
Keldysh Institute  •  Publication search

Keldysh Institute preprints  •  Preprint No. 89, 2020

ISSN 2071-2898 (Print)
ISSN 2071-2901 (Online)

T.V. Dudnikova

Space-time statistical solutions
for the Hamiltonian field-

crystal system

Recommended form of bibliographic references:  Dudnikova T.V. Space-time statistical solutions for
the Hamiltonian field-crystal system // Keldysh Institute Preprints. 2020. No.  89. 20 p. 
https://doi.org/10.20948/prepr-2020-89-e 
https://library.keldysh.ru/preprint.asp?id=2020-89&lg=e

https://keldysh.ru/index.en.shtml
https://keldysh.ru/index.en.shtml
https://library.keldysh.ru/prep_qf.asp?lg=e
https://library.keldysh.ru/preprints/default.asp?lg=e
https://library.keldysh.ru/preprint.asp?id=2020-89&lg=e
https://library.keldysh.ru/author_page.asp?aid=4218&lg=e
https://doi.org/10.20948/prepr-2020-89-e
https://library.keldysh.ru/preprint.asp?id=2020-89&lg=e


О р д е н а Л е н и н а
ИНСТИТУТ ПРИКЛАДНОЙ МАТЕМАТИКИ

имени М.В. КЕЛДЫША
Р о с с и й с к о й а к а д е м и и н а у к

T. V. Dudnikova

Space–time statistical solutions
for the Hamiltonian field–crystal system

Москва — 2020



Дудникова Т.В.
Пространственно-временные статистические решения для

гамильтоновой системы “поле – кристалл”

Рассматривается динамика скалярного поля, взаимодействующего с гар-
моническим кристаллом с 𝑛 компонентами размерности 𝑑, 𝑑, 𝑛 ≥ 1. Динамика
системы является трансляционно-инвариантной относительно дискретной
подгруппы Z𝑑 в R𝑑. Изучается задача Коши со случайными начальными
данными. Предполагается, что начальная мера имеет конечную среднюю
плотность энергии, а начальные корреляционные функции трансляционно-
инвариантны относительно подгруппы Z𝑑. Доказывается сходимость прост-
ранственно-временны́х статистических решений к гауссовской мере.

Ключевые слова: гармонический кристалл, взаимодействующий со
скалярным полем, задача Коши, случайные начальные данные, пространст-
венно-временны́е статистические решения, слабая сходимость мер

Tatiana Vladimirovna Dudnikova
Space–time statistical solutions for the Hamiltonian field–crystal

system

We consider the dynamics of a scalar field coupled to a harmonic crystal
with 𝑛 components in dimension 𝑑, 𝑑, 𝑛 ≥ 1. The dynamics of the system is
translation-invariant with respect to the discrete subgroup Z𝑑 of R𝑑. We study the
Cauchy problem with random initial data. We assume that the initial measure has
a finite mean energy density and the initial correlation functions are translation
invariant with respect to the subgroup Z𝑑. We prove the convergence of space-time
statistical solutions to a Gaussian measure.
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1. Introduction
We study the linear Hamiltonian system consisting of a real scalar field 𝜓(𝑥)

and its momentum 𝜋(𝑥), 𝑥 ∈ R𝑑, and a “simple lattice” described by the deviations
𝑢(𝑘) ∈ R𝑛 of the “atoms” and their velocities 𝑣(𝑘) ∈ R𝑛, 𝑘 ∈ Z𝑑. The Hamiltonian
functional of the coupled field-crystal system reads

H(𝜓, 𝑢, 𝜋, 𝑣) = HF(𝜓, 𝜋) + HL(𝑢, 𝑣) + HI(𝜓, 𝑢),

where HF(𝜓, 𝜋) (HL(𝑢, 𝑣)) denotes the Hamiltonian for the field (for the crystal,
respectively),

HF(𝜓, 𝜋) :=
1

2

∫︁ (︁
|∇𝜓(𝑥)|2 + |𝜋(𝑥)|2 +𝑚2

0|𝜓(𝑥)|2
)︁
𝑑𝑥,

HL(𝑢, 𝑣) :=
1

2

∑︁
𝑘∈Z𝑑

(︁ 𝑑∑︁
𝑗=1

|𝑢(𝑘 + 𝑒𝑗) − 𝑢(𝑘)|2 + 𝜈20 |𝑢(𝑘)|2 + |𝑣(𝑘)|2
)︁
,

𝑚0, 𝜈0 > 0, 𝑒𝑗 ∈ Z𝑑 stands for the vector with the coordinates 𝑒𝑖𝑗 := 𝛿𝑖𝑗. HI(𝜓, 𝑢)
denotes the interaction term,

HI(𝜓, 𝑢) :=
∑︁
𝑘∈Z𝑑

∫︁
R𝑑

𝑅(𝑥− 𝑘) · 𝑢(𝑘)𝜓(𝑥) 𝑑𝑥,

where 𝑅(𝑥) is a R𝑛-valued function. Taking the variational derivatives of
H(𝜓, 𝑢, 𝜋, 𝑣), we obtain the following system:⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

𝜓̇(𝑥, 𝑡) =
𝛿H

𝛿𝜋
= 𝜋(𝑥, 𝑡), 𝑥 ∈ R𝑑, 𝑡 ∈ R,

𝑢̇(𝑘, 𝑡) =
𝜕H

𝜕𝑣
= 𝑣(𝑘, 𝑡), 𝑘 ∈ Z𝑑, 𝑡 ∈ R,

𝜋̇(𝑥, 𝑡) = −𝛿H
𝛿𝜓

= (∆ −𝑚2
0)𝜓(𝑥, 𝑡) −

∑︀
𝑘′∈Z𝑑

𝑢(𝑘′, 𝑡) ·𝑅(𝑥− 𝑘′),

𝑣̇(𝑘, 𝑡) = −𝜕H

𝜕𝑢
= (∆𝐿 − 𝜈20)𝑢(𝑘, 𝑡) −

∫︁
𝑅(𝑥′ − 𝑘)𝜓(𝑥′, 𝑡) 𝑑𝑥′.

(1.1)

Here ∆𝐿 denotes the discrete Laplace operator on the lattice Z𝑑,

∆𝐿𝑢(𝑘) :=
∑︁
𝑒,|𝑒|=1

(𝑢(𝑘 + 𝑒) − 𝑢(𝑘)).

The system (1.1) can be considered as the description of the motion of elec-
trons in the periodic medium which is generated by the ionic cores. Understanding
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of this motion is one of the central problem of solid state physics. Now we briefly
explain our model. Here 𝜓(𝑥, 𝑡) describes the motion of electron field, 𝑢(𝑘, 𝑡) is
the (small) displacements of the ionic cores from their equilibrium positions. In
our approach, we disregard the displacement of the electric and magnetic fields
generated by electrons and ions, we neglect the potentials of electrons and the
vector potential of ions. For the scalar potential 𝜑 of ions, (1/𝑐2)𝜑 = ∆𝜑− 4𝜋𝜌,
where 𝜌 is the density of charge of ions, 𝜌 ∼

∑︀
𝑘 𝑒𝛿(𝑥− 𝑘 − 𝑢(𝑘, 𝑡)). In the static

approximation, (1/𝑐2)𝜑 ≈ 0, we obtain

𝜑(𝑥, 𝑡) =
∑︁
𝑘

𝑒

|𝑥− 𝑘 − 𝑢(𝑘, 𝑡)|
=: 𝑟(𝑥−𝑘−𝑢(𝑘, 𝑡)) ≈ 𝑟(𝑥−𝑘)−∇𝑟(𝑥−𝑘)·𝑢(𝑘, 𝑡),

and we substitute 𝑅(𝑥 − 𝑘) := ∇𝑟(𝑥 − 𝑘) in the equation of the motion of the
electron field. Note that if 𝑛 = 𝑑 and 𝑅(𝑥) = −∇𝑟(𝑥), then the interaction term
HI(𝜓, 𝑢) is the linearized Pauli-Fierz approximation of the translation-invariant
coupling ∑︁

𝑘

∫︁
𝑟(𝑥− 𝑘 − 𝑢(𝑘))𝜓(𝑥) 𝑑𝑥.

A similar model was analyzed by Born and Oppenheimer [1] as a model of a solid
state (coupled Maxwell-Schrödinger equations for electrons in the harmonic crystal;
see, for instance, [13] and the references therein).

