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O HOBOM MeToO/1€e pery/Isipu3auuu ypaBHeHHH
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Heanoe A.B., Kpanowun M.B., Enuzapoea T.I.
O HOBOM MeTOa€e peryasipu3aliid ypaBHEHUH ABYX(a3HOH HeC:KUMAeMOH
cpeasbl

B nannoit pabote npuBenéH HOBBIA METO YMCICHHOTO MOJICITUPOBAHUS JBYX-
(ha3HBIX HECKUMAEMBIX HECMEIIMBAIOIIUXCS cpel. B 0CHOBE METOAMKH JICKUT HC-
MOJIb30BAHUE KBA3UTUIPOAMHAMUYECKOTO MTOAX0AA PETYISpU3aIMU YPABHEHUMN TU-
ponuHaMUKHU. 3 KOHEYHO-PAa3HOCTHBIX COOOpaKEHHI TTOCTPOSHBI IBE CHCTEMBI pe-
TyJAPU30BaHHBIX YPABHEHUM, OTIIMYAIOIIUECS ONPEACTICHUEM PETYIIIPUYIOIIEN T10-
paBKH K CKopocTu. [IpuBeneHo cpaBHEHNE ONMMCAHHBIX CUCTEM U ampoOaIiys 9uc-
JICHHOW MOJICJIM Ha JABYX TeCTaX: JIBYMEpPHOM 3ajiadue pacrajaa ctoida Bojasl (pa3py-
IIEHUS TUIOTUHBI) C HEPOBHOCTHIO JHA, JIsl KOTOPOM OMUCAHBI AKCIIEPUMEHTAJIbHbBIC
JaHHBIC, M TPEXMEPHOM 3aJ1a4ue 00 IBOJIOIUHY KyOondeckoi kariu. [Tociennsis 3agaqda
XOPOIIIO AEMOHCTPHUPYET (D PEKTHI TOBEPXHOCTHOTO HATSHKCHHUS U SIBIISICTCST MOZICITh-
HOM C MCKYCCTBEHHO 33JJaHHBIMU MTapaMETPaMHU.

Uucnennas monenb JIByX(a3HbIX TEUECHUM peain30BaHa Ha 0a3e OTKPHITOM
unTerpupyemoit miargopmsl OpenFOAM c ucnonb3oBaHUEM METO/1a KOHTPOJIBHBIX
00BEMOB.

KuroueBble ¢j10Ba: HeC)kMMaeMble IByX(a3Hble TEUEHUS, KBa3UTUAPOAMHAMU-
YeCKU MOJIX0, perysipu3oBaHHble ypaBHeHus, Volume of Fluid, OpenFOAM.

Aleksandr Viadimirovich Ivanov, Matvey Viktorovich Kraposhin,
Tatiana Gennadyevna Elizarova
On a new method for regularizing equations two-phase incompressible fluid

This paper presents a new method for the numerical simulation of two-phase
incompressible immiscible flows. The methodology is based on the hydrodynamic
equations regularization method using the quasi-hydrodynamic approach. Two
systems of regularized equations are developed, which differ in terms of velocity
regularization. The comparison of the described equations systems and the
approbation of the numerical model on two numerical tests are given: 2-d dam
break problem with the bottom step, for which the experimental data are described
(Koshizuka’s experiment), and the cubic drop evolution 3-d problem. The latter
problem is a model one with artificially specified parameters that demonstrates the
effects of surface tension.

A numerical model of two-phase flows is implemented in the open-source
platform OpenFOAM using the finite volume method.

Key words: two-phase incompressible flows, quasi-hydrodynamic approach,
regularized euqations, Volume of Fluid, OpenFOAM.

Pabota BrinmonHeHa npu noaaepxke Poccuiickoro Hayuynoro (onaa, nmpoekr 19-
11-00169.



BBenenue

Teopust MHOTO(A3HOM CMECH UMEET OOIIMPHBIN CIIEKT] 3a]1a4 JJ1sI TPUII0KESHHUS.
OTO W 3a7aud JWHAMHKA CMECH JBYX M Oojee Ta30B, 3aJaud HCCICIOBaHUS
TEUECHUM HECKOJBKMX HECMEIIMBAIOIIUXCS KUIAKOCTEH, 3a1aun neduiarpaiuu, T.e.
MepeXo0/ia TOPEHUE—AETOHAIIUS, B XUMUYECKHA aKTUBHBIX CHIITYYUX BEIIECTBAX U T.1.
B 3aBHCMMOCTH OT MOCTAaHOBKM WM MPUHITHIX OTPAHHUYECHUN X MOKHO Pa3/ICNIUTh
Ha pa3IMYHbIC KJIACCHI, JUTS KaKIOTO U3 KOTOPBIX MMOCTPOEHO OOJIBIITOE KOJIUYECTBO
(bU3MKO-MaTeMaTHYECKUX MOJIEJICH pa3IMuHOTO TUTIA CJI0KHOCTH.

MeToauKu YUCIEHHOTO PEIICHUS CUCTEM YPAaBHEHUM IS ONMcaHusi MHOTodas3-
HBIX CpeJl Tak)Ke JOBOJIBHO Pa3HO0Opa3Hbl. OJHUM U3 CIIOCOOOB, HATIPUMED, SBIIS-
€TCsI UCITOJIb30BaHUE METOOB, 3aPEKOMEHIOBABIIINX CEOS B PEIIICHUU CUCTEM YPaB-
HEHUW Ta30- U TUAPOJUHAMUKH, aTaNTHPOBAHHBIX 1T MHOTO(a3HBIX TeueHHil. B
JTaHHOM paboTe mpeAcTaBieH KOMOMHUPOBAHHBIA METO/I, B OCHOBE KOTOPOTO JICKUT
kBazuruapoanHamudeckuit (KI'n/l) moaxox [1]. Unest MeToa 3akiirodaeTcs B OCpe-
HEHUWU 110 BPEMEHH CUCTEMbI YpaBHEHUH Isl MHOTO(hA3HOM HECKUMAEMON CPEIb C
LEJIbIO MOJYYEHHSI CUCTEMBI PETYJISIPU30BAHHBIX YPaBHEHHUM. UHCIEHHOE PEIIECHUE
CHUCTEMBI PeTyJIsIpU30BaHHBIX YPAaBHEHUI, B CBOIO OUEPEIh, MOXKET OBITH MOTYUYEHO C
MTOMOIIIBIO MPOCTHIX CXEM C IEHTPAIbHBIMUA PA3HOCTSMH, YE€TO HEJIb3S IOOUTHCS IS
UCXOMHBIX ypaBHeHUH. C APYTroi CTOPOHBI, TAKMM 00pa30M CTPOUTCS HOBAsi TeOpe-
THYECKask MOJEIb JJIsl OMMCAHUsI TeTepOreHHbIX cpell. [TomoOHbpIM 00pa3om B paboTe
[2] Hapsay ¢ deHoMeHONMOrnYecKuM BbIBoJoM cucteMbl KI'uJl ypaBHeHUI npuBoO-
TUTCS U €€ BBIBOJ U3 KOHEUHO-PA3HOCTHBIX COOOpaKEHUH.

BaxHO OTMETHUTBH, YTO KBA3UTUAPOJUHAMUAYECKASI MOJICIIb JJIsl OTIMCAHUS Teue-
HUW CMECH C)KMMAaeMBbIX cpell pa3paboTaHa, onucaHa U IMIMPOKO UCCIeA0BaHa B pa-
0oTax, OImyOJMKOBaHHBIX TPyNION ydyeHbIX B cocTtaBe B.A. banamosa, A.A. 3710T-
Huka u E.b. CaBenkoBa. B ux myOnukanusx onvcad NpUHIUIHAIBHO IPYToW MOA-
xo7 K pemieHuto ypaBHeHuid KI'u[ meromoMm, sl mpuMepa yKa)keM 3]1€Ch CCBUIKH
Ha HEKOTOpbIe paboThI: [3—9]. ®yH1aMEeHTAIbHO-TEOPETUUECKHI1, HA OCHOBE MPOILIE-
nypbl Koynmana-Horma, ¢ rapanTreil BIIOJHEHHs 3aKOHA HEYObIBAHUS SHTPOIIHH,
BBIBOJI CHCTEMbI YPABHEHUIN 3TOM MOJEIW ONMHUCAaH B cTaThe [3], a B [4] mpuBeIeHO
€€ 4nclIeHHOe nuccaeaoBanue. CucreMa ypaBHEHUN U3 [3] OTIIMYaeTCs OT NPUBEICH-
HOU B JaHHOM cTaThe. OCHOBHOM 11€JIbI0 TAaHHOM paboThI siBsieTcs nmoiaydeHue KIn/l
CHUCTEMBI YPABHEHUU 11 MOJICIIUPOBAHUS TEUEHUSI HECMEIINBAOIINXCS HEC)KUMAE-
MBIX KHUIKOCTEH aJIbTePHATUBHBIM METOJOM UCXOS U3 KOHEYHO-PA3HOCTHBIX CO00-
PaKEHHUM.

[Iman marHO# PabOTHI CTPOUTCS cieAyrommM oopazoM. B pasa. 1 mpuBenena
ucxonHas (hU3MKO-MaTeMaTH4ecKas MoJIeJb MHOTOKOMIIOHEHTHOM CMeCH, KOTopas
3aKJIAABIBAETCA B OCHOBY I BBIBOJAA CUCTEMBI PETYISPU30BAHHBIX YPAaBHCHUMU.
TaM xe TpUBOAUTCSA PpsiA AOMYIIEHUN U OTPAHUYEHUM, HAKIAbIBAEMBIX Ha MOJICIIb,
KoTOpble 0003HauaroT rpanuisl npumeHnuMoctr KI'nll mogxoma ans nByxda3HbIX
TEUCHUM.



