases in C™ in article [3]. Also, one can see the construction of a 4-dimensional family
in CY in [4] via representations of By (I'e6). Also, applications of symplectic geometry
for studying mutually unbiased bases are in [5]. Consider the case of dimension 7.

Nicoara ( [7]) showed that we have the following relation:

(1 + P2, 1 + 2] = [p3 + P4, @3 + q4] (34)

for suitable ordering of {p;} and {g;}. It is easy that projectors p; + p2, ps + ps are
orthogonal. Analogously, ¢ + g2 and g3 + g4 are orthogonal. Consider the ideal I of
B% ('7.7) generated by the element [p; + pa, g1 + 2] — [Ps + P4, ¢3 + q4]. Thus, identity

34 and correspondence

O P prApo, Py ps + 04, Qi = i+ @2, Qo g3+ s (35)

define the morphism of algebras ¢ : C — B%(Fw)/l.
Thirdly, we light the connection between the algebra C and a Heisenberg algebra.
Recall that a Heisenberg algebra b, is a Lie algebra with generators 1, x9; y1, y2; 2

and relations:
(T4, y;] = 052, (@i, 23] = [Yi, y;) = 0, [z4, 2] = [yi, 2] = 0,0 =1, 2. (36)

Consider the universal enveloping algebra U(hy) with the same generators. Consider
the two-sided ideal I of U(hy) generated by z7 — x;,y? — yi, ;2, y;y;. Therefore,
we have the following morphism: ¢ : C — u = U(hs)/I defined by the rule:
Y P o2, Q — i, and z = ([P, Q1]). It is easy that the morphism
is surjective and the ideal Keriy is generated by the elements Py — Qo P, and
P,y — Q1 P,. Thus, C/Kery = u.

Let us study the algebra u. In this case, we have the following identities:
Tz = zw; =z = z2y; = 0,0 =1, 2. (37)

Show that z;z = 0. As we know, z = x1y; — y171 = T2l — Yox2. Thus, using
commutativity of z; and y, and the relation z1x5 = 0, we get that z12z = 1 (xays —

y2x2) = 0. Analogously, we obtain the rest.
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Also, deduce that z = 0 in the algebra u. Consider the element z1y; — y121 = 2.
Consider the element s = x12 + zz;. We get that s = z1(z1y1 — y121) + (z191 —
Y121)x1 = 111 — y1x1 = 2. Using relations (37), we obtain that z = 0. Thus, the

algebra u is commutative.
Proposition 3. The algebra u =2 C®°,

Proof. The algebra u is a commutative algebra generated by x1,xs,y1,y2 with
relations: x? = z;,y? = y;, T122 = 1y = 0 and x;y; = y;24,4,j = 1,2. Consider
the elements g; = (1 — z1 — ) + €x1 + €29 and go = (1 — Y1 — yo) + €Y1 + €Yo,
where € is a primitive root of unity of degree 3. One can show that g5 =1,i = 1,2
and g1g2 = gog1. Also, z; and y; are linear combinations of 1,¢;,¢3. and linear
combinations of 1, g, g5 respectively. Consider the group G = Z3 @ Zs. It can be
shown that u = C[G]. Therefore, we get the required result. ]

Corollary 4. 1-dimensional representations of C are 1-dimensional representations

of u. It means that for any f : C — C there is a morphism g : u — C such that

J=gov.

Proof. Consider f :C — C. The morphism f is defined by values f(P;), f(Q;). It is
easy that f(F;), f(Q;) € {0,1},7 = 1,2. Direct checking shows that there is only 9
possibilities for f(P;) and f(Q;). O

The algebra Pr(I") and the path algebra of a quiver

In this subsection we introduce the algebra Pr(T") for a fixed graph I'. Also, we
explain its relation with the path algebra of the quiver Qp related to the graph I'.
The algebra Pr(I") is an algebra over C with an identity element and generators

x, labeled by the vertices of I' with the relations:
o 12 =1z, for every v € V()
e 1,1, = T,x, = 0 for non-adjacent vertices v, w.

There is a natural morphism (augmentation) € : Pr(I') — C defined by the formula:
€ : x, — 0. The kernel of € is called the ideal of augmentation. We denote it by
Prt(T).

Also, define the path algebra CQ for the fixed quiver Q. Pathes in Q form the
basis of algebra CQ. Denote by Q, the set of vertices of the quiver Q, denote by
P(Q) the set of pathes in Q. We associate trivial path e, with any vertex v € Q.
Define the following maps s : P(Q) — Q,, t : P(Q) — Q, as follows. For fixed
v € P(Q) define by s(v) and ¢(-y) the source and the target of the path 7 respectively.
Define the multiplication of pathes in the quiver Q as follows. Consider two pathes

v and 7o. If t(71) = s(72) then 717, is a path obtained by juxtaposition of pathes.
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Otherwise v172 = 0. It is easy that identity element of CQ is a sum ) e, where the
sum is taken over all vertices of Q. Thus, we define the path algebra CQ.

Let us construct the double quiver Qp related to fixed graph I". The set of
vertices of Qr is the set V(I'). We connect any adjacent vertices i, j by opposite
arrows a;; and aj;. There is a correspondence between the set of pathes in Qp and

the set of elements of Pr(I") defined by following formula:
[y =z, e Pr(l), (38)

where z., = x;,...7;, and iy, ..., 7 are consecutive vertices of path .

k
Let us formulate (cf. [4]) the following proposition:

Proposition 5. The correspondence f is a bijection between CQp and Pr*(T).

Therefore, the algebra Pr(I') has a C-basis 1, ., where v runs over all pathes in Q.

Recall the construction of a homotop A\x of the algebra A by means of the element
x € A. Let = be the fixed element of the algebra A. We will consider a non-unital
algebra A, with multiplication %, defined by formula:

a1 *, Qo = A1T09.

Formally adding the unit, we get the algebra Ex We studied the properties of
homotops in the article [3]. In particular, we get the morphism: ¢ : ﬁx — A defined
by rule: ¢ : a — ax. Denote by A(Qp) =1+ > a;;, where the sum is taken over all
arrows of the quiver Qp. The algebra Pr(I") is a homotop of the algebra CQr. by
means of the element A(Qr) [3]. Using properties of homotops, we get the morphism:

¢:Pr(l) - CQr (39)

defined by rule: z, — e,A(Qr).
Let us back to the case C®3 « C#3. Consider the full bipartite graph Ty, with &
and m vertices in upper and lower rows respectively. Denote them by 1,2, ..., k and

1,2 ...,m' respectively (Figure ). Consider the graph I's 5. Vertices 1,2,3 and 1’, 2,3

1 2

1/ 2/

Figure 0.1:

correspond to Py, Py, P3 =1— P, — P, and 01, @2, Q3 = 1 — Q1 — Q) respectively. The
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algebra C®3 x C*3 is isomorphic to the quotient of the algebra Pr(T's 3) by the ideal
generated by the elements P+ P+ P;—1, Q1+Q2+Q3—1. Also, note that the algebra
C®3 % C*? is isomorphic to the algebra Pr(I'y2). For simplicity, we denote by Pr and
CQ the algebras Pr(I'y2) and CQr,, respectively. Also, we have the well-defined
morphism ¢ : Pr — CQ defined by rules: ¢ : P, — e;+a1r+aqo, Py — es+asy+asy
and ¢ : Q1 — ey + ayq + aye, Qo > ey + agq + age (Figure 0.2).

W

___ 7

Figure 0.2:

Filtration on C

In this subsection we introduce the filtration on the algebra C.
Recall that a filtration on the fixed associative algebra C' is a set of finite-

dimensional subspaces F'C,i = 0,1, 2, ... such that
e FOCC FIC C..CF'CCF*(C..,
e U2, FiCc=C

o FiC - FIC C F"(C, where FiC - F/C is a subspace generated by ¢ - ¢’, ¢ €
FiC,d" e FIC.

Consider the path algebra CQ for the fixed quiver QQ. Define the length function:
[: P(Q) — Ny as follows. Put l(e,) = 0 for any vertex v € Q,. We will say that
[(y) = k iff v is a product of k arrows. Thus, one can see that there exists the
following filtration on CQ: F'CQ is a space generated by paths of length less or
equal 7.

Note the following useful property of the morphism ¢ from formula (39):
Proposition 6. The morphism ¢ : Pr(I') — CQy is injective.

Proof. Consider the element x = ) ¢ @, where v € P(Qr), z, is the element of
Pr(I") corresponding to the path v and ¢, € C. Assume that ¢(z) = ¢(D>_ cyz,) =
> c7A(Qr) = 0.

Let us prove that element A(Qr) is not a divisor of zero. Assume that there is an
element © = 3¢,y € CQp such that ©A(Qr) = 0. Consider linear independent
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paths « in the decomposition of the element ©. Multiplying by A(Qr), we get the
linear independent paths in the decomposition of ©A(Qy). Thus, the element © = 0.
O

Corollary 7. Length of paths induces the function of length L on the elements
of Pr(I'). Namely, L(x,) = l(y) + 1, i.e. L(zyy..x;,) = k. Ifx =) c,x,, then
L(x) = maxy.., 20 L(x,). Also, the filtration on CQr induces the filtration on Pr(T'):
F'Pr(T') = C-1, F'Pr(T) is a space generated by the elements of length less or

equal 1.

Let us back to the algebra Pr. We have the filtration on Pr induced by the
filtration of the algebra CQ. The algebra C is a quotient of Pr by ideal I generated
by element h = [P} — Q2, P» — (QQ1]. Also, recall that algebra C is a quotient of algebra
Pr(I'3 3) by the ideal Z generated by the elements P+ Py+P3—1, Q1+ Q2+ Q35 —1, h.
It is easy that Pr/I = Pr(I's3)/Z. Since wreath product of S3 and Z, is an
automorphism group of the graph I's 3, there is an action of this group on Pr(I's3).
One can check that elements P, + P, + P3 — 1,1 + Q2 + (Y3 — 1 are invariant under
the action of wreath product. Also, note that this construction defines the action of

wreath product of S3 and Zs, on Pr.

Lemma 8. There is a well-defined action of the group S3 X Zs on the ideal T as
follows. Symmetric group is generated by the permutations o1 : Py <> Py, Q1 <> Q)2
and o9 : Py < P3, Q9 <> Q3. Group Zo acts by the permutation: Py <> Qq, Py <> Q1.

Proof. o9(h) = [P3 — Q3, P — Q1] = [Q1 + Q2 — PL — P, P — Q1] = [Q1, P2 +
(Q2, Po] + [P, Q1] + [P, Q1] = [P1, Q1] — [P2, Q2] = h. The rest is casy. m

Denote by pr the natural projection Pr — C = Pr/I. Denote by F'C the image
of F*Pr under pr. Thus, the algebra C has the filtration induced by the filtration of
Pr. Further, the morphism pr induces surjective morphisms: prt : FiPr — FC,i =
0,1,2,.... Also, denote by I’ the space Kerprt = I N F'Pr,i=0,1,2,....

Consider the quotient spaces gr’Pr = C - 1,gr'Pr = F'Pr/F"'Pr,i = 1,2, ...,.
It is easy that one can pickup the basis of the vector space gr'Pr consisting of the
elements z.,, [(y) =i — 1.

Let us prove the following proposition:

Proposition 9. Consider the vector spaces gr’C. We have the following identities

and inequalities:

dimcGr°C = 1, dimcGr!C =4 (40)

dimcGr?C < 7,dimcGrC < 6,7 > 3. (41)
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Moreover, any x € F'C can be presented as linear combination of the elements:

P1Q1P1..., lelQl---a P1Q2P1..., Q2P1Q2---; P2Q1P2... and Q1P2Q1... Of length l
and elements of length less than .

Proof. The cases of Gr°C and Gr'C are trivial. Note the following commutative

diagram:
0 ]lL1 FleT Flllc 0 (42)
0 I! F'Pr F'C 0

| | |

0——I'/[""' — F'Pr/F='Pr — FIC/F'=1C —0,

where two upper rows and three columns are short exact sequences. Using this

exactness and the direct calculations, we get that lower row is an exact sequence.
Also, consider the morphism f : I' — F'Pr — F'Pr/F'"'Pr. This morphism

is defined as follows. Consider the element y = > c,z, € [ . We have the

decomposition of y: y = Zizo ys, where ys = > cy@~. Then morphism f is

d(7)=s—1
defined by rule: f(y) = . Therefore, Gr'C is azlligtient of Gr'Pr by the subspace
I'/1'71. Also, I'/I'7! is a space generated by ’l-parts’ of the elements of I'.

The inequality dimeGr2C < 7 is evident.

We prove the statement of the proposition by induction. Firstly, prove that any
element of F3C is a linear combination of the elements P,Q P, Q1 PiQ1, PiQ2P;,
Q2P1Q2, P,Q1Ps, Q1P,Q, and elements of length less than 3. Denote by V C I?
the subspace generated by the elements of type: x,h, hx, and x,hx, such that
L(x,) = L(z,,) = 1 and L(z,hz./) = 3. Consider the image of V in Gr*Pr under
f. One can check that the quotient Gr*Pr/f(V) is generated by the elements
PiQ1 P, Q1 PiQr, PiQ2 Py, QaPiQ2, PQ1 Py, Q1 P20

Also, note that we have the following identities for the rest of P,Q;F:

PQ;P, = £PQ\ P + x, (43)

where L(z) < 2. Analogous statement for Q; P;Qy, is true.

Further, assume that the statement is true for any [ < k. Let us prove the
statement for [ = k + 1. It is sufficient to prove that this statement is true for
monomials. Consider the monomial ¢t = F; Q;,...Q;,,, where i1 = 2. Using

induction, we have the following identity:

t=(c1P1Q1..PL + c2Q1P1Q1..Q1 + ... + c6Q1P2Q1..Q1) Q2 =

aP1Q1.PiQs + csPLQaPr..Qs + c5 Po(Qr... PoQ2 + 7,
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where L(z) < k+1. Using formula (43) and filtration, we obtain that PiQ;...PiQy =
C//P1Q1...P1Q1 +x, Png...PQQQ = C/P1Q1...P1Q1 +$/, where C/, d'= :i:]_, L(Qf) <k+1
and L(z') < k+ 1. One can consider another cases analogously.

O

Using lemma 8, we get the following

Corollary 10. There is a well-defined action of S3 X Zs on the algebra C compatible
with filtration. Thus, Gr'C is a S3 x Zsy - module for any | € N.

The ideal I of the algebra Pr as an intersection of the ideals and the basis of C

In this subsection we show that the ideal I of Pr is an intersection of three more
simple ideals of Pr. This allows us to calculate dimensions of Gr‘C and the basis of
C.

Consider the ideals Iy = (P, Q2), Iy = (P2, Q1) and I3 = (1— P, — P2, 1—Q1—Q2)
of the algebra Pr generated by Py, Qs, Po, Q1 and 1 — Py — Py, 1 — Q1 — ()5 respectively.
It is easy that I, = o1([1) and I3 = o2(3). Quotients C; = Pr/l;,7 = 1,2,3
are isomorphic to free product C*? x C®2. Denote by t; the natural projections:
Pr — C;,5 =1,2,3. It is clear that

gy =Py 001,93 = Yy 0 0y. (44)

Consider the case of I;. We have two algebras C®3 with bases P, P, 1 — P, — P, and
Q1,Q2,1 — Q1 — Q. Define the morphisms C#* — C®? as natural projections with
kernels generated by P, and () respectively. Thus, we can define the morphisms
CP — C, = C®2 % C%2. Using universality of free product, we get the morphism:
P Pr= C® xC® — C; = C®2 x C®2. Note that any element of C%? x C®2
has pre-image under this morphism. Thus, 1 is surjective. One can show that

Kery; = I;. Using analogous arguments, we get that quotients C; are isomorphic to
C%2 x C*2,

Proposition 11. Consider the algebra Pr and the two-sided ideals I = (h), I} =
(P1,Q2), Iy = (P, Q1) and I3 = (1 — P, — P,,1 — Q1 — Q2). Then

IChnlhnl. (45)
Proof. 1t is easy that I C I;,7 = 1,2. Also, one can check that
h=1-0Q1—=Q)(Pi+P)—(1- P — P)(Q1+ Q).
Thus, I C I;. O
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Also, make the following useful remark. Denote by x1,y1, 2,92 and z3, y3 the
generating idempotents of Cy, Cy and Cs respectively. In this case morphism is defined
V1 Pp— 0, Py — 2q,Q1 — y1,Q2 — 0. The morphisms ¥y and 13 are defined by
formula (44). It is clear that there is a natural filtration on C; generated by length
function. It is well known that the following elements z;y;x;..., y;x;y;... form the basis
of C; for i = 1,2,3. Also, dim¢Gr'C; = 2 with the basis consisting of the elements
TilYi-.., Yix;... of length [.

Theorem 12. We have the following identity:

Proof. For simplicity, denote by I1o3 the intersection I; N Iy N I3. Using Proposition
11, we get that there is a surjective morphism: 7 : C — Pr/I123. Note that the ideal
I193 is an S3 X Zs - invariant. This morphism defines the filtration on the algebra
Pr/I93. Also, we have surjective morphism: 7 : Gr Ic - GrlPT’/Ilgg. It is clear

that there is the following factorization of the morphism ;,7 = 1,2, 3:

C b C,
N

PT‘/[123

(47)

Let us prove that dim@GrlPr/[lgg =6 for [ > 3 and dimcGr 2P7’/1'123 = 7. For
this purpose, consider the elements from Proposition 9. Prove that images of this
elements under the morphism 7 are linear independent. Fix [ > 3. Denote by
er = m(PQ2Pr...),e5 = T(PyQ1Ps...),e3 = m(PIQ1Py...), fi = m(QaP1Qs...), fo =
T(Q1PQ1...), f3 = m(Q1P1Q1...). Assume that there is a non-trivial linear combi-
nation aje; + ases + azes + by f1 + ba fa + b3 fz3 = 0 in the vector space GrlPr/Ilgg.
Consider 9| (aye1 + ages + ages + by fi + bafo + b3 f3) = asx1yy... + bayrzy... = 0. Thus,
as = by = 0. Using the action of S3 X Zy, we get that a; =b; =0,i=1,2,3.

The group of symmetries gives us two possibilities: PiQ) — Po,Qo =0, Q1P —
Q2P =0o0r PLQQ1 — Q1P — Py + Q2P in GI'QPT’/]lgg. Direct calculations show
us that there is no element = € [j93 such that L(z) < 2 and part of length 2 is
P,Qy — QP,. Thus, we have a unique possibility: PiQy — Q1P — PoQs + Q2P = 0.

This implies that 7 is an isomorphism. Combining with 11, we get that I =
I193. O

Corollary 13. The agebra C has the following basis:
e an identity element 1, Py, Py, 1, Qo - elements of length 0 and 1 respectively,
o P11, P1Q2, P2Q1, P2Qo, Q1P1, Q1 P, Q2P - elements of length 2
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o P1Q1P1...,Q1P1Q1..., P1Q2P1..., QQPlQQ..., P2Q1P2..., Q1P2Q1... - elements Of
length k for k > 3.

This set is an infinite basis of the algebra C. In particular, the algebra C is infinite-

dimensional.

Corollary 14. Consider the morphisms 1; : C — C;. Thus, KeryyNKeriyyNKerys =
{0}.