We study the Cauchy problem for system (1.1) with the initial data{︂
𝜓(𝑥,0) = 𝜓0(𝑥), 𝜋(𝑥,0) = 𝜋0(𝑥), 𝑥 ∈ R𝑑,
𝑢(𝑘,0) = 𝑢0(𝑘), 𝑣(𝑘,0) = 𝑣0(𝑘), 𝑘 ∈ Z𝑑. (1.2)

Write

𝜓0 := 𝜓, 𝜓1 := 𝜋, 𝑢0 := 𝑢, 𝑢1 := 𝑣,

𝑌 (𝑡) := (𝑌 0(𝑡), 𝑌 1(𝑡))

⃒⃒⃒⃒
𝑌 0(𝑡) := (𝜓0(𝑥, 𝑡), 𝑢0(𝑘, 𝑡)) := (𝜓(𝑥, 𝑡), 𝑢(𝑘, 𝑡)),
𝑌 1(𝑡) := (𝜓1(𝑥, 𝑡), 𝑢1(𝑘, 𝑡)) := (𝜋(𝑥, 𝑡), 𝑣(𝑘, 𝑡)).

In other words, 𝑌 𝑖(·, 𝑡) are functions defined on the disjoint union P := R𝑑 ∪ Z𝑑,

𝑌 𝑖(𝑡) = 𝑌 𝑖(𝑝, 𝑡) :=

{︂
𝜓𝑖(𝑥, 𝑡), 𝑝 = 𝑥 ∈ R𝑑,
𝑢𝑖(𝑘, 𝑡), 𝑝 = 𝑘 ∈ Z𝑑, 𝑖 = 0,1.

Then, the system (1.1), (1.2) becomes a dynamical problem of the form

𝑌̇ (𝑡) = 𝒜(𝑌 (𝑡)), 𝑡 ∈ R; 𝑌 (0) = 𝑌0. (1.3)
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Here 𝑌0 = (𝜓0, 𝑢0, 𝜋0, 𝑣0) and

𝒜 = 𝐽 ∇H(𝑌 ) =

(︂
0 1

−ℋ 0

)︂
, ℋ =

(︂
−∆ +𝑚2

0 𝑆
𝑆* −∆𝐿 + 𝜈20

)︂
,

where

𝐽 =

(︂
0 1
−1 0

)︂
, 𝑆𝑢(𝑥) =

∑︁
𝑘∈Z𝑑

𝑅(𝑥− 𝑘)𝑢(𝑘), 𝑆*𝜓(𝑘) =

∫︁
R𝑑

𝑅(𝑥− 𝑘)𝜓(𝑥) 𝑑𝑥,

and ⟨𝜓, 𝑆𝑢⟩𝐿2(R𝑑) = ⟨𝑆*𝜓, 𝑢⟩[𝑙2(Z𝑑)]𝑛, 𝜓 ∈ 𝐿2(R𝑑), 𝑢 ∈ [𝑙2(Z𝑑)]𝑛.

We assume that the initial data 𝑌0 belong to the real phase space ℰ defined
below.

Definition 1.1. 𝐻𝑠,𝛼 = 𝐻𝑠,𝛼(R𝑑), 𝑠 ∈ R, 𝛼 ∈ R, is the Hilbert space of distribu-
tions 𝜓 ∈ 𝑆 ′(R𝑑) with finite norm

‖𝜓‖𝑠,𝛼 ≡ ‖⟨𝑥⟩𝛼Λ𝑠𝜓‖𝐿2(R𝑑) <∞,

where Λ𝑠𝜓 := 𝐹−1
𝜉→𝑥(⟨𝜉⟩𝑠𝜓(𝜉)), ⟨𝑥⟩ :=

√︀
|𝑥|2 + 1, and 𝜓 := 𝐹𝜓 stands for the

Fourier transform of a tempered distribution 𝜓. For 𝜓 ∈ 𝐷 ≡ 𝐶∞
0 (R𝑑), write

𝐹𝜓(𝜉) =

∫︁
𝑒𝑖𝜉·𝑥𝜓(𝑥)𝑑𝑥.

Remark 1.2. For 𝑠 = 0,1,2, . . . , the space 𝐻𝑠,𝛼(R𝑑) is the Hilbert space of
real-valued functions 𝜓(𝑥) with finite norm∑︁

|𝛾|≤𝑠

∫︁
⟨𝑥⟩2𝛼|𝒟𝛾𝜓(𝑥)|2 𝑑𝑥 <∞,

which is equivalent to ‖𝜓‖2𝑠,𝛼.

Definition 1.3. (i) 𝐿𝛼, 𝛼 ∈ R, is the Hilbert space of vector-valued functions
𝑢(𝑘) ∈ R𝑛, 𝑘 ∈ Z𝑑, with finite norm

‖𝑢‖2𝛼 ≡
∑︁
𝑘∈Z𝑑

⟨𝑘⟩2𝛼|𝑢(𝑘)|2 <∞.

(ii) ℰ𝑠,𝛼 := 𝐻1+𝑠,𝛼(R𝑑) ⊕ 𝐿𝛼 ⊕ 𝐻𝑠,𝛼(R𝑑) ⊕ 𝐿𝛼 is the Hilbert space of vectors
𝑌 ≡ (𝜓, 𝑢, 𝜋, 𝑣) with finite norm

|||𝑌 |||2𝑠,𝛼 = ‖𝜓‖21+𝑠,𝛼 + ‖𝑢‖2𝛼 + ‖𝜋‖2𝑠,𝛼 + ‖𝑣‖2𝛼.

(iii) The phase space of problem (1.3) is ℰ := ℰ0,𝛼.
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Below we assume that 𝛼 < −𝑑/2.
Using the standard technique of pseudo-differential operators and Sobolev’s

Theorem (see, e.g., [8]), one can prove that ℰ0,𝛼 = ℰ ⊂ ℰ𝑠,𝛽 for every 𝑠 < 0 and
𝛽 < 𝛼, and the embedding is compact.

Definition 1.4. (i) Write V1
𝛼 := V1

𝛼(𝜓) ×V1
𝛼(𝑢), where

V1
𝛼(𝜓) :=

{︁
𝜓(𝑥, 𝑡)| 𝜓(𝑥, 𝑡) ∈ 𝐶(R;𝐻1,𝛼(R𝑑)), 𝜓̇(𝑥, 𝑡) ∈ 𝐶(R;𝐻0,𝛼(R𝑑))

}︁
,

V1
𝛼(𝑢) :=

{︀
𝑢(𝑘, 𝑡)| 𝑢(𝑘, 𝑡) ∈ 𝐶1(R;𝐿𝛼)

}︀
, 𝛼 < −𝑑/2.

Introduce the seminorms in V1
𝛼 by the rule

|||𝑌 0|||2𝛼,1,𝑇 = max
|𝑡|≤𝑇

[︁
‖𝜓(·, 𝑡)‖21,𝛼 + ‖𝜓̇(·, 𝑡)‖20,𝛼 + ‖𝑢(·, 𝑡)‖2𝛼 + ‖𝑢̇(·, 𝑡)‖2𝛼

]︁
, 𝑇 > 0,

𝑌 0 := (𝜓(𝑥, 𝑡), 𝑢(𝑘, 𝑡)).
(ii) Write V0

𝑠,𝛽 := V0
𝑠,𝛽(𝜓) ×V0

𝛽(𝑢), where

V0
𝑠,𝛽(𝜓) :=

{︁
𝜓(𝑥, 𝑡) ∈ 𝐿2

loc(R;𝐻1+𝑠,𝛽(R𝑑))
⋂︁

𝐶(R;𝐻0,𝛽(R𝑑))
}︁
, 𝑠 < 0,

V0
𝛽(𝑢) :=

{︀
𝑢(𝑘, 𝑡) ∈ 𝐶(R;𝐿𝛽)

}︀
, 𝛽 < 𝛼 < −𝑑/2.

(iii) Denote by 𝑉 the operator 𝑉 : ℰ → V1
𝛼 such that

𝑉 (𝑌0) = 𝑌 0(𝑡) ≡ (𝜓(𝑥, 𝑡), 𝑢(𝑘, 𝑡)) , (1.4)

where (𝜓(𝑥, 𝑡), 𝑢(𝑥, 𝑡)) is the solution to problem (1.1) with the initial data 𝑌0 =
(𝜓0, 𝑢0, 𝜋0, 𝑣0).

We assume that the initial date 𝑌0 is a random function. By 𝜇0 we denote a
Borel probability measure on ℰ giving the distribution of 𝑌0.

Definition 1.5. Introduce a Borel probability measure 𝑃 on the space V1
𝛼 by the

rule
𝑃 (𝜔) = 𝜇0(𝑉

−1𝜔) for any Borel set 𝜔 ∈ ℬ(V1
𝛼).

Here and below ℬ(𝑋) denotes the 𝜎-algebra of Borel sets of a topological space
𝑋. The measure 𝑃 is called a space-time statistical solution to problem (1.3)
corresponding to the initial measure 𝜇0. Denote by {𝑃𝜏 , 𝜏 ∈ R} the following
family of measures

𝑃𝜏(𝜔) = 𝑃 (𝑆−1
𝜏 𝜔) for any 𝜔 ∈ ℬ(V1

𝛼), 𝜏 ∈ R.