Paznen 2 mocBsiiieH BBIBOIY CHCTEMBI PEryJIsipU30BaHHBIX YPAaBHEHHU W3
KOHEUHO-PAa3HOCTHBIX COoOoOpakeHHM. Mcxons u3 BBIpaKeHUS JIs PEryIspU3Upy-
fo1ei J00aBKU K CKOPOCTU MPEACTABICHO JABE CUCTEMBI PETYIISIPU30BAHHBIX ypaB-
HECHUMU.

Onucanne YUCICHHOW MOJICIN M BBIOOpA MapaMeTpa peryisipu3aiuu 7 IpuBe-
JICHO B pas3i. 3.

B pasn. 4 npuBeaeHo onucanne MOIETBHBIX TECTOB: 3a/1a4a O pacmaje pa3pbiBa
IpyU HaIMYMK HepoBHOCTHM JHa (dam break), a Taxxe 3amada o0 3BOJIOIUH
KyOU4YecKoil Karuiu.

1. UcxoaHas cucreMa ypaBHEHUH

Jlst Hagama paccMOTPUM HamOoJjiee OOITyI0 KOHIICTIITUIO — MOJCIIh MHOTOCKO-
POCTHOTO TETEPOT€HHOTO0 KOHTHHYYMa, KOTOpas MOAPOOHO omucaHa B MOHOTpaduu
P.W. Hurmarynuna [10]. MHorockopocTHass MHOrodasHas cpefa MpeicTaBisieT co-
00if COBOKYIMHOCTh U3 [N COCTaBJISIONINX, 3AMOTHSIIONIUX OJIUH B TOT ke 00BhEM, 3a-
HATBIA cMeChi0. TakuM 00pa3oM, HEKOTOPbIN (HH3NIECKH OECKOHEUHO MaJTIbIi 00BEM
cMecu dV mMaccoit dm coaepxut B cedbe /N koMnoHeHT o0béMa dV; u maccou dm;,

IIpUYEM
N N
dV =Y dV;, dm=> dm;
i=1 i=1

[I;moTHOCTE cMecH p, a TakKe NPUBEAEHHYIO p; U UCTUHHYKO p; IUIOTHOCTH €€
COCTABJISIFOIIMX MOKHO ONPEAETUTD KaK

dm dm; dm;

'OZW’ pi:W7 Pi:d—vi- (1)

J171s1 KOMITIOHEHTOB MHOTOCKOPOCTHOTO KOHTHHYYMa B Ka)KJI0M TOUKE OIpeesi-
€TCsl IPUBEACHHAS IUNIOTHOCTH p;, CKOPOCTh U; U APYTUE MAPAMETPbl, OTHOCSIIIUECS K
komnoHeHTy. [Ipu aTom o ananoruu ¢ [10] MOXXHO onpeAeIuTh OapUIICHTPUIECKYIO
CKOpPOCTb U CMECH:

N
pu = Z pil;. 2)
1=1

B COOTBETCTBHHU ¢ 5THM BBOIATCS CYOCTaHIIMOHAILHBIC IPOM3BOIAHEIE, XapakK-
TepHU3YIOIKe IBIKCHHUE -1 cocTaBisitoleit (d; /dt) u cpeapl B ienom (d/dt):

d; 0
d 0
—=_—+u-V



[Tockonmbky Kaxmasi u3 ¢a3 MHOTOKOMITOHEHTHOW CMECH 3aHUMAET JIUIIh YacTh
BCEero 00béMa, yqoOHO BBECTH BEIMYMHY OOBEMHOW HOIU (v;, XapaKTepU3yIOeh
10JT10 00BEMa OTICIFHOTO KOMIIOHEHTA BO Beeit cmecu a; = dV; /dV, mpuuém

N
> =1 4)
1=1

Torz[a IMPHUBCACHHYIO INIOTHOCTD O; U INIOTHOCTL CMCCHU p MOXKHO IIPCACTABUTDL B BUJIC

N N
pi = Qipi, p= Zpi = Z%‘ﬁi- (5)
i=1 i=1

BaxxapiM orpaHndeHHEM, IMO3BOJISIONIMM CYIIECTBEHHO YIPOCTUTH MOJIETb,
SBIISICTCS MPEMOI0KEHUE O TOM, YTO JIAaBJICHUE B KAX0M U3 a3 CMECH OJUHAKOBO

pPL=p2=...=DN =D. (6)

Kakx ormeuaetcs B [10], cooTHOmIeHne (6) mpeacTaBiseT co00i yCIOBHE COB-
MecTHOTO AedopMupoBanus a3z, peryaupyrolee ux oo0bEMHbIE coepkanus. B ps-
JIe CJIy4aeB B KaU€CTBE TAKOTO YCJIOBHSI MOKET BBICTYIATh YCIOBUE HECKUMAEMOCTH
onHoi n3 (a3. HecoBnaaenue napneHuii B hazax MOKET UMETh MECTO M3-3a KaITHJI-
JSPpHBIX 3P(HEKTOB, TPOUYHOCTH U MHEPIUU (Pa3 B UX MEITKOMACIITAOHOM JABUKCHUHU.
Hecmotps Ha orpanndeHus1, HaKJIaAbIBaeMble YCIOBUEM (6), MBI CYIIIECTBEHHO YIIPO-
A€M MOJTYYaEMYI0 CUCTEMY YPaBHECHUM.

OTMeTUM TaK>ke, YTO JIJIsi TETEPOTCHHBIX CPEJ] BBITIOTHAETCS YCIOBUE: KaXKIbIN
U3 KOMIIOHEHTOB MHOTO(Aa3HOW CMECH ONMHUCHIBACTCS TEMH K€ COOTHOIICHHUSIMH,
KOTOpBIE CHPaBEIJIUBBI JUISl CPENbl, COCTOSIIEH TOJBKO U3 3TOr0 KOMIIOHEHTA.
Ncknrouennem sBISIOTCS MPOIECCHl HA TpaHUIle pasiena (a3, a UMEHHO: OOMEH
MacCcOoW, UMIYJIbCOM U SHEPTUEH.

C y4€TOoM BBIIIECKA3aHHOIO 3aIMIIEM YPAaBHEHHUSI HEPA3PBIBHOCTU U UMITYJIbCA
JUIS HEKOTOpOU (pa3bl OMUCHIBAEMOMN CPEIbI:

Opi al
En + V- piu, :ZJ,”-, (7)

k=1

du: N
pi th = —a;Vp+ V- IL + aif; + ; (Fpi + Jpi(upi — wy)) ®)

rae f; — BeKTop BHYTPEHHHX M BHEITHUX MUKpocuJ, a I1; — TeH3op HampsikeHuit ¢-ro
KOMITOHEHTA.

Jononnus ypaBHeHus (7) u (8) ypaBHEHUEM Ji SHEPTHUM U COOTHOUICHUS-
MU, OTIpEAENAIOIUMU MexX(pa3Hyto cuiny F 1 HHTeHCUBHOCTD MEX(a3zHOTO epexoaa



Macchl J, MOJy4YUM CUCTEMY YPAaBHEHMU JUIsi MHOTOCKOPOCTHOIO U MHOTOTEMIIEPA-
TYpHOTO TE€UYEHHUS T€TEPOTeHHOU cpenbl ¢ o0muM napieHueM ¢asz, GeHOMEHOIOTH-
YeCKHUi BBIBOJI KOTOpO# onucaH B [10].

HemanoBaXHbIM HanpaBlieHUEM B TEMAaTHKE T€TEPOreHHBIX CpEl SBIAETCS
uccienoBanue JByx(das3HbIX TeueHuil. B HaydyHOM nuTeparype MOAEIMPOBAHME
nByx(a3HOM cMecH CBSI3aHO C 3ajayaMu jAeduarpanuu, T.e. Mepexojia TOpeHue—
netonarus (deflagration-to-detonation transition, mamee DDT), B xumudecku
aKTUBHBIX CHITyYUX BelllecTBax. McueprbiBaroniuii 0030p COBPEMEHHOTO COCTOSTHUS
JAHHOTO HAampaBlEeHUs, a TaKXKE OINMCAaHUE AaKTyalbHBIX (U3MUECKUX MOJeNei
npuBegeHsl B [11]. B cBsI3u ¢ 3TuM B jJanbHEWIIeM pedb MOWAET MMEHHO O
JIByXKOMIIOHEHTHBIX CMECSX, XOTS MOTEHIUAIbHO ONUCHIBAEMBIN IMOAXO0J MOXXHO
OPUMEHUTh U K CiiydasiM MHorodasHoil cMecu. IMEHHO MOATOMY BCE BBIKJIAIKU
JUTsl OT/AENIbHOU (ha3bl OylyT MPOBOAUTHCS B TEPMUHAX MEPEMEHHBIX C MHJIEKCOM 1,
noJipasyMeBas, uto ¢ = 1, 2.

JpyrumM Ba>kKHBIM OTPAaHUYEHUEM SIBJISIETCS BOMPOC O MPUPOIE HUCCIETYEMbIX
KOMIIOHEHTOB. B naHHON pabote peub UIAET O HeC)KUMaeMbIX cpenax. [lommumo
ATOT0 BCTAa€T BONPOC O HAIMYHMH MEPEXOJHBIX MPOLECCOB MEXIAY KOMIOHEHTAMM.
bynem cuutarh, 4TO OIMH KOMIIOHEHT HE MOXET NEPEeXOJUTh B JPYroil, T.e.
TakUM OOpa3oM paccMaTpHUBaeTCsl 3ajadya O TEUEHUU JBYX HECMEIINBAIOIIMXCS
HEC)KUMAEMBIX KUAKOCTEH. ITO MPUBOAUT K OUEBUIHOMY OTPAaHUUYEHUIO BUA

p; = const, Jp; = 0.

