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T'aspuxoe M.b.

BapunauuoHHblii NPUHOMN AJs1  JJIEKTPOMATHUTHOW THAPOAHMHAMHKH
IJI1a3MBbI

B pamkax narpanxeBa Mojaxoja JaHa MaTEMaTHYECKU KOPPEKTHas Mpoueaypa
MOJTy4eHHsT HEOOXOIUMBIX yCIoBUi l0CeXtr u3 BapHanioHHOTO MPHHIUIA IS Psaa
CIUIOIIHBIX CpE€ll, 3alOjHSIOUMX B KaXIblii MOMEHT BpPEMEHH HEKOTOPYIO
reOMETPUUYECKYI0 00JacTh W HE MOKUJAIONIyH0 €€ C TEYEeHHEM BpPEMEHH.
[IpennokeHHBIE METOJ OCHOBaH Ha TE€OMETPUYECKHX CBONCTBAX MHOXKECTBA
muddeoMopPu3MOB  yKazaHHOHW 00JIaCTH, SIBJSIONIETOCS KOH(GUTYypaIrlMOHHBIM
IPOCTPAHCTBOM  CIUIOIIHOM  Cpelbl, W  HEKOTOPOHl  TeopeMe  BIIOXKECHMS.
PaboTocriocoOHOCTE  MeTOAa  JEMOHCTPUPYETCS Ha  INpUMEpax  MOJyYEHHUS
HEOOXOMMMBIX yciaoBui |0CeXtr w3 BapWallMOHHBIX MPHHIUIOB JUIS HJICATBHOU
ra3oBoil AMHAMUKHU U Kinaccuueckoid MI'J] mazmel. LleHTpanbHbIil pe3yabTaT padoThl
— TIOCTPOCHHE BapHAIlMOHHOTO TIPUHIMIIA, B YaCTHOCTH, JIarpaHXHaHa W
byHKIIMOHAA EHCTBUS I TECOPUH DIECKTPOMATHUTHON TUAPOAMHAMUKH TIJIa3MBI.

Knwuesvie cnoea: rtpynna nudpdeomopduzMoB, 0aHaXOBO MNPOCTPAHCTBO,
Bapuanusa 1o Jlarpawky, narpamwkuaH, ¢QyHKIHOHANT JEHCTBUS, 3aJada C
3aKPETUIEHHBIMU KOHIIAMU.

Mikhail Borisovich Gavrikov
Variational principle for electromagnetic hydrodynamics of plasma

Within the framework of the Lagrangian approach, a mathematically correct
procedure is given for obtaining the necessary conditions of locextr from the
variational principle for a number of continuous media that fill a certain geometric
region at each moment of time and does not leave it over time. The proposed method
is based on the geometric properties of the set of diffeomorphisms of the indicated
domain, which is the configuration space of a continuous medium, and on a certain
embedding theorem. The efficiency of the method is demonstrated by examples of
obtaining the necessary locextr conditions from variational principles for ideal gas
dynamics and classical MHD plasma. The central result of the work is the
construction of the variational principle, in particular, the Lagrangian and the action
functional for the theory of electromagnetic hydrodynamics of plasma.

Key words: group of diffeomorphisms, Banach space, Lagrange variation,
Lagrangian, action functional, problem with fixed ends.



BBenenue

B pabore [1] mns wucciaenoBaHWsT HH3KOYACTOTHBIX — HEPENSTHBUCTCKHX
IPOLIECCOB B IIOJHOCTHIO MOHU30BAaHHOMW IJ1a3Me Oblila MpeyIokKeHa MaTeMaTHYecKast
Mojaenb OnektpoMarautHoit ['mapo/lunamuku mnazmel (OMI'J]). MuoronetHue
WCCIICIOBaHMs JUHAMHUKMA M CTaTHUKU IUa3Mbl Ha 0aze OMI'Jl-ypaBHeHMil ObLIH
noJeITOKeHbl B MOHOTpaduu [2]. [lpm 3TOM oOcCTancs HEBBIICHEHHBIM BOIIPOC O
BapHalMOHHBIX mpuHnunax OMI/l-teopun. B Hacrosmieir pabore B pamkax
JarpaHkeBa MOAXOoAa JJs OE3AMCCUIIAaTUBHOM IUIa3Mbl yKa3aHa KOHCTPYKIIHS
GbyHKIIMOHANA IEHCTBUS, SKCTPEMaJIl KOTOPOTO B 3aj1aue ¢ 3aKPEIUIEHHBIMU KOHIIAMU
ABIsItOTCs  pemieHusamMu  OMI'J[-ypaBHenuii. Tem camblM  yKa3aHHBIA TpoOen
BAPUALIMOHHOIO HCYMCJIEHUS [NPUMEHHTENbHO K OMI/[-Teopun 4acTH4YHO
mukBuaupyercs, a OMI'/[-ypaBHEHHsI MOTYT paccMaTpUBaTbCi KakK YpaBHEHMS
Olinepa B YKAa3aHHOM BapHAallMOHHOM 3aJade C 3aKpEeIUIEHHBIMA KOHLIAMH,
peanmsyromue Heooxoaumoe yciosue locextr.

Ceppé3nas npobiema Mpu MOCTPOCHUHM BapHAllMOHHBIX MPUHIIUIIOB MEXAHUKU
CIUIOIIHBIX Cpel 00ycioBileHa OeCKOHEUHOMEPHOCTbIO KOH(PUIypallmOHHOTO
IIPOCTPAHCTBA CIUIOIIHOM CpENbl, 4YTO SBIIETCA MAaTEMaTUYECKUM BBIPAKECHUEM
Halinuus y He€ OeCKOHEYHOro uucia creneHed cBoOobl. CuuTasi, 4TO CIUIOIIHAsS

cpena B KaKIblii MOMEHT BpPEMEHH 3alolHsSeT HekoTopylo obmacts D R® u ¢
TEYECHUEM BpPEMEHH HE TOKHAaeT €€, KOH(UTYypallMOHHBIM IPOCTPAHCTBOM TaKOM
MexaHudeckoi cucrembl Oyaer DIffD — muOoXecTBo muddeomopduzMoB ob0IacTH
D, sBnsomeecs HOAMHOKeCTBOM GaHaxosa mpoctpanctsa CX (D), cocTosimero u3
m-3HauHbix K pa3 HempepsiBHO auddepeHnmpyeMbix ¢Qynkuuid Ha D, Bce
MPOU3BOJHBIC KOTOPBIX JO K-ro MmopsijKa BKIIOYUTEIBLHO  HEMPEPHIBHO
TPOJ0JIKAKOTCA Ha TpaHuily obnactu 0D . Husxe cunraerca DiffD cC (D), n=3,a
OTHOCHTENIFHO cyrepno3unuu otoopaxenuin DiffD sBnsercs Ttomomormveckoi
rpynmnoi. DiffD sBnseTcs kKoHQUTypallmOHHBIM TPOCTPAHCTBOM JUIS HJICATHLHOTO
raza wim Oe3auccunatuBHON Kiaccuuecko MI'J[-mmasmel. s OMIJI-muia3mel
KOH(HUTYpPAIIMOHHOE IMPOCTPAHCTBO YCTpPOoeHO Oosee cioxHo (cMm. §4). JIlmHamuka
CIUIOLITHOW  Cpelbl  OMpEeneNsieTCss HempepbiBHO AuddepeHimpyeMon  KpuBOU
q(t) eDiffD, 0<t<T,, a QyHKIHOHaN ACUCTBUA S 3aJaH Ha MHOXECTBE TaKHX
KpuBbIX. [locTpoeHHE BapHaIIMOHHOTO UCYUCIICHHUS IJIs1 TOAO0HBIX (DYHKIIMOHATIOB S
CepbE3HO 3aTPYAHEHO TeM 00cTosATeNbcTBOM, 4To DIffD He sBIsSeTCS OTKPHITHIM
noxmuoxectsom  E = C.(D) wu, kak cnencTBue, 0OOJACTH ONpENENEHUS S He

SABJIACTCA OTKPBITBIM IMOAMHOXXECTBOM OaHaxoBa IMPOCTpPAaHCTBA

Ce=C: [O’To]dj‘{f :[0,T,] = E| f nenpepriBHO ntuddepertmpyemo Ha [0, T,]}. D10

NPUBOJAUT K SK3UCTEHUHUAIBHBIM Mpo0iieMaM Mpu BBIYUCICHUM Bapualudid [0
Jlarpamxy B 3KCTpeMalbHOW TOYke (YHKIIMOHAIa S, a B YKa3aHHOM BBIYUCIICHUU H
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NpUpPaBHUBAHUU HYJIIO MEPBOM BapHaluu 1o Jlarpanxy U COCTOUT OCHOBHOM METO]T
BapUAIMOHHOTO BHIYUCIICHHUSI.

EcTecTBeHHBIN BBIXOJ W3 3TOr0 3aTPYJHUTEIHLHOTO TMOJIOKEHUS COCTOUT B
ompeneneaun Ha DIffD cTpykTypel OeckoHeuHOMEpHOTO UG GEPSHIUPYEMOTO
mMHorooOpasus [3], mpespamatomieit DIiffD B Oeckoneunomepnyto rpynmny Jlu, u
PUMaHOBOM METPHKH, 33JaBacMOW JlarpaHkKHaHOM L, TOpOKAaromuM (yHKIIHOHAT
nevicteus  S. Torma »KcTpeManbHBIE TOYKHM S — 93TO TeOAE3WYECKHE Ha
OCCKOHEYHOMEPHOM pHMaHOBOM MHoOrooOpasuu DIffD. Peamuzanus ykazanHoi
UJCH TIPHBOJUT K BECbMa TPOMO3JIKHM TCOPETHYCCKHM KOHCTpyKiusM [4]. B
HacToAlled paboTe yKa3aH JApYroil, 3HaUUTENIbHO 0oJjiee MPOCTOM croco0 JEHCTBUMH,
ITO3BOJIAIOIIUN n30exaTh HEO00XOIMMOCTHU paccMOTpEHHUS CTPYKTYpBI
6eckoneunomeproit rpynmbl JIu Ha DIffD u B To e Bpems 3amyckaronmii anmapar
BapHAIMOHHOTO MCYHCIICHHUS I TIoucKa Touek locextr pyHKInoHanoB, 3a1aHHbIX Ha
DiffD -3Ha4HBIX KPUBBIX.

OTtoT cnocod ocHOBaH Ha mpoctoMm HabmogeHun — rpynmna DiffD oGmamaer
JUHENYaTOl CTPYKTYpPOH, CyTh KOTOPOM B CIEAYIOIIEM: 8Mecme C Kaxicool MOUKOl
f eDiffD  mnoocecmso DIffD  cooepoicum omkpwuimuiii  Kycouex — nuHelHo20
muoeoobpasua f +E,, onpedensemvlii omxpuimoii oxpecmnocmoio nyna ¢ E,, eoe

E,c E — 3amxnymoe noonpocmpancmeo, sadasaemoe yciosuem h|,=0. Kax
credcmeue, ooaacmos onpeoenenus QYHKYUoOHana oelcmeus S makdice oodradaem
JuHettuamou cmpykmypou — emecme ¢ kadxicoou DIffD-snaunoi ¢pynxyuen q(t) ona

o o 1 o
CO()eprCle OMKpbINblU KYCOYEK JUHEUHO2O MH02006pa3u}l g+ CEo’ onpe()eﬂﬂeszu

o 1 1 1
omkpvimou  okpecmuocmoio  nynsi 6 Cp ., ede  Cg <Cp  —  samknymoe
noonpocmpancmeo. ITO BaxHOe CBOiCTBO, jgokazanHoe B §1 (Teopema 3),
OTKPBIBACT MPUHIMIHAIBHYI0 BO3MOXKHOCTh HAXOXKIEHHUS Bapuauuii mo Jlarpamxky
Kak y (GyHKIMOHAIa NEUCTBHS S BJOJIb JIIOOOTO HAMpaBlEHUS U3 Céo, TaK Uy

Jarpanxkuana L, mopoxnatomiero S, BoJb 0000 HanpasieHus us E; .

[IpakTueckoe BbIUKCIEHUWE Bapuauui 10 Jlarpanxky ¢ IpUMEHECHUEM
M3BECTHBIX W3 BapHAIlMOHHOTO BBIYUCICHHUS TpaBwil  JIuddepeHpoBaHus
WHTETPATbHBIX (DYHKIIMOHATIOB TPeOyeT MpooKeHusT (GYHKIIMOHAIA ICUCTBUS S H

marpamkuaHa L go gmeictBus S W ojarpamkwaHa L, 3aJaHHBIX Ha OTKPBITBIX
MOJIMHOXKECTBAX COOTBETCTBYIOIMIUX OaHAXOBBIX TMpocTpaHcTB. JleiicTBue S w

Jarpaxuad L He WuUMEIOT (U3MUECKOTO CMBICIA, HO MO3BOJISIIOT J0Ka3aTh
CYLIECTBOBAHUE M BBIYMCIMTH NEPBYIO BapHalMIO MO JlarpaHxky B SKCTpeMalbHOMN

TOYKE Y MCXOTHOT0 (pyHKIMOHAa aerdcTBusa S . KoHCTpyKiusa QyHKIIMOHAIOB S |
L ocHoBaHa Ha Teopeme o mpomomkenun ¢yukunuit u3 C*(D) g0 ¢unmMTHBIX M-
3HAYHBIX K -pa3 HempepbiBHO audQepeHupyeMbix (YHKIMH, 3aJaHHBIX Ha R,
KOTOpBIE o0Opa3syroT HOPMHPOBAHHOE MIPOCTPAHCTBO CX(R™),

f eC*(D)— f eCX (R, f~|5= f, mpuuéM coorserctBue f > f  sBisercs
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JUHEHHBIM M HENPEPBhIBHBIM W 00JaJaeT JOMOJHUTEIBHBIMH CBOWCTBAMH,
nepeurcieHHbiMU B Teopeme 1 u3 §1. Takum o06pa3zom, B OCHOBE KOHCTPYKIIUU
NPOJOJDKEHUsT JEHUCTBUS S W JarpaHkuaHa L JIeXUT meopema 610d4cenust.
JlokazarenbCcTBO ATOM M JIPYTHX TeopeM BIOKeHHs cM. B [5-8]. B wacTHOCTH, B
IPOBOJIMMBIX MMOCTPOCHUSIX BAXKHYIO POJIb UTPAET HOpMA JIMHEMHOTO HENPEPBIBHOTO
otobpaxenus CX (D) — CK(R"), koTopoe, 3aMeTHM, ONpe/ieIeHO HEOJHO3HAYHO.

N3noxeHHbIE BBHIIIE TEXHOJIOTMU NPUMEHSIOTCA s moctpoeHuss B §§2,3
BAPHUALIMOHHBIX MPUHIUIIOB JJI1 TA30BOM JTUHAMHUKHU U Kilaccuueckou MI J-1ima3mel.
[lony4yeHHble pe3ynbTaThl M3BECTHBl Ha (PU3MUECKOM YpPOBHE CTPOrOCTH, U HaM
NPUHIMINAIBHO BAXKHO TMOJYYUTh MX MAaTeMAaTHYECKH KOPPEKTHO, YOeTuThCS B
paboTOCIIOCOOHOCTH TIPEIJIOKEHHBIX MaTeMaTUYECKUX KOHCTpyKiuid. Hakoner, B §4
MOJIyYeH HEHTPAIbHBIA pe3yjbTaT pa0dO0Thl — BapUAMOHHBIN mpuHIMN 11 DMI -
ma3mbl. OMI'JI-ypaBHeHus Jy1st 6€3UCCUTIATUBHOMN JBYXKOMIIOHEHTHON MOJTHOCTBHIO
MOHN30BaHHOI mi1a3Mbl B o0actu D uUMeEroT BU:

op, [ ot +divp,v, =0,
p.(ov,/at+v,-Vv,)+VP, =en, (E +c v, H]), p, =m,n,,
8S, /3t +v, -VS, =0,
T.dS, =de, + P.d(1/p, ) (TepMoaMHaMITYeCKOE TOKAECTBO), (1°)

c'0H / 6t + rotE =0 (3axon dapanes), divH =0,
rotH =(4n/c)(e,n,v, +e_n_v_) (3akon Amnepa),

e.n, +e n_=0 (ycnoBue KBa3HHEHTPATIHLHOCTH).

Cuuraercs, 4YTO TOJHOCTBIO MOHM30BaHHas IJIa3Ma oOpa3oBaHa  JBYyMs
B3aUMONPOHUKAIOIIUMHU KUJKOCTAMU — DJIEKTPOHHOM M HWOHHOW, HapaMeTpsl
KOTOPBIX MMEIOT TPUBBIYHBIA CMBICT U OTMEYEHBbI mHAekcamu “+”. Cucrema (1°)
JOJKHA OBITh JOIOJIHEHA YPABHEHHUSIMH COCTOSTHUS Ui 3JIEKTPOHOB M MOHOB. Jljis
HAIUX [eJiei YI00HO cunTaTh 3aaHHbiMu QyHkuun €, =€, (p,,S,). Toraa (cm. §2)
TEPMOJIMHAMUYECKUE TOXKJIECTBA JJIA DJIEKTPOHOB W HOHOB PaBHOCUJIBHBI
cooTHomeHusam T, =0¢g,/0S,, P,=p20e,/0p, u cucrema (1°) sBnsercs
OIpe/IeNIEHHON U 3aMKHYTOW OTHOCHUTEJIBHO HEW3BECTHBIX (pyHKImi p,, S., V., E,
H.

[IpumeM HavalbHBIE TMOJOKEHUS 3JIEKTPOHOB W HMOHOB B obiactu D 3a
JarpaHeBbl KOOpAWHATHL. Torga BO3HHMKAIOT JBa KOMILIEKTA JIArPAHXKEBBIX
KOOPJIMHAT U CBSI3b MEXIY OJHJIEPOBBIMU M JIATPAHXKEBBIMU KOOpPJMHATAMU U3
K)XIO0T0 KOMIUICKTA 3aaéTCsl B KaXIbIii MOMEHT BpeMeHu (opmynamu X =q_(t,a),
o=, aeD — narpamkeBsl, X € D — sifnepoBsl KoopauHathl, rae ¢pynknun g, (1),
q.(t)(a) =q .(t,a) npuanmatot 3Hayenus B DiffD. B marpamkeBbIx KoOpAWHATAaX,

KaK MOKa3aHo B §2, MMEIT MecTo ToxaectBa V, =0q, /ot, p,(t,a)=p;(a)/J,,
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S,(t,a)=S; (a), J,=det[oq. / da;] — ompenenwurens marpuubl Skobu ¢, . Takum
0o0pa3oM, MIECTb HEU3BECTHBIX (PYHKUUN V., p,, S, IMOJHOCTBIO ONpPENEISIIOTCS

neymst Gpyskiusmu d, (t) co snasenusmu B DiffD. Bouue p;(a) >0, S;(a), aeD -

IIPOU3BOJIbHBIE HENPEPBIBHBIE (PYHKUWHU, 3aJalOIIHE PpACIPEACIICHUs] MacCOBOM
IUIOTHOCTHU Y TJIOTHOCTH DHTPOIUU 3JEKTPOHOB M MOHOB B o0acti D B HavyanbHBIHI
MOMEHT BpeMeHU. Eciii BBECTM BEKTOPHBIM M CKAISPHBIA MOTEHUIUAnsl A U @

aniekTpoMarautHoro oyt E, H dopmynamu E=—(1/c)0A /ot —Ve, H=rotA, To

DBOJIIOIMS TUIa3Mbl, B CWIy ypaBHeHUU (1°), MOMHOCTBIO 3amaéTcs (QYHKIUSIMU
(q,(t),q._(t), A(t),e(t)), mnpuHMMarOIIMMH 3HaUYCHHS B  KOH(PHUTYPALHOHHOM

npocrparctee DIiffD x DiffDx E x E st cucremst (1°), tne E =CY(D), E = C(D),
DiffD c E. ®ynkuuonan aedctBus S s cuctemsbl (1°) J0/DKEH 3a1aBaThes Ha

HETpepbIBHO MU PEepeHIIUPYyEMBbIX KPUBBIX CO 3HAUYEHUSAMH B KOH(PUTYPAIMOHHOM
MIPOCTPAHCTBE. Y UUTHIBAsI CKA3aHHOE, MOJIOKUM:

Loy (DIffDXE)*xExE — R, (2°)
LaMr,u (q+’ p.,d.,p_ A, 0) =" (87[)_1J.‘FOtA‘2 dx +
+Yafo,@)[c*(p,(). A, (@) - o(a,(a)) Jda+

w3 [mno @) p2(a)/2—5,(Mm,n,(a) 1 J,.S,0(a)) |da, I, =det|adl, / oa, ],

a=tp

rne  n,@)=p,0)/m, o,(a)=en,(@a) wu cuuraercs e,n,(a)=en,(a)
(KBa3MHEUTPaAJIbHOCTh B HaYaJIbHBIII MOMEHT BPEMEHH, € — 3apsij dJIEKTPOHA).
Paccmotpum GyHKIIMOHAT 1EHCTBUS

S a6 A ] = [ L (00,600,909 0. AG). 0))ct,

(3°)
q.€C:, q.([0,T,])cDiffD, AeC., oe Cé
Y BapUallMOHHYIO 33/a4y C 3aKPEIUIEHHBIMU KOHLIAMHA
Somrald, 0, A, @] — locextr, (4°)

d.(0) = qg)_r’ d.(T) = qli’ A0)=A,, ATy) = Ay, 0(0) = @y, o(T,) = @y,

rae o;,q € DiffD, Ay, A, €E, ¢,,¢, € E —3amaHubIe S1eMEHTEL
Mycrs M ={qeC¢ |q([0,T,]) = DiffD}, A(05,4;) ={f eCe| f(0) =0y, f(To) =03
u aHanorngHo ompeznensercs A(Ay,A,), A, ¢,)={f € ClE | £(0)=0,, f(T,)=0.}.