Here 𝑆𝜏 denotes the shift operator in time,

𝑆𝜏(𝑌
0(𝑡)) = 𝑌 0(𝑡+ 𝜏), 𝜏 ∈ R, 𝑌 0(𝑡) ≡ (𝜓(𝑥, 𝑡), 𝑢(𝑘, 𝑡)) . (1.5)
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The main goal of the paper is to prove that the measures 𝑃𝜏 weakly converge
as 𝜏 → ∞ to a limit measure on the space V0

𝑠,𝛽, 𝑠 < 0, 𝛽 < 𝛼 < −𝑑/2,

𝑃𝜏 ⇁ 𝑃∞, 𝜏 → ∞. (1.6)

This means the convergence of the integrals∫︁
V0

𝑠,𝛽

𝑓(𝑌 0)𝑃𝜏(𝑑𝑌
0) →

∫︁
V0

𝑠,𝛽

𝑓(𝑌 0)𝑃∞(𝑑𝑌 0) as 𝜏 → ∞

for any bounded continuous functional 𝑓 on V0
𝑠,𝛽. Furthermore, the limit mea-

sure 𝑃∞ is a Gaussian measure on the space V1
𝛼 supported by the solutions to

problem (1.1). Thus, the convergence (1.6) can be considered as an analog of the
central limit theorem for a class of solutions to the equations (1.1). The proof
of convergence (1.6) is based on the results of [5] and used the technique of the
works [10, 16]. Also, we check that the group 𝑆𝜏 is mixing w.r.t. the measure 𝑃∞,
i.e., for any 𝑓, 𝑔 ∈ 𝐿2(V1

𝛼, 𝑃∞),

lim
𝜏→∞

∫︁
V1

𝛼

𝑓(𝑆𝜏𝑌
0)𝑔(𝑌 0)𝑃∞(𝑑𝑌 0) =

∫︁
V1

𝛼

𝑓(𝑌 0)𝑃∞(𝑑𝑌 0)

∫︁
V1

𝛼

𝑔(𝑌 0)𝑃∞(𝑑𝑌 0). (1.7)

In particular, the group 𝑆𝜏 is ergodic w.r.t. the measure 𝑃∞, i.e.,

lim
𝑇→∞

1

𝑇

𝑇∫︁
0

𝑓(𝑆𝜏𝑌
0) 𝑑𝜏 =

∫︁
V1

𝛼

𝑓(𝑌 0)𝑃∞(𝑑𝑌 0) (mod𝑃∞).

Note that all results remain true for a more general case in which HL is the
Hamiltonian of the harmonic crystal, i.e.,

HL(𝑢, 𝑣) =
1

2

∑︁
𝑘∈Z𝑑

(︁ ∑︁
𝑘′∈Z𝑑

𝑢(𝑘) · 𝑉 (𝑘 − 𝑘′)𝑢(𝑘′) + |𝑣(𝑘)|2
)︁
,

where 𝑉 (𝑘) ∈ R𝑛 × R𝑛 and 𝑉 (𝑘) satisfies the conditions from [4], in particular,
|𝑉 (𝑘)| ≤ 𝐶𝑒−𝛾|𝑘| with some 𝛾 > 0 and 𝑉 𝑇 (−𝑘) = 𝑉 (𝑘) for any 𝑘 ∈ Z𝑑.

For continuous models described by partial differential equations, the behavior
of space-time statistical solutions was studied by Komech and Ratanov [10] for
wave equations and Ratanov [14] for parabolic equations. For Klein-Gordon
equations, the result was obtained in [3]. For infinite harmonic crystals, the
time evolution and ergodic properties of their equilibrium states were studied by
Lanford, Lebowitz [11] and by van Hemmen [7]. For system (1.1), the long-time
behavior of statistical solutions 𝜇𝑡 := [𝑊 (𝑡)]*𝜇0, where 𝑊 (𝑡) stands for the solving
operator of problem (1.3), was investigated in [5]. In this paper, we extend these
results to the space-time statistical solutions of problem (1.3).
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2. Main results
2.1. Bloch problem. The dynamics of (1.1) is invariant w.r.t. translations in
Z𝑑. Then, we can reduce system (1.1) to the Bloch problem on the torus. We first
split 𝑥 ∈ R𝑑 in the form 𝑥 = 𝑘+𝑦, 𝑘 ∈ Z𝑑, 𝑦 ∈ 𝐾𝑑

1 := [0,1]𝑑, and apply the Fourier
transform 𝐹𝑘→𝜃 to the solution 𝑌 (𝑘, 𝑡) :=

(︁
𝜓(𝑘+𝑦, 𝑡), 𝑢(𝑘, 𝑡), 𝜋(𝑘+𝑦, 𝑡), 𝑣(𝑘, 𝑡)

)︁
,

̃︀𝑌 (𝜃, 𝑡) := 𝐹𝑘→𝜃𝑌 (𝑘, 𝑡) ≡
∑︁
𝑘∈Z𝑑

𝑒𝑖𝑘𝜃𝑌 (𝑘, 𝑡) = ( ̃︀𝜓(𝜃, 𝑦, 𝑡), ̃︀𝑢(𝜃, 𝑡), ̃︀𝜋(𝜃, 𝑦, 𝑡), ̃︀𝑣(𝜃, 𝑡)),

𝜃 ∈ R𝑑, which is a version of the Bloch-Floquet transform. The functions 𝜓, 𝜋̃ are
periodic with respect to 𝜃 and quasi-periodic with respect to 𝑦, i.e.,

̃︀𝜓(𝜃, 𝑦 +𝑚, 𝑡) = 𝑒−𝑖𝑚𝜃 ̃︀𝜓(𝜃, 𝑦, 𝑡), ̃︀𝜋(𝜃, 𝑦 +𝑚, 𝑡) = 𝑒−𝑖𝑚𝜃̃︀𝜋(𝜃, 𝑦, 𝑡), 𝑚 ∈ Z𝑑.

Further, introduce the Zak transform of 𝑌 (·, 𝑡) (which is also known as Lifshitz-
Gelfand-Zak transform, cf [18], [13, p.5]) as

𝒵𝑌 (·, 𝑡) ≡ ̃︀𝑌Π(𝜃, 𝑡) := ( ̃︀𝜓Π(𝜃, 𝑦, 𝑡), ̃︀𝑢(𝜃, 𝑡), ̃︀𝜋Π(𝜃, 𝑦, 𝑡), ̃︀𝑣(𝜃, 𝑡)), (2.1)

where ̃︀𝜓Π(𝜃, 𝑦, 𝑡) := 𝑒𝑖𝑦𝜃 ̃︀𝜓(𝜃, 𝑦, 𝑡) and ̃︀𝜋Π(𝜃, 𝑦, 𝑡) := 𝑒𝑖𝑦𝜃̃︀𝜋(𝜃, 𝑦, 𝑡) are periodic
functions with respect to 𝑦 (and quasi-periodic with respect to 𝜃). Denote by
T𝑑1 := R𝑑/Z𝑑 the real unit 𝑑-torus. Set

̃︀𝑌Π(𝜃, 𝑟, 𝑡) ≡ ̃︀𝑌Π(𝜃, 𝑡) :=

{︂
( ̃︀𝜓Π(𝜃, 𝑦, 𝑡), ̃︀𝜋Π(𝜃, 𝑦, 𝑡)), 𝑟 = 𝑦 ∈ T𝑑1,
(𝑢̃(𝜃, 𝑡), 𝑣(𝜃, 𝑡)), 𝑟 = 0.

Therefore, problem (1.3) is equivalent to the problem on the torus 𝑦 ∈ T𝑑1 with
the parameter 𝜃 ∈ 𝐾𝑑 ≡ [0,2𝜋]𝑑,{︃ ̃̇︀𝑌 Π(𝜃, 𝑡) = ̃︀𝒜(𝜃)̃︀𝑌Π(𝜃, 𝑡), 𝑡 ∈ R̃︀𝑌Π(𝜃,0) = ̃︀𝑌0Π(𝜃)

⃒⃒⃒⃒
⃒ 𝜃 ∈ 𝐾𝑑.