OrpaHu4MBIINCh PACCMOTPEHUEM TOJIBKO BSI3KMX KOMIIOHEHT TE€H30pa Hamps-
xenuil II; = o;Ilyg;, npunsas mexdasnyto cuity Fy; = 0 1 ocTaBUB TOIBKO Mac-
coByto cwiy f;, BemmuIem ypaBHeHUE Hepa3peiBHOCTH (9) 1 6ananca umirynbea (10)
U1 ¢ —4 (hassl:

da;p; _
gtp + V- (uipin;) = 0, )
8&Zﬁiui ~
T + V- (CYZ',OZ'UZ‘ & 11@') + a;Vp = ouf; + V- oziHNS,i. (10)

VYpaBHEHME 3HEPTUU ISl HECKUMAEMOW CPEABI BBIPOKIAETCA B HE3aBUCUMOE
ypaBHEHHUE TEIUIONPOBOIHOCTU. B aHHO# paboTe cunuTaeM cMeCh U30TEPMUYECKOI,
NO3TOMY YPaBHEHHUE TEIIONPOBOIHOCTH OITyCKAETCS.

[TockonbKy MIOTHOCTH (pa3 MOCTOSIHHA p; = const, TO ypaBHEHUE OanaHca
Macchl (9) MOXKET OBbITh MPEACTABICHO B BUJEC YPaBHEHHSI COXPAHEHUS OObEMHOU
JOJI KOMIIOHEHTA:

604,'
ot




C yu€tom ypaBHenus (11) u BeIpakeHHs 111 MaTepraIbHON Mpou3BoaHOM (3)
ypaBHEHUE COXpaHEeHUs umnyibca - paspl (10) MoxeT ObITH TPeoOpPa30BAHO K
BUIY:

diw; Vp
+— == (12)
dt pi D

3ameTuM, 4TO eciau (a3bl HAXOAATCA B KHHEMAaTHYECKOM pPAaBHOBECHHU B

00béMax, 3aHUMaeMBIX ABYMS U 0oJiee cpe/laMu, TO:

u;, = u. (13)

[IpuHsSB naHHOE OrpaHUYEHHUE, TMOIYYUM OJHOCKOPOCTHYIO MOJENb, WIH Tak
HazpiBaeMyro mMozesb Volume of Fluid (VoF) [12]. Jlanee Be3ae momaraem, 4to u; =
u.

Ilepeiiném K ypaBHEHHSM I ONKMCAaHUA CMECH B 1ejoM. Hecmorpsa Ha TO
YTO TUIOTHOCTH OTIEJIBHBIX KOMIIOHEHT CMECH TOCTOSHHA, MPOCYMMHPOBAB IO 7
ypaBHeHue (9) ¢ yuéroMm yciaoBus Ha OOBEMHBIE 10mU (4) M BbIpAXKEHUS JUIS
IUIOTHOCTH (5), MOJTYYUM ypaBHEHUE HEPA3PBIBHOCTH IS 0, U3 KOTOPOTO CIIEIYET,

urto p/0t # O:

o
a—? LV (pu) = 0. (14)

[TpocymmupoBaB ananorugHo ypaBuenue (10), momydum ypaBHEHHE UMITYIIbCa
JUTSL CPEJbI B LIETIOM
dpu

W+V-(pu®u)+Vp:f+V-HNS, (15)

N N
rne f = Zizl a;t;, g = Z¢:1 aillys,.

2. Cucrema peryjsipu30BaHHbIX YPABHEHMH

BpIBOJ cuCTEMbI Peryjasipu30BaHHbIX YPABHEHHUH

Bocnons3zyeMcst npouenypoil peryiaspu3aldy 10 aHaJIOTMU C MOCTPOEHUEM
KI'n/l cucremsl, onucanHoi B [2]. [lockonbky ypaBHEHHs OanaHca MacChl H
UMITYJIbCA KaKJIOW M3 KOMIIOHEHT B CYMME OTPa)KalOT 3aKOHBI COXPAHEHMS I
CMECH B 1I€JIOM, IOCTPOUM CHayaja peryasipu30BaHHbIC ypaBHEHUSI 00bEMHON JOJIU
U UMITyJIbCa OTHEJIbHOM (pa3bl, a 3aT€M CIOXKHM HX, MOJY4YUB PETYISIPU30BAHHBIC
YPaBHEHUS CMECH.

PaccmoTpyM HEKOTOPBIM HEMOABMXKHBIN 00BbEM V', OrpaHWYEHHBIN TJIaIKON
MOBEPXHOCTHIO Y., OPUEHTUPOBAHHOM MOJIEM BHEIIHUX HOpMasied n. {is manHoro
00béMa B TEUCHHE MAJIOrO MPOMEXKYTKA BpeMeHu [t,t + At] 3amuiieM B KOHEYHO-
Pa3sHOCTHOM BHJIE UHTErPaJbHbIE COOTHOILICHUS, BBIPAKAIOLINE 3aKOH COXPaHCHUS



06wémuOM momm (11) m mmmynbca (10) Kaka0ro KOMIIOHEHTA, BOCIIOJIH30BABIITUCH
TeopeMoi OcTporpajckoro-I'aycca:

/Mdv+// (afu* -n)ds =0, (16)
v At D

ﬁi/LdV+p,//au (" n d2+//a*p*nd2—
v At
v

I7ic BEpXHUMH UHJCKCAMU M * OTMEUCHBI BEJIMUYHMHBI, B3SThIC B TOUKaX (X,t + Af)
u (x,t+ At/2) COOTBETCTBEHHO.

HManee nmo ananoruu ¢ BbiBogoM KI'm/l cuctembl [2] mpeamnoyiokuM, 4TO 3a
pusuyeckn OeckoHeuHO Majoe Bpems 7 = At/2 ycneBalT 3aMETHO W3MEHUTHCS
JWIIb B3BEIICHHAs] CKOPOCTh ay;u U OOBbEMHAs NONIA «v;, TOTAA KaK JaBICHHE P
OCTaéTCs MPAKTUUYECKU HEU3MEHHBIM:

(17)

oLe%

ot ’

da;u (18)
ot

a = +T—

aut=aqu+T1

P =p,

IJIe B TIEPBBIX JIBYX PaBEHCTBAX Mbl BOCIOJIB30BAINCH Pa3jioKeHHUEeM Mo (opmyIie
Tetinopa, OrpaHUYMBIIUCH YWICHAMHU HYJIEBOTO M TIEPBOTO MOPsIKA MaaocTu mo At
npu At — (0. 3aMeTUM IPH 3TOM, YTO B OTIIMYME OT BBIBOJAA PETYIIIPHU30BAHHBIX
YpaBHEHUM TUAPOJIUHAMUKH [2] HENB3 TOBOPUTH, YTO MJIOTHOCTh CMECH P OCTAETCS
HEU3MEHHOU BBHUY COOTHOIIEHU (5).

[ToncraBuB Beipaxkenust (18) B (16) u (17), oTOpocuM Bce WI€HBI, UMEIOLIUE
(opmanbrbie mopsaku Manocta O(At?) npu At — (. 3aMeTUM, 9TO BBHIY MaIOCTH
K03 PuUIHEHTOB BA3KOCTHU caraeMsle, coaepkanue npousseaenue Atllyg; Takxke
MOYKHO OTOPOCHUTh. 3aMEHUM PA3HOCTHBIE aHAJIOTH MPOU3BOJHBIX 10 BPEMEHU Ha
OOBIYHBIC IPOU3BOTHBIC:

(/)é\i — Oy N 8052' &Lﬁ — o;a N 8041'11
At ot’ At ot
Bripasum gactHble npon3Boanble O(a;u)/0t u Ow; /0t n3 ypasuenuit (10) u (11)
COOTBETCTBEHHO. Jlanee crnokuMm ypaBHeHHMs OanaHca umiyibca (17) nms Bcex
B N «
KOMITOHEHTOB ¢ yuéroM (4) u (5). 3amerum, uto B TakoM ciydae » . (Va;)* = 0
BBHUy COOTHOIIIEHHUS (4).

Takum oOpa3zom, yuuTbhiBas, 4ro O00BEM V' — MpPOU3BOJBHBIN, MPUAEM K
PEryJIsIpu30BaHHBIM YypaBHEHUSIM OanaHca OObEMHON JOIM M UMITYJIbCa CMECH B




LEJIOM: 5
e%}
v, =0, 19
5 +V.v (19)
dpu al
WJrV- (;ﬁivi@)u) +Vp=V-(pu@w)+
| (20)
+Z —Tv )) f7;+V-oziHN57i,
e
v, =a;(u—w;) —Tu(u- Vaoy), (21)
1 1
W, =T <(u -V)u+ —Vp — 7f¢> , (22)
Pi Pi
1 1
W=T ((u -V)u+ -Vp — —f) : (23)
p p
[Tpu 3TOM BBIMOIHACTCS COOTHOIICHHE
pwW = aipiwi. (24)

VpaBHeHUE I JABICHHS CIIEAYET U3 PEryIAPU30BAHHOIO ypaBHEHMs Hepas-

PBIBHOCTH, KOTOPO€ MOJIYyYaeTCs MYTEM CIIOKEHUS PETYISPU30BAHHBIX YPaBHEHHI
. o . N

Oanmanca 00sEMHBIX oieid (19), rae, packpsiB cymmy ¢ yaérom (4) u Y .-, Va,; = 0,

MOJTYYHM:
N

N
V'ZWV'<U—ZC¥¢W¢>O- (25)
i=1 i=1

BeiienuB B ypaBHeHuu (25) T-cliaraeMble ¢ TpaJMEHTOM JaBJICHUS, MOJYYUM
ypaBHeHue [lyaccoHa Jiist onpesie/ieHUs TaBJICHHS:

N
V-(u—T(u VU+TZ—f> '<TZ%VP>O. (26)
i=1 "'

21Z

YupouméHHbINA MOAX0A K peryjasipu3amuu
TakuMm >xe 00pa3oM MOXKHO TIOCTPOUTH U O0JIee TPOCTYIO CUCTEMY YPaBHCHUH.

