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Opnena Jlenunna
HUHCTUTYT HPI/IKJIAI[HOI7I MATEMATHUKU

umenu M. B. Keaanima
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VIIK 517.968.7

3enrox /. A., Masruneuxuti I. I.
OarOoMepHBIN 6pIOCCEIATOP € JJPOOHBIMU ITPON3BOAHBIMU TI0 BPEMEHU

B pabore Ha npumepe abCTpakTHON MO OPIOCCEISITOPa PACCMOTPEHBI CIie-
Hapuu (POPMUPOBAHUS CJIOMKHBIX ATTEPHOB B HEJIMHEHHbIX cpejiax ¢ jiuddysueit
1 guddepeHnuaabHbIMI OllepaTopaMu Heresioro nopsjika. C moMoIibo cTaiapT-
HOW TEXHUKM JIMHEHHOI'O aHaJIU3a 1OJIyUYeHbl TOYHbIC BbIPAXKEHUsI JIJIs KPUTUYE-
CKUX 3HAUEHUI IapaMeTpoB, IIPU KOTOPBLIX B CHCTEMe HAOJIIOJIAI0TCs HEeyCTONIn-
BOCTH onpejeneHnoro tuna. st oudpypranmn Xonda n oudypkranmnm Kkopasmep-
HOCTHU 2 KPUTEPUU YCTONIUBOCTU CYIECTBEHHO 3aBUCAT OT HOPSIJIKA JIPOOHOM ITPO-
n3BoHO. [Ipeickazanust IMHEHHOM TeOPUN MOAKPEIIeHbI Pe3yIbTaTaMi TUCIEH-
HOI'O aHaJinza. TakaKe jjaH Kparkuit 0030p TEKYIIEIO COCTOAHMS TEOPUU JIPOOHOIO
UHTErpo-audepeHnpoBaHns U JUHAMUIECKUX CHCTEM HEIEJ0I0 IOPsJIKA.

Karouesvie caosa: 1pobHOE HUCUUCTIEHUE, CUCTEMbI peaKius—aud hy3us.

Dmitry Alexeyevich Zenyuk, Georgy Gennadiyevich Malinetsky
One-dimensional Brusselator with time-fractional derivative

In the present paper possible scenarios of pattern formation in non-linear
media with diffusion and differential operators of non-integer order are studied
for the abstract Brusselator model. By means of the standard linear analysis
exact critical values for different types of instabilities are derived. It is shown
that stability criteria significantly depend on the order of the fractional derivative
in case of the Hopf and C2TH bifurcations. Predictions of the linear theory are
confirmed by numerical simulation. The exposition is accompanied by a concise
survey of the main results in the fields of fractional calculus and dynamical systems
of non-integer order.

Key words: fractional calculus, reaction—diffusion systems.
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BBenenne

BriepBbie BOIPOC O CMbICJIE TPOU3BOIHON HEIEJIOr0 MOPsijiKa BOSHUK MOYTH CPA3y
’Ke TI0CJIe BBEJICHUsI CAMOro IMOHSTHSA NPOU3BOAHON: B nmuchbMax K I. Jlomurasiro
(1695 r.) u k. Yosmacy* (1697 1.) I. JleiiGuu1y 1ain HEKOTOpbIe KOMMEHTaPUK OT-
HOCHUTEJIbHO TOI'0, KAKMM CMBICJIOM MOTJIA ObI 00J1aaTh nuddepeHInaibl 1 Ipo-
u3BOJIHBIE TOPsiJKa 1/2. Pasiuunbie dhopmasibibie 10x0/1b K 11pobsieme judde-
PEHIIUPOBAHST HEIEJIOTO MOPsijIKa, MpeIaraauch B paborax JI. Dittepa (1738 r.),
I1.-C. Jlamnaca (1812 1) u 2K. @ypoe (1822 1.). B tpakrate C. e Jlakpya (1819 1)
B Ka4eCcTBe ylpaKHeHusT Obljla PaCCMOTPEHA 3aJia9a O BLITUCJICHUN TPOU3BOIHON
HEIEJIOT0 MOPSIIKA, JIJI CTEEeHHON (PYHKIMN; MHTEPECHO, UTO MOy YeHHOE UM BbI-
pakeHue B TOYHOCTH COBIAJIAET ¢ TeM, KOTOPOE OyIeT MOJIydeHO NPH TPUMEHEHNN
COBPEMEHHBIX TTPOU3BOJIHBIX PuMana—JInyBuiiis.

Hcropuio cobcTBEHHO JIPOOHOIO MCUUCJICHUST TPUHSATO OTCUUTHIBATH OT paboT
H. AGenst (1823 u 1826 rr.), MOCBSAIMIEHHBIX PENIEHIIO HHTETPATIBHOTO YPABHEHUST

/;%:f(x), r>a, 0<a<l,

CBSI3aHHOIO C T.H. 3ajlaueil 0 Tayroxpone. Peiienue u(zr) 910ro ypaBHeHus, Kak
M037Ke OKA3aJI0Ch, MPOTIOPIUOHAIBLHO JPOOHON MTPOU3BOIHON MOPAJIKA (v OT (DYHK-
muu f(x). Ilpu srom ciejryer mogaepKHyTh, 910 caM Abesh HE paccMaTpUBaJ
9TO pelieHre Kak 000OIeHne MOHATHS TTPOU3BOJIHON U TIOJYUNJI €r0 ¢ MOMOIIBIO
METOJIOB KJIACCHYECKOTO aHamn3a (mojpobHee 0 perenny ypaBHeHusi AGesist M.,
nanpumep, [1]). IlepBas HonbITKA HOJHOIEHHOIO U3JIOKEHUS TEOPUU JIPOOHOIO
uHTEerpo-auddepennupoBanus ObLIa peanpuHsaTa B cepun nybsukaruit 2K, Jln-
yeusiem (1832-1837). Xorst HEKOTOpbIE PE3yJIbTaThl, MOJTyYEHHbIE TaM, OKa3a-
JINCh HE COBCEM CTPOTMMHU C COBPEMEHHON TOYKHU 3pEHUs, MMEHHO B HUX OBLIH
BBICKA3aHbl MHOTHE BaykHbIe Wjen u Koumemnuu. [lo 3Haunmoctn ¢ paboramn
Jluysusisi cpaBauMbl pabotel B. Pumana (1847, onmyGsimkoBana Brepsbie B 1876
yke mocsie ero cvepti) 1 X. Xosmrpena (1865). BaepiiienHast Teopust MHTErPoO-
JnddepenHnmaibHOrO NCINCIEHAs HEelleJI0ro Hopsijika Oblia Jana B paborax A. B.
Jlernukosa (1874) u H. {. Conuna (1872).

C nagasa 20 B. 10Tk J10 50-X TT. TEOpust JIPOOHOTO MCUNUCIECHUST TPOIOJIZKAET
pPa3BUBATHCSA YK€ B KOHTEKCTE WCCJIeIOBaHmi B 00J1acTh (DYHKITMOHAJIBLHOTO aHa-
au3a. 3jiech ymMecTHO yrnomsinyTh paborsl 2K. Agamapa (1892 r., BBejeHa HOBasi
dbopma 0600IIEHHOTO JIPOOGHOTO WHTErPAJTLHOTO oneparopa), . Xapau u M. Pucca
(1915 r.), I. Beiis (1917 1., 1pobHOE MHTErPUPOBAHUE TTEPUOIMIECKIX DYHKITHIT),
[ Xapau u k. JInrwusysa (1928 1), M. Pucca (1936, 1938 u 1949 rr., ipo6-
HO€ UHTEerpupoBaHue JJIs (DYHKITUH MHOTHX [TePEMEHHBIX ¢ TIOMOIIBIO OITepaTOPOB
Tuna norennuana), A. Dpueiin u I Kobepa (1940 1., nanbreiiiee 0b6061enne

*Bo MHOTEX MCTOYHAKAX IMIPUBOANTCA (POHETHIECKH MEHee TOUHAS TPAHCKPHIIIUs ero paMuann — BaJsinc



MHTErpaJbHbIX U Ju(bEPEHITHATBHBIX ONEPATOPOB HEMejIoro mopsiaka), M. M.
Tesandanna u . E. Hlwiosa (1964 1), M. M. xpbamisina (1966 r., naTerpasb-
Hble lpejicTaBjienus (PYHKIMA B KOMILJIEKCHOMR HJIOCKOCTI/I). SauHTEepecOBaHHbII
YUTaTe/Ib CMOXKET HalTu 0oJiee JIeTaJIbHYI0 PETPOCIEKTHBY HMCCJIEJIOBaHUN B 00-
JIaCTH JAPOOHOIO ucuucaenus u nojgpobuyio dbubsmorpaduio B [2], a rakxke B [1].

O1/1e/IbHO OCTAHOBUMCs Ha IIpobjeMe HazBaHuil. B mepByio ouepejib, cam Tep-
MUIH «JIpobHOe ncuucsenues (fractional calculus) siisiercst HETOUHBIM, TTOCKOJIBKY
B COBPEMEHHOIl TEOPUHU MOPsAJIOK UHTErpo-aud hepeHnaabHbIX 0IepaTopoB MO-
yKeT ObITH JIIOOBIM YHCJIOM, B TOM YNCJIE W KOMIJIEKCHBIM. TeMm He Menee, MMEHHO
TaKoe Ha3BaHUe CTaJj0 00IIEyoTPedUTE/IbHLIM U 3a(UKCUPOBAHO BO BCEX OCHOB-
HBIX HCTOYHMKAX, I09TOMY OTKA3aThCs OT HEro, IO-BUJIUMOMY, y2Ke Hesib3sd. Kpo-
Me TOTO, B JJPOOHOM MCUMCICHUH 38, €10 O0TaTyI0 U HACHIIIEHHYIO HCTOPUIO MHOTHE
KOHCTPYKIIUU U Pe3yJIbTaThl ObLIN HOJIYUYeHbl HE3aBUCUMO PAa3HLIMU aBTOPAMU, &
HEKOTOPBIE PAOOTHI OCTAJNCH HE3ACIY>KEHHO MaJio u3BecTHbIMU. [loaTomy Hamme-
HOBAHMSI CAMUX OIIEPATOPOB YaCTO YKa3bIBAIOTCs MO-pa3HoMy. B Hacrosmeir pabo-
Te Mbl OyJIeM CJIeJI0BaTh B OCHOBHOM MoHOTpaduu [1], KoTopast ocTaercst OJjHUM U3
CaAMbIX ABTOPUTETHBIX MCTOUYHMKOB B JAHHON 00JIACTH, HECMOTPsI HA TO YTO OHA
ObL1a n3gana dosiee 20 ser nazajn. Horanms mjst unrerpo-guddeperimaabHbIX
OllepaTOPOB HEIEJIOr0 MOpsjiKa Tak»Ke 110Ka He yHudunupobana. Mbl Oyjiem 110
OOJIBIIIEll YaCTH UCIOJB30BATH CUCTEMY 0DO3HAYCHHU, BBeIeHHYIO B [1].

Yrke HauWHAs C yHOMSHYTHIX paboT Abessi 1poOHOE MCUUCTEHWE HCIOJIB30-
BaJIOCh JIJIs pPEIIeHusT MPUKJIATHBIX 3a7a4. JIMyBULIbL paccMaTpuBasl MPUIIOKe-
HUST BBEJEHHBIX UM KOHCTPYKIIMH K 33a9aM O B3AUMHOM BJIUSTHUN OECKOHETHBIX
IPSIMOJIMHENHBIX TTPOBOJHUKOB JIPYT Ha JIPyTa, 3ajade O PacIpeleIeHUN TeIa
B IIape ¥ 33jJiade O MpubIMmKeHHbIX KBajparypax (mut. mo [1]). Oxmako manbo-
Jiee aKTUBHO MPUJIOXKEHHUsI JIPOOHOTO UCUUCJICHUsT CTAJIA U3YyIaThCst ¢ cepeuabl 20
B. MOXKHO BBIJICJIUTD JIBA HAIIPABJICHUS UCCJICIOBAHUM, T/le HHCTPYMEHTapuii Teo-
pun ApoOHOro HHTErPo-auddepeHupoBaHnst OKa3aJIcs HanboJ1ee MOXOISAIINM —
9TO MEXaHMKa BA3SKOYIPYTHUX Ccpeji U aHoMaJsbHas auddysus. [Iporeccsl Takoro
pojia sIBJIsIOTCs dpuuraptbiMu (hereditary), T.e. B HUX JMHAMUKA CYIIECTBEHHO
3aBUCUT OT MPEJIBLICTOPUN TIPOIECCa.

B 40-e rr. A. H. I'epacumossim, I'. Ckorr-Biapom u FO. H. PaboraoBbiM ObI-
JIN TIPOBEJIEHBI OOIMPHBIE UCCJIEI0BAHUS CBOMCTB BI3KOYIPYIUX MaTEepUaJsoB, B
XO0JI€ KOTOPBIX ObLIO IPOJIEMOHCTPUPOBAHO, UTO B BOJOKHUCTBIX IIOJUMEpaxX MeXa-
HUYIECKOE HAIPSIKEHNE MOXKET ObITH MPEJICTABICHO B BUJE JPOOHOM MPOU3BOIHOMN
Pumana—/JInyBuis or gedopmaliuu, npudeM ApoOHbBINH TTOKA3aTeTh OMpeIe/IsaeT-
Csl peasibHbIMU (DUBUIECKUME CBOMCTBAMK TUX MaTepuaJoB. B cepemgune 20 B.
®. Maunapaun u M. KanyTo mokazaJu, 4To ncnojb3oBanue gudhepeHmaabHbIX
ypaBHEHHUI C JIpOOHBIMU IIPOU3BOJHBIMU JIJIsi IIOCTPOEHUs MOJieJiell TepMOBSI3KO-
yupyrocru boJjiee ajekBaTHO u3 (PU3UIECKUX COODparkeHuil u 103BoJisierT boJiee
TOYHO BOCIIPOU3BOJIUTHL HaOJI0/1aeMble ganubie. B paborax P. Barsm u I1. TopBuka



(cepemma 80-x rr.) ObLIA TOIPOOHO UCCTIETOBAHA O0TIAS IMHEHHAS PEOJIOTTIeCKasT
MOJIEJIb BSI3KUX YKHUJIKOCTEH ¢ IpOOHBIMI Tpon3BoiHbIMI Pumana—J/Inysuiis. Io-
JPOOHOE M3JI0KEHKE HTUX BOIPOCOB M. B [3].