Here ̃︀𝒜(𝜃) =

(︂
0 1

− ̃︀ℋ(𝜃) 0

)︂
, (2.2)

and ̃︀ℋ(𝜃) := 𝒵ℋ𝒵−1 is the “Schrödinger operator” on the torus T𝑑1,

̃︀ℋ(𝜃) =

(︂
(𝑖∇𝑦 + 𝜃)2 +𝑚2

0 𝑆(𝜃)

𝑆*(𝜃) 𝜔2
*(𝜃)

)︂
,
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where
𝜔2
*(𝜃) := 2(1 − cos 𝜃1) + · · · + 2(1 − cos 𝜃𝑑) + 𝜈20 ,(︁

𝑆(𝜃)𝑢̃(·)
)︁

(𝜃, 𝑦) := 𝑅̃Π(𝜃, 𝑦) · 𝑢̃(𝜃),(︁
𝑆*(𝜃)𝜓Π(𝜃, ·)

)︁
(𝜃) :=

∫︁
T𝑑
1

𝑅̃Π(−𝜃, 𝑦)𝜓Π(𝜃, 𝑦) 𝑑𝑦,⟨
𝜓Π(𝜃, ·), (𝑆(𝜃)𝑢̃)(𝜃, ·)

⟩
𝐿2(T𝑑

1)
= (𝑆*(𝜃)𝜓Π)(𝜃) · 𝑢̃(𝜃),

𝜓Π(𝜃, ·) ∈ 𝐻1(T𝑑1), 𝑢̃(𝜃) ∈ C𝑛.

2.2. Conditions on the coupled function 𝑅. Introduce the space 𝐻𝑠
1 :=

𝐻𝑠(T𝑑1) ⊕ C𝑛, 𝑠 ∈ R, where 𝐻𝑠(T𝑑1) stands for the Sobolev space.
We impose conditions R1–R4 on the coupling function 𝑅(𝑥) ∈ R𝑛.

R1 𝑅 ∈ 𝐶∞(R𝑑) and |𝑅(𝑥)| ≤ 𝑅̄ exp(−𝜀|𝑥|) with some 𝜀 > 0 and 𝑅̄ <∞.
R2 The operator ℋ̃(𝜃) is positive definite for 𝜃 ∈ 𝐾𝑑 ≡ [0,2𝜋]𝑑. This is

equivalent to the uniform bound

(𝑋0, ℋ̃(𝜃)𝑋0) ≥ 𝜅2‖𝑋0‖2𝐻1
1

for 𝑋0 ∈ 𝐻1
1 , 𝜃 ∈ 𝐾𝑑,

where 𝜅 > 0 is a constant and (·, ·) stands for the inner product in 𝐻0
1 ≡

𝐻0(T𝑑1) ⊕ C𝑛, i.e.,

(𝐹,𝐺) =

∫︁
T𝑑
1

𝐹 1(𝑦)𝐺1(𝑦) 𝑑𝑦+𝐹 2 ·𝐺2, 𝐹 = (𝐹 1, 𝐹 2), 𝐺 = (𝐺1, 𝐺2) ∈ 𝐻0
1 .

Remark. (i) Condition R2 ensures that the operator 𝑖𝒜(𝜃) is self-adjoint with
respect to the energy inner product. This corresponds to the hyperbolicity of
problem (1.1).

(ii) Condition R2 holds, in particular, if the following condition R2’ holds.

R2’.
∫︁
[0,1]𝑑

⃒⃒⃒ ∑︁
𝑘∈Z𝑑

𝑅(𝑘 + 𝑦)
⃒⃒⃒2
𝑑𝑦 < 𝜈20𝑚

2
0/2. Condition R2’ holds for the functions

𝑅 satisfying condition R1 with 𝑅̄𝜀−𝑑 ≪ 1.

Proposition 2.1. (see [5]) Let conditions R1 and R2 hold. Then (i) for any
𝑌0 ∈ ℰ , there exists a unique solution 𝑌 (𝑡) ∈ 𝐶(R, ℰ) to the Cauchy problem (1.3).
(ii) The operator 𝑊 (𝑡) : 𝑌0 ↦→ 𝑌 (𝑡) is continuous in ℰ for any 𝑡 ∈ R,

sup
|𝑡|≤𝑇

|||𝑊 (𝑡)𝑌0|||0,𝛼 ≤ 𝐶(𝑇 )|||𝑌0|||0,𝛼 (2.3)

if 𝛼 is even and 𝛼 ≤ −2.
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Corollary 2.2. It follows from (2.3) that for any 𝑌0 ∈ ℰ ,

|||𝑉 (𝑌0)|||𝛼,1,𝑇 ≤ 𝐶(𝑇 )‖𝑌0‖0,𝛼, ∀𝑇 > 0.

where the operator 𝑉 is defined in (1.4).
It follows from conditions R1 and R2 that, for a fixed 𝜃 ∈ 𝐾𝑑, the operator

ℋ̃(𝜃) is positive definite and self-adjoint in 𝐻0
1 and its spectrum is discrete.

Introduce the Hermitian positive-definite operator

Ω(𝜃) :=

√︁
ℋ̃(𝜃) > 0. (2.4)

Denote by 𝜔𝑙(𝜃) > 0 and 𝜒𝑙(𝜃, ·), 𝑙 = 1,2, . . . , the eigenvalues (“Bloch bands”) and
the orthonormal eigenvectors (“Bloch functions”, cf [17]) of the operator Ω(𝜃) in
𝐻0

1 , respectively. Note that 𝜒𝑙(𝜃, ·) ∈ 𝐻∞
1 := 𝐶∞(T𝑑1) ⊕ C𝑛.

Lemma 2.3. (see [17, 5]) There exists a closed subset 𝒞* ⊂ 𝐾𝑑 of zero Lebesgue
measure such that the following assertions hold.

(i) For every point Θ ∈ 𝐾𝑑 ∖ 𝒞* and 𝑁 ∈ N, there exists a neighborhood
𝒪(Θ) ⊂ 𝐾𝑑 ∖ 𝒞* such that each of the functions 𝜔𝑙(𝜃) and 𝜒𝑙(𝜃, ·), 𝑙 = 1, . . . , 𝑁 ,
can be chosen to be real-analytic on 𝒪(Θ).
(iii) The eigenvalues 𝜔𝑙(𝜃) have constant multiplicity in 𝒪(Θ), i.e., one can
enumerate them in such a way that for any 𝜃 ∈ 𝒪(Θ),

𝜔1(𝜃) ≡ . . . ≡ 𝜔𝑟1(𝜃) < 𝜔𝑟1+1(𝜃) ≡ . . . ≡ 𝜔𝑟2(𝜃) < . . . ,

𝜔𝑟𝜎(𝜃) ̸≡ 𝜔𝑟𝜈(𝜃) if 𝜎 ̸= 𝜈, 𝑟𝜎, 𝑟𝜈 ≥ 1,

(iii) The spectral decomposition holds,

Ω(𝜃) =
+∞∑︁
𝑙=1

𝜔𝑙(𝜃)𝑃𝑙(𝜃), 𝜃 ∈ 𝒪(Θ), (2.5)

where 𝑃𝑙(𝜃) are the orthogonal projectors in 𝐻0
1 onto the linear span of 𝜒𝑙(𝜃, ·),

and 𝑃𝑙(𝜃) and 𝜔𝑙(𝜃) depend on 𝜃 ∈ 𝒪(Θ) analytically.
Assume that system (1.3) satisfies the next conditions R3 and R4.
R3 For every Θ ∈ 𝐾𝑑 ∖ 𝒞*, 𝐷𝑙(𝜃) ̸≡ 0, 𝑙 = 1,2, . . . , where 𝐷𝑙(𝜃) :=

det
(︁𝜕2𝜔𝑙(𝜃)
𝜕𝜃𝑖𝜕𝜃𝑗

)︁𝑑
𝑖,𝑗=1

, 𝜃 ∈ 𝒪(Θ).

Remark 2.4. Write 𝒞𝑙 :=
⋃︀

Θ∈𝐾𝑑∖𝒞*
{𝜃 ∈ 𝒪(Θ) : 𝐷𝑙(𝜃) = 0}, 𝑙 = 1,2, . . .. If

conditions R1 and R2 hold, then mes 𝒞𝑙 = 0, 𝑙 = 1,2, . . . .
R4 For each 𝑙 ̸= 𝑙′, the identities 𝜔𝑙(𝜃) ± 𝜔𝑙′(𝜃) ≡ const±, 𝜃 ∈ 𝒪(Θ), don’t

hold with constants const± ̸= 0.
For example, conditions R3 and R4 hold if 𝑅 = 0.
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2.3. Conditions on the initial measure. We assume that the initial data 𝑌0
in (1.3) is a measurable random function with values in (ℰ , ℬ(ℰ)). Recall that 𝜇0
is a Borel probability measure on ℰ which is the distribution of 𝑌0. Let E stand
for the mathematical expectation w.r.t. this measure.