CaM BBIBOJI MPAKTUYECKH IIOJHOCTBIO IOBTOPSIET NPEAbIAYIIUE BBIKJIAIKH, 3a
UCKJIFOYEHUEM OJTHOTO YCIIOBUS: TENEPh BMECTO YPaBHEHUSI OajiaHCa UMITYJIbCa (ha3bl
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(17) paccMOTpUM 3aKOH COXpAaHEHUS UMITYJIbCa CMECH B 11€JIOM

/Mdv+//p*u*(u*-n)d2+//p*nd2:
v At ) D

N 27)

[ToBTOpsIst mpenpiAylIue PACCYXKACHUS, MPEANONIOKUM, YTO 3a (PU3NYECKHU
OeckoHeuHO Manoe BpeMsi 7 = At/2 MEHSIOTCS TOIBKO CKOPOCTh U U 00BEMHAs
T0JIs1 <v; (2 COOTBETCTBEHHO W IJIOTHOCTh CMECH p), TOTJIa KaK JaBJIEHUE P OCTAETCA
HEU3MEHHBIM:

* + 5)042'
o = o+ T——,
! ot
= p—+ T@p
=t (28)
u =u-+ Ju
— U T
p"=p.

[ToncraBuB Beipaxkenust (28) B (16) u (27), oTOpocuM BCe WICHBI, UMEIOLIUE
(opmanbrbie mopsaku manoctd O(At?) mpu At — 0, B TOM YHCIIE ClaracMele,
conepxamue npoussenenue AtIlyg;, a Takke 3aMEHUM pa3HOCTHBIE aHAJIOTH
IPOU3BOJIHBIX 110 BPEMEHU Ha OOBIYHBIEC TPOU3BOIAHBIE:

a; — R 80@7 pu — pu R apu.
At ot At ot

Beipazum gacTHbIe npou3BoaHbie Ja;/0t, Op/0t u O(pu)/0t, u3 ypaBuenuit (11),
(14) u (15) cOOTBETCTBEHHO.

Takum 06pa3oM, yUUTBIBast, YTO 00EM V' — POM3BOJIBHBIM, TPUIAEM K CHCTEME
ypaBHEHUH, cxoxkeit ¢ (19)—(23)

8&2'
0. =0 29
5 TV ei=0 (29)
dpu il
W#—V'(;pigoi@u)—i—VpV-(pu@w)—l—
. (30)
Z —TV Odiu))fi—FV'HNs,
1=1
e
p,=a;(u—w)—T1u(u-Va;), (31)

a peryJspusytoias 100aBka W BBIYHCIISIETCS IO YIIOMSIHYTOM BhIie popmyse (23).
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CnoxuB peryiaspu3oBaHHbIC ypaBHEHHUs OajaHca OOBEMHBIX moiiei (29),
TIOJTyYMM YpaBHEHHUE HEPA3PHIBHOCTH:

VY o =V-(u-—w)=0. (32)

BoinenuB B ypaBHeHuu (32) 7-crmaraeMble C TPaJMEHTOM JaBJICHUS, MOJIYyYUM
ypaBHeHue I[lyaccoHa s onpenencHus 1aBIeHus:

V- (u —7(u-V)u+ Zf) - V- <sz> =0. (33)
P P

3nech 1 1asiee BO U30eKaHUe MMyTaHULIbl, TOBOPS O cucmeme pe2yisipu3068aHHbIX
ypasHeHuu WU 0 cucmeme 1, OyIeM UMETh B BUJLy CUCTEMY, MOTYUYEHHYIO MEPBHIM
criocobom, T.e. ypaBHeHus (19)—(23) u ypaBHenuwe nisa pgaBiaeHus (26). Ilox
cucmemou 2 AW ynpowénHou cucmemou (Peryisipu30BaHHbIX YpaBHEHUI) OyaeM
noapasymeBath ypaBHeHus (29), (30), (23) u (33).

OcHoBHOe oTinuume Oosiee MpocToi cucrtemsl ypaBHeHu# (29), (30), (23) ot
cucteMbl (19)—(23) 3akmrogaeTcs B HCMOJIB30BAHUM OOIICH peryaspu3Npyromen
N00aBKU W, MPUYEM C YIETOM (24) BBITIOTHSAETCS COOTHOIIICHUE:

N N
Y pivi=> pipgi=pa—w)—Tu(u-Vp). (34)
=1 =1

Ortcrona mensiercst u ypaBaenue [lyaccona yist naBjieHus, KOTOpoe BO BTOPOM CiIydae
(33) umeer Oomnee CIOXKHBIA BUJI BBUAY HEIMHEHMHOTO MHOXHUTENS MPU TPaJUEHTE
JaBJIeHUsI T/ p, TOra Kak B (26) MHOKHUTEb Zf\il (cv;/ pi) MuHEHHO 3aBUCHUT OT «v;. C
Ipyroi CTOpOHBI, BBUY paBeHCTBA (34), ypaBHEHHS UMITYJbCA 111 0OOUX METO/IOB
(20) u (30) UICHTUYHBI.

Janee peub moMAET 0 cucreme 1, mpu 3TOM BCE PACCYX IACHHUS, TaM IJ1I€ HE
OTOBOPEHO 00paTHOE, CIIPABEATIUBBI TAKXKE U JUIsSl YIPOLUIEHHOM CUCTEMBI.

I'panu4yHbIe yc10BUS

Cuctemy ypauenuit (19)—(23), (26) HE0OXOAMMO MOTMOIHUTH HaYaIbHBIMU
YCJIOBHSIMU Y TPAHUYHBIMU YCIIOBUSIMU Ha BHEITHUX TPaHUIIAX.
MO>KHO BBIACIHUTH TPU XapaKTEPHBIX TUIA TPAHUYHBIX YCIOBUIA:
a) HempoHulaemas cteHka (wall);
0) ycinoBus Ha Bxoae (inlet);
B) yclioBUs Ha BbIxoje (outlet).
[IpoGnemoit kmaccuuecKux Mojeiel THAPOAMHAMUKH Kak i oaHO(a3HOMH,
TaK W JJIs JIByX(pa3HOM HEC)KMMAeMOW Cpelbl SBISETCS MOCTAaHOBKA TPAHHUYHOTO
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yCIIOBUS JIJIsl TaBJICHUS, KOTOpOE HEOOXOMMMO IS pelieHus ypaBHeHus Ilyaccona,
MOJTy9aeMOTO U3 YPaBHEHHS IJIs UMITyJIbca cpebl. B TakoMm ciydae, Kak TpaBHIIo,
yCIIOBUS ISl JABJICHHSI 3alMCHIBAIOTCS W3 HEKHX JOTOJTHHUTEIBLHBIX COOOpaKCHHM
aM00 MCIOJIb3YeTCsl aIlMpPOKCUMAIMsl YpaBHEHWHM Ha Pa3HECEHHBIX CETKax, 4TO
MO3BOJISIET M30ekKaTh JaHHON MpoOieMbl. [10100HBIE METOBI YCIOKHSIOT MPOIECC
YUCJICHHOTO PEIISHUS CHCTEMbI YPaBHCHHM.

B ciydae cuctembl peryisipu30BaHHBIX ypaBHEHUHN, Kak ObLIO MTOKa3aHO BHIIIIE,
ypaBHeHue [TyaccoHa jutst JaBICHUS TTOJTy9YaeTCs U3 YpaBHEHUS HEPa3pBHIBHOCTH. DTO
MO3BOJISIET €CTECTBEHHBIM 00Pa30M MOJIYUYUTh YCIOBHS JJIs JaBJICHUS HAa TPAHUIIE,
MCXOJISl U3 TPAHUYHBIX YCIIOBUH JIJIsI CKOPOCTH V.

Jlst mpuMepa OMUIIEM TTOCTAHOBKY T'PAHUYHBIX YCIOBUU Ha HEMPOHHUIIAEMOM
cTteHke. B Takom ciydae HOpMmaibHas KOMIIOHEHTa CKOPOCTH Ha T'paHUIE paBHA
Hydo: (n - u)lp = 0, mme n — BHEMHSS SIUHWUYHAS HOpMaib K Tpanwuie [
I'panmuHOE ycmoBue s AaBiCHUS p (WIIM BEJIMYUHBI €M0 BOSMYIICHHS D) MOXKHO
MOJTYYUTh HEMOCPEACTBEHHO U3 YCIOBHUSA (DHKCHPOBAHHOTO 3HAYCHHS HOPMAJIbHON
KOMITOHEHTBI CKOPOCTH CMECH U, Ha TPAHUIIE:

N
n- Zvi = Uy,
1=1 r
niimn
N (07 N (07 B
~@-Vp)r={(u-Viu-> 2| (> =] =0 (35)
1 Pi 7 Pi
BsaskocTh

Kak Obut0 ckasaHo paHee, Bsaskue ciaraemble Ilyg; B ypaBHeHun OanaHca
UMITyJIbCa YUUTHIBAIOTCS C BECOM, MPOMOPIMOHAIBHBIM O00BbEMHON f07e «v; (ha3bl
CMECH, U UIMEIOT BUJT

047;1_.[]\[577; = Qg (Vu + (VU)T) 5 (36)

rae Il ys; — TeH30p BA3KMX HANpPsKEHUH ¢ —O0M (a3bl B OTCYTCTBUE APYTHX (a3, [i; —
K03 UIMEHT TUHAMUYECKOUN BSI3KOCTH ¢ —OH (a3bl.

