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POCCUNCKAST AKAJIEMUS HAVK
OPJIEHA JIEHMHA MHCTUTYT IIPUKJIAJHON MATEMATUKN
NMEHU M.B. KEJIJIBIIITA

B.II. Bapun

PAITMOHAJIBHAA APUOMETUKA C OKPYI'VIEHUEM

Mocxksa, 2023



YK 521.1+531.314
B.I1. Bapun. PanuonaJibnasi apudgpmernka ¢ okpyrsiennem. Ipenpunr Nucru-
TyTa npukiaagaHoil Mmaremaruku uMm. M.B. Kengpima PAH, Mocksa, 2023.

Boiunciienust Ha KOMIIbIOTEpe B ILJIaBalolleil apudMeTuke BCerjia sBJIsIOTCS
npubJiKeHHbIMU. HanpoTus, BblUKCIEHUs B PalMOHAJLHON apudmernke (Ha-
pUMeD, B KOMIIBIOTEPHO# ajirebpe) Beera abCoTIOTHO TOUHBI U BOCIIPOU3BO MBI
KaK Ha JIPYyrUX KOMIbIOTepax, Tak U (Teopernuecku) BpydHyto. [losromy rakue
BBIUKUCJIEHUST MOI'YT OBbITH JIOKA3aTeJIbHBIMU B TOM CMbICJIE, YTO JIOKA3aTe/IbCTBO,
MOJIyIEHHOE ¢ WX MOMOIIBI0, HUYeM He OTJIMYAeTCs OT TpajuiuoHHoro. OgHako
OOBITHO TaKWe BLIYUCJIEHWS B JOCTATOYHO CJIOYXKHOW 3ajade HEBO3MOXKHBI BBU-
Jly OI'PAHUYEHHOCTH PECYPCOB HaMsTH U BpemeHu. Mbl IipejjiaraeM MexaHu3M
OKPYIJIEHUs PAIMOHAJbHBIX YKCEJI [IPU pacdyeTax B palMoHaJIbHOW apudMeTuKe,
KOTODBI# peraeT 3Ty mpobdsieMy. Beraucienns no-npe:kueMy MOTyT OBITh JIOKa3a-
TeJIbHBIMU, HO y3Ke He TPeOyIoT HeoI'paHudYeHHbIX pecypcoB. [lpusejien psiji nipu-
MEPOB peaJsin3aluu CTaHJIAPTHbIX YUCJEHHBIX aJIOPUTMOB B 3TOW apudmMeTuke.
PesynbraTsl nMeoT TpUIoKeHns K aHAJUTHIECKON TeOpUu Iuce.

KiroueBbie cjioBa: panpoHa bHast apudMeTHKa, IOIX0sIIue Ipodu, JToKa-
3aTe/IbHbIE BHIYUCICHNS.

V.P. Varin. Rational arithmetic with a round-off. Preprint of the Keldysh
Institute of Applied Mathematics of RAS, Moscow, 2023.

Computations on a computer with a floating point arithmetic are always
approximate. Conversely, computations with the rational arithmetic (in CAS, for
example) are always absolutely exact and reproducible both on other computers
and (theoretically) by hand. Consequently, these computations can be demon-
strative in a sense that a proof obtained with their help is no different from a
traditional one (computer assisted proof). However, usually such computations
are impossible in a sufficiently complicated problem due to restricted resources
of memory and time. We propose a mechanism of rounding off rational numbers
in computations with rational arithmetic, which solves this problem, i.e., compu-
tations can still be demonstrative but do not require unbounded resources. We
give some examples of implementation of standard numerical algorithms with this
arithmetic. The results have applications to analytical number theory.

Key words: rational arithmetic, convergents, computer assisted proofs.

© UIIM wum. M.B. Kesipia PAH.
Mocksa, 2023 r.
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1. BBEAEHUE (O JOKASATEJIBHBIX BEIYUC/TEHU AX)

Breluncienus Ha KOMIBIOTepe B IJIaBalolieil apudMeTnke BCerja, aBJIAI0TCS
NPUOJIMKEHHBIMU, TaK K€ KaK W BBIYMCJEHUs BPYYHYIO C KapaHJallloM 1 OyMa-
roit. OiHaKO MOMUMO PA3HOMN TTPOU3BOAUTETLHOCTH STUX BHIYUCICHUI MEXK LY HI-
MU CyIIECTBYET OJIHO MPUHIMIINAJIBHOE OTInIne. Bhraucienns BpyYHyIO KOHTPO-
JIUPYeT CaM BBIUYUCJUTENb, T.€. YeJIOBEK OIpeesser, CKOJbKO MudpP COXPAHUTH
B MIPOMEXKYTOYHBIX ¥ OKOHYATEJHHBIX pe3yJibTaTaX U KaK IIPHU 3TOM MPOUCXOTUT
okpyrJieHue. B KoMiibloTepe ke 3a 3T orepalii 0TBevaeT, IOMUMO IIPOYero, TUII
JIAHHBIX, BHIODAHHBIX B IIPOIPaAMMe, THIT ONEPAIMOHHON CUCTEMBbI, a TaK»Ke THUII
IPOIECCOpa, YCTAHOBJIEHHOTO Ha JIAHHOM KOMIIbIoTepe. XOTs BCs 3Ta MHGOPMa-
1Usi, B IPUHIIUIIE, JIOCTYITHA [10JIb30BATEJIO, OJIHAKO ITPAKTUIECKOE €€ UCIOJIb30-
BaHUE 3aTPYJHUTEHLHO JIaXKe B OJIHON dJIEeMEHTApPHOM Oolepalyu Tula T = 4 + 2.
Kpowme Toro, Ha JApyromMm KOMIBIOTEPE BCE 9TO OYIET yKe HECKOJIbKO MO-JIPYyTOMY.

VubiMu cioBaMU, BBIYMCIEHUS Ha KOMIIBIOTEPE — 3TO BCETyia oOpalleHue K
«YEPHOMY SIMUKY», «padMepy KOTOPOTO 3aBUCHUT OT KeJaHWs W BO3MOXKHOCTHU
10JIb30BATE/IsI U3ydaTh TO, KAaK KOHKPETHBIN KOMIIbIOTEp paboraer Ha (usnie-
CKOM ypoBHE. B 9TOM CMBbIC/Ie BEIYUCTEHNS HA KOMITBIOTEpPE BIIOJIHE aHAJOTUIHDI
MPOBEJICHUIO (PU3NIECKOIO SKCIIEPUMEHTA.

BeposiTHO, B TOM 9KCJIe U 3TH COODOParKEHNs yIUThIBAJIUCH TPU CO3AHUN Ma-
TEMATHIECKON IUCITUTIINHBI «IKCIIEPUMEHTAIbHAS MaTeMaTHKay (CM., HATIPIMED,
|1]). Bamerum Taxxke, aro B.W. Aprosba momaras, 9T0 «MaTeMaTHKa — 9TO IKC-
nepuMeHTasibHas HayKay (M. [2]).

B 10 ke BpeMmsi BbIYUC/IEHUs] HA KOMIILIOTEPE MOI'YT ObITh aDCOJIFOTHO TOY-
HBIMU, B CJIydae €CJU 9TO CHUMBOJIbHBIE BBIYHUCJEHUSI B CHCTEME KOMITHIOTEPHOIl
asirebpbl (CAS). CuMBOJIBHBIC BBIYUCJICHUS, TPOJICTAHHBIE ¢ TIOMOIBIO KOMITHIO-
Tepa, MOT'YT OBIThH TP 3TOM YePE3BBIYAHO CJIOXKHDBI 1 TPOMO3JIKH, OJIHAKO OHU, B
IPUHIIKAIE, BOCIIPOU3BOIMMBI B pasHbIx cucteMax CAS u mpoBepsieMbl BpYIHYIO.

B sroM cmbIciie T0Ka3aTebCTBO, MOy I€HHOE ¢ MOMOIIBI0 KOMITbIOTEpa (com-
puter assisted proof), Hudem He OTIMIACTCS OT TPAJUIIMOHHOIO U TPU3HAETCS KAK
TAKOBOE.

XOTsI caM TEPMUH «JIOKa3aTebHbIE BRITUCICHNsT» UCTOPUIECKU TIOSIBUJICS 3Ha-
IUTEJILHO PAHbIIe, OJHAKO OH He MOJydui (M BpsJ| JIK MOJYIUT) CTOJb 2Ke M-
POKOE IpU3HAHUE.

[To narmmemy MHEHUIO, BHIYUC/ICHUS B TJIaBalolieil apudmMeTnke B IPUHIUIE HE
MOTYT OBbITH JIOKa3aTeJbHBIMU TOTOMY, YTO OHHM HE TPOBEpsieMbl BPYJHYIO, TaK
KaK 4JesioBeKy (Kak MpaBu/io) HEM3BECTEH ajilOPUTM, 110 KOTOPOMY OKPYIJISIOT-
Cs1 IPOMEXKYTOUHBIE BBIYUCICHNUST U PE3YJIbTAT, & TaKXKe MOTOMY, UTO Ha PA3HbBIX
KOMITBIOTEPAX 9TO JICTACTCS MO-PA3HOMY U JIaeT (BOOOIIE TOBOPS) PA3JIUIHbIE Pe-
3yJIbTATHI.
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[Tpu 3TOM € NPUKIAJIHON TOUYKKM 3PEHUsT PE3YJIbTAT MOXKET HE BbI3bIBATH HU
MaJIEHIITUX COMHEHW, KaK ¥ Pe3yabTaT (PU3MIECKOr0 IKCIIEPUMEHTA, OJHAKO Ma-
TeMaTHIECKH 3TO He Oy/IeT J0Ka3aTeJILCTBOM.

Bce 910 0THOCUTCST M K MHTEPBAJILHON apudMeTrKe, KOTOpast OJHO BPEMsT TaK-
JKe TIPeTeH/I0Ba/Ia Ha, JJoKa3aTeabHOCTh. OJIHAKO B HACTOSINEE BPEMST B KOHTEKCTE
MHTEPBAJIBHON apudMETHKU TOBOPST, CKOPEE, O JIOCTOBEPHBIX BBIUYUCICHUSX (CM.
3)).

Takum obpazomM, JloKa3aTeJbHOCThL UJM 0E3/10Ka3aTe/IbHOCTh BbIYUCICHUN 3a-
BUCSIT HE TOJIbKO OT KQIeCTBa, aJTOPUTMOB M MOJIYIEHHBIX PEIeHnii, HO U OT BBe-
JIEHHsI B MaTeMaTUKY HOBBIX aKCHOM, KOTOPbIE OYIyT OTHOCUTHLCS K KOMIIbIOTEDY,
1 TI09TOMY HUKOTJA He Oy/IyT MPUHSATHI DOJIBIIMHCTBOM MaTEMaTHKOB.

OjiHaKO BBIYUCJICHWS HA KOMIIBIOTEPE MOTYT OBITh JIOKA3aTEJbHBIMU B TpPa-
JIMIIMOHHOM CMBICJIe, €CJIM OHM aDCOJIFOTHO TOYHBI, BOCIPOM3BOJMMBI Ha JIDYTHUX
KOMIIbIOTEPaxX HE3aBUCHMO OT MX apXUTEKTYDPbI, U, [JIABHOE, TEOPETUUECKU IIPO-
BEpsIeMbI BPYUHYIO.

