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Galina Vasil’evna Shpatakovskaya
Dependence on lonization Degree and Relativistic Effects in Electron
Binding Energies in Free Atoms and lons

The electron binding energy analysis proposed before for atoms is applied to
positive free ions. As a result the binding energy self-similar dependence on atomic
number and ionization degree of ions is shown up. The revealed scaling enables to
compare electron binding energies in a large number of atoms and ions, manifests the
relativistic spin-orbit interaction effect in heavy atoms and can be used for the new
data verification. One can represent the orbital energies in filled shells of arbitrary
many-electron atom or ion through two independent of the atomic number functions.
The polynomial fit approximation of the last ones is constructed to estimate the
binding energies in ions. The estimation can be used as initial value in more perfect
computation and for rough calculation of the ionization cross section of many-
electron atoms and ions by other particles.

Key words: many-electron atom, free ion, ionization degree, electron binding
energy, atomic number self-similarity, ionization cross-section, relativistic effects

IlInamaxoeckasa I.B.

3aBHCHUMOCTDb OT CTENeHH MOHU3AIUH U PECIATUBUCTCKHE 3q)(l)eKTl>I B
IHEPIrUusx CBA3HU JJICKTPOHOB B CBOﬁOI[HbIX aToOMax M HOHaX

AHanu3 3HEpruil CBS3M AJIEKTPOHOB, MPEUIOKEHHBIN paHee Il aTOMOB, MPU-
MEHSIETCS K CBOOOJHBIM TOJOXHUTEIbHBIM HOHaM. B pesynbrare 0OHapy»eHO
CBOMCTBO MOJO0MSI SHEPIHil CBSI3M MO AaTOMHOMY HOMEPY U CTENEHHW HOHU3ALMU
MOHOB. HaliieHHBI CKEMJIMHT MO3BOJSET CPABHUBATh SHEPTHM CBA3M B OOJBIIOM
YUCJIE aTOMOB M HMOHOB, HAIJSIHO TOKAa3bIBAET BIUSHHUE PEIATHUBUCTCKOTO CIIWH-
OpOUTANBHOTO B3aMMOJICUCTBHS B TSKEIIBIX aTOMax U MOXET ObITh MCMOJb30BAH IS
MIPOBEPKH HOBBIX JAHHBIX MO OPOUTAIBHBIM SHEPIHsIM CBSI3U. DHEPrUU CBSI3U B
3aMOJHEHHBIX O0O0JIOYKAaX MOTYT OBITh BBIPRXEHBI Yepe3 JBE HE 3aBUCSIIHUE OT
aTOMHOro Homepa GyHKUMH. Jlas TOCHeIHUX TOCTPOEHBI TMOJIMHOMHAIIbHbBIE
AIIIPOKCUMALMU C LEJIbI0 aHAIUTUYECKON OLIEHKU DHEPTUU CBA3U B NPOM3BOJIBHOM
MHOT03JIEKTPOHHOM HMOHE. JTH OLEHKH MOTYT OBITh MCIOJb30BaHbl, HAIPUMEp, KaK
HavaJibHbIE 3HA4YeHMs B OoJiee TOYHBIX pacueTax WIM AJs NMPUOIMKEHHOTO BBIYHUC-
JEHHs] CEYEHUs MOHM3ALMM MHOIOJJIEKTPOHHBIX AaTOMOB M HOHOB JAPYIMMH
YaCTULIAMM.

Knwuesvie cnosea: MHOTORICKTPOHHBIM aTOM, CBOOOJHBIM HOH, CTCICHb
WOHU3AIMU, DHEPTHS CBA3U AJIEKTPOHA, MOJ00ME MO aTOMHOMY HOMEpY, CEUYCHHUE
MOHU3ALIUH, PEISITUBUCTCKHE d3(PPEKTHI



Introduction

The calculation and experimental measurement of the electron binding energies
in the free atoms and ions are still an actual problem [1, 2]. These values are
necessary for spectroscopic research method, astrophysical applications, computation
of the ionization cross section of atoms and ions by other particles and so on.

