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I1. A. baxBaJioB

MeTto OKanbHBIX pa3OUEeHUI Il TUCKpeTH3aluu Ju(dPy3MOHHBIX UYJICHOB
B pEOEPHO-OPUEHTUPOBAHHBIX CXEMax

[Ipennaraercs MeTOA  JIOKaJIbHBIX  pa3OMEHU Uil  anmpoKCUMAIuU
mudGy3noHHBIX WieHOB ypaBHeHHM HaBbe — CTokca Ha HECTPYKTYpUPOBAHHBIX
CETKaX, COCTOSIIIMX W3 3JIEMEHTOB PA3JIUYHBIX THUIIOB. ODTOT METOJ SBIISIETCA
JIMHEWHBIM; OH CXOXK C KJIaCCHUYECKUM METOAOM [ ai€pkuHa ¢ KyCOYHO-JIMHEHHBIMU
0a3uCHbIMM (YHKIMSIMH W COBIAJAeT C HUM Ha CUMIUIMIMAIbHBIX CETKaX.
Ha cTpykTypHpOBaHHBIX CETKax JOKa3bIBAETCA BTOPOM IMOPSAJOK TOYHOCTH
OPUMEHUTENIbHO K YpPaBHEHHMIO TEIUIONPOBOJAHOCTH; HA CETKax OOIIero
BHUJIA JIOKa3bIBAE€TCS TOJBKO TMEPBBIA MOPANOK TOYHOCTH, XOTA YHUCJICHHBIC
pe3ynbrarbl HE IOKA3bIBAIOT CYIIECTBEHHOM ITOTEPHM TOYHOCTH IIO CPABHEHUIO
¢ metonoM [an€épknna. Ha nexapToBBIX CETKaX HOBBIA METOH MPUMEHUTEIBHO K
anIpoOKCUMAaluMH Jiarulacuada B 3D BBIPOXKAAETCA B 7-TOYEUHYHO CXEMY, TOTJA Kak
Meron ['anépkrHa mMeeT 27-TOYeUHBIM MAOMOH. OTO AAET METOMY JIOKAThHBIX
pa3OMeHMl CYIIECTBEHHOE MPEUMYIIECTBO NPHU HMCIOJb30BAHUU HESABHBIX CXEM,
OCHOBaHHBIX Ha MeToje HbioTOHA, a MMEHHO, MO3BOJISET O€3 MOTEPU CXOAUMOCTHU
UCKJIFOUUTH U3 SIKOOMAHA 3JIEMEHTHI, HE BXOJSIINE B 7-TOYEUHBINA MIA0JIOH.

KutoueBble c10Ba: HECTPYKTYpUPOBaHHAA CeTKa, PEOEPHO-OpPUEHTUPOBAHHAS
cxeMa, kiaccuueckuil metoa 'anépkuna, meton Putua, nuddy3rnoHHbIN YieH

Pavel Alexeevich Bakhvalov

Method of local element splittings for diffusion terms discretization in edge-
bases schemes

Method of local element splittings is proposed for the discretization of the diffu-
sion terms of the Navier — Stokes equations on mixed-element unstructured meshes.
It is applicable when mesh functions are defined in nodes. This method is a linear
method, which has much in common with the classical P1-Galerkin method. In the
case of simplicial meshes, these methods coincide, but the new method yields a 7-
point approximation of the 3D Laplace operator on a Cartesian mesh. On structured
meshes the second order of accuracy is proved for the model heat equation. For gen-
eral unstructured meshes, only the first order of accuracy is proved, however, the
numerical evidence shows that there is no loss in accuracy in comparison with the
classical P1-Galerkin method. The new method has an important advantage in the
case of implicit time integration based on the Newton method, which implies solving
linear algebraic systems with flux Jacobian. It allows to truncate flux Jacobian to a
7-point stencil for a much wider range of Reynolds and Courant numbers without
loss of iterations convergence, compared to the P1-Galerkin method.

Key words: unstructured mesh, edge-based scheme, classical Galerkin
method, Ritz method, diffusion term
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[Added 12.05.22] Lemma 14 and Theorem 2 of this paper are in error. Revised
version can be found in: Bakhvalov, Surnachev, Method of averaged element
splittings for diffusion terms discretization in vertex-centered framework // JCP,
Vol. 450, 110819, https://doi.org/10.1016/j.jcp.2021.110819.

1. Introduction

This paper addresses the simulation of high Reynolds number flows on mixed-
element unstructured meshes. Although the numerical methods in CFD are progress-
ing towards the very high-order methods (2-exact or higher for smooth problems), the
schemes with linear reconstructions of any kind are still in practical use due to their
simplicity and lower computational costs. This especially holds for trans- and super-
sonic flows, and, in less extent, also for subsonic flows.

The numerical methods for solving compressible Navier — Stokes equations are
mainly represented by two main classes, namely vertex- and cell-centered. In cell-
centered schemes, the variables are defined in mesh elements. There can be one set
of variables per cell (multislope MUSCL-type methods [[1, 2], WENO schemes [3—
7]) or several sets per cell (discontinuous Galerkin [8-11], flux reconstruction [[12],
etc.). In contrast, in vertex-centered schemes (also called cell-vertex or node-based
schemes) the mesh variables are associated with mesh nodes. In the vertex-centered
finite-volume framework, computational domain is divided into dual cells (or control
volumes), each of them containing only one mesh node. The shapes of dual cells in
the case of 3D unstructured meshes are too complicated to use k-exact polynomial-
based vertex-centered schemes. An alternative is the edge-based framework.

In edge-based schemes, the mesh variables are treated as nodal values of fields,
and the numerical flux between two control volumes approximates with the first order
the point value of the flux function in the center of the corresponding mesh edge (not
the integral average over the common boundary of these control volumes). Supris-
ingly, Roe [[13]] and Barth [[14] found that this approach leads to 1-exact schemes
if barycentric control volumes are used. A generalization to mixed-element meshes
(however, not suitable for anisotropic meshes) can be found in [15]. Edge-bases
schemes are used for solving high Reynolds number problems in many in-house and
commercial codes: NOISEtte [[16], FUN3D []17], TAU [[18], Edge [[19], etc. In the last
decade, there are two development directions: FC (flux correction scheme) [20—23]
and schemes with quasi-one-dimensional reconstruction [24-29].

Availability of the nodal values in edge-based schemes makes it possible to use
the P1-Galerkin method for discretization of diffusion terms. Usually, mass-lumped
version of the method is in use. This is a traditional approach [|14], simple and robust,
but limited to the second order of accuracy. Below it will be considered in detail. A
high-order approximation of diffusion terms is also possible (see [22] for example).
However, the need for the enhanced accuracy for the viscous and heat conductivity
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terms in aerodynamic or aeroacoustic applications has never been shown in practice.
Note also the novel HNS approach [30,31], where gradients are stored in mesh nodes
in addition to the conservative variables.

A minor shortcoming of the P1-Galerkin method is its wide stencil for mixed-
element meshes. In the case of simplicial meshes, the discretization of diffusion terms
in a mesh node contains, besides this node, all the neighboring nodes connected to
it by an edge. In the case of mixed-element meshes, it contains all the nodes of the
incident mesh elements. For example, on Cartesian hexahedral meshes the stencil
consists of 27 nodes, although 7 nodes are sufficient. This problem was considered
in [32], where it was suggested to drop some terms in governing equations and use the
mesh structure properties, and in [33], where some simplification of the numerical
method is proposed. Both approaches lead to improvement in efficiency but with no
guarantee of correctness.

Now the discretization of the viscous terms for edge-based schemes is revisited,
and a novel finite-element scheme is proposed, namely, the method of local element
splittings. This method was implemented in the NOISEtte code [16] and has been
successfully used in many simulations (see, for instance, [34-36]), but has not yet
been published. It coincides with the mass-lumped P1-Galerkin method on simpli-
cial meshes and exhibits similar behavior on mixed-element meshes. On Cartesian
meshes the new method applied to the 3D Laplace operator yields a 7-point approxi-
mation. However, on deformed hexahedral meshes the stencil is 27-point, the same as
for the P1-Galerkin method. The excessive terms can’t be generally dropped. How-
ever, the method of local element splittings has an important advantage in the case of
implicit time integration based on the Newton method, which implies solving linear
algebraic systems with flux Jacobian. It allows to truncate flux Jacobian to a 7-point
stencil for a much wider range of Reynolds and Courant numbers without loss of
iterations convergence, compared to the P1-Galerkin method.

This paper is organized as follows. In Sections 2 and 3 we describe the P1-
Galerkin method and the method of local element splittings. In Section 4 we prove
the convergence of the latter with the order 1 — € (for general meshes) and 2 — ¢
(for structured meshes) for the model heat equation with a constant coefficient. In
Section 5, the method of local element splittings is applied for the diffusion terms
in the Navier — Stokes system. Section 6 contains verification results. Finally, in
Section 7 we consider an implicit time discretization and demonstrate the possibility
to drop excessive elements of the flux Jacobian.

2. P1-Galerkin method

Consider the initial problem for the heat equation

ou

¢ (L) =V (ulr)Vult,r)), w0, ) = v(r). (1
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For the sake of simplicity, we imply the periodic boundary conditions and the conti-
nuity of vy.

Consider a mixed-element mesh that consists of triangles and quadrilaterals in
2D or of tetrahedrons, quadrilateral pyramids, triangular prisms and hexahedrons in
3D. We do not assume the faces of 3D elements to be planar. Let N be the set of
mesh nodes and E be the set of mesh elements. For j € N and e € E we write
j € e if the node j is a vertex of the element e. Denote by E/(j) the set of mesh
elements containing node j, by v(e) the number of vertices of element e, and by
nm(e), m = 1,...,v(e), the vertices of element e. Let r;, j € N, be the radius-
vector of node j. Let {2 = Ue be the computational domain, 92 be its boundary.

We begin with the description of the mass-lumped classical (continuous)
Galerkin method with piecewise-linear basis functions for the sake of comparison.
Let ¢;(7), j € N, be the set of basis functions such that the following properties
hold:

(a) ¢, is a continuous function on ©;

(b) > ¢j(r)=1and > r;j¢;(r)=rforr e

JEN jEN
©) ¢;i(r;) =1, ¢j(ry) = 0 for j # k;
(d) suppg; = U e
e€E(j)

For a simplicial mesh these properties uniquely define the set of basis functions.
However, for a mixed-element mesh there are at least three approaches to construct
basis functions satisfying these conditions.