Representation theory of the algebra C

In this section we study representation theory of the algebra C. We classify
irreducible C - modules by means of studying the center of C. Also, we the geometric

description

Algebras S,,a € C*

In this subsection we study the one-dimensional family of commutative subalge-
bras.

Consider the algebra C.

Let us introduce the parameter a = (ag : a;) € P'. Recall that a projective line
P! consists of points with homogenous coordinates (ag : a;). Consider the element
l[agPy — a1Q2, ag Py — a1Q1]. Tt is easy that

lagP1 — a1Q2, ag Py — a1Q1] = —apai ([Pr, Q1] — [P, Q2]) = —apa1[Pr — Q2, Po — Q4].
(48)
If ag,a; # 0 then the ideals ([agP; — a1Q2, ag Py — a1Q1]) and ([P — @2, Py — Q1))
of Pr coincide. Thus, we can consider the family of the algebras S, parameterizing
by P*\ {(0:1),(1:0)} = C* with the coordinate a = o
Fix a € C*. Consider the subalgebra S, C C generated by the elements s; =
P, —a@s and sy = P, — a@)q. It is clear that S, is commutative. Note that S, is
invariant under the action of involution o;. Also, using Proposition 1 in the case
of A =C% and B = C®3 and Theorem 13, we get that the algebra S, is infinite-
dimensional. Also, we have the well-defined action of S3 on the algebra S,. Actually,
this group acts on S, by permutations of the elements: si, 89,81 + s + (a — 1).
Permutation P; <> (); transform subalgebra S, to Si. Thus, if a = +1 we have the
well-defined action of S3 X Zs. ’

Proposition 15. We claim that there is the following identity:

8182(81 + 8o + (CL — 1)) = 0. (49)
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Proof. Let us rewrite this element as follows.

$182(81+ 83— (a—1)) = (P —aQ2)(Py—a@Qq)((PL+ P2) —a(Q1+ Q2) + (a—1)) =

= —a(PiQ1 + Q2 P)((PL + ) — a(Q1 4+ @Q2) + (a — 1)) =

= —a(PiQ1 Py + P.Q1 Py — PiQ1) + a*(Q2PoQ1 + Q2P2Q2 — Q2 Ps).

We have the fOHOWng 1dent1ty Plh(PQ—l) = Pllel +P1Q1P2—P1Q1. Thus, we
get that P1Q1 Py + P1Q1 P — P1Q1 = 0. Analogously, Q2 Q1 + Q2 PQ2 — Q2P = 0.
Consequently, we proved the required statement. O

Proposition 16. Fiz a € C*. Consider the surjective morphism ¢ : C[sy, sa] — S,.
Kernel of ¢ is generated by the element sisa(s1 + se + (a — 1)), i.e. relation (49) is
the unique defining relation of the algebra S,.

Proof. Consider the element h; € Ker¢. Using infinite-dimensionality of S,, we get
that g.c.d.(hy, s152(81 + s2 + (a — 1))) # 1. We have three possibilities:

e hy = sihy for some ho,
e hi = Syhy for some hs,
e hy = (s1+ s2+ (a—1))hy for some hy.

Applying the action of S3, we get that h = s155(s1 + s2 + (@ — 1))k’ for some A'.
O

Consider the family of affine varieties SpecS, = Hom,,(S,, C),a € C*. Note the

following fact:
Corollary 17. We have two cases:

e a # 1, SpecS, is a union of three lines on the plane intersecting in three

different points.

e a =1, SpecS] is a union of three lines on the plane passing through one point.
(Figure 0.3)

Proof. Fix a € C*. Consider the affine variety SpecS,. There is a natural embedding

SpecS, into affine space C? with coordinates sy, s. SpecS, is given by equation (49)
m
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;S1%—fb +»a-—-1 =0

Figure 0.3:

The center of the algebra C

In this subsection we describe the center of the algebra C.

Consider a one-dimensional family of the subalgebras S, C C,a € C*. Denote
by si1(a) = P, — a@Qs and sy(a) = Py — a@ for fixed a € C*. Denote by Z(C) the
center of the algebra C.

Proposition 18. We have the following statements:

o The subalgebras S,, and S,, for any different fized ay,as € C*, a1 # as generate
the algebra C.

o FElements s3(a’) + (a/ —1)s1(a’), s3(a') + (o’ — 1)sa(a’), s1(a’)sa(a’) belong to the

intersection [ \,ccx Sa for any a’ € C*.

o Also, we have the following immersion: ) S. € Z(C).

acC*

Proof. Using expressions for s;(a) as linear combinations of P;, @);, we get the first

statement. Direct calculations give us the following identities:

as(s7(ar) + (a1 — 1)s1(a1)) = a1(s3(az) + (az — 1)s1(a2)), (50)
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as(s3(a1) + (a1 — 1)s2(a1)) = a1(s3(az) + (az — 1)sa(a2)), (51)

assi(ar)sa(ar) = aysi(ag)sz(az), (52)

for any ay,as € C*. This proves the second statement. In particular, we get that
Noccr Sa = Say N Sa, for any ay,a; € C*,a; # a. Consider x € S, N S,,. Thus,
x commutes with s;(a;),i = 1,2,7 = 1,2. Using the first statement, we get that
xz € Z(C). O

Proposition 19. Fiz a € C*. Any element of the center Z(C) can be expressed as
the sum fi(t1) + fa(t2) + f3(ts) , where f; € Clz] and

g, = s3@) + (a=Dss(a) + si(@)sa(a) |, _ si(a) + (a = D)si(a) + s1(a)sa(a)
ty = s1(a)sz(a)
’ (53)

Proof. Consider the morphisms ¢; : C — C;,1 = 1, 2,3 from Subsection . It is easy
that 1;(Z(C)) C Z(C;),i = 1,2,3, where Z(C;) are the center of the algebra C; for
i =1,2,3. Let us prove that z € Z(C) iff ¢;(x) € Z(C;) for i = 1,2,3. It is easy that
necessity is evident.

Recall that z;,y; are generators of C;,7 = 1,2, 3. It is well known that the center
of C; is generated by the element 0; = z;y; + y;x; — x; — y; for any ¢ = 1,2,3 (cf. []).

Fix a € C*. Consider the element
(54)

It is clear that ;(t3) = 0,7 = 1,2 and 3(t3) = 05. Recall that there is an action
of S3 X Zy on C. It is easy that this group preserves the center Z(C). Considering
different elements of type o(t3),0 € S3, we can find the elements ¢;,7 = 1,2 such
that ¢;(t;) = 0 if i # j and ¢;(t;) = 0;,7 = 1, 2. Direct calculations show us that
_s3(a) + (a — 1)sa(a) + s1(a)s2(a) _st(a) + (a = 1)si(a) + si(a)s2(a)

7t2:
a a

t =

(55)

Assume that ;(x) € Z(C;),i = 1,2,3. We have the following formulas for
Yi(x): Yi(x) = fi(6;),i = 1,2,3 for some polynomial f; € Clz]. Consider the
element z = fi(t1) + fa(t2) + f5(t3) € Z(C). Then we have the following formulas:
Vi(z) = Yi(x) = fi(0;),i = 1,2,3. Thus, x — z € Keryy N Keryy N Kerys. As we
know from Corollary 14, Kery; N Keryy N Kerys = {0}. Hence, z = 2. O

Note that it is more convenient to choose ¢; by formulas (54) and (55), because

the expressions of ¢; in terms of F;, (); are independent of a.
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Corollary 20. We have the following relations:
tltg - t2t3 == tgtl == 0 (56)

Moreover, these elements tity, tots, tst1 generate the kernel of the natural morphism:
C[tl, tg, tg] — Z(C)

Proof. Prove that t1ty = 0. It is easy that ¢;(t;ts) = 0,7 = 1,2,3. Thus, t;ts = 0.
Analogously, t;t; = 0 for i # j.

Further, consider some h(ty,t,t3) = 0. Since t;t; = 0 for i # j, we can write h
as the sum hy(t1) + ha(t2) + hs(ts), where h; € C[z]. Using the morphisms v;, we
get that h; = 0. [

As we know, there is the action of S3 on Z(C) by permutations of ¢;.

Calculating SpecZ(C) = Homyg,,(Z(C), C) we get the following corollary:

Corollary 21. The affine variety SpecZ(C) is a union of three lines in the three-

dimensional space passing through one point.

The group S5 acts on SpecZ(C) by permutations of lines.

Let us make the remark about the application of the center Z(C) in quantum
mechanics. As we know, we can consider a quantum-mechanical system corresponding
to algebra C. In this case the elements of the center Z(C) play the role of conservation
laws of the system. It means that if we decompose our quantum-mechanical system
into the direct sum of finite-dimensional irreducible subsystems, then elements of
Z(C) are constants in these subsystems. Conversely, the characters of Z(C) give us
decomposition of the quantum-mechanical system into the direct sum of irreducible
subsystems. We will discuss it in the next subsection 77.

Fix a € C*. Consider the natural morphism of affine varieties: p, : SpecS, —
SpecZ(C). Since Z(C) — S, is an immersion, the morphism p, is dominant. Denote
by L;,i = 1, 2,3 the components of SpecS, given by the equations: s; =0, s, = 0,
s1+ 89+ (@ — 1) = 0 respectively. Recall that we have the action of S3 on the affine
variety SpecS,. Consider the involutions 7;,7 = 1,2, 3 of S5 defined by the formulas:

Ty 181> 81,82 = —(a—1) — $1 — s9,
7'2281'—>—<a—1)—81—82,82'—>82,

T3 © 81 <7 So.

It is easy that 7;(L;) = L;,i = 1,2,3. Denote by [; the components of SpecZ(C)
given by the equations: ¢t; =0, t, =0 and t3 =0

Proposition 22. Fix a € C*. We have the following statements:

e p.(L;) =l; and restriction of p, onto L; has degree 2.
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® Dalr, ©T; = pa, and hence, L;/T; = I

o Consider points x; € L; such that 7;(x;) = x;. Then z; = (0, —% N
(—%1,0),:@ = (0,0). Thus, mmiﬁcatz’on divisors of the restriction p, onto
Li,i=1,2,3 are the points (— (“ D% 0 ,0), (O,—(”;al) ,0) and (0,0, —%) of
SpecZ(C) respectively.

p~1(0,0,0) = {(0,0), (0,1 —a),(1 —a,0)}.

Proof. Consider the case of L;. Points of Ly has coordinates (0 x) in coordinates

T +ax

s1, S2. Restriction of p, onto L; is given by the rule: (0,z) — Direct checking

and the action of S3 prove the proposition. m
Remark the following corollary:
Corollary 23. e [fa =1 then ramification divisor is (0,0,0)

e if a = 1, then the morphism p, provides the isomorphism of the varieties

SpecS,/Zs and SpecZ(C), where the involution acts by the formula: x — —x.

e if a = —1 then ramification divisor is the set {(1,0,0),(0,1,0),(0,0,1)}.

Properties of C-modules

In this subsection we describe properties of finite-dimensional C-modules. In
particular, we give the description of irreducible C-modules.

Firstly, consider the set of so-called characters, i.e. one-dimensional C-modules.
Recall that we calculated this set in Section Fix a € C*. As we know from Section ,

any element z € C can be expressed as
amx = s+ Q18" + Q5" 5,5 ,5" € 9,. (57)

Consider algebra C as algebra with generators s;,2 = 1,2 and @);,7 = 1,2. In
style of section we have the following formulas for P;: P, = s1 + aQs, Po = so + aQ);.
Using orthogonality of P;, we get the following formulas:

(s1+ aQ2)(s2+a@Q1) =0, (s2 + aQ1)(s1 + aQs) =
Thus, we deduce the following identities:
5159 + GQQSQ + CLSlQl = 0, S92851 + CLQ181 + CLSQQQ = 0. (58)

Also, we have the formulas: (s; + aQ2)? = 51 + a@Qy and (s + aQ1)? = s + aQ;.

Therefore, we get the following identities:

a(Q152+ 52Q1) = 52— 5‘3 +(a— GQ)Ql, a(Q251 4+ 51Q2) = 51— 3% + (a — GQ)Q2- (59)
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Thus, we can consider the algebra C as unital algebra with generators (01, @2, 1, S2
satisfying relations: Q7 = Q;,i = 1,2, Q;Q; = 0if i # j, s189 = S251 and relations
(49), (58) and (59).

Multiplying the element aQsss by (s1 + (a — 1)) from the left side, we get that

(s1+ (a—1))aQass = —(s1+ (a — 1))as;Q1 — (s1 + (a — 1))s152

from relations (58). Recall that the element (s; 4 (a— 1))s; is central. Using relation
(59), we obtain that

as1Q252 + (a — 1)aQass = —aQ)as152 + (51 — S%)32 + (a — GQ)Q282 + (@ — 1)aQ2s;
= —aQ(s1+ (a—1))s1 — (51 + (@ — 1))s150.
Finally, we have that
5189 — Q25152 + Q1(s1 + (@ — 1))s; = 0. (60)

Using symmetries, we get that

(Qus1 — Qas2)((a— 1) + 51+ 52) =0 (61)
and
—S51S2 + lelsg — QQSQ((G — 1) -+ 52) =0. (62)

Let us define the singular characters. We will say that y is singular if x €
{(0,0),(1 —a,0),(0,1 —a)}, i.e. correspond to singular points of the variety SpecsS,,.

Further, prove the following proposition:

Proposition 24. Fiz a # +1. Consider the character x € SpecS,. Denote by CX

the one-dimensional S,-module corresponding to x. We have the following statements:
e if x is not singular, then dimcC ®g, CX = 2,
o if x s singular, then dimcC ®g, CX = 3.

Proof. Let v be a vector such that s;uv = x(s;)v. It is well known that generators of
the C - module C ®g, CX are the vectors 1 ® v, )1 ® v and ()2 ® v. Tensoring the
identity (60) by v, we get the following identity:

5251 @V — Q15152 Qv+ Q2((a — 1)+ 51)51 Q@ v =

= X(5152) - 1 ®v—x(s152) - Q1 @ v+ ((@a—1) + x(51))x(51) - Q2 ®v = 0.

This expression is trivial iff x(s1)x(s2) = 0,x(s1)(x(s1) + (a — 1)) = 0, i.e. x
corresponds to line s; = 0 and the point s; = —(a — 1),s2 = 0. Applying the
group of symmetry, we get that (60), (61) and (62) are trivial linear combinations iff
x € {(0,0),(1 —a,0),(0,1 —a)}. O
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Consider the C-module . Denote by Char(W) the set of characters xy € SpecS,,
such that there exists an immersion: CX — W as S,-modules.

Recall that there are three involutions 7;,7 = 1,2, 3 acting on L; C SpecS,.

Proposition 25. Consider C-module W. Assume that x € Char(W), x € L; Then
7;(x) € Char(W).

Proof. Assume that x € L;. Thus, x(s1) =0, x(s2) = z and s21 ® v = x(s2)1 ® v.
Using relation (61), we get that Qs ® v = 0. Let us calculate s9Q ®v. Using relation
(59), we obtain that

ZL’—(L’2

591 @V +2Q1 Qv = l@v+ (1 —a)@Q ®v.

Thus, $5Q1 ®@v=(—(a—1)—2)Q1 v+ %ﬂl ® v. Similar arguments give us that

81Q1 XK v = 0.

Therefore, the operator sy acting on two-dimensional space generated by 1®v, Q1 ®v
has two eigenvalues = and —(a — 1) — 2 = 71((0, )). Analogously, one can prove the
rest. 0

Corollary 26. If a = 1 then the character is singular iff x = (0,0). Thus, we get
that

e if x =(0,0), then dim¢C ®g, CX = 3,

e if x #(0,0) then dimcC ®g, CX = 2.

Further, we classify irreducible C-modules.
Proposition 27. Consider the irreducible C-module W .

o Assume that x € L; C SpecS, is not singular, 7;,(x) # x and x € Char(W).

We have the following isomorphism of C - modules:

W = C®g CXC®y, CW, (63)

o Ifa # +£1 and x is singular. Then C ®g, CX is a non-trivial extension of

one-dimensional C-modules.

o [fa+#+1, x € L; C SpecS, and 1;(x) = x. In this case C ®g, CX is irreducible
C-module. If a = —1, x € L; C SpecS, and 7;(x) = x. In this case C ®g, CX is
a sum of one-dimensional C-modules. Ifa =1, x € L; C SpecS, and 7;(x) = x
then x is singular and x = (0,0).
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Proof. If x € L; is not singular and 7;(x) # x, then Char(W) = {x,7(x)} and
dimcW > 2. Also, C ®g, CX has dimension 2 and we have a non-trivial morphism
C ®g, CX — W. Since W is irreducible, we get that W = C ®g, CX. First statement
is proved.

Consider x = (0,0) € SpecS,. In this situation, we get that s;1 ® v = 0,
51Q1®v = 0and 51Q:®v = (1—a)Qa®v for 51; 551®@v = 0, 55Q:Rv = (1—a)Q1®v
and 5,2 ®v = 0 for element s,. It is easy that Q;1®v = Q;®v, Q;Q;®v = 0;;Q); @V
for 7,7 = 1,2. One can check that there is a two-dimensional submodule Wy of
C ®g, CX generated by the images of );,s;,7 = 1,2. But there is no additional
one-dimensional submodule W; of C ®g, CX such that Wy & W; = C ®g, CX.

Analogous arguments and direct calculations prove the rest. O
Corollary 28. We have the following list of irreducible C-modules:
e 9 one-dimensional modules from Proposition 3.

e C ®g, CX if x is not singular. Note that if x € L; C SpecS, then C ®g,
CX = C ®g, CY) . It means that two-dimensional irreducible C - modules

corresponding to L; are parameterized by the quotient L;/7; = 1;.

Consider the algebra C. Recall that we have the morphisms: ; : C — C; from
subsection . It is easy that one can get the irreducible C-modules as irreducible

C;,-modules by means of applying ;. Formulate the following corollary:

Corollary 29. For any irreducible C-module V' there is a number ¢ such that V' can

be obtained from some C;-module V; by means of applying ;.

Algebras Cy,V € SpecZ(C)

In this subsection we study the quotient of the algebra C by the ideal generated
by the relations: z — ¥(z) - 1,z € Z(C) for fixed character ¥ € SpecZ(C).

We can consider the algebra C as an algebra over its center Z(C). Denote
by Irr(C) the set of irreducible C-modules. It is well known that there is a map:
p: Irr(C) — SpecZ(C) defined as follows. Fix an irreducible C-module V. We can
consider this module as Z(C)-module. By Schur’s lemma, V' as Z(C) - module is a
direct sum of dim¢V copies of C? for some character 1 € SpecZ(C). The map p is
defined by rule: V +— 4.

Fix the character ¥ € SpecZ(C). Consider the algebra Cy the quotient of C
by the ideal generated by relations z — 9J(z) - 1,z € Z(C). Irreducible C-modules
corresponding to v are irreducible Cy-modules. Since Z(C) is a subalgebra of C, C is

a Z(C) - module. It is easy that a Cy as vector space is isomorphic to C ®z(c) C?.

Proposition 30. Fiz the character ¥ € SpecZ(C). Then we have the following

identities for dimensions:
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e if YV =(0,0,0) then dimcCy =9,
e if V) #(0,0,0) then dimcCy = 4.