Large experimental material on the energy levels of electrons in atoms and ions
Is contained in the tables [3]. The subsequent refinement of data for the neutral atoms
Is presented in [4]-[6]. Experimental data on binding energies in the neutral atoms
from hydrogen to uranium are summarized in the report [2]. Inaccuracies in the
measured energy levels of inner electron shells in atoms and ions are discussed, e.g.,
in[1], [7].

Two main theoretical approaches are used to calculate the binding energies of
electrons in atoms and ions: the density functional method [8]-[10] and the self-
consistent field approximation [11]-[17]. In spite of great success in the theory and
computational capabilities, the problems remain, especially for intermediate and
heavy atoms. The discrepancies between theoretical and experimental data in this
region are discussed in the review [1], where detailed tables of experimental and
theoretical X-ray K and L terms are presented for all neutral atoms from neon to
fermium.

The spectroscopic accuracy forces to take into account relativistic effects, the
effects of size and strain of a nucleus, and quantum electrodynamic effects. A
separate problem is that theoretical calculations are performed for an isolated atom,
whereas the experimental data are obtained for elements in their natural state [4]-[6]
or in their compounds [18].

The non-relativistic quantum-mechanical calculation of the energy levels of
electrons in an atom is reduced to the search for the eigenvalues of the Schroedinger
equation. It is a difficult problem, which should be solved individually for each atom.
The corresponding equations are usually solved by an iterative process with a
reasonable initial approximation, e.g., the semi-classical one, where Thomas-Fermi
(TF) statistical model [19]-[22] is used for the atomic potential and values, obtained
from the Bohr-Sommerfield quantization condition are applied for the electronic
spectrum. However, this spectrum should be also calculated individually for each
atom. It is yet known that the characteristics of a free atom within the TF model are
similar in atomic number Z. In particular, the self-consistent TF atomic potential can
be represented in terms of a single function universal for all elements.

It has been shown in [23], [24] that the electron energy levels in filled shells of
atoms also have an atomic-number similarity within both the TF model, and
moreover in more accurate quantum mechanical ones. The revealed properties have
been also confirmed for experimental binding energies.



1. Semi-classical approach

The varied models such as LDA (local density approximation) and relativistic
RLDA [10], Dirac-Fock (DF) [15] and many-configuration Dirac-Fock (MCDF) [16]
are applied to calculate the orbital energies in atoms and ions. In [23, 24] the analysis
of the experimental [2] and calculated [10] electron binding energies has been done
for all the free atoms from neon (atomic number Z = 10) to uranium (Z = 92). The
analysis was based on the semi-classical approach.

If one uses the semi-classical Thomas-Fermi (TF) atom model [22], Bohr-
Zommerfeld quantization condition

REx
1
Sp (1) = f per (Vdr =7 (n = 1= 3) = n(n - 2), "
“Is0,
Sg.,(0) =mn, [ =0, (2)

and assumption of the orbital energy E. square-law dependence on the orbital
quantum number | [25], n being a principal one,

SEyo (0)
Eni = Eno — ﬁ 22, 3)
the Z-scaling of the semi-classical orbital energy data is revealed:
(4)

E, = Z*3e(c,) + Z%/3d(0,) 2%, 0, =mnZ 13,

Here Sz (1) and pg, (r) = +/p2(r) — A2/r2 are the radial action and momentum of an
electron with the energy E and orbital momentum A =1+ 1/2, pz(r) = 2[E —
U(r)], U(r) is the TF self-consistent potential, Ty = dS;/0E is a classical time,

SEnO"(O) Is a second derivation of a radial action Sz(4) in A at the point 1 =0, a
value E,,, is computed from Eq. (2), the integration region is restricted by turning

points Rz, , Ry The two unique functions e(a,,) and d(o,,) in Eq. (4) are calculated
through the TF atomic potential.