Definition 2.5. (i) Write 𝒟 = [𝐷𝐹 ⊕𝐷𝐿]2 with 𝐷𝐹 ≡ 𝐶∞
0 (R𝑑), and let 𝐷𝐿 be

the set of vector sequences 𝑢(𝑘) ∈ R𝑛, 𝑘 ∈ Z𝑑, such that 𝑢(𝑘) = 0 for 𝑘 ∈ Z𝑑
outside a finite set.

(ii) For a probability measure 𝜇 on ℰ, we denote by 𝜇̂ its characteristic
functional (Fourier transform),

𝜇̂(𝑍) ≡
∫︁

exp(𝑖⟨𝑌, 𝑍⟩)𝜇(𝑑𝑌 ), 𝑍 ∈ 𝒟.

Here ⟨·, ·⟩ stands for the inner product in 𝐿2(P) ⊗R𝑁 with different 𝑁 = 1,2, . . . ,

⟨𝑌, 𝑍⟩ :=
1∑︁
𝑖=0

⟨𝑌 𝑖, 𝑍𝑖⟩, 𝑌 = (𝑌 0, 𝑌 1), 𝑍 = (𝑍0, 𝑍1),

⟨𝑌 𝑖, 𝑍𝑖⟩ :=

∫︁
P

𝑌 𝑖(𝑝)𝑍 𝑖(𝑝) 𝑑𝑝 ≡
∫︁
R𝑑

𝜓𝑖(𝑥)𝜉𝑖(𝑥) 𝑑𝑥+
∑︁
𝑘∈Z𝑑

𝑢𝑖(𝑘) · 𝜒𝑖(𝑘),

where 𝑌 𝑖 = (𝜓𝑖, 𝑢𝑖), 𝑍 𝑖 = (𝜉𝑖, 𝜒𝑖).
(iii) A measure 𝜇 is called Gaussian (of zero mean) if its characteristic

functional has the form 𝜇̂(𝑍) = exp{−𝒬(𝑍,𝑍)/2}, where 𝒬 is a real-valued
nonnegative quadratic form in 𝒟.

Definition 2.6. Denote by 𝑄0(𝑝, 𝑝
′) =

(︁
𝑄𝑖𝑗

0 (𝑝, 𝑝′)
)︁
𝑖,𝑗=0,1

the correlation matrix

of the measure 𝜇0, where

𝑄𝑖𝑗
0 (𝑝, 𝑝′) ≡ E

(︁
𝑌 𝑖(𝑝) ⊗ 𝑌 𝑗(𝑝′)

)︁
, 𝑖, 𝑗 = 0,1, 𝑝, 𝑝′ ∈ P, (2.6)

where the convergence of the integral in (2.6) is understood in the sense of
distributions, i.e., for any 𝑍1, 𝑍2 ∈ 𝐷𝐹 ⊕𝐷𝐿,

⟨𝑄𝑖𝑗
0 (𝑝, 𝑝′), 𝑍1(𝑝) ⊗ 𝑍2(𝑝

′)⟩ := E⟨𝑌 𝑖(𝑝), 𝑍1(𝑝)⟩⟨𝑌 𝑗(𝑝′), 𝑍2(𝑝
′)⟩.

Denote by 𝒬0(𝑍,𝑍) a real-valued quadratic form on 𝒟 with the matrix kernel
𝑄0(𝑝, 𝑝

′).
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We impose conditions S1–S4 on the initial measure 𝜇0.

S1. 𝜇0 has zero mean value, i.e., E (𝑌0(𝑝)) = 0, 𝑝 ∈ P.

S2. The correlation functions 𝑄𝑖𝑗
0 (𝑝, 𝑝′) satisfy the bound

|𝑄𝑖𝑗
0 (𝑝, 𝑝′)| ≤ ℎ(|𝑝− 𝑝′|), 𝑝, 𝑝′ ∈ P, (2.7)

where ℎ is a nonnegative bounded function and 𝑟𝑑−1ℎ(𝑟) ∈ 𝐿1(0,+∞).

S3. The correlation matrix 𝑄0(𝑝, 𝑝
′), 𝑝, 𝑝′ ∈ P, is translation invariant w.r.t.

the shifts in Z𝑑, i.e.,

𝑄0(𝑝+ 𝑘, 𝑝′ + 𝑘) = 𝑄0(𝑝, 𝑝
′), 𝑝, 𝑝′ ∈ P, for any 𝑘 ∈ Z𝑑. (2.8)

Definition 2.7. Let 𝒜 be an open convex set in P. Denote by 𝜎(𝒜) a 𝜎-algebra in
ℰ generated by the linear functionals 𝑌 ↦→ ⟨𝑌, 𝑍⟩, where 𝑍 ∈ 𝒟 with supp𝑍 ⊂ 𝒜.
Introduce the Ibragimov mixing coefficient of the measure 𝜇0 by the rule

𝜙(𝑟) ≡ sup
𝒜,ℬ ⊂ P :

dist(𝒜,ℬ) ≥ 𝑟

sup
𝐴 ∈ 𝜎(𝒜), 𝐵 ∈ 𝜎(ℬ)

𝜇0(𝐵) > 0

|𝜇0(𝐴 ∩𝐵) − 𝜇0(𝐴)𝜇0(𝐵)|
𝜇0(𝐵)

.

The measure 𝜇0 satisfies Ibragimov’s strong uniform mixing condition if 𝜙(𝑟) → 0
as 𝑟 → ∞ (cf. [9, Definition 17.2.2]).

S4. The initial mean energy densities are uniformly bounded,

𝑒𝐹 (𝑥) := E(|∇𝜓0(𝑥)|2 + |𝜓0(𝑥)|2 + |𝜋0(𝑥)|2) ≤ 𝑒𝐹 <∞, a.a. 𝑥 ∈ R𝑑,

𝑒𝐿 := E(|𝑢0(𝑘)|2 + |𝑣0(𝑘)|2) <∞, 𝑘 ∈ Z𝑑.

Moreover, 𝜇0 satisfies Ibragimov’s strong uniform mixing condition, and
𝑟𝑑−1𝜙1/2(𝑟) ∈ 𝐿1(0,+∞).

Remark 2.8. (i) Condition S2 implies that for any 𝐹,𝐺 ∈ L2 := [𝐿2(P, 𝑑𝑝)]2,
𝐿2(P, 𝑑𝑝) := 𝐿2(R𝑑) ⊕ [𝑙2(Z𝑑)]𝑛,

|𝒬0(𝐹,𝐺)| ≡ |⟨𝑄0(𝑝, 𝑝
′), 𝐹 (𝑝) ⊗𝐺(𝑝′)⟩| ≤ 𝐶‖𝐹‖L2‖𝐺‖L2. (2.9)

This follows from the bound (2.7) applying either the Shur test (see, e.g., [12,
p.223]) or Young’s inequality (see, e.g., [15, Theorem 0.3.1]).

(ii) Conditions S1 and S4 imply the bound (2.7) with the function ℎ(𝑟) =
𝐶 max{𝑒𝐹 , 𝑒𝐿}𝜙1/2(𝑟). This follows from [9, Lemma 17.2.3].
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2.4. The convergence of space–time statistical solutions. Write 𝒟0 =
𝐷𝐹 ⊕ 𝐷𝐿. Let [·, ·] stand for the inner product in 𝐿2(R;𝐿2(P; 𝑑𝑝)) (or in its
extensions),

[𝐹1, 𝐹2] :=

+∞∫︁
−∞

𝑑𝑡

∫︁
P

𝐹1(𝑝, 𝑡)𝐹2(𝑝, 𝑡) 𝑑𝑝

=

+∞∫︁
−∞

⎛⎝∫︁
R𝑑

𝜓1(𝑥, 𝑡)𝜓2(𝑥, 𝑡)𝑑𝑥+
∑︁
𝑘∈Z𝑑

𝑢1(𝑘, 𝑡) · 𝑢2(𝑘, 𝑡)

⎞⎠ 𝑑𝑡,

where 𝐹𝑖 ≡ 𝐹𝑖(𝑝, 𝑡) ≡ (𝜓𝑖(𝑥, 𝑡), 𝑢𝑖(𝑘, 𝑡)), 𝑖 = 1,2.

Definition 2.9. Denote by 𝑄𝑃
𝜏 (𝑝1, 𝑝2, 𝑡1, 𝑡2), 𝑝1, 𝑝2 ∈ P, 𝑡1, 𝑡2 ∈ R, the correlation

functions of the measures 𝑃𝜏 , 𝜏 ∈ R, introduced in Definition 1.5. For any
𝐹1, 𝐹2 ∈ 𝒟0, write

𝒬𝑃
𝜏 (𝐹1, 𝐹2) := [𝑄𝑃

𝜏 , 𝐹1 ⊗ 𝐹2] =

∫︁
[𝑌 0, 𝐹1][𝑌

0, 𝐹2]𝑃𝜏(𝑑𝑌
0)

=

+∞∫︁
−∞

𝑑𝑡1

+∞∫︁
−∞

𝑑𝑡2

∫︁
P

𝑄𝑃
𝜏 (𝑝1, 𝑝2, 𝑡1, 𝑡2)𝐹1(𝑝1, 𝑡1)𝐹2(𝑝2, 𝑡2) 𝑑𝑝, 𝜏 ∈ R.