Mpbr npuBesin cumBoJsibHBIE Bhraucsiennsi B CAS Kak OfuH U3 IPUMEPOB TaKUX
BbluKc/eHui. Ipyroit mpuMep JalT BHIUKMCICHUS B palMOHAJbHON apudMeTnke
(Heobs3aTesbio B CAS), KOTOPbIE 9KBUBAJICHTHBI BHITUCJICHUSAM C TEJIBIMA THC-
Jlamu. Takue BbIUMCJIEHUST BCEr/ia OCYIIECTRIISIIOTCS aDCOJIFOTHO TOYHO Ha JIFOOOM
KOMITbIOTEPE, & TAKXKe BCerja (TeopeTHIecKr) mpoBepsieMbl BpyaHyio. [losromy
TaKKe BBIYUCICHUs IIOJTHOCTHIO YKJIAbIBAIOTCS B IIOHATHE «MaTEMaTHIECKH CTPO-
roe JI0Ka3aTe/ibCTBOY, €CJI OHO ObLIO TOJIYHYEeHO C UX [OMOIIbIO.

OiHUM M3 SPKUX NPUMEPOB TaKOI'O JIOKA3ATEIHCTBA, SIBJISAETCS MPo0JIeMa [e-
ThIpEX KPacoK, KOTopasi ObLIa pellleHa C [IOMOIIbIO0 BbIYUCICHUN Ha KOMIILIOTEPE
(em. [4]).

[Ipu BblUKC/IeHUSIX B palMOHAJILHOW apudMeTuke BOZHUKAIOT Te e 1pobJie-
MBI C pecypcaMy MaMsiTi ¥ BPEMEHHU, KOTOPbIE CYIIECTBYET NPU BBITMCJICHUSIX
B ILIaBaioleil apudMeTHKe ¢ pacIlIMpeHHO# pas3psijiHoil ceTkoii. TeopeTuueckn
BBIUNCJICHUST B ILJIaBaoIIeil apudMeTuke MOYKHO ITPOBOJUTH C JIFOOBIM HYHCJIOM
JIECATUIHBIX pa3psiaoB. Hanpumep, BosiHe peajibHO BBIYUC/IATh C THICTIAMA JIe-
CATUYIHBIX Pa3psiJIOB Ha, JIOMalIHeM KoMIibiorepe. OJIHAKO MPaKTHIECKH PECYPChI
BCerJla OrPaHUYECHBI.

Boerunciienust B palmoHaabHOM apudMeTnke, Kak IPABUIIO, PEIbSBIISIOT €I11e
O0sbINIMe TpeDOBaHUS K pecypcaM TaMsiTH U BPEMEHH, YeM BBbIYHUCJICHUs B ILIa-
Batonieil apudmeruke. K ToMy »Ke, B OTJIMUHE OT IOCJIE/IHEH, BEIUYUCICHUS C Pa-
IMOHAJIbHBIMI YMCIAMK 3HAYUTEIHHO MEHEe MpeJICKa3yeMbl B ILJIaHe TPeOyeMbIx
pPecypcoB.

Hanpumep, urepanuonuniit ajsroput™ ATKeHa IPU BBIUYACICHAN KOHCTAHTI
Ditnepa—Tlomneprna yxe Ha 10-M mare jaer npubJIMKeHHE 3TO KOHCTAHTBHI C
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norpertocrsio Metee 1.2 - 10710, O qnako cymmaproe KostnuecTBo 1udp B HOILY-
YEeHHOM palMoHaJIbHOM npubsmkernu pasHo 180980 (cwm. [5]).

OmH u3 crocobOB eCyIu He PeIllnTh, TO KOHTPOJUPOBATh 3Ty mpobdsemy B CAS
— UCIIOJIb30BAHUE MOJLYJISIDHOM apudMeTnku, KoTopas IHUPOKO IPUMEHSIETCs, Ha-
npumMep, B basucax ['pébuepa u B ajiropurmax (pakTopusaluu MOJUHOMOB C I1e-
JIBIME KO3(DPUITHEHTAMMU.

Mopnynsiptast apudMeTrKa B TAKIX BBITHCICHUSIX (C MEJBIMI GUCTAMHT) STBJIsI-
eTCsi aHAJIOI'OM BBIYKMCJICHUN B IL1aBaonieil apudmMernke ¢ (puKCUpoBaHHON pas3-
psiHO ceTkoit. OHAKO, B OTJIMYKE OT MOCJEHEH, BHIYUCICHUST B MOLYJISIPHO
apudMeTHKe MMOo-IIPeKHEMY aDCOJIFOTHO TOYHBI M BOCIIPOU3BOIMMbBI KaK Ha JIPYTIUX
KOMITBIOTEPaX, Tak U (TEOPETHYECKHU ) YeJIOBEKOM BPYUHYIO, U [OITOMY $BJISAIOTCS
JIOKA3aTeJIbHBIMU B YKa3aHHOM BbIIII€ CMbICJIE.

3 cka3aHHOTO BBIIIE CJIEJIYET, YTO CJieJIaTh BBIYUCJICHUS JI0OKa3aTebHbIMH,
IIPOCTO 3aMEHHUB ILIABAIONIYI0 apudMETHKY Ha PaIMOHAJbHYIO, HE IOJIyUIUTCs,
B CUJIy TOI'O, YTO BBIYUCJIEHUs ITPOBOJISITCS Ha peajibHOM, a HE Ha HUJIeaJIbHOM
KOMIIBIOTEPE C HEOI'PAHUUYEHHBIMU PECYPCAMMU.

B janHOll cTaThbe IpejiiaraeTcs MeXaHM3M OKPYIJIEHHS PallMOHAJbHBIX Y-
ceJi, KOTOPbIii TI03BOJISET UCIIOJIb30BATh PAIMOHAJIBHYIO apU(PMETUKY B OOBIUHBIX
BBIUNCJICHUSIX, HAITPUMED, JIJIsT drcjieHHoro uarerpupoannsi OJ1IY, B 3amavax jiv-
HeiiHO# aJiredphl U T.II.

Boeraucsiennst B panuoHaibHOi apudMeTrKe Ha KOMIbIOTEpe (U BPYIHYIO)
9KBUBAJICHTHDI BbIUYMCJICHUSIM C [EJbIMKA YUCIAMU, IIOITOMY «OKPYIVIEHHBIY pe-
3yJIbTAT, €CJIM OH 1OJIYHaeTCsl JIETEPMUHUCTCKUM U TIPEJICKa3yeMbiM 00pa30M, BCe-
r1a (TeOPeTHIecKr) POBEpsieM BPYIHYIO.

B kadecTBe TAKOTO MEXaHU3Ma OKPYTJICHUs PAMOHATBHOIO duCa 1 (Win Be-
IECTBEHHOIO YHCJIa T) HPEJIJIAraeTCst HCHOJIb30BaTh OOBIKHOBEHHDIE TIOJIXO/ISIIIE
Apobu 9TOro umncia, Koropbie Mbl obozuadaem K (r,n), n € N, wiu

K(x,n):aoJrL L i: lag; a1, ...,a,], x€R
a1+ as+ an
YiKe caMa 9Ta 3aluCh SBJIAETCA aHAJOTOM 3allUCH UUCIA B BHUJE ¢—aJIUTHOMN
Jipobu ¢ (pukcupoBaHHOW pa3psijHoii ceTkoit. OiHaKO 3/1ech «1udpbly ai, k € N
— 3TO HaTypaJbHble Yucia jst k > 1 u ag € Z.

B yuebHMKaX, IJie pacCMaTpPUBAIOTCS CBOMCTBA IEIHBIX JIpobeii, HACKOJIbKO
HAM M3BECTHO, HUKOIJA HE OTMEYACTCSA OTJUYUNE BHIYMCJICHUI ¢ paruoHaIbHbIMU
YUCJIAME OT BBIUMCJICHUI ¢ BEIIECTBEHHBIMU YKCJIaMU B IJIaBaloleil apudmernke.
Mexkay TeMm, ecjiu BbIUMCJIEHHS I[IPOBOJSTCS Ha peajibHOM, a He Ha HJeaJbHOM
KOMIIbIOTEPE C HeoI'PaHUIEHHON pa3psIHON ceTKOit, ajroputM EBKinjia padboraer
HPUHIUIIAAJIBHO OTJIMIHBIM 00Pa30M Jijist 3TUX apudMeTuK.
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Ausropurm EBkinjia Bulaucienus oObIKHOBEHHOM 110X0AIIe J1pobu palo-
HAJBHOTO 4uCIa (B OTJIMYME OT YUC/Ia, 33JJAaHHOIO B ILIaBaloliell apudmernke)
BCErJ1a KOPPEKTHO OIPEJEICH U BCErJa JaeT OJUH U TOT K€ Pe3ysbTaT Ha, JI0O0M
KOMITBIOTEPE HE3aBUCUMO OT €r0 apXUTEKTYPbl (UJIM BPYUHYIO).

Taxum 06pa3oM, NPUGIMIKEHHBIE BBIYUCICHH B PAIMOHAILHBIX YUCJIAX MOXK-
HO pacCMATPHUBATDL, B OIIPEJIEJCHHOM CMBIC/IE, KAaK abCOIIOTHO TOYHBIE. [o3ToMmy
TaKNe BBLIYMCJICHMs, 110 HAIIEMY MHEHUIO, YKJIAJAbIBAIOTCA B KOHIEIIHUIO JOKA3a-
TEJILHBIX BLIYUCJICHUIA.

B pasj. 2 mbl npuBojum Hekoropble cpoiictsa dynkiuit K(z,n), x € R,
BKJIIOYAs WX allllPOKCUMAIMOHHBIE BO3MOKHOCTH. OKa3bplBaeTcst, 4TO (DYHKIWMN
K(z,n), x € [0,1] BecbMa ObICTPO CTPEMSTCS K X HPU 1 — OO, IPUIEM MAKCH-
MaJibHOe OTKJIOHeHue |z, — K (x,,n)| jocruraercs B pallMOHAJIBHBIX Ty, KOTOPbIE
CTPEMATCH K 30JI0TOMY CEUCHHUIO.

B pasn. 3 npuBOAATCS IPUMEPBl YUCICHHBIX aJIOPUTMOB, PEAJM30BAHHBIX C
oMOIIBI0 310l apudmernku. [Tokazano, 4TO TaKue BLIYUCJIEHUST MOI'YT JlaBaTh
XOPOIIUE PalMOHAJIbHLIC IPUOINKEHNsT HY>KHBIX BEJUYUH [PU UCHOJIb30BAHUK
CTAHJAPTHBLIX YUCACHHBIX METOJIOB.

B pasg. 4 paccMaTpuBalOTCsl HEKOTOPLIE IPUJIOKEHHS 3TOH apuMETHKH K
AHAJIUTUYECKON TCOPUH YUCEJL.

2. HEITHAA IPOBb K (z,n) KAK ®YHKIUA CBOUX API'YMEHTOB

Hamnowmmuwm, aro dyuknun K (x, n) Mol onpeeauin B |5]. Onu ucnoabp30Baincn
JUIST IOCTPOEHNUS PAIMOHAJBHBIX AIIPOKCHMAIN HEKOTOPHIX (DYHIAMEHTAIbHBIX
nocTostHHbIX (eM. |5, 6]).