A. For each type of mesh elements, introduce a canonical element:

* right triangle with nodes (0,0), (1,0), and (1,1);

» square with nodes (0,0), (1,0), (1,1), and (0,1);

« tetrahedron with nodes (0,0,0), (1,0,0), (0,1,0), and (0,0,1);

* pyramid with nodes (0,0,0), (1,0,0), (1,1,0), (0,1,0), (1/2,1/2,1);

« prism with nodes (0,0,0), (1,0,0), (0,1,0), (0,0,1), (1,0,1), (0,1,1);

* cube with nodes (0,0,0), ..., (1,1,1).
For each canonical element, define a set of basis functions satisfying (a)—-(c). For
example, for the triangle they are ¢1(§) = 1 — & — &, ¥o(&) = &1, ¥3(€) = & and

for the cube they are ¢1(&) = (1 — &)(1 — &)(1 — &3), 2(&) = &(1 — &) (1 — &),
. 08(&) = £1&&3. Then the basis functions are defined by

¢nm(e)(7‘) - wm(é(r7 6))7 T Ee,

where &(7, e) is given by identity



and ¢j(r) =0,r ce, j &e.

B. For each edge, each face and (in 3D) each volume element, define the center
as a point, each coordinate of which is the average of the vertices’ coordinates. Let
the value of each basis function at these points be the average of its values in the
corresponding vertices. Then use these points to split all the mesh elements into
simplices, and let each basis function be linear inside each simplex.

C. For each type v of mesh elements, introduce s,, splittings into simplices such
that each face is split s, /2 times by one diagonal and s,, /2 times by another diagonal.
The details of the splittings will be described in the next section. For each splitting,
the basis functions inside the element are defined uniquely by linearity. It remains to
average obtained basis functions over all splittings in consideration. Note that this
type of basis functions is not suitable for practice because the measure of supp ¢; N
supp ¢ can be nonzero even for nodes j and k& that do not belong to a common
element.

The basis functions on the uniform Cartesian mesh obtained by these ap-
proaches are shown in Fig. [Il. Left subfigures correspond to “A” basis function; right
ones to the “B” one, which coincides with the “C” one on Cartesian meshes.

Note that if four vertices of a mesh face do not lay on a plane, then all the
variants “A”, “B”, and “C” prescribe the form of the mesh face differently: “A”
makes it bilinear; “B” prescribes it as four triangles; “C”” makes the boundary double-
valued. The last can be interpreted as following: if four vertices of a quadrilateral face
do not lay on a plane, then they are vertices of a tetrahedron, and the characteristic
function of elements sharing this face is equal to 1/2 inside this tetrahedron.

Speaking about numerical results obtained by the Galerkin method, below
we imply the use of the basis functions of type “B” for the sake of simplicity of
implementation.

Since the basis functions are defined, we are ready to approximate the model
equation ([I]). To impose the periodic boundary conditions, we extend the basis func-
tions ¢;(7) and the solution to the whole space by periodicity. Multiply (1) by a basis
function ¢;(r) and take the integral over 2:

/¢] JudV = /gbj —pudS — /V@ (Vu)pudV. (2)

The boundary term is zero by periodicity. The muss-lumped Galerkin method with
the basis {¢, } leads to the following scheme: find u”(t) = {u;(t), j € N}, such that



Figure 1. Basis function on the Cartesian mesh with unit steps. Left: bilinear function
(“A” approach); right: piecewise-bilinear function (“B” and “C” approaches). Top:
isovalues; bottom: 3D plot.

u;(0) = vy(r;) and

du; 1
PSS Gl V= [ oy, G)
Q

J kGN a=x,Yy,z

where

Gitaslit] = — / (V) (V i) udV. 0
Q

3. Method of local element splittings

Consider a 2D mixed-element mesh first. Each quadrilateral element of the
mesh can be split into two triangles in two ways: e = 76(711) U 7'6(’12) and e = Te(i) U Té?.
Introduce two simplicial meshes generated by splitting of the original mesh such



that each quadrilateral element was split differently in generating these meshes. I. e.
define two simplicial meshes (N, E(*)), where

E® ={eec E:ve )—S}U{eq,eEE:V(e):Zl,q:l,Z}.

The basis functions are defined uniquely on these meshes, as well as the mass-lumped
Galerkin approximations (3):

du
= ZZGﬂwa ug, s=1,2.
keN a=zx,y

Now take the average of them:

v“ v a') meu

g 5 5 Gkl . ©

keN a=xz,y

Since the Galerkin approximations are symmetric and positively semidefinite, so is
the new approximation.

The resulting scheme differs from the Galerkin method (B]) with any of the sets
of basis functions considered above. Let us demonstrate the difference on the approx-
imation of the Laplace operator on the 2D Cartesian mesh with unit steps. The coef-
ficients Gy, .[1] of the Galerkin method (for the approximation of 9% /9x%), G ik (1]
(for the approximation of 92 /9y?) and their sum (for the approximation of the Laplace
operator) are shown in Fig. 2 for the basis functions of type “B” and in Fig. §| for the
basis functions of type “A”. These approximations of the Laplace operator are con-
vex combinations of the “direct cross” 5-point approximation with weight 1 — w and
the “skewed cross” 5-point approximation with weight w, where w = 1/4 for the
basis “B” and w = 1/3 for the basis “A”.

In contrast, the Galerkin approximation on a Cartesian mesh of right trian-
gles coincides with the 5-point direct cross. Thus, so does the approximation of the
method of local element splittings (5) on quadrilateral Cartesian mesh.

Now proceed with the 3D case. In 3D, we should split not only mesh elements,
but also their faces. In the general case, it is impossible to split a mixed-element
mesh into a conformal tetrahedral mesh without adding extra nodes. Luckily, we do
not need this.

Consider possible splittings of one element of a mixed-element mesh. We nu-
merate the nodes of an element according to the “neutral” format of the Gambit mesh
generator, see Fig. . A tetrahedron has only a trivial splitting: 0123. A pyramid has
two possible splittings:



1/8 —1/4 1/8 1/8 3/4 1/8 1/4 1/2 1/4
3/4 —3/2 34 —3/2 1412 =3 12
1/3 Y 1/8 1/3 3/4 1/8 1/4 12 1/4

Figure 2. Coefficients for the approximation of second derivatives on the unit-step
Cartesian mesh with the use of “B”-type basis. Left: for 5% /0x?; center: for 9 /dy?;

right: for the Laplace operator

/6 ~1/3 1/6 1/6 2/3 1/6 1/3 1/3 1/3
2/3 —4/3 23 _113 —4/3 “13 173 —8/3 13
1/6 173 1/6 1/6 2/3 1/6 1/3 /3 1/3

Figure 3. Coefficients for the approximation of second derivatives on the unit-step

Cartesian mesh with the use of “A”-type basis. Left: for 9°/0x?; center: for 9 /dy?;
right: for the Laplace operator

2

3

2

Figure 4. Numeration of mesh nodes

* 0134 + 0234,
* 1024 + 1324.
A prism can be split into 3 tetrahedrons in 6 ways:
* 0534 + 0541 + 0512;
* 1345+ 1352 + 1320;
« 2453 + 2430 + 2401;
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* 3201 + 3214 + 3245;

* 4012 + 4025 + 4053;

* 5120 + 5103 + 5134.
A hexahedron can be split into 5 or 6 tetrahedrons in many ways. To construct the
scheme it is enough to consider only NGD-type splittings [37], which consist of 6
tetrahedrons with a common edge:

e 1602 + 1623 + 1637 + 1675 + 1654 + 1640;

« 0713 +0732+ 0726 + 0764 + 0745 + 0751;

e 3420 + 3401 + 3415 + 3457 + 3476 + 3462;

e 2531 + 2510 + 2504 + 2546 + 2567 + 2573.
For the sake of simplicity we duplicate these splittings for each type of mesh elements
to have 12 splittings. Then one can check that each quadrilateral face of an element
is split by each of the diagonals in 6 splittings.

A simplicial splitting specifies a precise form of the element, so let e(w) C R?
be this shape. Let ¢§e,w) (r), r € e(w), be the standard piecewise-linear basis function
associated with node j and defined on a simplicial splitting w, where w =1, ..., 12,
of an element e. Then the method of local element splittings yields the following

scheme: p
u
_]:_Z Z ijaa uk‘a (6)
J keN a=1,2,3
where
1 e,w e,w
Grasll == 3. 5 2 [ #O)(Vadf ) (Ve hav, ()

1 ew 1 1
Y Y [erwey by oy Hwow

e€E(j) w=1,.., 12@(w) e€E(j) w=L,..,12TCe(w), T3 7T

(compare this with (§), (4)). The last sum is by tetrahedra 7" belonging to splitting

w of element e such that ; € T". Note that Va¢§e’w> and V 5¢,(:’w) are constant over
each tetrahedron forming e(w). For simplicial meshes, the method of local element
splittings actually does not use splittings and thus coincides with the P1-Galerkin
method.

Like in 2D, on Cartesian meshes, the formula (7)) reduces the approximation of
the Laplace operator to a 7-point direct cross. In comparison with the P1-Galerkin
method, this slightly improves accuracy, but can be considered also as a disadvantage,
because for a small deformation of a Cartesian mesh negative coefficients appear, 1. e.
the approximation of the Laplace operator loses discrete maximum principle (DMP).
DMP is not of vital importance for high Reynolds number problems. Moreover, for
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unstructured simplicial meshes, the P1-Galerkin method does not generally satisfy
DMP in the presence of obtuse simplices (see [38], Appendix E), which is almost
inevitable in practical applications.

4. Accuracy proof

In this section we establish a near-optimal accuracy result only for structured
meshes (hexahedral or prismatical). For general unstructured meshes we prove only
the first order of accuracy.

As described in Section 3, for our purpose a mesh element has multiple
shapes defined by its tetrahedral splittings and thus up to this point it is not clear
whether a mesh is non-overlapping. To fill this gap now we complete the defi-
nition of the computational mesh. Let Q@ = (0,1)3. A mesh is a pair of finite
sets N and E and an injective mapping ; : N ~ [0,1)3, j € N. Introduce
the extended set of nodes N = {(J,tz, ty,t2)}, 7 € N, tg,t,,t, €{0,1}, and
t; = 0 unless i-th component of r; is zero. For j' = (j,t,,1,,t.), by definition
ry = ((rj)e +ts, (rj)y +1,,(r;). +1t.) € [0,1]A3. Each e € FE (called a mesh ele-
ment) is an ordered v(e)-tuple of elements of N. Elements of a tuple e (called ver-
tices of the element) are denoted as n,,(¢) € N, m = 1,...,v(e). Foreache € E
and m,m’ € {1,...,v(e)} there holds n,,(e) # n,(e) if m # m’. For j € N and
e € E we shall write e € E(j) if e contains an element j' = (j, t,,t,,t.) € N for
some t,, t,, t,. For each e € E there holds v(e) € {4,5,6,8}. We identify elements
j' € N with their radius-vectors 7.