7

Torna A(Qy,% ), A(A,,A)=CL,  Apy,¢,) S ClE — 3aMKHYTbIe JIHHCHHBIC
MHOT000pa3usl KOHCYHOW KOPa3MEPHOCTH. 3ajJada ¢ 3aKpeIUICHHBIME KoHIaMu (4°)
COCTOMT B Moucke Touek locextr ¢pynkumonana aeiictBus S,y [...], 3anaBaemoro
dopmynoii (3°) Ha MHOKectBe M, =M NA(Q,,0 ) xM NA(d,,0, ) x A(A,,A,) X
XA(@,,9,). OcHoBHOW pe3ympTaT paboTel  (opmymupyercs Tak. Ecau

(q+,q_,A,(T))eM* — mouka locextr @yuxyuonana Oeiicmeusi, onpeoeniemMozo

~
A

popmynamu (2°), (3°), na mmooxcecmse M,, npuuém Q., A yoosremeopsaiom
VCOBUAM 2NIAOKOCTIUL

§. €C2[0,T,], 6.([0,T,))cC?(D), A([0,T,])cC3(D),

mo QyHKyuu, 3adasaemvie 8 1ASPAMIHCEbIX KoopouHamax ¢opmyramu V. =04, / ot,
p,=m.n;()/ JAi, S, =5;(a), ji = det[&q, / da;], 6 otneposvix Koopounamax

X=0,(t,a) emecme c pynkyusmu H= rotA, E = -1/ C)@A/ ot —Vo oaiom pewenue
cucmemst (1°) 6 obracmu D ¢ ecmecmeennvimu ycrosusimu Ha epanuye 0D :
Hlpll ¢, ElpL?l, 20e ( — eounuunas enewnsa nopmans k D 6 mouxax oD .
Cormacno ¢opmymne (2°), narpamkuan L, pacnanaercs Ha TPH CIIaraeMblX,
U3 KOTOPBIX MEPBOE U TPETHE OMPENEISIOT JIOKAIbHbBIE TOJS, U UX aHAJU3 MPOXOIUT
no u3BectHo cxeme [9]. Bropoe cnaraemoe, ompesensieMoe BTOPHIM HHTETPAIOM B

(2°), He sABIsIETCA JIOKAIBHBIM IOJIEM, W €ro aHajiu3 TpeOyeT CHelHaTIbHOrO
UCCIIEIOBAHMS, CBA3aHHOTO C TEOPEMOM BIOXKEHHUS M paccMoTpeHHOro B Teopeme 4
n3 §4.

Hakoner, mnpuBenéM HCHOIb3yeMble B pabOTe BBIpAKEHHS [UIsI HOPM B
npoctpancteax  CX(D) u  Ci[a,b] d?f{f :[a,b] > F | f —k-pa3 HenpepbiBHO

nuddepenupyema}, rae F — 6anaxoso

f eCfab]: |f||=maxsup|f® ()],
0<p=<k g<t<b
f eC(D): ||f||_maxmaxsup a‘lfi(x)‘,@“f‘ :ﬂ, DcR",
i i< [ofsk ep ox.Lox

f=(f'....f"), a=(c,...,0,) — MyTBTUUHIEKC, | OL|= 0L, + ...+ L, .

§1. MuoxkecTBo 1uddeomopdpuzmon

PaccMOTpUM CIUIOLIHYIO Cpely, 3aloJHAIONLYI0 AaHHbi 00béM D R", n=3,
Bynem cuutaTh, 4TO € TEUEHHEM BpEeMEHHM cpeaa octaétcss B o0béMe D, mo-
npexHeMy 3amnoiHss ero. O0o3HaunMm yepe3 a€ D koopauHaThl YacTHI] Cpeibl B
HayaJdbHBIH MOMEHT BpeMeHU. Torja JABWXKEHHE cpeabl omnpeaenser (U
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omnpezensiercs) mpeodpasosanuem (:D — D, q=q(t,a), ABIsOMMCS IPH KaXKIOM

t B3aMMHO OJHO3HAa4YHBIM OToOpakeHneM D Ha D. B MexaHuKke CIUIOUIHBIX Cpel
cuutaercsi, uyto ortodpaxenue (:D—>D muddepenuupyemo B 006e CTOPOHBI U

BMECTE C TMPOW3BOJHBIMU JI0 BTOPOTO TIOPSAKA BKIIOUUTEIHHO HEMPEPHIBHO
npojoipkaercs Ha rpanunly D. Takue otoOpaxkenus (:D — D Oynem Ha3biBaTh

ouggeomopgpuzmamu. Koopnunara aeD  HaspBaeTcs  saepamdwcesoli, a
muhdeomopdusmbr  obmactu D obpasyror kougueypayuonnoe npocmpancmeo
CIUIOITHOW  Cpenbl, JWHAMHKa KOTOpoil 3amaércs kpuBoit tr>q(t,:) B

KOH(UTYypallUOHHOM TMPOCTPAaHCTBE. B oTiaMuMe OT KIaCCMYEeCKON MeXaHUKH,
KOH(UTYpallMOHHOE TMPOCTPAHCTBO CIUIOIIHOM cCpeapl 00JaaeT CTPYKTYpou
beckoneunomeproz2o nuddepeHImpyeMoro MHOrooOpasusi U siBJsieTca rpymnmnoit Jlu
OTHOCUTENBHO cynepno3unuu auddeomopdpuzmoB. K cuactbio, ajig mOITydEHUS
BapUAIIMOHHBIX  TPUHIMIOB  MEXaHWKH  CIUIOIIHBIX  Cpel  CTPYKTypa
muddepeHurpyemMoro MHOrooOpasusi Ha KOH(PUIYpPallMOHHOM IIPOCTPAHCTBE HE
HY)KHA, U MBI MOXXEM OTPaHUYUTHCS 3HAYUTEIHHO OO0Jee MPOCTHIM MOCTPOCHHEM,
U3JI0’)KEHHBIM HUXKE.

Onpenenenne 1. [Iycte D R", n>1 — crangapraas obnacts [9] ¢ rmaakoi
rpanmneii  kmacca C°, (>2. Orobpaxennme f:D—>R" HaspBaeTcs
oughgpeomopdusmom obmactu D kmacca C*, £ >k >1, ecnu BBIIOTHEHB! YCIOBHSA:

1) f eC/(D);

2) matpuma Sdxo6u J(f)(X) B kaxmoif Touke X € D ynoBIeTBOpSAET HEPaBEHCTBY
detJ(f)(x)>0;

3) f B3aummuo omHO3HauHO Ha D, npuuém f(6D)=0D, f(D)=D.

3nech W HIKE HENpPEphIBHOE MpoAobKeHue (GyHKIuM, 3aaaHHod Ha D, Ha
rpanuily 0D o0Oo3HauaeTrcs TeM K€ CHMBOJIOM, KOTOPBIM MCIOJIB3YeTCS IS
npoxomkaemMoii pyakuun. 13 3) cnenyer, uto f romeomopdHO oToGpaxkaer D Ha
D, oD wa 6D u D ma D. MnuoxectBo Bcex mubdeomopduzmoB kmacca CX
cTaHmapTHOH obmacty D o6osmauaercs Diff*(D) wu obpasyer rpymmy

OTHOCUTEJILHO CYNEPHO3UIMU OTOOpakeHuid. JIeHCTBUTEIBbHO, HWMEIOT MECTO
YTBEPKIACHUS

(A)Ecm f,g e Diff“(D), To go f e Diff*(D).

(b) Ecu f e Diff*(D), To f e Diff*(D).

Jlns nmokazatenbcTBa (A) 3aMeTuM, 4to ycioBue 3) mnsi (o f BbIMONHEHO TO
TPUBHAIILHBIM COOOPaXKCHUSAM, KOJb CKOPO OHO BbINONHEHO it f w g 1o
OT/ACIBHOCTH. [TockonbKy J(gof)=J(g)d(F), TO
detJ(ge f)(X)=det(J(g)(f(x))I(f)(x))=detI(g)(f(x))detI(f)(x)>0 IS

arboro X € D u, 3Haunt, s geo f BeimomHeHo ycnosue 2). Hakonen, u3 npasuia
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nuddepeHIpoBanns CIOKHOW QyHKIMK uMeeM s oobix X e D, 1<i, j,m<n
(TI0 TTOBTOPSFOIIMMCST MHACKCAM 3/I€Ch U HIDKE TIPETOIaraeTcss CyMMUPOBAHUE):

0o f) 98 ¢ _
Ty W, 00500 =1
o*(g= 1) i) o 4 09 ot
%%, ()‘ayay(f(x»_(x)_(may(f(x» X

W3 monyuyeHHbIX (opMyl ciemyeT, 4To MepBbie€ U BTOPbIC MPOU3BOAHBIC (DYHKIIMU
go f, ecntm OHU CymIECTBYIOT, HEMPEPBHIBHO MPOIOJHKAIOTCS Ha TpaHuily OD , xoib

(%).

ckopo 3To BepHo ans dynkuuit f u g. Iostomy go f eC¥(D) mns k=12, Te.
ycaoBue 1) Toxe BbimosHeHO. [l K >2 mpoBepka ycioBus 1) Jerko MpOBOIUTCS
uHaykimei mo K. Urtak, yrBepxkacHue (A) 10Ka3aHo.

Bonee cnoxao npoBepuTh yTBepkaenue (B). Yemosue 3) ana f cnpasemnmiso
10 TPUBHAILHEIM cooOpaskenusM. [Iposepka ycnosuii 1) u 2) mus f~ onmpaercs Ha

Teopemy o mpoxosukeHud, nokazannyio B [5-8]. Hamomuum, mis f:R" — R"
MHOKECTBO

suppf d:f{x eR"| f(x) =0},

rJe yepTa O3HayaeT 3aMbIKaHWe, Has3bIBaeTcsl Hocumenem otodpaxkenus f. [lycts
CK(R") — mMHOXkecTBO Bcex K pa3 HempephlBHO AM(MdEPEHIHPYEMBIX 0TOOPaKEHHH

f:R"—>R"™ ¢ xommakTHeIM HocuTeneM (Takue f  Takke Ha3BIBAIOTCA
Gunumnovimu). Ionoxum
= maxsup

If]=
def \a\<k
1<i<m

o“f'(x)|, f=(f'....f")eCx(R"),

rae o — MymbTuuHmekc. Ilockonbky Hocutemb f xommakren, To |[f|<+o u
(CX(R™, ||||) — HOPpMHpOBaHHOE (HO He OaHax0BO!) MPOCTPAHCTBO.

Teopema 1 (o npopoikenun). [ns moboi cmanoapmuou oonacmu D R" ¢
anaokoti  epanuyeii xnacca C', (=1, cywecmeyem numeiinoe HenpepwigHoe
omobpaxcenue C'(D)—CS(R"), fi> f, k<, ons xomopozo f|D: f npu
mobom f eCX(D). B wacmmocmu, naiioémecs xoucmanma C >0, ona xomopoil
CNpaseonu8o HepaseHCcmeo

|Fl<cif]

ona moboti f €Ck(D), 20e |f|| — nopma s CX(D).
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Kpome moeo, ykazanmoe 1numelinoe HenpepvigHOe 0mMOOPAdCEHUEe MONCHO
gblOpams  mak, uYmo Oasl HeKOmopo2o omkpuimo2o muoxcecmea QcCR" ¢

KOMNAKMHBIM 3aMblKanuem eephvl ymeepoicoenus: D < Q u suppf < Q oxa arobozo
=
f eC. (D).
3ameuanus. 1) Otoopaxkenue f u3 Teopemsbl 1 Ha3bIBacTCSA npPoJOIMNCEHUEM

0m06pCZDfC€HM}Z fc CoxXpaHernuem Kiacca 2NA0KOCMU.

2) Orobpaxenune f f, ynosiuerBopsitoiiee  Teopeme 1, ompeneneHo
HEOJIHO3HAYHO.
3) He6amaxosocTs mpoctpanctBa CX(R") Henmpunmumuansha. Kak criemyer us

Teopembl 1, cymecTByeT uHelHOe HenpepbiBHOE oTobpaxkenne CX (D) — CK(Q),,
fr>f, ama xoroporo f|,=f mnpu mobom feCK(D) u suppf cQ, rme
CX(Q), ={heCX(Q) | h|.,,=0}. OueBumno, C¥(Q), — 6aHax0BO IIPOCTPAHCTBO.
[TepBoe npunoxenue Teopembl 1 — gokazatenscTBO yTBepKaeHus (b). Ilycth
f e Diff*(D), nokaxem f " e Diff*(D). OueBunno, nas f':D— R" BEmMONHEHO

ycnosue 3). Ilo Teopeme o nokambHoM oOpamenun, f ' K-pa3 HempepbBHO
muddepennupyemo B D . IMokaxkem, uto Bce mpoussonbie f - g0 K-ro mopsiaxa
BKJTIOUNTETBHO HEMPEPHIBHO Tpojomkaorcs Ha D. Ilyets f — rmamkoe
npopokenne f ma R" ¢ coxpaHeHweMm Kiacca TIQJKOCTH, CYIIECTBYIOIIEE IO

Teopeme 1. Jna €>0 monoxum Dsd:f{XERn|P(X7 D)<&}. Jlokaxkem

BCIIOMOTaTEIbHOE YTBEpXkKAEHUE: 02 Hexomopozo €>0 omobpascenue f |

83AUMHO 00HO3HQYHOe. JIONyCTHM, BCIIOMOTATEIbHOE YTBEPXKACHUE JOKa3aHO.
Ymensmias, ecnu Hago, € >0, Mo cooOpaxeHUsIM HETPEPHIBHOCTH, MOKHO CUUTATh,

aro detJ(f)(X)>0 mms Bcex Xe D,. Ho Torma w3 TeopeMbl O JIOKaJIbHOM
oOpallleHu# Ccleayer, 4To f - muddeomopdusm knacca C orkperroro D, na
HEKOTOpoe OoTKphIToe moamuoxkectBo U < R". Tlockomsky f|,=f u Dc D,, To
DcU u (f)*:U — D, ssaserca C*-nponomkennem otobpaxenns f* wa U u
TeM Gonee Ha D. Hrak, ycnosue 1) ans f  ycramosmeno. ITockombKy

detJ((f)™)=1/detJ(f), To BemONHEHO U yenosue 2). Utak, f e Diff*“(D). dus

MOJIHOTBI JIOKA3aTENbCTBA OCTAIOCH IPOBEPUTH BCIIOMOTATEIIBHOE YTBEPKIACHUE.
Jlokakxem ero ot mpoTuBHOrO. Jlomyctum, OHO HEBEPHO. Torma HaMAETCST MOHOTOHHO

yOBIBAIOMAs OCIIEOBATENBHOCTS €, v 0 ¥ TOukH X,y € D_, 11 KOTophIX X, # Y.,
Ho f(x )="f(y,). Ilockonbky M3 Kaxmoi OrpaHMYEHHOH IOCIEIOBATEILHOCTU
toyuek R" MOXHO BBHIOpaTh CXOIAILYIOCS MOANOCIENOBATENLHOCT, TO, 0€3

HApYIIEHUs OOIMHOCTH, MOXHO CYHTATh IIOCIEROBATEIBHOCTH {X }ois 1Yot
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cxomsmumucs. Iycts X, = limx,, y, = limy, . Tlockomsky &, 40, T0 X,,Y, €D.
N—+o0 N—+c0

Tenepp BO3MOXHBI OBa ciy4dad. Ecmu X, #Y,, To, yuuteiBat f|,=f =n

f~(XO) = lim f~(Xn) = lim f(yn) = f~(y0) , TPUXOAUM K  TPOTUBOPEUYHIO  C

romeoMoppHocThi0  oToOpakenuss f=f:D—>D. Ecm X, =Y,, To u3

HEeBBIpOXKIeHHOCTH J ( f)(xo) =J( f)(yo) , B CHITy TEOPEMBI O JIOKAJILHOM OOpaIleHuH,

~

CICcaycCT, 4To f B HGKOTOpOfI OKPCCTHOCTHU TOYKH X0 = yO B3aMMHO OJHO3HAYHO. Ho
A BCEX JOCTATOYHO OONBIINX N TOYKHU Xn * yn I[ornaaarwT B YKAa3aHHYIO

OKPECTHOCTb TOUKH X, =Y, U I HUX f(xn) = f(yn) , UTO IPOTUBOPEUYHUT TEOPEME O
JIOKaTbHOM OOparnieHnu. BermomorarenpbHOe yTBEpKICHUE TOKa3aHo.

Cua6mum Diff* (D) ungyrmposannoii Tononorueii us CX (D).

Teopema 2. 1) Omo6pascenue Diff*(D) — Diff“(D), f = f ™ nenpepwisno.
2) Omobpaoicenue Diff*(D) x Diff“(D) — Diff“(D), (f,g) > g f uenpepuisno.

HoxkazarensctBo Teopembl 2 npuBeneHo B koHie naparpada. 13 Teopembl 2
cnexyer, uro Diff*(D) oTHOcHTENBHO CymEpHO3HINE OTOOPAKEHUI SBISETCS

TOIMOJIOTHYECKON Tpynnol. OCHOBHOE IJisi BAPUAIMOHHOTO HWCYHWCIICHUS CBOMCTBO
3TOM TpynIibl chOPMYJIMPOBAHO B CIEAYIONIECH TeOpeMe.

Teopema 3. 1) ITyems f € Diff“(D), moeoa naiioémea €>0, ona komopoeo
npu mo6om heC! (D), ||h|| <&, h|.,=0 cnpaseonuso éxmouenue f +h e Diff*(D).
2) Iyemw f:[a,b]— Diff“(D) — nenpepwvisnoe omobpaxcenue, moeda natioémesi

£>0, ona komopozo npu mobom uenpepwisnom h:[a,b]— C*(D), Sup||h(t)||<8,

a<t<b
h(t)|.,=0, a<t<b cnpaseonuso sxnouenue f(t)+h(t)eDiff*(D) ona ecex
te[a,b].