1 Kz, 1) 14 K{z,2)
0.8 08
0.6 06
0.4 04-
0.2 02-
0 02 0.4 0.6 08 1 0 02 04 06 08 1

®ur. 1. I'padbuku byuxmuit K(z,1) n K(z,2).

XOTs annmpoKCHMaIMOHHDIC CBOICTBA OOBLIKHOBEHHBIX IIEIHBIX JPO0eii XOpOIIIo
M3y UIeHbl st (QUKCHPOBAHHBIX T (CM., HApuMep, [7]), cBoiicTBa menHbIX Apobeii
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KakK (PYHKIMI apryMenTa & U Hopsijika APoOu 1, HACKOJLKO HAM M3BECTHO, HULJEC
HE U3Y4aJIKCh.

Oyukiu P(x,n) = K(x,n) — & 9BAAI0OTCA, 09EBUHO, 1 —MEPHOIUICCKUM,
npuyem

P(z,2n) <0, P(z,2n—1)>0,

I10 U3BECTHOMY CBOMCTBY MOAXOAAIIMX JApobeii. [loaTomy poctarouno usyyars 9Tu
dbyukrun Ha uaTepsaje [0, 1].

Ha ¢ur. 1 npuseyenn rpacduku dyukuuii K(z,1) u K(x,2) na unrepsaJje
[0,1], rje BepTHKaJbHBIE OTPE3KM — 9TO YUCTO TexHUUecKuii apredakr (ya-
JIATh UX ObLIO OBI CJUIMIKOM HakjajaHO). U3 dur. 1 Bugno, uto rpaduk GyHK-
K (x,2) na orpeskax [1/2,1], [1/3,1/2], [1/4,1/3],... nosropsier maciira-
ouposannbiil rpaduk Gynkiun K (x,1). Tak ke Bejyr cebst rpaduku yHKImit
K(z,n), n > 2. Takum obpasom, rpadukn 5Tux QyHKIHHA UMEIOT BECbMa CJIOK-
HYI0 KBa3u(ppaKTaJIbHYI0 CTPYKTYPY.

[Toseienue dyuxnuit K (z,n) na uarepsase x € [0, 1] onucebiBaer ciejyoree
(oueBnmHOE)

IIpensioxkenune 1. Bee mouku paspwea dpynkyuu K(x,n), n € N, x € [0, 1]
daromes popmyaot

Thyyoky = []{31, ko, .. kn], ko, ..., k, € Ny, k1 € N. (1)

IIpu smom K(x,n) = X, k, 044 T, PACTIONOACEHNOIT MENCIY GEAUNUNAMU
k1, koy . ky) w [ky, ko, +t],0<t <1, ky,... .k, €N,

BamernM, 1T0 BbIOOD kj = 0, j # 1 B (1) 03HaUaeT HpOCTO, ITO OCOOEHHOCTH
dbyuknuii K (x, m) naciaenyorcs dyakmueii K(x,n), m < n, 970 BUJHO TaK»Ke
13 OYEBUJIHOIO TOXKJICCTBA

K(x,m)=K(K(z,m),n), m,neN, m<n,

[TocaieioBarenbrocT nojxosiiux jpodeit K(x,2n) u K(x,2n —1), n € N
SIBJISIIOTCSI, COOTBETCTBEHHO, BO3PACTaoIeil 1 yObIBaoIIei, T.e.

<K 2n—-2) < K(z,2n) <z < K(z,2n—1) < K(z,2n—-3) < ...,

[pUUEM PABEHCTBA HAUYMHASI ¢ HOMEPA M 3J1€Ch JIOCTUTAIOTCS TOJBKO JIJIS PAIo-
HAJIbHBIX T, KOTOPBIE [IPEJICTABUMBI B BU/JI€ OOBIKHOBEHHO IIEITHOM JIPoOH MOpPsIIKa,
m < 2n.

Takum 00pa3oM, y HAC BCErJla UMEIOTCSI BePXHsIsl U HUXKHsISI OLIEHKH OKPYTJIsi-
eMOT'0 YMCJIA, UTO JIeJAeT STOT MEXaHU3M OKPYIVIEHHS CXOXKKUM ¢ WHTePBaJIbHOM
apuQpMeTHKOIA.
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JIpyruM 1penMyIiecTBOM Takoro OKPYIVIEHHUsT, T.e. 3aMeHbl (PAlMOHAIBLHOIO)
UCJIA T HA €ro HOJXOJsIIYI0 Jpobb K (x,n), dBIseTcs ONTUMAJbHOCTD TOTO
npecrasienusi. Kak uszsectro (em. |7]), npods K (x,n) npubiumkaer Gucio x
HAUJIY4IINM 00Pa30M B MHOXKECTBE PallMOHAILHBIX YUCe, 3HAMEHATEIM KOTOPhIX
HE MPEBOCXO/IAT 3HaMeHaresist jipobu K (x,n) (a oHa Beerja HENPUBOJAUMA).

[Tospsysics ToxkmectBoM © = 1/([1/z] + {1/x}), mobyo dyuxmuio K (x,n),
0 < 2 < 1 MOXKHO BbIPAa3UTh sIBHO B BHJIE KOMIIO3UITHI (DYHKIM 11e/10# 1 JIpoOHOi
yacreit uncia . OHaKO 9TO NPEJICTaBICHAE HE UMEeT PAKTUYECKOrO 3HAYCHUSI,
TaK KaK PeaJibHO BLIYUCJICHUs IIPOBOJIATCS 10 aJaropuTMy EBkimja.

[Ipemokenue 1 1aer BOSMOXKHOCTD 3aIicaTh HHTErpaJbl oT dbyuknuit K (z,n)
na unrepsaje [0,1] B Buje myiabrucymm ¢ unjexcamu {ki, ..., k,}. Ojanako B
SIBHOM BUJIE TaKasl CyMMa uMeeTcs ToJibko st K (x, 1):

7T2

/le :/1/[1/:,;] oL

Cornacto npejyioxkenunto 1, ckauok, nanpumep, yukipun K(z,2) B npous-
BOJILHOI TOYKE €€ Pa3pblBa PaBeH

1 1 1

— = e N
1 n+4+  (mm+n+1)(nm+1) e ’
m+1 m

n +

T.€. M U N HOIaJIAaI0T B 3HAMEHATEIb, 8 YUCIUTeb paBeH eauanie. CKavdok J000i
dbyukiun K (x,n), n € N Oyer BbIpaskaThCsl MOXOXKUM 0Opa30M 110 H3BECTHOMY
CBOMCTBY NOJXOIAIINX JIPOOEI.

IIpengioxkenune 2. Hauborvwut ckavor dynrkyuu K(x,n), n € N, z € [0, 1]
docmuzaemca 6 mouke

JlokazaresabCcTBO. Kak n3BeCTHO, YUCIUTEN Py, U 3HAMEHATEJIN (y, 1OXO0/IsI-
UX JIPO0OEii yI0BIETBOPSIOT PEKYPPEHTHBIM COOTHOIIECHUSIM

Pn = knpn—l + Pn—2, P-1= 17 Po = Oa (2)
n = ky -1+ qn-2, q-1=0, g =1
Ckauok yukuuu K (z,n) MOXKHO 3a11caTh KakK

(kn + 1) Pn—1 + Pn—2 . kn Pn—1 + Pn—2 _ Pn—14n—2 — Pn—24n—1
(kn + 1) Qn—1 t Qn—2 k, dn—1 + qn—2 ((kn + 1) Qn—-1+ Qn—2) (kn Qn—1 + Qn—2)

[Tosromy (cm. Teopemy 2 B [7]) umciurens nocieneir apobu Beerja pasen +1

COTJIaCHO TOXKIAECTBY

Pt _ P _ (21" (3)
n+1 dn qndn+1
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Buamenaresib JIpodu, BhipaxKalomieil ckauok dyukiuu K (z,n), o4eBujiHo, J10-
CTUTaeT MUHUMAJILHOIO 3Ha4YeHus nupu k1 = ke = ... =k, = 1. 4. T. /1.

Takum obpazom, HauboJibIKMii ckauok Gyukuuit K (x,n) gocruraercs B jipo-
Osix

1235 8 13 21 34 1
9 N e S S S S N R N A ) — 3 5 —1)= 061803
{rn, € N} {235813213455 }r 3 (V5 -1

rJIe IUCJUTENN U 3HAMETATeM — 9TO He UTO WHOe, Kak wncaa Pubonadan, F,
(em. [8]), Taxk xak dopwmysa (2) maer uMeHHO 3TH ducTa npu k, = 1. Besnunna
CKavKa [IPU 9TOM paBHa

1 FE, F,
— = — H, n € N.
1 Fn+1 Fn+2

ITo u3zBecTrHOMYy cBOftcTBY umcess PuboHaddm, KOTOPOE, BIPOUYEM, CJIE/LYyeT U3
dbopmyist (3), mosydaem

— 1)+ 1 11 1 1 1
PSRN N Y S S
Foit Fpio 2" 6°15 40104’ 273

Besmauna |4, |, oueBuHO, ABIACTCS MAKCHMAJIBLHO BO3MOYXKHO MOTPEITHOCTHIO

npubsmkenus ducsia x € [0, 1] npobsio K (z,n). Hampumep, npu n = 40 mMakcu-
MaJibHasl MOPEITHOCThL PaBHA,

1
44361286907595736

PeajibHasi OIPEIIHOCTD, PA3YMEETCsi, MOXKET ObITh 3HAUYUTE/IHLHO MEHbIIIE.

|640] = ~ 0.225421 x 10719,

TakuM 06pa30M, MBI TTOITBEP/IIIN U3BECTHBIH (DAKT: 3010TOE ceueHue (Ujm ero
CJIBUTH Ha TEJIOE YUCJIO) MPUOJIMKACTCS PAIMOHATLHBIMYI THCIAMA HAUXY/IITAM
obpa3oM.

K(z,3)—z 0.0251 r— K(z,4)

0.06 | 1
0.02

0.05 1
0.04] 0.015-
0.03 1
0.01-

0.02] 1
0.005-

0.01 1

0 02 04 06 08 1 0 02 04 06 08 1

@ur. 2. I'paduxu dbyuxmuit K(z,3) —z u z — K(x,4).
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Ha dur. 2 npusejyienn rpaduxu Gynuknunii K(z,3) — 2 u x — K(x,4) na un-
repsaJie [0, 1] (rue BepruKasbHble OTPE3KH — ITO TexHuueckuii apredakt). 13
9TUX PUCYHKOB (& TakXkKe JIPYrux jijisg n > 4) BUJIHO, 9TO CYIIECTBYIOT MPOMe-
JKYTKHM, TJI€ BEIeCTBEHHbIE YUC/Ia TPUOJIMKAIOTCH HEINHBIMU JPOOSIMU B YUCJICH-
HOM CMbICJIE 3HAUUTEJILHO JIyUilie, YeM B JIPyrux uHTepBajax orpeska [0, 1]. Dru
«OJTaronpusiTHBIE» JIJIsI AlllIPOKCUMAITUU TTPOMEXKYTKN PACIIOJIOYKEHBI BOJIU3U TO-
aek 1/2, 1/3, 1/4, ..., a rakxke BOsmu3u touek 2/3, 3/4,4/5,. ...