Introduce the adjoint operator 𝑉 ′ to the operator 𝑉 by the rule

[𝑉 𝑌, 𝐹 ] = ⟨𝑌, 𝑉 ′𝐹 ⟩ for 𝑌 ∈ ℰ and 𝐹 ∈ 𝒟0.

The main result of the paper is the following theorem.

Theorem 2.10. Let conditions R1–R4 be fulfilled. Then the following assertions
hold.

(i) Let conditions S1 and S2 be fulfilled. Then the bounds are true:

sup
𝜏≥0

∫︁
|||𝑌 0|||2𝛼,1,𝑇𝑃𝜏(𝑑𝑌 0) ≤ 𝐶(𝛼) <∞, ∀𝑇 > 0, (2.10)

where the constant 𝐶(𝛼) does not depend on 𝑇 > 0.
(ii) Let conditions S1–S3 be fulfilled. Then the correlation functions of 𝑃𝜏

converge to a limit as 𝜏 → ∞. Moreover, for any 𝐹1, 𝐹2 ∈ 𝒟0,

𝒬𝑃
𝜏 (𝐹1, 𝐹2) → 𝒬𝑃

∞(𝐹1, 𝐹2) as 𝜏 → ∞, (2.11)
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where
𝒬𝑃

∞(𝐹1, 𝐹2) = 𝒬∞(𝑉 ′𝐹1, 𝑉
′𝐹2), (2.12)

the quadratic form 𝒬∞ is defined in (3.3) below.
(iii) Let conditions S1, S3, and S4 be fulfilled. Then the convergence (1.6)

holds. The limit measure 𝑃∞ is a Gaussian measure on the space V1
𝛼 supported

by the solutions to problem (1.1).
(iv) The measure 𝑃∞ is invariant w.r.t. the shifts in time and the translations

in Z𝑑, and (1.7) holds.

Remark If the initial measure 𝜇0 is Gaussian, then convergence (1.6) follows
from convergence (2.11). In the general case, this doesn’t hold. Furthermore, the
weak convergence of the measures 𝑃𝜏 doesn’t imply, in general, the convergence of
their correlation matrices. Therefore, the last fact we prove separately.

3. Proof
3.1. The convergence of statistical solutions. Introduce the statistical so-
lutions 𝜇𝑡, 𝑡 ∈ R, to problem (1.3).

Definition 3.1. The measure 𝜇𝑡 is a Borel probability measure in ℰ giving the
distribution of the random solution 𝑌 (𝑡),

𝜇𝑡(𝐵) = 𝜇0(𝑊 (−𝑡)𝐵), ∀𝐵 ∈ ℬ(ℰ), 𝑡 ∈ R.

The correlation functions of the measure 𝜇𝑡, 𝑡 ∈ R, are defined by

𝑄𝑖𝑗
𝑡 (𝑝, 𝑝′) ≡ E

(︁
𝑌 𝑖(𝑝, 𝑡) ⊗ 𝑌 𝑗(𝑝′, 𝑡)

)︁
, 𝑖, 𝑗 = 0,1, 𝑝, 𝑝′ ∈ P. (3.1)

Here 𝑌 𝑖(𝑝, 𝑡) are the components of the random solution 𝑌 (𝑡) = (𝑌 0(·, 𝑡), 𝑌 1(·, 𝑡)).
Denote by 𝒬𝑡(𝑍,𝑍) a quadratic form on 𝒟 with the matrix kernel 𝑄𝑡(𝑝, 𝑝

′),

𝒬𝑡(𝑍,𝑍) =

∫︁
|⟨𝑌, 𝑍⟩|2𝜇𝑡(𝑑𝑌 ) = ⟨𝑄𝑡(𝑝, 𝑝

′), 𝑍(𝑝) ⊗ 𝑍(𝑝′)⟩, 𝑍 ∈ 𝒟.

Since 𝑌 𝑖(𝑝, 𝑡) = (𝜓𝑖(𝑥, 𝑡), 𝑢𝑖(𝑘, 𝑡)), we rewrite formula (3.1) as follows:

𝑄𝑖𝑗
𝑡 (𝑝, 𝑝′) = E[𝑌 𝑖(𝑝, 𝑡) ⊗ 𝑌 𝑗(𝑝′, 𝑡)]

=

⎛⎝ E
(︁
𝜓𝑖(𝑥, 𝑡) ⊗ 𝜓𝑗(𝑥′, 𝑡)

)︁
E
(︁
𝜓𝑖(𝑥, 𝑡) ⊗ 𝑢𝑗(𝑘′, 𝑡)

)︁
E
(︁
𝑢𝑖(𝑘, 𝑡) ⊗ 𝜓𝑗(𝑥′, 𝑡)

)︁
E
(︁
𝑢𝑖(𝑘, 𝑡) ⊗ 𝑢𝑗(𝑘′, 𝑡)

)︁ ⎞⎠
≡

(︃
𝑄𝜓𝑖𝜓𝑗

𝑡 (𝑥, 𝑥′) 𝑄𝜓𝑖𝑢𝑗

𝑡 (𝑥, 𝑘′)

𝑄𝑢𝑖𝜓𝑗

𝑡 (𝑘, 𝑥′) 𝑄𝑢𝑖𝑢𝑗
𝑡 (𝑘, 𝑘′)

)︃
, 𝑖, 𝑗 = 0,1, 𝑡 ∈ R.
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Let us rewrite the correlation matrices 𝑄𝑖𝑗
𝑡 (𝑝, 𝑝′) using condition S3. Introduce

the splitting 𝑝 = 𝑘 + 𝑟, where 𝑘 ∈ Z𝑑 and 𝑟 ∈ 𝐾𝑑
1 ∪ 0, i.e.,

𝑟 =

{︂
𝑥− [𝑥] ∈ 𝐾𝑑

1 , if 𝑝 = 𝑥 ∈ R𝑑,
0, if 𝑝 = 𝑘 ∈ Z𝑑.

Since the group 𝑊 (𝑡) commutes with translations in Z𝑑, condition S3 implies that

𝑄𝑡(𝑘 + 𝑝, 𝑘 + 𝑝′) = 𝑄𝑡(𝑝, 𝑝
′), 𝑡 ∈ R, 𝑘 ∈ Z𝑑.

Hence,

𝑄𝑖𝑗
𝑡 (𝑘+𝑟, 𝑘′+𝑟′) =: 𝑞𝑖𝑗𝑡 (𝑘−𝑘′, 𝑟, 𝑟′) ≡

(︃
𝑞𝜓

𝑖𝜓𝑗

𝑡 (𝑘−𝑘′+𝑟, 𝑟′) 𝑞𝜓
𝑖𝑢𝑗

𝑡 (𝑘−𝑘′+𝑟)
𝑞𝑢

𝑖𝜓𝑗

𝑡 (𝑘′ − 𝑘 + 𝑟′) 𝑞𝑢
𝑖𝑢𝑗
𝑡 (𝑘 − 𝑘′)

)︃
.

Using the Zak transform (2.1), introduce the following matrices

𝑄̃𝑖𝑗
𝑡 (𝜃, 𝑟, 𝜃′, 𝑟′) := E[𝑌 𝑖

Π(𝜃, 𝑟, 𝑡) ⊗ 𝑌 𝑗
Π(𝜃′, 𝑟′, 𝑡)], 𝜃, 𝜃′ ∈ 𝐾𝑑, 𝑟, 𝑟′ ∈ ℛ ≡ T𝑑1 ∪ 0.