Teopema 3 OTKpBIBACT NMPUHIMITAATIBHYIO BO3MOXXHOCTh BBIYMCICHHS BapHallniii
no Jlarpanxy J1ro00ro mopsijaka npousBoibHoro ¢pyuknuonana S[f(+)], samanHoro Ha
HenpepbiBHO auddepeHimpyeMbx  dyrkmmax T (t) :[a,b] — Diff*(D) B mo6oit
touke f() Bmomb JOOOrO  HamNpaBJICHUS, ONPEACISIEMOr0  HEHNPEPHIBHO
middepennmpyemoii  pymkmumeit  h:[a,b] —»CX(D), nomumméHHOM TrpaHHYHOMY
yenoBuro  h(t)|,=0, a<t<b. Hamomuum, k-1 Bapmamms mo Jlarpamxy
¢byukimonana S B Touke f(-) Bmonb Hampasnenus h(-) ompenensercs Gopmynoi

FS(f():h()=¢"(0), k=1

rae ¢(a) = S[f (") +ah(’)] — dyukius, 3agannas, B cuny Teopembl 3, B OTKPBITOM

OKpPECTHOCTHU HYIJIA. B03MOXXHOCTh BBIYMCICHUS BapI/IaHI/Iﬁ 110 Har‘paHmy, B CBOIO
oucpcab, IIO3BOJIACT HCKATb H€O6XO,Z[I/IMI>I€ N AOCTATOYHBIC YCIIOBUA locextr



12

¢ynkimonana S[f(-)], uro sBiseTcs OCHOBHOW 3amadyeld  BapUAIMOHHOTO
ucuncienusi. [lpu 5ToM jenmaercs HECYNIECTBEHHOW KOHKpPETHas CTPYKTypa
GecKOHEUHOMEpHOTOo nuddepeHnupyeMoro MHoroodpasus Ha rpymme Diff(D),
npeBpamaromas €€ B rpynny Jlu. C gpyroit croponsl, Teopema 3 yacTU4HO
TIPONMBAET CBET HA JIOKANBHYIO CTpykTypy rpymmsl Diff“(D). Cormacmo 3Toii
TeopeMe, B OKPeCTHOCTH Kaxaoi Touku f € Diff*(D) nexur oTKpBITHIA Kycodek
nuHelHoro MHorooopasust f + E;, onpenensemblii OTKpBITONH OKPECTHOCTBIO HYJIS B
E,, e E,cE=C(D), E, ={heE|h|,,=0} — samxuyroe noanpocrpancrso E.
Bo3zHukaeT BOIpoc, MOXHO JIM yKa3aThk Apyroe 0ojiee MUPOKOE, YeM PACCMOTPEHHOE
BBIILIE, 3aMKHYTOE€ NoAnpocTpaHcTBo E, c E, obmagaromee »TuM ke cBoiicTBOM?
ITockonpky E, urpaer posp mpocTpaHcTBa NPOOHBIX (YHKIMH IPU MOCTPOCHHUH
BapMaLlMOHHOIO MCYMCIEHMs, TO ueM “Oombme” E;, TeMm coxpepkaTeibHee
MOJIy4YaroTCsl HEOOXOTUMbIE W JOCTaTOYHbIC YCJIOBHUS |OCEXtr mpu wucciieoBaHUM
dbynakumonana S[f (4)].

Jdemma 1. Iyemo f eCE(R") — quuumnas gyuxyus. Tozda Ons nobbix

X,y € R" umerom mecmo nepasencmsa

160 1, <Ayl <nlfllx—y].. o

20e A(f)=nﬁl_axsupaf—(x) , f=(fh.. f™), HHOO — uebviméeckas nopma 6 R",
1<12n x<R"|OX;

H f H — nopma ¢ CX(R"), onpedenénnas sviue.

3ameuanme. [lepBoe HepaBeHcTBO B (1) BepHO i JH000OrO HEMPEPHIBHO
mupdepenuupyemoro otobpaxenus f =(f',...,f"):R" > R", mma xoroporo
BenmunHa A(f) xoHeuHa.

JlokazateancTeo Teopemsr 3. 1) ITycts f € Diff*(D), Torna f* e Diff*(D),

-1 _
B YaCTHOCTH, ‘f H>O. Paccmotpum riagkoe npoponkenue f ¢ COXpaHECHUEM

KJlacca TJIaJKOCTH, cymiecTByromiee B cuity Teopemsl 1. [To Jlemme 1, mms mo0Obix
X,y € R" umeem

- 0] <o

[x=yl, <nc|t=]lx-yl., )

rne C >0 — xoHcranTa u3 popmymupoBku Teopemsr 1. ITycts Temeps X,yeD. B
HepaBeHcTBe (2) 3amenum X Ha f(X),a y —Ha f(y). Yuuremas f(X), f(y)eD,

mmeem  f(F(X)) = FH(F(X))=x, fHF(Y)=F f(y)=y u Torma mus (2)

BbBIBOJVM HEPABCHCTBO
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[t~ tW], 2(nc|t7]) Jx-yl.. xyeb. 3)

Iycts heCS(D). Paccyxmas aHajiorudyso, NOdyduM i ToObX X,y €D
HEPaBEHCTBO

[hG)=h)], =[he)—hy)| <Cnlflix-y]. . (a)

[Tostomy st X,y € D, npuMeHsisi HEpaBEHCTBO TPEyroJibHUKA ¥ HepaBeHcTRa (3), (4)
, AMEEM:

[(f +0)0) = (f + )W), =] f) = Ty, —[h(x)-h(y)], =

z((ncuf—lu)‘l_c:n||h||)||x_ v,

Ecin ||h|| < %:dzf(Czn2 H f —1H)—1 >0, To u1st MOOBIX X, Y € D momyunm
€

[(F +m0e) - (F +h)y)], =BM)[x—y],, B(h)=(nC|f -1H)1 —Cnl|h|>0. (5)

Pacemorpum orobpakenne g = f +h nmycrs h|,,=0, ||h|<e. Torna geC(D) u

u3 HepaBeHcTBa (5) ciieyer B3aMMHasl OJHO3HAYHOCTH oTOoOpaxkeHuss § Ha D.
VauteiBas g(X)=f(X), XeoD, npuxoaum K BBIBOAY, 4yTO § ToMeoMOp(hHO
orobpaxkaer 0D ma 0D um ¢ — romeomopdHOe BioxkeHue D. Ilockombky
f e Diff*(D), To detJ(f)(x)>0, xeD. C yuérom menpepsiHocT: detJ(f) wu
kommaktHoctH D wmmeem infdetJ(f)(x)>0, rae inf Gepércs mo Bcem XeD.
YwMenbmasi, ecau Hago, €>0, MoxHO moouthes, utobwl (a) detJ(f +h)(x)>0,
xeD, (6) (f +h)(D)N"D=. Jlnsa takux h orobpaxenmne g = f +h, oueBuaHoO,

yaoBieTBopsieT yciaoBusM 1) u 2) uz Onpenenenust 1. I npoBepku ycioBus 3)
YCTaHOBUM g(D)=D.  Ilockoabky g B3aMMHO  OJHO3HAYHO,  TO

g(D)noD=g(D)ng(cD)=g(DnoD)=g(0)=9. U3 CBOMCTBA (6),
g(D) D= crenyer g(D) < D. deiictutensro, ecnu 661 g(D) N (R"\D) =3,
TO BO3HMKIIO NpOTHBOpeure ¢ yciosueM cpsaszHocty D . IMostomy g(D)=D u T.k.
g(D)noDb=J, 10 g(D)ccD, 49ro wu  yTBepKIAIOCh.  YUYHTHIBas
D\g(D)=D\(g(D)ug(@D))=D\g(DwéD)=D\g(D) u xommakraocts ¢(D),
sakmogaeM, uro D\ g(D) otkpeitoe muHOoxkectBo. Ho g(D) Toke oTkpmITOE M0
TeopeMe O JiokaibHOM oToOpakenun. I[lostomy D\g(D)=, unaue cHoBa
IPUXOJIUM K IPOTUBOpeunto ¢ ycioBueM cBsizHoctu D . Utak, g(D) =D, u ycnosue
3) u3 Onpenenenns 1 BeIonHeHO, a 3HaunT, g = f +h e Diff“(D) n yreepxnenue
1) TeopeMbl IOJIHOCTBIO TOKA3aHO.



14

2) s nmokasaTenbCcTBA YTBEPIKACHHS HAAO0 YOCOUTHCS, YTO BCE KOHCTPYKIIUH
MIepBOM YacTH JTOKa3aTesbCTBa MpuMeHnTenbHo K f(t) u h(t) HenpepwiBHO 3aBuCST

ot t. ITo mokazanHOMYy, UMeeM IS Kaxoro t €[a,b] HepaBeHcTBa

[0 - f O], =(nC|f (t)‘lu)_lux ~yl.. xyeD,
[N (x) ~h@)(y)], <Cnlh@®)][x- Y], -

[ockonbky ¢ynkims t — f(t), oneparus B3sTHA HOpMBI U oToOpaxkenue f — f~*

HemnpephIBHBI (mocieaHee, coriacHo Teopeme 2.1), To QyHKUMH t—>||h(t)||,

t— H f (t)’lu HETIPEPBIBHBIE, a BTOpas emié U mojoxkuTenpHas. O0o3HaunM
[ =suph@)], [[f*]=sup|f®
ast<b ast<b

Torma H f 4” >0 u ecnu ||h|| < ad?f(CznZH f 4”)*1 >0, To a1 mobsIx t e[a,b], x,yeD,

||h|| < € UMEEM

|(F () +h®)0) ~ (F©) +h®)(Y)]|, > BM)|x— ], ,
B(h) = (hc||f )" ~cnlh]>o.

def

Otcroma cienyer, uyro s Jwoboro te[a,b] oroopaxenue f(t)+h(t) B3ammuo
onHo3HauHo Ha D, a ecim h(t)|,,=0 mns mo6oro t e[ab], To na rpanuue 6D 310

otoOpaxkenue 3amaér romeomoppusm 0D wa OD. Temepsr mnsg 3aBepiieHUs
JI0KA3aTelbCTBA TI0 W3JIOKEHHOM BBIIIE CXEME HaJI0 JUIlb YOEAUThCS, YTO
yTBepxKaeHus (@) u (0) 3a cuéT YMEHBIICHUS & MOXKHO CJeJaTh CHpaBEIMBBIMU
omHOBpeMeHHO i Bcex  tela,b].  Paccmorpum  (6).  Ilockosbky

f :[a,b] > Diff*(D) HenpepsiBHa, To oToOpaxenme f(t)(X), te[a,b], xeD
HETIPEephIBHO MO COBOKYITHOCTH aprymenTtoB. /s ¢ukcupoBanHoro X, € D mmeem
f(t)(x,)eD, a<t<b, a obpa3 | HenpepwBHOW kpuBoii t+> f(t)(x,), a<t<b
KommakTeH W Jnexkut B D. TlosToMy criemyromas BeIWYMHA IOJOXKHTEIbHA
sodffp(l,R” \D), ¢,>0. Torma s Hh”<80 mis moboro tela,b] umeem

(f®)+h(@)(D)"D#<, mnockombky  JUii  yKa3aHHBIX h OYEBUJIHO
(fF () +h(t))(x,) < D. Paccmorpum (a). Bozsmém dynkmmro det(J(f (t))(X)+ A),
AcR" (mpocTtparcTBO NxN-Matpun), te[a,b], xeD. D1a QpyHKIMI OUEBHIHO
HEIpepbIBHA MO COBOKYMHOCTH aprymenToB, u it A=0 umeem detJ(f (t))(x) >0,
(t,x) e[a,b]x D. U3 xommaktHOCTH [@,b]xD cnenyer, uto Haiinércs € >0, mus

KOTOpPOTO  TIpH ||A||Oo<80 u mobeix te[ab], xeD BepHO HepaBeHCTBO



15

det(J (f (t))(x) + A) >0. Torna ecnu I <<°, TO
det J(f () +h())(X) =det(J(F)(X)+A) >0 mma Bcex te[ab], xeD, wubo
||J (h(t))(x)||oo <&”. TlooToMy ecnu & 3ameHuTh Ha Min{e,g,,e’}, To Mo cxeme

J0KAa3aTeNIbCTBA IIEPBOM YaCTH MPUXOIUM K yTBEpKAeHHIO 2). Teopema goka3zana. #
Joka3zareabcTBo Jlemmbl 1. Vcnonb3ys dhopmyily KOHEUHBIX MpUpAICHUNA U
HepaBeHCTBO Komu, nomyyum:

n

2%(x+ei(y—x))(yj—xf)

[£00) = F (], =max|f'(x)— f'(y)|=max <

1<i<m

12

. 2 1/2 .
n afl n ) N2 afl
< max Z(a(x+6i(y—x))J {Z(yj _xJ) } g||y—x||wnﬂgzq<§g&ea—xj(x) =

AN =1 1<jen

=A(H)|ly-x|. .

rie 0<6, <1, 1<i<m — Hekoropsle cpenuue Touku. HepasenctBo A(f)< n|| f ||

cremyet u3 onpenenenus Hopmsl B CX (R"). Jlemma mokasaHa. #
Joka3aTeabcTBO Teopembl 2. Jlokaxkem yrBepkaeHue 1). YTBepxkaeHue 2)
JIOKa3bIBAETCA aHATIOTHYHO, HO npoute. O6o3Haunm Hopmy f € C¥(D)

| f]l=]f], = maxmaxsup aafi(x)‘, k>0.
I<isn o<k yep
OueBuHO:
=0 [, =] 1], =max| '], k>0:]e], =max 1], max|o 1]} ®)

rae HHOO — yeOnIméBckast Hopma. Hanpumep,

o f o“f'(x)|

= maxsup

o I<i<n xeD

Msr  mpoBepum yrBepxkaenue 1) g k=0,1,2. Jlns k>2 oHO Jserko

yCTaHABJIMBACTCS MHIYKIMEH 0 K , UCX0ls U3 peKyppeHTHOTo cooTHomeHus (6).
Cnyuau k =0. ITokaxkem, uto ams moboro € >0 Haitnérces >0

|f -1, <6=|f*~f7 <& f f eDiff*(D). (7)

BOCHOJ’IBSyeMCH OYCBUIHBIM PaBCHCTBOM

fAy) -, (y) =, (f,- f)f*(y), yeD. (8)
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U3 xomnaktHocTd D u nernpepwisrocTn f, ' Ha D, mo Teopeme Kantopa, cnemyer

paBHOMepHas HenpepbiBHOCTh fy ' Ha D . 3Haumt aia € >0 Haiinéres §>0:

y.y'eD, |y-vy], <8=|f*(y) |, <&/2 (9)

Ecmn || f — f,| <8, 1o ¢ yugrom f~(y)eD must moGoro ye D, nmeem:
|fo(FH = F ()| <[ f - <8, yeD,
torma u3 (8), (9) must moGoro y e D monyunm
[ =), <[ £ (o (F ) = £ (F(F ()| <&/ 2.

3Hauwr, H | fo&H :SupH f(y) - fo’l(y)H <gl2<€, dYro W JOKa3bIBacT
©  eb ®

umumkaiuio (7).
Cnyuau K =1. YuuteiBas (6) 1 y)ke qoKa3aHHYIO UMILTHKAHIO (7), HEOOX0IUMO
M IOCTATOYHO JI0KAa3aTh, YTO 11 Jiroooro € >0 Haigérca 6 >0

| =1, <5:>maxsup\a(f ) 1oy -o(t) oy <. (10)

I<i, j<n yeD

[Tockombky an-ManI/IHbll: (8y ol ( ):| [—(f (y))} B3aMMHO OOpaTHBI, TO
OX

J J

oy A 4 e
o (Y)—d”(f)(f (¥) = F(axs(f (Y))],

rne A' — anre6panueckoe monosuenue snementa of 1 /ox., J(f) — marpuna SIko6u
p . P

[Gf “/ 8XS], Fji — JIpoOHO-palMoHaNIbHAsT (PYHKIUS, paBHAs OTHOIICHUIO JIBYX
MHOTOUJIEHOB OT dneMenToB Of “ / 06X, . OueBuaHO: Fji OrpesiesicHa U HENpEpPhIBHA B

- 2
OJJHOM H TOM ke s Beex 1<i, j <n orkperrom nogmuoxectse U < R" . TIpu sTom

2
npocTpancTBO R"  OTOXKIECTBISETCS ¢ MPOCTPAHCTBOM N X N -KBaJApPATHBIX MaTPHII

A, cHaOXEHHBIX deObIéBcKON HOpMoOH, U Torma U ={Ae R™ |det A= 0}. Kaxxnas
k

u3 QyHKIUH Zf—o(fo_l(y)) HerpepsiBHA Ha D, mosTomy 06pa3 P kommakra D mpu
X

S

k
HETIpepsIBHOM oTOOpaxkermn D —>R"™, yi- {Gf_o( fol(y))} eR" Toxe KOMIIaKT,

nexanmid B U. Ilockombky U — otkpeitoe u PcU, To BenuuuHa
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2 ~
g, =p(P,R" \U) >0 nonoxwurensHast. [Ilycts P, — KOMIAaKT, COCTOSIIMII U3 TOUEK,
ef

orcrosmux oT P He Oonee uem Ha g,/ 2 (10 HOpME MakCUMyM Moayst). OueBUIHO

Pc P, cU, u u3 HenpepslBHOCTH FJ.' Ha P,, mo rteopeme Kanropa, cnenmyer

cymectBoBanue i € >0 Takoro &, >0, 11 KOTOPOro 3Ha4YEHUs Fj' B TOYKaxX W3

P,, paccTosiHEE MEXIy KOTOPBIMH MeHbIIe O, >0, OTINYAIOTCS IO MOIYJIIO0 MEHBIIE
yeM Ha €/2 mua kaxmod mapel 1<Ii, j<n. Hamee, mia kaxapix 1<Kk, s<n wu3

HETNPEPHIBHOCTH 8f0k | 0x, Ha D m xommaktHOCcTH D, o Teopeme Kantopa, ciemyer
cyuiectBoBaHue 0, >0:

| < min{s—z",%’}. (11)

W3 nepBoi yacTH JOKAa3aTENbCTBA CIEAYET CyLeCTBOBaHUE O, >0

_ afk k
—X|| <8&,x,XeD=-2>(x)-—(xX
L <BuxX €D =T (- 22 ()

S

| —foll, <8, =|f*=f*| <min{s, e} (12)

Monoxnm &=min{3,,8,/2,&,/4}. Torna &>0. Iycrs |f —fOH1<8. Torma u3

HEPaBEHCTBA, IJi¢ yuTeHbl cooTHomienus (11), (12),

b gf_“_l(y»—%(f‘l(y)) <sup af—(f-l(y))— .
yeb X yeD 8X

k (13)
+syqu oy (f*l(Y))—afo (fy (Y))‘_Hf — |, +m|n{82 4}

k k
CJIeIyeT, 4TO B R™ Touka {Zf—(f 1(y))} OTCTOUT OT TOYKH {Zf—o(fol(y))},
X, X,