Proof. Recall that the fiber of the morphism p, over (0,0, 0) consists of three singular
characters. Then we deduce that an S,-module S, ®zc) CY for ¥ = (0,0,0) is three-
dimensional and is isomorphic to the direct sum € CX, where the sum is taken over

singular characters of S,. Actually, in this case, we have the following isomorphism:
C ®s, Sa®z(c) C" = @HC s, CX, (64)

the sum is taken over singular characters of S,. Using Proposition 24, we get that
dimcC ®g, CX = 3 and, hence, C ®z(c) C? =0.

Assume that ¥ € [; C SpecZ(C) is not in the ramification divisor of p, and
¥ # (0,0,0). In this situation one can show that S, - module S, ®z() C? is
isomorphic to the direct sum CX @& C#®), where x € L; and p,(x) = 9. Thus, we
obtain that C ®z(c) C’ = C®s, CXP C®s, C#). Using Proposition 24, we get that
dim¢C &z(c) C? = 4.

Assume that 9 is in the ramification divisor of p,. Choose a’ such that ¢ is not

in the ramification divisor of p,, and apply arguments of the previous case. O
Prove the following structure theorem for the algebra Cy for various 9 € SpecZ(C):
Theorem 31. Consider the algebra Cy. We have the following statements:
e if ¥ ¢ {(0,0,0),(—1,0,0),(0,—1,0),(0,0,—1)}, then Cy = Mats(C),

e if e {(-1,0,0),(0,—1,0),(0,0,—1)}, then the algebra Cy has

a two-dimensional radical J,
e if 9 =1(0,0,0), then the algebra Cy has a 6-dimensional radical.

Proof. Let 9 = (0,0,z),x # 0. In this case the algebra Cy is a quotient of C by the
ideal generated by the relation t3 = 1. One can rewrite this relation as syss —az - 1.
It can be shown that the algebra Cy has the following basis 1, s1, (1, @151 with the
relations: s? + (a —1)s; +az =0 and $.Q; + Q151 —s1 + (1 —a)Q, +x+1—a = 0.
It is clear that there is 2-dimensional commutative subalgebra & of Cy generated by
s1. Fix character X of S. Tt is easy that A(s1)? + (a — 1)A(s1) + 2 = 0. Denote by
v the generator of the 1-dimensional S-module C* corresponding to the character
\. Consider Cy-module Cy ®s C*. This module is 2-dimensional and has the basis
1 ®wv and @1 ® v. Thus, we have the homomorphism: Cy — Maty(C) given by the

o ()\(031) Asy) —z—1 —|—a> o (0 0) (65)

formula:
—A(s1)+1—a 11
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Prove that if  # —1 then this homomorphism is isomorphism. It is sufficient to
prove that Cy-module Cy ®g C* is irreducible. Assume that there exists a non-trivial
Cy - invariant subspace of Cy ®s C*. It is clear that this subspace is the kernel of
the matrix corresponding to )1 or the image of this matrix. Direct checking shows
us that this subspace exists iff z = —1.

Assume that = —1. Consider the element h = a+s; — (a+1)@;. One can check
that h? = 0. Consider the two-sided ideal .J of Cy generated by h. Direct calculations
show us that this ideal consists of two elements h and (s; — 1)@Q;. One can show that
J? = 0. Tt means that J is a radical of Cy and the quotient Cy/J = C & C. Using
symmetry, we get the first and second statements.

Assume that ¥ = (0,0,0) and a # 1. In this case the algebra Cy is 9 - dimensional
and has the basis: 1, sy, 89, Q1, $1Q1, $2Q1, Q2, $1Q)2, $2Q)> and the relations s =
0,824 (a—1)s; = 0,55+ (a—1)sy = 0, (58) and (59). One can rewrite these relations
as follows

$1Q1 + Q282 = 0, Q151 + $2Q2 = 0, (66)

Q182 + 5901 = 59+ (1 — a)Q1, Q251 + $1Q2 = 51 + (1 — a)Qs. (67)

Consider the elements h; = 51 + (a — 1)Q2, hy = $3 + (a — 1)Q1. Denote by J’ the
two-sided ideal of Cy generated by hq, ho. One can calculate that h% = h% = hihy, = 0.
Also, sohy = (a — 1)s9Q2. Using relations, we obtain that soQ252Q2 = —$951Q1Q2 =
0. Analogously, elements s;Q1,s1(1 — Q2),s2(1 — Q1) € J' are nilpotent. It can
be shown that J’ is a radical of Cy and Cy/J = CH C @ C. In the case a = 1,
denote by J’ the ideal generated by s, s3. Direct calculations show us that J' is a
6-dimensional radical and Cy/J' = C & C & C. O

Corollary 32. Dimension of any irreducible C - module is less than 2. Two-

dimensional irreducible C - modules are parameterized by the open dense subset

U = SpecZ(C) \ {(0,0,0), (—1,0,0), (0, —1,0), (0,0, —1)}

Representation of C corresponding to a mutually unbiased basis in dimension 7

We constructed the morphism C — B 1 (I'77) in Subsection . Also, recall that any
non-trivial 7-dimensional representation of B 1 B(I'77) defines an orthogonal pair in a
Lie algebra [4]. In this subsection we study a pullback of a non-trivial 7-dimensional
representation of Bi (T77).

Consider the algebra B% (I'z7) with generators py, ..., p7 and ¢y, ..., ¢7. Consider
the ideal I generated by [p1 + p2, ¢1 + g2] — [Ps + P4, g3 + qu]. Recall that we have the
homomorphism 7 : C — B%(Fm) defined by rule: Py — py + pa, Py — p3 + ps, Q1 —
1+ g2, Q2 — g3+ q4. Using arguments of the filtration on C and the basis of B% (T'77)

described in [3], we get the following proposition:
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Proposition 33. The morphism i is injective.

Denote by p the 7-dimensional B%(Fm) - representation. Using the relation

Trpiq; = %, we get the following values for the characters for a pullback of p:

character | dim | P, | P | Q1 | Q2 | P1Q1 | PiQs | P,Q, | P2Qo

4 4 4 4

Firstly, let us calculate the traces of the elements

PlvP?levQQaplQhPlQZaPZQlaP?QQ

in the various irreducible C-modules. 9 one-dimensional C-modules. We have the

following list:

character | dim | Py | P> | Q1 | Q2 | PIQ:1 | P1Q2 | P2Q1 | Qo
X1 1 0O 10 |0 0 0 0 0 0
X2 1 1 0 |0 0 0 0 0 0
X3 1 0 1 0 0 0 0 0 0
X4 1 0 |0 1 0 0 0 0 0
X5 1 0O 10 |0 1 0 0 0 0
o 11 lo 1 o |1 0 0 0
- 1 11 ]o o |1 |0 1 0 o
e 1 o1 ]1 o |o 0 1 0
X9 1 0 1 0 1 0 0 0 1

Secondly, consider two-dimensional C-modules. As we know, these modules are
parameterized by SpecZ(C), i.e. the points of type (z,0,0),(0,z,0),(0,0,z),x #
0,—1. We get the following list:

character | dim | P, | Po | Q1 | Q2 | PiQ1 | PiQ> | P2Q1 | PQ»
X (2,0,0) 2 O |1 |1 [0 |0 xr+1(0 0
X(0,4,0) 2 1 10 |0 1 10 0 y+1]0
X(0,0,2) 2 1 |1 |1 |1 |—= l+z|14+2z|—2

Actually, consider the representation of C corresponding to the point (0,0, ).
In this case t3 = x. Thus, t3 = —P,QQ; — Q2P = x - 1. Calculating the trace,
we get that —Tr(P Q1 + Q2FP2) = 2x. Further, in this representation we have the
following identities: P, =1 — P, Q2 = 1 — Q1. Thus, —2TrP;(); = 2x and hence,
TrPQ = —x.

Recall the notion Jordan-Holder composite factors and its property in representa-

tion theory. Consider the unital associative algebra A. We say that an A-module V'
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has Jordan-Holder composite factors (briefly, composite factors) Wry,..., Wy if there

exists a sequence of A-submodules of the following type:
O=MyC My CM,...CM, 1 CM,=V (68)

and the quotients W; = M;/M;_1,i =1, ..., s are irreducible A-modules. It is known
that the set of composite factors for any A-module is unique up to permutations.
Let us denote by gr(V') the direct sum W; & ... & W for an A-module V with the
composite factors Wi,...,W,. Two n-dimensional A-modules V; and V5 have the same
characters iff gr(V}) = gr(Vs).

Consider C - module V' corresponding to p. Find Jordan-Holder factors of V. For

this purpose, we must find numbers m;,7 = 1, ...,9;nq, n9, n3 € Ny such that:

9

X = Z M Xi + N1X(2,0,0) T 72X (0,2,0) T M3X(0,0,2)- (69)
i1

For any set my, ..., mg; ny, ng, ng satisfying (69), we get that C - module has m; factors
isomorphic to a 1-dimensional C-module x;,7 = 1,...,9 and n; factors isomorphic to

the corresponding irreducible two-dimensional C-module.
Proposition 34. The C-module V' has the following Jordan-Holder composite factors:
o A one-dimensional module corresponding to x1,
o A two-dimensional factor corresponding to (—g,0,0),
e A two-dimensional factor corresponding to (0,—2,0),
e A two-dimensional factor corresponding to (0,0, —‘—;).

Proof. Direct calculations prove this proposition. O

Consider C-module V. Fix a € C*.

Prove that these composite factors are direct summands of V.

Proposition 35. Denote by Vi, Vi, Vo, V3 the C-modules corresponding to Jordan-
Holder factors of V' in the proposition 34. Then we have the following isomorphism:

VeteVieV,a Vs (70)

Proof. Fix a € C*. Consider C - module V' as S,-module. Recall that we denote
by Char(V') the characters A € SpecS, such that there exists an immersion of

S,-modules: C* — V. In this case we have the following decomposition of V:

v= & c (71)

A€Char(V)
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One can prove that Char(V') consists of 7 different points of SpecS,. The set Char(V')
divides into subsets as follows: Char(V) = AgU (Ay, 71(N)) U (g, T2(A2)) U (A3, T3(A3)),
where ) is a character corresponding to the point (0,0) € SpecS,, 7; are involutions
acting on components L; C SpecS,. C-module C* is isomorphic to V;. One can
check that C-module C ®g, C,i = 1,2,3 are irreducible and isomorphic to the
factors V;,i = 1,2,3 respectively. Thus, we have the immersions of C-modules:

V; = C ®g, C* — V. Using standard arguments, we get that
V=1oVioVols (72)

]
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Entropic Inequalities for Matrix Elements of Rotation Group

Irreducible Representations

V. L. Man’ko!, L. A. Markovich 2 3 4

Abstract

Using the entropic inequalities for Shannon and Tsallis entropies new
inequalities for some classical polynomials are obtained. To this end, an
invertible mapping for the irreducible unitary representation of groups SU(2)
and SU(1,1) like Jacoby polynomials and Gauss’ hypergeometric functions,

respectively, are used.

Introduction

It is known that matrix elements of some irreducible unitary representation of
compact and noncompact groups can be represented in terms of special functions,
e.g. Jacobi and Legendre polynomials [1]. What’s more, any unitary matrix can
be associated with a bistochastic matrix. The sums of elements of the bistochastic
matrices both in columns and rows are equal to one. Hence, it is possible to use the
elements of such matrices as probabilities. Symmetry properties provide possibilities
to connect the representation aspects of groups and algebras with properties of
special functions (see e.g. [2-5]).

The Shanon entropy characterizes the probability distribution of the random
variable which appears as a result of experiment with finite number of outcomes.
For two random variables the joint probability distribution can be obtained. The
distribution is connected with N = N; - Ny outcomes, where for the first random
variable we have IV results and for the second random variable N; results. According
to the Sklar’s theorem [6] the joint distribution function and dependence between two
random variables determine two marginal distribution functions. For the latter three
distributions the Shannon entropies can be calculated. They satisfy the inequality
called the subadditivity condition [7]. The entropic inequalities for bipartite systems
were used in [8,9] in the framework of the tomographic probability representation
of quantum mechanics to characterize two degrees of quantum correlations in the

systems. For the systems without subsystems the latter inequalities were introduced

'P.N.Lebedev Physical Institute, Russian Academy of Sciences
2Moscow Institute of Physics and Technology

3Institute for Information Transmission Problems

4V.A Trapeznikov Institute of Control Sciences

100



in [10]. However we can apply the subadditivity condition in all cases, where the set
of nonnegative numbers or functions is arisen and the sum of numbers or functions
equals to unity. For the Li subgroups like SU(2) and SU(1,1) the unitary irreducible
representations are well known [1]. For example, they can be represented in terms
of Jacobi, Legendre and Gauss’ hypergeometric polynomials, etc. Therefore, we
can write some new inequalities for the latter polynomials. The inequalities for the
Jacobi and Legendre polynomials in case of the system with the spin j = 3/2 are
introduced in [11].

It turns out, that many well-known special functions and classical polynomial
families associated with the irreducible representations of the semisimple groups
provide new properties under some transformations. For example, the continuous
g-Hermite polynomials present some new transformation properties with respect
to the Fourier integral transform in [12]. Moreover, the new properties of ¢ '-
Hermite polynomials, useful for finite signal analysis are investigated in [13-15]. The
properties of the special functions connected with the matrix elements of the group

irreducible representations and Clebsch-Gordan coefficients were studied in [16-20].

The aim of our work is to consider the unitary matrices connected with the
irreducible representation of the SU(2) and SU(1, 1) groups and to construct the
new inequalities for such special functions as Jacobi and Gauss’ hypergeometric
polynomials from the entropic inequalities. To this end, the invertible mapping of
indices proposed in [21,22] is used.

The paper is organized as follows. In Sec. the invertible mapping for the finite
groups is introduced. In Sec. we use the latter mapping and the subadditivity
condition for the Shannon entropy to write the new inequalities for the Jacobi
polynomials which represent the elements of the SU(2)-group. The results are
illustrated on examples of the states with the spins j = 3/2 and j = 2. Section
is dedicated to the use of other invertible mappings and g-entropies to write the
new inequalities for the special functions. In Sec. the invertible mapping for the
infinite groups is obtained. Using the latter results the new inequalities for the Gauss’
hypergeometric polynomials which represent the elements of the SU(1,1)-group are

written in Sec. .

The invertible mapping for the irreducible unitary representation of the
SU(2)-group

Let p1,po, . .., pn be the set of nonnegative number such that chvzl pr=1,pr >0
. The latter numbers can be interpreted as the probability vector ? with N random

components. For the system of qudits with the density matrix p the components of
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the probability vector ' are related to the state tomograms
w(m, u) =< mlupul|m >,

where u is unitary matrix. The vector m = (my, ma,...,my), mg = (—Jjr, —Jr +
1,...,Jx), is the projection of the ji-th spin. The Shannon entropy associated with
the probability vector 7 is determined by

H, = —Zpklnpk.
k

In [11] the special invertible mapping of indices was introduced. Namely, if N is an

even number than it follows

1 < 11, 2<12, ..., N/2<1N/2,
N/24+1 & 21, N/24+2&22, ..., N 2N/2.

Hence, the probabilities are given in the form of the matrix (p;), i = 1,2, [ =

1,2,...,N/2, with components

p1 < P, P2~ P12, .-, DN/2 < DIN/2, (73)

DPN/2+1 < P21, PNj2+2 < P22, ..., DN < Da2n/2.

If N is an odd number than we add a zero component pyy; = 0 to the N-component
vector /. Then we get the (N + 1)-component vector v = (P1,D2, - -« s DNy PN+1)-

Thus, the invertible map of the indices is the following

1 & 11, ..., (N+1)/2e (N+1)/2
(N+1)/241 < 21, ..., N+1a2(N+1)/2

The probabilities are given in the form of the matrix (p;), i =1,2,1=1,2,...,(N +
1)/2 with the components

P1 < P, P2 P2 -, D(N+1)/2 < P1(N+1)/2; (74)
D(N+1)/241 < P21, -,  PN41 < P2(N+1)/2-
Let us introduce the unitary matrix U with the matrix elements w;, i,k =1,2,..., N,

which satisfy the condition S-N | Ju|> = STh, |ua|? = 1. It is known that the latter
n x n matrix can be associated with the bistochastic matrix M, i.e. |us|? = mu.

The sum of numbers both in columns and rows of bistochastic matrices is equal
(k)

to one. Let us fix the second index k and introduce the notation m;, = p; .
Thus, we can map the indices ¢ on the pairs of indices («(i),£(7)), a(i) € {1,2},

() e {1,2,...N/2((N 4+ 1)/2)}, like (73) and (74). Using the latter mapping we

(k) (k)

can rewrite the bistochastic matrix p;” in the form Pai)e)-
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Since p&())g() > 0 and ), ng ¢y = 1 hold, the values p( ())5(1.) can be

considered as probabilities. We can erte the Shannon entropy as

9 N/2((N+1)/2)

= ‘Z Z PU0e M Pa ) (75)

If we fix one of the indices a(7) or £(7) and sum over the unfixed one we can obtain

the analog of the marginal distributions

N/2((N+1)/2)
) ) oy )
PEey( ZP ey Pa@ = D Pathenr (76)
=1

What’s more, we can write two Shannon entropies associated with marginal distribu-
tions (76) as

N/2( (N+1)/2)

Z p lnpglzz))(l) Zpa(z lnp )(2).

It is known that these entropies satisfy the subadditivity condition [7] written in the

form of inequality

Hp(1) + Hyp(2) = H,p(12). (77)

The inequalities for the representation of matrix elements
of the SU(2)-group

In this section we deal with the SU(2)-group which has the following properties

SU(2) = {u- ( _ag 2) |a|2+|b|2_1,},

where det u = 1, a,b € C and the overline denotes complex conjugation. The complex
numbers a,b can be represented using the Euler angels (¢,0,v), -1 < ¢ < m,
0<6<m0<y <Am.

From the representation theory it is known that the SU(2)-group is generated by
J'=0"/2,i € {1,2,3}. Hence, for the matrix elements of the SU(2) the following
parametrization can be used u = ™' ¢7°¢i#7*  For the latter parametrization the

associated D-function of the SU(2) reduces to the Wigner d-function
Dhy(w) = €™Vd)  (0)e™.

It is known that the unitary irreducible representations of the rotation group with
spins (or SU(2) group) are expressed in terms of Jacobi polynomials [1,23]. The

squared modules of the matrix elements are determined by

= 59,0 (P2,0) . (78)

103



where the following notation

(o) = UTmOMTZm)l o (gja)m+m sin (6/2)%

(9)
> G —m)

m’,m

is used. Pg,{ _(6) = P ™™ (005 0) denotes the Jacobi polynomials

Jg—m!