BBuny manbix 3HaueHu# ko3 GuiMenTa BI3KOCTH [i; CllaraeMble, COACpIKaIIHe
NPOU3BEACHHUE [1; T, MO)KHO OTOPOCHUTH BBULY UX MAIOCTH. C y4€TOM 3TOTO NOJTy4YaeM
BBIPKEHUE JIJIsl TEH30pa BA3KUX HAMPSHKEHUN CMECH:

Mys = p(Vu+ (Vu)'), (37)

e (o =, a;jt; — 3P PeKTHBHEIN KOAQOUIMEHT TNHAMUYECKO BI3KOCTU CMECH.



13

BobipaikeHus 1Ji CHJIOBOI0 BO3AeUCTBUS

Pacriumem noapoOHee BBIpaKEHUS ISl CUJIOBOTO BO3CHCTBUSI BHEITHUX CHIT
f;.

PaccmoTpuM aneMeHT Macchl dm; i-i pa3bl. Ha Hero neicTByeT cuia TSHKeCTH
ga;p;dV, COOTBETCTBEHHO, Ha 3JIEMEHT 00bEMa cMecH B mesioM dV/, coaeprKamui
HECKOJIbKO (a3, OymeT IeHCTBOBaTh CHJIA, paBHAs CyMME CHJI TSDKECTH BCEX
da3z gpdV'. Ilepexoas xk nuddepeHInanbHON 3aUCU U PETYISIPU3Yys BBIPAKEHUE
UIs 0O0BEMHOM TUIOTHOCTH CHJIBI TSDKECTH CMECH, ToJiydaeM OT He€ BKJIaa B
peryasgpu30BaHHOE ypaBHEHHE OanaHca umirynbca fj:

f,=g(p—7V-(pu)). (38)

B perynsipusyroniee BbIpakeHUE JIJIsI CKOPOCTEH W; B W CHJIa TSKECTH (Pasbl,
OTHECEHHAas K TUIOTHOCTHU (Da3bl, BXOIUT KaK MOCTOSTHHAS &:

1 1
e

[ToMuUMO CHUIIBI TSXKECTH, BaXKHBIM aCIEKTOM MOJEIMPOBAHUS MHOTO(a3HBIX
TEUCHHUH SBIISICTCSI ONPECICHUE CUITbI IOBEPXHOCTHOTO HATSKEHUSA. 3aMETHM, YTO
MOBEPXHOCTHBIM HATsDKEHHEM Ha3bIBa€TCA KacaTeIbHOE HAMIPSKCHHE, IEHCTBYIOIIEE
Ha 3JEMEHT MeX(a3HOU MOBEPXHOCTH B TAHTCHIIMAJIILHOM HAIMpPaBICHUH, IPUPOIA
KOTOPOTO CBSI3aHA C Pa3HUIIEH B CHUJIE MOJICKYJIIPHOTO TPUTSHKEHUS IBYX COCEIHHIX
XKUJKOCTEU, pa3ACICHHBIX PE3KOM IPaHULIEH.

CHoXXHOCTh MOJICIIMPOBAHUS CHJI ATOTO THIA COCTOMT B MX MOBEPXHOCTHOU
“pa3pbIBHOI” MPUPOAE, BCIEACTBUE YErO0 MX SIBHAs aANIPOKCUMAalUs METOJaMU
koHeuHbIX 00bEMOB (MKO) mnu xoneunsix snementoB (MKD), nanbosnee gacto
UCTIOJIb3YEMBIMU B THAPOIMHAMUKE KUKOCTEH, MpoOIeMaTiyHa U PUBOINT K PSITY
OmMOOK U MOTPEITHOCTEH.

JlJis y4eTa cuil MOBEPXHOCTHOTO HAMPSHKEHUS CYIIECTBYIOT Pa3InYHbIE TTOIX0-
JIbl, CPEAN KOTOPBIX MOXHO yKa3athb [13]:

- Volume of Fluid (VoF) + Continuum Surface Stress (CSS) Model;

- VoF + Continuum Surface Force (CSF) Model;

- Finite Volume Method (FVM)/Finite Elements Method (FEM) + Level set

method;

- VoF + Level set method + FVM;

- FVM/FEM + Arbirtrary Lagrangian Eulerian (ALE) method;

- FVM+Finite Area Method (FAM).

OpHuM U3 pacnpocTpaHeHHbIX MoaxonoB sBisiercs meton VOF (Volume-of-
Fluid), ucnonb3yemsiii coBMecTHO ¢ Mojenbio Pacmpenenennoit [ToBepxHOCTHOM
Cuel (Continuos Surface Force Model), kotopast B HacTositiee BpeMs peajii30BaHa
B KayecTBe OCHOBHOW Moaenu B mnakere OpenFoam [14]. B »toii monmenu
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MMOBEPXHOCTHAS CHJIA 3aMEHSeTCS OOBEMHOM TakuM 00pa3oM, 4TOOBI HHTErpas
nocjeaHen mo o0bEMY B OKPECTHOCTU MOBEPXHOCTH pazneiia (a3 OblUT paBeH CUiie
MOBEPXHOCTHOTO HATSKESHUS:

fcsp = kond,, (39)

IJ€ K — KpUBHU3HA MOBEPXHOCTH, 0 — KOAIPPUIUEHT MOBEPXHOCTHOTO HATSKECHHUS,
Va

n = m — HOpMaJb K ‘“pa3MbITON’ TMOBEPXHOCTH, O, — JAeNbTa (YHKIUS,
o)

NPUHUMAIOIIASI HEHYJIEBbIE 3HAYCHHS B 00JIaCTsIX, OXBATHIBAIOLIUX I'PAHUILY pa3/ea
(a3, OTHECEHHas K “TOJIIMHE Pa3MbITUS .
B MeTozne koHeUHBIX 00BEMOB 0, OOBIYHO BBIUYUCIISICTCS KaK:

5, = |Val. (40)

JIJis ToydeHusl COOTBETCTBYIOIIETO ClIaraéMoro B ypaBHEHHMH OanaHca M-
MyJbCa HEOOXOANMMO PETYIISIPU30BaTh BKJIAJ B 9Ty CHIIY OT Ka)X0W KOMIIOHEHTHI U
CJIIOKUTh WX aHAJOTHYHO TOMY, KaK 3TO JCNAJIOCh JIJI CHJIBI TshKeCTH. I10CKOIbKY
npuMeHseMas MOJCIb pacipeIeIeHHON TTOBEPXHOCTHON CHIIBI cama Mo cede SIBIIsI-
€TCsI TOBOJIBHO TPyOBIM MPHUOIMIKEHHEM, TO TIPEACTABIISACTCS 1IeJIeCO00pa3HbIM pa3-
JIeJICHHE BKJIa/1a OT TOM CHIIBI JJIs KaXK101 mapsl a3 B 6aslaHC UMITYJIECa CMECH MPO-
MOPIIMOHAIBHO X 00BEMHBIM OJIsIM. B 5TOM ciydae BhIpaskeHHE TS CUITBI TTIOBEPX-
HOCTHOTO HaTsbkeHHs fy; perynspu3oBaHHOTO OaaHca UMITyJIbca MPUHUMACT BU:

N
fu =) (a;—7V- () fosr. (41)
i=1
Tem He MeHEe, MOCKOIBKY BeTMYHHA KO PHUITMEHTa TOBEPXHOCTHOTO HATSIKE-
HUSI IOCTaTOYHO MaJIa, TO BKJIAJ JAHHOM CUJIbI B PETYJSIPU3ALMIO JTOBOJIBHO Mal,
MO3TOMY cllaraemsie, cogepxaiue fogp, 1enecoodpasHo UCKITIOUUTD U3 PETYISPH-
3UPYIONIUX J00ABOK K TTOTOKAM.