Jexamed B Kommakte P, MeHpIne yeMm Ha g,/2, W, 3HAYMT, yKa3aHHas TOYKa
nonanaet B P,. C apyroi#t ctoponsl, u3 (13) ciexyeT, 4To paccTosHUE MEXKAY ABYMSI
pPacCMOTPEHHBIMH TOYKaMU MEHBIIIE O, U, 3HAYHT, 110 MOCTPOCHUIO,

afk -1 i afok -1
-L—S(f (y))j—F,- Lgk(fo (y))j

mnst Beex 1<i, j<n. Ilepexons x SUP mo BceM Yy e D B mocnemHeM HepaBeHCTBE U

8 —_
<—, D
' Y€

Oepst max mo BceM 1<i, ] <n, npuxoaum K HepaBeHCTBY (10). Tem cambiM, B ciydae
k =1 yTBepikaeHuE T0Ka3aHO.
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Cnyuau Kk=2. YuureBas (6) u yxke mokasanHyioo wumiuakanuio (10),
HEOOXOINMO M JIOCTATOYHO JIO0Ka3aTbh, UTO I Jroooro € >0 Hanpércs 6 >0, mis
KOTOPOTO

62 .I:—l i 82 f—l i
|f — fo|, <8= max sup () U )l g

L@.J.tn yep | 0,0, 9,0y

Mo mpasuny auddepeHIUpoBaHUs CI0KHONH (QYHKIIMH BTOpBIE NPOU3BOAHBIE f
MPEJICTABIISAIOTCS B BUE

(f ) aFJI afm _1 82fk o (f )p
N f 14
N3y, (y)= ERENED (f=(y) |- ( (y)- " ———(y). (14)
[IpaBass wactp (14) — »3TO cymMMa KOHEYHOI'O 4YHCIIA HpOI£3BeI[eHI/II71 TpEX

COMHOKHUTEJICH, KaXIblii U3 KOTOPBIX SBJISIETCS HENMpephIBHOM Ha D BeliecTBeHHOM
dyukuueit, nomydaemoit u3 f e Diff?(D) mocpencTBOM HEKOTOPOTO HENPEPHIBHOTO
otobpaxenns Diff>(D) — C(D), rne C(D) — 6anaxoBa anre6pa HeNpepbIBHBIX Ha
D ¢yHKuUuit OTHOCHTENBHO Y4eObIEBCKON HOPMBI. JleHCTBUTELHO, HENPEPHIBHOCTE
YKa3aHHOTO OTOOpaskeHHs B MpousBojbHON Touke f, € Diff?(D) nisa mocnennero

COMHOKHUTENsST ObLTa MOKa3aHa BO BTOPOW YacTH JTOKa3aTeNbCTBA, JUISl TIEPBOTO ATO
MOJIy4aeTCsl JOCJIOBHBIM IIOBTOPEHUEM pPACCYXKIECHUW BTOPOM 4YacTU C 3aMEHOU

GyHKIHHA FJ.i > 6Fji / 6(f * 1 6x,) . HakoHel1, HePEPBIBHOCTH BTOPOTO COMHOKUTENS
B Touke f, ycranaBmmBaercs nmpeoOpaszoBanusiMu (13), mpruMeHEHHBIMUH KO BTOpPOH
npousBogHoii O°f%/ (OX,0X). YuntwiBas ckazanHoe, npasas wdacth (14), mo
TPUBHATHEHBIM COOOpaKeHHAM, HempepsiBHa Kak snemeHT C(D) B mpomsBombHOIA

touke f, € Diff?(D), u.r.1. Teopema Joka3aHa. #

§2. BapuanuoHHbIM NPUHIKI AJIs1 0€3AMCCUTIATUBHOM
ra3oBou TUHHAMUKU
CocTosiHUE Ta30BOM CpeAbl B OTCYTCTBUE JUCCHUIIALMN 3aJa€TCS BEKTOPHBIM
nonem ckopocreit U(t,X), te R, xeR® u aByma ckxamapueivu momsmu p(t,X),
P(t,X) — 00BEMHON TMJIOTHOCTBIO Ta3a M €ro JaBJICHUEM. TpH TPOU3BOHBIC

XapaKTEPUCTHKU Ta30BOM CPEJlbl — MaccoBas INIOTHOCTh BHYTPEHHEHW DHEPTUU Tasza
g(t, x), mmotHocth 3uTponmu S(t,X) u Temneparypa T (t,X) — BeIpakaroTcs 4epes3 p
u P. Ilate Bemmuun p, P, €, S, T Ha3pBalOTCA TEPMOIUHAMUYCCKUMHU
napamerpamMu  razoBoil  cpenbl. CoracHO — MOCTyJlaTaM — T€PMOJMHAMMKH,
HE3aBUCUMBIMH SIBJISIOTCS JIIOOBIC JIBA W3 IISITH MEPEUYUCIICHHBIX, & OCTaJbHBIC TPH
CyTb H3BECTHbIE (DYHKIIMM BBIOPAHHBIX HE3aBHUCHUMBIX TEPMOJMHAMUYECKHUX
napameTpoB. OTU (QYHKIMU HA3bIBAIOTCS YPABHEHUSMH COCTOSIHUS Ta30BOM CpeJbl U
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IMOAYUHAIOTCA TCPMOAUMHAMHUYCCKOMY TOXACCTBY, KOTOPOC 0OBIYHO CIIYKUT IJIA
HaXOXICHUA SHTPOIINU:

TdS =de+ Pd (1/p).

Hwxe ynoOHO B KauecTBE HE3aBHCHMBIX TEPMOJMHAMUYECCKHUX ITAPAMETPOB B3ATH P
u S, torma ¢yskuus €=¢(p,S) 3amaHa, a U3 TEPMOAMHAMHYECKOTO TOXKICCTBA
HaxomsaTcss gaBe apyrue ¢ynkumu 1 (p,S), P(p,S). HeiictButensho, wu3
TEPMOJMHAMHYECKOTO TOXKIECTBA CIETyeT

TdS =de——dp=| Ldp+ Eds |- D dp=[ E_F dp+2—§d8.
p

op S p op p°
Y4YuTeIBasg HE3aBUCUMOCTD IMEPEMCHHBIX pu S , [IOJIYYUM
T=0eldS, P=p°0eldp, e=¢(p,S). (15)

OBOIOLMS Ta30BOM CpEeAbl ONIPEINEIACTCS 3aKOHAMH COXPAaHEHUS MAacChl,
UMIyJIbca W DHTPOIIMU M B DSWICPOBBIX MepeMeHHBbIX (1,X) MareMaTH4ecKu

3aIlIUCBIBACTCS B BUAC BaMKHYTOﬁ CUCTCMEBI ypaBHCHHI?'I:
dp ! ot +divpU =0,
pdU /ot +pU-VU + VP =0, (16)
6S /6t +U-VS =0.

[TockonmbKy ypaBHEHUE COCTOSHUS € =g(p,S) cumTaercss U3BECTHBIM, TO U3 BTOPOTO

paBerctBa (15) criemyeT 3aMKHYTOCTh CHUCTeMbl ypaBHeHHH (16) OTHOCHTEIBHO
Heu3BecTHbIX OQyHkmi p, S, U. Hama unens — monyuuth cuctemy (16) wu3
BapHAllMOHHOTO TpuHIMMIA. [Ipomie Bcero 3TO caenaTh B paMKax JiarpaHkeBa
MI0JIX0/1a, CYyTh KOTOPOTO B CJICAYIOIICM.

PaccMoTpuM nuHAMEKY Ta3a, 3aKIFOYEHHOTO B KaXKIblii MOMEHT BPEMCHH B
obnactu D, B kauecTBe KOTOpOM OepETcsl cTaHaapTHAs 001acTh C TIaAKON TpaHuLen
xinacca C', ¢>1. Cunraercs, 4yTo ra3 He MoKuaaer oonacth D W B KaXKI0H MOMEHT
BpeMeHH 3anojHseT e€ menmukoM. Ilyctb a€ D — koopauHaThl dYacTuIl Ta3a B
HavaJIbHBII MOMEHT BPEMEHH, HA3bIBACMEBIC JlaepaHnicegbimu. B MOMEHT BpemeHu t
JacTHIIbI Ta3a 3aHuMaroT nonoxenue ((t,a) e D, Tak uto oToOpakenue ar ((t,a)

3 D B D aBnsercs nudpdpeomopduzmMom 310l 00JaCTH — 3TO OJUH U3 MOCTYJIATOB
MEXaHHUKH CIIOMHBIX cpea. C yuy€ToM CKa3aHHOTO MPENOI0KUM, YTO TPH KaKIOM

t oroopaxenne q(t):D—D, q(t)(a) =q(t,a) npunannexur DiffD = Diff'D . IIpu

aToM KoopauHatel  X=((t,a) Ha3pBalOTCA  iieposbiMu.  IpeUMyIIECTBO

JIarpaHXkeBbIX KOOPAUHAT B TOM, YTO B 3THX KoopauHatax B cucreme (16) dyHkiuu
P U S MOXHO HCKIIOYUTh U3 4YHCJIa HEU3BECTHBIX. UTOOBI yOETUTHCS B ITOM,



20

0603HaunM J = det[ox' / da;] — onpenenurens wmarpunpl Skobu oToOpaxkeHUs

x=q(t,a). IMockoneky ((t)eDiffD, To J(t,a)>0, t>0, aeD u J(0,a)=1.
['mnponuHamudeckass ckopocTh U  CBsi3aHa C  JarpaHKeBBIMH  KOOpPJIWHATAMH
paBerctBoM U=08q/6t <U'=ox'/ot=0q' / ét.

Jlemma 2. 1) 0J /ot =(divU)J, ede ougepeenyus sviuucasiemcs 6 3Uneposvix
KOOpOUHamax.
2) Ilycmo A} — aneebpauyeckoe dononnenue dnemenma OX' | 0a ; 6 mampuye Akobu

omoobpaxcenus X =((t,a), moeda 8A} /6a; =0 ona nobozo 1<i<n.

HckirounM p U S U3 yncia Heu3BeCTHBIX B cucteMe (16). imeem oueBuaHOE
PaBEHCTRBO:

p(t,a) =p(t, x(t,a)).

Otkyna:
op(t,a)/ ot =0p(t,x)/ ot +(op/ 6Xi)8xi / ot =0op(t,x) / ot + (op(t,x) / ox.))U g

[Toatomy, ¢ ydu€rom pe3yiabtata Jlemmbl 2.1), mepBoe ypaBHeHHE cucTeMbl (16)
PaBHOCHJIBHBIM 00pa30M MEPENUCHIBACTCS B JIArPaHKEBBIX KOOpAUHATAX B BUJIE

O:@+dinU:ap(t’a)—ap(t’x)ui +U-Vp+pdiVU:M+Ba—J.
ot ot OX; ot J ot

Orkyna J[In(pd)]/ ot =0 u, 3Haunt, pJ He 3aBucHT OT t, T.e. pJ =p,(a) u, 3HAUMT,

p(t,.a)=p,(a)/J, 7)

rae p,(a) >0 — nponsBonbHAs HeNpepbIBHAS (YHKIHS, 3a/1af0IIast ITIOTHOCTH ra3a B

obmactu D B HayanbHBIA MOMEHT BpEMEHU. AHAJIOTUYHOE paCCYyKJECHUE
MOKa3bIBAaCT, YTO TPEThe ypaBHeHUe cuctembl (16) B yarpaHkeBbIX KOOpIUHATAX
PABHOCHJIBHO PABEHCTBY

S(t,a) =S, (a), (18)

rae S,(a) — mpom3BoNIbHAS HETIpephIBHAS (YHKIIHS, 3a1af0mIast INIOTHOCTh SHTPOIINH

rasza B oojactu D B Ha4aJIbHBIM MOMEHT BPEMEHH.

B xiaccuueckoi MexaHUKE MPU MOCTPOEHUHM BAPUAIIMOHHBIX TMPUHIUIIOB JJIs
KOHEYHOMEPHOW  KOHCEPBATMBHOM  MEXAHWYECKOM  CHCTEMBbI  JIarpaHKUaH
BBIUHCIISIETCSI KaK PA3HOCTb MEXAY KUHETHUYECKOW M TMOTCHUUAIBHOM SHEPTUSIMU
cucteMbl. CunTas uieaabHbIN ra3 MEXaHMUECKOU CUCTEMOU C OECKOHEYHBIM YHCIIOM
CTeneHel CBOOOMBI, paccMOTpuM HehOpMabHBIE COOOpPaKEHUS, TTO3BOJISIOIINE
MOJIYYUTh JIArPAHKUAH U1l UACATBHOTO ras3a. JomycTum, 4To HCKOMBIN JIarpaHKuaH
BBIUUCIISIETCS M0 KJIACCHYECKOU (opMysie, B KOTOPOU poJib MOTEHUUATBHON 3HEPTUU
WTpaeT BHYTPEHHSISL SHEPTHUs Ta3a:
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L=~ G =[O0 = oSk (19)
D D

[Tonmygyaemoe w3  (19)  Belpakenue  narpamkuana L=L(U,p,S)  nmus
HETIOCPEJICTBEHHOTO BBIBOJA BApUAIIOHHOTO TMPHUHIIAIA HENPUTOIHO, MOCKOJBKY
¢yaknun U, p, S 3aBUCHMBI — OHU CBSI3aHBI YpaBHEHUsIMU cucTeMbl (16), u mpu
BBIYMCIICHMM YaCTHBIX IPOW3BOAHBIX JarpamkuaHa L ydecTs 3Ty 3aBHCHMOCTD
HerpocTo. YToObl 000iTH yKazaHHYIO mpoOieMy, cienaeM B HHTerpane s L B
KaXIbIi MOMEHT BpeMeHH t 3ameHy mepemeHHbIX X=((t,a) (1 TeM cambIM

nepeiiéM OT SHIIEPOBBIX K JarpaHKeBbIM MEPEMEHHBIM), YTO 3aKOHHO, MOCKOJBKY
q(t) eDIffD nmna moGoro t. YuwmrteiBas cootnomenus (17), (18), paBencTBa

=0q/ ot, dX:|J|da: Jda, momyumm:

W) 50| G -0 Jox- Ipo(a){ (2] o2, S(a)ﬂda—

def (20)

=L(t,q.69/et), J=det[oq'/da, |

Oka3sbIBaeTCs, CJACAYIOIINN BapUAIMOHHBIN TPUHIIMIT IPUBOIUT K cucteme (16):

TO

sl = [ Lt a(t),a'@)dt — locextr, q(0)=dp, a(Ty) =, 1)
0

d,.¢, € DiffD, q(t) e DiffD, 0<t<T, qeCi;, E=C (D),

rne narpamkuad L(t,Q, p) ¥ ero IoTHOCTh ~/ BBIYHMCISIOTCS 10 POpPMYIIaM:

L(t,q, p)dff_[:/(t,a,q(a), p(a),Vg(a))da, qeDIiffDcE, peE, (22

comivipznol T-{gsa]| {3

7 [0T,]xDxR™xW >R, W ={AcR" |detA>0}.

2
OuesugHo, W < R™ — orkpeitoe, 1 R" OTOXIECTBIAETCA C HPOCTPAHCTBOM
KBajpaTHIX Nx N -matpuiy A=[W;]. [I10THOCTH Narpamxuana / He 3aBUCHT OT t,
u', 1<i<n, u ecnu cunrats pynkmmo &(p,S) Geckoneuno muddepeHIEpyeMoii mo
P U S, TO BBINIOJIHEHBI CTAHJIAPTHBIC YCIOBHS Tiankocty [9] as .
®dynkimonan nevicteus S[q] dopmymnamu (21), (22) onpenenén Ha MHOXECTBE

M ={q e CL[0,T,]| q(t) € DiffD mns mo6orot €[0,T,]}, HO ero 3KcTpeMaabHOE
3HaYCHUE B 3aJaye C 3aKpeIIEHHbIMH KoHIlamMu (21) wuIimercs Ha MHOXECTBE
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M (0o, 4) =M N A(0, ), e A0y, 4,) ={a € Ce | a(0) =, a(Ty) =} — samxmyToe

nMHelHOe MHOrooGpasue kopasmepHocTd 2 B Cg. OCHOBHBIE MaTeMaTHYECKHUE

Mpo6JIeMbl CBA3aHBI ¢ TeM, 4T0 M < CL He SIBISETCS OTKPBITHIM MOJMHOKECTBOM, B
YaCTHOCTH, HE SICHO, Kak npoauddepernuposats S[q] B 3KCTpeMallbHOW TOYKE IS

MOJTy4YeHHUsI HEOOXOIUMBIX M JOCTATOYHBIX YCIOBUHM 3KCTpeMmyMma. B To ke Bpems
¢dusnveckuii cmpici 3HadeHue S[q] umeer Tonpko ans €M, uOO TONBKO IS

TakuX ( BbeIpaxkenue S[q], ompenensemoe mpaBoit 4YacThio paBeHcTBa (20),

coBmajiaeT ¢ GU3NYECKU OCMBICICHHOW BEIMYMHON B JIeBOM yacTH. KioueByro poib
3nech urpaet TeopemMa 2, corjmacHO KOTOpOM mepBas Bapuanus 1o Jlarpamxky

dbyHknuoHana S B 000 Touke €M Bmosb JMH000OTO HampaBieHHs h e Céo, rae

E, ={h € E|h,, =0}, B npunnumne moxeT ObITh BBIYNCIICHA, €CIH cymecTByeT. Eciu
npu atoMm e M(q,,q,) — locextr pynkmmonana S[q] ma M(q,,0,), TO yKa3aHHas
nepBas Bapuanus no Jlarpanxxy o0si3aHa oOpaTUTHCS B HYJIb:

85(G;h)=0, heCL, h(0)=h(T,)=0 (23)

i moObIx h, ykazaHHBIX B (23). UT0OBI M3BIIeYh OTCIOJIa HEOOXOIUMBIC YCIIOBHS
locextr, Hano moka3aTh CyIIECTBOBaHME MEPBOM Bapuanuu 1o Jlarpanxky u ykas3aTh
croco0 €€ BBIUUCIICHHUS.

JIs1 3TOr0 MpOJOKUM (YHKIMOHAT S Ha OTKphITOE MOAMHOXecTBO ~ € Ct,

tak uyto M c~. Ilycts Z/{d:f{f eC}(D)|det ?—(X) > 0 a5 moGoro X € DY,
e X .
j
Ouesuano, DiffD c U = C (D) u U — oTkpbiToe MHOKeCTBO. I10/105KUM Temeph

f/d:f{q eCt |q(t) e U nns moborot €[0,T,1}.

Torma ~ — uckomoe. [Ipogomkum L xo narpamknana L: [0, T,]xUxE — R Toii xe

~

dopmyioit  (22). IlpomomkeHue S (yHKIHMOHANA ACHCTBHS S  ONpeaeiseTcs
PaBEHCTBOM

S[al= | Ca®.a @)t qe .