DTOT IKCIEPUMEHTATBHBII (DaKT, BO3BMOXKHO, 00bsICHSIET, OYeMy JIPOOHO-JI1-
HeliHOe 11peoOpa3oBaHme ¢ paluOHAJIbHBIMUA KOI(MDPUIMEHTAMI UPPAIIMOHAJIHLHOI'O
JUCTa MOXKET PaJInKaJbHBIM 00pa30oM U3MEHUTH CKOPOCTH CXOJUMOCTU OOBIKHO-
BEHHOIH 11E1THO# JIpOOU HOBOM KOHCTAHTBI 110 CPABHEHWIO ¢ MCXO/HOI (cM. [6]).

B knure |7, p. 28-29] Xunuun cpaBHUBAET IPEUMYIIECTBA U HEJIOCTATKH [1PE/I-
CTaBJICHUS BEIECTBEHHBIX YKces] OOBIKHOBEHHBIMU IEITHBIMU JIPOOSMU C UX TTPE/I-
cTaBJieHreM OOBIYHBIMHU (¢—aUTHBIMU B COBPEMEHHON TEPMUHOJIOTHH) JIPOOSIMH.
Coryracio XuHYIMHY, C TEOPETUIECKON TOUKN 3PEHUSI TIEITHBIE JPOOU NMEIOT STBHbIE
1 3HAUYUTEJIbHbIE TTPEUMYIIECTBA.

C mpakTuueckoil TOYKU 3peHUs TIelHble JIpOOU TaKKe MMEIOT PsiJi IIPEenMYy-
mecTB. XUHIMH OTMEYaeT JIUIIb OJUH, HO CYTIEeCTBEHHBIH NX HEJIOCTATOK — HEY00-
CTBO TIPOBEJIEHUsT apUPMETHIECKIUX orteparuii ¢ aTumu apodsivu. OHAKO CiejiyeT
BCIIOMHHTb, 9TO 3Ta KHUIa BhILIa B 1935 romy, Korja apudmMeTuieckue onepa-
IIUU MOTJTH BBITIOJHATHCS TOJHKO BPYUIHYIO. IIpu BBIYUCIEHUAX HA COBPEMEHHBIX
KOMITbIOTEPaxX TaKue OI'paHruvYeHusi BO MHOI'OM CTAQHOBATCH HEAKTYaJIbHBIMU.

Kpome Toro, Mbl He rpejjiaraeM BbIHOJHATL apudMeTuiecKue orepaluu ¢
MemHbIME JIpoOsgMu. Onepaluu BBITTOJHAIOTC UCKIIOUATENHHO C paluoHaJIbHbI-
MU YUCJIAMHU, T.€. C TapaMy Tesbix dncesi. Llemapie 1pobu HyKHOTO MOPSAJIKA CIIy-
KT TOJILKO JIJIs [eJieil OKPYTJIEHUsS] U BBIYUCISIOTCA TOJBKO Jiist (HEKOTOPbIX )
HIPOMEXKYTOUHBIX Pe3y/ibTaToB. VHbIMU CJIOBaMU, BbIUUCJIEHUS B ITPUOJIMXKEHHOM
panuoHaJbHOI apudMeTrke He TPeOYIOT HEOTpaHUIEHHBIX PECyPCOB KOMIThIOTe-
pa, Kak 3T0 OblJIO Obl IIPU BIUKUCJIEHUSAX B OOBIYHON PallMOHaJbHON apudMeTuKe,
HO TO-TIPEXKHEMY SIBJISIOTCS aOCOJIIOTHO TOYHBIMU B YKAa3aHHOM BBIIIE CMbICJIE.

B cieyromux pasjiesiax Mbl IPUBEIEM PsiJT IPUMEPOB PeaJu3aIii HEKOTOPBIX
KJIACCUIECKUX AJITOPUTMOB B 3TOI apudPMeTHKe U pe3yJIbTaThbl BX PadOTHI.

3. OYHKIUUN K (z,n) N YUCJITEHHBIE METO/IbI

Hanmomuum, uro cumBost K (, 1) MbI HCIOJIB30BAJIN KaK T 0003HAUEHUsI CO-
OTBETCTBYIOIIEH IEMHO JPOOH, BEITUCISIEMOIt 110 ajropuTmy EBKina, Tak u j1isi
0003HAUYECHHSI PAIMOHAJIBHOIO YKCJIa, BhIPaXKaeMoro 3Toi apodbio. Hajee cumBodl
K (x,n) moHuMAaeTcs TOJBLKO B 9TOM OCJIEIHEM CMBICTIE.
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Oynkiuio K (,m) Mbl BBIYUCIIsIIM, B OCHOBHOM, 110 BCTPOEHHOMY aJIrOPUTMY
B CAS Maple. Onako Jijisi palMOHAJIbLHBIX YKUCEJI, KOTOPbIE MbI JIAJIEe HCIIOJIb-
3yem, ajgropur™m EBkinyia jierko (u ctosib ke 3(hdEKTUBHO) peajn3yercs Kak B
cucremax CAS, Tak u B OOBITHBIX sI3bIKAX MPOTPAMMUPOBAHMS.

B gacraoctu, B C++ Bepcun 11 u Bbile CyIecTByeT BCTPOCHHBIH THIT JaH-
HBIX, [IpeHA3HAYCHHBIH JIJI BBITUCICHUI B parroHaabHoi apudmernke. lobas-
JICHHE OllepaIlii OKPYTJICHHS, ONPEJICJICHHO BBIIIE, TO3BOJISIET UCIOJIb30BATH ITY
apudMernky jiuisd (IPAKTUIECK]) JIIOObIX YUCJICHHBIX PACUYETOB.

[TpuBesiem jiBa npumMepa peau3alii 9UCJIEHHBIX aJrOPUTMOB B OKPYIJIEHHOI
paIuoHaJIbHON apudmeTnke.

Paccmorpum chnauvajia kjiaccudeckuit ajroputm Pynre-Kyrra 4-ro nopsijika
uarerpupoanusi OV

Y() = £z, y(@)) (4)
Ha KOHETHOM WHTepBaje. B coBpemenmbix obosmadenusax (cm. |9, p. 134-135])
ojiuu mar Mmerojia Pyure-Kyrra nmeer Bu/1

k-1
yk=yo+h > ar; f(xo+hec, yi), k=123,
i=0
3aTeM ;
Yn = Yo +h D b f(xo+ hei, yi), (5)

i=0

e To, Yo — 910 Jantbie Koy (HavaibHble 3HAYECHWST ), & Y), — ITO IPUBJIMKEHHOE
3HaueHue perienus y(xr) B Touke T = g + h.

3aTeM cJiejlyeT MOJIOXKUTL T ‘= Xo + h, Yo := Yy, W CleJaThb CJeIyIoNuil
mwar, 1 T.J. B gacTHOCTH, JJIsi HAYAJILHOrO 3Hadenus Tog = 0, N 1maros JanHoro
asropurma ¢ marom h = 1/N upounrerpupyior ypashenue (4) Ha MUHTEpBaJie
[0, 1].

KosdduruenTnr

{a, bj, ¢;, 1=0,1,2,j=0,1,2,3, k=1,2,3}
BBLIOMPAIOTCS TAKUM 00pa30M, UTO
ly(xg +h) —yn| < Ch°, C = const(zg, f),

T.€. TeHJIOPOBCKOE PA3JIOXKEHUs MOTPEITHOCTH B TOYKE & = X + h HAUYMHAETCs C
aena ho.

Habop kosddunmenton a, b, c moxker ObITh BbIOpaH HEEJMHCTBEHHBIM OOpa-
zom. Kiaccuaecknii BbIOOD —

aro=1/2, a;1 =0, a;2=0,
CL270 = 0, CL271 = 1/2, CLQ’Q = O,
CL370 == 0, CL371 = O, CL3’2 = 1;
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1 1 1 1 1
67 1 37 2 37 3 67 Co , C1 2702 2703

HackoJsibko HaMm uzBectHo, MeTojibl Pynre-Kyrra Hukoria He npuMeHsinch B

by =

PAIMOHATBHON apudMeTHKe 110 MOHATHOM MPUIMHE: STH BBIYUCICHUSA (JaxKe JIJIs

MOJITHOMUAJIbHOM TpaBoii dacTu (4), He TOBOpPs y2Ke O paIuoOHAJIbHOI) OBICTPO

IPUBEJLYT K HEKOHTPOJUPYEMOMY POCTY 00beMa NPOMEXKYTOYHBIX Pe3YJLTaTOB.
Pacemorpum, nanpumep, 3ajady Komu y(0) = 0 jus OJ1Y

B 1
1422

y'(z)

¥ [IPOMHTErPUPYEM €0 JIAHHBIM BblIle MeTOJIOM Ha uHTepsade [0, 1] B paiuonaib-
woit apudmeruke ¢ marom h = 1/10. Ioaygaem npubimxenune

_ 5988585315838311774901484536676836463 7T

1) = 1)—= ~ —1.550-107'Y,
y(1) 7624903642650463520301694141655283000 y(1) 4 050-10

¢lcHO, 9TO BBIYHMCJICHUS B PalMOHAJILHON apudMeTHKe 110 3TOMY aJrOPUTMY IIPH

U3MeJTbUYeHNN TIara ObICTPO CTAHOBSITCA HEPeaJTM3yeMbIMU.
Paccmorpum terniepb mojindukalinio ajiropurma Pynre-Kyrra, B KOTOpOit 110-
CJIeJTHsIs olepallisi Ha Kaxk/IoM 1are (5) 3aMeHsieTcst Ha Olepalinio

3
yn =Ko+ h D b f(xo+ hei, yi), M),
=0
rje M — 5To mapaMeTp aJroputMa, T.e. HOPsA0K HernHoil JIpobu, KOTOPbIi MOXKHO
MeHATL. Torja ¢ rem ke marom it M = 18 moayuumM annpoKCuMalnio

77072475 i
y(1) =

= 3993 1) -~ ~—1.551-107"
osiziras YW ool - 1077,

T.€. IPAKTUIECKH C TOH K€ TOYHOCTBIO, HO y2Ke 03 HEKOHTPOJUPYEMOI'O POCTa,
00beMa IPOMEXKYTOUHBIX BEJIUINH.

PaccMorpuMm urepannonnblii asroputm AfiTKeHa yCKOPEHHUs CXOJIMMOCTH 3Ha-
KOIIEPEMEHHOr0 Psijia (Miin ocrusupyioiei nociegpoaresbrocti) (em. [10]). B
OTJIMYKE OT KJIACCUYECKOIO aJropuTMma ANTKeHa, KOTOPBIA TOYEH Ha TeOMEeTpH-
YECKM CXOJAIIMXCH TT0CJIEI0BATCJILHOCTAX, UTEPAIIMOHHBI aJrOPUTM SIBJISIETCS
BecbMa IPPEKTUBHLIM YCKOPUTEJIEM CXOJUMMOCTH, IPUMEHUMbBIM TaKKe K PaCcXO-
Jsmumes psigam. OH 1aeTcst peKyppPeHTHBIM COOTHOIICHUEM

A(n,0) = s(n), 2
A(n,k+1) = A(n, k) — (Aln+1,k) = A(n, k)

, k=>0.
An+2,k)—2An+1,k)+ A(n, k)

[Tocnenosarenprocts {A(n, 1), n = 1,2,...} cooTBeTCTBYyeT OOBITHOMY METOJLY
AiiTkena.
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O6 acMMITOTHYECKUX CBOMCTBAX UTEPAIMOHHOIO aJIrOpUTMa ARTKEHA N3BECT-
1o HeMHOro (cM. cebiku B [10]). TIpumenum sroT ajropurm Jijist CyMMUPOBaHMsI
PACXOJISAIIEr0Cs Psijia, JAoIero KOHCTanTy Diijiepa—l'oMuepTiia B KauecTBe CBOEit
0000IIEHHOW CyMMBbI.