Each e € F has 4 (if v(e) = 4), or 5 (if v(e) = 5 or v(e) = 6), or 6 (if
v(e) = 8) faces, which are 3- or 4-tuples; as shown in Fig. M. For example, an element
e = < Jo,J1,J2,J3,J4, J5, J6, Jr > has faces < jo, j1,J3,J2 >, < Ju, Js, J7,J6 >,
< Jos J15 75, J4 > < J2,73,J7, J6 >» < Jo,J2, J6, Ja >, < J1,Js, J7, J3 >. Faces of all
elements form the set of mesh faces. If all vertices of a mesh face belong to 0€2 and
lay on the same face of 0¢2, then this face is called a boundary face. Boundary faces
are considered planar, so their form is well-defined. The set of boundary faces must
be a decomposition of 0€2. We say that two tuples F} and F5 are the same face if either
F} or (if F} is a boundary face) its translation by a vector (£+1,0,0) or (0,+1,0) or
(0,0, +£1) is identical to F; up to a cyclic shift and the inversion of the order. Thus
triangular faces are unordered 3-tuples and quadrilateral tuples are partially ordered
4-tuples. The mesh must be conformal, i. e. each mesh face is a face of exactly two
mesh elements.

For each e &€ FE there are 12 its tetrahedral splittings (some of them
are identical to each other) defined above. For example, for a pyramidal el-
ement e = < jo, j1,J2,73, Ja > the first six splittings consist of two tetrahedra:
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Ty = < jo,J1, 73, J4 > and T = < 7o, Jo2, J3,J4 > and the remaining six splittings
consist of T3 = < j1, Jo, J2, J4 > and Ty = < j1, 73, J2, Ja >. A tetrahedron (as a 4-
tuple) is uniquely represented by the convex hull of its vertices. Thus a tetrahedral
splitting of an element e specifies its shape, denoted by e(w), w = 1,...,12. We
assume that each of these tetrahedra has nonzero volume.

Let I’ be a mesh face and er; and ery be elements sharing this face. Each
tetrahedral splitting of er; and ero generates a triangular splitting of /' and thus
prescribes its form, consisting of one or two planar triangles. We assume that the
mesh is non-overlapping, 1. e. for each F' and for each splittings wy,wy = 1,...,12
of er; and erp9 generating the same triangular splitting on [/ the outer unit normal
vectors of Oep 1 (wq) and Oepa(ws) on the face F are oppositely directed.

A tetrahedron 7' satisfies KtiZzek angle conditions [39] with a constant ¥ < 7 if
the following conditions hold:
» for each vertices j, k,l € T, j # k # | # j, the angle between the vectors
T, — rj and ; — r; does not exceed 7;
* the angle between any two faces of 7" does not exceed 7.

Theorem 1. Consider the initial value problem for the heat equation ([l]) with 1 = 1,
in the unit cube ) = (0,1)3 with the periodic boundary conditions and periodic
initial data vy € C*(Q0). Let (N, E) be a conformal non-overlapping mesh and h be
the maximal edge length. Let ¥ < m. Suppose that for each element e € E and for
each of its splittings introduced in the previous section the following holds:

* tetrahedra forming this splitting have intersection of zero measure;

* each tetrahedron satisfies Krizek angle conditions with 7.
Let 11 be the pointwise mapping, i. e Ilu(t) = {u(t,r;), j € N}
Let u"(t) = {u;j(t),j € N} be the solution of (@), (@), ®) with the initial data
u"(0) = TTvy. Then for each ¢ > 0 there holds

1/2

lu"(t) = Mu(®)|[z = | Y Vi(w;(t) —ult,r))) | <CR=(1+1).,  (9)

jeN
where C' depends on vy, 4, and € only.

Theorem 2. Let the conditions of Theorem 1 hold. Suppose that the mesh is either a
structured hexahedral mesh, or a structured prismatic mesh (i. e. a deformation of
a translationally-invariant prismatic mesh), or consists of tetrahedra only. Then for
each € > (0 there holds

" (8) = Tu(t) ||l < CR**(1 + ), (10)

where C' depends on v, 7, and € only.
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3 44

Figure 5. Vertices reordering for two prisms

The rest of this section is the proof of Theorems 1 and 2.

Lemma 3. Let the conditions of Theorem 2 hold. Then for each e € E there exists
a permutation wj(e), j = 1,...,12, such that for each quadrilateral face F' sharing
elements e, and ey and for each j = 1,...,12, the splittings wj(e1) and w;(e2) of
these elements generate the same triangular splitting of F'.

If the mesh is tetrahedral, then there is no quadrilateral faces and this the
statement is trivial. Otherwise assume without loss that the mesh is Cartesian and
translationally-invariant. Note that for each type of elements the set of the splittings
preserves when reordering the vertices of the element.

Consider a cubic mesh first. First assume that the order of the vertices preserves
under translation. Then for each splitting of a cube the opposite faces have the same
triangular splittings by construction. Hence w;(e) = j satisfies the statement of the
lemma. Another order of vertices in a cube leads to a permutation of splittings.

For a prismatic mesh, combine adjacent prisms in order to generate a structured
hexahedral mesh. Reorder the vertices of prisms in order to make the face 1-2-5-4
sharing two prisms forming one hexahedron, see Fig. [§. Then w;(e) = j will again
satisfy the statement of the lemma. []

For each mesh face F', define a one-to-one relation between the splittings of
the elements er; and er sharing this face. For each quadrangular face, each pair
of related element splittings must generate the same triangular splitting of the face.
In the proof of Theorem [I, this is the only condition to impose. In the proof of
Theorem [, we will use splittings wjler1) and wj(er2), j = 1,...,12, given by
Lemma 3.

We call f = {fcw.e € E,w=1,...,12} an admissible function of order k if
the following conditions hold:

D) few € Wie());
2) for a face F' sharing elements e; and es, for each related element splittings
w1, ws, and for each [ = 0, ..., k — 1 there holds
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al f €1,W1

on/ P

These conditions are naturally applied at the periodic boundaries also. Let ;. be the

set of admissible functions of order k. In the proof of Theorem 2 the smoothness

condition ([L 1)) splits the set of pairs (e, w) into 12 groups such that each of conditions
([L1)) involves only elements from the same group. Thus

_ alf€2,w2

- ]
7 on

(11)

Hi = (W, (R) . (12)

In the setting of Theorem 1 such simple representation is generally impossible.
For each f, g € H,, define the scalar product

(F0)=3 > /fwgwdv (13)

eckE w 1,.

which induces the norm ||f|| = (f, f)*/?. For a vector-function f we will use the
norm || | = 37, || f;||?, where the sum is over the components of f.

Let S be the setof f € H; such that there exists f; € R, j € IV, such that f. , is
the linear interpolant based on the values f;, j € T, on each tetrahedron 7" belonging
to e(w). In addition to ([13), for each f, g € S, define the scalar product

g9l = Z RALE

jEN
where V; is given by (8). It induces the “lumped” norm || f||z. = [f, f]"/2.
Lemma 4. The norms || f|r = [f, f]/? and || f|| = (f, f)'/? are equivalent on S.
Let T be a tetraherdon and f(r) = fy + L - r. Obviously,
1 2 1 2 o 2
DG (VCIUETD DY
jeT T jeT

where o > 0 does not depend on 7" and f. Then

7P =35 )y /fede Z 3 Z'T'Zf

ecl w ..... w: ..... 12 Tee(w JeT

- Z > B sepr=isi

]GN PEE w: ..... 12 TEe ) TB]
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In the last equality, we used the fact that the expression in brackets coincides with V;,
see (§). Similarly,

T > ¥ TS p = alsi,

eck w ..... 12 Tee(w) JjeT

Thus, the equivalence of the norms is proved. []

Lemma 5. For each r € () there exists exactly 12 pairs (e,w) such that r € Inte(w)
unless r € de(w) for some (e,w).

Let &.(,) be the indicator function of e(w) and

By construction X (7) is piecewise-constant, and constant values are separated by
triangles belonging to de(w), e € E, w = 1,...,12. We claim that all these values
coincide. Indeed, let 7 be one of these triangles. It belongs to a face F' shared by
elements er; and epo. If all vertices of /' lay on a plane (for instance, if /' is a trian-
gular face), then 7 C dep;(w) and 7 C Jdeps(w) for eachw = 1,...,12. Otherwise
T C Jepy(w) forw = wy,...,wg and 7 C depa(w) for w = wi,...,w;. Since the
mesh is non-overlapping (i.e. the outer normals to e 1(w) and ep2(w) have opposite
directions), X (7) has no discontinuity at this triangle. Thus X () is constant a. e. in
(2. Now write

/X )dV = ZZ /dv—zz /rndZ

eeF w=1,..., eeF w=1,...,
e(w) 36

where n is the outer normal to e(w). Since the mesh is non—overlapplng the internal
faces cancel each other, thus

1
/X(r)dV:— Z Z /7‘ ndZ—— r-ndy =12,
Q Fe{Boundary faces} w=1,..., 39

where n is the outer unit normal to 2. Thus X (r) = 12 a. e. in §2. From this, the
statement of the lemma is obvious. [

Corollary 6. For each f € L,(2) there holds

/\f\pdV— o> ), /\f\pdV (14)

ecF w=l1,..., 12 TC@

where the last sum is over tetrahedra belonging to splitting (e, w).
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For f € H, denote V;f = {V,f.u,e € E,w = 1,...,12}. Obviously, for
f € Hj, there holds V; f € H;._1. Now we prove the integration-by-parts formula.