(_1).71(1 —2)7 (1 + z)_b%(l — 2)¥T (1 + 2)b™,

P =

The following relations

d2,a(0) = 2, (0), '+ m=0,m —m >0, (79)
d9) 0) = d¥) _ (@), m +m<0,m —m>0,

A m(®) = ()", (6), m' - m = 0,m —m <0,

dg}m(g) — (_1)m'—md(j7)n,ﬁm(0), m +m<0,m —m<0.

hold [14]. We shall apply the inequalities for probabilities expressed in terms of

Shannon entropies [24] to the matrix elements (78). The point is that one has
@ oI j @ (o] = 0 o] =
‘dm,m(Q)‘ >0and Y5, \dy (0)] = d?’; (9)’ = 1. Thus, the values

m’,m m’,m

J
m=—j

, 2
‘d(j ) (9)‘ can be considered as probabilities. We denote these probabilities as

pfi)m(G) = ’d%?mw) ‘2. We shall use the map of numbers m’ and m onto the numbers
1,2,..., N, N =275 +1 using the following rule —j =1, —j+1=2, ..., j=
N. Thus, we can study the relation which can be obtained by considering the
probability vector 7 = (p1,p2,-..,PN), Where Z]kvzlpk =1, pr > 0 hold. Hence,
similarly to Sec. we can denote the probabilities as m, i,k € {1,2,... N}. Fixing
the index k and mapping the index ¢ onto pairs (a(i), 5(7)) as in (73) or (74) we can

write the entropy (75) of the whole system in terms of m;, = ]3{05“()1) ey 1€

2 N/2((N+1)/2)
~(k) ~(k)
Z Z Paiy (i) 1 Pagi i)
N+1

Z My Inm, = — Z ‘dmm ‘ ln‘

Analogically, the partial entropies #,(1) and #,(2) can be written as

)

~3(0)

nit) == 3 ([0 |

m/=—j
2
)

(6)

m+m

1n(]d£,§'2 |42, 5,
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The subadditivity condition (77) for the matrix from the SU(2)-group is the following

-3(0)
- > (Sﬁi?,m<0>P,£f?,m<9>2+S“3+Nm(@)P“?N <9>2>

m m'+5,m
m'=—j
In (89, P00+ 89, ()P (0)?)-

m'=—j) m'=—)
J J
D S O P O | S S0P, 07
m'=3(1) m'=3(1)

The resulted inequality can be interpreted as the new inequality for the Jacoby
polynomials.

Examples of systems with spins j = 3/2 and j = 2

Let us consider the state with the spin j = 3/2. As an example we take m = 3/2.
Hence, the partial entropies are determined by

4

ﬁ3/2(12) == Z(pt(e) In(p:(9)),

t=1

+p1(0)) In((p3(0) + p1(0))) + (pa(0) + p1(0))
+ (p3(0) + p2(0)) In((p3(0) + p2(0)))

H/2(2) = —((ps(8) + pa(6)) In((ps(8) + pa(6)))
+ (p2(0) + p1(9)) In((p2(0) + p1(9)))),

where we denote

pi(0) = (cos®+1)°/8, po(f) = 3sin*(6/2)(sin*(/2) — 1),
p3(0) = 3(cosf —1)*(cosf+1)/8, pu(f) = —(cosf —1)*/8.
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Then we obtain the subadditivity condition (80).
Analogically, for the state with the spin j = 2 and m = 2 we can write the partial

entropies as

Ha(2) = —((2(0) + £2(0)) In((£2(0) + t1(0)))
+ (£2(0) 4 14(0) + £5(0)) In(t1(0) + t4(0) +15(0))),

where we denote

t1(0) = (cos@+1)/16 t(0) = 4cos(8/2)%(1 — cos(6/2)?),
t3(0) = 3sinf*/8, t,(0) = 4sin(0/2)°(1 — sin(0/2)?),
ts(0) = (cos® —1)*/16.

Hence, we can write the subadditivity condition (80) for the system with the spin
J = 2. The obtained results for various angles /3 are shown in Fig. 0.4 and 0.5. The
sum of the entropies H (1), Hym(2) is shown by the black lines and the entropy of
the whole system H,,(12) by the dotted lines.

Needless to say that the sum of the partial entropies is higher than the entropy
of the whole system. The equality is reached only in the points 5 = {0, 7, 27}.

Examples of other invertible mappings and entropies

Using various invertible mappings we can get many inequalities for the special

functions. To this end, let us introduce the following mapping

111, 2& 12, ooy N1 & Npl,
N1—|—1<:>21, e N < N Ns.
It means that we use the invertible map of natural numbers 1,2,..., N onto pairs

of integers (i,k), i € {1,2,..., N1}, k € {1,2,..., No}. Therefore, using the latter
indices we can write the Shannon entropies as following

Ni Nz

= —ZZpaZ lnp £60)? (80)

a=1 ¢£=1
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— H1((3)+H2(3)
peee HI12(()

17571

1.251 e* e, P

0.75t . . 3

0 1.571 3.142 4.712

Figure 0.4: The left hand side (black line) and the right hand side (dotted line) of
the subadditivity condition (80) for the system with the spin j = 3/2.

N2 Nl
k k k k
Ho(1) = =3 P Mmpll (1), H,2) = p® 2)mp) (2).
5:1 a=1

Needless to say that the latter entropies satisfy the subadditivity condition. Hence,
similarly to Sec. we can use it to write the new inequalities for the special functions.

In [21,22] the following mapping has been introduced. The probability vector
p introduced in Sec. with the components p;, i € {1,2,..., N}, is mapped onto
the table of numbers with three indices I, k € {1,2,..., N1}, j € {1,2,..., Na},
[ € {1,2,...,N3}. Hence, we can consider that the system has three subsystems
with the three random variables and the joint probability distribution describing
the results of measurement of the random variables is related to the nonnegative
numbers. The nonnegative numbers determine the marginal probability distributions.
Hence, we can do the same procedure as in Sec. and write the new inequalities for
the special functions.

However, instead of using the Shannon entropy we can select other entropies, for

example the g-deformed entropies like Tsallis and Rényi [25, 26]

S; = (Zp?—l) /(1 q), Sf=1n<2p§>/(1—q).

These entropies being functions of an extra parameter contain more detailed infor-
mation on properties of density matrices of the qudit states and the qudit subsystem

states. The Tsallis entropy of the bipartite qudit system was shown to satisfy the
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2.6251

1.8751
.................
1.1251

0.751

- * ..
0375 f o .

0 1.571 3.142 4712 6.283

Figure 0.5: The left hand side (black line) and the right hand side (dotted line) of
the subadditivity condition (80) for the system with the spin j = 2.

generalized subadditivity condition [27,28]. This condition is the inequality available
for Tsallis entropy of the bipartite system state and Tsallis entropies of two subsystem

states.

We can write the Tsallis entropies for the mapping obtained in Sec.

N/ N+1
(55

2
Sg(1,2) = Z <p<(xk()i),§(i)>q —1]/(1—-q),

a=1 ¢=1

S o) )

1—¢ 7q(2):

(52, (1 @) 1)

1—g¢q

Next, using the subadditivity of the Tsallis entropy we can write

N N+1 N N+1

7 (55) . 2 " . 2 2 (55) " .
> (pa )(1)> +D (pau‘)@)) —1>) (poc(i)é(i)) :
{:1 a=1 a=1 f:l

Substituting the polynomial (78) in the latter inequality we obtain the new inequality
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for the Jacoby polynomials

-3(0)

3 ( Sﬁ{?,m(ﬁ) ( pg,m(e))2 + Sf,{?%mw) (P,ifflfg,m(@)f ) |

[

m'=—j
~3(0) ' ' 2\ ¢ J _ , 2\
=X (52,0 (P2.0)) + X (s2.0(P.0)7) 2
m/'=—j m/'=1(1)
S (572{2,7,1(9) (P,Sj,{mw))z)q.
m'=—j

Needless to say that we can write the variety of such inequalities using various

mappings and entropies.

The invertible mapping for the irreducible unitary representations
of the SU(1,1)-groups

Let us consider the infinite sets of numbers m’,m € {—j,—j +1,—j +2,...},
m''mée{jj—1,7—2,...}, ', me{0,£1,£2,...} or m',m € {£1/2,£3/2,...}.
We shall use the map of the numbers m’ and m onto the numbers 1,2, ... using the

following rules

—g=1 —54+1=2 —5j+2=3,...
j=1 J7-1=2 j5-2=3,...,

0=1, 1=2, —-1=3, 2=4 -2=5, 3=6, ...,
-1/2=1, 1/2=2, -=-3/2=3, 3/2=4,-5/2=15, 5/2=6,....

Thus, we can consider the probability vector 7 = (p1, D2, D35 - - .), where >0~ pr = 1,
pr > 0 hold.

Let us introduce the diagonal matrix p;» with the elements p(nf)

00
0o ™ 0
P12 = 0 0 (m)

Let us partition the latter matrix into block matrices of the size 2 x 2. Hence, we

can construct two new matrices using the following rules

™ + " 0 0
, 0 "+ pl 0
1 = m m )
0 . S
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[ m 0 2 0 Ps 0
P2 = < 0 (m)>+< 0 (m)>—|—( 0 (m) +...
%) Py Pg
< (m)+p§,m)+pgm)+... 0 )

0 P 4 i b

Hence, the Shannon entropy can be written as

Z P 1 ).

The Shannon entropies for the subsystems are the following

Z p2k+1 + p2k+2) 111(]721;1 + Péklz)
k=0

. (zpml) In (ngﬁl) - (ng?) n (zp;?) |
k=0 k=0 k=0 k=0

What’s more, we can write the subadditivity condition as

- (m) (m)
Z(ka-H +pgk+2) In(pyy iy +p 2k+2 <Z p2k+l) In (Z p2k+l>

k=0

(ng?) n (z pgz:>) o 3 gl
k=0 k=0 k=1

The inequalities for the representation of matrix elements
of the SU(1,1)-group

Let us consider the SU(1, 1)-group which has a representation as the group of

complex matrices

suy=du={ 2"} jap—pp=1t.
b a

where detu =1, a,b € C. The SU(1,1) is generated by J* K', K% K'=i0"/2,i €
{1,2,3}. Unitary irreps of SU(1, 1) have two classes, the discrete and the continuous
series. For the discrete series the spin j = —k/2, k € N and the states |jm > have
the eigenvalues m € {—j,—j+1,—j+2,...} and m € {j,7 — 1,5 — 2,...}. For the
continuous series the spin is j = —1/2+41is, 0 < s < oo and m € {0, +1,£2,...} or
m € {£1/2,£3/2,...}.
If we consider the case of SU(1,1) elements parameterized as in [29]
U — eupﬂ em@ ewﬂ)

0<yv<4m, 0<t<oo, —7m7<p<m.
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For both the discrete and continuous series the D-function is
Diyu(v) = ") (0™,

where bg)m(t) is the Bargmann b-function [30], the analog of the Wigner d-function
(78) in the group SU(1,1). It is connected with the d-function as follows

D) = V(=1 md),,, (i), (82)

For the case when m’ +m > 0, m’ — m > 0 the explicit form of the latter is

v () = N, F, (2(it)), (83)

m/'m=* m'm

where z(it) = (1 — cosit)/2, the normalization factor is

(F(m’ 4+ D0(m! — j)) 1/2
Cim+j54+ 1)T'(m—j)

N/,
and

Fi o (2(it) = (1 — 2(it)) ™+ m/2 (i) (' =m)/2

oFy(—j+m' j+m +1,m —m+1;2(it))

where , F} denotes the Gauss’ hypergeometric function with F7, (z(it)) = F_ /" (2(it)).
For the other three variants of m/, m we use (79).

Let us consider the class of SU(1,1) elements parameterized as in [29,31]
U= eiwgeithe”’Kl,O < <4r,0<t,r < oo.

In this mixed basis the left state belongs to the discrete basis (m’ € {—j, —j+1,—j+
2,...yorm’ €{j,7—1,j —2,...}) and the right state to the continuous basis. The

D-function is the following

Dhyu(v) = "o (e,
The function cfi?m(t) is
ngm@) = Nrj;z’szm’,—im<Z(_t))7 m' 2 _j’
ngm@) = g(j,)n/m(—t), m,§j7

where z(t) = (1 —isinht)/2 and

Nopm = \/izijizsiz’Rzn’m/ﬂ-a

ST, = T(m' — )T/ + 5 +1)/T(m +j+1),

m
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D(j +1 +im)D (=5 )0 (=H5)

R,
mem C(m' — )T (—m/ + 1 +im)

For the continuous series the D-function is

DJ ( ) — zm nplm - (t)eimr,

m/mo

where
) et) = S (TamaF; () = (=0T R _m<z<—t>>>. (84)

The following notation is used

TJ — 2t F(_] + Zm)
mmeogin(r(—j + o —im)/2) T(=m/ — H)T(m/ + 1+ im)’

)

Using the results obtained in Sec. let us write the new inequalities for the Gauss
hypergeometric function. Hereafter, the unitary matrix U with the matrix elements
7 m 18 from the group SU(1,1). If the series is discrete positive the indexes are

m' € {—j,—j+1,—j+2,...} and using (81) we can write

oo

— S (w1l In(

m/=—j+2i+1

oo
- ( |um’,m|2> In ( Z |um’,m|2>
=—j+2t m/=—j+2t
o
- ( |um’,m|2> In ( Z |um’,m|2> Z
7]+21+1 m/=—j+2i+1

- Z |Um’,m|21n’um’,m’2
m/=—j

Y (85)

v

and for the discrete negative series the indexes are m’ € {j,j — 1,7 —2,...} and the

inequality is

o0

- Z ([t | * + |um’+1,m|2) ([t ]+ [t 1, %)

m/=j—2i—1
00 00
_ (Z |um/,m|2> ln( > |um/7m|2>
m/=j—2t m/=j—2t
< 0o
2

0o
|um’,m|2) In ( Z |um’,m|2) >
m'=j—2—1 m'=j—2—1
—00
- Z ‘um/,m‘2 In |um’,m|27
m/=j
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where instead of v/ , we must substitute (82) and (84). For example, if the series
is discrete negative and the matrix elements are defined in (83) we can write the

following inequality for the Gauss’ hypergeometric function

- Z (| m'm mm( )|2+| m—i—lmFT]n-i—lm( )|2>
m/=—j+2i+1
1n(| mmanm( )|2 +| m+1mF7Jn +1m(z)|2>

- ( Y N mm(z)!2>ln< > N mm(z)\2>

m/'=—j+2¢ m/=—j+2t
0 00
- ( Z | m/'m mm(z)|2> In ( Z | m'm mm<z)|2> >
’:—j+2i+1 m/=—j+2i+1

For the continuous series the matrix elements are defined in (84) and the inequalities

are

_Z (e OF 11 (DY I (D1 4 11521 (D)

’—

(5tean)- ()
(5 ) (S er):

m/=1
oo

> = Y e OP W), ()

for the indexes m' € {0, £1,+2,...} and

—00

= Y e O+ 1o (OPY I  (O + 15)y (8)]?)

r—_ 1
m==3

- [ X e (va )

r—_ 1
m==3

~ e e z 9 oF| >
m'=4

o0

> = > e OP M, 0F

m/=—o0

for the indexes m' € {£1/2,£3/2,...}.If we substitute their the polynomials (84)

we also can get the new inequalities for the Gauss’ hypergeometric functions.
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Summary

To conclude we point out the main results of the work. Considering the matrix
elements of the unitary irreducible representations of the groups SU(2) and SU(1,1)
and applying known subadditivity condition for joint probability distributions
constructed from these matrix elements we obtained new inequalities for the Jacobi
and the Gauss’ hypergeometric polynomials. The inequalities correspond to entropic
inequalities for Shannon entropies of bipartite classical systems. The results are
illustrated by the examples of the systems with the spins ;7 = 3/2 and j = 2,
where the Shannon information of the bipartite system is expressed in terms of the
polynomials. It is shown that using another mappings and entropies, i.e. Tsallis

entropy, many other inequalities for the special functions can be written.
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KoHe4dHo-aaanTnBHblie Mepbl Ha baHaxoBbiX NMPOCTPAaHCTBAaXx,

UHBaApuuaHTHblIE OTHOCUTEJIbHO CABUIroB

B. 7K. Cakbaes!

AnHOTaTIUS

Nzyuatorcest Mepbl Ha GaHAXOBBIX IIPOCTPAHCTBAX YUCJOBBIX HOCJIEI0BATEIb-
Hocreit [, 1 < p < 00, ”HBApUAHTHBIC OTHOCUTE/ILHO CABUIOB Ha IIPOU3BOJILHbIE
BEKTODPBI U3 paccMaTpuBaeMoro 6anaxosa mnpocrpaHcTsa. CoryiacHo Teopeme
A. Beilsist e cymiectByer Mmepbl Jlebera Ha GECKOHEUTHOMEPHOM OAHAXOBOM
npocTpancrse. B crarbe ncciesoBan ee KOHEYHO-aJIMTUBHBIN aHAJIOT — HEOT-
puraTesbHas KOHETHO-a[JINTUBHAS Mepa A, oIpejeieHHasi Ha MUHUMAJIbHOM
KOJIBIIE TTOJIMHOXKECTB OECKOHETHOMEDPHOI'0 DAHAXOBA IIPOCTPAHCTBA, COJIEP-
JKAIEM BCe M3MepUMble OECKOHETHOMEDHBIE TPSMOYTOJbHUKH ([IPOU3BE/ICHUST
JUTUH CTOPOH KOTOPBIX CXOJISITCSI), U SIBJISIFOIIAsICST HHBAPUAHTHO OTHOCUTETHHO
CJIBUT'OB Ha IIPOM3BOJIbHBIN BEKTOp OaHaxoBa npocTpaHcTBa. [lokazano, 4yTo
IIOCKOJIBKY I'DYIIIIa C/IBUTOB HA BEKTOPHI IPOCTPAHCTBA [ IUPe IPYIIIBI CIIBUTOB
Ha BEKTOPLI IIPOCTPAHCTBA, [, TIPH ¢ > p, TO MHOXKECTBO Mep Ha IPOCTPAHCTBE
loo, MHBAPUAHTHBIX OTHOCHTEJILHO C/IBUTOB Ha BEKTOPHI U3 l,, BKIIOYAET B
Ce6§1 MHO2KECTBO MEP Ha IIPOCTPpaHCTBe l007 MHBapUaHTHBIX OTHOCUTEJILHO
C/IBUT'OB Ha BEKTOPBI U3 [, KaK coOCTBeHHOE IOaMHOXKecTBO. Kpome Toro,
ITOKA3aHO, YTO IIPUMEHEHUE POIeypbl ponosikenus Kapareonopu-Jlebera
K PaccMaTpuBaeMoil KOHEUHO-aIINTHBHON Mepe Ha mpocTpaHcTse [, (cM. [1])
[IOPOXK/IAET CYETHO-A/JIATUBHYIO Mepy, He COBIAJIAIONLYIO C UCXOIHON KOHETHO-

aIJIMTUBHOI MepOii.

Beenenune

[Tpu uccienoBanuu perennit quddepenragibubIX YPaBHEHUN ¢ TIOMOIBIO YCPE -
HEHUsl CJIydaifHbIX OJIyKIaHui B KOOPIHHATHOM IpocTpaHcTse (eM. [6]) adbdexTns-
HBIM UHCTPYMEHTOM SIBJIAIOTCS. HHBAPUAHTHBIE MEPbI HA KOOPJAMHATHOM IIPOCTPAHCTBE.
Tak, B paborax [3,8| ciiIbHO HENPEPBIBHBIE OHONAPAMETPUYIECKIE MTOJIYTDYIIIBI
oIepaTopoB, paszperraiux 3ajgady Ko g ypaBuenus quddy3un, ypaBHEHUs
JipobHoit udpdysun um ypasaenus [pejauarepa ¢ pa3jimIHbIME FraMUILTOHIAHAMH,
[IOJIy9eHbI [TOCPEJICTBOM YCPEIHEHHs CJIyYailHbIX OJIHOIIapaMEeTPUIECKUX ceMeiicTB
OIIEPATOPOB CABUIA Ha BEKTOPbI KOOPJAMHATHOIO IIPOCTPAHCTBA 110 MepaM UJIH TICEB-

JoMepaM Ha MHO2KECTBE TaKUX OIIepaTOPOB.