Ocrpumpyorasi HoCIe[0BATeILHOCTL §(N) JiJist 3TN KOHCTAHThI UMEeT BU/I

T.€. MOCJIEI0BATEIBHOCT OBICTPO pacxoanTces. Boraucsenne (06001meHHO#) cyM-
Mbl 91010 psijia, 0 = e Ei(1,1) (rae Ei() — 910 uarerpasibhas sKCIOHEHTA), sBJIsI-
eTcsl KJIaCCUIeCKoii 3ajiaueil, BllepBbIe PEIIeHHON DitjaepoM.

Tak HasbiBaeMasi JuaroHasbHast (TaK KAk MOJOOHBIE MTEPAITHOHHBIC CXEMbI
TPAJMIMOHHO n300pazkaloT B Buje pomba) nociegosaresnbiocts {A(0,n), n =
1,2, ...} BecbMa ObICTPO CXOAUTCs K 0, HO TOJILKO Jijisi HEOOJIbIIUX 3HAYCHUIT N.
[Ipu n > 10 TounoOCTH CTAOMIM3UPYETCs, a 3aTeM HaurHaeT yobBaTh. I1pu arom
HE BIIOJIHE SICHO, SIBJISIETCSI JIX 3TOT 3(PdeKT CcBOHCTBOM aJropuTMa Kak TaKOBOI'O
WJIA PE3YJILTATOM HAKOIJIEHUsI OMIKOOK.

YucaenHnast HEYCTORIMBOCTDL UTEPAIMOHHOIO aaropurMa AiTKeHa B IiaBaro-
meil apudmernke panee yxke ormedasnack B sureparype (cm. [10]). Hampuwmep,
pacuerbl B 00bruHON D-apudmernke (R 16 jecsTuaHbIX PaspsioB) JaloT JiJis
KOHCTAHThI 0 TOYHOCTH Tpubimxennsa ~ 9.2 - 107 na 10-m mare. Tasee Tou-
HOCTH IAJIAeT, & 3aTeM IIPOLECcC OBICTPO PACXOIUTCS.

Pacuerst B Q D-apuduernke (/2 64 necaTUIHBIX pa3psijia) Jaf0T aHAJIOTTIHY O
TOYHOCTD. Pazjinune cocrouT B TOM, 4TO JOCTUIHYTAsE TOUHOCTH CTaOUIM3UPyeT-
cs1 Ha 6oJiee JTIMHHOM OTPe3Ke II0CJIeI0BATEIbHOCTH UTepalyii, HO 3aTeM TakxKe
HAaUMHAET yObIBATD.

Boiuncienus B palnuoHaJbHONR apudMeruke 1no ajgropurmy AfTKena MOrau
Obl IIPOSICHUTL BOIPOC O BJIMSIHMK HOI'PELIHOCTEN OKPYIJIeHUsI Ha CBOMCTBA ero
cxopumocT (uu pacxogumoctn). OTHAKO TaKUe BBIYUCICHUsI, OUCBUTHO, HEBO3-
MOXHBI (cM. Beesienne). [losTromy npumenum panunoHaJbHOE OKPYTJICHHE B 9TOM
asiropurme, T.e. BMecto A(n, k) Gyjem BbIYUCIATL (M XPAHUTD)

A(n, k) = K(A(n, k), M(k)),

rie M (k) € N — 910 Hekoropasi (byHKIUsI, KOTOPYIO MOXKHO BbIOUPATH Pas/iuny-
HbIM 00Pa30M.

BoraucuTesibable 9KCIepUMEHThI MOKa3aJu CJ1adyio 3aBUCUMOCTb TOYHOCTH
BBITHUCJICHNST KOHCTAHTBI § OT crocoba OKpyryeHus (T.e. OT BbiGopa (DyHKIHMH
M (k)). B wacrnocru, jost M (k) = k + 10 gocrurayra TO4HOCTH MPUOIINKEHMST

~ 5.8 - 1072 ya 18-m mare.
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Takum 00paszoM, ¢ OOJIBIIONH BEPOSTHOCTHIO UTEPAIMOHHBIA ajaroputm Afir-
KEeHa He CXOJMTCS K KOHCTAHTe §, a I'eHEepPUPyeT HEKOTOPbIA aCUMITOTHICCKUit
PACXOIAIIUAKACA TTPOIIECC.

4. BBIYNCJIEHNA C HEITHBIMU JIPOBAMN

Oryinune BBIYNCIEHUI B palOHAJILHON apudMeTHKe OT BLIUNCICHUH B ILI1aBa-
forieit apudMeTnke, Mo-BUAMMOMY, HUTIE HE IPOSIBJISIeTCs D0Jiee OTICTINBO, UeM
[IPU BLIYUCJICHUNA OOBIKHOBEHHbBIX IEIHBIX JPOOEH.

B panmonaJsbaoit apudMeTnke BCe BHIYUCICHUS CBOISITCS K MAHUIIYJIANUAM C
IEJIBIMHU THCJIAMHI ¥ [TO3TOMY BCEr/Ia BBIMOJIHAIOTCSA a0COMIOTHO TOIHO. KoMIIbIo-
TEp MPHU ITOM SIBJISIETCsI JIMIIb WHCTPYMEHTOM, YCKOPSIIOIIMM padboTy.

Hanporus, Bbiumcienue 1enHoit japobu B 1wiapaolieit apudmMeruke Tpedyer
obparrenust K GyHKIUAM BBIUUCICHUS 10N U JApobHO# gactu aucia, (x| u {x},
1 II09TOMY BCErJa OIMMPAETCS Ha AlIapaTHY0 PeaJH3alliio IPUOJIMKEeHHBIX OIIe-
panuit 1miaBatoiieil apudMeTuKu.

Pazymeercst, Bolunc/enns B I1aBalolieid apuMerrke ¢ paclimpeHHoi pas3psiji-
HOI CeTKOi, HeOOXOMMMbIE JJIsl IMOJYyUIeHrs OOJIBIION0 KOJUIECTBA MOIXOMAIINX
Jipobeit, nMerT NporpaMMHYIO, a He almapaTHylo peajusaiuio. Ho mnpobiiembr
HeJIeTEPMUHUCTCKOTO OKPYTJIEHHUST TP 9TOM HE MCUYE3aI0T, & JIMIIb OTOJIBUIAI0TCsI
K OoJjiee MO3JHUM CTa UM PabOThI aJIlOPUTMA.

OOBIKHOBEHHBIE IEIIHBIE JIPOOU TPAHCIEHEHTHLIX KOHCTAHT OOBIUHO BHITUC/IsI-
IOTCS UMEHHO C UCIIOJIb30BaHUEM ILJIaBalolieil apudMeTKy ¢ paciiipeHHoil pas-
psiJIHOM ceTKoit (eM., Hanpumep, [11]). Tem Gosiee yuBUTEIbHBIM TIPEJICTABISAETCS
GaxT, ITO JJIsI BLIUUCICHUS TOIXOIANINX APodeii aaredpandecKux HppainoHaIb-
HOCTEH JI0CTATOYHO MCIOAb30BATH TOJBKO BBIYMCJIECHUSI C IEJbIMU IUCIAMUA.

AJtropuT™, KOTOPbI# MbI PEJICTABUM, HE HOB 1 IpUHAIeKUT Jlarpamxky (cum.
|12, p. 560]). C Tex mop OH HEOJAHOKPATHO HCIOJIB30BAJICS MHOTHMU aBTOPAMHE
(em., mampumep, [13]), omHako GakT BBIUUCICHUH TONBKO C IEJBIME THCITAMH,
10-BU/IMMOMY, paHee He oTMedalscs, Kpome (HestBHO) B [14, p. 375].

[Tycrs P(z) — 910 HOJMHOM € 1EJIOUUCIEHHBIMU KOI(DDUIMEHTAME CTelIeHN
d, UMeoIKii eJIMHCTBEHHbIN BeIeCTBeHHBI MppalMOHAJIbHBIA KOopeHb a > 0,
KOTOPLI# 1 pasjiaraercs B MenHyoo a1podb. CaM KOpeHb IpH 9TOM HEH3BECTEH.

Ha camom Jiesie, BerecTBeHHbIX KOpHE# y nomHoMa P () MoxkeT 6bITh MHOIO,
HO HUINETCS IIOJIOXKHUTEbHBIA KOpeHb OJIMKAMIING K HYJII0, IPUIeM CJIe Ty O
OJIOXKHATEIbHBIH KOPEHb J0J?KEH OTCTOATEL OT ¢ Dojiee ueM Ha eUHHUILY.

Beejiem komiuiekcHbie Besaudaunbl {r,, n = —2,—1,0,1,...} (2ayccoswv ue-
AbLE), KOTOPBIE KOJAUPYIOT MOJXOJsiIme jgpobu p,/q, ancia a,

T2 = 17 r-1= ia Tn = Qn + an
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CMbICJI JJAHHOTrO 0003HAYEHUS IIPOACHUTCS [03/1HEee.
[esbie Besimuunbl {a,, n =0,1,2,...} =910 YacTHBIE 3HAMEHATEJIU PABIIOKE-
HUA
a = [ag; a1, as,...], 0<ap.

Hamum crnadaja rorosyio mporeaypy B CAS Maple, a 3arem HeoOXOmMMbIE
OSICHEHUST:

cf:=proc(P,N) local d,f,n,k,j,s,sk: global a,r,x:

f:=P: d:=degree(f,x):
r[-2]:=1: r[-1]:=I:
j:=n->‘if‘(n=0,0,1):
for n from 0 to N do
s:=sign(eval(f,x=j(n))):

for k from j(n)+1 do

sk:=sign(eval(f,x=k)):

if s<>sk then al[n]:=k-1: break fi

od:
f:=expand (x~d*subs (x=a[n]+1/x,f)):
r[n]:=aln]l*r[n-1]+r[n-2]:

od

end:

Crpykrypa ajropurMma odeBujHa. st ompejenenust caeayiomnero 9acTrHoro
3HAMEHATEJISI (;, BBIUMCJAIOTCS 3HAUYCHUs IOJMHOMA, C IeJOUNCJICHHBIMU KOd(]-
durmeHTaMu, MoJyIeHHOIo Ha IpeJIbLIyIeM mmare, B Toukax k = 1,2, ... J10 Tex
10D, IOKa HE BCTPETUTCS IEPBOE OTIMUNE B 3HAKAX. DTO O3HAYAET, YTO KOPEHD
9TOrO MoJIMHOMA OoJibie, yeM k, T.e. a, = k — 1 u T.11.