Anmnapar apoOHOr0 UCIUCICHNsT OKA3aJICsI TaKxKe BecbMa 3(PEeKTUBEH B paM-
Kax M3y4deHus IPOIeccoB aHoMajbHON juddysun. TepMmun «aHoMaJibHAS> UC-
0JIb3YETCs IIOTOMY, UTO B 9TUX IPOIECCax CPeIHEKBaIPpATUIHbIC OTKJIOHEHU 110~
JIovKeHnst OJIy»<Ial0MUX YacTUI| HeJluHeiiHo 3apucsT ot spemenu: (12(t)) = Ct7.
Pexxumbt ¢ 0 < v < 1 HazwBaoTca cyoauddysnonnbivu, ¢ 1 < v < 2 — cynep-
nnddysnonnbiMu. MHOTIa TaKKe paccMaTpUBaIOTCA PEXKUMBI C Y > 2, KOTOPHIE
HA3bIBAIOTCS CYNEPOAIMCTUYECKUMA U COOTBETCTBYIOT aHOMaJIbHOMY YCKOPEHUIO
YaCTUIL BJIOJIb TpaekTopuii. ObCTOsITEIbHOE [TIepeUrC/IeHIE PeaJbHbIX (PU3NICCKIX
IIPOIIECCOB, JIJIsI KOTOPHIX XapaKTepHa Takas aHOMaJibHasl JUHAMUKA, [TPUBEIEHO
B |4]. Cpenu npumepon cyOmuddysnn ormMerum, HAIpUMEp, TPAHCIOPT HOCHTE-
Jieit 3apsijia B aMOP(MHBIX MOJYITPOBOIHUKAX, sIIEPHO-MATHUTHBIH PE30HAHC B 110~
PUCTBIX U TPYOUATHIX CpeJlaX U PENTAINIO (TEIIOBOE JBUKEHUE JITHHHBIX JIMHEH-
HBIX MaKPOMOJIEKYJI €CTECTBEHHOTO MJIM WCKYCCTBEHHOTO TTPONCXOXKIEHUsT B KOH-
IIEHTPUPOBAHHbBIX PACTBOPAX U HOJMMEDHbIX paciiiasax). OJHO U3 BO3ZMOKHbBIX
oObsICHeHHI 3amejiieHns Audy3un 3aKI09aeTCsd B TOM, YTO B 9TUX CHCTEMaX
OJIY 2K JIAIOIINE JACTHUILI BBIHY K IEHBI TPATUTH BPEMsI Ha 00X0JI IIyCTOT U TYIIMKOB,
KaK Obl «TepsisiCb» B CJIOXKHBIX BHYTPEHHHUX II€pexojiaX BHYTpHU cpejbl. IIpumepsr
cynepnddy3rn 00bIYHO CBABAHBI ¢ TYPOYJIEHTHBIM [TEPEHOCOM B HEPABHOBECHBIX
cpeJlax — Ha CerOJHSIIHUN JeHb yKe HaKOILJIEHO OIpPEeIeIeHHOe KOJUIEeCTBO IKC-
MePUMEHTAJIBHBIX MATEPUAJIOB, TTOATBEPK IAIOIIX DoJiee OBICTPHIN M0 CPABHEHNIO
C JINHEHHBIM POCT CPEJTHEKBAIPATUIHBIX OTKJIOHEHHH B ITUX MPOIECCax (CM. CChLI-
ku B [5]). B HEKOTOpBIX aHOMAJBHBIX Tporeccax cyo- u cynepanddy3noHHbe pe-
JKUMBI KOHKYPHUPYIOT, TIEPEMEXKasiCh JPYT € JPYyrOM, 9TO MPUBOJUT K erle bosee
CJIOXKHOI Hab/IIomaeMoil TuHAMAKe. AHOMAaJbHBIE Ju(@dY3UOHHLIE IPOIECChl, B
CBOTO OYEPE/Ib, SIBJISTIOTCS TTPEJICTABATENISIMI DOJiee IMMUPOKOTO KJIAaCCa IBOJIIOINOH-
HBIX IIPOIECCOB, IIPOTEKAIOIINX B CUCTEMAaX CO CJI0XKHON BHYTPEHHEH CTPYKTYpOii 1
HEJIOKAJILHBIMI BpEMEHHBIMI KoppeJisiiusiviu (long-range dependencies), Koropble
O0BEIMHEHBI O ODIIUM HA3BAHUEM «CTpaHHasi KUHETUKay (strange kinetics) [5,6].

XOpOoII0 U3BECTHO, YTO YpaBHEHHS 1apabOIuIeCKOr0 TUIIA ¢ OOBIYHBIMU IIPO-
M3BOJIHBIMU MTPAIOT BaXKHYIO POJIb B TEOPUU MapPKOBCKHUX MporeccoB. CaMo ypas-
HeHue aJIBeKIuu— 1 y31un MoXKeT ObITh IOJIYIEHO ¢ IIOMOIIBIO IIPEIeJILHOIO I1e-
pexojia Jiis TPOCTON MOJIEN cirydaitHoro oty panust. OKa3aJioch, 9T0 ypaBHEHWE
nuddys3un ¢ JpoOHBIME TPOU3BOJIHBIMU TaKKe OOHAPYKUBAET TVIYOOKYIO CBS3b C
Teopueil CIyIafHbIX MTPOIECCOB. DTa KOHCTPYKIUS €CTECTBEHHBIM 00Pa30M BO3HW-
KaeT MpPU PACCMOTPEHUHU OJHON CXeMBbI CJAYUYaANHBIX OJYKIAHUI ¢ HeIpepbIBHBIM
BpeMeHeM (cM., Hampumep, |7, 8]). Eciu mpeanosokurh, 9T0 acHMITOTHIECKOE
I0BEJICHUE TJIOTHOCTEH BEeJUIMH CKAUKOB 01y K jaroleil yactuilbl w(r) u BpeMen



OXKUJIAHUS MEXKJLY ITUMHU CKauKaMu 1)(t) OnpesiesgioTcss COOTHOMEHUSIMU
Y(t) ~ Dt 400, w(z) ~ 2|70 = too,

e 0 < f<1u0<a< 2, 70 Hocjie HEKOTOPBIX Peodpa3oBaHnii MOXKET OBITh
MOJIyYeHO ypaBHEHUE

(D3, p) (t.2) = D (D) (2,8), =€R, tERY,

3mech p(t, ) — MWIOTHOCTH BEPOSITHOCTH HAXOXKJICHUST YACTHI[BI B TOUKE T B MO-
MEHT BpeMeHH t, B JIeBOH wacTu crouT npoussojHas Kamyro (nmogpobhee o Heil
Jajiee B TEKCTE), a B MpaBoii — apobHas mpomssognas Pucca (em. [1]). B [9]
OBIJIO MCCJIeIOBAHO elre boJiee obilee ypaBHEHHE, KOTOPOE JIOMOJHUTEIHLHO COIEP-
YKaJI0 aJIBEKIIMOHHOE CIaraeMoe ¢ OObITHOM POU3BOJIHOM IEPBOTO MOPSIIKA 110 T 1
oreparop Pejutepa (npousBognas Pucca siBisercs ero 9acTHbM cydaem). Bouio
MOKa3aHO, ITO (PyHIaMeHTaIbHbBIE PelreHns 3a1a4n Kormm jj1st Takoro ypaBHeHWsT
IIPU BBITIOJTHEHUH ONPEIeIeHHBIX ONpAaHWIeHWH Ha CKAaJIpHBIE MapaMeTphl SBJIs-
IOTCSI TIJIOTHOCTSIMU PACIIPeIe/IeHNsT HEKOTOPBIX CIydailHbix BeandnH. Cxema, Cory-
JaiiHOro OJIyKJIaHUsI, KPATKO OMKMCAHHAS 3/1eCh, TaKXKe MOXKET OBITH PaCIIUpeHa,
9TOOBI yIECTh AETePMUHUPOBAHHBINA Apeiid OIy»KIAIOMIX JaCTHLl WU HAJIATHE
crokoB 1 ucrounukon [10]. B sakitouenue ormerum, 4o onucanubiii hopmasiuzm
CJAyJalHBIX OJIYXKJIaHWI HE MCUYEPIbIBACT BO3MOXKHBIE IOJIXOJIbI K (DUBUUECKOMY
obocHOBaHUIO ypaBHeHuit jiuddy3un ¢ JPOOHBIMU TPOUBBOJIHBIMU — aJibTePHA-
TUBHBIE METOJIBI CM. B [4,7].

Kaxk y»ke ObLIO CKa3aHO BBIIIE, CYIIECTBYET MHOYKECTBO PA3JIUIHBIX WHTEIPO-
g depeHIaIbHBIX OMepPaTOPOB JIPOOHOTO TIOPSIKA, KOTOPhIE HEe SKBUBAJICHTHBI
apyT apyry. Huxe OyayT KpaTko onrcanbl T€ KOHCTPYKIMH, KOTOPhIe HEOOXO MBI
JULst JlajibHediiero usJjoxenusi. Jlebocroponnue JipoOHbie MHTErpaJibl Pumana—
JluyBusist nopsiiika o > (0 Ha KOHEYHOM cerMenTe [a, b] ompeensirorest BbIpazke-
HUEM

I N0 =5 [ FO=7ar > 1)

CymecTByeT Tak»Ke IPaBOCTOPOHHMI aHAJIOI 3TOrO JIPOOHOIO MHTErpaJia, OTJIH-
YaIOIUNCs TTOJIOYKEHUEM TIePEMEHHOTO TIpeJjiesia MHTEIPUPOBAaHUs U 3HAKaAMU CJia-
raeMbIX BHYTPHU MHTerpaJja. Pasmenenue Ha J1eBO- U MPABOCTOPOHHUE OIEPATOPHI
COXPaHAETCA U JIUI JIPOOHBIX ITPOU3BOJIHBIX. OCHOBHbBIE CBOWCTBA 9TUX KOHCTPYK-
Uil HAYEeM He OTJIMYAlOTCsd, U Jlajiee B TeKCTe OY/LyT UCI0JIb30BATHCH TOJILKO Jie-
BOCTOPOHHUE OIIepaTOpbl. Kciu nmepemMeHHass, 1o KOTOpOii MpOU3BOIUTCs JPOOHOE
uHTEerpo-auddepeHiupoBanme, UMeeT CMbIC] BDEMEHU, TO TOJIbKO JIEBOCTOPOHHKE
orepaTopbl OyIyT Kay3aJbHBIME: JIJIs OIIpeeseHus 3HaueHUsT B MOMEHT BPpEMEHH
t OHU MCHOJIBL3YIOT JIUIIb TPEJIbICTOPUIO TTPOIECCa.



JIleBocTopoHHsIsT Tpon3BoiHast KamyTo npeicrapisieT coboit omeparop

D DO =i | ot a#NUOL )

(D5, ) (@t) = f"(t), aeNuU{o},

rie n = [Rea]+ 1, Rea > 0, [-] osnauaer nesyio vacrs. Koncrpykimst (2) omnpe-
JlesieHa TIOUTH BCIoly Ha [a, b] st dyukimit, npuaaexanux kinaccy AC"|a, b,
cocrositieMy u3 n — 1 pa3 HenpepbiBHo Judpepennupyembix Ha [a, b GyHkiuii
f, mpuuem f"V) gpisercss abCoIIOTHO HENpepBIBHOI Ha la,b]. dnsg dbyuximii,
HenpepuiBHO AndGEPEHIUPYEMbIX BILIOTE J10 N-TO TOPAIKa, Tpon3Boanbie Kamy-
10 Kak (DYHKIMKM BEPXHEro Hpejieia HelupepbiBHbl Ha [a,b] u upu a ¢ N U {0}
poinosusterca (DG, f) (a) = 0.

TepmuH «11pou3BOJHAsT> IPUMEHUTENILHO K ofiepaTopaM (2) 00bsCHSeT s TeM,
970 IpU ¢ & N, N € N OHU MOI'YT OBITH BLIPAXKEHDLI Yepe3 00bIUHbIE IPOU3BOJIHBIE.
BoInosinss nHTErpupoBaHre o0 9acTsAM B UX ONPEACICHUN, MOXKHO MOKA3aTh, 9TO

(D f) ) = f" @) + O(e), (D f) (1) = f D) — f7D(0) + Ofe),

re 0 < e K 1.

[TomobHO TOMY Kak OOBIYHBIE OlepaTopbl Aud HepeHInpoBaHUs ABJSIOTCS Jie-
BbIMU O0OpaTHBIMU JIJIsi MHTErpaJoB Pumana, mpousBojinbie KamyTo sBiisitoTcst Jie-
BBIMU OOpaTHBIMHU JIJI IPOOHBIX WHTerpaoB Pumana—/JInysuasa. Ilycrs Re v >

Owu f € Cla,b]. Ecii Reav ¢ N wim o € N, 7o [1,11]
(Do La f) () = f(2).

Hist Rea € N u Im o # 0 ciipaBeijinBo

(D33 5) (0) = o) = S (1 ) @)

r=a+0
Ecim Rea > 0u f € AC"[a,b], To Bomosmnsercs [11]

(5 Doy f) (2) = f(2) =

B HEKOTOpBIX ciydasx mpou3BoiHbIe KamyTo MOryT ObITh BEIYHCICHB B IBHOM
pise. Tak, nampumep, s dynxmuit f(t) =t npu 8 > [a] =n — 1:

t (n) T t nTﬁ—n
(DE, 1) (t) = ]'LA(f<> M:AF((m dr —

I'(n _,ga t — 7)atl-n n—a)(t — )eri-n
_ F(B + 1)t - ! B—nrq _ s\n—a-—1 _ F(B + 1) B—a
_F(n—a)F(ﬁ—n+1)/0 &9 ds F(B—a+1)t - (3)




3necw (B), = B(6—1)...(8—n+1). [Ipu BoraucaeHnn Mbl HCIONB30BAITH 3AMEHY
nepeMeHHbiX t& = T n u3BecTHYIO ¢BsA3b Mexay ['- n B-dyukmusavnu. Ecian ke
nesioe u 0 < B < [a], ro upoussojnast Kaiyro or f Oyuer pasha HyJio, T.K.
HOJIBIHTErPAJIbHOE BhIpaXKEeHHE 00PATUTCS B HOJIb.