'MocKOBCKMIT (PU3MKO-TEXHUIECKHIl HHCTUTYT
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JIJ1st IpUMeHeHus TAKOTO MOJIX0/Ia K OMMCAHUIO perenuii auddepeHmanbHbIx
ypaBHeHui Jyisi QyHKIWHA HA GECKOHETHOMEPHBIX [IPOCTPAHCTBAX BOSHUKAKT 3818~
Ya M3y4YeHusl Mep Ha GECKOHEUHBIX IPOCTPAHCTBAX, HMHBAPHUAHTHBIX OTHOCUTEIHHO
CJIBUTOB H& BEKTOPBI 9TOIO MIPOCTPAHCTBA MJIM OTHOCUTEJHLHO JIDYTUX IPYIII IPeos-
pasosanuit (cm. [10]).

Kak msBectro (cMm. [4]), me cymectByer Mepsl Jlebera na GeCKOHETHOMEPHOM
TOIOJIOTUIECKOM BEKTOPHOM HPOCTPAHCTBE, TO €CTh HE CYIIECTBYET HEHYJIEBOIl
CYETHO-aITATHBHOI 0-KOHETHON MepbI Ha 0-KOJIbIE OOPEIEBCKUX IOIMHOKECTB
6ECKOHETHOMEPHOT'O TOIIOJIOTMIECKOIO BEKTOPHOIO MTPOCTPAHCTBA, MHBAPHAHTHO
OTHOCHTEJIBHO C/IBHTOB Ha BEKTOPBHI 9TOIO MIPOCTPAHCTBA. B CBA3M ¢ 9TUM M3yvasuch
BOIIPOCHI O CYIIECTBOBAHMK Mep Ha OECKOHETHOMEPHBIX TOMOJOTHYECKIX BEKTOPHBIX
IIPOCTPAHCTBAX, MHBAPHAHTHBIX OTHOCHTEJILHO C/IBUra Ha BEKTOPBI U3 HEKOTOPOI'O
MaKCHMAaJIbeoro JOMyCTHMOro HonpocTpancTsa (eM. [5]), o cylecTBoBaHIN NHBA-
PHAHTHBIX Mep, He sABJSoNmxXcs o-Kouednbivu ( [1]), o cymecrBoBanuu mep, He
SIBJISTIONUXCSL CICTHO-a U TUBHBIMHA (cM. [10]).

B HacrosIeli cTaThe paccMaTpPUBALTCA 3a/a9a O CyIeCTBOBAHUU Mep Ha 6ecKo-
HEYHOMEPHBIX OAHAXOBBIX IPOCTPAHCTBAX, MHBAPUAHTHBIX OTHOCUTEJILHO CIIBUTOB
Ha [POM3BOJIbHBINA BEKTOP TOIO IIPOCTPAHCTBA. ByJyT mcciienoBaHbl GaHAXOBBI
npocrpaHcTBa Iy, 1 < p < 00 YHCJIOBBIX [OCJIEI0BATEIBHOCTE; JJIst IIPOCTPAHCTBA
lo B crarbe [10] uccienoBan Kiaace Mep, MHBAPDHAHTHBIX HE TOJBKO OTHOCHTEIHHO
C/[BUIa Ha NPOM3BOJIBHBIN BEKTOD, HO U OTHOCUTEIHHO MPOM3BOJIBHOIO MOBOPOTA
(yHEUTApHOTO TIPE0OpPA3OBAHNS)

JlaHo omrcaHne MHOXKECTBA KOHEUHO-a JINTHBHBIX Mep Ha OaHAXOBBIX [IPOCTPaH-
crBax l,, e 1 < p < 00 U lo, HHBAPUAHTHBIX OTHOCHTEILHO CABUTA HA IIPOH3-
BOJIBHBIX BEKTOD 13 9TOr0 GaHAXOBA IPOCTPAHCTBA, U 33[AHHBIX HA MUHUMAJBHOM
KOJIBIIE, COJEPIKAIIEM COBOKYIHOCTh M3MEPHMBIX HapaJljeJIepUIe/ioB ¢ pebpamu,
HapaJsuIeJIbHBIMU KOOPJIMHATHBIM OCAM (T.e. TaKuX, YTO GECKOHEIHOE IIPOU3BEICHUE
JUIMH X pebep cxomures, cM. Huzke u B |1, 10]). Tlokazano, 4ro MHBApUAHTHBIX
OTHOCHTEJILHO C/JBUra Ha IPOU3BOJIBHBI BEKTOP Mep Ha IIPOoCTpaHcTBe [, 1 < p < 00
GoJibllle, YeM MHBAPHAHTHBIX OTHOCHTEJILHO CJBUTA HA IIPOU3BOJIbHBIA BEKTOD Mep Ha
IIPOCTPAHCTBE o, HO0 3HAYEHNS HHBAPUAHTHBIX MEP Ha HEIlYCTHIX MHOXKECTBAX TOYEK
IIPOCTPAHCTBA, 3aKJIIOUCHHBIX B U3MEPUMBIX TTaPAJUICJICIIAIE/IaX, CBA3aHHBIX CJABUTOM
H& BEKTOP U3 oo \lp, JOJIKHBI COBIAJIATH JJIS MEp Ha IIPOCTPAHCTBE lo, U HUKAK HE
CBSI3AHDI JIJIs MEP Ha IPOCTPAHCTBE [,. B 3aK/I04nTe/IbHOI 9acTH CTATHH IPOAHAII3H-
POBAHBI IEPCIEKTHBbI IPUMEHEHHsI [IPOIIE/LYPbI HPOJIOZKEHUST KOHETHO-a I TUBHOI
MepBbI, 33/[AHHOIN Ha KOJIbIIE, TIOPOXK/ICHHON N3MEPUMBIMU ITaPAJIIeJICIIUIIeaMu, JI0
CUeTHO-a I IUTUBHOI Mepbl 110 cxeme Kapareonopu-Jlebera (cm. [1]). YeranosieHo,
9TO Ha IPOCTPAHCTBAX l,, p € [1,4+00) Takoe MPOJO/IKEHHE [OPOXK/IAeT Mepy, He
COBIIA/IAIONIYIO C UCXOJHOM MepOoii Ha H3MEPUMBIX [apaJliesienuie/ax, u papuyo 0 Ha

BCeX MHOXKeCTBaX, I'/le UCXO/[Had KOHECYHO-a/JJJUTHUBHad Mepa IIPpUHUMacT KOHCYHbIE
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3Ha4YCeHu .

VInBapnaHTHbIE MepbI HAa MPOCTPAHCTBE lq

Kak u B craTne 1], onpenesmm Ha mpocTpancTBe otobpaxkennit N — R, cHab-
JKEHHOM CyTIPEMYM-HOPMO# JIMOO TOTOJ/IOTHEH TOTOYEYHON CXOMMOCTH, CEMENCTBO

MHOXKeCTB B Buza
Hop={r€lsx: VjeNz; € (a;,b)}, a,b€ l.

Brecy cumBoi (aj, bj) O3HATAET OrpAHMYEHHBI IPOMEKYTOK C KOHIIAMHE @; 1 b;
npu yenosuu a; < b; (ecin a; = b;, To npecrasisomuii coboit mbo oHOTOUEUETHOE,
6o MyCTOE MHOYKECTBO); U IIyCTOe MHOXKECTBO IIpH yciaoBuu a; > bj. (Tomosmorn-
JeCcKOoe BEKTOPHOE MpoCTpaHcTBO oTobpaskenuit N — R, cHaOKeHHOe TOIOJIOTueii
[IOTOYETHON CXOIMMOCTH 0003HAYAECTCA CUMBOJIOM R a JuHeiiHoe HOPMUPOBAHHOE

npocrpancTBo orobpaxkenuit x : N — R makux, uro sup |z(n)| < oo, cHabxkeHHOE
nelN

CYIPEMYM-HOPMOIT — CHMBOJIOM [, ).

Mmnoxecrsa Buza I1, , Tpu mpousBoJIbHEIX @, b € o, yZIOBIETBOPAIOMINX YCIOBAM,
gro a; < b; V j € N, Oynem naspiBarh Opycamu; opyc Il,;, aBigerca mycTeiM
MHOXKecTBOM, ecin 3j € N & (a;,b;) = ©.

Crenyst mojxomy u3 pabotrsl (1], maaum ciesyroriee onpeieeHne n3MepuMOCTH
opyca.

Onpegesienne 1. Bynem naseBats 6pyc 11, , € B u3MepuMbiM, ecyin BBIIOIHA-

eTcs yCJIOBUE

Zln(bj —a;) € [—00,+00), (1)

IJle CyMMa psija CIUTAeTCss paBHOW —o0 ecju XOTsl Obl OJINH YJIEH Psijla UMeeT
3HAYEHUE —O00.

CumBosioM P 0003HAYNM COBOKYITHOCTH M3MEPUMbBIX OPYCOB.

B pabore [10] pacemarpuBaercst 6oJiee cuibhoe, YeM (1), ycaoBue u3aMepumo-
ctu Opyca, CBI3aHHOE ¢ TPeDOBAHHEM HE3aBHUCUMOCTU CBOWCTBA M3MEPUMOCTH OT
U3MEHEHUs MTOPsIIKa KOO/ IMHAT.

Onpegnesienne 2. Bynem naszsBaTh 6pyc 11, € B aOCOMIOTHO H3MEPUMBIM, €CIIH

pAL

Z max{0, In(b; — a;)} (2)

CXOJTUTCA.
Cumsosiom Q 0603HAYUM COBOKYITHOCTH a0COJIIOTHO U3MEPUMBIX OPYCOB.

Ouesn/ino, yenosue (1) ciaeayer us yeaosust (2), To ects Q C P.
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Ha muOX)ecTBEe n3mepumbix 6pycoB P ompejennm DyHKIwo 1 : P — [0, +00)

paBE€HCTBOM

p(Il,p) = eXP(Z In(b; — a;)). (3)

B cuny onpenmnenns msmepumocTn Jid Jioboro opyca Il,;, € P Bbmomnaerca
yeaosue i(IT) € [0, 400), npudem eciu a,b € Iy yaosieTBopsior yeaosuio 3 j € N :
a; = b;, To cymma psiga u3 (1) pasna —oo u pu(Il, ) = 0; B wacrrocru, p(@) = 0.

[Iycth R — MuHUMAaIbHOE KOJIBIIO, COJEpIKalliee KacC MHOXKeCTB P.

BameTnm, 9TO KJIacc P SBJIsI€TCs 3aMKHYTBIM OTHOCUTEILHO TIepecevueHuit: mneii-
CTBUTEJIBHO, IyCTb g, 4,y 14y 4, € P. Torma npu yenosun, aro o; = max{ay ;,as;} <
min{b, ;,bs;} = [; Bemomnenst npu Becex j € N, 1o Iy 4 (ap, = Hop u
muoxkecTBO 11, g Hemycro, saBisteTcs 6pycoM, u, TOCKOJIbKY (; — a; < min{b; ; —
a1, by — az;3 ¥V j € N, wo p(Ilep) < min{pu(Ila, s, ), 1(layp,)} Tpu yenosmm,
YTO IPU HEKOTOPoM j € IN BBINOIHAETCA IPOTHBOIOJIOXKHOE HEPABEHCTBO ()
max{aLj,agJ} > min{bl,j,bgyj} = Bj? TO OO MHOXKECTBO Hal,bl r]l_[a%b2 = Ha,ﬁ
ABJISIETCA IIYCTBIM MHOXKECTBOM, JIMOO OHO sIBJIsIeTCsi OpycoM ¢ pedpoM HYJIeBOit

JUIMHDL, HO B KaxkJoM n3 91ux ciaydaes (i(Il,, 5 () ayp,) = 0.
n
JIemma 1. Kaace A mnoorcecms suda A = 11\ (| 11;), cocmosawux us pasnocmet
Jj=1

bpyca u3 xaacca P u obsedurenus xoneunot cosoxynrwocmu 6pycos u3 xaacca P,
ABAACTNCA NONYKONDUOM.

HeitcTBuTeibHO, Kiaacc A COJEPKUT MIyCTOE MHOYKECTBO, 3aMKHYT OTHOCUTEIHHO
[epeceveHnit, a pa3HOCTh JIBYX MHOXKECTB U3 Kjacca A npejcraBuMa Kak 00be IMHeHe
KOHEYHOI COBOKYITHOCTH MHOXKECTB U3 TOI'O KJIacca.

Jlemma 2. Kaacc mmoocecms R, cocmoawutll u3 kKoHeunwvlr 00sedurenu
MHOIICECNE U3 Kaacca N, ABAACNCA MUHUMGALHOIM KONDYOM, COOEPHCAUWEM KAGCC
U3MEPUMBLLT O6pYycos P.

OyHKINS (1, 33/IaHHAsT Ha KJIacCe MHOXKECTB S, HA3bIBAETCs I TATUBHON, €C/In

u3 ycaosuit A, Ay, ..., Am €S, A= |J A4j, A;N Ak, 4,k € 1,m,j # k, cieayer, 1aro
j=1

p(A) = 3 (4,
]:
Jlemma 3. Qynkyuu p, 3adannas na xaacce P pasencmeom (3), asasemcs

addumuerotl PYHKUUET MHOACECTNEA HA KAACCE P, UHBapuanmmot 0mHmocumesbHo

cdsuza Ha A10007 8EKMOD NPOCMPAHCMEQ |y .
m

eiictBuresibao, Kak ycranojieHo B pabore [10], ecom 1T = | I1;, rue
I, Iy, ..., IT,, € P, To cyIiecTByeT JUIIb KOHEYHOE MHOYKECTBO I;E:L%) IL;,, 1L, 41,22 €
1,m pasiamYHLIX OPYCOB, MMEIOMNX OOIIYIO T'paHb KopasmepnocTu 1. Ilosromy
cymecryer Takoe uuciao N € N, takoit 6pyc Iy = {z;, j > N+1: z; € (a;,b;)} un
takne N-mepubie 6pycer [T, 1T}, ..., I/ | aro IT = II" x Iy, II; = [T} x Iy, ..., IL,, =

m?
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m
I/ x IIp u BBIONHEHO pasencTso 11 = | H;-. Torma agauTuBHOCTDL (DYHKITHU [4
i=1
Ha Kjacce P ciepyer u3 dopmysisl (3). MuBapuantHocTs byHKIUN MHOXKeCTBa (3)
OTHOCUTEJILHO CJIBUT'a Ha BEKTOP MPOCTPAHCTBA o, OUEBUIHA.
Teopema 1. Q@ynkuyua mmoocecmsa [, 3adannas Ha Kaacce P, donyckaem
edurcmeennoe addumueHroe npodosdcerue Ha NoAYkosvuo A.

,HJIH KazKJI0oro n € N OIIpeJIe/INM 9€epe3 An COBOKYIIHOCTb MHO2KECTB BHU/1a

H\(O I,), IL 1L, ..., I, € P. (4)

Jj=1

Torma Apst O Ay u A = U A,

n=1
YTBepkieHne TeopeMbl 1 OyJIeT JI0Ka3aHO, €CJU Mbl MOKazKeM, 9TO (DyHKITUS

MHOYKECTBa, [l JIOIYCKAeT €JINHCTBEHHOE a [JINTUBHOE IIPOJIOJIZKEHNE ¢ Kjacca P Ha
KJstacc A\, mpu npousBobHOM 1 € N.

[Tpu kaxxaom n € N obozHaunM depes3 V,, COBOKYIHOCTH KOHEYHBIX 00bETMHEHHI
n U3MEPUMBIX OpPycoB u3 Kjacca P.

Jlemma 4. Jlaa kaotcdozo n € N dynxuyua muoorcecmsa (3) wa waacce P
donyckaem edurcmaeerntoe addumushoe npodoadcenue Ha Kaaccol V, u A,.

JlokaxkeM 3TO yTBEpKJIEHUE JIEMMbI 4 C IOMOIIBIO METOJIa MaTeMaTHIeCKO
naayknun. JleficrBurenbno, mpu n = 1 GYHKIMA 4 OJJHO3HAYHO OIpeJiesieHa U
QJIUTUBHA Ha Kjacce V; = P B cujy JieMMbI 3.

Buauenne bynxiuu p va MokectBe A = II\Il; € Ay onpejennm paBeHCTBOM
p(INIL) = p(H) — p(IIOIIL). yers A = NI = IP\(I; NII) 1 A = TIM\II =
"\ (I N 11”). Torma A = II\Iy, toe Il = T I1I” u II; = 1IN P} = [T II}. Ilpu
srom II' = TT|Y(TI'\ Pi) € P, cremoarenvuo pu(I') = p(IT) 4+ p(TI"\ Pi). A mockonabky
I\ O IT) = I\(IL ), mo INIT = (I N I)\(IL (), mostomy pu(Il') =
(1) + p(I\Pi) — p(Il NI, To ecrs p(Il') — p(Il\Pi') = p(Il) + —p(IL N 1II).
Anamorwano pu(IT) — p(ITN11;) = p(I1”) — pw(I1” N II}). Takum o6pasom, dyHKIws
MHOYKECTBA, [/ OIIPeJIeJIeHa JOMYCKaeT €INHCTBEHHOE aJIATUBHOE IIPOJIOJIZKEHUE Ha
KJIacChbl MHOZKECTB A 1 V.

[TpeamosoxKuM, 9T0 (DYHKIMSA MHOXKECTBA [ JIOIYCKAET €IMHCTBEHHOE &I INTUBHOE
POJIOJIKEHIe Ha KJaacchl MuoxkecTB A, u V,, npu Hekoropom n € N. [Tokaxkem, aTo
roria PYHKIUS (4 JOIMYCKAET OJHOZHAYHOE aJIMNTUBHOE MPOJOJIZKEHNE Ha KJIAcC Vi1

n Ha Kjaacc A, 1.
n+1
[TpousBosibHoe MHOXKecTBO A € V11 npeiacrasumo B Buge A = (J Il =
k=1

n

DU, \D, tue D = |J Iy € V, uIl,,;1\D € A,,. I3 yciioBusi aJyilATUBHOCTH
k=1

pOJIoJIzKeHust (PYHKITUU L HA KJIACC Vi1

#(A) = (D) + p(IL,41\D). (5)
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n+1
,Z[OK&)KGM CHa4aJIa, 9TO BeJIMYNHA ,u( U Hk) HE 3aBUCHUT OT HEMEpalun 6pyCOB

k=1
UCPRI I PR
-1 -1
[Monoxum D = U I, D' = U I, JI,11 uw Dy = U II). Torma u(A) =

1(D) + p(pi\D) = M(Do) + (11 n\Do) + p(IL1\D). HOCKO-HBKY byukius f1
ajuTuBHa Ha Kiaacce A, u nockonbky 11, = (IL\IT,,1) J(IL, N 1a1), Iai\D =
(T1,, 1 1\I1,,)\ Dy, To cupaseymio pasenctBo p(A) = pu(Dg) + u((IL,\I1,41)\ Do) +
(1L, U T\ Do) (T \ T\ Do). C apyroit cropors p(A) = (') pu(IL,\D')
(Do) + (11,41 \ Do) + p(I1,\D'). B cuny ajymrusnocru dbynkuuu 1 Ha Kiacce A,
u B cuity coornomtenusi 11,1 = (I, 1\IL,) J(IT,, () I,41) clipaBeyinBo paBeHCTBO
(A) = (Do) + p((TLATLu )\ Do) + (T A\TLON Do) + (T2 U TL)\ D). Tann
obpaszom, Besmanna (i A) He U3MEHHUTCs, €CIM MOMEHSATh HyMepanuio opycos I, u
I1,,+1 u, cieoBaTEIBHO, HE 3aBUCUT OT HyMeparuu cucreMbl 6pycos 11y, ..., 11,4 .