~

[ToguepkuéM, 4TO 3HAYCHUS TIPOJODKEHHBIX (DYHKIIMOHAIOB S W L MMEIOT TONBKO
dbopmanbHO-MaTeMaTH4Yeckuii cMbici. M3 pesynbraToB [9] ciemyer, 4To BCIOIy B

o0ylacT! ompeneNeHus JarpaHkuaH L HempepbiBeH (B YaCTHOCTH, OIPEIEIICHBI
unterpansl  S[q], g€~ wu, 3Hauut, S[q], Q€M) u cyumecTBylOT YacTHbIC
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npomssoanbie OL /6, 6L/dp, HempepsIBHbIE MO COBOKYITHOCTH MEPEMEHHBIX, a

dyHkimonan S HenpepsiBHO ubdepeHupyem mo Pperre BCIOLY B ~ 1

S'TgIh = j[—(t)h(t) —g(t)h’(t)]dt, heCl, Ge~,

0

rge goMuK Hag L osmawaer, uro wactmble mpomssommsie OL/6q, OL/dp
Beruncistoress Ha BekTope (t,G(t),§'(t)). Kpome Toro, crnpaBeaauBBI CIEAYIOIIHE
(I)Opmynm TS BBIYUCIICHHS YACTHBIX TIPOM3BOTHBIX:

o/ oh .
h J{au }a, ““h= J[;—hda heC}(D),

ow' da,

IJIe 10 MOBTOPSIOMIMMCS HHICKCAM IIPEIIONaraeTcs CyMMHUPOBAHHE, TOMHK Hay L
O3HAYaeT, 4YTO YaCTHBIC IMPOU3BOIHBIC oL/ aq, oL/ OP BBIUUCIAIOTCS Ha BEKTOpE
(t,4,p), a noMuk Haxm / — YTO YACTHBIC NMPOW3BOJIHBIC / BBIYHCIAIOTCA Ha
Bektope (t,a,4(a), p(a),vV4(a)). YuursiBas Cég c C;, oTCIOfIa ClIeyeT, BO-TIEPBBIX,
CyIICCTBOBaHKME TIiepBoi Bapwamwu 1o Jlarpamky O6S(G;h), GeM, heCéO u
mpaBuiIo I noxcuéra ed smauenms — 8S(§;h) = SGIh, heCé0 U, BO-BTOPBIX,
cripaBeIMBOCTh paBeHcTBa At e M(q,,0,), mocrasmstomero locextr S[Q] B
3amaue (21):

T{g_t(t)h(tﬂa_l:(t)h’(t)]dt =0, heC:, h(0)=h(T,) =0, (24)
oq op ’

0

KOTOpPOE PAaBHOCHIJIBHO COOTHOIICHHIO (23) M JAOKHO BBIMOIHATHCS JJIs JHOOBIX N,
ykazaHHbIXx B (24). Ilockomeky E,c E — 3aMKHyTOE MOANPOCTPAHCTBO, TO,
paccmatpuBast 0L /0q, OL/Op kak sIeMEHTHI CONMpsuKEHHOTO mpocTpancTBa E,, mo
OCcHOBHOIi J1IeMMe BapUaIlMOHHOTO UCUUCIICHUS JIJIsl 0aHAXOBBIX MPOCTpaHcTB [9], u3

(24) cnenyer, urO 8Ii/8peCég U d(@li/@p)/@tzélflﬁq mns Beex te[0,T,]

(ypaBHenue Oiinepa). CnenoBarenbHo, s Bcex te[0,T,] u mroboro h e E, Bepno
PaBEHCTBO

—d[(6L/op)h]/dt+ (6L /dg)h=0, heE, te[0,T,]. (25)
OueBngno, L — marpamxman nokameHoro momst [9] ¢ mioTHOCTBIO
yIOBJIETBOPSIONICH CTaHAAPTHBIM yCIOBHSAM riaakoctd. W3 pesynbratoB [9]
CIIE/IyeT, 4TO JUIs JoctarodHo riaakod € M(q,,q,), nocrasnstomeit locextr S[q]
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Ha M(Q,,q,), a umenno, GeCZ, G([0,T,]) =C?(D), ycnosue (25) paBHOCHILHO
cucteMme ypaBHeHui Ditnepa-OcTporpaackoro:

0102\, 92 0\ 07 | g 1<i<n,
ot ov' ou'  oa;| ow, (26)

aeD, te[0,T,]

(YcnoBue TtpaHcBepcaibHOCTH Ha rpanune OD s 3uauenwin ((t)(x), xeoD
BBITIA/1a€T, MOCKONIBKY B (25) h € E, u, 3HaunT, obpamaercs B Hynp Ha rpanune oD .)
[Tpu stom momuk Ham <~ B (26) o3HayaeT, YTO BCE YACTHBIC MPOU3BOIHBIC
BeIunCistoTess Ha Bektope (t,a,q(t)(a),q'(t)(a), Vq(t)(a)). 3amuimem ypaBHEHHS
Biinepa-Octporpajackoro (26) ais MIOTHOCTH JIarpamyKuaHa / , BBIYMCIIIEMOM IO
dopmyite (22). Uz (22) crienyer:

0 0. _
—=p,(a)v', —=0, 1<i<n,
oV po(a) ou
2
// 1 - -
a\. po(a )88 po(za) aJ, —(p‘)(a)] @Aj p’— Ce A' PA;, 1<i,j<n,
ow! 32 ow J ) op op

rae ucrosb3oBanbl paBeHcTBa (15) m (17). C yuérom pesyibrara Jlemmbl 2.2)
TIOJTYYHIM:

o0~ 1 8\Nij) /da; = G(PA}) /oa;=(oP/ Gaj)A} + P(@A} /oa;)=(oP/ 8aj)A}.
[ToaTomMy okOHUATENBHO ypaBHeHUs Ditepa-OcTtporpaackoro (26) mpuMyT BH/I:
S(po(a)U (t a))+a—PA' 0, 1<i<n, 27)

J

rre U'=a¢ /2t, p=py(a)/Jd, J=det[oq'/oa, ], P= p268( $), $=5.(a).
0

B osiinepoBbix koopauHarax cuctema (27) mepexoauT B TOYHOCTH B ypaBHEHHE
UMIYJIbCOB U3 cucteMbl (16). JleficTBUTEIBHO, UMEEM:

OP 1 ox, = (0P / 0a;)0a’ | ox, = (0P / 6a,) A 1 3 = 0P [ 6a, A, = JoP [ ox,, 1<i<n,
d(po(a)U'(t,)) / 0t = py(a)dU ' (t,a) / 3t = py(a)aU ' (t,q(t,@)) / ot =

=po(a) (AU’ (t,x) / 8t +(8U' 1 x,)0q’ / ot ) = py(a)(8U' / ot + (AU / ax U ) =
=p,(a)(aU' /at+(U-VU)'), 1<i<n.

[ToncTaBiisis pe3yynbTaThl BEIYUCIICHUH B (27) U yuuThIBas TOXAeCTBO (17), moryunm
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p(8U'/at+(U-VU) )+0oP/ox =0, 1<i<n,

YTO COBITAJIACT CO BTOPBIM ypaBHEHHEM cUcTeMbI (16).
[Togseném wror. Beime Obuto mokazano, uto ecau e M(q,,0,) — locextr

@ynxyuonana deticmsusn S[q] na M(Q,,q,) , onpedensemozo hopmynamu (21), (22) n
4 docmamouno anaokasa ynxyus — G CZ[0,T,], G([0,T,]) = C*(D) — mo ¢pynxyuu,
3a0asaemvie 6 Na2pandCesyix nepementvix pasencmeamu U=0G/0t, p= po(a)/ J,
S= S,(a), J =det[oq' / 0a;], nmpu nepexode Kk oiineposbiM KOOPOUHAMAM OQIOM

pewenue ypasnenuii 2azosoti ounamuxu (16). 3aece py(a) u Sy(a) — pacmpenencnne

IJIOTHOCTU Ta3a W IUIOTHOCTH JHTponuu B obinacthu D B HavanbHBIE MOMEHT
BPEMEHU.
Hoka3ateanbcTBO Jlemmbl 2. 1) Paccmorpum crtpoku wmatpuibl  SkoOu

[6g' / 0a;]. Onm wWMET BUI TPATMEHTOB IO JIATPAHKEBBIM KOODAMHATAM
vq,...vq', V=(0/da,....,0/0a). To mupaswiy muddepeHIHpOBaHUS
OIIPEICTUTENS UMEEM

1 _ -
1 Ve ve'
2 o V4| & 1o,

= =—det| .- |=) det| =V =ndet V.l.J'k. 28
ot ot ankz_;atqkz_; )

vqn _Vq i
Juddepernnupys cnoxnyio Gpyakmuio, nomydnm VU = (U / ox.)V('. Tloncrapmss
MOJIy4eHHOE BbIpakeHrne B (28) M yuuThIBas JMHEHHOCTH ompeienuTens mo K -it

CTPOKE W PAaBCHCTBO HYJIO ONPEACTUTEIS MATPUIBI C JBYMS OJMHAKOBBIMHU
CTpOKaMH, IPUXOAMM K CieayroiiemMy BeiBoay. HyneBoit Bkian B K -e ciaraemoe (28)

naér Tonpko K-e ciaraemoe (AU"/0x, )VQ“ momyuenHoro Belpaxenus. ITosTomy
OKOHYATEJIBHO MOJTyYUM:

v
o) & oUk n AUk .
o det| Vg~ |= -J = (divU)J.
ot ; OX, ..q. kZ;, OX,

|Va"

YTBepKAECHHUE NOKA3AHO.
2) Ins n=3 yTBepKJACHHUE MPOBEPSACTCS NMPSIMBIM BhIUUCIICHHEM. Hampumep, mycThb
I =1. Torga sneMeHTapHas IPOBEPKa MOKa3bIBACT
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oA oK JON oA 0 (ag’oq’ _oq’og’ )
oa, Oa 6a 8a3 oa, \ 0a, 0a, 0Oa, 0a,

]
BN (el e I e W i W
0a, 0a, 0Oa, 0a, | Oa,\ Oa, da, oOa, 0g

AHaJIOTUYHBIC BBIYMCIICHUS TPOBOAATCS 11 | = 2,3.

J1is Ipon3BOJILHOrO N >1 1aguM KOMOMHATOPHOE J0KA3aTeabCTBO. DUKCHpYyeM
1<i<n. Ilo onpenencHuio,

(i) () (i)
A = (yiget| O AT AT
def 0a, 0Oa, oa

] n

rne oq" /oa, =(oq'/oa,,...,0q' 1 éa,,...,09" / 6a,), a DOMHUK Haj SIEMEHTOM WK
CTOJIOLIOM O3HAYaeT, YTO MOMEUYEHHBIA JOMHKOM 3JIEMEHT WJIH CTOJOEL JI0JKEH
ObITh BeIOpOLIEH. Torna, mo npasumity 1uQgGepeHIUPOBAHNS ONIPEACIIUTENS, TOTYIUM

aq(') o°q"  aq® gV
—=(-1 1)’ det . . :
=Y Z_ll;( ) 8aj8ak oa, o0a

] n

[Tomy4yenHnast ABOMHAs CyMMa pacrajaeTcsi Ha mapbl MOJI00HBIX ciaraeMbix. Kaxknas
napa omnpezaensercs Habopom (K, ]), 1<k< j<n. ¥V onmHoro cimaraemMoro mapsl

o%q®
0a,da,

crooer cTouT Ha K-M MecTe, a | -il cToJIOeI BHIOPOIICH W ONPEACITUTEIh

9TOr0 crmaraemoro Oepércs co 3makoMm (—1)', y BTOporo ciaraemoro mapel
YKa3aHHBIA CTOJ0EIl CTOMT Ha |J-M MecTe, a K-ii cToia0em BBIOPOIIEH W

i k
OTIPEICITUTENb 3TOTO ciaraeMoro oepércst co 3HakoM (—1)° (a ocTanmbHBIC CTOJOIIBI

000HX CTaraeMbIX, CTOSIINE Ha MecTax ¢ Homepamu S=K, s# j cyrs oq” / da,). U3

ATOTO OMHUCAHMS JIETKO CJIEAYEeT, YTO CyMMa ClaraeMbIX Ka)KJ0i mapbl paBHA HYJIIO,
YTO W JIOKA3bIBAET yTBEpKJIeHHE. Jlemma 2 moka3aHa. #

§3. BapyanuoHHbIN NPUHLIKAI 1 Kiaaccuueckon MIJ]

VYpaBHEHHUS KJIacCHYECKOM MarHuTHoW ruapoauHamuku (MIJI) — aT10
mpocTeiiias ~ MaTeMaThyeckas  MOJENb  JUHAMHUKU  TUTa3MEHHOM  Cpelbl,
npetokedHas B 1950 r. mBenckum ¢usukom X. Anbdsenom [10]. Coriacho
Kiaccnueckod MI'/I, mna3sma — 3TO CKUMAEMBbIN a3, HPOBOMALINNA DIIEKTPUUYECKUN
TOK ¥ B3aUMOJICUCTBYIOIIMKA ¢ MarHUTHBIM nosieM. B MI'J] k mapamerpam ra3oBou
cpensl U, p, S (cM. §2) nns 3agaHus cOCTOSTHMSI TUIa3Mbl TOOABIsIeTCs ¢ OIMH
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BEKTOPHBIN MapaMeTp — HANPSHKEHHOCTh MarHuTHoro nosst H. Cucrema ypaBHeHUI
kiaccuyeckorn MI'Jl B 3i1€pOBBIX IEPEMEHHBIX UMEET BUL:

op / ot +divpU =0,
p(8U/at+U-VU)+V(P+(@Brn)*H?)-(4m) *H-VH =0,
oS/ot+U-VS =0, (29)
oH / ot —rot[U,H] =0 (3akon ®apanes), divH =0,

TdS =de+ Pd(1/p).

[Ipu 3TOM AOMKHBI OBITH 3a/JaHbl YPABHEHMSI COCTOSHUS IUIA3MEHHOM CIUIOIIHOW
Cpelibl, KOTOPbIE CUUTAIOTCS HE3aBUCAIIMMHU OT MarHUuTHOro noyia H. Hmke yno6Ho
CUMTATh 33JJaHHOH 3aBHCUMOCTH € =¢g(p,S), TOr/Aa TEPMOAMHAMHYECKOE TOXKIECTBO

B (29) paBHOCHIIBHO cooTHOmEHUsM T =0g/0S, P=p°0s/0p (cm. §2). Yuurtsipas
divrot =0, u3 (29) cneayert, uro divH =0 3T0 orpaHndyeHHe TOJBKO Ha HAYaIbHOE
pacnpenenenue mons H. CnempoBarenbHo, cuctema (29) 3To 3aMKkHyTas cuctema 4
nuddepeHIaIbHBIX YpaBHEHUH B YaCTHBIX IPOU3BOAHBIX OTHOCHTEIBHO 4
Heu3BeCcTHhIX pyHkuui p, S, U, H, u3 kotopoi 3Tu GyHKINH, B TPUHIIUIIE, MOTYT
OBbITh HalJIEHBI.

Hama nens — noixyunts cucremy (29) U3 BapualiMOHHOTO MpHHIHMA. J{J1st 3TOr0
CHOBA HUCIIOJIb3YEM JIarPaH)KeBbl KOOPIUHATHI, MpeJoaras, 4ro 1mia3Ma B KaxJIbli
MOMEHT BPEMEHH 3aIlOJIHACT CTaHIapTHYI0 o0nacth D ¢ rmaakoit rpaHuneit kimacca
C’, £>1 u He nokuaaeT 3Ty 06IACTb C TeueHHEM BpeMeHH. Kak ObLIO MOKa3aHO B
§2, B JarpamKeBBIX KOOPAWHATAX TIEPBOC M TPEThe YypaBHEHUsS cucTteMbl (29)
CBOJISITCSI K BUITY

_P(@) _ _det] X
p(t,a) = T S(t,a)=S,(a), J =det . (t,a) ,

J 1<i, j<n=3

YTO ITI03BOJIACT HUCKIIIOUYUTH p nu S N3 YUCJia HCU3BCCTHBIX. AH&HOFI/I‘IHBIP'I BBIBO/JI
BepeH u st nonst H . [Tokaxkem, 4To B TarpaH’eBbIX KOOpIUHATAX
1 ox'

Hi(t,a)zjaHg(a), 1<i<3, (30)

J

rae X=(q(t,a) — oiurepoBbl koopauHaThl, H,(2) — Mpom3BOIEHOE BEKTOPHOE IOJIE,
ynosnetBopsitoniee ycnoButo divH, =0 u 3amaromiee HanmpsoKEHHOCTh MAarHUTHOTO

moist B obmactd D B HawanmpHbIi MOMEHT BpeMenu. Jloxkaxxem pasenctBo (30),
SBJISIFOITIICECST  MaTeMaTH4ecKor (opmoil  “BMOpPOKEHHOCTH  CWJIOBBIX JIMHUHN
MarHMTHOTO TOJISL B JBIXKYIIyiocs Tuiasmy [11]. VuuThiBas u3BeCTHOE TOXIECTBO
rotflU,H]=H-VU-U.VH + UdivH — HdivU, nepenuiem 3akon ®apanes B (29) B

BHUJIE:
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oH/ot+U-VH+HdivU-H-VU=0.

Cornacuo Jlemme 2, divU=0] /ot-(J)™, a oH(t,a)/ot=0H/ot+U-VH (cm. §2),
nosToMy 3akoH dapajes paBHOcHIeH ToxAecTBY st H=H(t,a):

AL LA _Hv (31)

ot Jot

PaccMOTpUM Temeph B JIarpaHKeBHIX IepeMeHHbIX KomOumaruu JH'oa* /ox,,
1<k <n u nokaxem, uro s 10boro 1<k <n BepHO paBEeHCTBO

@) o, 1<k<n (32)
at oX

JletictBuTenbHO, ¢ yuétoMm (31) nmeem:
k
8 JH,éa 8(JH )8a JHia 8a aJH Jéi ai+
ot ox, ) ot oX ot 8x ot ot ) ox
k i i L k
a[aa _gge Ul @t a(aa} s dY' aa’ a

+JH' =
ot\ ox 8x OX; ot ox oa, OX, OX

£
LH e o [ oa :JHSQ ox' ﬁa .aa Ll o ( oa
ot 8x ot\ oa, ) OX, OX ot ax
L k k
:_JHsaxg oa _aa +JH‘2 oa’ _ sl o ( da" L9 o ( oa*
oa, ot\ OX, | OX ot\ Ox ot 8x ot ax

rJe HCmoip3oBaauch ompeaeneane U'=0x'/ot, B3aumHas 00OpaTHOCTH MAaTPHII
ox' oa

0,

[c?Xi / 6aj] 51 [c3ai /8Xj] M BBITEKAIONIME OTCIOJIAa TOXKIECTBA 8_ g .
a S
X' oa" ofox' | ca' _ ox ofaal
=0, — : . 3aKOHHOCTb BCEX
8& 8X ot\ da, 8XS 8a ot OXq

muddepeHMpoBaHnil B MPOBEACHHBIX npeolOpasoBanusax cieayer u3z [9]. Tounee,
st jocratouno rinaakoit (t) (cm. mHmke) gynkms ((t,a) =q(t)(a), cormacuo [9],

nBaxasl audoepernupyema mo t u ae D, mpuuéM mpomsBogHele mo t, t°m
CMEIIaHHbIE TPOU3BOJIHBIE 110 I M &, HENPEPBIBHBI IO COBOKYITHOCTH NIEPEMEHHBIX t

a. Ilostomy OX'/ 0a, =8qi(t,a)/8aj HenpepslBHO auddepeHnupyemMa no t wu

o' _a@®™ ey A
== (g a) =

J J
HOCKONIBKY ~ anreOpamdeckoe mgononHenune A' wu J  cyrp anrebpanueckue

TOXKE HempepblBHO 1uddepenuupyema 1o t,
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MHOTOWICHBI OT HempepbiBHO aupdepenuupyembix mo t ¢yukmmit Ox°/da, . Tem
cambIM ToKAeCcTBO (32) mokasano. 3 Hero ciemyer
oa‘ . lox
JH' —=H{ H'==—H|
o - (@)= . 0 (a).

i j

Tem cambim paBencTBo (30) ycranoBieHo. @opmyia (30) mo3BosiseT UCKITIOYUTL H
13 YKCJIa HEM3BECTHBIX B cucTeMe (29).