V100HbIM MHCTPYMEHTOM Jijisi paboThl ¢ oneparopamu Kaiyto (a takxke u
JPYTHEMHU OTIepATOpaMu JPOOHOTO UCUUCIICHUST) SIBJISIFOTCS WHTErPAJbHBIE MPeoh-
pasosanust. [lycte o > 0, f € C"(R,), npoussognbie f Bmiors jio (n — 1)-ro
MOpSIJIKA MCUe3at0T Ha Geckoneunoctu u F(q) — obpas f mom jmeificTBrem mpeob-
pasopanus Jlamiaca. Torma

(D§. ) (t) = q“Flq) — > ¢ fH(0).

IIpoussognbie KamyTo, B oT/inune OT OOBIUHBIX OIepaTopoB JuddepeHImpo-
BaHWs, HE 00Jaal0T B OOIEM ciiydae MOJyrpyninoBbiM cBoiictBoM. Ilycrs f €
C"la,b], a « > 0 u f > 0 rakossl, uto cymectByer m € N, Takoe uto a, f €
[m — 1, m]. Torma

D, oDl ~ D
Tpebosanue o cymecroatur m € N Baxkno. Hanpumep, ecim o = 7/10 < 1 <
a+B=T7/5u f(t) =1t

(B 1) =0, (DI 1) )= rigrogs = b0 (D0 8) ()= e

[TepBoe pasencrBo 3jech caepyer uz f(t) = 0.

Boobiie, npousBojnabie KammyTo uMeoT psji CBOKCTB, CYIIECTBEHHO OTJIHYA0-
IUX UX OT OOBIYHBIX MPOU3BOAHBIX pu « ¢ N. Hanpumep, HeorpuiiareibHOCTh
npousBonHoi KamyTo npu o < 1 Ha HEKOTOPOM HHTEpPBAJIE SIBJISIETCsT HEOOXOIH-
MBIM yCJIOBUEM HeyObiBaHWsT (DYHKITNH, TTOCKOJIBKY TOIHTErpaJibHast (PYHKIINS B
(2) Oy/leT HeOTpUIIATEJILHOM, HO He siBJisieTcst jjocTaTounbiM. [Ipocreitiuit npumep
— dynknua f(t) = t> — t. Jlerko nokasarb, uTo ee JpobHast IPOU3BOJIHAS

F(g—aa) (2 Q—ta a 1)

Oysier orpunareibhoit Ha (1/2,1 — «/2), xorst cama dyHKIiysi f TaM MOHOTOH-
HO Bo3pacTaeT. bosee Toro, oneparopnl KamyTo me Bcerma xKoMmmyTupyitor. s
HUX HE CYIIEeCTBYET MPOCTOr0 aHaJIoTa TeopeMbl O JudHepeHInpPOBaAaHIN CJIOXK-
HOM (PYHKIIMH — 5TO OOCTOSTENHLCTBO CUJILHO 3aTPYIHSAET, HAIPUMED, IMOUCK aB-
TOMOJIEJILHBIX perennii st guddepennmnaabHbX YpaBHEHU JIPOOHOIO TIOPSIIKA.
HuddpepenimpoBanue npousBeienns (pyHKIIH IPUBOIAT K 0000IIeHHON (hopMy-
ae Jleitbuuma [1], comepxareit B ob1mem ciaydae GECKOHETHOE THUCIIO CJIAraeMbIX
Jaxke npu o < 1.




Kak y»e oTmedasoch BBIIIE, CYIECTBYeT MHOXKECTBO Pa3JTHIHBIX HEIKBUBA-
JIEHTHBIX OIpeJieJieHr# JIPOOHBIX MPpou3BoAHbIX. [ToaTOMY ¢ HEOOXOMMOCTHIO BO3-
HUKAET BOIIPOC O TOM, KAaKOE UX HUX CJieJlyeT BbiIOpaTh. Ecjin roBopuTh 0 11pousBo/i-
HBIX TI0 BPEMEHHOMY IMepeMeHHOMY, TO olepaTopbl KamyTo aBisiiorcs naunbosee
HOJIXO/ISANINMK. DTO CBA3AHO C JABYMsI UX CBOWCTBaMH. BO-1€pBBIX, MPOU3BOIHAS
KaryTo oT mocTOAHHOI paBHA HYJIIO, YTO TO3BOJISIET ONPEJIEIITh CTAIIMOHAPHOCTH
HPUBBLIYHBIM 00pa30oM. Bo-BTOPHIX, ypaBHEHUs ¢ NPpOu3BOAHbIMU KaryTo Tpedy-
0T 3a/]aHNs HAYaJbHBIX YCJIOBUN B TEPMUHAX OOBIYHBIX MPOW3BOIHBIX. st ndp-
depennmaibHbIX orieparopoB Pumana—JIuyBuiuist, Hanpumep, 9TO0 He TaK — Ha-
YaJibHbIE YCJIOBUS TAKXKe JIOJIZKHbBI ObITh BbIpazKeHbl Yepe3 JIpOOHbIE IPOU3BOJIHbBIE.
Eme o/iHo mpeuMyInecTBO ornepaTopoB KalyTo 3aKIi09aercs B OTCYTCTBUH OCO-
OeHHOCTH 1M cTpemJieHud B (2) BepXHEro npejedia K a — Hpou3BojHble Pumana—
JINyBUILI B 9TOM cJiydae JJisT HEKOTOPBIX (DYHKIMI MOTYT 0OpammaThcs B OECKO-
HEYHOCTb.

g janbHeiero u3ioxKeHus HaM TakxKe ToHaaoouTces dpyHKnun Murrar-
Jledppaiepa [11,12]. Do crenennbie psijibl BUja

+o0 k

2
E.(z) = _—, : : 4
(2) ,;ZOF(O‘]{ D 2e€C, Rea>0 (4)

KOTOpBIE TIPeICTABIAIOT coboit eble dynknun nopsaka | Re o™l B nekoropnix
JacTHhIX ciaydasx dynknus Mwurrar-Jledpdiepa moxker ObITH BbIpaykeHa depes
9JIeMeHTapHble (DYHKIIUK:

E\(z) =€, Fy(z) =chvz, Eips(z)= e* erfe(—2).

Borancienue ¢gpyuknuit Murrar-Jledpdiiepa HermocpeicTBEHHBIM CyMMUPOBAHUEM
COTIPSI?KEHO C HEKOTOPBIMH TPYJIHOCTSIMU, TOITOMY HEOOXOJMMO HCIIOJb30BAHUE
HETPUBHAJILHBIX METOJIOB (CM., Hampumep, |12-14]).
Ecin 0 < o < 2 u p4 TaKOBO, 4TO
T

- <u< min{m, ar},

10 ipu m > 1 u |z| — +00 cupaBeIUBbI ciejyomme cooTHomenus [11]:

1 e <& 1 1 1
EOZ(Z)NEG —Zm;—f—o Zm+1 s |Arg2|<,&,
k=1
& 1 1 1 A
Ea(Z)N—ng—FO W ,,ué\ rgz\éw.
k=1

s cnydast o > 2 acCHMIOTOTHYECKHE Pa3JIOXKeHnsl TaKyKe W3BECTHDBI, HO UMEIOT
boJiee CIIOXKHYIO hopMYy.
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Oyukiuu F,(At*), A € C, Rea > 0 urpator Ty ke poJib Jjisi OlepaTopa
Kamnyro Dg, , uro u hyHKImun eM jist o6braHOTO OnepaTopa anddepeHnpoBaHs.
B sroMm M02KHO yOe uThCst, IIOUJIEHHO BbIIOJIH JIpoOHOe jirnddepeHimpoBaHme 10
t B onpenenennu pynknuu Murrar-Jledbdiepa:

+00 ykmya pak +00 kiak—a +00 S4as
ANYDg, t At [Nak+1 ANt
Y k1) O ok ok £~ 2w £~ E )
— I'(ak +1) (ak + 1)l (ak —a+1) 4 T(as+1)
3/1ecb Mbl HCHONB30BaIN (3) W 3aMEHUJIM WHIEKC CyMMEUpoBaHus, s = k — 1.
[Tpeobpazoranne Jlammaca or E,(At*) nMeer Bu
qafl
, Req>0, |[A\¢g7¢| < 1. 5
o Red [Ag™ (5)

BaskHbIM OTJIHYMEM OT OOLIYHON SKCIOHEHTDI SIBJISIETCS OTCYTCTBHUE IOy TPYIIIO-
Boro cpoiicrpa. JleifcTBuresnbHO, uCosb3ys onpejeaerue (4), MOXKHO MOKa3aTh,

qTO
Anﬁik_nl

Ea(N%)Ealut”) = Zt“kmz lam + D (a(k—m) + 1)

[IpaBas gacth 31ech Oyjer copnagarh ¢ Ey (A + p)t®), Tonbko ecan o = 1 mbo
ecJi XOTs ObI OJTHO M3 YNCEJ A U [t PABHO HYJTIO.

Jtst TanbHERTIero n3aoKeHnst HaM Tak ke MOHa 005 TCst TPON3BOJIHbIE (B 00bIU-
HOM cMbicsie) o1 E, (AtY) 1o napamerpy A:

m +00 1\ kra(mtk)
9, O ) = (m + k)I\"t |
o™ ~ kIl (a(m + k) 4 1)

Eam(t,\) =

Huddepentupys (5) m pa3 u ucnosb3ys coiicTBa npeobpazosanus Jlamiaca,
MOJIYIUM CJIC/IYIONIee COOTHOIICHNE

t"Eqm(t, A) =

(6)

Jnddepentuaabiubie ypaBHEeHIS C APOOHLIMI
IIPOU3BOHLIMI

Bynem pacemarpusats 3ajady Kommu s senuneiinoro auddepeHnuaibHoro (CTpo-
I'0 TOBOPSI, 3TO YPaBHEHUE SIBJISIETCS MHTEIPO-JuddepeHinaibHbIM, 0JIHAKO Tep-
MUH YK€ CTaJ OOIIENPUHSITHIM) YPaBHEHUS JIPOOHOTO MOPSIJIKA

(D2 w) (t) = f(t,u(), u(a)=up, k=0,1...n—1, n=1[a] +1. (7)
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Anajnor reopemsbr [Tukapa—JIungeneda o CymecTBOBAHUA W €INHCTBEHHOCTH
perenust (7) wmeer caemyormunii Bug. [ycrs o > 0, ¢t € (a,b]l u n = [a] + 1, a
byuxiust f(t, u) rakosa, uro (t—a)? f(t,u), 0 < v < @, HenpepbIBHA 110 IEPBOMY
aApryMEHTy TIpH JII060M (PUKCHPOBAHHOM U U3 OTKPBITOro MHoxkecrsa G C R u
yJIoBJIeTBOPsieT ycaoBuio JIummmiia

[f(t,u) = f(t0)] < Klu —o].

Torma wa orpeske [a,b] cymecrByer emuncrsentoe pernenue 3ajgadn Kommm (7),
HenpepbiBHO Jud epeniupyeMoe 1o KpaifHeii Mepe BILIOTH JI0 HOpsijika 1 — 1.
JlokasaTebCcTBO OCHOBAHO HA IKBUBAJICHTHOCTH (7) M MHTErPAJIBHOTO YPaBHEHNUS
Bosibreppa Broporo poja [11]

u(t) = uk(tk_' %) - F(la) /a (t — 1) f(r,u(r))dr, t>a, (8)

CYIIECTBOBAHUE U €JMHCTBEHHOCTD PEIIEHUI KOTOPOro YyCTAHABIMBACTCS C IIOMO-
b0 TEOPEMbI O HEIOJBUXKHOI Touke. Bojiee cioxkuasi Bepcust 3TOi TEOpEMBI,
KOIJIa YCJIOBUSL Ha U 3aJal0TCA B IIPOM3BOJILHON BHYTPEHHEH TOYKE HEKOTOPOI'O
orpeska [a, b], mpusenensr B [11].

13 npuBeIeHHOro pesy/braTa CJAeLyeT, YTO JOCTATOYHYIO TJIAKOCTh PeIleHns]
MOYKHO OKHUJIATh TOJLKO JIJIs1 YPABHEHUil, IPOOHDII MOPSIOK KOTOPLIX JOCTATOUHO
BbIcOK. OJIHAKO TAKOTO Ke Pe3ysbTara MOXKHO JOOUTHCsI, €CJIN HAJOXKHUTH Dojee
CTPOrue OrpaHuveHus Ha PaByIO 4acTh ypasHenuil [15]: eciiu BbIOJIHEHbI yCI10-
BUsI TEOPEMbl CYNIECTBOBAHUS U €JIMHCTBEHHOCTH M, KPOMe TOro, [ HempepbiBHO
nnddepennupyema 1o nepBoMy aprymenty m pas, ro u € C™(a, b)jNC" a, b]. B
obIIeM cJiydae rapaHTHPOBATh HEIPEPLIBHOCTD IPOU3BOAHBIX PEIICHUs B HAYa b
HOI TOYKe HEIb3s, JaXKe eCIU IpaBas 4acTh OyJeT aHaJuTHYCCKOR Ha COOTBET-
cTByOLIEeM MHOXkKecTBe. [eranbHoe usnoxkenne 6osee cruennduyecKux BOIPOCOB
PJTaJIKOCTH U AHAJMTHIHOCTH periennii ypasaenuii (7) moxkuo Haiitu B [15].

st ypasuenuii Buja (7) cupasejyiusbl [15] yTBep:Kji€HUsI O HENPEPbIBHOM
3aBUCUMOCTH OT YCJOBHH (HAYAJBHBIX JAHHBIX U MPABBIX YACTEil), XOPOIIO W3-
BeCcTHbIE JIJIsi OObIKHOBEHHbBIX jiuddhepeHInaibubix ypasuennit. boJsiee nunrepecHo,
9TO MOPSIJOK JAPOOHOIO OIIeparopa TaK:Ke MOXKHO CUYUTATL TeIlephb MU3MEHSIEeMbIM
yeaosueM. [Tycrs u(t) — permenne 3agaun Ko (7), a v(t) — pemenue 3aiaau

(Df+ @) () = f(t,2(1)), o®(a) =up, k=0,1...m—1, m=[8] +1,

r7e JJs onpejaenennoct S > «. Beemem obosnauenns € = f — o u

* —_
= max {ul}, ntm
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IIpu n = m Oynem cuntarh € = (. Torma ecau € u € HOCTATOYHO MAaJibl, TO
cytmectByet b, takoe uto u(t) u v(t) onpenenensl Ha oTpeske [a, b] u

sup |u(t) —v(t)] = O(e) + O(€Y).

a<t<hb

OTMedeHHbIe BBIIIE yTBEPXKICHH, YCTAHABIUBAIOIINE YCIOBUS CYIIeCTBOBAHUS 1
eJIMHCTBEHHOCTH DpellieHuii ypaBHenuii Buja (7), BMeCTe ¢ pe3ysbTaroM O Herpe-
PBIBHOI 3aBUCHUMOCTH 3TOTO PEIleHUs OT HAYAJbHBLIX JAHHBIX, IO3BOJIAIOT ¢HOop-
MYJINPOBATh YCJIOBUd, TIPU KOTOPBIX 3aJada Konm sBjsiercss KOpPeKTHO ITOCTaB-
JIEHHOM.