The inverse problem is to construct the dependences e(a,,) and d(a,,) from the
known theoretic or experimental values E,;(Z). This procedure has been done in [23,
24] and also showed a Z-scaling (but not precise, and approximate one) of electron
binding energies in filled shells of many-electron atoms. The scaling may be used to
estimate analytically the orbital energies. Besides the allocation of the functions
e(o,) and d(o,) has allowed to represent the orbital energy data for all the free
atoms from neon to uranium in two figures. It is very convenient to analyze and
compare a large array of the orbital energies of many atoms, and also test new
calculated or experimental data.

Below the similar approach is extended to the positive many-electron ions.



2. Electron binding energies in free ions by the TF-model
and calculated from the MCDF-model

First the ion TF model is used and the type of the corresponding scaling is
searched. Then we use the electron binding energy tables [15], [16] to build the
dependencies e(o,) and d(o;,).

The TF equation for a free ion with a charge z differs from one for an atom by
the boundary condition only [26]:

Urp(r) = =Zo(x) /7, v = cxZ~ /3, ¢ = 0.88534,

V' = @32, 9(0) =1, x09'(xy) = —a =z/Z.

Therefore a new dependence of the function ¢ (x, a) on the ionization degree a as on
the parameter appears. It means that all the functions in the equations (1)-(4) depend
on « too.

The functions Ig | e(o, a)| and Ig d (o, @) from the TF-model for different « are
shown in figure 1. The TF calculation is produced for Z = 1 and so a = z here. One
can see a monotone decreasing functions 1g | e(a, a)| with overall parts for different
values a. The right figure 1 shows that a function lg d (o, @) by the TF-model
weakly depends on the ionization degree «a, especially for filled shells (¢ < 3).
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Fig. 1 Functions lg |e(o, a)| (left) and Ig d (o, a) (right) calculated from the TF
model. Different colors of lines and symbols signify the different degree ionization:
see ciphers nearby lines on the left figure.

Below these regularities are verified in the orbital energies of free ions calcula-
ted from a more accurate MCDF-model [16]. We suppose the equation (4) to be true
for all the MCDF data {E,,; } and find the couples of values:



en(a) = EZ?T%“) and o, = %; ()
dn(a) — Enl(a) - Eno(“) and o, (6)

72/3 )2

The results obtained thus from the binding energies {E,,;} for the elements with
atomic number Z = 10,20,30,40,50 and « = 0,0.1,0.3,0.5,0.7,0.9 are shown in
figure 2, the relativistic spin-orbital level splitting being replaced by its average. One
can see the similar dependence with the TF one (see figure 1) except some points
with cipher nearby symbol on the right figure 2. The cipher signifies the number of
electrons N, in the ion. It means that the approach is true only for the many-electron
ions (N, = 10) that corresponds to the TF-model area of application.
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Fig.2 Functions lg |e(o, a)]| (left) and Igd(o, a) (right), reconstructed from the
spectra E, by the MCDF-model [16]. The different colors of lines and symbols
signify the different ionization degrees: see the corresponding ciphers nearby the
lines — square interpolations (7) — on the left figure. The line on the right figure is
the cubic interpolation (10) and the cipher nearby the symbol denotes the number of
electrons N, in the ion.

The curves on the left figure 2 are the square polynomial fit
2

lg |e(0,0)| = ) aya*, ™
k=0
approximating the correspondent dependence at different values a. The coefficients
of the square polynomial are presented in table 1. One can see a smoothed depen-
dence of the coefficients a; on a which may be interpolated by square polynomials
too:
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a,(a) = z ck a™,

m=0

(8)