[lepeiinéM K TMOCTPOEHHIO BapualMOHHOro mnpuHuuna. Cregys cxeme
paccykeHu §2, TOMyCTUM, UCKOMBIN JIATPAHKUAH BBIYKUCIISIETCS MO KIACCHYECKOU
dbopmysne, B KOTOPOW poJib MOTEHUUAIBHON SHEPrUU WIPAeT CyMMa BHYTPEHHEU
SHEPIruM I1a3Mbl U SHEPTUU MAarHUTHOIO MOJIS:

L= —, o= J‘(pu 21 2)dx, oot = I(ps(p,S) +H?/ (8n))dX
D D

(MaFHI/ITHYIO OHCPIrur0 IIa3Mbl HCIIB3d OTHCCTH K KHHGTH‘-IGCKOIZ, ITOCKOJIBKY
MAarovMTHOC II0JIC TOJIBKO HCKPHBJIIACT TPACKTOPHHU YAaCTHIl IIJIa3Mbl, HO HC MCHJCT
BCIIMYMHY UX CKOPOCTH U 3HAYUT KMHCTHYCCKYIO OHCPIHUIO YaCTHUIL HJ'I213MBI.) I[CJ'IEUI B

Ka)XI[bIi MOMEHT BpeMeHH t 3ameHy mepemeHHbIX X =(|(t,a) B mHTerpame mis L,
410 3aKOHHO, 100 ((t) € DIffD mpu nr0bom t, momyuum:
2 aqj
L(U,H,p,S ——¢(p,S) |-— |dx = a
( p)j“ ® )] J Jlpu(@ (2

J

rne J =det[6q' / da,]. OxaswiBaercs, BapuanuoHHEIA npuHIun (21) NpUBOUT K
cucteme (29), rae, yuntsias (33),

L(t,q, p)d;j 7 (t,a,q(a), p(a),vq(a))da, qeDIffDc E, peE, E=C,(D),

det[w;]
7 [0, TIxDxR*"xW - R, W={AcR" |[detA>0}, Vq=[oq /da,].

y(t,a,u‘,v‘,[wij])dffpo(a){\/?8[ P (@) ,So(a)ﬂ o] 2 . 60

JIOCIIOBHO TOBTOPSIE pacCykKIeHUs §2, HMEIOINEe YHUBEPCAIbHBIA XapakTep,
NpUXOJMM K ciexyromeMmy BbBoay: eciu GeM(q,,0,) oJocmasnsiom locextr

ynxyuonany oeiicmeus S[q] 6 3adaue c saxpennénnvimu xonyamu (21) u GeCZ,
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4([0,T,)) = C?(D), mo ona Gq(t,a)=G(t)(@) ewnornenvt ypasnenus Oiinepa-
Ocmpoepaockozo (26) ons nromnocmu naepandicuana / , evruucisemotl no (34).
3ammmem ypaBHeHus (26) ms iotHocTH (34). OveBuHO,

o leu' =0, 07 IV =p,(a)v', 1<i<n.

N3 BeiuncieHui §2 ciaeayer

0 oP i .
da. [awu Pol( )|:E_ [d et[w ]’ So( )]:U:a_ajA 1<i<n

YyuutsiBas 0J /8Wij = A}, MOJIyYUM

o 1 1 (s ,.
aw[ . JZ(wH (a ))} 27 (WH@)H @)

k=1

> (wWHS (@) A =

k=1

=—(4n) " H'H/(a) + (8n) 'H ZA}.

Orcrona:

[ 2 i [ j
i(_H_H (a)+ H_A.] _LOH gy HIAHS

oa,\ 4m 4m da; ° 4n 0
2 2 pA! i 2

+i8H A}+H J:_iﬂHOJJrl@H Aj!
8m 04, 8m 0a, 4r da, 8m 04,

rJie HCHONb30BaHbl pesyastaT Jlemmbl 2.2) u ToxaecTo OH/ /0a;=0 (unaue,
divH, =0).
Takum oOpasom, ypaBHeHus Disepa-Ocrporpajackoro (26) mns IIOTHOCTH

Jarpamkuana ~ , BeraucisiemMoro 1o (34) Ha SKCTpeMalbHOM JIOCTATOYHO TIIAIKON
(cM. BeIIIe) GyHKIMU ( TIPUHUMAIOT BHI:

0 . o~ H?) 1 o6H

—(P(@U")+ A —| P+— |-———H/(a)=0, 1<i<n, 35

at(po() ) ’aaj[ 87:} 4 Ga, (@)= (35)
rie U=0G/ét, ﬁ—”ag(p,S) p=p,(@)/J, S=S,(a), H:%gg Ho (@),

J =det[6G' / da'].
ox :
Vuuteisas paBeHcTBO (30) 1 TOXKIECTBO . A =] 8, momyunm
a.
i
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i i k i
ﬂHOJ(a):ﬂ‘aLHOJ’ _oH
oa, OX, 0, OX,

]

2 2 k 2
Op B Ofp By X 0 p, B
0a, 8n ) ' ox 8n ) da, ' o 8m

[ToaTomMy B 3iiIepOBBIX KOOpAMHATAX ypaBHeHHs (35) mepeitayT B TOXKIASCTBO (CM.
KoHeI §2)

Hk

p(8U/at+U-VU)+V(P+ (@) *H?)-(4n) *H-VH =0,

KOTOPOE COBIIA/IACT C ypaBHEHHEM UMITYJIbCOB M3 cucTeMbI (29).
[ToxBeném wutor. bemio ycranoeneno, uro eciu §eM(q,,q) — locextr

¢yuryuonana oeticmsus S[q], onpedensemozo gopmynamu (21), (34) u € CZ[0,T,],
4([0,T,]) cC2(D), E=CX(D), mo ¢yuxyuu, 3a0aéaemvic 6 NaA2PAHIHCEEHIX
KOOpOUHAmMax pasencmeamiu U=aq4/at, p=p,(a)/ J, S= S,(a),

H _A Hl(a)/ J, J= det[oqg' / 0a,], npu nepexode K uneposLIM KOOPOUHAMAM
j
oarom peuwenue ypasuenuti knaccuveckou MIJ] (29). 3necwy p,(a) >0, S,(a), H,(a),

ae D — npounsBonbHbIe Taakue QYHKIMH, ToguuHERHEBIE yeitosuto divH, =0 B D.

§4. BapuauuoHHbIA NPUHLIKI JJIS 3JIEKTPOMATHUTHOMN
TUAPOAMHAMMKH IJIA3MBI

s VCCIIEIOBAHUS IJ1a3MEHHBIX IIPOLIECCOB MTOCTYJIMPYEM
TUAPOJMHAMUYECKYIO MOJIENb TUIa3Mbl, UMEIOIIYI0 B O€3/IMCCUIIATUBHOM CiIy4yae B
rayCCOBCKOW CUCTEME €IUHHUIL] BUJ:

op. / ot +divp,v, =0,
p.(ov,/ot+v, - Vv, )+ VP =en, (E +c v, H]), p, =m,n,,
oS, /ot+v,-VS, =0,
T.dS, =de, + P.d(1/p, ) (TepMomHHaMITIECKOE TOXKIECTBO), (36)
¢ 'OH / ot + rotE = 0 (3axon ®apanes), divH =0,
—C'0E / ot +rotH = (4n/ ¢)j (3axon Amnepa), divE = 4no,

j=enyv, +env, oc=en +en.

Cumntaercsa, 4YTO TOJHOCTbIO HMOHM30BaHHAas IU1a3Ma oOpa3oBaHa  JIByMs
B3aMMOIIPOHUKAIOIMMH CKUMAEMBbIMU JKUAKOCTAMHM — OJJIEKTPOHHOM M HWOHHOM,
rapameTpbl KOTOPBIX MMEKT MPUBBIYHBINA CMBICI M OTMEYEHBI MHAEKCaMH “f”, B
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YacTHOCTH, M., €, — MacChl M  3apsAibl  IEKTPOHOB U  HOHOB
(m_=me:9.1086-10‘28r, e =—e, €=4.80294-10"ex. CI'CD). Ilpexnonaraercs,
YTO TEPMOJWHAMHKHU D3JICKTPOHOB M HMOHOB HE 3aBHUCAT JPYr OT JApyra U OT
anekTpoMaruutHoro mojs. Cucrema (36) momkHa OBITH JOIMOJIHEHA YPaBHEHHSIMH

COCTOSIHHS JIJIS1 SJICKTPOHOB M MOHOB. JJIs HammuX meield yA00HO CUUTATh 3aJaHHBIMU
¢ynkmun €, =¢,(p,,S,.). Torma (cm. §2) TepMOTUHAMUYECKHE TOXKAECTBA JUIS

3JIEKTPOHOB ¥ HOHOB PABHOCWJIBHBI COOTHOUIEHUsM T, =0g, / 8S,, P, =p2de, / Op, u

cucreMa ypaBHeHu# (36) sBiseTcs omnpene’aCHHOW M 3aMKHYTOH OTHOCHUTEIIBHO
Hen3BecTHBIX QyHKIMH p,, S,, V., H, E. (HamomumuMm, uro ypasuenus divH =0,

diVE = 471G aBASAIOTCSA OrpaHUYCHHUEM TOJIBKO Ha HaYaJIbHBIC 3HAYCHHS HCM3BECTHBIX
¢byukimii.) Crucrema (36), TOMOTHEHHAS, €CITH HAJ0, JUCCUITATUBHBIME CJIaracMbIMU
[12], wacTo paccmarpuBaeTcst Kak TeopeTHuecKas 0a3a Mpy UCCIICOBAHUYU TUHAMUKH
wia3mbl. OJHAKO, ¢ OJIHOM CTOPOHBI, cucTeMa (36) He MpUroAHa JJI UCCICIOBAHHS
PEIATHBUCTCKHX  TPOIECCOB B  IUTa3Me, TOCKOJIBbKY  THAPOJAMHAMHUKA |
TepMoauHamMuKa B (36) HeEpensTHBHCTCKHE, Tak 4To B uTore cuctema (36) He
WHBapHWaHTHA HH OTHOCHTEIhHO TpeoOpa3oBaHuii JIopeHIIa, HU OTHOCHUTEIHHO
npeoOpazoBanuii ["ammies, 910 GU3HUECKHA HEAOMYCTHUMO. ITOT HEAOCTATOK MOXHO
UCTIPAaBUTh, BBEAS PEIATHBUCTCKUC MOTIPaBKH B TUAPOAWHAMHYECKHE W
TepMoauHamMuueckue ciaaraembie B (36) (cm. [13]), m Torma MpUXOIUM K CHCTEME
YPAaBHEHHUN  PEJISTUBUCTCKOM  AJIEKTPOMATrHUTHOM  THUAPOJAMHAMHUKHA  TJIa3MBbI
(POMI'), cymecTBeHHO Oojiee cioskHOM, yeM (36). C apyroili CTOPOHBI, CHCTEMa
(36) HempurogHa W JUIS HWCCICIOBaHHMS HHU3KOYACTOTHBIX, HEPEIATHUBUCTCKUX
MPOIIECCOB B IUIa3Me, MO0 OHA YYUTHIBAET TOK CMCIICHHS W pPa3leICHUE 3apsjIoB,
POJIb KOTOPBIX B ATOM Cllydae HUYTOXHA. [103TOMY npy M3y4eHUH HU3KOYACTOTHBIX,
HEPEJSITUBUCTCKUX ~ TPOIIECCOB B IUIa3M€ HEOOXOJUMO  PYKOBOJCTBOBATHCS
CYIIECTBEHHO  0Oojiee  MPOCTOM  CUCTEMOM  YpaBHEHHMHM  DJIEKTPOMArHUTHOU
THIpOAMHAMUKY 11a3Mbl (OMI']), BriepBbIe MpeIoskeHHOH B [1]:

op, [ ot+divp,v, =0,
p.(ov./ot+v, Vv, )+ VP =en, (E+c v, H]), p.=m.n,,
eS, lot+v,-VS, =0, P, =pioe,/op,, (37)
coH /ot +rotE=0, divH =0,
rotH = 4nc‘1(e+n+v+ +env.), en +en =0 (ycroBue KBa3HHEHTPAILHOCTH),
rne  ¢Gyskuuun g, =¢,(p,,S,) 3amanel. B cuctreme (37) “+”-ypaBHeHus

HEPa3pbIBHOCTH SKBUBAJICHTHBI B CUJTy OCTaJbHBIX ypaBHEHHH cucTeMbl. [loaToMmy,
€CJIM CYUTATh TOJIBKO HE3aBHUCHUMbIC ypaBHEHHs, TO cucTteMa (37) cocTouT H3 8
ypaBHEHHMI OTHOCUTENIBHO 8§ HeM3BeCTHBIX QyHKIMA p,, S,, V., H, E, U3 KoTopbhIX

9TU QYHKIIUU, B IPUHITUTIE, MOTYT OBITh HAMICHBHI.
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Hama nens — mosnyunTs BapuanuoHHbIi npuanun st OMI [[-ypasaenuit (37).
[TorryTHO OynmeT MoJydeH M BapUAIlMOHHBIN MpHHIMI s cucteMbl (36). [TepBbrit
miar MOCTPOCHMUSI COCTOMT B He(OPMAbHBIX HABOASAIIMX cooOpaxkeHusax. Kax
n3BeCTHO [9], MarpaHxuaH 3JIEKTPOMArHUTHOTO TOJIs, JIOKAJIM30BAaHHOTO B 00JIaCTH
D u nopoxaaeMoro TOKaMu | | 3apsAfaMu G, Ta&TCs BHIPAKCHHUSIMU:

J[(Sn)‘l(Ez ~H 2)+ c(j,A) —cs(p]dx,
D
rac A nhn o — BCKTOPHBIC H CKaﬂﬂpHBIﬁ IMOTCHIUAJIBI JJICKTPOMArHUTHOI'O IIOJIA:

E=—c"0A/ot—Vo, H=rotA. Jlarpamkuad Kaxmoi — JMEKTPOHHOH U MOHHOH —

KOMIIOHCHTHI I1JIa3MBbI, 33HOHHHIOH1€ﬁ B Ka)KI[BIﬁ MOMCHT BPCMCHHU obnacte D m He
HOKI/IIIaIOHICﬁ €€ C TCUCHUEM BpPCMCHH, KaK YCTAaHOBJICHO B §2, JIaércs BBIPpAKCHHUCM:

Ipa (Vj / 2—aa(pa,8a))dx, o =t.
D

EcrecTBeHHO 0XUAaTh, YTO JarpaHXKWaH THAPOJUHAMHYECKOMN IUIa3Mbl, JUHAMUKA
KOTOpO# momuuHseTcss cucreme (36), Oymer paBeH CyMMe IMEPEYMCICHHBIX BBIIIC
narpaHxuaHoB. C y4éTOM COOTHOILLICHHA

i=Yenyv, o=>en, p,=mn,
o [0

IMOJYYHM CJICAYIOIICC BIPAKCHUEC AJIA IMTPCAIIOJIaracMoro JarpanxxmaHa:

2

1 <Va’A> Va
L:_l Q(EZ_H2)+§ €Ny . ¢ +man{?—su(pa,8a)} dx,(38)

E=-c'0A/ot-Ve, H=rotA.

IIycte D — crangaptHas obnactb. CyMTaeTCsA, YTO B KaXKAbIi MOMEHT BpEMEHU
AJIEKTPOHHAST W HOHHAS >KUJKOCTH IO OTJEIbHOCTU 3alojHAIT obnacte D u He
MOKHUIAIOT €€ ¢ TeueHueM BpeMeHH. Torma B o6actu D BO3HMKAIOT J1Ba KOMILICKTa
JarpamXeBbIx koopamHaT X=( (t,a), ae€ D, a=%. Bropoii mar B moctpoeHun
BapHAIMOHHOTO IMPHHIINIIA — IIEPEXO B KayKIbIii MOMEHT BpeMeHHU B uHTerpaie (38)
K JIArPaH>KE€BBIM KOOPANHATAM B CJIAra€MbIX C HHJIEKCOM O, TPU 3TOM UCIOJIb3yeTCs
KOMIIJICKT JarpaHeBbIX KOOPAUHAT TOXKE C UHACKCOM O

L =@ Uc‘laA ot + Vol - |rotA|2}dx ;
D

+y_ [e.n, (@) c(oa, /ot At.q, (t.8)) - o(t, g, (t.a)) [da+

a=tp

Y [mno(@)| (20, /0t)' 1 2=, (m,n,0(@) 1 3,,5,0(@)) |da =

a=tp

(39)
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=L(0..00. /2t,0.,00_/ &t A 0A ] &t,0),

IIe HCHOJb30BaHBl TMoidydeHHele B §2  Ttoxnmectea N (t,a)=n,(a)/J,,
S, (t,a)=S_,(a), J,=det[oq / 0a;] u oueBnnmbie pasenctBa dx=J,da. 3mech
n,o(@ >0, S,,(@) — mnpousBodbHBIE 3agaHHbIE HEMPEPHIBHbIE (DYHKIUM.
Jlarpanxuan L, OTIpEIEIIAEMbIi (39), 3a1a€T oTOOpakeHue
L:(DiffDxE)’xE*xE >R, E=C}D), E=CY(D), DiffDcE. OxassBaercs,
YTO BapUAIIMOHHBIN MPUHIUI IS PYHKIIMOHATA ACHCTBUS

10,0 A ] = [ L0, (0,92 (0).6.(0), (). AQ), A1), o(t))dt - locextr, (40)

Q. (0)= q(J)_r’ qJ_r(To) = qli’ A(0) = Ao7 A(To) = A1’ (P(O) = Qs (P(To) =Py
g, €C:[0,T,], 9,([0,T,]) c DiffD, AcC;, e Cllé
B 3a/a4e C 3aKpeIUIEHHBIMH KOHI[aMH, rae L Berauciasercs mo (39), mpuBOAMT K
cucreme (36). A x cucreme DOMI/I-ypaBHenuit (37) NPUBOAWT BapHAIMOHHBIN

OPUHIMII B 3aJade C 3akperyiéHHbIMA KoHumamu (40) s yKOpPOYEHHOTO
yHKIMOHANA NEUCTBUS Sy, BBIYUCIAEMOrO MO YKOPOYECHHOMY JIarpaHKUaHy

LaMr):[ :

S3M1"I[ [q+ ! q— ! A’ (P] djg JQ L3M1"£[ (q+ (t)’ q:r (t)1 q_ (t), q: (t)1 A(t)’ (P(t)) dt - IOCQXtr,

Lo (0,00, /04,0.,00_1 &, A, ) =- (8m) " [[rotA[ dx +
D

(41)
+y_ [e.n, (@] c(oq, /ot Alt.q, (t.a)) - o(t,q,(t.a)) [da+

rEmn @] 3 2] -, [%{’(""),Sw(a)ﬂda, e.n; (2) =en, (a).

CHauasia Oy/IyT BBINOJHEHBI BCE BRIUUCIICHHS Jisl yHKIMoHana aeictBus (40),
npuBoasne k cucrteme (36), a 3areM OyayT yKa3aHbl U3MEHEHHS M YIIPOIICHHUS B
NPUBEACHHBIX BBIYUCICHUSX, mpuBosaime kK IMIJI-cucteme (37).

OyHKIOHAT JCHCTBUS (40) onpeaenéH Ha MHO>KECTBE

M(d,,0,)xM(0,,0,) x A(Ay A) x Ay, @,) (cMm. obo3nauenns B §2). Ecnu Touka

(4,,0_,A,d) U3 yKkazaHHOrO MHOXKecTBa jgocTaBisieT locextr ¢pynkumonamry S, To,

cornacHo Teopeme 2, cienyroniye nepsble Bapuanuu 1o Jlarpanxy paBHbI HYJIO,
€CJIM CYUIECTBYIOT:
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5,8(d..6,A¢h)=0, heCf, h(0)=h(T,)=0,
8,5(0,,0,A,¢:h)=0, heCL, h(0)=h(T,)=0, (42)
ss(q+,q_,A,¢;h)=o, heCl, h(0)=h(T,)=0,

¢
IpUYEM COOTHOIICHUS KaXKIOW CTPOKU paBEHCTB (42) MOJIKHBI ObITh BBITIOJTHEHBI JIs
TOOBIX YKa3aHHBIX h.