Lemma 7. For each f, g € H, there holds
(f,Vg)+(Vf,g)=0. (15)

Indeed, for each element by the Gauss theorem

/ fVgdV + / gV fdV = / fgndX.
e(w) e(w) Oe(w)
Taking the average over splittings and the sum over elements we get
(f,Vg)+(Vf,g)=R(f 9g),

where

eckE w=1,...,12

Disjoin the integrals over de(w) into the sum of integrals over faces and regroup the
resulting sum to faces:

1
R(f7 g) - Z E /fe F1)wYe(F,1), Sndd — /fe F2)wYe(F,2), WwndX

Fe{Faces} w= 1, L12

Here e( F,1) and e( F',2) are the elements sharing face F', and n is the outer unit normal
to e(F,1). The surfaces of face I are prescribed by the splittings w of the elements
e(F,1) and e(F,2), correspondingly. Then reorder the sum by splittings to connect
terms associated with related splittings:

R(f,9)= Y. = Z RFJ f.9),
FG{Faces} j: -----

Rr;(f,9) = /fe(F,l),wj(e(F,l))ge(F,l)Mj(e(F,l)) nd¥—

— / Je(F2)w;(e(F,2)) Je(F,2) w, (e(F.2)) T2

The form of face F' in the first integral is prescribed by splitting w;(e(F,1)) of ele-
ment e(F,1), and the one in the second integral is prescribed by splitting w;(e(F,2))
of element e(F,2). By definition, these forms coincide and so do the traces of
integrands. Thus Rr(f, g) = 0. This proves that R(f, g) = 0 and thus (13). []
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Now we move to the interpolation issues. Let || - ||x, 7 and | - |5, 7 be the usual
norm and seminorm in the Sobolev space Wlf(T ). By Il f we denote the Lagrange
interpolant on tetrahedron 7" of function f based on its values at vertices.

Theorem 8 (Acosta [40]). Let T be a tetrahedron satisfying the Krizek angle condi-
tions with 7. Then for each 2 < p < 00, and each function f € W;(T) the following
estimate for the interpolation error holds:

1 =1z fllipr < e5p [ flop, (16)
Note that this result does not hold for p = 2, see [41],42].

Lemma 9. The following estimates hold:

If —ILf < ch?|flag, | € Wi per(S); (17)
IV(f =N < cyphlflep, fEWS (), p>2. (18)

The inequality
If =g fllopr < ¢l | flopr (19)

holds for p > 3/2 (see [42]) without any limitations on the tetrahedron shape. To
prove (1 7) we use ([19) for p = 2, then by ([14) and the definition of the norm || - || we

get
1/2
-l a5 X% |f|22T> — ey bl

el w=1,..,12 TCe(w

For f € WpQ(Q) by the Holder inequality we have

V(-1 = 3 P> Z/ (f — Tz f)dV <

ecE  w=l,..., 12TcCe(w T
2/p
\Z S Z / V(f —Tpf)Pdv | v
w: ..... 12TCe(w

Applying ([16), the Holder inequality for sums, and ([14) we obtain

IV(f —TIf) \!2\2 Z Zc SRV <

eck w ..... 12TCe(w

2/p
< (122 > 2 |f|”,p,> = W2 \f1,

ecl w=1,..,12 TCe(w
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Thus we have ([L8). [l

For each f, g € H;, define the “energy” product

a(f.g) =(Vf Vg) =) % / (Vo) - (Vgew) dV. (20)
=1 12( )

eel w=1,...,
e(w

Obviously, a(f, f) = 0. Let P : H; — S be the Ritz projection, i. e. the linear
operator taking each f € H; to Pf € S giving the minimum of the functional

a(Pf—f,Pf—f)+(Pf—f1)>

By the variational principle, for each v € S there holds

CL(Pf—f,U)+(Pf—f,1) (071):0

Since a(v,1) = 0, taking v = 1 we get

(Pf—f1)=0, (21)

and thus P f gives the minimum of |V (Pf — f)||. Taking v such that (v,1) = 0, we
geta(Pf — f,v) = 0. The latter also holds for v = 1. Therefore, for each v € S and
f € H; there holds

a(Pf — f,v) = 0. (22)
Lemma 10. For each w € S there holds
lwll* < e([Vwl® + (w,1)?),
where c does not depend on the mesh and w.
Let ¢, be the basis functions of the P1-Galerkin method of type “C” (see Sec-

tion 2), 1. €. ,
bir) =Y 5 > ).
) w=1

eEE(j ..... 12

This yields V; = [ ¢;dV, where V; is given by (). Let G be the interpolation
operator taking each u € S to

(Gu)(r) =) ujoj(r).

jEN

By Lemma § for each € 2 there exists not more than 96 triplets (j, e,w) such
that » € Intsupp ¢§~e’w). Thus there exists a finite decomposition {WW;} of Q, i. e.
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Wi N W; = 0 for k # | and UW; = €2, such that for each k£ the number of triplets
(4,e,w) such that gbg-e’w)(r) = (0 on W, is not greater than 96. Hence,

GO =g /(2 zu]vw)

eeF w=1,...,12 jee

1442 > /(Zujwp‘f“’) AV = 8|| V|2

ecF w=l1,..., Jj€e

(23)

The function Gw is single-valued, so using the Fourier representation we get
Gull’ < | V(Gw)|? + (Guw, 1)? 24
IGw]” < HIVIGW)[I® + (Gw, 1)°. (24)

The first term on the right-hand side is estimated using (23)), and for the second term

we have
(Gw, 1) /Zw]gb] )dV = Zij (w, 1).

JEN JEN

Similarly to Lemma { it can be proved that ||w|| < &|Guw||, where ¢ does not depend
on the mesh and w. This completes the proof of the lemma. [l

Lemma 11. For eachp > 2 and f € W7 ,..(Q) there holds
IPf = fll < Cphlflop. (25)
Putw = Pf —IIf € S. By Lemma [L(| we have
1Pf=Tf|P < V(Pf =TI + e(Pf = TIf, 1) (26)
For the first term on the right-hand side of (26), write
IVPf =TI < IVPS = DI+ IIVALF = HIF < 2(VALF = -

The last inequality is by the definition of P f. For the second term on the right-hand
side of (26), using (1)) and the Cauchy—Schwarz inequality we get

(Pf—T1f1)7% = (f I, 12 < || f = ILF|*

Thus
|Pf—1ILf[| S (IVALf = HIF -+ (1f =T
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h h ha ho
h hy

a) Ki(hi,ha, h3) b) Ka(hy, b2, h3)
Figure 6. Reference tetrahedra (the figure is copied from [40])

Now write
1Pf—=fIl <IPf =T+ L = fIl S IVALf = HIF+ ([ILf = £
The inequality to prove is by ([ 7) and ([L8), taking into account that & < 1. [

Lemma 12. Let T' be a tetrahedron satisfying Krizek angle conditions with the con-
stant 5y < w and f € W3(T). Then for each 0 < € < 1 there holds

Flosor < Ve (Flozr + (flozn) "Gl flizr)). @D
where p(e) = ((1 —€)/2+€/6)7! > 2, and c(7) does not depend on T, f, and .

By Lemma 2.2 in [40] there exists a linear transformation F'(x) = Bx + b such
that F'(K,) = T or F(K,) = T and || B||, || B™!|| < C(¥), where tetrahedra K and
K are as in Fig. |§. Thus without loss we can consider only tetrahedra of these types.

Let T} be a tetrahedron of type K7 or Ky with hy = hy = hy = 1 and A be
the diagonal matrix with the elements hy, ho, h3. Let fo(r) € W3 (T}) be such that
fo(r) = f(Ar) holds for almost all » € Tj. By the Holder inequality there holds

| folopte e < (| folozz) (| folosm)-

By the Sobolev imbedding theorem [43] we get | folosz, < c(|folo2m + | foli2z)s
thus

| foloptom < ¢ ([folozn + ([folozm) (1 foli2m)) - (28)

By the linear coordinate transformation we get
flop.r = V) P folop.m foloza, = (6Ve) 2| floar.

folizm, < (6V) V2 A fliar < (6VE) V20| flior
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(here we used Vj; = 1/6). Combining this with (28) and noting that

1/p(e) — 1/2 = —¢/3, we get (27).

Lemma 13. Foreach O < € < 1 and each f € Hg there holds
IV(f =A< ereh (IAF]+IALIT RV AL]).
By ([L6) for each tetrahedron T there holds

IV =T pe.r < 5pe Pl fl2pto)r
Applying (27) to the Hessian of f, we get

|f‘2,p(e),T < C(TY)VT_E/?) (

where V7 is the volume of 7. Besides,

IV(f =T ) |lor < [IV(F = TLF) |lpge) PV,

Combining these inequalities yields

IV(f —11f) < cseh (| flaor + (Ifl22r)

(

21)' " (B fl321)),

7))
Hence,

IV(f —TLf)|* = Z Z Z IV(f —TIf)|3 4 <

eel w ..... 12 TCe(w

< QCﬁ,ehZ Z Z Z ‘f’22T+

eck w:l ..... 12TCe(w

+20%76h22 > Z (1fl2.20)*" = (B fls2r)™

ecl wzl ..... 12TcCe(w

Applying the Holder inequality to the last term we get

IV(f =TI < 262 12 (VAR + VAP B2 A1)
Using ([15) we get

VIR = > IVVEfIP = ) (WVRLVIVES) =

]?ke{x’y?z} ]7k€{x7y7z}

=— > (VFEVIVIVES) = ) (VEVRL VIV = (AfAf) =

j,ke{m,y,z} j,k;e{a:,y,z}

[]

(29)

(30)

IAFIP
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and
IV 2= > IVVVIP= > (VVIVILVIVIVY) =
gkle{xy,z} gkle{xy,z}
= Y (VIVIVFEVIVIVIF) = [VASR
j.kle{x,y,z}
Substituting these equalities into (30) we get (29). []

Next we use the Nitsche trick to obtain an estimate for the approximation error.

Lemma 14. Let the conditions of Theorem 2 hold. Then for each ¢ > 0 and each
f € W2 0. (Q) there holds

IPf = fll < C5.eh* | fl20 31)

Denotee = Pf—f. Letz € H; be asolution (unique up to an additive constant)
of the auxiliary problem —/Az = e in {2 with the periodic boundary conditions, i. e.

(Vz,Vv) = (e,v), v € H;. (32)

According to ([12), 71 consists of 12 functions having no mutual dependency.
Thus (B2) is equivalent to 12 classical problems —Az; = e;, ¢; € Wé’per(Q). By
standard regularity theory we get z; € W3 ,.(Q2) and thus z € H3. Note that estab-
lishing z € Hj is the only place where we use the additional assumption of Theo-
rem 2.