Hamnpumep, s nonunoma P = 23 — 2 eruncsenue 5000 mogxonsiux pobeii
apcia 213 na namem KoMIibioTepe 3annMaeT Meree 0.6 cex., a 10000 — menee 1.28
cexkyH/ibl. Berpoennast niporejiypa Maple Boraucisier 10000 qacTHbix 3HaMeHaTE-
JIell pa3JI0KeHns YUCia 21/3 33 8.1 cexkyH/ibl. Beibopka u3 nepsbix 10000 gacTHBIX
3HAMEHATEJICH COMEPXKUT CJeytolue OoblIne 3HaMeHATEIH:

ass = 534, as71 — 7451, agl9g — 4941, a1990 — 12737, a92247 — 2897, ceey

IpUIeM aiggg = 12737 aBJisseTcs caMbIM OOJILIITUM 3HAMEHATE/IEM U3 3TOI BLIOOD-
K.

YucsieHHbIe 9KCIEPUMEHTDI TOKA3bIBAIOT, YTO YACTHBIE 3HAMEHATEIN 110JIX0/151-
UX Jpobeit ajredpandecKux uppaluoHaJbHOCTel cTernenn OOoJIbIIe JIBYX Heorpa-
HUYEHBbI. XOTsI, [I0-BUJIMMOMY, HE CYIIECTBYET JOKa3aTeJIbCTBA TOr0, UTO 9TO CBOI-
CTBO BBIIOJIHSIETCSI Y KaKOW-JIM00 KOHKPETHON MPPAlMOHAJIBLHOCTHA 3TONO BHJIA.
Boobiiie, cymecrByer kpaiihne mMaJio nHGOPMAIMU O CTEIIeHN POCTa, YaCTHBIX 3HA-
MeHaTeJell KOHKPETHBIX aJqredpantiecKnx uppannonaibaocreii (cm. [15]).
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Heobbiuno Oosiblline 3HaMeHaTe/ M B Pa3JIOKEHUU aJiredpandeckoil uppaimo-
HAJIbHOCTH B HEMHYIO JPOOb sIBJISIOTCS CJIaObIM MECTOM IPEJICTABICHHOTO AJIro-
pUTMa. DTO BUIHO U3 CTPOUKU «for k from j(n)+1 do», IOCJIE KOTOPOil BBITHCIIS-
I0TCSI 3HAYEHMs TIOJIMHOMA Ha Imare n B Todkax k = 1,2,... 10 CMEHbI 3HaKa.
B unaTEepHETE MOXKHO HaiiTH CIIOCOOBLI ODONTH ITY HPOOJIEMY € UCIOJIb30BAHKEM
aJICOPUTMOB OMHAPHOT'O IIOMCKA, T.€., HAIIPUMEP, UCIO0JIb30BaTh 1epedbop k = 2™,
m=0,1,2,... 1 T.7.

Cy1ecTByeT ajaropuTM, MO3BOJISIONINANA BBIUYUCIUTD CJIEJLYIOIYIO MOIXOISATILY IO
JIpoOb aJsiredparnvecKoil nppaIruoHaJbHOCTH 10 JIBYM IPEJbIYIIUM, €CJIM 3HadYe-
HUEe IPUOIMKAEMOI'0 UKCJIa U3BECTHO. DTOT aJrOPUTM OIUPAETCs Ha, CBOICTBA
npomesicymounux dpobet (cm. [7]). A umenHo: jppobu

Pn—2 Pn—2 + Pn—1 Pn-2 + 2pn—1 DPn—2 + Qp Pn—1 _ p_n
QH—Q’ Gn—2 + Gn—1 ’ 4n—2 + 2 Gn—1 ’ qn—2 + ay, Gn—1 dn

00pa3yIoT MPU YETHOM 7. BO3PACTAIONLYIO, a TPU HEUYETHOM 71 — YOBIBAIOIILYIO TO-
CJIeI0BATEILHOCTD, PACIIOJIOKEHHYIO 110 OHY CTOPOHY OT IIPHUOJINKAEMOTO THCIIA.
[ToaTomy ecm 3HaUeHME MPUOIMAKAEMOTO YHCJa U3BECTHO, TO k = a, HyMepyeT
HOCJIEJIHUI djieH 3Toil noceoBaresbHocTr. Crieytomnuit OyIeT jJexarh yxKe 110
JIDYT'YIO CTOPOHY OT 1pubJIMKaeMoro dncia. Hamnpumep, juist o = 21/3 IIPOBOJIUT-
Cs cpaBHeHue

(pn—2+kpn—1)3 <> 2(Qn—2+kQH—1)3v k= 1727"'

B 3aBUCUMOCTH OT YETHOCTH 71.

Dror ajroputm (Ui o = 21/ 3) TaKKe HUCIOJb3yeT TOJHbKO BBIYUCJICHUS B
HEeJIbIX YUCJIaX, HO UMeeT TOT Ke HEeJIOCTATOK, YTO W IPebLIyIIUil aJlOpuT™, a
MMEHHO: DOJIbIIIOE YKUCJIO TTPOBEPOK JIJisi DOJIBIIIMX YACTHBIX 3HAMEHAaTeJel.

HeszaBucumo ot Toro, m3pecTen KOpeHb WM HET, 3TU MPOBEPKU MOXKHO He Jie-
JIaATh, €CJIM UMETh XOpoliiee NPUOJIMKEHUE CJIeLyIOIIel HoxX0sIel Apobu, Py, /¢y
JLJ1st 9TOT0 MOXKHO MCII0JIB30BaTh MeTo)i HbIoTOHA BhIUKC/IEHNST KOPHS TOJIMHOMA.
A mmvenno: nycrs N(z) 0603HATAET HBIOTOHOBCKYIO UTEPAIUIO JJIst JAHHOTO TO-
JITHOMA, T.€.

N(z) =z — P(z)/P'(z),
rjie T — 910 npubJKeHHoe 3HaveHue Kopus o, P(a) = 0.
Ob6oznauum h = r — a, Torja

N(z)—a = %% B+ O(h),

o — N(x)| < C h? (6)



17

JIJIsl HEKOTOPO# KoHCTaTHbl C') KOTOpasi 3aBUCUT TOJBKO OT nosimHoma P(x) u ero
KOpHs1 o (KBajipaTudHast cxoguMocTb MeToga Herorona).

BribepeMm B KadecTBe IPUOIMZKEHNs (v TOCICIHION HARICHHYIO HOIXOJIAILY O
ApoOb, T = Pp_1/qn_1, 1 HaiijileM KOpeHb k ypaBHEHUsI

Pn—2 + kpn—l
qn—2 + k qn—1

= N(pn—l/QH—l) ~ o

B pAIMOHAJIbHOI apudMernke. 3aTeM MOJOKUM a, = [k, T.e. BBIYUCIUM TIEITYTO
4aCTh PAIMOHAJLHOIO ducia k. 3J1ech Mbl UCHOJb3YeM TOT (DaKT, 4T0 Py_1/qn_1
W D/ qp JI€XKAT 1O pasHbie cTopoHbl 0T . [losromy mesoe [k] u panuonanbroe k
TaK>Ke ¢ OOJIBINONI BEepOATHOCTHIO JIEXKAT TI0 Pa3Hble CTOPOHBI OT (.

Ha camom jiesie, apobb py,/qn 1104TH BCErjia BbIUUCISETCS TOYHO ITUM CIIOCO-
6om, ecsin ucnosibzoBarh Gynkiuu K (x,n). [pusejem cHaudada

IIpengyioxxenue 3. [lycmov darno npouscosvroe UppayuoHaAALHOE YUCLO T >
0 u e2o pasaooicenue 6 00vIKHOGENHYIO Uennyo dpobv. H nycmv payuonasvroe
YUCAO Y HATOOUMCA MeHCIY 08YMHA NOOTOOAUUMY OPOOAMU YUCAL T, Dn/qn U
Prt1/qn+1, 1 € N. Tozda nodrodauyue dpobu wucra y cosnadarom ¢ marosv.mu
O MUCAA T 6TA0MD 00 N-T BKAIOUUMEALHO.

Hoxkazaresibero odesuyino (em. [5]). [losromy cripaBeinBo cieyoriee

IIpensioxenune 4. [[ycmo dan nosunom ¢ yeavimu Kosphuyuenmamu P(x),
uMenwut uppatuorasvroll kopens o > 0. U nycmo evruucierna nodrodauyas
dpo0o Pr—1/qn-1 wucaa « ¢ docmamouno 6oavwum romepom n. Tozda caedyrouasn
nodrodauan 0podL GLINUCAACTNCA NO POPMYAE

o= we (v () ) "

npu ycaosuu, 41mo YacCmHuvle SHAMEHATMEAU Ap+]1 UAU Apt19 HE OKAHCYMCA CAUUL-

Kom Oorvuwumu. Hanpumep, docmamouno, 4mobvl 6binoAHANOCD YCAOBUE

3 3 2
max (a1, @, o) < constq,_;. (8)
JoxkazareabcTBo. CoracHo npeyIoKeHnIo 3, JOCTATOIHO MOKA3aTh, YTO Pa-
IUOHAJILHOE YUCIO Ty, = N (Dp_1/qn_1) JIEKUT MEXKLY TUCTAMU Dy /Gp U Prt1/ Gns-
[Tojxostie gpobu pp, /¢y 1 pp_1/¢n—1 BCErjia JIEXKAT 110 Pa3Hble CTOPOHbI OT
qucaa «. Beero cymecTByer "eThipe ciydasd: 1 9eTHO WJIM HeYeTHO; U (PYHKIUS
P(z) noKaJbHO BBIMYKJIA UM BOPHYTA B OKPECTHOCTH (V.
B zaBucumocTn oT ciydas JOCTaTOYHO, YTOObI
Pn

\oz—xn|<‘az——
n

DPn+1
a J—

: 9)

W \oz —a:n| < ‘
dn+1
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Ho Bropoe u3 3Tux HEpaBEHCTB BJIEYET 11EPBOE, MOITOMY PACCMOTPUM BTOPOE.

O6o3navynm .
h= ‘a—p“‘l . (10)
dn—1 Qn—-14n
Hannoe nepasencrso — 1o reopema 9 B [7]. Coracho reopeme 13 B [7],
1
< ‘Oz o Pn+1 .
dn+1 (QTH—I + QTH—Q) Gn+1

HOSTOMY JO0CTATOYHO IIOKa3aTb, 9TO

1
dn+1 (Qn—H + QTH—Q)'

o —z,| <

Ucnonssyst onenkn (6) u (10), nmosydaem HepaBeHCTBO

ng—l %21

C < ,
dn+1 (Qn—H + QTH-Q)

JIOCTATOUHOE JIJisi BbIoJiHeHust (7). 3aMeHsis ¢, 0 UX PEKYPPEHTHBIM (hopMyTam
u 3arpybJisist HepaseHncerso, nosuydaum (8). H.T. /1.

3ameTuM, 9TO Jijisi BBIIOJHEHHs T1ePBOro U3 HepaBeHCTB (9) J0CTaTOuHO BbI-
TIOJTHEHUST HEPABEHCTBA,
(i1 < CONSt G-y (11)

Hapyenue soboro u3 nepasercrs (8) uium (11) o3nauaso Obl MosiBIeHE Ka-
TacTpoduyuecky OOJIBIIOr0 YaCTHOIO 3HAMEHaTeJd y ajredpamdecKoil uppaiuo-
HAJBHOCTH. DTO MAJOBEPOSATHO JIaXKe B €JIMHUTHBIX CIydasx, a HAPYIIEHHE STUX
YCJIOBHIT GECKOHEYHOE YHMCIJIO PA3 BOZMOXKHO, I10-BUMMOMY, TOJILKO y TPaHCIEH-
JIEHTHBIX YHCEJI.