YroObl J0Ka3aTh CYMISCTBOBAHWE YKa3aHHBIX BBIIIC IEPBBIX BapHAIMA 110
Jlarpamky W BBIUMCIHTh WX (YTO IMO3BOJMT W3 COOTHOMICHWH (42) MOIYy4YUTH
HeoOxomumble ycimoBus locextr B 3amaue (40)), npomopkuMm jarpamkuaHn L u
(GYHKIIMOHAT JEHCTBHUS S  HAa  OTKDBITBIC IOJAMHOXECTBA  IMPOU3BEACHUN
COOTBETCTBYIOIINX OaHAXOBbIX MpoCTpaHcTB. st mpomoipkeHus L mpeactaBum
ATOT JIArpaH)KHaH B BUJIC:

L(q,.d,,9.. 6, A A 0) = L(A A )+ > L5(0.,4,, A 0) + Y Ly(a.,4.),
L E?xE >R, L(AA)-= (sn)-ljUA/cw(pf —|rotA|2}dx,
D

L :DiffDx E*xE - R,

3
(0,0, A9 - [en@[c (6@ AC@) -p@.@) ]da,

3 :DIffDxE >R, L5(q..4,)=| mm&(a){q* ga)z _S{m;;g G ,Sg(a)ﬂda,

+

J.(a) = detva, (a),

rae Touka Haja OykBoit B (43) — 310 He AuddepeHIpoBaHrie, a 4acTh CUMBOJIA.
Jlarpamkuanel L, L, oTHOocaTcs K JoKambHBIM monsm. Jlarpamkuan L
MPOAOJIKAETCS TOM ke camoil (OpMYyJIO Ha OTKPBITOE MOAMHOXECTBO U X E
npousBenennss ExE, rme U d?f{f eC}(D)|det Vf (x) >0 nns sro6oro x e D} c E,
OYEBHHO, OTKDHITOE MOAMHOKECTBO. JTO MpOAOIKeHHE 0003HaumM L.
Jlarpamkuanel L, He ABISIOTCA JIOKAIBHBIMH TOJAMHU. JIIss WX TIPOJODKEHHS
Bocriosib3yemcsi  Teopemoii 1, cormacHO KOTOpPOM CYLIECTBYIOT —JIMHEHHBIE
HenpepbiBHbIe oToOpaxkenns C!(D) —»CH(R®), f— f (c mopmoit C>0) wu
C'(D) - CY(R®), ¢+ & (c HOpMOIi C> 0), yIOBICTBOPSIONINE YCIIOBHIO f|D: f,
Plo=0¢ ama mobsx f eC(D), peC'(D). Bribepem u 3aduKcHpyeM yKa3aHHbIE

NMHEMHBIE HETPEPBIBHBIE OTOOpaKeHus u nosokuM Ly 1 E*xE - R,
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G (@, p.A0) = [en; @] ¢ p(a), A(a(a)) - #(q(a)) |da

Ouesnano Lol . . .=Lly, L logoe=Ls. MHostomy L npomomkaercs o

narpamxunana L (UxE)?xE?xE — R popmyoii
E(q+’q+,q_’q_,A,A,(P)d§ L(A A9+ [(9..4,.A9)+ > [(a,.4,), (44)

a (DyHKIMOHAN AEUCTBUS S mpojoskaercs 10 (pyHKIMOHaIa AeHCTBUS
S: 7 x~xCl chlé - R,

e ~ OI=f{q e CL[0,T,11q(t) € U nns moborot €[0,T,]} = Ct — oTkpsITOE, HOPMYIIOii

$(0.,0.,A0) = [ C(a(0)..q (0),a 0.6/ @), A®, A, o()dt.

OcHoBHbIE nu(pepeHnaNbHble CBOWCTBA JIarpaHKUaHoB L, I:E, I:; coOpaHbl B
CJIEyIOILEN TeopeMe.

Teopema 4. 1) Jlacpanncuansr L(Q, p,A, Q) Henpepwlenbl no co8oKynHOCHI
nepemenHuvlx, oupgepenyupyemovr (no @peute) no Kaxcoomy apeymeHmy, YacmHule
npouseoomnsie 0L 106q, oL 1dp, oL 10A, 0L 8¢ nenpepuvignur no cogoxynnocmu
NEpeMEeHHbIX U 3a0aromcs CleOyIouumMu Qopmyramu 6 HNPOU3BOIbHOU MOUKe

((a(2), p(a), A(a), 9(a)) € E*x E:

%:Bh%emé(a) p(a)a—A'(q(a»——m(a» hi(a)da, heE,

oLy - | & ”C(a) Al(q(a)h'(a)da, heE, (45)

b _[& ”C(a) o' (a)f (q(a)da, heE, a':;h——_[e n:(a)h(g(a))da, hek,

20e, HaNOMHUM, NO NOBMOPAIOUWUMCS UHOEKCAM NPEONoaAeaemcst CyMMUpOsanue.

2) Jlacpamsicuanwi |:§ (0, p) HenpepvigHbl NO  COBOKYNHOCMU NEPEMEHHDIX,
ouphepenyupyemvr (no @pewie) no KaxNCOOMy apeyMeHmy, 4aCmHble NPOU3EOOHbLE
8[; /0q, 8[; | Op HenpepwvigHbl NO COBOKYNHOCMU NEPEMEHHBIX U 8 KANCOOU MOUKe
(G(a), p(a)) e U x E svruucnsromes no popmynam
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8L5h:ja‘/imd Lh=[2 % hida, hek,
ow, 0a, op Lo
, i £ 1, m.ny(8) o= ;
20e . (a,v,w.)=mn,(@)| =V —¢,| ——=,5,(a) ||, a Oomux nHa
: . : 2 “| det[w;]

yKasvleaeni, 4mo ece uacniHsle np0u3600Hble amou gbyHKL;uu 6blUUCTIAIOMCA HA
sexmope (a,4(a), p(a), V4(a)), Vd(a) =| 86'(a) / a, |.
3) Jlaepamxcuan Ll(A,A,(p) HenpepvleeH NnOo  COBOKYNHOCMU  NEPEeMEHHbLX,

ougpgpepenyupyem (no @pewe) no Kaxcoomy apymeHmy, uYacmmuvie NPOU3B0OHbIE
oL, /oA, 8L1/8A, oL,/ Op HenpepvlgHbl NO COBOKYNHOCMU NEPEMEHHbIX U 8

kasxcooii mouxe (A(X), A(X), (X)) € E? x E swiuucisiomes no gopmynam

aLlh:jwfah dx. aLlh j " hdx. heE, a"lh:ja:/. N 4, hek,
oA ow ox, o Jow ox

20e cymmuposanue no 1 noo snaxom unmezpaia uoém om 1 0o N=3,

ol =] S s 0 - o - (0w

1<j<3 i=1

U uacmmuwle npouzsodmvie /  ewluucnsiomes Ha  eekmope V' = A(X),
w, =0A'(x)/ ox;, 1<i, j<3, w] =0¢(x) / &x,, 1< j<3.

N3 Teopemsbl 4 ciielyeT, YTO MPOAOIKEHHBIN JIarpaHKUaH L:U*xE*xE >R
HETIPEPHIBEH U HENpephIBHO AU depeHnnpyemM mo COBOKYITHOCTH MEPEMEHHBIX IO
KaxaoMy aprymeHty. OTCio/la CTaHIapTHBIMH PACCYXICHUSMU BBIBOIUTCA (HakKT
HenpepblBHOM — nuddepeHnupyeMocTd  BCoAy B o0JlacTH  OmNpenesieHUs

MPOJIOJIKEHHOTO (PYyHKIIMOHAJA JeHCTBUS S U hopMyJia JiJist €ro MpOU3BOIHOM:

$14.,4.,Agl(h,,h_hk) = J {Eh )+ 7h (t)] —h(t)+
’ (46)

A

oL
UL _k(t)}dt h,heCi, keCl,

rae AOMUK Haa L o3HauaeT, 4TO BCe YacTHBIE MPOU3BOAHBIE BBIYHMCISIOTCS Ha
Bexrope (4, (t),4’ (t),q_(t),q’ (t), A(t) A'(t) ¢(t)), a paBercTBO (46) cripaBeTUBO IS
mo0bIX ykazaHHbIX h,, h, K. 13 Toxaectsa (46), Ho TpUBHAIBHBIM COOOpaKEHUSM,
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BBITCKACT CYIIECTBOBAHUE IMEPBbIX Bapuamuii 1o Jlarpamky (43), a MX paBEeHCTBO
HyJ10 1aét, cornacHo (43), (46), COOTHOIICHHS:

'_(6Ii/8qi)h(t)+(8Ii/8qi)h’(t)}dt=O, heCL, h(0)=h(T,)=0,

'_(6If/6A)h(t)+(8E/8A)h’(t)}dt:O, heCl, h(0)=h(T,)=0,  (47)

f (0L / 8g)h(t)dt =0, heCL, h(0)=h(T,)=0,

0

CHpaBeUIMBBIC JUII BcexX ykaszaHHBIX B (47) h. U3 (47) u OcHoBHOi1 jgemmbl [9]

BapHAI[MOHHOTO0 HMCYHUCIICHUS i1 OaHaXOBBIX HPOCTpaHCTB cieayer oL /04, eCé*,
- 0

oL/ 6A e C;* Y CIIpaBeIJIUBBI paBEHCTBA (ypaBHEHUS Diliiepa):

A

g i +£:0, _d i +8—L=0, %:O Bcrogy Ha [0, T, ].
dt| o4, | 2q. dt| oA | OA 80}

Orcrona, HaKOHEIIl, BRITEKAIOT TOXKIECTBA

A oheE, -9 s Lhoonee, Lk-okeE, @8)
dt| oq, aq, dt| oA O0A op

cripaBeyuBbIe s moObIx he E,, heE, ke Eute [0,T,].

ToxnectBa (48) — KyJIbMHHAIIMOHHAS TOYKA KaXIO0ro aHanmsa. [logcramisis B
(48) dopmynbl s 9YacTHBIX MPOM3BOAHBIX U3 Teopembl 4, mpuxoanM, Kak ceidvac

Oyzner nokasaHo, k cucteme (36). Jlyist skcTpeManbHbIX QyHKIUH §, Ae Ci, e ClE :
4, (t) e DIffD, 0 <t <T,, o6o3HaUMM

At,X¥) = AD0), Bt )=o), d.(t.a)=d.(1)@), te[0T] xeD,aeD.

~

Hwxe cumraercs, uto (., A, (@ YyIOBJICTBOPSIOT CHMAHOAPMHBIM VCIOGUIM
anaoxocmu (cp. [9]):

d,,AcCZ[0,T,], 6.(0,T,)) =CZ(D), A0T,])) =CZ(D), &([0,T,]) =C:(D).(49)

[Tpu BeimonHeHuu ycnoBui (49) (HETpyaHO MPOBEPHUTH) BCE YACTHBIC MPOU3BOIHBIC
dynxmmit - A(t,X), ¢,(t,a) mo BTOporo mopsinka BKIIOYUTEIHHO CYIIECTBYIOT B

[0,T,]x D, npuuém Bce OHH, KpOMe HPOM3BOAHBIX O / (0%0X;) (nmm 0%/ (0a0a;)),
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menpepbieubl B [0,T,]x D u HenpepwiBHo npojosmkarorcs Ha [0,T,]x D, a ykasannbie
npou3BoAHble Tpu Job6oMm ¢ukcupoBanHoM te[0,T,] HenpepeBHEI B D u
HENpepBIBHO TpojokaloTcs Ha D . KpoMe Toro, mepBble 4acTHbIE TPOM3BOJIHBIE
¢y @(t,X) M cMelmaHHble BTOpbIC YACTHBIC IIpOM3BOjHBIE O / (OtOX.),
0° | (ox.0t) (oueBMAHO paBHBIE MEXIy COOOI) CYIIECTBYIOT M HEHpPEPHIBHBI B
[0,T,]xD wu menpepsiBHO npopomkatorcss Ha [0, T ]xD, Hakomen, mpu mo6Gom
(uKcHpoBaHHOM !t CyIIECTBYIOT HempephiBHBIE B D mpomsomasie 0°¢/ (O%,0X;),

HENPEPBIBHO NpoiokaeMbie Ha D .
Paccmorpum Temeps mepBoe paBeHCTBO (48). IloacTaBiisis B HEro 3HAYCHUS
npon3BOaHBIX 13 Teopembl 4, TOTydnM:

Cd | eng(@) g o i
dtj{ . Al(t, )+avlqh(a)da+ (50)

10AI(t,x) 66" 6 0/ oh'
e.ny (a ——(t,X hi@)da+ 2= da=0, heE,
+f (){ > i o )} @da+ [ 2 <E,

J x=0,

~

[Mockonmeky @, (t) e DIffD mpu mobom te[0,T,], To 3HAUeHHS Al ¢ U ux
npou3BojHbIe B Toukax X=(@,(t,a), aeD coBmajaloT ¢ COOTBETCTBYHOIIMMU

A .

sHaueHussMA A', ¢ u ux npousBoAHbIX. PaBeHcTBO (50) MOIKHO OBITH BBIMOJHEHO
mnst moboro heE;. B §2 Obum momydeHB B JIarpaH)XeBBIX KOOpPAMHATAX
COOTHOIICHUS:

o low,=PA;, 8, /v =mnyéq, / ot=m,nyvi,

rae A.; — anrebpandeckoe JONONHEHHe sjemMeHTa O, /0a; B Matpuie Skobu

[0q: /0a,]. U3 crammaptHOrO YycrmoBusi Tiaakoctu (49) criemyer, BO-NEPBBIX,

ITPaBOMEPHOCTH MIPUMEHECHUS (bopMyIibI Octporpaackoro-I'aycca npu
npeoOpa3oBaHUy MOCIICIHET0 HHTErpaja B JeBoi yacT paBeHcTsa (50):

EALLN Ia/ﬁ‘hd [ & |nida=
L OW; Oa, oW, £0a;| ow,

0 5 Al + i
=—£a—%(a ;)h'da j - A hida,

rne (= ((%,...,(") — equHNYHAS BHEIIHAS HOpMaib K D B Toukax rpanuisl 0D, do
— DJJIeMEeHT pHMaHoBa oObéMa Ha OD wu wucmonp3oBaHbl paBeHcTBO h|,=0 u
pesyabrar Jlemmbl 2.2). Bo-BTOpBIX, W3 CTaHAAPTHBIX yCIOBHMA riagkoctu (49)
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BBITEKACT 3aKOHHOCTh BHECECHHUs Mpou3BoaHOM d / dt moj 3HaK mepBOro MHTErpaia B
(50) (cp. [9]). ITocae snemeHTapHBIX MPeoOpa3’OBaHUN M I'PYIIHUPOBKH ClaracMbIX
MOJTyYUM

i A J ' 5 i
j e,n:(a) _lé‘A _8(p 1 GA _OA vi _ P, A oV,
ol C ot 0x 6x o )| 0a,
X=(,
-h'(a)da=0.

Ilocnennee paBeHCTBO BbINONHEHO i moboro heE;. Ilostomy, mo nemme

Jlarpamxa ays MHOromepHou obOmactu [9], orcioma cieayeT, 4To Bce (UTYpHBIC
CKOOKM B TOCJEJIHEM HHTerpajie oOpaimarorcs B HyJb. lIpupaBHUBas yka3aHHBIC

(urypHsie CckoOKM HyImIO, TOJYYHM, C y4éToM ToxkaectB E=-C'0A/ot—Ve,
H=rotA, (0A'/ox; oA [ox V) =[v,1otA], (6P, /da;)Al; =J.0P./ox (om. §2),

BEKTOPHOE PABEHCTBO:
e.n;(a)(E+c [0, H]) - J.VP —m.n;()av. /ot =0,

X=(;

[lepexoas B mocneaHEM COOTHOIIEHUH K SMJIEPOBBIM KOOPAMHATAM M UCHOJIB3YS MPU

ATOM TOXKJIeCTBA ov,(t,a)/ot=ov, (t,x)/t+ Vv (1,X)- Vv (LX),
n,(a)/J, =n.(t,a) =n.(t,q.(t,a) =n,(t,X)|,_ OKOHYATEJIBHO  TOJy4YuM B

X=0 ?

SHIIEPOBBIX KOOPJMHATAX YPABHEHHE UMITYJIbCOB cHcTeMbI (36):
p.(ov,/ot+v, - Vv, )+ VP =en, (E +c v, H]).

Paccmorpum BTOpoe paBeHcTBO (48). IlomcTtaHOBKa B HErO BBIPAKCHUH IS
npou3BoiHbIX U3 Teopembl 4 1acT:

d 0 ah e,n; (a) a4
—— —hd +h .(t,a))da=0. 51
il I o X2 j (6.(t.a) (51)
(ITockomeky G, (t) e DIffD, 0<t<T,, To 3HaueHHe ﬁ(qi(t,a)) COBIMAJaeT Co
snauenneMm h(G,(t,a)) mma Bcex te[0,T,], aeD.) IlpavMoe BbluuCIeHHE IS
IUTOTHOCTH JIarpamKuaHa / MpUBOIUT K hopmyiam [9]:

0v _ 1 (1N d9)|_  E 00~ L oty
V' 4mclc ot ox 4nc’ ox | owl | 4rm (52)
(0 low;)’h' :([f,H],h),
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npuuéM BTOPOE PAaBEHCTBO HCIOJB3yeT ycioBue riaakoctd (49). U3 ycioBus
rinagkoctu (49) taxke cienyer, BO-EPBbIX, 3aKOHHOCTh UG GepeHIPOBaHUs 110 {
mox 3HakoM mepBoro wuHTerpaga B (51). U, BO-BTOpBIX, NPaBOMEPHOCTH
ucronb3oBanus Gopmyasl Octporpajackoro-I'aycca mpu npeoOpa3oBaHUU BTOPOTO
uaterpana B (51). C yuérom cootHomenuit (52) paBenctBo (51) mpeoOpasyercs K

BUY

j [ (4rc) €' / ot — (4m) ™ (rotH)' |hi (x)dx + > j ¢ le,n’(a)V'hi(q. (t,a))da+

D

53
+j<[€,H],h>dc:0,( )

rne ( — BHENIHAA eAMHWYHas HopMmainb K D B Toukax rpanuisr OD . Jlenas 3ameny
nepemeHHBIX X =(,(f,8) ¥ BO3Bpamasce K SHIEPOBHIM NEPEMEHHBIM B KaXKIOM H3

JIBYX UHTETPAJIOB, BXOJAIIUX B CYMMY Z B (53), mony4nMm ¢ y4€TOM COOTHOIICHHIA
+

da=dx/J,, n;(a)/J, =n,(t,§.(t,a)), j= D €.N.V, OKOHUATENBHOE BBIPAXKECHUE

j ((4nc) "GE / ot — (4m) *rotH + ¢ j,h)dx + j ([¢,H],h)do =0. (54)

D ob

PaBencrto (54) BemonneHo mist arodoro t€[0,T,] u moboro he E. B wactHOCTH,
OHO BBIMONMHEHO i1 Mroboro heE,, Ho mns Takmx h Bropoit mHTerpan B (54)

oOparaeTcsi B HyJlb, a M3 PaBSHCTBa HYJI0 repBoro uHTerpaina B (54) mnsa mo6oro
heE,, mo nemme Jlarpamxa s MHOromepHoil obmactu [9] BeITekaeT 3aKoH

AmMrepa U3 ypaBHEHH 3JIEKTPOIMHAMUKH MakcBesuia
(4nc)OE/ ot — (4m)'rotH+¢'j=0, j=e.nv, +env._. (55)

C y4éToM IMOCIEAHEr0 COOTHOIIEHHS PAaBEHCTBO HYIII0 HHTerpamsa mo oD s
aoboro heE nmaér mo nemme Jlarpamka ans MHOroooOpasuii [9] paBeHCTBO
[¢,H] =0 u, 3nauwur, na rpanune 0D Bexrop H oproronanen rpanume oD .