B cranmapTHOil Teopun ypasHeHnst 60Jiee BBICOKOTO TOPSJIKA, Pa3pernmMble
OTHOCUTE/ILHO CTapUICil POU3BOJHOI, BCerjaa MOryT ObITh CBEJIEHbl K HOPMaJlb-
HOIl cucTeMe ypaBHEHUII 1epBOro nopsijka. B ciydae ¢ ypaBHeHUsAMHU B JIpOOHDBIX
IPOM3BOJIHBIX BUJIA

(D5 w) () = £(1. (DG ) (). (D2 0) (... (D ) () 9

110,100HOe IIpeoOpa3oBaHue sBJseTcs 0oJiee TPYI0EMKUM, IIOCKOJbKY CaMO ITOHSI-
THE «HOPMAaJILHON CHCTEMBI» 3J1eCh MOXKHO MHTEPIPETUPOBATH MO-PA3HOMY, & Ha,
YUCTIA (v JTOJKHDBI ObITH HAJOXKEHbI HEKOTOPBIE JOIOJHUTEIbHBIE OrPAHNICHMS.
Hanpuwmep, npusesienne K HOPMaJIbHOI CHCTEME, e BCe JPOOHBIC MTPOU3BOHBIE
VMEIOT OJIMHAKOBDII TIOKA3aTeIh, MEHDBIITMNA €UHUITLI, BOZMOXKHO, €CJIH BCE (rf CO-
3MepuMbl. PaszBepHyToe 3/I0KeHne 3Toro Bopoca ¢M. B [15].

3BecTHO JOCTATOYHO MHOIO HOAXO/I0B K HPUOJIMKEHHOMY PEIIEHUIO yPaBHe-
HU ¢ APOOHBIMU IIPOU3BOIHBLIMUA. BOJLIIMHCTBO YUCIEHHBIX METOJ0B OCHOBAHO
00 Ha HEIIOCPEICTBEHHON Pa3HOCTHOM alllPOKCUMAIMKA UHTEIPAJIOB TUIIA CBEPT-
KU B OTpeJIeJIeHnH JAPOOHBIX omeparopos (2) miun ypasaerun Bosbreppa (8), -
60 Ha MCIIOJIb30BAHNUN TTPOU3BOJIHBIX [ proHBaJibia—dJ/leTHnkoBa. M3BecTHbI TakKe
IpUbINKEHHDBIE TOJIyaHAJTUTHIECKIEe METOJIbI, IJIe PEIIeHIe CTPOUTCS B BUJE KO-
HEYHOI CYMMbBI, KazK/J0€e cjaraeMoe KOTOPOil YTOYHACTCA C IIOMOIILI0 HEKOTOPOil
UTePAIMOHHOI 11poretypbl (M. cebliku B [16]).

MbI OCTaHOBUMCs JIMIIL Ha KPATKOM OINUCAHMK JIBYX HPOCTLIX PA3HOCTHBIX
cxeMm. Bosiee 11o/ipobHOe M3J10KEHIE CO MHOKECTBOM CCBIJIOK MOXKHO Hajitn B [17].
[Iycrs 3amana cetka t; =i - h, ¢ € NU{0}. Ypasuenne (7) 9KBUBAJECHTHO HHTE-
rpaJibHOMY ypaBHEHHIO (8), KOTOpoe Mbl 3alIleM B BU/IE

1—1

n—1 Nk tri
u(t;) = Z (t:) u(k)(O) —|—ﬁ Z/ (t; — 7)) f (7, u(r))dr. (10)
k=0 7tk

[Ipocreiiiyio siBayto cxeMmy Mbl nojaydum 13 (10), UCIOJIB30BAB PABHUIIO JIEBBIX
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NPpAMOYTOJIbHUKOB JIJId MHTET'PAJIOB!

G+ 1 g
U; = T,_1|ul(t;) + h° bi_p_1(c bi(a) = . 11
R S
Jjist yuporreHust 3alic Mbl HCTIOJb30Bagn obosnadenus U; = U(t;) u f; =
f(t;, U(t;)), rpe U — upubsmxennoe peierue. Bojiee BbICOKU 110PsiI0K TOUHOCTH
MOXKHO IOJIYYUTH C IOMOIIbIO IIpaBMJia TpaIelnii, 3aMeHsisl OJbIHTEerPAJIbHYIO
GYHKIMIO JTUHEHHBIM UHTEPIOJISIIIHOHHBIM TOJIMHOMOM:

Ui = Toalul(t:) + h* { cile) fo+ D) air(a) fi |, (12)
k=1
G-t = a1 _ 1
R O T )
a;(a) = U1 _F(zi”;r(j_l) =12 ...

DTa cXeMa SIBJISIeTCS HeIBHOM.

JInHeliHbIe cuCTeMbl

B sTom paszjienie Oy/1yT MpUBEIEHbI TOUHbBIE PEIeHUs JIJIsi JIMHEHHBIX OJIHOPOJIHBIX
CUCTEM C IIOCTOSIHHbIMU KO3 pUIMeHTaMu Brjia

(Dyy ur) (1) = anui(t) + arpua(t) + ... + arun(t),

(Dyy wn) (1) = aniur(t) + angua(t) + . .. + anpun(t),

uin, B BekToprom Buje, (Df, u) (t) = Au(t), 0 < a < 1. Byaem cunrars, 4ro
HavYaJIbHbIE YCJIOBUs 3a/aHbl B MOMeHT Bpemenu t = 0. Obiiue pereHust Jijisi Hux
CTPOSATCS 110 TOM K€ CXeMe, 4TO U JIjisd JIMHEHHBIX CUCTeM OOBbIKHOBEHHBLIX (-
epeHInabHBIX YPABHEHUN. DTH PEIIeHUs TTO3BOJISAT HATJISIHO TPOJEMOHCTPH-
pPOBATh OCHOBHbBIE OTJIMUMS MEXKJIy CHUCTeMaMU JIPOOHOIO IOPsJIKAa U OOBIYHBIMU
IJIJIKUMK JUHAMUYIECKUME CHCTEMaMMU.

[Tycts marpuria A TakoBa, 9TO BCe ee COOCTBEHHBIE UNCTIA \j BEIECTBEHHLI 1
OTJIMYHBI JIPYT OT Jipyra. B aTom ciiyuae, Kak M3BECTHO, OHA MOYKET ObITh NpUBE/Ie-
Ha K JIaroHaJbHOMY BIIy D B 6a3nce w3 cCOOCTBEHHBIX BEKTOpPOB ¢i,: D = T 1AT.
Torna, moyioxkuB u = 1’V 1 BOCIIOJIL30BABIINCH JUHEHHOCTHIO onleparopa KamyTo,
nostyanm (D, v) (t) = Dv(t). Takum obpasom, cucrema pacrnanach Ha 1 He3a-
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BUCUMBIX ypaBHenunii. ObIiee pelrenne 9Toi yIPOIIeHHON CHCTeMbl UMeeT BU/I

v(t) =Y CrEo(Mt")ey,

k=1

IJie €, — M-MEpPHbBI BEKTOp, ¥ KOTOPOro k-s KOMIIOHEHTa pPaBHA €IUHUIE, a BCe
oCTaJibHbIE paBHBI HYJIIO. BO3BpaIiasich K MCXOIHBIM EPEMEHHbBIM, TTOJIYIUM

u(t) = CrBa(Mt®)cy.
k=1

B cayuae eciu cpefin COOCTBEHHBIX YHCET €CTh KOMILICKCHBIE (C eJIMHUTHOI
KPaTHOCTbHIO ), TO UCHOJIB3YETCst OObIUHAS TEXHUKA OTJCJeHUs] JefCTBUTEILHON 1
MHEMO# dacteit u coornomenne E,(z) = E,(2), rae Z o3HadaeT KOMILIEKCHO
COIPsI?>KEHHYIO C 2 BeJIMUuHy. B oT/inune oT cucreM 0ObIKHOBEHHbBIX JinpdepeHiiu-
aJIbHBIX YPaBHEHUH, 371eCh Y2Ke He yJIaeTcs YIIPOCTUTH 00IIee peleHne, MOCKOIbKY
st byakiuit Murrar-Jleddaepa wve n3Becren anajor ToXpecTna ditgepa:

u(t) = Z O Ea (At ey, + Z {@s Re [Ea(At®)ey] + K, Im [Ea(At®)cy] }

rje mi + ms = n.

IIycTs Tenepns J — KopjlaHOBa KJIeTKa pa3Mepa s X s. [lociienee ypaBuenne B
cucreme (Df, v) (t) = Jv(t) umeer sug (Df, vs) (t) = Avs(t), ero pemrenuenm Oy-
net vs(t) = CsEq(AtY). [lpeamnocientee ypaBHeHHEe TEeph MOXKET ObITH 3AIHCAHO
B BUJIC

(Dyy vs—1) (1) = Avg_i1(t) + CsEL (MY).

[Ipumenenue npeobpazoBanus Jlamaaca IPUBOIUT K COOTHOIICHUSIM

Ucnonbays (6), mociie mepexoia K OpUTHHAIAM Oy IHM
Us_l(t) = Cs_lEa()\ta) + Csta€a71(t, )\)

[TorsITHO, 9TO IPU PACCMOTPEHUH TTOCIE/IYIONIUX YPABHEHUN Mbl TTOCJIE TPUMEHE-
Hust mpeobpasoBanus Jlammaca Gygem moydarh Bhipaykerust Buja (13), mpasbie
HACTY KOTOPBIX ABJSAIOTCA CyMMaMy HjeHoB Buaa ¢% 1 /(g% — \)™.
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IIycTb €1 — cOOCTBEHHBII BEKTOD KBaIPATHO! MATPHUILI B, COOTBETCTBYIOITN i
ee eMHCTBEHHOMY COOCTBEHHOMY 3HAYEHWIO KPATHOCTH S. DTOT BEKTOP MOPOXK-
JIa€T CUCTEMY BEKTOPOB Ci, k = 2,3...S (MX HA3bIBAIOT MPUCOCJINHEHHBIMU MJIK
O0OOIIEHHBIMY COOCTBEHHBIMHE ), CBSI3AHHBIX COOTHOIICHUSIMU

Bcy = Acy, Bco=Acs+c¢q, ... Beg = Aeg + co_y.

Marpunia B Moxer ObITH IIpUBejieHa TPeodpaszoBaHueM I10J100Usi K YKOP/IaHOBOM

KJIeTKe pa3Mepa S X §, IpUUeM CTOJIOIBI MaTPHUILI 110A00us P aBisiioTcs 0000-

IIEHHBIMI cOOCTBEeHHBIMI BekTOpaMn B. Torma, mosoxns u = Pv, moayaum st
[0} —

cucremst (D, u) (t) = Bu(t)

ut) => G Z mga,k_j(t, A)cr, (14)

re Juist ynobersa samucn OyaeMm cautath Eq0(t, A) = E,(At*). Hakonen, Bes-
Kasl KBaJ[paTHasi MaTPHUIA MOXKeT ObITh IMPUBEJEHA K HOPMAJbHOW »KOPIaHOBOM
dopme, T.e. 6JI0UHO-THATOHAJILHOM MaTpuUIle, OJOKK KOTOPOii SBJISIIOTCS XKOPAaHO-
BBIMU KJIETKaMU (KODHSIM €JIMHUYHON KPATHOCTH COOTBETCTBYIOT BbIDOXKJICHHbBIE
KJIETKH pa3mepa 1 X 1). [TosTomy obOIee pelrenue OJHOPOHON JIMHEHHO! cH-
CTEMbI, COOCTBEHHBIE UMCJIa KOTOPOW SBJISAIOTCSA BEHIECTBEHHBIMU, OYIeT CyMMOii
KOHCTPYKIuit Tuiia (14), B KOTOPbIX HY>KHO MOJIOKUTH § DPABHBIM KPATHOCTH COOT-
BETCTBYIOIIEI0 COOCTBEHHOIO uncyia A. B ciaydae KpaTHBIX KOMILIEKCHBIX KOpHEi
B BhIpaKeHusix (14) Takxke HEOOXOMUMO OyeT OTHENUTH JICHCTBUTEIBHYIO U MHU-
My0 4acTH. IToCKOJIbKY 3alliCh HOJIYUaloNIerocs BhIpaXKeHnsl BeCbMa I'POMO3JIKa,
MBI He OyJIeM MPUBOJNTE €€ 31€Ch.