[Mpeanonoxum reneps, uro A = D|JII = D'YIT', tue D, D" € V,. Torna
(D'YI\D = II\D € A,. A B cuty UpEIOJOKEHUs UHIYKIMN (DYHKIA [
omnpejieieHa Ha Kiacce A\, U ee 3HaUYeHHME Ha MHOXKeCTBe M3 A, He 3aBHCHT OT
npejcraBieHns MHOXKecTBa U3 A, B Buze (4). Ilostomy B cuminy ajmuruBHOCTH
POIOJIKeHUsT (PYHKINA L4 ¢ KJaaccoB V,, u A\, Ha Kiracc V,, ;1 ClIpaBelJInBO PABEHCTBO
p(D'UIY) = pw(D) + p(D'UT)\D) = u(D) + p(II\D) u, ¢ apyroit cropomsr,
p(D'Y') = u(D’') + p(I'\D’). Takum obpa3om, 3HaUeHHEe aJIMTUBHON Ha KJIAaccax
A, 1 Vo1 dysknum p na muoxectse A € V, 11 onpeiesieHo paseHcTsoM (5) u He
3aBHCHUT OT ero npejcrasienus B suge A = D|JII, T € P, D € V,,.

[Tokazkem, aro ecau YHKIMS (i OIPE/eJeHa U a/JINTUBHA HA Kjacce Vi1 U
Ha Kjacce A,, TO OHa JIOIIYCKAeT OJHO3HAYHOE aJINTUBHOE MPOJIOJIKEHIE Ha KJIACC
Apia.

[IpoussosibHOe MHOKeCTBO A € A, 11 npejcrasumo B Bugie A = TI\D, rne IT € P u
n+1
D=1 € V41 uD CII Torza njst mpon3BoILHOIO & IUTUBHOIO IIPOIOJI2KEHUST
j=1
dyuKIIMN 1 HA Kaacc A, 1 BBITOJTHSIETCS PABEHCTBO

p(IN\D) = p(I1) — p(D). (6)

Ecmm A = II'\D' = I"\D" tne ',1II” € P, D', D" € V,,y u D' C II', D" C
M, o A =1T\D, tme Il = WNII" u D =1IND = IIND" € V,y1. Torna
D' = DYUINII € V,;1y u D" = DYII"\II € V,;1. I nockosbky byHKIM Lt
ajuTuBHA Ha Kiacce Vi1, 10 u(D") = p(D) + p(II"\IT) u u(D’) = p(D) + p(II'\II).
[Mosromy p(I1") — (D) = p(Il") — p(D’) = p(Il) — p(D). Takum obpazom, 3HaUEHHE
aJIMTUBHON Ha Kiacce A, 1 dyHKuum pu Ha mMuoxkectBe A € A, 1 omnpenesneno
pasercrsoM (6) 1 He 3aBUCHT OT IpejcTaBaeHns MHOKecTBa B Bujie A = II\D, IT €
P, D€ V.

B CUJIY IIPpEAIIOJIOZKEHN A NHAYKIUU KazKJI0€ CJIara€MO€E B HpaBOﬁ qaCTU paBeHCTBa
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(6) OIIpeaeIeHO OJJHO3HAYHO, IIO3TOMY beHKLLI/IH MHO2KECTBa (t JOIIYyCKaeT €JMHCTBEH-

HOE aJJTATUBHOE TPOJIOJIKeHne Ha Kjace A, 1. Jlemma 4 goka3aHa.

U3 semmbr 4 coiepryer yTBepxkenue teopembl 1 mockoibky A = (J A,
neN

Jlemma 5. Qynxuyua mmooicecmsa [, 3adannan na xaacce P, donycrxaem edum-
cmeenroe addumusrnoe npodossrcerue 0o Mepuvl (1 Ha Koavye R.

JleiicTBUTEIBHO, OIIpe ie/IeHHasT Ha MTOJIYKOJIbIle MHOXKECTB A (byHKITIA MHOYKECTBA
[ JIOIyCKaeT, coriacHo TeopeMe 1 ryiasbl 5.2 [7|, ennHCTBEHHOE MPOIOJIZKEHNE JI0
aJINTUBHOM (DYHKIME MHOYKECTBA Ha MUHUMAJIBHON KoJiblle K.

Jlemma 6. Mepa i na npocmpancmse ly,, 3adannan na xKosvue R, unsapuarmma
OmHOCUMEAdbHO cleuza Ha 4100010 sexmop u3 npocmpancmea R>.

NuBapuanTHOCTD (PYHKIUH i HA KJIACCE MHOXKECTB P OTHOCHUTEIBLHO CIBUTA Ha
[IPOU3BOJILHBINA BEKTOP IPOCTPAHCTBA [, OYeBUIHA. VI3 Hee ciieyeT MHBAPUAHTHOCTH
dyHKIIUN [ HA KIacce MHOXKECTB Aj W, 110 MHJIYKIINU, Ha Kjacce A, npu Jirobom
n € N.

Takum oOpasoMm, JIoKa3aHa CIeIyIoIas TeEOPEMA.

Teopema 2. [lycmov Ha mnoosicecmee usmepumvx bpycos P 3adana dymk-
yua p P — [0,400], addumuenas u uneapuanmmas 0mHocumesvro cieuza ma
nPou36oNLHVIT 8eKmMop U3 ly. To2da pyrruus (1 00no3HawHO Npodosdicaemcs o
addumueHotl u UHBAPUAHMHOT OMHOCUMENLHO CO6UA HA NPOU3BONLHBLT BEKMOP U3
loo Ppynryuu Ha xorvue R.

Takum 0b6pa3oMm, Jjist JTII0OBIX JIBYX MHOXKECTB A, B € R, CBI3aHHBIX MEXKJIy CODOi
peobpa3oBaHieM C/BHTa Ha BEKTOD U3 [, BBINOJIHACTCS paBeHCTBO ((A) = u(B).

Bameuanwue. [logobHass KOHCTPYKIMS MePhI Ha IIPOCTPAHCTBE o, U3ydasiach B
pabore [1]. OcHOBHBIMU OTJIMYMSIMU MePBI A U3 paborsl 1| u Mepbl f1 U3 HACTOS-
el paboThl SIBJIAIOTCS JIBa 00CTOATEILCTBA. Bo-11epBhIX, Mepa A He MHBapUaHTHA
OTHOCHUTE/ILHO U3MEHEHUsI HyMEePAIMi KOOPINHAT IIOCKOJILKY IIPU €€ OIIpeleIeHIun
Tpebyercst JINIIb CXOAUMOCTH a He abCOJIIOTHAsI CXOAUMOCTH ITPOU3BEIEHUN JITHH
pebep 6pycoB. Bo-Bropbix, B pabore [1| mokazaHo, 4ro mMepa A sBJIsIeTCs CYETHO-
aJIATUBHOM, 9TO MOXKHO IIOKa3aTh TaKyKe Ha OCHOBAHMU TeopeMbl 3.5.1 MoHorpadmum
[2]. Ucniosib3yst 3Ty TeopeMy MOKHO MOKa3aTh, YTO Mepa [i TAK¥Ke ABJIFETCS CUETHO
QJIATUHON M JIOIYyCKaeT CYEeTHO aJJUTHUBHOE IIPOJIOJIKEHNE HA MUHHUMAJbHOE O-
KOJIBIIO ITOAMHOXKECTB IIPOCTPAHCTBA [, comepzkalnee Kosbilo K. Ho, kak Oymer
[OKA3aHO HHKe, Ha IPOCTPAHCTBE [, 1pu p € [1,400) 10 IPeIIoKEHHOI TeopeMoit
2 cxemMe MOXKHO IIOCTPOHUTBH JIMIIb KOHEYHO aJIUTUBHYIO Mepy, He 00JIaJIaroIyio
CBOMCTBOM CYETHOH aJJIMTUBHOCTHU.

JIBa MHOXKECTBa, MPOCTPAHCTBA [o, HA3Z0BEM [y -3KBUBAJIEHTHBIME, €CJIU OJHO U3 HUX
SIBJII€TCST 0OPA30M JIPYIOro IpHU CIABHUIE Ha BEKTOP U3 IIPOCTPAHCTBA [o.. BBeeHHOE
OTHOIIIEHNE SKBUBAJEHTHOCTH Ha KOJIbIE TR MMO3BOJIAET IPEJICTABUTH KOJIBIO R Kak

O6'be,ZLI/IHeHI/Ie HelepeceKarommuxcd KjacCoB ZOO—SKBI/IB&HGHTHI)IX MHOZKECTB. Mepa 1%
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N3 TEOPEMBI 2 IIPUHUMAET paBHbIC 3HAYCHNA Ha MHO2KECTBax N3 OJHOI'O KJIaCCa loo'
3KBHUBaJIEHTHOCTHU. B TO Ke BpeM, yCJI0BUE MHBAPUAHTHOCTU MEPLI (4 OTHOCUTEJILHO
CJIBUT'OB Ha BEKTOPbLI U3 loo Tpe6yeT IIOCTOAHCTBaA 3HaY€HUA MEPbI Ha MHOXKECTBaX U3

KJlacCa loo-SKBI/IBaJIGHTHOCTI/I U M€pa N3 TEOpEMbI 2 YAOBJIETBOPAET 3TOMY Tpe6OBaHI/IIO.

[Tycrs p € [1, +00). HazoBem jBa BekTOpa MpOCTPAHCTBA [o0 ,-9KBHBATEHTHBIMIL,
ec/Il UX PasHOCTb ABJIAeTCH BEKTOPOM U3 IIPOCTPAHCTBA lp; JBa MHOMKECTBa IIPO-
CTPAHCTBA o, HA30BEM [,-9KBUBAJCHTHBIMH, €CJIN OJHO U3 HUX ABJIAETCA 00pPa3oM

JIPYTOro IIpU CABHUTE Ha BEKTOP U3 IIPOCTPAHCTBA [y,

Bsejiennoe oTHOIIIEHNE 9KBUBAJIEHTHOCTU HA KOJIbIE R MO3BOJISET IPEICTAaBUTD
KOJIbIIO R KaK 00beuHeHne HellePeCeKaloMUXCs KJIACCOB [),-9KBUBaJIEHTHBIX MHO-
»kecTB. CJieloBaTeIbHO, CABUIM Ha IIPOM3BOJIBHBIM BEKTOP U3 IPOCTPaHCTBa [,
11peo0pa3yoT MHOXKECTBO U3 HEKOTOPOI'O KJIacca B MHOYKECTBO U3 TOTO Ke CAMOIO0
Ki1acca. IIocKoJIbKY IpOCTPaHCTBO o IMUpe IPOCTPAHCTBA l,, TO OJUH KJIACC lso-
SKBUBAJICHTHOCTH COJEPZKUT MHOZKECTBO Pa3IMYHBIX KJIACCOB [,-9KBHBAJIEHTHOCTH.
VYciioBue NHBAPUAHTHOCTH MEPBI [i OTHOCUTEJIBHO CIBHUIOB Ha BEKTODHI U3 [, TpebyeT
IIOCTOAHCTBA 3HAYEHHA Mephl Ha MHOXKECTBaX M3 KJacca [),-5KBHBaJEHTHOCTHU, HO
3HaYEHNs MePbl Ha MHOYKECTBAX M3 PAa3IMYHBIX KJIACCOB [)-3KBHBAJIEHTHOCTU HUKAK
He CBSI3aHBI MEKJy COOOM yCJIOBHEM MHBAPUAHTHOCTH MepHI [ OTHOCUTEIBHO CJIBUTOB

Ha BEKTODPBI U3 [,.

JIBa O6pyca gBIAIOTCH [o-9KBUBAJEHTHBIME TOT/IA W TOJBKO TOTJIA, KOTJa TOCIe-
JIOBATEIbHOCTH JINH WX pebep COBIAIAIOT.

[Tosromy Mepa Ha KOJIbIle R MOJMHOYKECTB IIPOCTPAHCTBA [y, OTPEJICTICHHAS B
TeopeMe 2, sIBJISIeTCS €IMHCTBEHHON Mepoil Ha KOJblle R, MHBAPUAHTHOW OTHOCHU-
TEJIBLHO CJIBUIOB Ha MPOU3BOJILHBIN BEKTOP M3 MPOCTPAHCTBA [y, HODMUPOBAHHOMN
YCJIOBHEM: 3HAUEeHNe MepPBl Ha eIMHIIHOM Kybe {z € I : Vj € N z; € [0,1]} pasno
ejunutie. Tem GoJiee, Takas Mepa sABJIsIETCsl UHBAPUAHTHOM OTHOCUTE/ILHO CJBUTOB
Ha, IPOU3BOJIBHBIN BEKTOD U3 IpocTpancTsa l,. Ho ects n npyrue [,-unBapumanTHbIC
MepBI, IOCKOJIbKY 3HadeHns: Takux Mep Ha Kybax {x € 1 Vj € N z; € [a;,a; +1]}
n{r €lw: VjeNuz; €|aj,a;+1]} Moryr ObITb PA3IHIHBL IS BEKTOPOB @, ¢ € [
TaKNX, 970 a — & & [,

Teopema 3. [lycmv na mmoosicecmee uamepumur 6pycoe P zadana dymryus
v: P —[0,+00], addumuenan (ecou A, Ay, ..., A, € P, A=j_, Aj u mnoocecmea
n

Ay, ..., A, nonapro ne nepecexaromcsa, mo v(A) = Y v(Aj)) u uneapuanmmnas
=1

ommnocumenvno cdeuza 1a nNpoudcosvivil eexmop us l,. Tozda dynryus v odno-

3HaHo npodosstcaemes 0o adoumusHotl U UHBAPUAHMHOT OMHOCUMENLYHO CO8U2A HG

npoussosvnuli 6exmop us l, gynxyuu na xaacce A u na xorvue R.

Ecnn nocrasuTh 3a/1a4y OIlIpeJieJIEHnAd MEPbI Ha KOJIbIIE R IIOAMHO2KECTB 1IPO-
CTPpaHCTBa lom HHBapI/IaHTHOﬁ OTHOCHUTEJIbHO CIABHUI'OB Ha HpOI/IBBOJIbelf/'I BEKTOp U3

IIPOCTPAHCTBA [,, TO HIOMUMO Mepbl i HaiijyTca n apyrue Takue Mepbl. Hampumep,
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BBIJIEJIUM B KOJIbIe R cucreMy OpycoB, UMeromux ToYKy 0 mpocTpancTBa lo, CBOUM
FeOMETPUIECKUM TIEHTPOM CUMMETPHUHU, & TaKxKe OPYCOB, BXOJSIINX ¢ HUMU B OJUH
KJyacc l-3xBuBasieHTHOCTH. [TycTh Ry — MEHIMAIBHOE KOJIBIIO, COEPIKAIIee CHCTEMY
IEHTPUPOBAHHBIX U [,-9KBUBAJCHTHBIX UM Opycos. OmpejiesiuM Mepy v U3 yCIOBHUA
VR, = MRy, V(A) = 0 muis mob6oro muoxkectBa A € R, He BXOJSIIETO B HOJKOJIBIIO
Ry. Torma v — Takke Mepa Ha KoJiblle /R, UHBapUaHTHas OTHOCUTEJHLHO CIBUTOB HA

BEKTOPBI U3 IPOCTPAHCTBA [,

Taxum 006pa3oM, MHOKECTBO [,-5KBUBAJCHTHBIX Mep Ha KOJIbIle R IMupe MHOXKE-
CTBA l-9KBUBAJCHTHBIX Mep Ha KOJIbIle R U UMEeT MeCTO HeOIHOZHAYHOCTDh B BBIOODE
l,-5KBUBaJICHTHBIX Mep Ha KOJIbIle R, CBA3aHHAA C pa3dvdueM 3HAUYCHHI Mep Ha

Opycax ¢ paBHBIMU peOpaMU, BXOAAIIIMHI B PA3/INIHbIE KJIACCHI [)-9KBUBAIEHTHOCTH.

WHBapnanTHbie mepbl Ha npocTpaHcTBax l, npu p € [1,00)

IIpu poussosbaoM p € [1, +00) obosnadnm depe3 P, COBOKYIIHOCTDH MHOXKECTB

BHUIA

Ha,b = {i[) S lpi VJ S ij S (aj,bj>}, a,b S looa

Taknx, 910 a; < b; mpm Bcex j € N m Takux, 9TO BBIIOJIHsIeTCst yciosue (1).
Mmuozxkecrsa 11, gsisiorcs mycroiMu e jmbo 35 € N @ (aj,b;) = @ , aubo
c ¢ l,, tne ¢ — orobpazkenne N :— R, olpesiesisieMoe PaBeHCTBAME ¢; = min{z : © €
[a;, b;]}-

Omnpenemum Ha cemeiictBe 6pycoB P, dYyHKIUIO i, TaKHEM 00pa3oM, 4TO ee
3HaYeHNe Ha IIyCTOM MHOXKECTBE PAaBHO HYJIIO, & Ha BCIKOM HelrycToM Opyce 1l
3HAYEHHe MepBbI ji, onpeersercs pasencTsoM (3). Torma dyHkms MHOKecTBa f1, HA
KJj1acce P, MOIMHOKECTB IIPOCTPAHCTBA, [, OIpeiesieHa, aJINTHBHA 1 HHBAPHAHTHA

OTHOCHUTECJIbHO CABUIT'OB Ha BEKTOPLI U3 IIPOCTPaHCTBa lp.

Ob6osnaunM vepe3 R, MHUHUMAJLHOE KOJIBIIO IIOJMHOXKECTB IPOCTPAHCTBA I,
cosiepzkaltee Kiace Pp,. IlocraBum 3aja4dy onpeneuTs Mepy Ha Kojble R, I0JIMHO-
JKEeCTB IIPOCTPAHCTBA [,, ”HBAPUAHTHOM OTHOCUTEJIHLHO C/IBUI'OB Ha IIPOU3BOJILHBIIM

BEKTOP U3 IIPOCTPAHCTBA ),

Teopema 4. I[lycmv Ha mHodcecmee usmepumvz 6pycoe P npocmpancmea
sadana Pynryus v : P — [0,400], addumushas, uHEapUAHMHAA OMHOCUMEALHO
cdeuza Ma NPpou3coOALHLIL 6exmop u3 l, u maxas, wmo ee 3navernue obpaujaemcs
8 Hyav wa aobom Opyce I, € P marom, wmo I, (1, = @. Tozda ecau v —
eOUHCMBEHHAA MEPA Ha Loy, ABAANOWGACA ADOUMUBHIM NPOJONHCEHUEM GYHKUUY V
¢ kaacca P na xKoavuo R, mo mepa v uHBAPUAHMMHG OMHOCUMENLHO cO6U2aA HA NPO-
u360AvHOL 6exMop u3 l, u ee cyoicerue [, na KoALYO R, A6AAEMCA UNGAPUAHMHOT

omHoCUMENbHO cOsu2a Mepoti Ha NPOCTPAHCMEE L.
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O npogonxennn mepsi Ha l, npu p € [1,4+00) ¢ knacca P

n3mepumbix bpycos no cxeme Jlebera-Kapateogopu

B pabore [1| mpoBemeHO HOCTpOEHHME MeEPBI HA TOMOJOTUYIECKOM BEKTOPHOM
npocTpafcTee R, B KOTOPOM Me€pa U3 TeOPEMbI 1 IIPOI0JIzKAeTCs Ha MHUHUMAJIb-
HOE 0-KOJIBIIO Y, COJIeprKalee KOJbIo R, ¢ MOMOIIbIO BHEIIHEH MepbI 110 CXeMe
Kapareoopu.