3. UucjieHHOe peleHue peryjasipu30BaHHbIX
YpaBHEHUU

YucneHHoe pelleHne CUCTEMBbI PErysipu30BaHHbIX YpaBHeHul (19)—(24), (26)
C YYETOM BBIPAKEHUM JJ151 CUIIBI TSIKECTHU Y CUIJTbI TOBEPXHOCTHOTO HATS>)KEHUS, a TaK-
K€ BSI3KOCTH BBITIOJTHEHO METOJAOM KOHEYHBIX 00BEMOB C IPUMEHEHHEM JIBYXCIIOM-
HOW SIBHOW IO BPEMEHU CXEMBI C alllIPOKCUMAIMEN TTOTOKOB LIEHTPAJIbHBIMH Pa3HO-
CTSIMU:

~

o; —

a; 1
TJFV;Sf‘W,f:O, (42)
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~~ N

pu—pu 1 . 1

—+—§:Sf' > pivig@up | ==Y sp-(prup @ wy) =
AtV 2 % r

:__prsf+ Zuf s/l + 5 Zwa Vult a3)

N
+; p—%zf: s (pruy) g*Z Qi = _zf:Sf'(O‘i,fuf) fosr,
rac
Vip = aig (up = wip) = (Truy (uy - [Vaily)) (44)
1
Wi =Ty <uf. [Vu]f+;[Vp]f—g> , (45)
Wy =Ty ( [Vualy 4+ — py [Vp]f - g) (46)

' (47)
=7 > spe | up—Tpug - [Vuly +7yg 47y Z > Ltesrls
/

=1 ¢

Bce BeMuKHBI, B3AThIC HA CIACIYIOIIEM CI0€ 10 BPEMEHU OTMEUCHBI HHACKCOM |, a
JUTSl BEJIMYMH HA TEKYILEM CJIO€ M0 BPEMEHH MCIOIb30BaHbI MIPEKHUE 0003HAYECHUS;
V — 00b€M pacu€THOIl sSUeiKu, BEIMYMHBI, 3HAYCHHUS] KOTOPBIX B3SATHI HA TPaHU
f sdeiiku, 0003HaYEHbl HUKHUM HMHJIEKCOM ¢, Iy — BEKTOP €JMHUYHOH BHEIIHEN
HOpMaJi K IPaHH f, Sy = 5N — BEKTOP HOPMaJH, JUIMHA KOTOPOTO PaBHA ILUIOLIA U
rpanu f, 6/0ny — anmpoKCHMalys IPOM3BOAHBIX 10 HOPMald K HOBEPXHOCTH,
CKOOKH [-] ; 0003HAUAIOT, YTO OIEpPaTop, 3aKIIOUCHHBIN B CKOOKaX, OepETcs B LIGHTpe
rpanu f.
3ameTuM, 4TO JUIsl alfpOKCUMAIIMK MTOTOKOB TpeOyeTCsl BBIYMCIEHUE YaCTHBIX
POU3BOAHBIX HA FPAHSIX [ BBIYUCIUTEIHHON siueliku. B To BpeMst kak HopMaibHBIN
K MIOBEPXHOCTH KOMIOHEHT AU (HEepEeHIIMATBHBIX ONIEPATOPOB MOXKET OBITH aAlMpPOK-
CUMMPOBAH C IOMOIIBIO JIMHEMHOM MHTEPIIOISALMMN 3HAYCHUN B LIEHTPAX SA4YEEK CO
CMEKHBIMU IPAHSIMU, KOMIIOHEHTbI TAHT€HLIUAJILHOTO HAMIPaBJIEHUs TPEeOYIOT JOMO-
HUTEIJIBHOTO pacCMOTpPEHUS. I 3TOro BOCIONb3yeMCs MOAXOAAMH, IPEIIIOKECHHBI-
MU JJIs alllIPOKCUMALIAN T-CIaraéMbIX B CIIy4ae peryJsipu30BaAHHBIX YPABHEHUH IS
MOJICJIMPOBAHUS HECKUMAEMOM KUIKOCTHU:
a) pacyeT 3HaYCHUI B LEHTPax sIYEEK C JIMHEMHON UHTEPIIOISALUMEN X HA TPAHU;
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0) peayuMpOBaHHBI METOJ, TP KOTOPOM HMCIOJIB3YETCsl TOJIbKO HOpMaJlbHas K
MOBEPXHOCTH KOMIIOHEHTA IPOU3BOIHOM, @ TAHTCHIIMAJIbHBIE KOMIIOHEHTBI HE
yuuThIBaroTcs [15];

B) METOJl HAMMEHBIIMX KBAJpPaTOB, KOTOPBIA UCMOIB3YET paznoxeHue Teinopa
JUISL TIOJTyYE€HUS JUCKPETHBIX BBIPAXKEHUH ISl YaCTHBIX POU3BOIHBIX [15];

r) nmpuMeHeHue Merona ['aycca Kk PUKTUBHOMY KOHTPOJIBHOMY 00BEMY, OIpe/ie-
JIEHHOMY BOKpYT paccMmarpuBaemoit rpanu f [16]. B pamkax storo mertona
pacyeTHBIN 1MI1a0JIOH BKJIIOYAET BEPIIMHBI TPaHU M TOYKH B sSiUEHKaX, MpUIIe-
raromux K rpanu (cM. puc. 1). Hanpumep, BeipaxkeHue sl POU3BOJHOM 10
2 CKQJIAPHOTO MO [ Ha YeTHIPEXYTONBHOMN IPaHU BBIVISAUT CICAYIOLIIM 00-
pasom:

98 1
% ~ vf Z nm,xﬁﬂ”m

rae Vy — 00béM (PUKTMBHOM BOCBMUIDAHHOW SYEHKH, MOCTPOEHHOM BOKpPYT
rpaHu f, m — WHAEKC TpaHu QUKTUBHOU SYCHUKH, (3, — CPEIHEE 3HAYCHHE
CKaJISIPHOTO 1071 3 HA TPAaHH 1M, Ny, ; — L-KOMIIOHEHTA HOPMAJIH K TPaHu 1.

2
1
P(5 i, (6
_____ o—p-|--°
f
3
4

Puc. 1. Cxema mrabnoHa Jist BBIYMCIICHHS YaCTHBIX MTPOU3BOIHBIX Ha TpaHu f
KOHEYHOTO 00beMa: PP — IEeHTp SUYEKU ¢ HOPMAJbIO OT f, HalPaBJIEHHON HAPYXKY,
N o06o3HayaeT LHeHTp AYEHKH, K KOTOpOH HOpMallb OT f HamlpasiieHa BHYTPb

Kak nokazanu yucieHHbIe SKCIIEPUMEHTHI 1711 MOJIETTUPOBAaHUS OAHO(A3ZHOM HECKU-
MaeMOM CpeJibl, MEePBbIA MOAXO0J BHOCUT CIMIIKOM OOJBIIYIO OLIMOKY B YHCIICH-
HOE€ pelIeHUe U BBI3bIBACT HE(PU3UYHBIE KOJIIeOaHUs, a BTOPOU MOAXOA MOPOKAAET
ype3MepHy1o uncieHHyo nuddysuto [15], B To BpeMsi Kak TpeTUH MOAX0J OY€Hb
TpeboBaTeNieH ¢ TOYKM 3peHus KadecTBa ceTku [15]. Takum oOpa3om, mocieaHmit
MOJIXOJT TIpeACTaBIsAeTCss Hanbonee 3pHEKTUBHBIM C YUYETOM MPEAbIYIIeH TPaKTH-
KU ¥ YCTICIIHOTO MTPUMEHEHUS JUTsl OfHO(a3HOM Hec:)kuMaeMoit cpensl [ 17], moatomy
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UMCHHO JTAHHBIN ITOXO0]1 ObLT MPUMEHEH JJIs alPOKCUMAIUH TPOU3BOIHBIX HA Tpa-
HSX SYECeK B TAaHHOW paboTe.

YCTOMYMBOCTH U NAPAMETP Peryjasipu3anuu 7

YCTOWYMBOCTh YUCICHHOTO aJITOPUTMA, a TAK)KE CTENEHb CIIIaXXEHHOCTHU YHC-
JIEHHOTO PEIIeHUs OIpeeseTcs nmapamerpom peryiaspusanuu 7. [lo anamoruu c
KI'uJl momgxomom [1], ero ymoOHO CBsi3aTh ¢ HEKOTOPHIM XapaKTEPHBIM THAPOIMHA-
MHUYECKUM BPEMEHEM 3aJia4yu 7p: 7 < 7. BeauuuHy 7y MOXHO BBHIOpaTh C UCIOJIb-
30BaHUEM XapAKTEPHOW BEJIUYUHBI CKOPOCTH U, KHHEMATUYECKOW BS3KOCTHU V, MPO-
CTPaHCTBEHHOTO IIara pacuéTHOM ceTKH Az WIIH IPYTUX MapaMeTPOB.

[TpuBeaém 3aech HECKOIBKO HanboJIee paCIpOCTPAHEHHBIX CITIOCOOOB 3aJaHUs

T
a) 7= Azx/u;
6) T = v u?;
B) T = Ax?/v;
r) 7 =1/Gr;
n) 7 = 19/ Re;
e) T =10
e 7p = const 37eCh HEKOTOPOE MOCTOSIHHOE XapaKTEPHOE THAPOJAUHAMUYECKOES

Bpemst, Gr — uncio ['pacroda, a Re —yucno Peiinonpca.

[lar uHTErpupoBaHUs MO BPEMEHHU, OOECIEUUBAIONINI YCIOBHYIO YCTONYU-
BOCTh Pa3HOCTHOTO aJITOPUTMA, HE JOJDKEH MPEBOCXOAUTh BEIUYUHY T U YaCTO BBbI-
Oupaercs B BUJIE

At < 71/2.

[Ipu cnumikoM OOABIIMX 3HAYEHUSAX T JAUCCUIATUBHBIE CIAaracéMble, MOJTyYUBUIINECS
BCJICJICTBUE PETYISIPU3ALMU, HAUMHAIOT JOMUHHUPOBATH, YTO MPUBOJIUT K pa3pyliie-
HUIO YUCJIEHHOTO peueHus. Eciy 7 cnumkoM Maso, TO i1 YCTOWYUBOCTH YHCIICH-
HOTO PEIICHHS TPEOyeTCs HEMPUEMIIEMO MaJbli miar 1mo BpeMenu. Kak mokaspiBaet
OMBIT BEIYMCIICHUH, HAYMHASL C HEKOTOPOTO 3HAYEHUS YMEHBIIEHHE TapaMeTpa T Iie-
pecTaeT BIUATh Ha TOYHOCTh YUCIIEHHOTO penienus. [loatomy BeiOOp mapamerpa pe-
TYJISIpU3alUA ONIPENEIISIET YCTOMYMBOCTD AJITOPUTMA, €T0 TOYHOCTh U TPYAOEMKOCT.
CrnenoBatenbHO, B pacyeTe HEOOXOAUMO MOJ0MPATh ONITUMAIILHOE 3HAUCHUE 7.