Then we have

(e,e) =(Ve,Vz) =uale,z) = ale,z — Pz) <
<

(a(e, e))1/2(a(z — Pz, z — Pz))l/Q, (33)

The first identity in this chain is by (32)), the second one is by (0), the third one
is by (22)), and finally we use the Schwarz inequality. By the definition of the Ritz
projection, we have

a(z — Pz, 2z — P2) < a(z — 1z, 2 — 1l2) = ||V(f — ILf)||.
Using (29) to estimate the latter and ([L§) to estimate a(e, e), from (B3) we get
(e,€) < (0 Crel® [flapie (1 A2 + | A2 ARV Az||) <

7sP
< C-

5l | Flapo (lell + llel =<l Vel|).
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In the last inequality we use Az = —e. Then, using ([L§), | f l2p(6) < | f]2,00, and
dividing by ||e|| we get

lell < C.eh®[flae (14 1l (Al fl200) ) - (34)
We claim that (31)) holds with

Che=Cy(1+C). (35)
Indeed, if ||e|| < C7 2| fl2.0 then (B1)), (B3) is obvious. Otherwise (B1), (B5) is by
substitution of the inequality ||e|| > C’%gh2| fl2.00 into the last term of (B4). O]

Lemma 15. Let f, g € S. For the bilinear form A(f, g) = [f, g] — (f, g) there holds

IA(f,9)| < CR*(IV f],IVg]) < alf, f) + C*ha(g, g). (36)

By definition, there holds

zf]gjv S z / FogendV,

eel w ,,,,,

Using the expression (§)) for V; and regrouping the sum, we get

Tu XX [|(Sannm)

ecl w— ..... 12 Tce j€e

- (Z qﬁf”)(r)fj) (Z ¢§e>“><r>gj)

Here T' C e(w) are tetrahedra used in the splitting w. For f = const, the integrals
in this sum are zero, and the same holds for g = const. Thus, we can replace f; by
fi — fr, where fr is the value in the barycenter of 7'. This leads to

>3 ¥ (Zcb}e’“)(r)(W)T-mrT><v9>T-<rer>)

ecelk w—l ..... 12 TCe(w) T jEe

— (Z O () (V) (r — 1 ) (Z o) v (rj— "“T)) av

Jj€e jee
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and
1
Atgl<orY s 3 [ IvAvelav <
eck w=1,...,12
e(w)
1
<> / (IVF12 + (CH2?Vgl?) av.
eck w=1,..., 12( )
Thus we get (B6). [l

Proof of Theorems 1 and 2. Consider the heat equation ([I) with () = 1.
Let u € C'([0,00); C2,(£)) be the solution of ([l)); let v € H;. Integrating ([I)) with

per

the weight v, ,,, we get

@de‘/: /vaudV.
ot ’

e(w) e(w)

Taking the average over splittings and the sum over elements, we get

ou
(a,v> + (v, Au) = 0.

By ([13) we have (v, Au) = —(Vu, Vv) = —a(u,v). Thus the weak formulation of
() is: find a function u € C'(]0, 00); H,) such that u|,—y = vo(r) and

(%,v) +a(u,v) =0 Vv e H;. (37)

Since the solution of this problem is unique, it coincides with the solution of ([I)).
Now we consider the following numerical scheme: find u* € S such that
Uh‘tzo = HUO and

—,v

ot '’
Clearly, the solution of (38) is unique and its nodal values satisfy (). Thus (38) is a
weak formulation of ({).

h
[8u ] +a(u"v)=0 Yves. (38)

Substracting (B8) from (37) with v = e = Pu — u”, we get

h
By (22),

Oe ou ou ou ou
[§7€] - (E — PE,€> +a(e,e) + (Pa,e) — [PE’GI =0.
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Using the identity

O el =2 2t = s 2 el = fef, 2l

o | T2t 09 T 29" Lot
we get

d|le HL ou 8u au
Jello 0 < |2 PIU el + | (e, P22 |~ atee).

Applying (Bd), we obtain

Jle ||L ou 8u A ou _Ou

lellz—5; rie lell + Cha { P, P )

The first term on the right-hand side is estimated using (26) (in the proof of Theo-
rem 1) or (B1)) (in the proof of Theorem 2). For the second term by (22) we have

ou _Ou ou Ou ou Ou _Ou OJu
—P—)=a|l—,—)—-a|P———,P——— .
a(Pat’Pat> a(aﬂ&) a( ot ot ot at> (39)
The first term on the right-hand side of (39) does not depend on the mesh, and the
second one is bounded by ([L8) since

a(Pf—f,Pf—f)<a(lf — f,IIf = f) = |[VILf = f)|I>
Thus, replacing h* by h?4~2¢, where A = 1 for Theorem 1 and A = 2 for Theorem 2,
6|| HL

Clearly, there holds ||e(t)]|;, < h*~“y(tC), where y is the solution of

<C (hAEHeH + h2<A€>) <C <hAEHeHL + h2(‘46>) .

dy
ydT

=y+1; y(0)=

The solution of this equation is y — In(y + 1) = 7 + const, so y(7) < 27 + ¢, where
constant is defined by the initial condions, so it is well-defined for 0 < 7 < oo.
Recall that e = Pu — u”, then e|;—g = Pvy — Ilvy and

1 1 .
le@)llz < ~lle(O)] < = (1Pvo = woll + [|TTvg — wo|) < CAA™.

q

Here o is the norms equivalence constant given by Lemma M. In the last inequality
we have used (26) (in the proof of Theorem 1) or (B1]) (in the proof of Theorem 2)



- 26 —

to estimate the first term and ([L7) for the second term. This proves that ||e(t)|| <

C(t+ 1)hA.
By the triangle inequality
lu"(t) = Tu(®)||z < lle()llz + | Put) — u@)]lr + [Tu(t) — u(®)]lr <

< C@t+ 1A+ ChA 4+ Ch? < C(t + 3)h .

This concludes the proof of Theorems 1 and 2.

5. Implementation for Navier — Stokes solvers
Now we move to the approximation of the Navier — Stokes system

0Q

5 PV FQ) =V-FQ.VQ), (40)
where Q = (p, pu, E)', E = pu?/2 4+ p/(v — 1), and
ou 0
F=| puu+pl |, F(Q,VQ)= T : (41)
(E+p)u T -u—q

The tension tensor 7 = {7,5} and the heat flux g = {q, } are defined as

2 Y p
Taf = Voug + Vau, — =005Veue |, = ——V,|—— . 42
af M(uﬁ"‘ Bla 3a6££> Ga b a<(7_1)p> (42)
The diffusion terms in Navier — Stokes equations can be represented in a gen-
eral form as D,su = V,(>Vgu), where s can be dynamic viscosity, or dynamic
viscosity times velocity, or heat conductivity, and u can be velocity or temperature.
Turbulence modeling in RANS framework can add one or more diffusive terms of
this form, depending on the specific model in use.
Let Q; be the set of conservative variables in node j, and ) = {Q);,j € N}.
The general form of a semidiscrete scheme is
aQ; 1 1y
—= 4+ —, = —& : 43
where ®; and CID}/ are some approximations of convective and diffusive terms of (#0).
As 1n most of the vertex-centered schemes, we use a finite-volume discretization of
convective fluxes and a finite-element discretization of viscosity and heat terms.
Following finite-volume approach, we write the convective terms of the numer-
ical scheme in the flux form
> F

keN:(5)
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Here N, (7) is the set of nodes connected to j by edge or by element, depending on
the construction of control volumes, and Fj;(()) are convective fluxes between the
control volumes associated with the nodes j and k.

Unless specifically stated, we use “direct” control volumes [[15], see also [44]
for a similar approach. Then the control volumes corresponding to edge-connected
nodes have intersections of nonzero 2D measure, and the ones of the diagonal-
connected nodes have not. Then N, (7) is the set of nodes connected to j by edge.
In the case of semitransparent control volumes [|15], which result from the applica-
tion of local element splittings to convective terms, N; (7) is the set of elementwise-
connected nodes. The semitransparent control volumes preserve 1-exactness of edge-
based schemes on arbitrary mixed-element meshes, but they are not suitable for
highly-anisotropic meshes used for the simulation of high Reynolds number flows.
A specific scheme for convective fluxes, Fjy, is of no importance in the framework
of this paper; we will use a suitable one for each test.

The approximation of viscous and heat fluxes ®} (Q) is given by

0
oV (Q) = V-7l : (44)
V(T ’u,)]] —[V- Q]j

(V710 = X Gatsalid)s + 3 Gatsslil e = 5 3 Gianl i),

keN keN keN

Ve(rw)j = Y Gk galptta] (we) s+ Grpplpta] (Uk)a—g > Gionliua) (ur)s,

keN keN keN

[V -ql; = —% > Ginpslhl (f;kl)p])

keN (7

(the sum over repeating indices is assumed). The coefficients G o5[¢| and V; are
given by (H) and V; = [ ¢;dV for the P1-Galerkin method and by (@) and (B) for the
method of local element splittings. Note that in practice the definition of V; does not
matter; one can use its value given by Galerkin method, or by (§), or calculate the
volume of the dual cell used for the approximation of convective fluxes.

There are several terms of the form D, su = V,(5V 3)u, where s are dynamic
viscosity, or dynamic viscosity times velocity, or heat conductivity. Clearly, s are not
constant in space: for dynamic viscosity times velocity this holds unless some trivial
cases, and for dynamic viscosity this holds for RANS models, which replace dynamic
viscosity by its sum with a turbulent viscosity. Then the coefficients G, 5[] given
by (4)) or () should be approximated. The linear interpolation between nodes seems
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to be correct:

Gl == 3 [(Vabi)(Voon) 3 drsadv (45)

ecE(j)NE(k) lee

for the Galerkin method and

1 e,w e,w ew
Girasld == > 5 D / (Vadf (Vs ) D 61"V (46)
ecE(j)NE(k) w=1,..., 126(w) lee
for the method of local element splittings.

If >« were constant in time, we could compute G j;, o3]5¢] before the time inte-
gration. But this is not the case. In (#3) and (#6), the coefficients G jk,ap] 5] are linear
functions of { s, }, where m runs over all nodes of all elements contacting the nodes
jand k, 1. e.

dG ik.aB| >
Gikapl = Z ij,aﬁ,m—zi i : 47)
m #m
The coefficients dGj o5[>]/d>,, can be calculated before the time integration and
stored in memory. We use another expression, namely,

ij,ab’[%] - = Z Gjl@aﬁ,e%e; (48)

ecE(j)NE(k)

where s, is the average over all nodes of element e and

1 ew e,w
Girare =35 2 [ (Vadl ™) (Va0 v

(note that integrand is constant). This refers to a piecewise-constant approximation
of s. In theory, this may be less accurate, but we have never seen a significant
difference.