Hence,

𝑄̃𝑖𝑗
𝑡 (𝜃, 𝑟, 𝜃′, 𝑟′) = (2𝜋)𝑑𝛿(𝜃 − 𝜃′)𝑞𝑖𝑗𝑡 (𝜃, 𝑟, 𝑟′), 𝜃, 𝜃′ ∈ 𝐾𝑑, 𝑟, 𝑟′ ∈ ℛ, 𝑡 ∈ R,

where

𝑞𝑖𝑗𝑡 (𝜃, 𝑟, 𝑟′) = 𝑒𝑖(𝑟−𝑟
′)𝜃
∑︁
𝑘∈Z𝑑

𝑒𝑖𝑘𝜃𝑞𝑖𝑗𝑡 (𝑘, 𝑟, 𝑟′) =

(︃
𝑞𝜓

𝑖𝜓𝑗

𝑡 (𝜃, 𝑦, 𝑦′) 𝑞𝜓
𝑖𝑢𝑗

𝑡 (𝜃, 𝑦)

𝑞𝑢
𝑖𝜓𝑗

𝑡 (𝜃, 𝑦′) 𝑞𝑢
𝑖𝑢𝑗
𝑡 (𝜃)

)︃
. (3.2)

Introduce the correlation matrix for the limiting measure 𝜇∞. For 𝑍 ∈ 𝒟,
write

𝒬∞(𝑍,𝑍) := ⟨𝑄∞(𝑝, 𝑝′), 𝑍(𝑝) ⊗ 𝑍(𝑝′)⟩

= (2𝜋)−𝑑
∫︁
𝐾𝑑

(︁
𝑞∞(𝜃), 𝑍Π(𝜃, ·) ⊗ 𝑍Π(𝜃, ·)

)︁
𝑑𝜃, (3.3)

where 𝑞∞(𝜃) is the operator-valued function given by the rule

𝑞∞(𝜃) :=
+∞∑︁
𝑙=1

𝑃𝑙(𝜃)
1

2

(︂
𝑞000 (𝜃) + ℋ̃−1(𝜃)𝑞110 (𝜃) 𝑞010 (𝜃) − 𝑞100 (𝜃)

𝑞100 (𝜃) − 𝑞010 (𝜃) ℋ̃(𝜃)𝑞000 (𝜃) + 𝑞110 (𝜃)

)︂
𝑃𝑙(𝜃),

(3.4)
for 𝜃 ∈ 𝐾𝑑 ∖𝒞*. Here the symbol 𝑞𝑖𝑗0 (𝜃) = Op

(︁
(𝑞𝑖𝑗0 (𝜃, 𝑟, 𝑟′)

)︁
stands for the integral

operator with the integral kernel 𝑞𝑖𝑗0 (𝜃, 𝑟, 𝑟′), 𝑟, 𝑟′ ∈ ℛ = T𝑑1∪{0} (see formula (3.2)
with 𝑡 = 0), and 𝑃𝑙(𝜃) is the spectral projection operator introduced in (2.5).
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Theorem 3.2. (see [5]) Let conditions R1–R4 hold. Then the following asser-
tions are valid.

(i) Let conditions S1 and S2 hold. Then

sup
𝑡∈R

∫︁
‖𝑌 ‖20,𝛼 𝜇𝑡(𝑑𝑌 ) ≤ 𝐶 <∞. (3.5)

(ii) Let conditions S1–S3 hold. Then the correlation functions of the mea-
sures 𝜇𝑡 converge to a limit. For any 𝑍1, 𝑍2 ∈ 𝒟,

𝒬𝑡(𝑍1, 𝑍2) → 𝒬∞(𝑍1, 𝑍2), 𝑡→ ∞,

where the quadratic form 𝒬∞ is defined in (3.3).
(iii) The measures 𝜇𝑡 weakly converge to a limiting measure 𝜇∞ on the space

ℰ𝑠,𝛽 with any 𝑠 < 0 and 𝛽 < 𝛼 < −𝑑/2. The measure 𝜇∞ is Gaussian in ℰ ≡ ℰ0,𝛼,
its characteristic functional is of a form

𝜇̂∞(𝑍) = exp{−𝒬∞(𝑍,𝑍)/2}, 𝑍 ∈ 𝒟.

(iv) The measure 𝜇∞ is time stationary, i.e., [𝑊 (𝑡)]*𝜇∞ = 𝜇∞, 𝑡 ∈ R.

Proof of Theorem 2.10 (i) At first, note that

𝑃𝜏(𝜔) = 𝜇𝜏(𝑉
−1𝜔) for any 𝜔 ∈ ℬ(V1

𝛼) and 𝜏 > 0, (3.6)

where 𝜇𝜏 is defined in Definition 3.1 and the operator 𝑉 in (1.4). To prove the
bound (2.10), we apply (3.6) and obtain∫︁

|||𝑌 0|||2𝛼,1,𝑇𝑃𝜏(𝑑𝑌 0) =

∫︁
|||𝑉 𝑌 |||2𝛼,1,𝑇 𝜇𝜏(𝑑𝑌 ) = sup

|𝑠|≤𝑇

∫︁
‖𝑊 (𝑠)𝑌 ‖20,𝛼 𝜇𝜏(𝑑𝑌 )

= sup
|𝑠|≤𝑇

∫︁
‖𝑌 ‖20,𝛼 𝜇𝑠+𝜏(𝑑𝑌 ) ≤ sup

𝑡∈R
E‖𝑊 (𝑡)𝑌 ‖20,𝛼 ≤ 𝐶 <∞

by the bound (3.5). The assertion (i) is proved.
(ii) Let 𝑌 0(𝑡) ≡ (𝜓(𝑥, 𝑡), 𝑢(𝑘, 𝑡)) be a solution to problem (1.1) with the

initial data 𝑌0. Then, for any 𝐹 ∈ 𝒟0,

[𝑌 0, 𝐹 ] = [𝑉 𝑌0, 𝐹 ] = ⟨𝑌0, 𝑉 ′𝐹 ⟩, (3.7)

where 𝑉 ′ is the adjoint operator to the operator 𝑉 . Using (3.6) and (3.7) gives
the following equality for any 𝐹1, 𝐹2 ∈ 𝒟0:

𝒬𝑃
𝜏 (𝐹1, 𝐹2) =

∫︁
[𝑉 𝑌, 𝐹1][𝑉 𝑌, 𝐹2]𝜇𝜏(𝑑𝑌 ) =

∫︁
⟨𝑌, 𝑉 ′𝐹1⟩⟨𝑌, 𝑉 ′𝐹2⟩𝜇𝜏(𝑑𝑌 )

= ⟨𝑄𝜏(𝑝, 𝑝
′), 𝑉 ′𝐹1(𝑝) ⊗ 𝑉 ′𝐹2(𝑝

′)⟩ ≡ 𝒬𝜏(𝑉
′𝐹1, 𝑉

′𝐹2).
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Then, the convergence (2.11) follows from the following four facts:
(a) the quadratic form 𝒬𝜏(𝑍,𝑍) converges to a limit for any 𝑍 ∈ 𝒟 (see

Theorem 3.2 (ii));
(b) 𝒟 is dense in ℒ := 𝐿2(R𝑑) ⊕ [ℓ2(Z𝑑)]𝑛 ⊕𝐻1(R𝑑) ⊕ [ℓ2(Z𝑑)]𝑛 (evidently);
(c) the quadratic forms 𝒬𝜏(𝑍,𝑍), 𝜏 ∈ R, are equicontinuous in ℒ;
(d) 𝑉 ′𝐹 ∈ ℒ for any 𝐹 ∈ 𝒟0.

To prove fact (c) we introduce the operator 𝑊 ′(𝑡) which is adjoint to the operator
𝑊 (𝑡):

⟨𝑊 (𝑡)𝑌, 𝑍⟩ = ⟨𝑌,𝑊 ′(𝑡)𝑍⟩, 𝑌 ∈ ℰ , 𝑍 ∈ 𝒟.
Therefore, the equicontinuity of the quadratic forms 𝒬𝜏 follows from bound (2.9).
Indeed,

|𝒬𝜏(𝑍,𝑍)| = |𝒬0(𝑊
′(𝜏)𝑍,𝑊 ′(𝜏)𝑍)| ≤ 𝐶‖𝑊 ′(𝜏)𝑍‖2L2 ≤ 𝐶1‖𝑍‖2ℒ , (3.8)

where the constant 𝐶1 doesn’t depend on 𝜏 ∈ R. The last inequality in (3.8) is
proved in [5, formula (5.4)].

To check fact (d) we write the operator 𝑉 ′ using the operator 𝑊 ′(𝑡):

𝑉 ′𝐹 =

+∞∫︁
−∞

𝑊 ′(𝑡)𝐹 𝑑𝑡, where 𝐹 := (𝐹,0), 𝐹 ∈ 𝒟0. (3.9)

By [5, formulas (5.4) and (7.5)], we have ‖𝑊 ′(𝑡)𝑍‖ℒ ≤ 𝐶‖𝑍‖ℒ. Hence, for 𝐹 ∈ 𝒟0,

‖𝑉 ′𝐹‖ℒ ≤
+∞∫︁

−∞

‖𝑊 ′(𝑡)𝐹 (·, 𝑡)‖ℒ 𝑑𝑡 ≤ 𝐶

+∞∫︁
−∞

‖𝐹 (·, 𝑡)‖𝐿2(P) 𝑑𝑡 ≤ 𝐶2 <∞.