Hampuwmep (cwm. [5]), momoxum 29 = 1 u

3

n_

Tpi1 = K xn—L,nJrl , n € Np.
32
Torja moCIEI0BATEILHOCTL {2, } — 5T0 Bee mojxoidmme apobu uncia v/2. Bo
BCSAKOM cJIydae, 9To crpaseaanBo jjsa i < 10000.

AJropuT™ BBIYKCIEHUST TIOAXOAANIINX JAPo0eii aaredpandeckux uppanoHaib-
HOCTEH, N3JIOKEHHBIN B NMPEJJIOYKeHNH 4, TPeJICTABIISIeTCs 3aBEOMO MEHee OITH-
MaJIbHBIM, 4eM aJropuTM JlarpaHrka, M3J0KeHHbIH Bbime. OJHaKO 5T0, BOOOIIEe
rosopsi, He Tak. Paccmorpum ypashenue (cm. [16])

P(z)=2°—8z—10, P(a)=0, o~ 3.318628217750,
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KOpPEHb KOTOPOI'0 MMEET Pa3JioyKeHUe B OObIKHOBEHHYIO IEIHYIO JIPOOb C 9KC-
TpeMaJbHO OOJIBIIUMHU YaCTHBIMKM 3HAMEHATEJISIMU, KOTOPhIE BCTPEYAIOTCS CPeJin
nepBbix 200 WiIeHOB pasyioXKeHus: (v B IenHyo apodb. Hanpumep,

a17::22986, a$3::1501790, alm_::16467250, ai161 = 325927.

B [16] mokazano, 9TO 3TO sIBI€HHE CBS3aHO C TE€M, UTO JAHHOE yPaBHEHUE
vMeeT OTHOIIeHHe K kBajparnanomy nosio Q(y/—163) n 4ro mopsjok Kiacca
9TOrO 10JIst PaBeH ejuuuIe. Takoii npumep, padyMeercs, He eJMHCTBEHHbIH (CM.
16]).

Anropurm Jlarpam:ka cunraer Ha HaireMm KommbioTepe mepsbie 100 moaxois-
mux Jipobeit 3a 4.72 cexyn,ibi, a nepsbie 200 — 3a 72.14 cekynji. B 1o Bpemsi kak
Hait ajgroputm jaer 200 noaxosiux japodeit 3a 0.1 cexkyHbI.

[TpaBja, npu HyJeBOM MPUOJIUKEHUN T( = 3 MEepBbIe TPU MOJAXOJAIINE JTPOOH
HellpaBUJIbHBI, HO OHU JIETKO BOCCTAHABJIUBAIOTCS IO MOJYYEHHBIM MTPAaBUJIbHBIM
¢ nomotpio hyuknuit K(x,n) (cm. nuxe).

Kitaccuueckuit kpurepuit JIupuxjie nppanuoHajbHOCTH YUCIa (¢ UMEET BU/L

laqg — p| — 0, g—uy, p,q € N.

[Mopxomsiimue ApodbK BCex UPPaUOHAILHBIX YKCET 00J1aJIal0T 3TUM CBOKCTBOM.

Kak okazajioch, JIJIsl BCeX CJydaeB, KOTJa HPPaloOHaJbHOCTD YUC/Ia YIaeTCs
YCTAaHOBUTHL 110 Kpurepuio Jupuxie ¢ noMompio OLICTPO CXOMSINEHCs I0CIe10-
BATEJIbHOCTH PAIMOHAJIbHBIX dncest (Hanpumep, s , In2, ((2), ¢(3)), aru no-
CJIEJIOBATEILHOCTH CTPEMSATCS K CBOEMY IpeJIesly ObICTPee B YUCJIEHHOM CMBICIIE,
deM TOJIXOJsIe ApobK ITOro npejeia (pasyMeercs, 3T0 9KCIeprMEeHTaIbHbIH
dakr).

D710, BEPOSATHO, CBSI3aHO C TE€M, UTO HOAXOJSIIIE JIPOOU SIBJIAIOTC HAKITY IIIH-
ME JIH0(GAHTOBBIMU MPUOJMKEHUSIMI CBOEro Ipejena. [losromy apyrue apobu,
VJOBJIETBOPsIONUe Kpurepuio Jupuxiie, JOMKHbI KAK-TO KOMIEHCUPOBATH CBOIO
HEONTUMAJILHOCTh, HAIPUMED, 3a cdeT bojiee ObICTPOil CXOIUMOCTH.

[Ipumenenue dbyuknuit K (x,n) M03BOJsAET TeHEPUPOBATH HOIXOJSIIIE TpoOU
qucsia o U3 JII000H MOC/IeI0BATEIbHOCTH PAIMOHAIBHBIX YHCeST P/q, ecii OHA
CTPEMUTCS K (¢ ObICTPEE B O0OBIMHOM YMCACHHOM CMBIC/IE, UM HOCJIEA0BATEILHOCTD
ero MOJAXOJSIIUX Apobei. A uMeHHo, Oy1eM TOBOPUTD, YTO HOCJEI0BATEIHLHOCTD
Sp — @ ABJISIETCSL ObLCMPo CLodAULelicA, €CJI BLIIIOJHEHO YCIOBUE

o — s,] < ‘oz — Dnsl , const <n eN. (12)
dn+1
Torma (cm. mpeoxernne 3)
Pn — K(sum). (13)

dn
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1€ P/ Qn — 9TO OOBIKHOBEHHBIE MOJXOsAIIME Jpobu yncia «. Hanpumep (cm. [5]),
MbI CP€HEPUPOBAJIM TaKUM 00pa3oM noxosiue 1pobu (j10 100-i BKIOUMTENBHO)
koHctanT 7, In2, ((n), n =2,3,...,9, a TakKe KOHCTAHTHI 7.

Bosnukaer Bonpoc, KakK OIPEJICJIUTh, SBJISETCS JIA JIAHHAA I0CJIeJI0BATC b
HOCTb PAIMOHAJIBHBIX YHUCEJ OBICTPO CXOJSAIIEHCs, €CJIHU OCIe0BATE]ILHOCTD 110/]-
XOJSIINX JIpobeil mpesena o HeussecTHa. Ha 3ToT Bonpoc gaer oTser cieyloree
(oueBmHOE, CM. [5])

IIpengnoxxkenne 5. [Iycmo dana crodswancs HENPUBOIUMAA NOCACIOBAMEN-
HOCIb PAYUOHANOHBIT YUcen Py [ qy. To2da ona aeasemea (Hawunaa ¢ nexomopozo
underca n) nocaedosamensbHocmvo nodrodsuus dpobeti ceoezo npedesa o moz2da

u Moavko moeda, xozda
T'n — Th—2
— =a, €N, (14)
T'n—1
ede vy, = qp + 1 py. pu smom sesunumnst a, AGAANWMCA YACTVHOMU 3HAMEHATME-

AAMU PA3AOACEHUA YUCAE O 8 00DIKHOBENHYIO UenHY10 Ipobb.

NupiMy cioBaMu, IIPEJJIOKEeHHe 5 rapaHTUpyeT, YTo IelHas Jpodb Diiiepa,
noctpoerHast o ajgropurmy [1. Bepuysiu (em. [5]), coBrmagaer ¢ 0ObIKHOBEHHOI
LEIMHOI APOOBLIO Ipejiesia (v HAYMHAs ¢ HEKOTOPOTro HOMEpa, M.

Takum 0bOpasoM, 1oKa BbiosiHsercs yejaoue (14); soiosnsiercst u (13), r.e.
MOJIXOJIATIINE JIPOOU, Oy IeHHbIEe ¢ OMOIIbI0 GyHKIMi K (2, n), ABASIOTCA Tak-
K€ NOJAXOAANIMMU JIPOOSIMHU TIPEJIEIa, MOCIEI0BATCILHOCTH.

OHAKO JI0Ka3aTh, YTO IIOCJIEJI0BATEILHOCTD Sy, HOJIy4YeHHAs, HAIPUMED, I10
AJITOPUTMY yCKOpeHus cxomumoctu (cM. [5]), obmamaer cBojictBoM (12) st Beex
n > const, MO-BUJIUMOMY, HEBO3MOXKHO. EIMHCTBEHHDIH TpuMep (KBapaTuIHBIE
MPPAIMOHAJLHOCTH HE B CUYET), KO/ 9TO MOXKHO YCTAHOBUTB JIOCTOBEPHO, JIaeT
KoHCTaHTa € (cM. [6]).

B 1o e Bpems pesyabrarsl Xundnna (M. |7] ) u Jlesu (cm. [17]) mator yepe-
HEHHYIO OIEHKY CBEPXY pOCTa YaCTHLIX 3HaMeHaTeseil Jjisi HOYTH BCEX Belle-
CTBEHHBIX 4KCeJl. 1103TOMYy «B CpeJHeM» HOAXOJSIIUE JIPOOU UPPAIMOHAILHOIO
YHCJIa He MOIYT CTPEMHUTBLCS K CBOEMY IIPEJIEJTy CJIUIIKOM OBICTDO.

D10 03HAYAET, UTO BIIOJIHE PEAJUCTHUHO OXKUJIATL, UYTO IIOCIEJI0BATEILHOCTD
PAIMOHAJILHBLIX YUCEN Sy, CXOAANIAACA K Hpejesy « OblcTpee, 4eM HOCJIeI0Ba-
TEJILHOCTH €I'0 HMOJIXOSAIIUX JIPo0eit, MoXKeT ObITh OCTPOEHA, eCiu He TpedoBaTh
BBITIOJTHEH YT yCI0BHst (12) BCIOMLY, & JIOMYCTUTH €r0 HAPYIIEHHEe B HEKOTOPBIX CJTy-
gasx. Vi jaxke B 6eCKOHEUHOM 4dmc/ie ciaydaes. Torja e Bce HOAX0/sIue Jpoou
qucia a MOryT ObITh mostydenb 1o dopmysie (13).

C Apyroit cTopoHbl, MbI y3HaEM 00 3TOM M3 HPEJIOXKEHUS D, T.e. YUCIO d, B
9TUX MecTax He OyJeT IeJIbIM.
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O 1HaKO KOJMPOBAHUE MPPAIMOHAJIHLHOTO YUC/IA €r0 MOJIXOAAIINMEA JIPOOIMU
obJiajiaeT BechbMa 00J1bI0M n30bITOUHOCTHIO. Harnpumep, cripase i jinBo

IIpengoxxkenne 6. [[ycmv uszsecmua nocacdo8amesbHOCMb YEMHBLL NOOTO-
dawuxr dpobeti uppayuorasvhozo wucia o > 0,

Po P2 Do

a0 @ ¢

Tozda 6ce ocmasvrbvie IAeMERMBL PA3AOAHCEHUA YUCAG O > 0 s 06’b6%‘H066HHy’}0

PRI

uenHyr0 dpobsL B0CCMAMABAUBAIOMCA 00HO3HAYHO.