There are two possible implementations of these methods for the calculation of
diffusion terms: edge-based and elementwise. The conventional approach for simpli-
cial meshes is an elementwise implementation, 1. €. computing these terms in a loop
over mesh elements. For each element e, the values |e|V,¢; and |e|V 3¢ are con-
stant inside the element e, the values of them being equal to linear (2D) or quadratic
(3D) functions of nodal coordinates. So this procedure is very efficient and there is
no need to store additional data of geometric nature.

The situation differs on a mixed-element mesh. We have not implemented an el-
ementwise approach for the P1-Galerkin method, but for the method of local element
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Figure 7. Left: mesh of 7 hexahedrons with no possible tetrahedral splittings without
extra nodes. Right: mesh used for the heat equation

splittings, the edge-based implementation with the storage of G ;. o3, 1s preferable.
Note that Gj; o5, = Grjga.e, S0 for each element with v vertices, we need to store
9v(v — 1)/2 coefficients. In the case of double-precision floating-point arithmetic,
it consumes at most 2KB of memory per element, which is admissible. The use of
(#7) with the storage of G jk.ap,m consumes significantly more memory.

6. Verification

To verify the method of local element splittings, we consider a problem for
the heat equation followed by a low Reynolds number problem and a convection-
dominated problem.

Consider the initial problem for the heat equation ([I]) in Q = (0,1)3 with u = 1,
vo(r) = sin(27rz + 1) sin(27y + 2) sin(27z + 2.5), and the periodic boundary con-
ditions. The exact solution of this problem is u(t,7) = vy(r)exp(—127%t%). In
Section 4 we proved the convergence with the order 2 — € provided that the statement
of Lemma [ holds. It is interesting to study the opposite case when it is not possible
to construct simplicial splittings without additional mesh nodes. A well-known mesh
fragment satisfying this condition is shown in Fig. 7 at the left.

Consider a structured cubic mesh with edge length h, 1/h € N, and split one of
these elements into 7 hexahedrons as shown in Fig. 7 at the right. The radius-vectors
for 6 additional nodes are chosen randomly provided that the resulting mesh satisfies
the conditions of Theorem 1, and scaled with the factor 2~ when generating a mesh
with another A.

The norms of the numerical error at ¢ = t,,,, = (In2)/(127?%), namely,

euz = [[u"(t) = Thu(t, )I/VIQL,  euee = max fu;(t) —ult,rj)l,  (49)
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Table 1. The numerical error for the heat equation

h P1-Galerkin Local elem. splitting
5u,2 5u7oo 5u,2 5u,oo 857%.5Gal./gi\{oléES
1/8 12.38-10726.12-1072[6.27-1073 | 1.61- 1072 3.80
1/16 {6.22-1073[1.71-1072| 1.57-1073 | 4.41- 1073 3.88
1/32 | 1.57-107% | 4.43-1073{3.94-107%]1.22-1073 3.63
1/64 13.93-107%|1.11-1072]9.84-107°|3.20-107* 3.47
1/128 | 9.84-107° | 2.78 - 1074 | 2.46 - 107° | 8.17 - 10~° 3.40

are collected in Table [I. Both schemes are of the second order of accuracy on uni-
form Cartesian meshes. The defect in the mesh structure is local and thus it not strong
enough to deteriorate the overall convergence in the Ly-norm, so the result €, 9 ~ h?
is as expected. The method of local element splittings yields 4 times smaller numer-
ical error due to a more compact stencil.

We can also compare the method of the local element splittings with the
P1-Galerkin method by the value of ¢, »,. For the method of local element splittings,
the local maximum of the error is located near the splitted elements (except for
h = 1/8). In contrast, for the P1-Galerkin method, the local maximum of the error
1s localed near one of the local extrema of the solution, The ratio of the numerical
errors obtained by the P1-Galerkin method and by the method of local element
splittings 1s shown in the right column of the table. This ratio becomes smaller as
the mesh is refined. This means that the error of method of local element splittings
does depend on the mesh quality more than the error of the P1-Galerkin method.
However, in this test, the order of vanishing of the numerical error is greater than
one even in L -norm.

Now consider the Navier — Stokes system with no heat conduction linearized
on the steady uniform field p = 1, w = 0, p = 1/7, namely,

aQ, / Vv
where Q' = (o', ', p' /(v — 1))7,
u/ 0
Flin = p,I ) E‘z/n(Q7 VQ) = T ’
u'/(y—1) 0

and the stress tensor 7 is given by (#2). We put 11 = 1; the computational domain is
the cube 25x25x25 with edges aligned with mesh axes and the periodical boundary
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conditions. A general solution of these equations is a linear combination of acousti-
cal, vortex, and entropy waves. We consider the solution

0 —k?/w
Q' = exp(—pk*t+ik-r) | [cx k] | +Aexp(iwt+ik-r) k :
0 —k*/(w(y — 1))

where w is given by the dispersion relation

5 ) o\ 1/2
W= gz’,uk:2 + <k2 — (gﬂk2> > :

We put k = (271/25,27/25,0)7, A = /2, ¢ = (0,0,1/(27))7, so the exact solution
is independent of z and u/, = 0.

For this test, we use four artificial meshes. The first one is shown in Fig. §, and
the other three meshes are generated by successive refining of the first one. These
meshes contain all four types of mesh elements. For the discretization of convective
fluxes we use semitransparent control volumes []15]; we present results for the basic
approximation Fj,(Q) = (1/2)(F(Q;) + F(Qk)) - mjx, where nj;, is the geomet-
ric coefficient associated with the pair of nodes j and £, for the EBR3 [28] scheme
and for the Flux Correction method [20]. In the last scheme we used gradient ap-
proximation using third order interpolation polynomials and the pointwise treatment
of the source/time derivative term. This scheme is 2-exact on arbitrary unstructured
meshes.

We will look at the norms of the numerical errors € (see ®@9)) for f = p'
(pressure pulsation) and f = u; (y-component of the velocity pulsation) for [ = 2
and! = ccatt = t4, = 1. They are collected in Table P for the basic approximation,
in Table [ for the EBR3 scheme and in Table } for the Flux Correction method.

The Table [ shows that in the square norm the numerical solution converges
to the exact solution approximately with the second order, while for maximal norm
the numerical order is lower. The results given in Tables 2 and 3 also shows lower
convergence rate due to the lower order of convective terms approximation. For the
sake of this paper, the main result of this test is that there is no significant difference
between the P1-Galerkin method and the method of local element splittings.

Now we move to a high Reynolds number problem. In convection-dominated
problems the numerical error is mostly determined by the choice of convective terms
approximation, so we consider only one case.

Consider a flow around a blade with the profile NACAO0012 [45]. The chord
length is unit; Mach number of the background flow is M, = 0.15, Reynolds num-
ber is Re = 6 - 10°. Molecular viscosity is defined by the Sutherland law with
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Figure 8. Coarse mesh for the linear waves dissipation test
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Table 2. The numerical error for the linear waves dissipation test. Basic approxima-
tion for convective terms

h Romin P1-Galerkin

€p'2

Local elem. splitting

Ep/ 00 €p/ 00 Ep' 2

6.221
3.508

0.279
0.140
1.917 | 0.070
0.975 | 0.035

1.66 - 1071
1.13- 107t
5.53 - 1072
2.70- 1072

6.43 - 1072
2.30 - 1072
8.04-1073
2.83-1073

1.65-1071
1.13-107t
5.53 - 1072
2.70 - 1072

6.48 - 1072
2.32-1072
8.09-1073
2.84-1073

h hmin

P1-Galerkin

/
Euy,oo

Eul 2

Local elem. splitting

/
<C5uy,oo

Euy 2

6.221
3.508
1.917
0.975

0.279
0.140
0.070
0.035

1.02- 1071
5.32- 1072
1.58 - 1072
4581073

4.11-1072
1.16 - 1073
2.93-1073
7.34-107%

1.02-1071
5.28 - 1072
1.58 - 1072
4.54-1073

4.05-1072
1.14 - 1072
2.80-1073
7.24-107%

T, = 300K. The angle of attack is set at 15 degrees, to make the setup more sensi-
tive to the scheme. We solve Reynolds-averaged Navier — Stokes equations with the
Spalart — Allmaras turbulence model. For this test we use two structured quadrilat-
eral meshes (coarse and fine) and a second-order finite volume scheme with no slope
limitation. The number of nodes on the profile is 162 for the coarse mesh and 246
for the fine mesh; the first mesh step normal to the blade is equal to 107% for both
meshes.

The results for the drag and lift coefficients are presented in Table [§. We com-
pare them with the result obtained on a very fine mesh (897 nodes on the blade). We
see again that the difference between the P1-Galerkin method and the method of local
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convective terms
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hmin

P1-Galerkin

Ep/ 00

€p'2

Local elem. splitting

€p/ 00

Ep'2

6.221
3.508
1.917
0.975

0.279
0.140
0.070
0.035

1.05- 107!
4.08 - 1072
1.57- 1072
6.48 - 1073

3.24 - 1072
8.15-1073
2.31-1073
6.70 - 104

1.05- 1071
4.09 - 1072
1.57-1072
6.49 - 1073

3.28 - 1072
8.15-1073
2.36-1073
6.81-10~*

h

hmin

P1-Galerkin

5uﬁ ,00

Eul 2

Local elem. splitting

Eul 00

Eul 2

6.221
3.508
1.917
0.975

0.279
0.140
0.070
0.035

6.71 - 102
3.59 . 102
1.29 - 10~2
472103

1.90 - 1072
4.87-1073
1.21-1073
3.06-10*

6.09 - 102
3.59 - 102
1.29 - 102
4.69-1073

1.85- 1072
4.86-1073
1.18-1073
2.92-1074

Table 4. The numerical error for the linear waves dissipation test. Steady FC scheme

for convective terms

hmin

P1-Galerkin

Ep/ 00

€p'2

Local elem. splitting

€p/,00

€p'2

6.221
3.508
1.917
0.975

0.279
0.140
0.070
0.035

9.81-1072
2.93 1072
8.66 - 1073
3.35-1073

3.87-1072
9.47-1073
2.37-1073
6.07-107*

9.87-1072
2.92 1072
8.66 - 1072
3.35-1073

3.83- 1072
9.32-1073
2.33-1073
5.97-10~*

h

hmin

P1-Galerkin

/
5uy,oo

5u;,2

Local elem. splitting

li
6uy,oo

E.
uy,2

6.221
3.508
1.917
0.975

0.279
0.140
0.070
0.035

5.16- 1072
2.98-1072
1.32- 1072
4.62-1073

1.44 - 1072
5.54-1073
1.57-1073
4.09 - 1074

5.20- 1072
2.98-1072
1.13-1072
4.59-1073

1.49 - 1072
5.45-1073
1.53-1073
3.97-10*

element splittings in negligible.
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Table 5. The drag and lift coefficients for NACAO0O012 profile

Scheme Mesh CL CD
P1-Galerkin coarse | 1.505718 | 0.027731
fine 1.533320 | 0.023143
Local elem. splitting | coarse | 1.504825 | 0.027822
fine 1.533145 | 0.023170
Local elem. splitting | very fine | 1.543686 | 0.022019

7. Implicit time integration

Up to this point we have noticed no advantage of the method of local splittings
compared to Galerkin method. They have approximately similar underlying theory,
approximately the same accuracy, the same computational costs (in our implementa-
tion), and similar implementation complexity. However, implicit time discretization
reveals a difference between them.