The assertion (ii) of Theorem 2.10 is proved.
(iii) To establish the weak convergence of the measures 𝑃𝜏 on the space V0

𝑠,𝛽

it is enough to prove the following two assertions (A1) and (A2):
(A1) The family of measures {𝑃𝜏 , 𝜏 ∈ R} is weakly compact in V0

𝑠,𝛽;
(A2) The characteristic functionals of 𝑃𝜏 converge to a limit as 𝜏 → ∞.
The first (second) assertion provides the existence (resp., uniqueness) of the limit
measures 𝑃∞.

The bound (2.10) and the Prokhorov theorem (see, e.g., [6]) imply asser-
tion (A1). This can be proved using the technique of [16, Theorem XII.5.2] and
the Dubinskii embedding theorems (see, e.g., [2] or [16, Theorem IV.4.1]).

To prove assertion (A2) we apply (3.6) and (3.7), and obtain for any 𝐹 ∈ 𝒟0

𝑃𝜏(𝐹 ) :=

∫︁
𝑒𝑖[𝑌

0,𝐹 ]𝑃𝜏(𝑑𝑌
0) =

∫︁
𝑒𝑖⟨𝑌,𝑉

′𝐹 ⟩𝜇𝜏(𝑑𝑌 ) =: 𝜇̂𝜏(𝑉
′𝐹 ).



– 18 –

Then, convergence of 𝑃𝜏 (𝐹 ) to a limit as 𝜏 → ∞ follows from the following facts:
(a’) 𝜇̂𝜏 (𝑍) converges to a limit as 𝜏 → ∞ for any 𝑍 ∈ 𝒟 (Theorem 3.2 (iii));
(b’) 𝒟 is dense in ℒ (evidently);
(c’) the characteristic functionals 𝜇̂𝜏(𝑍), 𝜏 ∈ R, are equicontinuous in ℒ;
(d’) 𝑉 ′𝐹 ∈ ℒ for any 𝐹 ∈ 𝒟0 (this is proved above).

It remains to check the equicontinuity of 𝜇̂𝜏(𝑍), 𝜏 ∈ R. Indeed, by the Cauchy-
Schwartz inequality and (3.8), one obtains

|𝜇̂𝜏(𝑍1) − 𝜇̂𝜏(𝑍2)| =
⃒⃒⃒ ∫︁ (︁

𝑒𝑖⟨𝑌,𝑍1⟩ − 𝑒𝑖⟨𝑌,𝑍2⟩
)︁
𝜇𝜏(𝑑𝑌 )

⃒⃒⃒
≤
∫︁ ⃒⃒⃒

𝑒𝑖⟨𝑌,𝑍1−𝑍2⟩ − 1
⃒⃒⃒
𝜇𝜏(𝑑𝑌 )

≤
∫︁

|⟨𝑌, 𝑍1 − 𝑍2⟩| 𝜇𝜏(𝑑𝑌 ) ≤

√︃∫︁
|⟨𝑌, 𝑍1 − 𝑍2⟩|2 𝜇𝜏(𝑑𝑌 )

=
√︀

𝒬𝜏(𝑍1 − 𝑍2, 𝑍1 − 𝑍2) ≤ 𝐶‖𝑍1 − 𝑍2‖ℒ.

Assertion (A2) and then, item (iii) of Theorem 2.10 is proved. The invariance of
the measure 𝑃∞ w.r.t. the shifts in time follows from convergence (1.6).

Remark. Now we simplify formula (2.12) using (3.4). Denote by𝐺𝑖𝑗
𝑡 (𝜃), 𝑖, 𝑗,= 0,1,

the entries of the matrix-valued operator 𝐺𝑡(𝜃) defined by the rule

𝐺𝑡(𝜃) := 𝑒
̃︀𝒜(𝜃)𝑡 =

(︂
cos Ω(𝜃)𝑡 sin Ω(𝜃)𝑡Ω−1(𝜃)

−Ω(𝜃) sin Ω(𝜃)𝑡 cos Ω(𝜃)𝑡

)︂
, 𝜃 ∈ 𝐾𝑑,

where the functions 𝒜(𝜃) and Ω(𝜃) are introduced in (2.2) and (2.4), respectively.
Therefore, by (3.9),

(̃︂𝑉 ′𝐹 )Π(𝜃, 𝑟) =

+∞∫︁
−∞

𝑒𝒜
𝑇 (𝜃)𝑡 ̃⃗︀𝐹Π(𝜃, 𝑟, 𝑡) 𝑑𝑡 =

+∞∫︁
−∞

(︀
𝐺00
𝑡 (𝜃), 𝐺01

𝑡 (𝜃)
)︀ ̃︀𝐹Π(𝜃, 𝑟, 𝑡) 𝑑𝑡.

Hence, by (2.12) and (3.3),

𝒬𝑃
∞(𝐹1, 𝐹2) = (2𝜋)−𝑑

∫︁
𝐾𝑑

(︁
𝑞∞(𝜃), (𝑉 ′𝐹1)Π(𝜃, ·) ⊗ (𝑉 ′𝐹2)Π(𝜃, ·)

)︁
𝑑𝜃

= (2𝜋)−𝑑
+∞∫︁

−∞

𝑑𝑡1

+∞∫︁
−∞

𝑑𝑡2

∫︁
𝐾𝑑

1∑︁
𝑖,𝑗=0

(︁
𝐺0𝑖
𝑡1

(𝜃)𝑞𝑖𝑗∞(𝜃)𝐺0𝑗
𝑡2 (𝜃),̃︁𝐹1Π(𝜃, ·) ⊗̃︁𝐹2Π(𝜃, ·)

)︁
𝑑𝜃.

Hence, due to (3.4), the correlation function of the measure 𝑃∞ has the form

𝑄𝑃
∞(𝑘+𝑟, 𝑘′+𝑟′, 𝑡1, 𝑡2) =: 𝑞𝑃∞(𝑘−𝑘′, 𝑟, 𝑟′, 𝑡1−𝑡2), 𝑘, 𝑘′ ∈ Z𝑑, 𝑟, 𝑟′ ∈ ℛ, 𝑡1, 𝑡2 ∈ R,
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where 𝑞𝑃∞(𝜃, 𝑟, 𝑟′, 𝑡) := cos Ω(𝜃)𝑡 𝑞00∞(𝜃, 𝑟, 𝑟′) − sin Ω(𝜃)𝑡Ω−1(𝜃) 𝑞01∞(𝜃, 𝑟, 𝑟′), 𝑞𝑖𝑗∞ are
entries of the matrix 𝑞∞ defined in (3.4).

Now we verify the mixing property (1.7) for the limit measure 𝑃∞. Since 𝑃∞
is Gaussian with zero mean value, it is enough to prove that for any 𝐹1, 𝐹2 ∈ 𝒟0,

𝐼𝜏 := E∞
(︀
[𝑆𝜏𝑌

0, 𝐹1][𝑌
0, 𝐹2]

)︀
→ 0 as 𝜏 → ∞, (3.10)

where E∞ denotes the integral w.r.t. the measure 𝑃∞, 𝑆𝜏 is defined in (1.5).
Indeed, using (3.6), (3.7) and (3.3), we obtain

𝐼𝜏 = (2𝜋)−𝑑
∫︁
𝐾𝑑

(︂
𝑞∞(𝜃), ˜(𝑉 ′𝑆−1

𝜏 𝐹1)Π(𝜃, ·) ⊗ (̃𝑉 ′𝐹2)Π(𝜃, ·)
)︂
𝑑𝜃

=
∑︁
±,𝑙

(2𝜋)−𝑑
∫︁

𝐾𝑑∖𝒞*

𝑒±𝑖𝜔𝑙(𝜃)𝜏𝑐𝑙±(𝜃) 𝑑𝜃, (3.11)

where

𝑐𝑙±(𝜃) :=
1

2

+∞∫︁
−∞

𝑑𝑡1

+∞∫︁
−∞

𝑒±𝑖𝜔𝑙(𝜃)(𝑡1−𝑡2)
(︁
𝑃𝑙(𝜃)𝑀𝑙(𝜃)𝑃𝑙(𝜃),̃︁𝐹1Π(𝜃, ·, 𝑡1) ⊗̃︁𝐹2Π(𝜃, ·, 𝑡2)

)︁
𝑑𝑡2.

Here 𝑀𝑙(𝜃) :=
[︀
𝑞00∞(𝜃) ± 𝑖𝜔−1

𝑙 (𝜃)𝑞01∞(𝜃)
]︀
, 𝜔𝑙(𝜃) and 𝑃𝑙(𝜃) are introduced in Lem-

ma 2.3. The oscillatory integrals in (3.11) vanish by the Lebesgue-Riemann
theorem, because 𝑐𝑙± ∈ 𝐿1(𝐾𝑑). This can be proved using the technique from [5,
Sec. 7].
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