[TomuepkHeM emie pas, UTO TOJYUYEHHBIE PEIIeHHs] CIPAaBEJINBLI JIUIIL HIPU
0 < a < 1. Tak, Hamnpumep, obIree pelieHne JPoOOHOIO OCIUJIATOPA

(DS, u) (t) + w?u =0

¢ 1< a <2 wumeer Bug [11,15]

—+00 k
= OB (=) + Oyt By o(—wY), Eog(z) =S ———— (15
) = CoBa(—t) + CotBas ), Banl) =3 gy (9

e E, 3 — nByxnapamerpudeckast dynkiust Murrar-Jleddiepa (cm. [12]). Boi-
paxkenue (15) mo3Bossier ¢aeaaTh HHTEPECHOEe HAOTIOIeHNe: XOTsT IPOOHBIH OCITHLI-
JISITOP HE COJAEPKUT B ABHOM BHJIE CJIArAEMOT0, OTBEYAIOINIEro 38 JUCCUTIALAIO, €r0
peIlleHre OMKUCLIBACT 3aTyXalolie HerapMOHUYECKHE KoJiebaHusa. DTO O3HAUYAET,
9TO JIPOOHYIO0 HPOM3BOIHYIO MOYKHO PACCMaTPUBATh HE TOJBKO KaK CBUJIETEJNb-
CTBO HAJMYMsL y IIPOLECCA MAMTH, HO U KaK MCTOUHUK HEJMHEHHON JIMCCHIAyN.
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KadecTBenHnass Teopus

st cucreM ypaBreHuit ¢ 1podubIME npon3BogHbiME KaryTo (7), B KOTOPBIX TIpa-
Bast 9aCTh HE 3aBUCUT SIBHO OT t, TIOHSITHE TOYEK MMOKOs COBIAJIAET C TAKOBBIM JIJIsT
OOBIYHBIX aBTOHOMHBIX JUHAMUYECKHUX CHCTEM — 3TO TOUYKHU, B KOTOPBIX MPaBbIE
JacT obpalaTcs B HOMb. JlelicrBurenbHo, npousBoanast KamyTo paBaa HyJIo
TOIJIa ¥ TOJILKO TOIJIa, KOIJIa OHa JIEHCTBYET Ha MOCTOsIHHYIO (GyHKIHUIO. Kak u
JJId CTaAHIAPTHON TEOPUU, BaXKHEHIIUM BOIPOCOM ABJISACTCSA YCTOMIUBOCTH ITUX
TOYEK.

O030p pe3y/bTaTOB 110 YCTONYMBOCTH PEIIEHUI CHUCTEM JIPOOHOIO IOPSIIKA
MOXKHO HajiTu, Hanupumep, B [18]. 3j1ecb Mbl Jinilb KPATKO OCTAHOBUMCS Ha, OCHOB-
HBIX pe3yabrarax. Kpurepuii ycToidamBOCTH JJIsd JUHERHBIX cucTeM ¢ 0 < o < 1
ObL1 BrEepBble npecrasien B pabore . Marunbona [19]. Kak u B ciyuae 0Obik-
HOBEHHBIX JIMHEHHBIX JuddepeHnnajbHbIX YpaBHEHH, BOIIPOC 00 yCTOHINBOCTH
CBOJINTCST K CIEKTpaJbHBbIM cBoiicTBaM marpuibl A. Cucrema acmMnToTrdeckn
yCTOWUMBA, €Cau U TOJMBKO ecan | Arg \x| > an/2 npu awobom k, tiae A\, — cob-
cTBeHHbBIe YncTa MaTpuIibl A. CucreMa ycroituuBa (HO HE aCHMITOTHIECKH YCTOM-
anBa), ecau | Arg A\i| = am/2 n coberBeHHble 3HAUECHMSI, JIeXKAIlMe HA I'DAHUIE
9TOil 00J1aCTH, UMEIOT MeOMETPUYIECKYI0 KPaTHOCTh OJiuH. Ecin cpegu cobcTBeH-
HBIX YUCEJT €CTh HYJIEBbIE, TO KPUTEPUI YCTONIUBOCTH YCIOKHSIETCH.

BarkHo, 4TO XapakTep CTpeMJIEHUS TPAEKTOPUL CUCTEMbI K YCTOMUIUBBIM TOU-
KaM TIOKOSI MEHSIeTCsI: €CJIN JIJIT YPABHEHN B OOBITHBIX MPOU3BOIHBIX OH sIBJISIET-
Cs1 HKCIIOHEHIIMAJLHBIM, TO JIJIsT JIDOOHBIX CUCTEM OH OYJeT JIUIIL CTeleHHbIM ¢~ ¢,
T.e. ropasjio Oosiee MejJIeHHbIM.B cuy Takoro MejjieHHOIO CTEIeHHOrO yObIBa-
HUSI IPUMEHEHHUE alapara CTaHJapPTHON TeOprK yCTONIMBOCTH HE BCEr/Ia OKA3bI-
BACTCsI KOPPEKTHBIM. Tak, ObL10 mpogeMorcTpupoBano (cM. cebuiku B [20]), aro
JIpoOHAasI cucrema, i KOTOPOo#t 000DIeHHAsI SHEPIUs HE 3aTyXaeT SKCIIOHEHI[U-
aJIbHO, MOXKET BCe »Ke OBbIThH ycToiiuuBa B cMmbicie JIsmnyHoBa. [IosTomy s npoo-
HBIX CUCTEM OBLIN TIPEJIOXKEHBI HOBBIE OMpPEJeeHrsT YCTONINBOCTH, HAIIPpUMED,
ycroianBocTh o Murrar-Jledbdiepy [21].

Kpurepun ycTofiYnBOCTH JTUHEHHBIX CUCTEM C Pa3JIMYHLIMU PaIlMOHAJIbHBIMU
nokazare/siMu He GoJibiiie e uuupl npuseenbl B [18]. B [22] 6buin npepnpusi-
ThI HOIBITKK OOOCHOBaHMS METOjla JIMHeApU3aIun JIPOOHBIX CUCTEM ODINEro BUIA
u 00001eHsT TeopeMbl ['poOMana—XapTMaHa, HO CTPOroe J0Ka3aTe/JbCTBO TOKa,
TaK 1 He ObLIO mpejcrapieHo. Hanbosiee oOIuii 13 M3BECTHBIX Ha CETOHITHIA
JieHb Kpurepues ycroiuusoctu Obu1 npejcrasied B [23]. Ecin f/ € C[0,4+00) u
0 < a < 1, TOo cTaloHapHasl TOYKA HEJUHEHHON CHCTEeMbl JIOKAJbHO aCHUMIITO-
tuaeckn ycroitansa, ecan f'(0) < 0. Kpurepuu ycroitanBoctu jjist ypaBHEHMIT
C TIPOU3BOJIbHBIMI HECOU3MEPUMBIMHU MOPSJIKAME JPOOHBIX MPOU3BOHBIX JIO CUX
1op HemsBecTHbI. O0Ias Teopus YCTOMIMBOCTHU JIJIsi CUCTEM C JIPOOHBIMHU IIPOU3-
BOJIHBIMU TIOKa, HE TIOCTPOEHA, MOCKOJIHLKY HEJIOKAJbHAsT TTPUPOJIA U CJ1a00 CHHIY-
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JIIpHOE SJIPO TUX OMEePATOPOB 3HAUUTETHHO YCIOXKHAIOT aHAINS.
Kitaccudukaiiys Touek 1mokosi MOXKeT ObITh TTPOBEJIEHA TOYHO TaKUM YKe 00pa-
30M, Kak M B craHjapraoit reopun. Ha puc. 1 nokasanbl (asoBbie TpaekTopun
JIBYMEPHBIX JINHEHHBIX CUCTEM, MOJydeHHbIe ¢ MOMOIIbI0 TOYHBIX PEIeHuil u3
npeabynero pasjgena. Cesja u y3/bl B HEJOM MaJIO OTJIUYAIOTCS OT OOBITHBIX
TuHaMIIecKnx cucteM. OTHAKO /Il CIydas KOMIIEKCHBIX KOPHEil CUTyalus 3Ha-
quTesibHO MeHsiercs. Ha puc. 1 cjieBa XopoIio BujIHO, 9TO (pa30Bble TPACKTOPUN
y2Ke He TTOXO0XKU Ha CIUPaJId: HU OJIHA W3 TPACKTOPUil HE JIeJIaeT MOJHOTO 000pOoTa
BOKPYT TOYKHU 1MOKOsi. Ho ropasio 6oJiee BaykKHO, UTO TPACKTOPHUU MEPECEKAIOTCS
U JIpyr € JIDYyIOM, U caMu ¢ cODO¥, 4TO HEBO3ZMOXKHO JIJisi OObIYHBIX aBTOHOMHBIX
JUHAMIYecKnX cucteM. TakuM obpa3oM, MOTOK, MOPOXKIAEMbINl CUCTEMAMU THUIIA
(7), He obJiajiaeT MOy rpyHIoOBbIM CBORCTBOM. MOXKHO 110Ka3aTh, 4T0 ecan ¢r(ug)
— pelenne aBTOHOMHOTO ypaBHeHus mopsaaka 0 < o < 1 ¢ HadaJbHbIM YCIOBAEM
u(0) = ug B MoMenT Bpemenu t > 0, TO CIPABEJUIMBO CJIEJYIOIIEE [IPE/ICTABIICHUE:

Go(uo) = wo,  Prys(uo) = ¢r 0 0; 0 Ps(uy),

0; o ps(ug) = ug + ﬁ /Os(t +5— 7)1 f(pr(uo))dr, s > 0.

057 1 1

-0.57¢ 1 -1

-1 -0.5 0 0.5 1 -2 -1 0 1 2

Puc. 1. Tpaekropun JuHeitHO# cucrembl Mopska o = 1/2 ¢ Ay = u Ay = (ycroii-
UMBBIA y3es1, ciiesa), a Takxke ¢ A = eT/3 (yeroitunsbiii bokyc, cripana)

ATTpakTOpBI CECTEM JPOOHOIO MOPSIKA, OTJNIHBIE OT TOYEK, MOI'YT 3aBUCETD
OT HaYaJIbHBIX yCJIOBUIA. XapaKTepHbIil MpuMep MMOKa3aH Ha PUC. 2 cIeBa. ITO B
1eJIOM HEeYJIUBUTEJIbHO, TOCKOJbLKY caMa KOHCTPYKIHS omepaTopa KamyTo mpej-
1oJiaraeT BPpEMEHHYI0 HEJIOKAJIbHOCTh M 3aBUCUMOCTbH OT IPEJILICTOPUU TTPOIecca.
[Ipu 5TOM JUHAMUKA Ha KAUeCTBEHHOM YPOBHE OCTAETCsl HEM3MEHHOI — 00e TpaeK-
TOPUH OMKUCHIBAIOT (DUHATHOE TIOYTH-TIEPHOIIECKOe ([TOCTe HEMPOIOIKUTEhHO-
O TIEPEXOTHOTO TTepuosia) aBmkenue. [IpumedaTessbHo, 9TO TOUTH-TIEPUOUTECKIE
pelieHns BoodIne 0YeHb XapaKTepHbl i JpobHbIX cucteM. Ho crporo nepuosu-
YecKue perieHnsi, Hao00POT, BCTPEIAIOTCS 3/I€Ch PEJIKO. DTO MOXKET 00bsICHATHCS
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TeM, 9TO YTO JIEBOCTOPOHHSIS JIPOOHAs TPOU3BOJIHASA ¢ KOHEUHBIM HWXKHUM MpeJie-
JIOM OT HEPUOMIecKOil hyHKINY He MOXKeT ObITh 1eprouieckoit dpyukimei [20).
Takke Ha puc. 2 (cupaBa) HOKa3aH NPUMED, MIUTIOCTPUPYIOLIUHA OTCYTCTBUE 1O-
JIYyTPYIIIOBOTO CBOMCTBA Yy MOTOKA, MOPOXK/IAEMOT0 CUCTEMOM JIPOOHOTO MOPSJIKA:
XOPOIIIO BUJIHO, YTO €CJIM BbIOpaTh KaKylO-HUOY/Ib TOUKY Ha TPAEKTOPUM B Kade-
CTBEe HOBOI'O HAYaJIbHOT'O YCJIOBHUsI, TO HOBas TPAEKTOPHUS He OyJeT COBMNAJATh C
UCXOJHOM.

5 1.5
1
257
0.5
0r 277N
0 / .
‘\
25 \
-0.5 S
5 — | 1 e
-6 -4 -2 0 2 4 6 -1 -0.5 0 0.5 1 1.5

Puc. 2. CiieBa: TpaekTOpHHN JIMHEHHO cHCTEMbI OpsJIKa o« = 1/2 ¢ A = e/ s

HECKOJIbKMX HadasbHbIX 3Hadennit. Crpasa: HapyleHne MmojyrpyninoBoro CBOM-
cTBa B JMHEHOM cucTeme nopsika a = 1/2 ¢ A = /3

Meercst OCTATOUHO MHOTO JaHHBIX O CHCTEMAax JPOOHOrO MOPSIKA, SIBJISIO-
IMXCsT 0DOOIIEHNSIMI HEJIMHEHHBIX aBTOHOMHBIX JUHAMUYIECKUX crucreM — Jloper-
ua, Pecciiepa, Jlorku—Bousibreppa u ap. (cm., nanpumep, [24]). Buosne oxujiae-
MO, 9TO 0OJIACTH 3HAUEHUN MapaMeTpoOB, IPH KOTOPBIX B CUCTEMAaX IEJI0r0 IOPSI-
Ka, HADJIFO/IAI0TCST PEryJIsipHbIE U XaOTHIECKNE PEXKMMbI, MEHSIIOTCsI TIPHU [T€PEX0/Ie
K JPOOHBIM IMPOU3BOAHBIM. [IOpSIOK MPOM3BOAHBLIX CTAHOBUTCS, TAKIM 0DPa30M,
erme onHUM OndypKamroHHbIM apaMerpoM. OKaz3aioch, YTO CYIIECTBYET MWHH-
MaJibHOE 3HavYeHre 3(hMEKTUBHOTO MOPsI/IKa CUCTEMbI (0T KOTOPBIM MOHUMAETCS
CyMMa TIOPsIJIKOB BCEX MPOU3BOJIHBIX ), MO JIOCTHKEHUH KOTOPOTO B CHCTEME BOOD-
e He MOIYT HabJIIOJATbCsl XA0TUICCKUE PEXKUMbL: JIUCCUIIAlUsl, 00YCJIOBJIEHHAs
JPOOHBIMHU OIIEPATOPAME, CTAHOBUTCS CTOJIb 3HAUUMOI, UTO CPEIN JOIMYCTUMBIX
PelleHU CUCTEMbI OCTAIOTCs JIMIB caMble 1pocTbie. Hanpumep, B [25] jist j1pob-
HOI'O aHaJjora cucreMbl Jlopenia ¢ moMoIbi0 YUCIEHHBIX METO0B ObLIO YCTaHOB-
JIEHO, 9TO MUHMMAaJbHas PPeKTuBHAS pasMepHOCTh paBHa 2.94 B TOM ciydae,
ecJii Bce JIpOOHBIE MMPOM3BOIHLIE CHCTEMbI UMEIOT OJUH U TOT XKe HOpsaoK. Ecin
JIMIITH TIEPBOE ypaBHeHue crucrteMbl JIopeHia comepKuT IpodHYI0 MPOU3BOIHYIO C
nokazareaeM 0 < a < 1, a ocTajbHBIE 1B MOHUMAIOTCSI B OOBITHOM CMBICTE, TO
s dekTrBHAS Pa3MEpHOCTh OKa3aJiach HeCKOJIbKO HiKe — 2.91. B Toii 2ke pabore
ObLJI TIOCTABJICH BECbMa MHTEPECHBIH BOIPOC: MOXKHO JIM yKa3aTh TAKOE YHUBEP-
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caJibHOe 3HaueHne 3(pPeKTUBHON pa3sMepHOCTH, IPU KOTOPOM B JIIOOOH cucTeMe
JIPOOHOTO TIOPSIJIKA Xa0C CTAHOBATCS HEBO3ZMOXKHBIM? JJ1sT OOBIKHOBEHHBIX CHCTEM
OTBET Ha, HEro xopoio m3pecren: Teopema llyankape—DBenjukcona ycranapiiu-
BACT, UTO MOBEJICHHE JUHAMUYECKON CHCTeMbl Ha MockocTu (mwin Ha cdepe) He
MOXKET OBITh XaOTHUIHBIM, T.€. IPEJIEIbHOE MHOXKECTBO JIFOOOH TPaeKTOPUM TaKoi
CUCTEMbI — 3TO JINOO YCTONUMBAS TOUKA, JTUOO IPeIe/bHBIH UK, JIHOO ITOJTUITAKIL.