In this section, we assume the use of “direct” control volumes for the approxi-
mation of convective terms, then N} (7) is the set of nodes connected to j by edge.

Apply the first-order backward difference formula (BDF1) to the scheme (43)):

n+1 n
%@+_@

(@) = el (@),

(50)

To solve this nonlinear system, one can use an iterative process based on the Newton
method: Q' = Q"

j:

(s) _ Nn
Q™ = Q) - (aing (v} S+ a@) - 27(Q)).

1 :
M = Edlag{‘/}} . Mcom; + Mmsc’ (51)
dd - - ddV
MO oy pplone — 27 (s) MVISC oy pUISC — (s) .
exact dQ (Q )7 exact dQ (Q )

One needs to solve linear algebraic system with the matrix M at each iteration. We
solve it using the preconditioned BiCGStab solver [46].

The true Newton method (i. €. with M = M and MU = M)
is extremely inefficient in practice due to wide stencils of high-order finite volume
schemes and big condition number of the resulting matrix M. Therefore a reduced
variant of the matrix M 1s commonly used (see [47] for example). We take the

matrix M™ in a reduced form as it be for the “first-order” finite-volume scheme
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and drop the derivatives of eigenvalues and eigenvectors, which are used in the Roe
solver. Then the portrait of M“"" contains only the main diagonal and the cells
(7, k) such that j € Ni(k) (or, which is the same, £ € Ni(j)), here we consider
a 5x5 block related to the set of equations as one matrix element. On a structured
hexahedral mesh, M“"" has 7 nonzero elements a row.

Since we use a simplified Jacobian for convective terms, the convergence of the
iterations is far from quadratic, and there is no reason to use M""*¢ = MU, For a
structured hexahedral mesh each row of the matrix M?5¢, consists of 27 nonzero el-
ements. The idea is to keep only 7 elements per row for M V**¢, We drop the elements
jk such that the nodes jk are not connected by an edge and preserve zero column

sum. Besides, we drop skew-symmetric part of the tensor G, 5[¢]. To be precise,
for j € Nyi(k), we put

0 0 0

visc -1
k= Pr —Uj - M m 0

—e-up—o(Ey—ui/2) el —oul o

where py, uy, Ej are density, velocity and total energy at node K, m = {mas[y]},

e ={e.},

1 1
Moalsd = Y Cirsslod + 5Gihaalnd,  Masld = 2(Gjnasld + Cinal),
o=x,y,z

> masluug], o :% > Girsslul

5:%%3 5:$7y72
Diagonal elements of the matrix M,,;,. are given by

visc __ visc
MU = — N My
kENl()

and Mj}*¢ = 0 for j # k and j ¢ Ny (k).

The reduction of the martix portrait is almost 4 times, and it proportionally
reduces the computational costs for solving the algebraic system. The memory usage
also reduces significantly.

It turns out that this trick behaves differently for the P1-Galerkin method and
for the method of local elements splitting. We demonstrate this behavior on the 2D
flow around a plate. Consider Navier — Stokes equation in the domain 0 < x <
3,0 <y < 1. Ony = 0 we impose no-slip adiabatic boundary conditions, and
on other boundaries we keep free-stream flow with Mach number 0.1 (namely, we
put poo = 1, us = (1,0,0)7, po = 100/7). Viscosity coefficient is u = Re™?,
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Figure 9. Mesh used for the flow simulation around a plate

where Re is the formal Reynolds number (i. e. based on the mesh length unit).
For the convective terms approximation, we use the basic first-order finite-volume
scheme with the Lax — Friedrichs — Rusanov flux. This allows us to use the exact
flux Jacobian for convective terms.

We use Cartesian rectangular meshes with the nodes (z;, y;), where zp = yy =
0, x1 = y1 = hmin, and then the edge lengths grows progressively with the power
1.5. The mesh with Ay, = 0.01 is shown on Fig. 9.

For these extremely small meshes we can store a flux Jacobian in the dense for-
mat and use Lapack package to analyze it. We apply block-diagonal preconditioner
to the matrix, i. e. we analyze the matrix M = MA, where M is the flux Jacobian
and diagonal blocks of A are the inverses of diagonal blocks of M. The condition
numbers in /5 of the matrices M are collected in Table . Here we consider flux Ja-
cobians calculated on the field p; = p, pj = Do, and u; = 0 for the nodes on the
no-slip boundary and u; = u., otherwise; the flux Jacobians computed on steady
solutions of the given problem exhibit similar behavior.

The condition numbers themselves do not provide any meaningful information
about the possibility of solving the linear system. By the way, Table [§ shows that
the truncation of the flux Jacobian significantly increases the condition number in
the case of P1-Galerkin method. This is a reason to suspect that the truncation of
flux Jacobian significantly corrupts it. In contrast, for the method of local element
splittings the truncation does not significantly affect the condition number.

This suspicion is confirmed by the numerical experiments for high Reynolds
number flows. The use of full Jacobian for diffusion terms makes it possible to
use high CFL numbers, limited mainly by the convective terms. When using the
P1-Galerkin method, the truncation of the flux Jacobian may either work properly,
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Table 6. Condition numbers of preconditioned flux Jacobians for different schemes
and case parameters

Scheme Jacobian | hy;, | Re | CFL | cond. number
P1-Galerkin full 10721100 | 10 7.90 - 10*
truncated | 1072 | 100 | 10 7.74 - 10
P1-Galerkin full 1072100 | 100 | 8.61-10°
truncated | 1072 | 100 | 100 8.91 - 106
P1-Galerkin full 1072 10 | 10 5.69 - 10*
truncated | 1072 | 10 | 10 6.14 - 106
P1-Galerkin full 1072 ] 10 | 100 2.10 - 10°

truncated | 1072 | 10 | 100 | 1.95-107
Local elem. splitting | full 10721100 | 10 8.34-10%
truncated | 1072 | 100 | 10 8.38 - 10
Local elem. splitting | full 1072|100 | 100 | 8.87-10°
truncated | 1072 | 100 | 100 | 8.92-10°
Local elem. splitting | full 1072| 10 | 10 5.66 - 10*
truncated | 1072 | 10 | 10 5.66 - 104
Local elem. splitting | full 1072| 10 | 100 | 2.60-10°
truncated | 1072 | 10 | 100 | 2.63-10°

P1-Galerkin full 1073]100] 10 5.60 - 10*
truncated | 1073 | 100 | 10 3.93 - 106
P1-Galerkin full 1072|100 | 100 2.10 - 106
truncated | 1072 | 100 | 100 | 3.28- 107
P1-Galerkin full 1073 | 10 10 2.04 - 10°
truncated | 1073 | 10 | 10 7.10 - 106
P1-Galerkin full 1073 | 10 | 100 7.87-10°

truncated | 1073 | 10 | 100 | 5.25-107
Local elem. splitting | full 10-3] 100 | 10 5.66 - 10*
truncated | 1072|100 | 10 | 5.66 - 10
Local elem. splitting | full 10731100 | 100 | 2.60 - 10°
truncated | 1073 | 100 | 100 | 2.63 - 10°
Local elem. splitting | full 1073 10 | 10 1.75 - 10°
truncated | 1073 | 10 | 10 1.75 - 10°
Local elem. splitting full 1073 | 10 | 100 7.32-10°
truncated | 1073 | 10 | 100 | 7.41-10°
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or lead to solver (BiCGStab) unconvergence, or lead to Newton process unconver-
gence, depending on the flow parameters, Courant number, and the mesh resolution
of the boundary layer. In contrast, when using the method of local element splittings,
the truncation of the flux Jacobian does not significantly change the behavior of the
scheme.

For example, consider again the flow around NACAO0012 airfoil. Using the full
Jacobian, we can run the computations with the CFL number about 2 - 10* with both
the P1-Galerkin method and the method of local element splittings. The increasing
of the CFL number is possible up to 1 - 10% but this results in some spurious os-
cillations in time, and the further increase of the CFL number leads to the loss of
convergence. This behavior remains the same if we use the truncated Jacobian and
the method of local element splittings. However, if we use the truncated Jacobian and
the P1-Galerkin method, we are unable to run the computations with CFL > 1. Note
that on these meshes we have very well-resolved boundary layer; for poor-resolved
boundary layers higher CFL numbers are possible, but still much less than when the
full Jacobian and/or the method of local element splittings are in use.

8. Conclusion

The method of local element splittings is a novel finite-element method for
the discretization of diffusion terms of the Navier — Stokes system on unstructured
meshes. It is very close to the classical P1-Galerkin method; they coincide for sim-
plicial meshes and have the same stencil. The new method is second-order accurate
on structured meshes and on simplicial meshes, with possible degradation on un-
structured mixed-element meshes. The difference from the P1-Galerkin method also
appears in the approximation of the Laplace operator on Cartesian meshes. The P1-
Galerkin method yields a combination of direct and skewed crosses, while the method
of local element yields the direct cross (5-point in 2D and 7-point in 3D).

Although for the discretization of viscous terms the stencil of the method
cannot be reduced to the set of edge-connected nodes, this approach may be
applied to the approximated flux Jacobian used in implicit schemes, especially
for convection-dominated flows. The numerical results show that for the method
of local element splittings it significantly improves the computational costs
and memory requrements without loss of convergence of a linear system solver
and of the Newton method. This is not possible for the classical P1-Galerkin method.

The author thanks M. D. Surnachev and A. V. Gorobets for their useful remarks.



— 390 —

References

I.

10.

11.

Jasak H., Weller H. G., Gosman A. D. High-resolution NVD differencing scheme
for arbitrarily unstructured meshes // International Journal for Numerical Meth-
ods in Fluids. 1999. Vol. 31. P. 431-449.

. Touze C., Murrone A., Guillard H. Multislope MUSCL method for general un-

structured meshes // Journal of Computational Physics. 2015. P. 389—418.