B pab6ore [1] o ajyurusHO QyHKIMI MHOKECTBA [t HA COBOKYITHOCTH N3MEPUMbIX
opycos P (cm. (3)), 3amaercsa BHemHssa Mepa A : 2l — [0, +00], onpeensemast
PaBEHCTBOM

U BJ'DA, BjEP
JEN

AA) = inf > u(By) VA€ (7)
jEN
DyHKIMsT MHOXKECTBA A, OIpe/IeJIeHHAsT PABEHCTBOM (7), sIBJISIETCS BHEIITHElH Mepoii
Ha IPOCTPAHCTBE [, — OHA OlpeJieJieHa Ha ajrebpe BCeX IOJMHOXKECTB, CUETHO-
cyba INTHBHA U yJOBJIETBOPsieT yeaoBuio A\(@) = 0.
Kpome Toro, BHemIHsisE Mepa A OPOXKJieHa MepOil [i, 33/ [aHHOIl HA MUHUMAJILHOM
KoJIblle R, cozepzkaiiem Kiaace P.
[Tockombky (cMm. [1], a Takxe [2], cTp. 223) Mepa [ y/IOBIETBOPSIET YCJIOBUIO

CYeTHOW aJJIUTUBHOCTH Ha Kjacce P (To ecTb Jjisd 000 1OC/Ie0BATETbHOCTI

oo
muoxkects A; € R, j € N, rakoit, uro Aj11 C A; u (| A; = @, BblIoJIHAETCS
Jj=1
pasercTBo lim 1(A;) = 0), To cyzkeHue BHeInHel Mepbl A Ha Kiacc P (I Ha KOJIBIO
J—00
R) coBuajaer ¢ Mepoii p corsacHo Teopeme 1.5.6. [2] (em. Takxke Teopemy 10.2 [9]).
Cresyst KOHCTPYKIN paboTHl [1] O aiuTHBHO (DYHKIME MHOXKECTBA (i, (CM.
TeopeMy 4) Ha COBOKYIHOCTH M3MepuMbIX 6pycoB P, (cM. (3)), 3818/ (1M BHEIIHIOO
Mepy N, : 27 — [0, +00], onpeiesisieMast paBeHCTBEOM
_ - l
Mp(A) = inf Y up(Bj)V A€ b (8)
U BjDA, B;ePp “
JEN JEN
DyHKIMS MHOXKECTBA \,, ONpPEJICJICHHAs PABEHCTBOM (8), sIBJIsIeTCs BHEITHEil
P )
Mepoil Ha IIPOCTPAHCTBE [, — OHa OIpejie/iecHa Ha airedpe BCeX MOMHOXKECTB, CIETHO-
cy0aUIITUBHA U YJIOBJICTBOPSIET YCIOBUIO A,(©) = 0.
Kpowme Toro, BHelHsIst Mepa A, HOPOZXKJIeHA MEPOH [i,, 38/IAHHO} HA MUHUMAJILHOM
) D D)
KOJIbIEe R, cojeprkalneM Kiaacc Pp.
U ecsm 6b1 Mepa fi, YIOBIETBOPsAIA YCIOBUIO CIETHON &/ INTHBHOCTH HA KJIACCe

P, (10 ectsb mist 060 mocIe0BaTebHOCTH MHOKeCTB A; € R, j € N, Taxoi,

oo
qro Aj1y C A;ju (| Aj = @, BBIIOJIHAETCS PABEHCTBO jli_)rglo pu(A;) = 0), To Torma

i=1
cy’KeHue BHeIIHeil Mepbl \, Ha kjacc P, (1 Ha KOIbIo R,) JOZKHO OBLIO GBI

COBIIACTH € Mepoil f coracHo Teopeme 1.5.6. [2] (cm. Takxke Teopemy 10.2 [9]).

Ho, xak nokaseiator mpumepst (eM. [2,9]), ecam mepa i, SBJISETCS JIUIIL KOHETHO
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aJIITUBHOIL, TO IOCTPOEHHA 110 Heil BHENTHASA Mepa A, MOKET He COBIAJATh C MePOi
Hp Ha Kilacce P
IT I1 - ope 2N
pumep. IlycTs v — yucro KoHedHO a//IUTHBHAs Mepa, 3a/laHHas Ha aaredbpe
BCEX IOJIMHOYKECTB MHOKecTBa HaTypasbHbIX unces N. Torma ecm BHenHgAsa Mepa

A, TIOPOK/IEHHAS MEPOil I/ TI0 TIPABUIY

A(A) = i : N
@= BplngjQNZV(BJ) vV Ae2N,
JEN JEN

o0
to A(IN) = 0. HeiicrBurensno, nockonbky N = (J {k}, a mepa v wqucTo KoHETHO
k=1
ajyuruena, v({k}) =0V k € N, mostomy 0 < A(N) < 3" v({j}) = 0.
jEN
JlemMma 7. Brewmnas mepa N\, 0OMAUNGEMCA OM MEPYL [l HA MHOHCECTNEAT U3
Kaacca Pp.
HeiictBuTenbio, mia eamnudaHoro Kyba Ilp; € P, BblnmosmseTca paBeHCTBO
pp(Ily 1) = 1. C mpyroit croponst |J Iy, 1 D Ily; mpu Beex p € [1,4+00) ub0 mist
JEN 7
[IPOM3BOJILHON TOUKH & € [, BbIIOIHSETCs yerosue lim x; = 0 (10 9T0 He Tak st
j—o0

T € lo M TO9TOMY B TIPOCTPAHCTBE o yesonue (J Iy, 1 D Ily; ne pomommgercsa).
JEN /
Tak kak M(H0,17%> = 0 mya ro6oro j € N, 1o Torma cornacHo (8) BBIIOJIHEHBI
yenosua 0 < Ay (Tlop) < 37 pp(Ily ;1) =0, mo ects 0 = A (Tlo1) < pp(Ilp) = 1.
jEN J

Takum 06pa3oM, OTJIHYIHE BHEIIHEH MePLI A, OT MEPBLI [, Ha MHOKECTBE U3MePU-
MbIX OpycoB P, ycranosieno. MOKHO JI0Ka3aTh, UTO B IIPEILIOIOKEHUN, 9TO psi (2)
CXOJIUTCH, BHEIIHSIA Mepa A, OOPAIlaeTcs B HyJIb Ha BCEX MHOXKECTBAX, Ha KOTOPBIX
Mepa [, IPUHAMAET KOHEUIHBIE IOJIOXKHUTEIbHbIE 3HATCHHUSL.

O6o3naunm depe3 Q COBOKYITHOCTH a0COIOTHO U3MEPUMbBIX OPYCOB, /ISt KOTOPBIX
pan (2) cxomures, u yepe3 S — MUHUMAJIBLHOE KOJIBIIO MHOXKECTB, cojepkariee Q.
Torma Q C P, § C R; obozuauum duepes v cyxkeHue HYHKIUUA [, ONPEJICJICHHON
paBeHCTBOM (3), Ha KJIacC MHOXKECTB Q.

IIpu npoussosbuoM p € [1,400) obo3uaduM depes Q, COBOKYIIHOCTH MHOXKECTB
BHJIA

Ha,b = {iL‘ € lp : VJ < Nl’j < <(Ij,bj>}, (l,b c looa

Taknx, 910 a; < b; upu Bcex j € N u Takux, 9TO BBIIOJHsETCH ycosue (2).
Mruozxecrsa 11, asiasiorcs mycroiMu ecm jmbo 35 € N @ (aj,b;) = @ , aubo
c ¢ l,, te ¢ — orobpazkenue N :— R, onpejiesisieMoe PaBeHCTBaMU ¢; = min{z : x €
[a;, b;]}-

Omnpeniesium Ha cemetictse OpycoB Q, GYHKIUIO (i, TaKUM 00pa30oM, 4UTO ee
3HaYEHMe Ha ITyCTOM MHOXKECTBE PaBHO HYJIIO, a Ha BeAKOM HemycToM Opyce Il,, € Q,
3HAYEHHe MepBLI ji, onpejensiercs pasencrsoM (3). Torma dyHkims MHOKeCTBa [1, HA

KJIacce Qp IIOAMHO2KECTB IIPOCTPaHCTBa lp olipe/eJ/iceHa, alJuTHBHa U WHBapUaHTHa
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OTHOCUTEJIBHO CIBHUI'OB Ha BEKTODPHI U3 IpocTpaHcTBa [,. ObosHaumMm depes S,
MHHUMAJIbHOE KOJIBIIO HOJAMHOXKECTB IIPOCTPpaHCTBa [, cojepxKaliee Kiace Q.

Taxxke, KaK 1 TeopeMbl 2 U 4, TOKA3bIBAIOTCS CJIEYIOIINE YTBEPKICHUS:

Teopema 5. [lycmov na mrmoocecmse abcosommno usmepumux opycos Q sadara
Pyrryus v P — [0, +00], addumuenas U uHEAPUAGHMHAA OMHOCUMEALHO CO8U2A
HA NPOU3BONLHVIT 6eKMOP U3 lo. To20a Pynkuyus v odnosnauro npodosdicaemcs do
addumueHotl U UHBAPUAHMHOT OMHOCUMEALHO COBUA HA NPOU3BONLHDBIT BEKMOP U3
loo Pynruuy na xorvue S.

Teopema 6. Ilycmv na muoorcecmee abCOMOMHO USMEPUMBT OpYycos Q npo-
cmpanemsa ls, 3adana gyrnruus v @ Q — [0, +00], addumuenas, unsapuanmmas
OMHOCUMENBHO COBULA NG NPOUSEOALHVLT 6eKMop U3 l, U makxas, wmo ee 3navenue
obpaujaemcs 6 Hyav na aobom bpyce I, , € Q maxom, wmo 1, (1, = ©. Tozda
ECAU V — eQUHCNBEHHAA MEPQ HA o, ABAANOUAACA AOOUMUSHHM NPOOAIHCEHUEM
Ppyrruyuy v ¢ kaacca Q na Koavuo S, Mo MePa V UHBAPUGHMHA OMHOCUMENDHO
cdeuza na NPou3coAbLHLIL 6EKMOP U3 I, U ee cyscenue (i, na Koavyo S, ACAACNCA
uneapuanmmot. omnocumenvo cdsuza mepot na npocmpancmee L.

Asrop 6aronapur I.I'. Amocosa, M.M. laramosa, FO.H. OpJosa, O.I. Cmostsio-
Ba, E.T. asrymusne u H.H. [ITamaposa 3a 1/10/10TBOpHBIE 00CYKICHIS 32TPOHY THIX
B pabote mpoodJiem.

Pa6ora BbInosiHeHa 3a cuer cpejicTB rpanTa Poccuiickoro Hayaroro ¢dhona (IpoexT

Ne 14-11-00687) 8 MUIAH um. B.A. Creknosa PAH.
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AHTUCMMMeETpUYHOe NPocTpaHCcTBO Poka n anrebpsobi

paccmana ¢ ynutapubim (cynep-) npeobpaszosaHnem ®Pypbe

I. T. Amocos*, M. Kneknaccu™, H H. [llamapos™, 9. FO. [ITamaposa*™

AnnoTaiusa

B anTucummerpuunom mpocrpanctse Poka, MOPOKIEHHOM KOHETHOMED-
HBIM THJIBOEPTOBBIM IIPOCTPAHCTBOM, BBOJUTCS TaKas CTPYKTypa aareOpbl
I'paccmana, 9TO HEKOTOPBIE €CTECTBEHHBIE aHAJIOIN IpeodOpaszoBanus Pypbe,

BKJIIOYAsT TIPEJJIOXKEHHBINT Bepe3nHbiM, OKa3bIBAIOTCS YHUTAPHBIMI.

BeegerHne

Habsroienne, n3/103K€HHOE B CTaTbhe, BO3ZHUKJIO MPU OOCYXKJICHUM aBTOPaMU
Pa3IMIHBIX OIpPEJICJCHUN ananoza onepayuy npeobpaszosanus DPypve Ha anzebpe
I'paccmana ¢ 3adarmvim nabopom obpasyrouur (ranee — npeobpasoanus ['paccmana—
®ypbe, wian [II'D); onno uz rakux onpesenennii [II'G (oo mpuBoaUTCST HUZKE)
npeioxkeno B paborax ®.A. Bepesuna u M.C. Mapunosa |1, 2|!, apyroe (omno
TaKyKe IMPUBOJIUTCSA Jlajiee BMECTE ¢ YKa3aHUeM HEKOTOPBIX €ro IMPEUMYIIECTB Iepet
[II'® Bepesuna), sapsmormeecst (haKTHIECKN MOIUMDUKAIIEH IEPBOTO, TPEJIOKEHO
B HegasHei pabore O.I. Cmongnosa u H.H. Illamaposa [3]| o BbIBojie ypaBHeHUsI
[Taymm nsa smekTpoHa.

Bropoe ompeienienne ucoib30BaIoch Jjist HOCTPOEHUST OTIEPATOPOB B ITOIXOIATIEM
rubbepToBoM (cymnep-) mpocTpancTse GYHKIM, onpeeeHHbxX Ha R3 u npunuMaro-
X 3HAYEHUs B TPACcCMaHOBOI ajarebpe, KoTopyio jasee obosHaunMm A . CTpykTypa
9TOTO I'MJILOEPTOBA TPOCTPAHCTBa (DYHKIINI CBA3aHA C THILOEPTOBON CTPYKTYPOil Ha
A u crenmasibHO mojdupasiack Tak, 4robsl [II'® o Bropomy ompenesnenuto (a ¢ HEUM
u [II'® Bepesnna) oka3blBAIOCh YHUTAPHBIM OLIEPATOPOM (TOYHEE, W30METPUIHBIM
JIMHEHHbIM) Ha A .

CymecTBoBaHNe YHUTAPHON Bepcuu “Kjaccuyaeckoro’ mpeobpasoBannsa Pypbe
B KOMILIEKCHOM I'HJIb0epTOBOM mpocrpancTBe Lo(R™) B cMmbicsie Teopembr [lianrire-
peJid ABJIAETCS, TAKUM 00Pa30M, apryMEHTOM B IOJIb3Y ‘€CTECTBEHHOCTU O0OMX
onpepenenuii [II'D, coxpansgomux ruabbeproBy HOpMy. OIHAKO 3Ta THILOEPTOBA

CTPYKTypa Ha A MHIyIUPYeT CTPYKTYPY MUIbOEPTOBA MOJIPOCTPAHCTBA (KOTOPOE,

*MUAH wum. B.A. Crekosa
*MIY um. M.B. JlomonocoBa
IB srux paborax anre6pnl I'paccMana MCIONb3YIOTCS s ONHCAHUS CIIHHA SJEKTPOHA
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B CBOIO Oovepejib, 0603HaunM H) Ha KOMILIEKCHON JIMHEHHO# 060JI0UKe MCXOIHBIX

00pas3yoImx.

C apyroit CTOPOHBI, TEH30PHAS IPUPO/Ia AHTHCUMMETPUIHOTO TIpocTpancTBa Poka
®,(H), mOpoXkKIEHHOTO THIIEOEPTOBBIM POCTPAHCTBOM H (TOYHOE OIpe/ie/ieHre 3TOr0
npocrpancTBa Poka puBEIEHO J1ajiee), MO3BOJIsIeT BBECTH — HO, BOOOIIE MOBODS,
JIAJIEKO HE €IMHCTBEHHBIM CIIOCODOM — AHAJIOr OIE€pPallii BHEIIHEro yMHOYKEHUSI,
npespariarieMy 31o npocrpanctso ®,(H) B anredbpy ['pacemana Ha HCXOTHBIM
IIJILOEPTOBBIM IIPOCTPAHCTBOM, PACCMOTPEHHBIM JIUIIb KAaK JIMTHEHHOE KOMILIEKCHOEe
npoctpancTBo. KoimyecTBO TakKuX CrocoOOB, TPUBOJAAININX K MOTAPHO Pa3JIUTHBIM
anrebpam ['paccmana na ®,(H), upn dime H > 1 KonTHHYaJIbHO (XOTS BCEe TaKne
anrebpbl U M30MOPGHBI): CTAHAAPTHOE OHOIAPAMETPHYIECKOE MHOMKECTBO STHX

C11I0cODOB yKa3aHO JaJiee.

Takum obpazoM, ¢ OJHOII CTOPOHBI, UMEETCsI HEKOTOPAasi COrJIACOBAHHAS C OIle-
paropamu [II'® ruanbeproBa CTPYKTypa Ha HMCXOIHONW ajrebpe A, comepxKarieit
IIBOEPTOBO TOIPOCTPAHCTBO H, m ¢ Apyroii cTOpoHbI — JIpyroe r'mib0epTOBO
npocrpancTBo @, (H), Takxke cojepkaiiee npoctpanctso H B Kadecrse ruiibbepToBa
HOJIIPOCTPAHCTBA, HO HECYIee KOHTHHYYM HOIAPHO PA3JIUIHBIX (XOTs 1 U30MOph-
HBIX) CTpYKTYyp anrebp ['paccMana (cpey KOTOPBIX MMEETCs KOHTHHYYM SIBHO

38,/1aBAEMBbIX ).

[MostyuuBminecs: ruyibbeproBel pocrparcTBa A u O, (H) uMeT OJMHAKOBYIO
pa3MepHOCTh, a TaKKe, B CUJIy CIENHaJIbHOrO BbIOOpa aJyrebpbl A, obiee rujib-
0epTOBO TOJITPOCTPAHCTBO H , dBJjsIONIeecs JUHEHHON obosioukoir H u obiero
koMmiuiekcHoro 1ojig C | Ho Bue Hy 9Tu npocrpaHcTBa MOTYT OBITH YCTPOEHBI COBCEM
[o-pa3HoMy, IpudeM A uMeer UCXOHYIO CTPYKTYPY ajredpol ['paccmana, HEKOTOPBIM
06pa30M COIIACOBAHHYIO € MJILOEPTOBOI CTPYKTYpOii, Torja Kak Ha $,(H) umeercs

KOHTHUHYYM Pa3/IMYHbIX (HO M30MOPMHBIX) CTPYKTYD I'PACCMAHOBOI aarebpsl (Jaiee

CTA).

B 970ii curyaln u BOSHUKAET CJIEYIONTHil BOIPOC (MOJIOKUTEBLHO PelaeMblii B
CJIEJIYIOIIX pasjesax): cyiectByer ju cpean koutunyyma CI'A wa &,(H) Takas,
9TO0 €€ emHCTBeHHbII n3oMopdmsM Ha jganHyio CI'A A, ocraBisronuii Ha mMecTe
TouKN n3 H, oKaxKeTcsd OJJHOBPEMEHHO U TUJIHOEPTOBBIM U30MOP(MUIMOM MEXK Ty

O, (H) u A?