JokazaresabcTBO. Heobxo/11Mo onpeie/inTh Bce HeYeTHBIE TOJIXOIAIIIE JPO-
O P2p—1/Gon—1, & TaKKe BCE YACTHBIC 3HAMEHATEIHN @, TUCTA (.

Samerum crepsa, 4to p_o =0, ¢ 9o =1 up_1 =1, ¢_1 = 0 110 onpejieieHAIO.
[Tosromy pg = ag u gy = 1. Paccmorpum 1ocJiejioBaresibHOCTh

Pn = QnPn-1+Pn-2, Gn = QnGn-1+ qn—2, n=12...2N,

kak cucremy 4N jiuHeilHbIxX ypaBHeHuil oTHOCHTEIbHO 4N HEen3BeCTHbIX

aiy,az,...,a2N, pP1,P3,---,P2N-1, 41,43,---,42N—-1-

Tor dakT, uTo cucreMa JuHEiHA, MOXKHO yBHJIETb, €CJIM pa3dUTh YpaBHEHHS Ha
napot {1,2}, {3,4} u 1.1., a 3areM UCKIJIIOUUTH HEUZBECTHDBIE Uy .

HerpyHo nokazarh 110 MHJAYKIMU, 9TO 9Ta, CUCTEMa Bcerja paspemnma. Ha-
npumep, i N = 1 HoJydIuM pelreHue

92— qo _ P24o — PoQq2 4o (p2 — po) 9o (@2 — qo0)

a=-— =D =" """, = .

P240 — Po 42 4qo D240 — Po G2 P240 — Po 42
HaJjiee popMyJIbl CTAHOBATCA OOJiee 'POMO3JIKMMU, HO, BCIIOMHUHAs, UTO ¢y = 1,
M BBIYHUC/Isis CIIEPBa BEJIMUYMHBI C YETHBIMU HOMEpaMH, O0Ilee pelieHre MOXKHO
3almcaThb B BUJIE

DPn Gn-2 — Pn—2 qn, T, HETHO
A, = 9 — _ — Qa — Ay _
n Prt1Gn=3 = Pn=3Qn+1 = Antl = On=l = yoyerno,
Ap+1 Gn—1
rjie
Dn qn 7 9€THO
Pn=19 Pns1 = Pp=1 - 0= Gntl = Gn=1 o yegeryo,
ST 0.

AnajornaasiM 06pa3oM MOKHO BOCCTAHOBUTD YE€THBIE ITOIXOIAIINE JPOoOH pas-
JIOXKEHUSI YUCJI1a B OOBIKHOBEHHYIO LEIHYIO JAPO0b, €CJii 3HaTh BCE HEYETHBIE 110/
xojsiue aApoou. OTMEeTUM, 9TO STU OHEPAIMH HE SIBJIAIOTCS OOPATHBIMU OllEepa-
UM YEeTHOTO MJIM HEYEeTHOT'O CXKATHUs OOBIKHOBEHHOH IENHON Jpo0u, TaK Kak
JacTHbIE 3HaMeHaTe Il 3/1eCh HEeU3BECTHDI.
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[Ipejioxkenne 6, BIpoueM, CTAHOBATCH OYTU OYEBUJIHBIMU, €CJIU MCIIOJIH30-
BarTh npejioxkenre 3 u gyukuuu K (z,n): J0CTATOUHO BBIYUCIUTH 110C/IE/I0BA-
TEJbHOCTD MOJIXOJAIINX Tpooeii

Pn/tn = K(pan/qon,n), n=1,2,...,2N — 2

a 3aTe€M BBIYMCJIUTD HEIMHYI0 Jpo0b Jiljiepa, KoTopasi 1acT a,,n = 1,...,2N —2
(a Takxke u agy_1, ecan asy # 1.)

MoHOTOHHO BO3pacTalone Ul YObIBAIOIIUE ITOCIEI0BATEIbHOCTH PAI[MOHAJIb-
HBIX YMCEJI UT'PAIOT OCOOYIO POJIb B YCTAHOBJIEHUHM UPPAIMOHAJILHOCTH CBOEIO IIPe-
sesia. Tak, 4eTHble ¥ HEeYeTHbIE MMOJXO/sIIne JIPoOu 00/1a/a10T ITUM CBOMCTBOM.

12— I - S - T - S S - T -
E T T - L A T - <
10—: I - S-S S S S - S S-S L
1 ¢ ¢ ¢ » ¢ & o ¢ & & & & ¢ g -
8—_ e e & e o L o ¢ ¢ ¢ o @ e e e e % 0
E I - - T TR - S S S S - T
6—: e e v e ¢ £ 0 L% AT o e ¢ e & e O
1 ¢« ¢ ¢ ¢ o @ ¢ e e e e ¢ e e & 0
4—- T - L - T
E T @ ¢ e e e @ ° o o & & & @
2—: & @ R A T - S - - S - T -
1 .2 ¢ 2 o - T - - -
0_ L e L L I
2 4 6 8 10 12 14 16 18 20

Qur 3. Beinykias u BOrHYTas MOCIEI0BATETbHOCTH.

OiHAKO MMOMHMO MOHOTOHHOCTH, IIOJXOJIAINNE Jpodu 00JIa1al0T eIle OJHUM
CBOIMCTBOM, KOTOPOE MO3BOJISIET CPa3y CAEIaTh BbIBOJ 00 MPPAIMOHAJLHOCTH UX
npejiesia. A UMEHHO: IOC/IeI0BATELHOCTH TayCCOBBIX TEJBIX T9, U T9,_ 1 BCEI/a
BeJIyT ceds Tak, KakK II0Kas3aHo Ha ur. 3.

Ha dwur. 3 nokaszatbl KOMIIEKCHbIE TOUKK Ty = ¢y, + @ Py, JJIsE YETHBIX (CHU3Y)
¥ HEYEeTHBIX (CBEPXY) MOAXO/SAIIMX JPODEil HEKOTOPOro UPPAIMOHAJBLHOIO YHUCIIA,
(v, & TaK¥)Ke MHOXKECTBO Touek {x + iax, x > 0}, t.e. rpaduk dyHKImMT ¥y = Q.

MonoToHHO Bo3pacTaorias (yObIBAIOIIAs) TOCIEIOBATEIBHOCTD PAIMOHAb-
HbIX YUCEJ Py, /¢, HA3BIBACTCS 6unykA0T (602HYMON), €CaU MOCIEI0BATEIbHOCT
(Pn+1 — Pn)/(@n+1 — @) MOHOTOHHO yObIBaeT (BO3pacraer), IPUUIEM Gni1 > Gn.

OueBuIHO, 9TO OMpEJIeICHNE BBIMTYKJIOCTH (BOTHYTOCTH) SIBJISIETCS JTIUCKDPET-
HbIM AHAJIOIOM OOBIYHOMN BBIYKJIOCTH (BOTHYTOCTH) IJIAJKOH KPUBOI, a Takxke
SIBJISIETCS KpUTEpUeM uppanuonaibuocrn Bpyna (em. [5, 18]).

BoIyKJ10€Th (BOTHYTOCTD) 9THX JIOMAHBIX BJIEUET HPPAIMOHAIBHOCTD (¢ HE3a-
BHCHMO OT KpuTepust BpyHa (Win sBIseTCs ero J0Ka3aTeIbCTBOM ), TaK KaK eCJIn
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Obl (¢ OBLIO pAlMOHAJBHBIM, TO CYIIECTBOBAJIA Obl HEKOTOPAsi 110JI0CA BJIOJIb IIPSsi-
Mot Yy = ax (wm y = ax + f, B € R), n.e. acuMITOTHI 9TUX JIOMAHBIX, TJIE
BCE IEJIOUNCJICHHBIE TOUKH JIeXKaJIi ObI TOJILKO Ha 3TOi IpsiMOii 100 BOOOIIE OT-
CyTCTBOBaJIM. B TO BpeMst KaK CYIIECTBOBAHUE TAKUX BBITYKJIbIX WJIM BOTHYTHIX
JIOMAHBIX, UMEIOIIMX [EJOIUCICHHBIE BEPITNHBI, TPOTHBOPEUNUT CYINECTBOBAHUIO
TaKOU MOJIOCHI.

Kak mokazano B [5], Bce mocsie/[oBaTEIbHOCTH YETHBIX (HETETHDIX) MOJIXOJIsI-
X JApo0eit uppannoHaJIbHbIX TUCEJ YI0BJIETBOPA0T Kpurtepusm bpyna. OHa-
KO dur. 3 ykasblBaeT Ha CyIIecTBOBaHWE OECKOHETHOIO YUHCJIa TAKUX IOCJIE]0-
BaTeJIbHOCTEH s J100oi upparuonaabHoCcTH. [lepBblii Takoil nmpumep jaj cam
Bpyn st aucia e. CBOHCTBO HENPUBOAMMOCTH JIPpOOEit TIPU 9TOM HE TOJIBKO He
SIBJISIETCST HEOOXOIMMBIM, HO MOKET IPEIsITCTBOBATH MOCTPOCHUIO TAKUX TTOCJIE-
JIoBaTeIbHOCTEH (KakK Juisd ducia e, cM. |5]).

Takum obpazom, UMest JOCTATOTHO OBICTPO CXOJSIIYIOCS OCJIEI0BATETLHOCTD
PAIMOHAJILHBIX YUCEJI, TEOPETHIECKH MOXKHO BbIOpaTh U3 Hee (MM CKOHCTPYUPO-
BaTh) BBIITYKJYIO UM BOPHYTYIO MOCIE0BATEIbHOCTh, YTO aBTOMATHIECKH JacT
HPPalIOHAJLHOCTD MIPEJIEIA.

Hackonbko HaM M3BECTHO, €JMHCTBEHHAsI pabOTa B 9TOM HAIPABJIEHHH — 9TO
MOCTPOEHUE BHIOOPKH, YIOBJIETBOPSIONIEH KpurTepnio BpyHa, u3 mnocjepoBaTeib-
noctu Anepu jyist aucia ¢(3) (em. [19]).

5. SAKJIITOYEHNE

OTMeTHM, 9TO BBIYMCICHUS B PAMOHAJIBLHON apudMeTHKe, K COKAJICHUIO, 110~
Ka He SIBJISIOTCS pPas3fieJloM YUCIEHHOTO aHAJIM3a, a CKOpee MPHHAJJIeKAT KOM-
IBIOTEPHOI aJiredpe.

Mex iy rem, (MOMUMO HPUMEPOB B 9TOH CTAThe) CYIECTBYIOT MPUIOKEHUsI
BLIUMCJICHUHA B PaIMOHAJLHON apudMeTrnke, OTHOCSIIUECS HEIOCPEICTBEHHO K
aqucsienHoMy asaiuzy (cum. [6]). Tak, koaddunuenTs pasiokenniit HEKOTOPHIX
dyuknuit o nosunomam eoOwieBa uin Jlexkanjpa siBJASIOTCH PallMOHAJbHbI-
mu anciamu. Ksajparyper Faycca na unrepsade [0, 1] or yi1000ii painoHaibHOM
dbyHKIMU ¢ panuoHaJbHBIMK KoM UIMEHTAMU TaKKe SABJISIOTCS PAIMOHAIbHbI-
M qucaMu (b0 HEOTpeeIeHbl). DTU U Jpyrue (hbakThl HEBO3ZMOXKHO YBUIEThH
IpK pacuerax B ILiaBaoeil apudmeruke.
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