AJITOPUTM YHUCJICHHOT0 pPelIeHUs

ANTOPUTM YHCIEHHOTO PELICHUS] CHCTEMBI DPETYJSPU30BAHHBIX YPAaBHEHUI
JUIsL MOJIETTMPOBaHUsl JBYyX(a3HON HEC)KMMAEeMOW >KMJIKOCTU pealiu30BaH Ha 0Oaze
¢peiimBopka QGDsolver [18] B paMkax OTKpBITOM HMHTErpupyeMoil miar(opmbl
OpenFOAM v2012 [19]. Pemarens pa3paboTaH 10 aHAJIOTHH C YKe peali30BaHHBIM
KI'n/[ Mmerogom, KOTOpBIM ONMMCAaH W NMPUMEHEH, HApUMeEp, Il MOACIUPOBAHUSA
JIUCKOBOTO Hacoca [20].
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[Ipouiecc 4MCIEHHOTO pelleHus A 00OMX METONOB BBINIIUT OIMHAKOBO,
IIOATOMY ONMUIIEM €T0 ISl CUCTEMBI 1, pacCMOTPEB HEKOTOPBIM TEKYILUA MOMEHT
BpeMeHH, 0003HAUMB OTHOCAIIMECS K HeMy BEIMUMHBI BEPXHHUM MHJIEKCOM ©, a
3HaueHUs Ha CIeAyIOIEM cJIoe IO BpeMeHH "', AnropurMm BkIouaeT B cebs
CIEAYIOLIME [Iaru:

- I TEKYIIEro CJIOS MO BPEMEHM PACCUMUTHIBAIOTCS 3HAYEHUS BEIUMYMH Ha

IpaHsixX;

- METOJIOM COMPSKEHHBIX TPAAUEHTOB C MHOTOCETOYHBIM METOJIOM B Ka4€CTBE
npenoOycnaBauBatens pemaercs ypaBHeHue Ilyaccona (47) m HaxomuTcs
nasnenue p;

- B COOTBETCTBHHM C IPEABIIYIIMM IarOM PACCUUTHIBAIOTCS TOTOKOBBIE BEJINYH-

koowk k .
HBL V; ¢, W ¢, W, YIOBICTBOPSIIOIINE YPABHECHHUIO HEPA3PEIBHOCTH (25);

- u3 ypaBHEHHS (42) pacCUMTHIBACTCS BEIMYMHA OOBEMHOW JOJIH o/f“, a u3
ycnosus (4) — o6bémuas gons o T =1 — ot

- 3aTeM cormacHo (5) BBIUHCIAETCS MIOTHOCTH pF 1l

- Ha UHATHHOM JTAle PACCUUTHIBACTCS BEIMYMHA CKOPOCTH HAa HOBOM CJIO€ T10

BpeMeHH U, 4To MO3BONAET MOBTOPUTH OMUCAHHYIO HPOIEIYPY.

4. PacuyéTHbIe 3a1a4u

[TockonmbKy B 00eMX H3JIOKEHHBIX HIDKE 3ajJadyax IMPUCYTCTBYET pa3phIB,
IPU 3TOM BEJIUYMHBI CKOPOCTEH JOCTATOUYHO MAaJjbl, JUIS anmpOKCHUMAIlMU MOTOKa
00bEéMHOM nonu B ypaBHeHusX (19) u (29) ucnonb3oBanack cxeMa BaH Jlupa (van
Leer), [21]. DT0 HE0oOX0AMMO BBHUAY TOTO, YTO BEIMYHHBI PETYIAPU3UPYIOIIECTO
cmaraemoro V - (tu(u - Ve;)) B ypaBHenusx (19) u (29) HemocTarodHo st
CTJIQKUBAHUS PEIICHUS.

3amauya o pacnajae BOASHOIO CT0J10a

Ota aByMepHas 3aj1a4ya Oblia onucana B axkcnepuMenTe Koshizuka [22]. Cxema
AKCIIEpUMEHTA NpeacTaBieHa Ha puc. 2. [lapamerpst obnactu: L = 0.146 m, h =
0.024 m. PaccmarpuBaroTcsi 1B€ HECKUMAEMBIX CPEJIbI:

a) o — Oonee TwIoTHas (Hanee KuIKocTh), p; = 1000 kr/m®, vy = 1076 M2 /c;

0) oy = 1—q;—MeHee mIoTHAs (nanee ras), p, = 1 Kr/m°, v, = 1.48-107° M*/c.
B HayanbHBIM MOMEHT BPEMEHHU CTOJIO JKMIKOCTU HAXOAUTCSI B CBOOOJHOM KOHTAKTE
C Ta30M M BBHJIY HANMYMs YCKOPEHHs CBOOOAHOTrO majgeHus g = 9.81 m/c? ¢
TEUEHUEM BPEMEHH MOCTENEHHO pacmajaercs. JJis yucneHHoro pacuera B 001acTu
3aJ1aBajach paBHOMEpPHAas PAMOYToJibHas ceTKa ¢ pazmepom ssueiiku 0.0064 x 0.0064
M2, TOUHOCTB pewienus ypasaenus [lyaccona mis naBienus 1078,

Hwuxe Ha puc. 3-8 nipeacTaBieHO CpaBHEHUE PE3YIBTATOB, MOTYUYECHHBIX B IKC-
nepumente Koshizuka [22], u pe3ynbraToB pacueToB, MOITYUYEHHBIX C MCIIOIb30Ba-
HUEeM cucteMsbl 1 u cuctemsl 2. M300pakeHus: SKCIEPUMEHTAIbHBIX JaHHBIX ObLIN
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2l
2h% X
v 7 / >
Oy p L ;
L 4L L

Puc. 2. Cxema 3agaum pacriajia pazpbiBa. CHHUM IIBETOM MPEICTABICHO 3aM0JIHEHUE
o] = 1

B3sTHI U3 [23]. Pacu€Thl ¢ HCIOIb30BaHUEM O0EHX CUCTEM PETy/IIpHU30BaHHBIX YPaB-
HEHUU NPOU3BOIAWINCE 11 7 = 0.5 - 103 cu At =0.5-10"* c. Moxuo 3aMCTUTh,
4TO cucTteMa 1 Gojiee TOYHO ONMUCHIBAET MOTOKU, MOCKOJIbKY 3aa€T s KaXKI0H U3
Cpell CBOIO MOMPABKY W;, B OTJIMYME OT HEE cucTeMa 2 JaéT Ooliee CriiaXeHHYIo, pas-
Ma3aHHYI0, KapTUHY.

Ha puc. 7 MOXXHO 3aMeTUTh, YTO cucTeMa 2 Oosiee OIU3KA K IKCIEPUMEHTY.
OpHako mpW yMEHBUIEHUU PETYISpPU3aTOpa 7 PEIICHUE MEPBOM CHCTEMBI TaKKe
CTAHOBUTCSI OJU3KO K JKCIEPUMEHTY, TOT/Aa KaK pEIICHHWE BTOPOW CHUCTEMBbl HE
u3MeHsiercs, puc. 9. C n1pyroil CTOpOHbI ISl BBIIIOJHEHUS YCIOBHUS YCTOMYMBOCTH
pacu€T 3a71a4u Mo BTOPOM cUcTeMe TpeOyeT MEHBIIIETO I11ara 1o BpemeHu. Hampumep,
npu 7 = 0.5-10% ¢ ays mepBoii cuctemsl At = 107 ¢, a st Bropoit At = 0.5-1076

DKCIIEPUMEHT Cucrema 1 Cucrema 2

Puc. 3. CpaBHEeHHE SKCIIEpUMEHTA U YHMCJICHHBIX PACUETOB 3a/1a4d pacmnaja
BOZIsiHOTO cTosba aiisg Bpemenn t = 0.1 c.
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DKCIIEPUMEHT Cucrema 1 Cucrema 2

Puc. 4. CpaBHeHME dKCIIEpUMEHTA U YUCIICHHBIX pacy€TOB 3aauu pacrajaa
BO/IsTHOTO cTos0a 1yist Bpemenu ¢ = (0.2 c.

DKCIIEPUMEHT Cucrema 1 Cucrema 2

Puc. 5. CpaBHeHHe SKCIIEpUMEHTa U YACIEHHBIX pacyéTOB 3aJ]a4uy pacraja
BOJISTHOTO cTos0Oa i Bpemenn ¢ = 0.3 c.

DKCIIEpPUMEHT Cucrema 1 Cucrema 2

Puc. 6. CpaBHEeHUE SKCIIEPUMEHTA U YHUCIICHHBIX PACYETOB 3a/1a4M pacmnaja
BO/IsTHOTO cTos0a st Bpemenu ¢ = 0.4 c.
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DKCIIEPUMEHT Cucrema 1 Cucrema 2

Puc. 7. CpaBHeHHE SKCTIEpUMEHTA U YUCIECHHBIX pacy€TOB 3aJ]aud pacraja
BO/IsTHOTO cTos0Oa 1yist Bpemenu ¢ = (0.5 c.

DKCIIEPUMEHT Cucrema 1 Cucrema 2

Puc. 8. CpaBHeHne dKCcIIepUMEHTa U YACIEHHBIX pacyéTOB 3aJ]a4uy pacraja
BOJISTHOTO cTOJ0a Jyist BpeMeHu ¢t = 1 c.

OKCIIEpUMEHT Cucrema 1 Cucrema 2

Puc. 9. CpaBHeHue 3KCIIEpUMEHTA U YMCIEHHBIX PAacy€TOB 3aa4M pacnaja
BozstHOrO cTonba mpu 7 = 0.5 - 1074 ¢ ana Bpemenu t = 0.5 c.