Hanee B pazzgeine 2 ykazwviBaercs nojgxojsmias CI'A na &,(H), a B pasaene 3
00CyKIal0TCs pa3jindnble orpeenenus oneparopos [II'P Ha sToit anrebpe, m3omer-

PUYHBIE B CMbICJIE TMJILOEPTOBOI CTPYKTYPHI.
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lpoctpaHcTBo @oka n anrebpol [paccmaHa

Haj FVIJ7b6€pTOBbIM npocTpaHCTBOM

JL1st KaxKJ10T0 N-MEepHOTO NpocTpancTBa H MbI peajn3zyeM aHTHCUMMETPUYIHOE
npocrpancrBo Pora P,(H) kak obpas ruiabbeproBoii npsmoit cymmbr T(H) =
B, H®* (komedHbx ruibGepTOBBIX TEH30PHBIX cTeneneil npoctpatcTsa H) oTHO-
cuTesbHO JnHeliHoi oneparun B T'(H ), najee Ha3blBaeMoii ajabrepHaliyeii, 0603Haqae-
Moit Alt u onpeensieMoii TeM, ITO OHa 0TOOParKaeT KaykI0e TEH30pHOe IIPOU3BeIeHIe
®@F_1h; (h; € H) B cymmy

> sen(o) - 5,

rje S, — MHOXKECTBO (CHMMeTpUYecKast TPyIIIa) Becex Oueknumii MHOKecTBa {1, ..., k}
Ha cebst (epecTaHoBOK), 0; = 0(j) — 3HadeHHe TaKoil OneKIun 0 € S), Ha SJIEMEHTE j
u sgn(o) (= (—1)7) — 3HaK IEPECTAHOBKH O .

ITo mocTpoenuio, mpoctpanctsa H®* napapuanTHE oTHOCHTEIBHO onepaTopa Alt ;
ux THILGepToBbl nojnpocrpanctea Alt(H®F) oboznauum H™*| tax uro ®,(H) =
AW(T(H)) = @p_, HM.

Hcnonb3yeMm jrajiee TakxKe JIMHEHHBIN HEIIPEPBIBHBIN ollepaTop
P, T(H) — ®,(H),

oTIpeJie/IeHHbIN Ha KasKJIOH JekapToBoii cremenu Buia H®F dopwmymoit P,(t) =
% Alt t . Herocpencreerrno mposepsiercst, 9to P, , Oyaydn ommepaTtopoM Ha TIIb0ep-
toom npoctpanctee T(H) (u na ero nomnpocrpancrsax H®), apisercst oproro-
HaJIBHBIM 1IpoekTopoM Ha D, (H) (coors., na H" = H®* N ®,(H)).

Hasee ucnonp3ayem Takyro peanusalnuio ouianHeiHON omepanuun A : @, (H) X
O (H) — ®,(H), uaro eé cyxxenns Ha JeKapTOBBI TpousBeienns suja H 1 x H/\k2

onpeensaioTca popMyIIoi

ky + ko)l 2 1
t ALy = (%) Rt®h) = Al 1) | ()
(t, € H™ | ty € H"*?). HenocpecTBEHHO IIpoBepseTcs Terephb, YTO I KaxKJI0ro
quHeiiHoro 6asuca (1, ..., &,) mpocrpancrBa H omepaist A onpejiesisieT B JTMHEHHOM
npocrpanctse P, (H) crpykTypy anrebpsl ['paccmana ¢ n obpazyommmu &1, ..., &, 3,
(3amensist B lepBoM pasencrse (opmysibl (1) mokasaresb “1/2” Ha IpOU3BOJILHbII Be-
IIIECTBEHHBI MOJIOKUTETLHBII — IIPU 9TOM PABEHCTBO B CKOOKAX MOXKET HAPYIIUTHCS
— IOJIy¥aeM KOHTUHYYM IONAPHO Pa3INIHbIX, HO M30MOPMHBIX JPYT JAPYTY, aareop

[paccmana).

2Cp. [11], rae onmcan ciyuait 6eckoneunomepnoro H.
3JleTamu paccy’KIeHHS MOMKHO YBHIeTb, B UACTHOCTH, Ha 0DpA30BATEILHOM —Caif-
Te https://www.cefns.nau.edu/"schulz/grassmann.pdf
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[Mocrpoennyto anrebpy ['pacemana (®,(H), A) Hazosém anrebpoit ['paccmana—
®oka (man H)*. Amanormano mposepsercs, uTo s Kazkaoro Habopa (hy, ..., hy) €
h; = \/% - Alt(®F_, hj) , u uTo

ecan (eq, ..., €,) — OPTOHOPMUPOBAHHbII Oasuc B H , To jmHelinblii 6a3uc aarebps

H% ¢ k < n BbIIOJIHAETCS DABEHCTBO /\;?:1

I'paccmana—@oxka (,(H), A), cocrogmuit u3 Beex npoussesienuit Buia A7 e?j =e°
(rme a; € {0;1} u, kKak 0OBITHO, e? =1mn e} =e; aaj € {l,2, ..., n} ), Takxke

oproHopMuposan.® B cieyioniem pasjielie I0Ka3aHo, 9YT0 PasJInyHble aHaJI0TH Ipeos-
pazosannit Jlamnaca u @ypoe Ha anredpe ['paccmana—Doka sABIAIOTCS YHUTAPHBIMI

OTHOCHUTEJIbHO CKaJISAPHOI'O IIPOU3BEICHUSA B HEH.

[peobpazosarHus [paccmana—Pypoe,

nan cyneprnpeobpasoBaHus Pypee

Cremyst HeKOTOPBIM 0603HaueHusIM Bepesuna [1,2] (ero moaxos K cynepaxaimsy
OTJINYAETCsl OT TAK HA3BIBAEMOTO (DYHKIIMOHAJIBHOTO IOJIX0JIA, pasBuToro B [6]-
[9] u [5]), ecam (eq, ..., e,) — HAOOP OOpA3YIOMNX SJIEMEHTOB arebpsl I'paccmana
G = G(ey,...,e,) nan C (rge Oygem omyckaTh 3HAK A WM 3aMEHSITH €r0 TOYKOIA),
TO 0DOO3HAYAEM 3TH HOpOXKIAome &1, ..., &, COOTB., U HA3bIBAEM HMX “@HTUKOMMY-
THDYIOLUMH LEPEMEHHBIMI, 1 KAYKIbIH 3/1EMEHT § = > oc gy cgz€® 3T0it anrebphI
HA3BIBAEM “MHOTOUIEHOM OT 9THX IIEPEMEHHBIX (¢ KOMILIEKCHBIMU KO duueHTamm)
u obosnauaeM ero g(&y,...,&,) = de{0:1yn ca€l.

Ecnu Takoit nomuaom g = g(&q, ..., &) = 266{0;1}n ca€® ne zasucur or &, , s
nekoroporo jo € {1,...,n} (re., cz = 0 upu aj, = 1), TO JHUHERHbIC OIEPATOPLI
%gm " 5§j0 G = G “qacgoro ;Lﬂd)(bepeHqugaaHHH crpaBa U cjieBa 1o &j,”
onpeegercs (popMyIaMu 85].0 g = 8§j0 g = 0, (9% (9&,) = 8510 (&o9) = g , 1
oneparopsl [ d&, (fdgjo) “Orpe IeIeHHOr0 YaCTHOTO MHTErPUPOBAHNUS CIIpaBa (CjieBa)
o &;,” onpenensierca popmynamu [ d;, = (5@.0 u [d¢;, = 5% ( [12], cp. [9]).

B paborax Bepesuna takasi cynepanrebpa G HaJIe/IsIeTcs TakyKe aHTHITHETHBIM
oneparopom mnsoymonmu * : G(&p,...,&,) — G(&, ..., &), *(g9) = g%, TakuM, 9TO

eMeHThl 1 = eq, &1, ..., &, WHBApUAHTHBI OTHOCUTEIBHO * U

V1,92 € G(&1, .. 6n) (9192)" = 9597 -

[Ipu sTOM *-MHBApHMAHTHOE BEIECTBEHHOE MOJIPOCTPAHCTBO B (&, TIOPOKIECHHOE
BceMH 00pasylomuMu §; , HHTePIpeTUpyeTcd KaK aHTHKOMMYTATHUBHBIN aHaJIoT
KOODP/IMHATHOTO (F€OMETPUIECKOr0) MIPOCTPAHCTBA, & JIPYroe BEIeCTBEHHOE TIOJIITPO-

CTPaHCTBO, IIOJIYy9€HHOE€ YMHO2KEHHEM IIPEALIAYIICI'O Ha MHUMYIO €IMHUILY — KaK

4OtHIM U3 CIIEICTBUI Pe3yIbTATOB CTAThH [5] ABAgeTCa TOT (DaKT, ITO MPOU3BOIbHAS TaKast
asrebpa I'pacemana—®oka He siBjIsieTcss GaHAXOBOM anreGpoit, TO ecThb, UTo ecan |leg|| = 1, To HOpMa
6usmneiinoro omeparopa A me pasua 1 (|| A > 2/v/3).

53TO MOKHO BBIBECTH TaKyKe W3 paBeHCTB Ha c. 107 (111-a crpanuma daiita) B pasaene 6.2
kuuru |https://www.cefns.nau.edu/"schulz/grassmann.pdf |.
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AHAJIOT IIPOCTPAHCTBA UMITYJILCOB. B JIpyroM KOHTEKCTe TaKMM aHTH-U30MOpGhU3MaM
UHOT /1A IPUITUCHIBAIOT JIPYTOil (hU3nvIecKuit CMbICT — HepeodPa30BaHMIA, TIEPEBOJISIIIINX
gacTuilbl B anTrdactutbl [10]. Mbl gamee ucmosib3yemM HHBOJIIONUIO DU CDABHEHUN

pasnbix rpeobpazoBanuii ['paccmana—Dypoe.

CynepnpeobpaszoBatmne Pypbe no bepesnny

[To-Buunvomy, Briepsbie anasor npeobpazosanust Pypee (I1D) na anredbpe ['pac-
cMaHa TIpejytokeH B [1|; B HAMMX 0DO3HAYEHUAX 9TO OHEPATOP MEXKILY JIBYMSI
nonasarebpamu — G(&q, ..., &) u G(ny, ..., m,) Gosee mmpokoit anrebpsr ['paccmana
G(&1y ooy &y My oovs M), B KOTOPOIT yHIOpsiiodeHHBINH HAOOD (&1, ..vy Eny 11, .-y M) OOPAZY-
IOIUX COCTOUT M3 21 HE3ABUCUMBIX aHTUKOMMY THPYIONHX “lepeMeHHbix”. O6o3Hadast

stor anayior [1D, BBegennblii bepe3snnbiM, Kak

]:é_)ﬁ : G(él? 7§n) — G(Th, 77]71)

MOYKHO 3aJ1aTh €ro pOpMyJIOit

— —

F5F (60 60)) = (F5 ) (s 0)) = / dé - / A (57 [(E1 s 60)),

i€ Mbl IUIIEM gBMeCTO (&1, &p) m E 7] BMECTO Z?Zl SUDE

O6parHerit onepatop 2] —

— —
E i\ 02 € .2 &R
(Fp M =i ™ FL g, ) > d /dm--‘/dnn (&7 g(n1, oo mn))-

2 .
" paB€H 1 AJId 9eTHBIX 1 U —17 JJId HEYETHBIX 71, TO

[Mocknbky ko3 durmenT 7~
HEsICHO, KaK JIOJI2KEH ObITh BBIPAyKeH OECKOHEYHOMEPHBIN Wi 6ECKOODINHATHBIN (He
3aBUCSIIUI OT PA3MEPHOCTH) AHAJIOT TOi (POPMYJIbI. DTO 0OCTOATETHCTBO ABJIAETCS

ApryMmeHToM JIJjisgd IIOUCKa (bOpMYJIbI boJiee CUMMETPUYIHOI'O BapHaHTa OIll€epaTOopa

[II'®.

Coxpanstolyee basuc cynepnpeobpazosaHue.

Haiinem noaxojdmuit onepaTop, Bapbupysd KOMILICKCHbIe KO3(hMOUIUMEHTEL ¢; B
- n .
HoKa3aTese SKCIOHEHINAILHOr0 Beipaxkenusa K., . (£,7) = e2i=1%%" | koTopoe
. ﬂ_)ﬁ
DU Cj = § ABJIAETCA UHTEIPAJIBHBIM fIPOM OIlepaTopa .7-"]% ",
Ecim Bce ¢; — KOMIIIEKCHBIE HEHyJeBbIe U € = (Cq, ..., Cp), TO HEIIOCPE/ICTBEH-
-
HOE BBIYHUCJIEHHE TOKA3bIBAET, UYTO OIEPaTOp ]—"g TGy ) = GOy )
orpeeageMbIit popMyIoit
— —

FET: (61, &) / UIREE / d, (eX0=195" f(&y,...,60))
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-
—a

oroGpazkaer GasucHblil smement £ =&t --- €0 (a; € {0;1}) B nponsseaenue

LIy eymy)t—

j=1

((_1)1—1017]1>1—a1 - ((_1)n—lcnnn)1_an

. —’_>ﬂ
Takum 06pa3oM, ecan B MOJMOKHUTEL ¢; = (—1)771 1o omeparop .}’-'E " orobpazur
GazuCHblil 3/1eMenT &9 CHOBa B GA3HCHBI SJeMenT: il = | 773 7 (dopmya

715t 00pasa IPON3Be ez 5 @ Goee FpOMOS,ZLKa) B srom ciayaae (¢; = (—1)771) 06-

paTHBI onlepaTop, (]:§_”7) ! coBmasaer c .7:;7 , TO €CTb, 5JIpO 0OPATHOI'O OIlepaToOpa

MeeT BUIT

K+1,—1,+1,—1,...,(—1)"‘1(777g) = X TG = om N T

" E—if
[Tonyuennsrit oneparop JF S

KOTOPOMY IIOJIyYaeTCs IPOCTON IepeMeHoil mopsijka OykB & u 1, OyIer majee

(1)1 obo3HavdeHne JjIsi 0OPATHOIO K

Ha3bIBATbCAd KAHOHUYECKUM ollepaTopoM IipeobpasoBanus ['paccmana—Pypbe us
G(€) B G(7]) n obosmavaTbes .7-5,;’7 C oJHOIl CTOPOHBI, STOT OllEPATOP, HE COJEep-
JKaIuil B mokasaresie MHUMBIX KO3(MMUIIMEHTOB, HO COJAEPKAIINii, BOOOIIE rOBOPS,
OTpHUIATEIbHbIE, €CTECTBEHHO CIUTaTh 0000IIeHIeM cKopee rpeobpasoBanns Jlamiaca.
O/ 1HaKO MMeeT MeCTO CJIeJIyIoIiee O0CTOATETbCTBO.

Bocnosbsyemest peasmzarueit anredbpst ['pacemana G(&, ..., &, My -+, 1) B BHIE
asreoper ['pacemana—Poka O, (H @ H ), HajieIeHHON COXPAHSIONIMM CTEIIeHb U HOPMY
TeH30pa aHTH-3HIOMOPGMU3MOM (MHBOJIIOIUM) * U TAKOM, U4TO IIOCIE0BATEHOCTD
(&1, o, &ny M1,y ooy ) sABIsIETCS OpTOHOPMUPOBaHHOH B H & H . Ciie/lyst TEpMUHOJIOI AN
Bepesuna, *-UHBApUAHTHBIE 3JIEMEHTHI ajireOpbl Oy/IeM HA3BIBATD (*-) BEIECTBEH-
HBIMU, TOTJIa KAaK aHTU-MHBADUAHTHBIE (MEHSIOIUe 3HAK IpU JIeHCTBUUM Ha HUX
UHBOJTIOIWN) — (%-) MHUMBIMH.

Amnajiorn HabJII0/]aeMbIX BEIIECTBEHHBIX BEJIMYUH (HAIPUMED, T€OMETPUIECKIX
KOOD/IMHAT WUJIM KOOPJMHAT BEKTOPA MMIIYJIbCA) €CTECTBEHHO CUYNTATH BEIIECTBEHHBI-
MU, TIO9TOMY IPEJIITOJIOKUM, ITO JEeMEHTHI &1, ..., &y, M1, ..., 1), BEIlECTBEHHBI. ToT 18
apryMeHT 9KCIIOHEHTHI zéﬁ B bopMmyJIe JJI MHTErpaJbHOrO siJipa olepaTropa ]_—g—ﬁ
SIBJISIETCS BEIECTBEHHBIM, U C 9TOI TOYKHU 3peHus orepaTop bepesnna, HecmoTpsi
Ha HaJIMYue MHUMOI €JIMHUIIBI, aHAJIOIUYeH cKopee oneparopy Jlamnaca, Hexxenn
Dypoe®. IIpu 3TOM apryMenT SKCIOHEHTHI HHTErPabHOIO $/Ipa OllepaTopa ]—"f;"

— cymMma Y j:l(_l)J ~1¢;n; — ABIAETCS *-MHUMBIM, ITO U COIVIACYETCS C TIOHSITUEM

npeobpazopanust Oypobe.

6 Cnemyer ormernts emg, uto B pabore [4] BBOmATCS cymepananoru dynkmun Lamuabsrona H
u “dyHKImonana”’ JefCTBUs, SIBISIONINECS *-BEIECTBEHHBIMI 3JIEMEHTAMI KOMIIIEKCHON ajarebpsl
I'paccmana ¢ wHBOSIONMEH, TTOPOXKICHHON TPEMs *-BEIECTBEHHLIMHU OOpa3yommMu (i, Habop
KOTOPBIX IPEJCTABJISIET AHAJIOr “TOYKHM (PA30BOIO IPOCTPAHCTBA”, TOrJa KaK O BbIJIEJEHUN
HEKOMMYTATHBHBIX AHAJIOTOB OTJIEJIbHO KOMIIOHEHT MMILYJIbCHBIX IIEDEMEHHBIX HUYero He CKa3aHO.
ITpu sToM B Gosiee mosmueil pabore [2] ABHO IpeIaraeTcs CIMTATH HEKOMMYTATUBHbBIE AHAJIOMH KAK
KOMITOHEHT MMITYJIbCa, TAK U KOOPJUHAT IPOCTPAHCTBEHHOIO TIOJIOXKEHIST HEBENECTBEHHBIMU.
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Kpowme roro, npusejiernas Boiiie ¢hopMysia jjist 06pa3oB 6a3uCHBIX TPOU3BEICHII
?% JIOKA3bIBAET CJIEJLYIONLYIO TEOPEMY.
Teopema. OnepaTopsr ]:g_)ﬁ " ngﬁ u3z G(&1,...,&,) B G(n1, ..., M) COXPAHSIIOT
HOPMY, MHJIyIIMPOBAHHYIO B 3TUX aJjrebpax Hopmoii asrebpol ['paccmana—Doka
(®(He @ Hyy), N), B KOTOPOIt HAGOPSEL (&1, ..., &) U (1, ..., 1) CITYZKAT OPTOHOPMHPO-
BaHHBIMU Oasucamu npocrpancts He u H, coorsercrsenno. Bosee obrmo, Besxmit
orepaTop BUJIA ]—"g_}ﬁ COXpaHseT OIUCAHHYIO HOPMY, ecIn (1 TOJIBKO ecin) |¢j| = 1
(j=1,...n).

Tpernit aBrop noJsib3oBaJics nojepKKoit rpanta POOI Ne 14-01-00516.
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