Bproccengarop ¢ ApoOHBIMI ITPOU3BOIHBIMA

B jganHoMm paszjiesie Mbl IOJIPOOHO PACCMOTPHUM CJIEAYIONLYIO JIBYXKOMIIOHEHTHYO
cucreMy peaxiuu—mauddy3un

o D1 82u
Dy, ) (t, 2) = 7292 + A — (B + 1)u+u’v, (16a)
o D2 621)
Dy, v) (t, 2) = 7za2 Bu — uv. (16Db)
3nech L — pasmep pacdernoit obiactu, z € [0,1] — GespasmepHbie MpOCTpaH-

crBennble koopaunarol, A, B, D1 u Dy — neorpunaresibibie Koadduiuenrnr, 0 <
a < 1. IIpu a = 1 Buepsble oHa ObL1a paccmorpena M. [Ipuroxxunbiv u P. Jlede-
BepoM B 1968 1. KakK ujieajn3upoBaHHasl MOJIEb JIJI U3YUeHUsT CJOXKHBIX KOOIIe-
PATUBHBIX XUMHUIECKUX TPOTECCOB B OTKPBITHIX CUCTEMAaX U MOJydn/ia Ha3BaHue
«oproccensgTopy. OyHKIMU © ¥ U 33Jal0T KOHIEHTPAIUKA JIBYX OCHOBHBIX IPO-
JIYKTOB peakiuu, Koahduimentol A 1 B — KOHIEHTpaAIUd BCIOMOTaTeIbHbBIX
serectB. Cucrema (16) pu o = 1 joctarodno mogpobHO KWccIe0BaHa, CM., Ha-
upumep, [26,27]. UsBecrno, 4o oHa MOXKeT JEMOHCTPUPOBATH OueHb Gorarbiii
HAOOp JMHAMUYECKUX PEXKMMOB, HEKOTOPBIE M3 KOTOPBIX MOKa3aHbl Ha PHUC. 3.
Ha s1ux pucyHkax 4epHbIil 1BET COOTBETCTBYET HAUOOJIbIIUM 3HAUYEHUSAM U, a
Oenblit — HamMeHBITUM. [[BeToBas KOIMPOBKa JJIs KaXKJOT0 PUCYHKA Jiesiajgach
HE3aBUCUMO OT JIPYT'MX, TaK 4TO YEPHOMY IIBETY Ha PA3HbIX UJLIIOCTPAIMIX MOI'YT
COOTBETCTBOBATDL pa3Hble 3HaUEHNs KOHTIeHTpaIuu. [IpuBenennbnie 3/1ech perenns
OBLJIV TTOJIyUEHBI JIJIsT HAYaJIbHBIX YCJIOBUI, COOTBETCTBYIONIUX CYTIEPIIO3UIINT PaB-
nosecnoro pemenus (A, B/A) u nopmajibioro 6ejioro niyma Maruurybt 5 - 1072,
Hucnennas cxema OyJieT MosiCHEHa JlaJiee B TEKCTE.

BazoBbiMu MexaHuzMaMu, (GOPMUPYIOIIUMU HETPUBUAJbHBIE PEIIECHUS, sIBJIsI-
I0TCA HEYCTOMIMBOCTH XoTIpa, MPUBOIAIIAST K BOSHUKHOBEHHUIO ITPOCTPAHCTBEHHO-
OJIHOPOJIHOTO HO HECTAIMOHAPHOIO narTepHa (CM. puc. 3a), ¥ HEeyCTOHYHBOCTH
TriopuHTa, MpU KOTOPOH B CHCTEME HADJIOMAETCS TMPOCTPAHCTBEHHO HEOTHOPO/I-
HbII 1 cTarmoHapHblii narrepr (puc. 3b). IIpu onpesesennoM BoIOOpE TapamMeTpoB
BO3HMKAET T.H. OMQypKalldsd KOPa3MEepHOCTH 2, TPU KOTOPO 3TU JIBa MEXaHU3Ma
KOHKYPUPYIOT, OJTHOBPEMEHHO HAPYIIas W TPOCTPAHCTBEHHYIO, 1 BDEMEHHYTO CUM-
MeTpuio. B 9ToM pexnme MOXKHO HabJII0aTh Pa3jiMiHble HATTEPHbI (CM. puc. 3¢
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1 d) ¢ Gosiee mIM MeHee BhIpaXKEHHOI cTpyKTypoil. Hakower, B cucteme BO3MOK-
HO (POPMUPOBAHIE XAOTHIECKUX PEXKMMOB — COOTBETCTBYIOIIUE TPUMEPHI TPUBE-
aera Ha puc. 3e u f. Tunmanblil (HO He €JIMHCTBEHHbBI) JIJIsi CUCTEM pPeaKiinun—
quddys3un crieHapuii, IIPU KOTOPOM BO3MOXKHO HAOJIIOJIeHNEe Xaoca, [IpeJIoJiara-
eT, 9To XapakrepHas Judy3noHHas JJIMHA, KOTOPast ONPEJIEISIeTCs BeJITMInHAMN
V/D;, mpenebpesknMo MaJja 110 CpaBHEHHUIO ¢ pazMepoM L camoil obsmactu. B atom
ciaydae cucreMa (paKTUIeCKN PACIaIaeTcs Ha MHOYKECTBO HECBSI3HBIX HEJTMHETHBIX
OCHIMJLIISITOPOB, KK Iblii 13 KOTOPBIX «3aHUMAaET» HEeDOJIBIIYI0 001aCTh MPOCTPaH-
crBa. [IpuBegerrbie niLIIOCTPALNN, PA3yMeeTCs, He NCUEPIbIBAIOT BCEX TUIIOB Pe-
IeHuit, KoTopble MOXKHO Habuogarh B cucreme (16). Hanpumep, siech e noka-
3aHbI OMCTAOUJIbHBIC PEXKUMBI, IIPU KOTOPBIX CHCTEMa PacIaiaeTcs Ha HECKOJIbKO
JIOMEHOB, B KaXKJIOM M3 KOTOpbIX (opmupyercst 6azosbiii narrept (Xorda wuiu
Triopunra). [logpobree o pereHnsix TAKOro TUIA, & TAK¥XKE O IPYTUX HHTEPECHBIX
JMHAMUYIeCKUX 3P deKkTax, BOBHUKAIOIINX B OKPECTHOCTH OM(ypKaIUN KOpa3mMep-
HoCTH 2, cM. [28].

Psiyi aHa M THYECKNX Pe3yIbTaTOB JIJist crucTeMbl (16) MOXKHO MOy IUTh ¢ TOMO-
b0 JInHeHHON Teopun. st onpeiesieHHOCTH Oy1eM PacCMATPUBATH OJIHOPOJIHBIE
rpaHndHbie ycjaoBusi Helimana,

ou o

— =0, — = 0.

0z 12=0,1 0z 12=0,1
Crenysi crangapTHOH MpaKTUKe, Oy/eM CUUTaTh OCHOBHBIM OuQYpPKAIMOHHBIM
napamerpom B. st yaiobcTBa Tak»Ke BBeJEM JijIsi OTHOIIEHUST KO3(DDUIIMEeHTOB
muddysun obosuaderue § = Di/Ds. Jlerko mokaszarh, 9TO €JIMHCTBEHHBIM IO~
JIOXKEHUEM DPaBHOBECHsI CHCTEMbI siBjisieTcst perienue uy = A, vg = B/A. Or-
KJIOHEHHUsI OT 3TOIO MPOCTPACHTBEHHO OJIHOPOHOIO M CTAIMOHAPHOI'O PEIICHMUs,
E(t,z) = ul(t, z) — ug, n(t, z) = v(t, 2) — vy, HOMIUHAIOTCS YPABHECHUAM

D, 9*
(D5, €) (1,2) = TAo 4 (B~ )& + A+ BE/A+ 2460 + €%,
D 0?
(D6, m) (t.2) = T35 — BE — A% — BE/A— 2480 — &,

['paHUvHBIE YCJIOBHST OCTAIOTCS Hem3MeHHbIME. CUunTasi, IYTO BO3MYIIEHUS MAJIBI
110 abCONIIOTHON BeJMUIKMHE, Mbl MOYXKEM OTOPOCUTH HEJMHEHHbIE YJIeHbI U PEIuTh
BOBHUKAOIIYO JINHEHHYIO 3a/1a1y B sIBHOM Buje. J{elicTBUTENbHO, yCTh

&) = c- Eqy(ot®)cosmmz, m € NU{0}.

Ui
JIerko mpoBepUTh, UTO yKa3aHHAST KOHCTPYKITHST YIOBJIETBOPSIET IPAHIUIHBIM YCJI0-

BugaM. Ilocje 1mojicraHOBKU 3TOro HpoOHOIO pelleHUsl B JIMHEHHYIO CUCTEMY I10-
JIYUMM, 9TO BEKTOP C C HEOOXOAUMOCTBHIO JIOJXKEH ObITh IIPaBbIM COOCTBEHHbBIM
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time time
Puc. 3. Pemenus v cucremnr (16) npu o« = 1: A = 2.5,B = 9,D; = 7,0
0.7 > 0, = 0.4584,L = 64 (a A:2B:48D1—20 0.2 < 0,

);
0.382,L:64(b);A—1118B 275,D1 =2, =02=60, =02,L =
(c); A = 3,B = 10.445,D; = 10,6 = 0.5714 > 6, = 0.5195,L = 80 (
A =25DB =28D; = 449,0 = 05039 < 6, = 04584,L = 512 (e); A =
2,B=06,D; =4,0 =05 < 0, =0.382,L = 512 (f). Jnsi e ucnonb3oBaJuch
OJTHOPOJIHBIE yeaoBUA HeliMana, BO BceX OCTAMBLHBIX CIydadX — TMEPUOINIEeCKUe
Kpaesbie yciaosus. [lapamerp 0, BBOgnTCS Ha, cTp. 24

2 o
= &=
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BEKTOPOM MaTPHUIIbI

B —1—m?r*D,/L* A?
_B _A? — 22Dy /12 )

& 0 JIOJDKHBI YJIOBJIETBOPSATH XapPaKTEPUCTUIECKOMY YDABHEHHIO
o + alb(m) — a(m)] + A*B — a(m)b(m) = 0, (17)
IJie MbI UCIOJIB30BAJIN 0D03HATCHUST
a(m) = B —1—m?n?Dy/L* b(m) = A* +m*n*Dy/L*.

Kopuu 31010 ypaBHenusi B 00IIEeM CJIydae UMEOT BU/L

o (m) = % {a(m) — b(m)  \/[6(m) + a(m)? — 44°B} .

Eciin 06a KopHsi jieficTBUTE/IbHBIE, TO PellieHue JIMHEHHON 3a/iauu MOXKeT 110-
TepPATb YCTONIUBOCTD JIMIIH B TOM CJIyYae, €CJIM OJIMH U3 HUX CTAHOBUTCA OOJIBITE
HyJIsi, B TO BpeMs KaK JIpyroil ocraercss orpunare/bHbiM. st 3Toro Heodxoumo
BBIIIOJIHEHHE CJICAYIONINX YCIOBUIA:

a(m) —b(m) < 0, a(m)b(m) — A*B = 0.
Kpurnueckoe 3nauenune napamerpa B, COOTBETCTBYIONIEE TUM yCJIOBUAM, PABHO

A2L2 m27T2D1
m2m2 Do L

Br(m) =1+ 0A% +

2

DTa 3aBUCUMOCTD SIBJISIETCS KBaJIPATUIHON OTHOCUTEJHLHO M~, U mepBasg Oudyp-

Kallud JOJIZKHaA HpOI/ISOﬁTI/I B OKPECTHOCTHU MHWHUMYMa

AL?
7T2\/ DIDQ

KPUTUYECKON KpUBOii, T.e. pu nejaom m # 0, jjist koroporo Br(m) okaxercs
omake Becero K Br(x). Ilokazarenb o He WIpaer 3J1eCh HUKAKOW POJIH, TTOITO-
My pe3yJibTaT HUYEM He OTJIMYaeTCs OT cTaHjaprTHoi Teopun. [lpu dudypkaimn
TriOpUHTa B PeIIeHnN JIMHEHHOH cuCTeMBbI Oy/IeT JOMUHUPOBATD YJIeH, TTPOIOPITH-
OHAJIbHBIN COS TMmz, TOcKoJbKy F,(0) = 1, ato coorBeTcTByeT (hOPMUPOBAHUIO
CTAIIMOHAPHOTO MTPOCTPAHCTBEHHO-HEOTHOPOTHOTO MATTEPHA.