. Wolf W. R., Azevedo J. L. F. High-order ENO and WENO schemes for un-

structured grids // International Journal for Numerical Methods in Fluids. 2007.
Vol. 55, no. 10. P. 917-943.

Quadrature-free non-oscillatory finite volume schemes on unstructured meshes
for nonlinear hyperbolic systems/ Dumbser M., Kaeser M., Titarev V. A.etal.//
Journal of Computational Physics. 2007. Vol. 226. P. 204-243.

Tsoutsanis P., Titarev V. A., Drikakis D. WENO schemes on arbitrary mixed-
element unstructured meshes in three space dimensions // Journal of Computa-
tional Physics. 2011. Vol. 230. P. 1585-1601.

Liu Y., Zhang Y.-T. A Robust Reconstruction for Unstructured WENO
Schemes // Journal of Scientific Computing. 2013. Vol. 54. P. 603-621.

. Tsoutsanis P., Antoniadis A. F., Drikakis D. WENO schemes on arbitrary un-

structured meshes for laminar, transitional and turbulent flows // Journal of Com-
putational Physics. 2014. Vol. 256. P. 254-276.

. Zhou T., L1 Y., Shu C.-W. Numerical comparison of WENO finite volume and

Runge-Kutta discontinuous Galerkin methods // Journal of Scientific Comput-
ing. 2001. Vol. 16. P. 145-171.

Cockburn B., Shu C.-W. Runge-Kutta discontinuous Galerkin methods for
convection-dominated problems // Journal of Scientific Computing. 2001.
Vol. 16, no. 3. P. 173-261.

Gassner G., Lorcher F., Munz C.-D. A discontinuous Galerkin scheme based on
a space—time expansion ii. Viscous flow equations in multi dimensions // Journal
of Scientific Computing. 2008. Vol. 34. P. 260-286.

Zhu J., Qui J. Runge—Kutta discontinuous Galerkin method using WENO-type
limiters: Three-dimensional unstructured meshes / Commun. Comput. Phys.
2012. Vol. 11. P. 985-1005.



12.

13.

14.

15.

16.

17.

18.

19.

20.

21.

22.

23.

—40 —

Huynh H. T., Wang Z. J., Vincent P. E. High-order methods for computational
fluid dynamics: A brief review of compact differential formulations on unstruc-
tured grids // Computers and Fluids. 2012. Vol. 98. P. 209-220.

Roe, P. L. Error estimates for cell-vertex solutions of the compressible Euler
equations: Tech. Rep.: : ICASE Report 87-6, 1987.

Barth T. J. Numerical aspects of computing high Reynolds number flows on un-
structured meshes // AIAA Paper No. 91-0721. 1991.

Bakhvalov P. A., Kozubskaya T. K. Construction of Edge-Based 1-Exact
Schemes for Solving the Euler Equations on Hybrid Unstructured Meshes //
Comp. Math. Math. Phys. 2017. Vol. 57. P. 680—-697.

Gorobets A. V. Parallel algorithm of the NOISEtte code for CFD and CAA sim-
ulations // Lobachevskii Journal of Mathematics. 2018. Vol. 39. P. 524-532.

Application of the FUN3D Solver to the 4th AIAA Drag Prediction Workshop /
Lee-Rausch E. M., Hammond D. P., Nielsen E. J. et al. // Journal of Aircraft.
2014. Vol. 51. P. 680—697.

Rakowitz M., Schwamborn D., Sutcliffe M. Structured and Unstructured Com-
putations on the DLR-F4 Wing-Body Configuration // Journal of Aircraft. 2003.
Vol. 40. P. 1149-1160.

Eliasson P. EDGE, a Navier-Stokes solver for unstructured grids: Tech. Rep.:
FOI-R—0298—-SE. SE-172 90 STOCKHOLM: FOI Swedish defence research
agency, Division of Aeronautics, FFA, 2001. December.

Katz Aaron, Sankaran Venkateswaran. An Efficient Correction Method to Obtain
a Formally Third-Order Accurate Flow Solver for Node-Centered Unstructured
Grids //J. Sci. Comput. New York, NY, USA,2012. may. T. 51, Ne 2. C. 375-393.

Pincock B., Katz A. High-Order Flux Correction for Viscous Flows on Arbitrary
Unstructured Grids // J. Sci. Comput. New York, NY, USA, 2014. nov. T. 61,
Ne 2. C. 454-476.

Work C. D., Katz A. J. Aspects of the Flux Correction Method for Solving the
Navier-Stokes Equations on Unstructured Meshes // AIAA paper No. 2015-0834.
2015.

High-Order strand grid methods for shock turbulence interaction / Tong O.,
Yanagita Y., Schaap R. et al. // AIAA paper No. 2015-2283. 2015.



24.

25.

26.

27.

28.

29.

30.

31.

32.

33.

34.

35.

_4] -

Computation of unsteady flows with mixed finite volume/ finite element upwind

methods / Debiez C., Dervieux A., Mer K. et al. // International Journal for
Numerical Method in Fluids. 1998. Vol. 27. P. 193-206.

Debiez C., Dervieux A. Mixed-element-volume MUSCL methods with weak

viscosity for steady and unsteady flow calculations // Computers and Fluids.
2000. Vol. 29, no. 1. P. 89-118.

Abalakin I., Dervieux A., Kozubskaya T. High Accuracy Finite Volume Method
for Solving Nonlinear Aeroacoustics Problems on Unstructured Meshes // Chi-
nese Journal of Aeronautics. 2006. Vol. 19. P. 97-104.

Koobus B., Alauzet F., Dervieux A. Computational Fluid Dynamics / Ed. by
Magoules F. CRC Press, 2011. P. 131-204.

Abalakin 1., Bakhvalov P., Kozubskaya T. Edge-based reconstruction schemes
for unstructured tetrahedral meshes // International Journal for Numerical Meth-
ods in Fluids. 2016. Vol. 81. P. 331-356.

Bakhvalov P. A., Kozubskaya T. K. EBR-WENO scheme for solving gas dy-
namics problems with discontinuities on unstructured meshes // Computers and
Fluids. 2017. Vol. 157. P. 312-324.

Nishikawa H. Alternative Formulations for First-, Second-, and Third-Order Hy-
perbolic Navier-Stokes Schemes // AIAA Paper No. 2015-2451. 2015.

Nakashima Y., Watanabe N., Nishikawa H. Hyperbolic Navier-Stokes Solver for
Three-Dimensional Flows // AIAA Paper No. 2016-1101. 2016.

Mavriplis D. J., Venkatakrishnan V. A unified multigrid solver for the Navier—
Stokes equations on mixed element meshes // International Journal for Compu-
tational Fluid Dynamics. 1997. Vol. 8. P. 247-263.

Acceleration of NOISEtte Code for Scale-resolving Supercomputer Simulations
of Turbulent Flows / Gorobets A., Bakhvalov P., Duben A. et al. // Lobachevskii
Journal of Mathematics. 2020. Vol. 41. P. 1463—-1474.

Numerical Investigation of the Aerodynamic and Acoustical Properties of a
Shrouded Rotor / Abalakin I., Anikin V., Bakhvalov P. et al. / Fluid Dynamics.
2016. Vol. 51. P. 419-433.

Dankov B., Duben A., Kozubskaya T. Numerical modeling of the self-oscillation
onset near a three-dimensional backward-facing step in a transonic flow // Fluid
Dynamics. 2016. Vol. 51. P. 534-543.



36.

37.

38.

39.

40.

41.

42.

43.
44,

45.

46.

47.

_ 40 —

Dankov B., Duben A., Kozubskaya T. Numerical simulation of the transonic tur-
bulent flow around a wedge-shaped body with a backward-facing step // Mathe-
matical Models and Computer Simulations. 2016. Vol. 8. P. 274-284.

A tetrahedral-based superconvergent scheme for aeroacoustics: Paper: 5212 /
Gourvitch N., Roge G., Abalakin I. et al. INRIA: INRIA Report, 2004.

Nishikawa H. Beyond Interface Gradient. A General Principle for Constructing
Diffusion Schemes // AIAA Paper No. 2010-5093. 2010.

Kiizek M. On the maximal angle condition for linear tetrahedral elements //
SIAM J. Numer. Anal. 1992. P. 513-520.

Acosta G. Lagrange and average interpolation over 3D anisotropic elements //
Journal of Computational and Applied Mathematics. 2001. Vol. 135. P. 91-109.

Al Shenk N. Uniform error estimates for certain narrow Lagrange finite ele-
ments // Mathematics of computation. 1994. Vol. 63. P. 105-119.

Kobayashi K., Tsuchiya T. Error analysis of Lagrange interpolation on tetrahe-
drons // Journal of Approximation Theory. 2020. Vol. 249.

Adams R. A. Sobolev spaces. AP, 1975.

Kallinderis Y. A 3-D finite-volume method for the Navier-Stokes equations with
adaptive hybrid grids // Applied numerical mathematics. 1996. P. 378—406.

2DNO00: 2D NACA 0012 Airfoil Validation Case: Tech. Rep.: : NASA Langley
Research Center. URL: https://turbmodels.larc.nasa.gov/naca0012 val.html.

Van der Vorst H. A. Bi-CGSTAB: A Fast and Smoothly Converging Variant of
Bi-CG for the Solution of Nonsymmetric Linear Systems // SIAM Journal on
Scientific and Statistical Computing. 1992. Vol. 13. P. 631-644.

A multithreaded OpenMP implementation of the LU-SGS method using the mul-
tilevel decomposition of the unstructured computational mesh / Petrov M. N.,
Titarev V. A., Utyuzhnikov S. V. et al. // Computational Mathematics and Math-
ematical Physics. 2017. Vol. 57. P. 1856-1865.



_43 —

Contents

1  Introduction . . . . . . . . . . . . . . . e 3
D Pl-Galerkinmethod . . . . . ... ... ... ... ... . 4
3  Method of local element splittings . . . . . . . . . . . . . . .. ... 7
4 Accuracy prooff. . . . . . .. L 11
5 Implementation for Navier — Stokes solvery . . . . . . . . . . ... ... 26
6 Verification . . . . . . . . . .. 29
7  Implicit time integration . . . . . . . . . . e 34
8 Conclusion . . . . . . . . .. 38
References . . . . . . . . . . e 39




	prep_2020_79_heading
	prep2020_79_eng.pdf
	Introduction
	P1-Galerkin method
	Method of local element splittings
	Accuracy proof
	Implementation for Navier – Stokes solvers
	Verification
	Implicit time integration
	Conclusion
	References