Haxkower, paccMotpum TpeThe ypaBHenue (48). [ToacTaBiisis B HErO BBIPAKCHHS
1T TIpOM3BOIHBIX 13 TeopeMbl 4, OTydnm

0~ oh . .
—dx+ e.n, (a)h(g, (t,a))da=0. 56

5w o, & 2 e @A) (56)

[Ipsimoe BbIuMcIieHUEe mMoKasbiBaeT [9] 0 ’/8W? =—(4n)"'E’. Tlpn BwIMONHEHHH

ycioBuid raakoctu (49), T0CI0BHO MOBTOPSS PACCYKIACHHS, OTHOCSIIUECS BBIIIE KO
BTOpOMY paBeHCTBY (48), ¢ yuéTtom G = Ze N, , cBenéM (56) Kk ypaBHEHHUIO
+
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j ((4m)divE — o) hdx — j (4m)™(E,()hdc =0. (57)

Pasenctso (57) BepHO s ro6oro heE u te [0,T,]. B wacTHOCTH, OHO BEpHO IS
moboro he an nst kotoporo h|,,=0. Ho mns Takux h Bropoit mnterpan B (57)

oOpalaercs B Hyllb, a PAaBEHCTBO HYJIIO IEPBOro MHTerpana ais joboro he E,
HPUBOJIUT, B CHITY JieMMbI Jlarpamka /i1t MHOTOMEpHBIX obsactei [9], kK ToxIecTBYy:

(4n)*divE-6=0, c=en, +en. (58)

C yuérom Joka3aHHOro paseHcTBa (58) oOpalleHHe B HyJIb MHTErpajia 10 IPaHHIE
oD B (57) mna moboro heE, mo nmemme Jlarpamka mins mHorooOpaswmii [9],
npuBoauT K paseHctBy (E,()=0, n, 3HauuT, snexrpuueckoe mone E Ha rpamuue

0D kacaeTcs IOCIeIHEN.

Uraxk, cormacuo (55), (58) cnpaBemivBa nepsas napa ypaBHeHui MakcBesia B
(36). CnpaBemMBOCTE BTOPOI Taphl ypaBHEHWI MakcBeiia CleayeT W3 SBHBIX
BelpakeHMd E w H  yepe3 BEKTOpHBIH W  CKAIAPHBIM  MOTEHLIHAJIBI

aJeKTpoMarauTHoro mojst, H=rotA, E= —Cc oA/ ot —-Vo.

IToxBeném uror.
Ecu (6,.6.,A.¢)eM, =M(05,67)xM(0y,07) x A(A, A) < A(@,, @) — locextr
@yuxyuonana oevicmeus S, zaoasaemozo gopmyramu (39), (40) na mmuooscecmse
M., npuuém q., A, ¢ yoosnemsopsiiom cmanoapmuvim ycaogusam 2naokocmu (49),
mo @yHKyuu, 3a0anuble 8 AcPaHI’cedblx Koopounamax gopmyramu V. =04, / ot,

p,=m,n’(a)/ .JAi, SAi =S;(a), JAi =det[aq. / da;], 6 ouneposvix Koopounamax

X=0,(t,a) ewecme c¢ ¢ynxkyusmu H =rotA, E=—C_18A/8t—V(b, 3a0arouumu
anekmpomacHumnoe none, oaiom peuenue cucmemvl (36) 6 obnacmu D ¢
ecmecmeeHHbviMu ycenosuamu Ha epanuye 0D H LOD, EL/(, 20e [ — snewnss

eounuunas nopmans k D 6 moukax 0D , naxoney, ny(a) >0, S;(a) — npouseonvuovle

nenpepwisnvie 6 D ghynxyuu.
BeiBox cucrembr (37) DOMI'/I-ypaBHeHu# [UIsl 3aJa4d C 3aKpEIICHHBIMHU
KOHIIaMH C (QyHKIIMOHAIIOM JIEHCTBUS Sy, 3a1aBaEMOT0 popmyioii (41), mpoxoaut

110 ynpOHléHHOfI CXEMC paccyncz[eHHﬁ, HpI/IBeI[éHHBIX BBIIIC IJI1 BbIBOJA CUCTCMbI
* + + *
(36). Jlarpamkman L., pasen Ly =L+> L+> L, L:E>R -
* *
YKOPOUYEHHBIN JIarpaHKUaH:

def

L;(A) =— (8n)* |rotA[" dx,
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a Ly, L Berumcnsiores mo crapeiM popmyiam (43). [oaToMy poaosmKeHust Lo s

Soury  OUPENENSIOTCS  OYEBHAHBIME  (DOpMYyJIaMH l:aMl"Z[ = L + Z L+ Z L,
+ +

Lo s (UXE)? xEXE >R, a Sy 07 x 2 xCg xCL — R pasHo

§9MFI[ [0,,9.,A 0] oot JQ |:3Mrz[ (q,(t), g} (t),q_(t),q" (t), At), e(t))dt.

B Teopeme 4 MeHsieTcs TONBKO TPEThbS YacTh, OTHOCALIASCA K YKOPOUECHHOMY
narpamkuany L (A), 3amaromieMy  JIOKaJbHOE ~ IOJIE  C  IJIOTHOCTBIO

o= ;/'([W‘j bt 1a) = —Bm) [(W —wE)? + (W2 —w;)* + (W, —wZ)?], B w€acTHOCTH,
oL /0A=0, 0L /0p=0. Ilosromy KmoueBble paBeHCTBa (48) ympomamorcs u
NEPEXOIST B TaKUe:

A A

oL oL oL oL .
d ﬂh +ﬂh:o,he|§0, MAh=0,heE, —2MAk=0,keE.(59)
dt| oq, oa, oA o

Kak creacTBue, ynpoImarTes cTaHaapTHIC yelaoBus riaaakoctu (49):
6, CZ[0,T,], 4.(I0,T,)=CX(D), A(0T,))cC3(D). (60)

[TepBoe u3 paBeHcTB (59) coBmagaer ¢ MepBbIM paBeHCTBOM (48) M TPUBOIUT K
ypaBHEHHUsIM UMIyIbcoB B cucteme (37). Bropoe ypasuenwue (59) cBoaurcs k Oosee
POCTOMY, Y€M paHee, PAaBCHCTBY

j<—(4n)-1rotH +¢j,h)dx+ j([e, H],h)do=0, heE, te[0,T,],

D D

OTKy/a BbITekaeT 3akoH Amnepa B (37) —(4n) ‘rotH+c'j=0, j=e.n v, +env_c
ecTecTBeHHBIM TpaHndHbIM ycioBueM [(,H]|,,=0. Tperse ypaBuenue (59) Toxe
penyupyercs K 6ojiee MpOCTOMY PaBEHCTBY:

[ohdx+ [ (4m)*(E,()hdo=0, heE, te[0,T,],
D oD

OTKy/la CIIeAyeT YCIIOBHE KBa3MHEUTpaJbHOCTH G =€.N, +e N =0 u ecrecTBEHHOE
IPaHUYHOE yCIIOBUE <E,€> |.o=0. Bropas napa ypaBHeHuii MakcBenia, Kak U BBIIIIE,

ITOJTY4YaeTCs U3 SIBHBIX BBIPAXKEHUN HAINPSIKEHHOCTEN 3JIEKTPUUECKOTO U MATHUTHOTO
noneit E m H depe3 BeKkTOpHBIN U cKalsipHbId noTeHuuansl A u ¢. U3 ycnoBui

KBa3MHEHTPaJIBHOCTH, B 4ACTHOCTH, clefyeT e n;(a)=en;(a), aeD.
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B wutore mpuxomuM K cClemyromieMmy pesyibraty. Eciu (CL,CAL,A, Q) eM, -
locextr  gynryuonana Oeiicmeun S, onpedensemozo gopmynou (41), na

muoxcecmse M, , npuuém @, A yoosnemsopsiom cmandapmubiv  YCI0GUAM
anaoxocmu (60), mo ¢ynxyuu, 3a0annvle 6 1a2pPAHHICEBLIX KOOPOUHAMAX POPMYIAMU
v=0q,/ot, p.=m.n;(a)/ J;, S,=S5;(a), JAi = det[aq. /da;], 6 ottreposbix

koopounamax X=0,(t,a) emecme ¢ @Qynxkyuamu H = rotA, E=—c oA/ ot—Vao
oarom peutenue cucmemvl (37) 6 obracmu D ¢ ecmecmeennvimu yciogusmu Ha
epanuye 0D H LoD, EL(, 20e [ — eounuunas enewnsin Hopmaie k D 6 moukax

oD, naxoney, n;(a)>0, S;(a) — npouseonvuvie nenpepvienvie ¢ D pynxyuu,
yoosnemeopsiowue yciosuro €N, (a)=en,(a) (e =e).
Joka3atenbcTBO Teopembl 4. YTBepxaeHus 2) u 3) cClenyloT U3 CBOWCTB

JIOKAJIBHBIX ToJiel W ObutM jgokazanel B [9]. Jlaamm HaAOpPOCOK JOKa3aTeNbCTBA
yrBepxaeHud 1). Ilyctp

L(a, . A®) = [M(2)| ( P(a), A(a))) - p(a(a)) |da: E*<E > R,

rie n(@)>0 — menpepwiBHas B D ¢ynxuusa. IIpoBepum HempepbBHOCTH L B
npousBobHON  Touke (G, Py, Ay Py) €EPXE, Hcmonme3ys  BeromoratenbHoe

yrBepxaenue: eciu f € CS(R"), mo f pasnomepno menpepvisna na R". Vmeem
OLICHKH:

(a(@)) - G (00 (@))| <[P(a(@)) - Go(a(@)|+[@6(a(@)) — o (g (@))] <
<16 — o] + o (@(@)) — G0 (A (@))] < C & — Go| + |G (a(2)) — Po (a0 ()]
Y aHaAJIOTHUYHas OleHKa Jjis A
|Aa@) - Aya, (@), <ClA- A+ |Aa@) - A @), -
Jlaree, u3 Teopemsl 1 1 Hepasenctsa Ko cirexyer:
(p(a), Aaca))) - po(a), Ay(c(@)))] <|( p(@) — po(a), Ala(a) - Ay(o(a)))| +
+|(p(@) — Py (@), Ay (o (@) +|( Po(2), Ala(@)) — Ay(do(@))| < nllp - b
| Aa@) - A ao @), +nlp— pof|| A [+ nlp || Ala(@) - Alan (@) <
<(ClA-Al+|A@@) - A @), Jnlp= pol(2+ClA] ).

[Tockonbky @,, A, — ¢uHUTHBIE (YHKIUH, TO, IO BCIOMOTraTEIbLHOMY

YTBEPIKIECHUIO, OHH paBHOMEPHO HempepbiBHBI Ha R". TToatomy st mo6oro € >0
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Haiigércs 6>0, [Is  KOTOpOro: HX— X'Hw <d6 = |(p0(X) —(pO(X')| <gl2,
|00 - A,00)

|@— o] <&/ (2C) . Torna u3 moyueHHbIX OLIEHOK CIIEYIOT HEPABEHCTBA

_<&/2. Iycts Temeps la—a.| <8, |p—py<e, ||A-A<e/(2C),

B(a(a)) -y (d ()] <.
( p(a), Aa(a)) - ( py(a), A (o (@))| < ne(L+C[ A+ po])

mist Bcex aeD. Orcioma um w3 omnpegenenuss L aBTOMaTHYEeCKH CleyeT
HETIPEPBIBHOCTH ATOH QYHKIMHU B TOUKE (U, Py, Ayr Py) -

Jlerko BBIYKMCIISIOTCS TepBbie Bapualmu 1o Jlarpamky ¢pyHknnonasa L B Touke
(pt.) =(q, p, A, ¢) € E* x E Bronb Hanpasnenuii h u k :

8,L(pth) = [n,(a) pi(a)‘g—f(q(a)) —%(q(a» hi (a)da,
8,L(pt.;k) =—[n,(@)k(a(a))da, 8,L(pt:h)=[n,(@)A @@)h‘(@)da, (61)

5,L(pt.;h) = Ino(a) p'(a)h'(q(a))da, heE, k eE.

OueBHIHO, YTO BCE MepBbie mpousBoaHbie 1O Jlarpamxky (61) — nuHelHbIE H

HempepbiBHble 0 h u K dyHkimonansr. Ilostomy B Kaxoii Touke E°xE
CYILIECTBYIOT YaCTHBIE TPOU3BOHBIE 1O ['aTO, COBMAIAOMNINE ¢ COOTBETCTBYIOIIMMH
HEePBLIMU BapHUaIUIMU o Jlarpamxy: (oL/&q )r h=3,L(pt.;h),

(0L/6¢) k=38 L(pt;k) m T Jlos mOKasaTemhCTBA CyMIECTBOBAHHS UACTHBIX

NpOM3BOAHBIX 10 Dperre J0OCTaTOYHO YOCIUTHCS B HEMPEPBIBHOCTH (IO
COBOKYITHOCTH MEPEMEHHBIX ) YaCTHBIX MPOU3BOAHBIX 1Mo ["aTo. OTCIO/1a, KpOME TOTO,
OymyT BbITeKaTh paBeHcTBa OL /09 = (0L /0oq),, oL/ Op=(OL/O0p), n T.1. U, 3HAUWHT,

HETPEPBIBHOCTh YAaCTHBIX MPOU3BOAHBIX L 10 COBOKYMHOCTH aprymMeHTOB. Jliist
(0L /0g)., (0L/0OA), daxt HenpepbIBHOCTH ciemyeT u3 ¢popmyan (61) u crnemyrommx

OIICHOK, T/I€ UCIIOJIb3YIOTCS pe3ysbTaT JleMMbl 1:
k(a(a)) —k(ay(@))| <n[]a(a) - g, (a)], <nC
Iha(@)) —h(a,@)|_ <n[h|lac@) -, ()], <nC

Klla -, keE,

hla—af, heE.

[Toatomy nis HkH <1, HhH <1 monxyyuM HEpaBEHCTBA:

(L7 80), ()= (8L ), (- )K|< [ my(@)|K(a(a)) - (g (a))] da <
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<nC k|fla—ap| [ n(@)da<C,[a—d], |((BL/BA).(.)~(BLBA).(..)o)h[<
< [ny(@)| [p'(2) - pi(a)||f" (a(a))] + | p§ (@) (a(@)) - ' (g (@) |da < (62)
<(nllp=pollc ]+ IpoIn*Clla — g ) [ (@)da < C, [p ~ po| + Cs la — .

rne koHcrantel C,, C,, C, me 3aBucar or K uw h u (..)=(q,p, A0),

(o = (Ao, Pos Avs P5) :
C, = n(fljno(a)da, C,= nCInO (a)da, C,=nC| p0||_[n0 (a)da.
D D D

[lepexons xk SUp Mo HkHSl, HhHSl B JIEBBIX YaCTAX HEpaBEeHCTB (62), moxydnm

OLICHKMH:

\(aL 16¢),(...)—(L1op), (.. .)O\ <C,Jla-a,,
\(al_/aA)r (..)—(AL/aA) (...)O\ <GC,|p-po|+Cslla—a,

OTKyHa cienyer HempepbiBHOCTE (OL/0¢)., (0L/OA), 1O COBOKYHMHOCTH
MePEMEHHbIX.

Hna  (0oL/0q)., (0L/0p), HempepbIBHOCTH MpOBepsieTcs emE Mpolie,
NOCKONBKY Kodddumments! npu h'(a) B moIBIHTErpaTbHBIX BEIpaXeHUAX B (61) s
3TUX NPOU3BOIHBIX CyTh HEMPEPLIBHBIE HA D (yHKIMM, HEMPEPHIBHO 3aBUCALINE OT

Toukn E°xE, uro IpOBEpSAETCS JOCIOBHBIM MOBTOPEHHEM PACCYKIEHUN MepBOH
YacTH J0Ka3aTeJIbCTBA MIPU YCTAHOBJICHUH HETIPEPHIBHOCTU (GyHKIMU L .

Hakowner, mokaxkeMm BcrmoMorarenbHoe yrBepikaenue. Ilycts f:R"—>B —
HEIpEPbIBHOE (UHUTHOE OTOOpaXEHHWE B HOPMHUPOBAHHOE MPOCTpaHCTBO B.
YcranoBuM paBHOMepHYH0 HempepbiBHOCTH f. Ecoum f =0, ato oueBumgHo. Ilycth
f#0 u P=suppf — mocurens f, Torma P < R" — Hemycroii kommakr. Beibepem
IPOU3BOJILHO OTKpeITOe MHOXecTBO U C R" ¢ KOMIAaKTHBIM 3aMbIKAHHEM |
comepxkariee P. Torma 6,=p(P,R"\U)>0, t.x. P — kommakr. ITycts €>0.
Iockonsky f HempepsiBHO Ha kommakte U, To mo Teopeme Kanmrtopa, f

paBHOMepHO HempepbiBHO Ha U, u, 3HaunT, Haiinéres 8>0: X, X' e U, HX—X'HOO <0
= || f(x)— f(x)
[x =X’

<g. Torma nerxko mpoBepuThb, 4T0 I JHOOBIX X, X € R" wu3

_<min{8,8,} Bhitekaer |[f(x)— f(X)|<e, uto nokaseiBacT paBHOMEpHYIO

nenpepbiBHOCTh f Ha R". Teopema nokaszana. #

3akiioueHue. Bpiie ObUT MOCTPOSH BApUAIMOHHBIN MPUHITUT IS CUCTEMBI
ypaBaeHuii (37), cocraBisttomed coxepkanne OMIJI-teopun mia3mel. OTMETHM
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HEPEUIEHHYIO 3a7adyy O HaXOXJICHUM BapUalMOHHOrO mnpuHuuna mist OMI/-
ypaBHEHUI B OJHOKHUIKOCTHOU (hopme [2], koTopas mojydaeTcs, €CId B CHCTEME
(37) cienaTh ~ 3aMEHY — HEH3BECTHBIX {v,,p.}—>{U,p}, p=p,+p_,
U=(p,v, +p_v_)/p. Heynaunas, Ha Ham B3I, MOMBITKA ObUIA MPEANPHHATA B
[14]. OcHoBHas mpobieMa Mpu 3TOM B BbIOOpE JIarpamKeBbIX KoopAuHAT. OTMETHM
MATE€MaTHYECKUI CMBICI 3TOTO MOHATHUS TPUMEHUTENBHO K Hamlel cutyauuu. [1ycts
v(t,x), teR, xe D - HeTpepsIBHO U EepeHIIMpYyeMOe BEKTOPHOE II0JIe Ha

kommakte D, kacaromeecs rpanuiie 0D B kaxmon e€ Touke. Jlna XeD, selR
myctb Y., (t) — Hempomomkaemas HMHTerpaibHas KpHBas HONS V C HadalbHBIM

ycnoBueM Y, (S)=X. M3 xommaktHOcTH D ™ Teopembl CymIecTBOBaHUS H
€AMHCTBEHHOCTH pELIEHUsI OOBIKHOBEHHOTO JU(PPEepeHIHAIBHOIO YpaBHEHUS
CIEJIyeT, YTO Y, , ONpEJETCHa HA BCEH MPAMOM M 3HAYMT onpenenéH motok d;(X),

ssteR, xeD mons v, CI)tS(x)d?f Yo (t), OOmamarommii rpynmoBbIM CBOHCTBOM:

O o@D =D a1 mobeix T,,SeR um D (X)=x mna Beex teR, xeD. B
gactHoctd, @ € DiffD mna mobwix t,s € R. Jlaspansicesoii koopounamoii nons V

Ha3piBaeTcss  oToOpakenme  ((t,a) = ®y(a), aeD. Torma, oueBHmHO,
e

v(t,q(t,a))=0q/ot, a x=q(t,a) HasbIBaeTCI O9ULIEPOBOL  KOOPOUHAMOI.
'unpoguHaMUYecKas HHTEPIPETAIUS STUX TOHATHH OYCBU/IHA.
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