KowmTtiiekcHo comnpsikeHHbie KOPHU BO3HUKAIOT JIUITh TTPYW BHITIOJTHEHUH

Br(z) = (1 +A\/§>2, 2 =

b(m) + a(m)]” —4A’B <0 <= B*—2B[A? +d(m)] + [A® - d(m)}2 < 0.
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KopHu KBaIpaTUIHOrO OTHOCUTEJHHO I MOJMHOMA B MPaBOil YaCTH HEPaBEHCTBA
MO>KHO HaWTH B IBHOM BHJIE, YTO NPUBOJIUAT K DOJiee TPOCTOMY HEPaBEHCTBY

B <% 2 [A* + d(m)] i\/4[A2+d(m)]2—4[A2—d(m)]2 —

2,2

= A d(m) £ 24\/d(m) = [A+ V()] . d(m) =1+ (D~ D).

Heobxo/iuMbiM yCI0BHEM CYTIECTBOBAHUST KOMILJIEKCHBIX KODHE sIBJISIETCsT Hepa-
BerctBO d(m) > 0.

[Ipy a = 1 perienne JUHEHHON CUCTEMbI CTAHOBUTCS HEYCTONUMBBLIM, €CJIN
a(m) — b(m) = 0, Korjla KOPHU XApAKTEPUCTUIECKOTO TOJHHOMA OYIYT UHCTO
MHUMBIME. KpnTuaeckoe 3Hadenre B, IpH KOTOPOM 3TO MPOUCXOJUT, PABHO

m2m?

L2

2
BH(m, 1): 1—|-A + (D1+D2).
B ciyuae oo < 1 1orepsi yCcToifiuMBOCTH BIEPBbIE BO3HUKACT LIPU BbIIOJHEHUM
yeaosus | Argoy(m)| = an/2. Torna kputudeckoe 3uadeHue B JI0MKHO ObITH
pellieHueM HeJMHEHHOrO ypaBHeHMsl

VAA2B — [b(m) +a(m)?  or
a(m)

arctg () =5 (18)
[Tycrs v = tg(am/2). Torpa (18) Moxer OGbITH NPUBEJIECHO K BUJLY
—[B? = 2B(A 1 d(m)) + (4% — d(m))?] = [B - By(m, ). (19

D10 ypaBHEHHE MOXKET UMETh HECKOJIBKO MOJIOKUTEJIbHBIX KOpHEil By (m, «), Ho
JIMIIb OJIMH W3 HUX YJOBJIETBOpsieT yciaoBuio By(m,a) > Bg(m,1). Ecaun sto
ycsioue e Oyjier BbinosiHeHo, To a(m) —b(m) < 0, u Torja, oueBuIHO, o4 OyIyT
MUMETh OTPUIATEJLHYIO BEIIECTBEHHYIO YaCTh, & 3HAYUT UX, apIyMEHT rapaHTH-
poBaHHO Oyjier Oosibilie (T /2 ¥ perienune JIMHEHHON 3aja49m OyJer yCToHvImuBO.
[Tpumepbl kKpurudeckux Kpusbix By (m, a) nokasatbl Ha puc. 4.

Eciu a = 1, To neppas 6udypkanus Xomda Bcerja mpoucxoaut upu m = 0,
110CKOJIbKY By (m, 1) MonoToHHO BO3pacraer 110 m. Pelenue JMHERHONH cucTeMbl
Oysier UMeTh He3aTyXalolue KoJebanus 1o ¢, HO IpH 9TOM He OyJIeT 3aBUCETh OT
z. Ecim xe oo < 1, 10 3aBucumoctsb By (m, ) o m okasbiBaercst 60Jiee CJI0KHOI.
[Ipu 6 > 1 kpuTHUecKre KpUBbIe TakxKe OyyT HAIOMUHATL BETBL NapaboJsibl, Ha-
npasyennoit Bepx. Ecim 6 = 1, To KpuTHUeckne KpuBbIE TO-MTPEsKHEMY MOHOTOH-
HO BO3PACTAIOT, XOTs TeIeph y HUX MOXKET MEHSATLCA HAIPABJIEHUE BLIITYKJIOCTH.
Hakomnen, npu 6 < 1 Mensiercst He TOJILKO XapaKTep BLIIYKJIOCTH, HO ¥ MOHOTOH-
HOCTh 3aBucUMOCTH Bp(m, ) — dhopMasibHO BO3MOXKHA CUTYAIUsL, IPH KOTOPO#
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MUHUMYM KPUTHUIECKO# KpuBOii nocturaercs npu m # 0. B sTom ciydae perienne
JIMHEWHOMN CUCTEMBbI, TEPSIOIIEe YCTONIUBOCTD, 3aBUCEI0 Obl 1 OT ¢, 1 oT 2. Takoii
MEXaHU3M HEYCTOMYMBOCTU HE MOXKeT Ha0JII0JIaThCs B CTaHJ@PTHON cucreMe, ero
10siBJICHUE OOYCJIOBJIEHO HAJUYIMEM IIPOU3BOIHBIX HEIEJIOro IopsijiKa. TeM He Me-
Hee, 9TOT T'MIIOTETUYEeCKUl ClieHapuil He peasiu3yercsi, MOTOMY 4TO ellle JIO TOro,
KaK 3Ta TOYKa OyJeT JOCTUIHYTa, YKe mpousoiiaer oudypkaius Toiopunra. s
yj106cTBa JlaJbHelIero aHa n3a 0yjieM CIuTaTh, YTO BOJHOBOE YKUCJIO MOYKET Me-
HSIThCSI HellpepbiBHO. HeTpuBHaJbHBIE MUHUMYM KPUTUUECKUX KPHUBBIX, €CJIU OH
BOOOIIIE CYITECTBYET, HE 3aBUCUT OT (v U JIOCTUTAETCS B TOUYKE ¥, IJIe KPUTHUIECKas
KpuBas llepecekaeT BepxHee orpaHuieHue Ha B, rapaHTupyloiiee CyecTBoBaHue
KOMILJIEKCHBIX KODHEI:

y47T4D% y27r2
[AiA2 L2

[Tocsie recoKABIX TPEOOPA3OBAHIIT IOy IUM

Bu(y,a) = [A+d(y)]* — (D1 — Dy) —1=0.

d(y)zé 9—1+\/(9—1)2+%

OkaszaJioch, 4to 1pu Jiodbix A u 6 < 1 Bbiiosnsiercs Hepasencrso By (y, o) >
Br(z). HeiictBuTesnnHho,

A—|—\/d(y)—1—A\/5:§(1—|—9)+\/§(1—9)2+1—1—A\/§>
§(1+9)+1—1—A\ﬂ9):§(1+9—2\/5):§<1—\/5)2>0.

Budypkanus kopazmepHocTH 2 IPOUCXOJUT B TOM CJLydae, KOrJa lapaMerpbl
n0106aHBI TAKKM 00pPa30M, 4TO IPU HEKOTOPOM My, # 0 Boimosusiercst By (0, a) =
Br(m.). Boipaxenue mist By (0, ) nosyanm u3 (19) mocse HeCTOKHBIX MaHHUITY-
JISITINIA:

2A

VI+7

Tpebosanue By (0, a) = Br(m.) 3amaer GyHKIHOHATBHYIO CBsI3b MKy 0 u A:

Br(0,a) =1+ A* +

2A 2 2A
1+A2+—:(1+A\/5) e A2 +2AV0+ A2+ —
V1t V1472

Jlerko I[MIOKa3aTb, 9TO JIMIIb OJ/MH KOPEHb 3TOI'0 KBa/JAPaTUIHOI'O OTHOCUTEJILHO \/5
YpaBHEHN A 6y,ZLeT IMOJIOZKUTEJIbHBIM — OH paB€H

\/1+A2+2A/\/1+72—1

JiTE




25

Puc. 4. Cnesa: 3zasucumoctu Bp(m, )

16 f

14}

12}

10+

—— By (m,1)
—— By(m,0.75)
BT(m)

- [a+ vaw] |

OT M TMpHh HECKOJIbKHX « WU
A =2D; = 10,0 = 1.6,L = 64. Cupasa: 3asucumoctu Bpy(m,a) u Br(m)
or m upu Heckoabkux o u A = 2.5, D1 = 10,0 = 0.5, L = 64

Beimonnenwe ycenosusi 6 < 60,(A) rapantupyer, 9TO MpU MOCJETO0BATEIHHOM
yBeJIMUeHUU 1apamerpa B nepsoit Bcerjia Oyjer mpoucxoautsh oudypkaius T bio-
pHUHTa, B IPOTUBHOM ciydae — Bcerja oudypkarus Xomda. [Ipumeps! 3apucu-
mocTeit 6, oT A Tpu HEKOTOPHIX (v TIOKA3aHbl Ha PUC. Ha. XOPOITO BUIHO, UTO C
YMEHBIIIEHUEM (¢ 9TU KPUBBIE CJIBUIAIOTCS BBEPX, PACHIUpsisi 00sacTh 3HaYCHU 0,
B KOTOPOW MOXKHO HaOJIIOJIATh CTallMOHapHble MaTTepHbl ThlopuHTa.

10 20 30 40
13

Puc. 5. CieBa: 3aBUCHMOCTH KPUTUUIECKOTO OTHOIIeHHST KO dhuinueaTon nuddy-
sum 0, ot A npu HeckosbKnx . CripaBa: cpaBrenmne perennii u(t) cucrempr (16)
0e3 uddysun st « = 0.75 (cBepxy) 1 o = 1 (cHU3Y) ¢ paziMdHbIMU OJIU3KUMU

HavYaJbHbIMU yesoBusaimu, A =2, B =7

IToBeienne cucTeMbl B JTUHEHHOM IIPUOJIMKEHUH 3aBUCUAT OT BbIOOpa, KPaeBbIX
ycaoBuii. MbI 10JJpoOHO paccMOTpPesin MOJIEIb ¢ OTCYTCTBAEM ITIOTOKOB Ha I'DaHU-
1max. MoxKHO Tak»Ke paccMaTpuBaTh HEOJHOPOJIHbIE yeaoBusa JIupuxie

u(t,0) =u(t,1) = A, v(t,0)=0v(t,1) = B/A,
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W TIEPUOJIUICCKHUE YCIIOBUST
u(t,0) =wu(t,1), o(t,0)=wv(t1).

B niepBomM citydae B IpOOHOM perieHrr MPOCTPAHCTBEHHAsS YaCTh 3a/1aeTcst PYyHK-
mueit sinwmz, rae m € N. Jlns nepuoandeckKux ycaoBuil coOCTBeHHbIE (DYHKIIAN
oneparopa 02 6yyT umers suj 2™ m € NU{0}. [Tpusejiennnie Bbilie Bhipaske-
HUS JIJIT KPUTHIeCKnX 3uadennit By (m, ) nu Br(m) ocTaioTcs cnpaBeinBbIMHA
C TOH JINIIL Pa3HUIECH, YTO JJId MEePUOIUICCKUX YCJIOBUN 1M HYKHO 3aMEHUTDL Ha
2m. Crejyer, 0JIHAKO, TOJIEPKHYTh, YTO I'PAHUYHBIE YCJIOBUS MOT'YT OKa3bIBaTh
CYIIECTBEHHOE BJIMsAHWE Ha (DOPMUPOBAHUE HETPUBHUAJBHBIX MATTEPHOB B CHCTE-
me. Tak, ycioBus Jupuxie MoryT mojiaB/isith (pOpMUpPOBaHUE TIEPUOJIMIECKUX 110
BPEMEHHU PEXKUMOB: €CJIU TTapaMeTphl BLIOPAHBI TaK, UTO

2
D2_D1>_27
T

T0 yciosue d(m) > 0 He MOXkKeT OBITH BBIOJHEHO HU Tpu Kakom m € N, u
COOCTBEHHBIE YUCJIA 04 HE MOI'YT ObITh KOMIIJIEKCHBIMU.

Pesynbrarsl IMHENHOTO aHAN3a HHTEPECHO CPABHUTD C PEIICHUAMHE, Oy YeH-
HBIMHU HENOCPE/ICTBEHHBIM YHCIEHHBIM MOJesInpoBanneM. [[jist 3TOro Mbl cCHavaJsa,
BBITIOJIHIJIN TIEPEXO0]] K CUCTeMe CBA3HBIX JnddepeHnuaJbHbIX ypaBHeHNU

D
(D8‘+U)(t):L—;MU+A—(B+1)U+UOUOV,

o Dy
(D5, V) (t) = 5MV + BU-UoUoV,
U= (U,Us,...Ux)", V=, Vo,... V)"

Bnecw U; = ult, z), V; = v(t,z;), z = i/N, i = 0,1...N,, Uo V oboznauaer
MOKOMITOHEHTHOE YMHOXKEHNE" BEeKTOPORB OJINHAKOBO (popMbl, a M — KBajpaTHas
MaTpPUIa, HEHYJIEBbIE 3JIEMEHTBI KOTOPOil ONMpPEeJIeITIOT PA3HOCTHYIO allpPOKCUMa-
muto uddepennuaibaoro oneparopa 0. Bo BHYTpEHHMX TOYKAX HCIOJIB30Ba-
JIACHh CTaHJApPTHAsT TPEXTOUYEUHAS CXeMa, alllPOKCUMAIIMS B IPAHUIHBIX TOYKAX
3aBUCHT OT BBIOPAHHDBIX KPAEBBIX YCJIOBUIA.

[Ipu a = 1 nosiyuennas cucrema OObIKHOBEHHBIX Jin(depeHIinajibHbIX YpaB-
HEHWil penajach CTaHIapTHBIM MeToioM PyHre—KyTThl 4-T0 OpsIKa TOTHOCTH
C aBTOMATUYIECKUM BBHIOOPOM I1ara. TecToBbie pacyeThl MOKa3aJM, 9TO UCIOJIb30-
BaHWE SBHBIX CXEM JIJIsT HEJIMHEHHBIX YPABHEHUI HEIeJOTO MOPAJIKA BBIHY K IAeT
HCIIOJIb30BATh OYeHb MaJIeHbKWH Iar pa3sOueHus 1o ¢, ITO3TOMY MPU Mbl UCIIOJIb-
30BaJK HesiBHYIO cxeMy (12). Cucrembl HeslMHEHHBIX aJredpaniecKux ypaBHeHui

*OHO Ha3BIBAETCS MPOU3BEIACHUEM ATamMapa, WM, B HEKOTOPBIX MCTOYHUKAX, npou3Bexkennem [llypa
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Ha KaXK 0l UTepalyuu pemaanch meronoM HeoTona—Padcona ¢ HauaIbHBIM IPHU-
osmmkenneM, paBabiM 3HadennsM U n 'V ¢ npenbiayinero speMerHoro ciiosi. Bee
IIPUBEJICHHbIE B 9TOM a3 le/le YUCIEeHHbIe pelieHus bty 1noiydenst upu N, = 29
KOJIMIECTBO IIaroB 0 BpeMeHu B HedABHOI cxeme paHOo Ny = 2000.