3amauya 00 3BOIIOLUM KyOMYECKOH KAILIH

JlanHas 3a/1a4a BIISIETCS] TECTOBOM, €€ OCHOBHAS 11€JIb — KaUE€CTBEHHAsl IPOBEP-
Ka 3(peKTa MoBEpXHOCTHOTO HATSXKEHUSI B TPEXMEPHOM Cllydyae U CpaBHEHHE JIBYX
MeTouK pacuera. [loxokue 3a1a4M UCHONB30BATUCH ISl OIIEHKU PaboTOCOCo0-
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HOCTH YHUCJIEHHBIX aJIrOPUTMOB B [24, 25]. AHaJIOTUYHO NMPEAbIIYILIEMY CIIy4Yaro pac-
CMaTPHUBAIOTCSI IBE HEC)KMMAEMBIX CPEIbl, ISl YI0OCTBA INTIOTHOCTh, KOYPPUITUEHTHI
BS3KOCTH U TTOBEPXHOCTHOTO HATSDKEHHSI COOTBETCTBYIOT TaHHBIM ISl BOABI M BO3-
ayxa:

a) oy — Gonee IOTHAS (manee KUAKOCTH), p; = 1000 xr/m®, v = 1076 m?/c;

6) o, = 1—a;—MeHee mioTHas (anee ras), p, = 1 kr/m®, v, = 1.204-107° M?/c.
B nentpe kyOudeckoii o0nacTu, OrpaHUYeHHON KBAJPAaTHBIMKU CTEHKAMHU CO CTOPO-
HOMt L = 36.6 - 10~ M paccMmarpuBaeTcsi TpEXMepHas Karlis Kyoudeckoil (hopMsl ¢
nnuHol pebpa d = 20 - 1072 M, puc. 10. JlaBneHue Bo Beel 001acTH B HaYaIbHBIH
MOMEHT BPEMEHH B3TO PaBHBIM HYJIO: pl;—o = 0 ITa.

2L

|

A 4

1
Z >

Puc. 10. Cxema 3a1auu 3BONIONNK KyOrueckol karuu. Karis npencraBieHa CHHUM
1BeToM (o = 1), 6emast Touka 0003HAYAET MEHTP KyONUeCKOM 00IacTH,
COBMNAJAIOIIUN C IIEHTPOM KarlIH.

B nanHoii 3a1a4ue yckopeHune CBOOOIHOTO MaJIeHUS g HE yUUTHIBACTCS. 3HAYCHHE
ko3 uirenTa nopepxHoctTHoro HarskeHus o = (0.074 H/m.

PacueTnast o6macTh OblIa pa3/iesieHa Ha JABE YaCTH: BHYTPEHHION, MPECTaBIIsI-
FOIIYyI0 co00ii Ky0, JuthHa pedpa kotoporo d' = 37.2 - 1073 M, a IEeHTp COBNagaeT
C IICHTPOM KaIUTH, U BHEITHIOI, OXBATHIBAIOIIYIO OCTaBIIeeCs MPOCTPAHCTBO. bbuia
MOCTPOEHA TeTpadipalibHAas pacueTHasi CETKa CO CTOPOHOM silueeK BO BHEIIHEH 001a-
ctu 2.44 - 1073 M u Bo BHyTpenHeii obnactu 0.61 - 1073 M, puc. 11.

Pe3ynbrarhl 4MCIIEHHOTO MOJEIMPOBAHUS C MPUMEHEHHEM TEePBON CHUCTEMBI
pPOAEMOHCTpUpPOBaHbl Ha puc. 12. CepblM 1BETOM 0003Hau€HA HM30TMOBEPXHOCTH
Karuii, Kotopasi Obula mocTpoeHa 1o 3HadeHuto oy = (.5. Bennumna mapamertpa
perynspuszauuu 7 = 107° ¢, a mar no Bpemenn At = 0.5 - 107° c. Pacuér ana
BTOPOU CUCTEMBI TaKke MPoBouIICs. Ero pe3ynbrarsl OJU3KHY K pe3ysibTaTaM epBon
CUCTEMBI, OJIHAKO, KaK W B MpEIbIAYyIIeH 3aaue, AJi1 BTOPOH CUCTEMBbI Tpelyercs
Oospiliee 3HAUYCHUE KOAPGUIIMEHTA PETYIIpU3aliy 7, a TaKKE MEHBIIUM IIar 1o
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a o

Puc. 11. PacueTHas ceTka AJis 3a7a41 SBOJIIOIMN KyOMYECKOM KaIuTi B pa3pese mo
miockoctu ZOY: (a) B npoekiuu Ha ZOY; (6) B mpoekuu Ha ZOX.

BpeMeHU At. DBONIONHS KAl Ha prC. 12 COOTBETCTBYET OXKHIAEMBIM PE3yIbTaTaM.
[Iponiecc ¢gopmupoBanus chepuyecKoll Karid COMPOBOXKIACTCS KOJICOAHUSMH.
Ha puc. 13 MOXHO 3aMeTUTh NEPUOAUYHOE M3MEHEHHE paauyca 1 KyOudecKou
KaIlJld, TAE MOJ PaJdyCcoM IOJpa3yMEBaETCsl PACCTOSHHUE OT LIEHTpa KAk 0
TOYKH TepecedyeHus: e€ nmoBepxHocTu ¢ ocbto OY. Hecmotrps Ha To, 4TO mpouecc
yCTaHOBJIEHUS chepruuecKoi (POPMbI MOXKET AJIUTHCS JOBOJIBHO JI0JITO, BUIHO, UTO C
TEUEHUEM BPEMEHHU aMILTUTY/a KoJieOaHUN YMEHbIIAETCs, a B Mpeielie ee 3HAYCHHE
cTpemMutcs kK uckomomy r = 0.012 M. AHMMaIMIO mpoliecca mpeoopazoBanus GOPMbI
KaIliu u300pakeHa Ha puc. 14, a Takke oHa JOCTYIIHA MO CCHUIKE:
https://keldysh.ru/e-biblio/elizarova/CubicDropAnimation.mp4

3aKJII0UYeHHEe

B xone mpozaenanHoit paboThl ObLI MOTYYeH HOBBIA METOJI PETrYJISIpU3aINK CH-
CTEMBI YPaBHEHHMU ISl MOJENM JIByX HEC)KHMAEMBIX HECMEIINBAKOLIUXCS KUIKO-
creil. Onucansl 1Ba croco0a nNoCcTpoeHus peryisipuzaropa. [lonyueHnnbie Takum 00-
pPa3oM CHCTEMBI YpPaBHEHUM NAIOT pa3jMyHble YUCIICHHbIE peuieHus. Ha npumepe
JBYX 3ajJlad ObLIO MOKAa3aHO, YTO MepBasi cUCTeMa TpeOyeT MEHBIINX 3HAYEHUN pe-
ryJsipu3aropa 7, OJHaKO OoJjiee yCTOMUMBA, TOTJla KaK YUCIEHHOE PEUICHUE C MpH-
MEHEHHUEM BTOPO CUCTEMbI MOXKET OBITh OIYYEHO MPHU OOJIBLINX T, HO C MEHBILIUM
mrarom 1o Bpemenu At. Oba MeToja XOpOIIo MOoKa3aau ceOs 1T MOACTUPOBAHHSI
ABYX(a3HBIX CPEl C COOTHOMICHUEM TUIOTHOCTEH 1 = p1/po ~ 1000.


https://keldysh.ru/e-biblio/elizarova/CubicDropAnimation.mp4
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B T

Puc. 12. PactipeneneHuie qaBieHus 3aa41 SBOJIIONNUN KyOUUEeCKON Karuiy s
pa3nu4HbIX MOMeHTOB BpeMenu: (a)t = 0 c; (6)t = 0.25¢; (B) t = 0.5 c;
(r)t =0.75c.

0.016 -

0.015 4

0.014 4

0.013 A
-

0.012 4

0.011 A

0.01 4]

0.009 T T T T T T T
0 02 04 0.6 0.8 1 1.2 14

t, C

Puc. 13. 3aBucuMoCTb pajinyca Kariu 7 OT BpeMEHHU.
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Puc. 14. (Anumayus, onsa 3anycka HeoOXo00UMo NPOCMAMpUsamsd NPEenpuHm 8
Adobe Acrobat Reader) KonebatenbHbIX XapaKkTep nepexoaa KyOM4ecKon Karuiu B
cthepuueckyro B Teuenue t = 1.5 ¢: 3d Bua (cneBa) v ceueHue MOBEPXHOCTH KaIljin
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[4]

mockocThio XOY (cnpaBa). AHMMAIUs TaKKe TOCTYIHA MO CChLUIKE:
https://keldysh.ru/e-biblio/elizarova/CubicDropAnimation.mp4
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1. HWcxonnas cucreMa ypaBHEHUM .
2. Cucrema perynsipu30BaHHbIX YPaBHEHHI
BriBoz cucteMsbl peryisspu3oBaHHbIX YPABHEHUI
YIpomEHHBIN MOAXO K PETYISIPU3ALNU
['panuunbIE yCIIOBUSA .
Bsskocts .
BripaykeHus 11 CUII0BOTO BO3IEUCTBUS .
3. YuciieHHOE pelIeHue PEryIsipu30BaHHbIX YPABHEHHI
[TapameTp peryisipuszanuu 7 .
AJITOPUTM YHCIIEHHOTO PELIEHUS
4. PacuérHble 3a1aun . C e
3anada o pacrnaje BOJASHOIO cTojda .
3anava 00 HBONIIOIUMU KyOMYECKOU Karuiu
3aKIIOYEHUE .
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