0 : .
101
20|
3071
40 ¢
50|
60 . . . . ‘ ‘
5 10 15 20 0 5 10 15 20

time time

I

space

0

.i; ‘i;
ool 2311111 T)
DB B S S e
400 1
23511 )
500 | o
0 5 10 15 20 0 10 20 30 40 50
time time

Puc. 6. Pemnenust u cucrembl (16) ¢ nepuopnaeckuMu KpaeBbIMU YCJIOBUSIMU: (v =
08,A=2B=7D =10,0 =2 > 0, = 05604,L = 64 (a); « = 0.5, A
2,B="7,D;=50=0.6024 < 0, =08081,L =64 (b); « =08 A4A=2,B
7,D; = 10,0 = 0.65 > 0, = 0.5604, L = 64 (¢); « = 0.98,A =2, B =6,D
4,0 =2>6,=0.3994, L =512 (d)

Haubosiee 3aMeTHBIM OTJIMYNEM OT CTAHAAPTHON CUCTEMBI SIBJISIETCST BO3MOXK-
HOCTH BO3HUKHOBEHWSI XaOTHIECKUX PEXXMMOB. Yrke npu « = 0.97 um onnn n3
O1POOOBAHHBIX HADOPOB [APAMETPOB HE I103BOJIMJ HAOJIOAATH PEIIeHUs], 10XO-
»Kre Ha u3obpaxkeHnuble Ha puc. 3e u f. Majsocrs Koadpdunuento nuddysun
HO-TIPEXKHEMY HPUBOJUAT K OY€Hb CJIaOOMY COIVIACOBAHWIO IBOJIIOIUHU OTJIEIbHBIX
IIPOCTPAHCTBEHHBIX 00J1aCTEil, HO COOTBETCTBYIOIIUE UM OCITUIJIATOPDI Y2Ke HeJIb3s
canuTaTh HesaBucuMbiMU. Ha puc. bb B KavecTBe mpuMepa MOKa3aHO, KaK MEHsI-
I0TCs pelenns Opioccenisitopa 6e3 guddysun npu ymenbiienun «. [Ipu D; = 0
B CHCTEME CYIIECTBYET MPeebHbINA IUKJI JJIs1 JII000T0 (v < 1: CynepKpUTHIeCKast
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oudypkanusa Xomda mpoucxoaut npu B = By (0, ), Korga KOMILIEKCHO COTPsi-
JKEHHBIE KOPHW XapaKTePUCTUIECKOTO yPaBHEHWS TTePEeCceKaloT TPAHUILy 00JaCTH
ycroitunoctu. OjiHAKO, KaK BHJIHO Ha PUCYHKe, Ipu « < 1 MaJjioe u3MeHeHue
HAYAJIbHOTO COCTOSTHUS (KOTOPOE, HAIOMHUM, PDABHO CYMME CTAIlHOHAPHOTO OJIHO-
POJIHOI'O perlieHnst U GesIoro 1yma) MPUBOJUT K BEChMa CHJILHON CHHXPOHU3AIMH
peleHuii, Koropas He HabJ01aeTcsa B 00ObIUHOI cucTeme. [lo-Buanmomy, 5T0 CBsI-
3aHO ¢ 3 PEKTOM TaAMATH: MPEIBICTOPHST, KOTOPas BHOCUT 3HATUTEbHBIN BKJIA/I
B JUHAMUKY, Y CUCTEM JPOOHOIO MOpPsKa ¢ OJU3KUMU HAYAJbHBIMU YCIOBUSIMU
OyjeT Tak»Ke TouTH ojinHaKoBoi. Kpome Toro, jaxxe ciaboe qudhy3nonHoe crsi-
3bIBAHKE B 9TOM CJIydae TakxKe OyJIeT yUTEHO B HPEJbICTOPUH, YTO MOXKET BbICTY-
IaTh B POJIK JOIOJHUTEJIHLHOIO MEXaHU3Ma CUHXpoHu3amuu. [losromy sBosonmsd
JIOKaJTbHBIX OCIMJLIATOPOB OyieT ropasio Oosiee corsiacoBaHHOM, yeM npu a = 1.

SaKJII0OUYeHne

Anomanpuas nuddysust, HapsaIy ¢ Peosorneil B3SIKUX CPejl, Ha CerONHSAIIHNAN
JIEHD sIBJISIETCsT HanboJ1ee CTPOro 0OOCHOBAHHBIM ITPUMEPOM TTPUMEHEHU S allliapaTa
JinddepenialibHbIX OLEPATOPOB HEIEJIONO 1HOPsijiKa K OIUCAHUIO PeaJibHbIX (Pu-
3UYECKUX IPOIEccoB. B cranapTHBIX Mojiesax peakiuu—ianddys3un GpopmMupo-
BaHUE CJIOXKHBIX IIPOCTPAHCTBEHHO-BPEMEHHBIX IIATTEPHOB U BOSHUKHOBEHUE JIA(D-
¢y3MOHHOTO Xaoca JOCTATOYHO XOPOIIO M3YUEHbl U TEOPETHIYECKH, U C IIOMO-
L0 YMCJIEHHOTO aHaju3a. Jljis Mojiesieii ¢ JIpoOHBIMY TTPOU3BOJIHBIMY TTOHUMAHKE
YVIPAaBJAONNUX MU JUHAMUIECCKAX MEXaHU3MOB II0Ka HE JIOCTUTJIO TAKOTO YPOBHSI
noytHoThl. [ToaTomy nccieoBanns B 3Toii 00J1aCTH MO-TIPEXKHEMY BEChMa aKTyaJlb-
HbI.

IIpuMmeneHune crap apTHLIX METOJIOB JIMHEHHOTO aHaJin3a K OpIoCccensiTopy —
OJIHOI U3 HamboJiee U3BECTHBLIX JIBYXKOMIIOHEHTHBIX MOJEJeHl — [03BOJINJIO BbI-
SIBUTH PsiJ XapaKTEPHBIX 0COOEHHOCTEM, CBSI3aHHBIX C BBEJIEHUEM JIPOOHBIX IIPO-
M3BOJIHBIX 110 BpeMeHHOMY 1iepemernHomy. PopMupoBaHue CralOHaPHbIX HEOJIHO-
POJIHBIX IMATTEPHOB ThIOpUHTA BIIOJIHE 0XKUIAEMO HE OTJIMYAETCA OT CTAHIAaPTHOM
MOJIEJIA ¢ OOBITHBIMU TTPOU3BOHBIMI. KpuTrdeckue KpuBble Jijist napamerpa B B
ciaydae oudypkaiuu Xoida, HAIPOTUB, JIEMOHCTPUPYIOT CYILIECTBEHHYIO 3aBUCHU-
MOCTb OT «v. BoJiee Toro, nipu o < 1 CTAHOBUTCSI BO3MOXKHBIM €IIIe OJINH MEXaHU3M
1OTEPU YCTOWUMBOCTHU, KOIJIa KOPHU XapPaKTEPUCTUIECKOI'O yPaBHEHUsI IepeceKar-
0T TpaHUIy 0OJIACTH yCTOHUIMBOCTH TIpu m # (0 — pelieHre COOTBETCTBYIOIIEH
JIMHEWHOM 3ajiaun Oy/ieT oJlHOBpeMeHHO 3aBuceThb or t u 2. U xoTst B paccMoTpen-
HOM B HACTOsINEH paboTe cydae STOT MeXaHU3M He JIeCTBYeT, caMa ero BO3MOXK-
HOCTDH BJISIETCSI OTJIMYUTEIHLHBIM CBOMCTBOM JIpOOHBIX cucreM. Bo3amoxkHO, 3TOT
3 deKT yaacTes mpogaeMOHCTPUpPOBaTh pn 1 < o < 2 WK IPU PACCMOTPEHUN
MOJICJIN C JIPYIO#l XUMUYECKOIl KUHETUKOI.

Kpurunueckoe 3nadenue orHoueHus jud@y3uoHHbIX KOIDPUIMEHTOB, OlIpe-
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Jesisitoree, OudypKaims Kakoro poja OyJIeT IepBoil IIpH MOCJae0BaTeILHOM YBe-
JIMueHnn B, TakyKe 3aBUCHT OT MoKa3aTesst (. Y MEeHbINeHne o TTpu (PUKCUPOBaH-
HoM A jestaer Habuojenne narrepHoB ThiopuHra 60Jee «IIPOCThIM». AHAIOIMY-
HOe HaOJII0/IeHKe JIJIsSI HECKOJILKO OTJINYIAIOIIECs MOJIEIN, B KOTOPOil 1pOOHbIH o11e-
parop JIeHcTBOBaJ TOJILKO Ha Jnddy3UOHHOE ciaraeMoe, ObLIo 1ojydeHo B [29)].

Haubojiee 3aMeTHBIM OTJIMUMEM OT CTaHJIAPTHON MOJEIN SIBJISETCS CHJIHLHOE
10JIaBJICHNE XaOTUIYECKUX PEXKUMOB, BOBHUKAIOIIUX PU CJIa00M JudDy3noHHOM
CBA3BIBAHNY, Korma KodbduImenTsl [D; MaJbl o cpaBHeHHIO ¢ L2, SDpumurap-
Hble 3P DEKThI, CBI3aHHBIE C MCIIOJH30BaHUEM JPOOHBIX MPOU3BOJHBIX C TTOKA3a-
TeJieM, KOTOPBIH He CJMIIKOM OJIM30K K eJIMHUIIE, IIPUBOJIAT K JJOCTATOYHO CUJILHOM
cunxponuzaiuu. PopMupyoluiics B pe3yabrare naTrrep obJiajaer doJjiee Bbipa-
KEHHOU CTPYKTYPOIl W IMOXOXK Ha T€, 9YTO BO3HUKAIOT C CTaHJAPTHON CUCTEME B
OKpecTHOCTU OudypKaluy KOpazMepHOCTH 2.

MoIHbBIM TEOPEeTHYEeCKUM HHCTPYMEHTOM HCCJIEIOBAHUST CHCTEM PeaKIni—
nuPy3un sIBISIOTCS aMILIUTYAHbIEe ypaBHeHHsI. OHU OIKMCBHIBAIOT MEJJICHHYTO
MPOCTPAHCTBEHHO-BPEMEHHYIO MOJLYJISIIIUIO PEIIeHNsT, BOSHUKAIOIIETO TPU CJIaboM
HEJIMHEHHOM BO3MYIIEHUHU CTALKOHAPHOIO OJHOPOIHOIO COCTOAHMS B OKPECTHOCTH
Touku oudypkaiuu. B paborax [31-33] Ol paccMoTpenb (hopMasbHbIE TTPOTIE-
JlyphI TIOJIy9eHUsT ITUX YPaBHEHUI Jijisi cucTeM ¢ JIpobHOI nmponsBosgHoit Pucca
10 IPOCTPAHCTBEHHOMY IIepEeMEHHOMY JIJis BeexX Tpex oudypxanuii — Thiopunra,
Xorma n kopazmeproctu 2. OHAKO aBTOPaM HE y1aJ0Ch HAWTH pabOThI, /e Obl
00CYKJIAJIMCh CIIOCOOBI TOJIYUeHHUST aMILIUTYIHBIX YpaBHEHUI i Mojeseil THu-

a (16). Cuyuaii 6udypkaiuii ThlOprHTa, TO-BUIMMOMY, HUYEM HE OTJIMYaeTCst
OT CTaHJIAPTHBLIX MOJEJIE: 3aMEeHUB JIUIIb OIpeJie/ieHne MeIJIEHHOIO BpeMeH! Ha
T = €%/*t u GopMaIbHO TOBTOPHUB OCTPOCHHST |30], MOKHO MOy YUTH BEIECTBEH-
Hoe ypasHenue ['muzOypra—J/lanjay, B KOTOpOM OObluHas [IPOU3BOJIHASL 110 Bpe-
MEHHOMY IlepeMeHHOMY OyjieT 3ameHeHa oneparopoMm Kamyro. OjHako y:xke s
oundyprannn Xormda cuTyalius 3aMeTHO MEHSIETCsI, TIOCKOJIbKY PEIIeHUs] BO3HUKA-
IOIUX JIMHEHHBIX 33424 OyayT cojmep:kaTh byuknun Mutrar-Jleddaepa. Sarpyi-
HEHWST CBSI3aHBI C TE€M, 9TO JIJIst 9TUX (PYHKINI HE BBITTOJIHSIETCS TTOIYTPYIITOBOE
cBoiicTBO. Ecmm

w(t,z) =c-w(T, X)E,(ct") + ¢ -w(T, X)E,(at"),

rJle ¢ — BEKTOpP C IBYyMs KOMIIOHEHTaMHU, TO KBajpaTudnas dopmMa uj Muy, rjie
M — Hekoropasi HOCTOsTHHASE MAaTPUIA pa3dMepa 2 X 2, Oyjer uMeTb BUJ

K w?E2(ot") 4+ Kolw|*Eq(0t®) Eq(6t%) + K_w?E2(6t%).
3nmech Ky n Ky — ancioswie KoadduimenTol. 3agada,

o B—-1 A?
(tDO—l—u?)(tuZ)_ B _A? U2ZUIM111;
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BOZHUKAIOIIA B IPOIECCE BHIBOJA AMILIUTY/IHOTO YPABHEHUS, GYIET TO-TIPEXKHEMY
JIMHEHHON OTHOCHTENILHO Uy, OJIHAKO 3alMcaTh ee obiee perenre OyJeT BechMa
CJI0XHO, HOCKOIBbKY E2(0tY) # Eo(20t%) u E,(0t®)E,(5t%) # const.
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