Table 1

Polynomial fit data a,, for the function Ig | e(a, )| = Y2_, a, o* calculated
from electron binding energies by MCDF-model [16] for certain values a in ions

with atomic number Z = 10, 20, 30, 40, 50.
a A aq a,
0.0 1.531368987532 —0.9508725990119 0.01988458441012
0.1 1.600703744393 —1.054499781604 0.05720449135094
0.3 1.690055054397 —1.198845561051 0.1204050430195
0.5 1.732599828495 —1.269972650337 0.1630655789157
0.7 1.724625214300 —1.261886757311 0.1838766051511
0.9 1.709164710003 —1.222005721042 0.1967462630893
Combining into one Egs. (7) and (8) one can obtain
2 2
lg |e(o, )| = z z ck amak, 9)
k=0m=0
The coefficients ¢k are presented in table 2.
Table 2
Coefficients ¢k, b, in Egs. (9), (10)
ck k by,

m\ k 0 1 2 0 2.1117

0 1.5372 —0.9557 0.0204 1 —2.4106

1 0.6420 —1.0414 0.3944 2 0.7424

2 —0.5089 0.8363 —0.2225 3 —0.0956
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The curve on the right figure 2 is the cubic polynomial fit:
lg d(o,a) = Ya_, by o*. (10)

The corresponding coefficients b, are also presented in table 2. So all the regularities
are described with 13 coefficients c%, b,.
The theoretical area of the approach application are

1. the atomic number Z > 10;
2. the number of electrons in the ion N, > 10;
3. the filled shells.

3. Analytical estimation of electron binding energies
in many-electron free ions

The functions e(o,a) and d(o,a) were constructed from the definite ions
MCDF data. Here we examine their validity for some other many-electron ions (10 <
Z < 56) by means of comparison with available MCDF-results [16]. To estimate
analytically the electron orbital levels in a free ion it is enough to assign an atomic
number Z, charge z and use Eq. (4) with the functions e(o, @) and d(o, a) by Egs.
(9), (10) and table 2.

Table 3

Electron binding energies (in eV) in Xe ions by the MCDF-model and its

estimation by the equation (4) with functions (9), (10).

lons Xet? Xet12 Xet22
n l MCDF Eq. (4) MCDF Eq. (4) MCDF Eq. (4)
1 0 34588 31869 34816 32657 35246 33636
2 0 5482 5620 5708 5790 6127 6221
2 1 5131, 4810 5165 5359,5035 | 5334 5780, 5456 5766
3 0 1174 1107 1393 1398 1781 1820
3 1 1028, 966 957 1248,1184 | 1248 1638, 1571 1670
3 2 712, 699 689 932,916 980 1324, 1310 1403
4 0 245 243 441 460 752 842
4 1 192,179 189 390, 366 406 699 788
4 2 91, 89 93 284, 283 309
5 0 43 60
5 1 31, 31 50

lons Xe+32 Xet12 Xe*+52
1 0 36097 34823 37370 36237 40270 37903
2 0 6946 6972 8082 8149
2 1 6615, 6276 6516 7763,7430 | 7693
3 0 2430 2443 3243 3381
3 1 2305, 2212 2293
3 2 2023 2026

The estimation results are compared with MCDF data in some ions of xenon in
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table 3 and in six different ions of the various elements in table 4. Two values E,; at
[ > 0 by MCDF-model [16] are the relativistic level splitting. It is not great for Z <
60, the maximal one being for the energies E,; at n = 2,1l = 1. The relational
estimation inaccuracy does not exceed 10% for filled shells. Other levels are properly
estimated by order of magnitude only.

Table 4

Electron binding energies —E,,; (in eV) in some ions by the MCDF-model [16]
and their estimation by the equation (4) with functions (9), (10)

lons Al*2(Z = 13) K8 (Z =19) Cu*'® (Z = 29)
n l MCDF Eq. (4) MCDF Eq. (4) MCDF Eq. (4)
1 0 1592 1639 3799 3925 9541 9790
2 0 150 143 556 547 1644 1617
2 1 104,103 96 475, 472 460 | 1501, 1476 1446
3 0 28 23 175 195 556 590
3 1 514 540

lons Rb*13 (Z = 37) Cs*1% (Z = 55) Ba*™3 (Z = 56)

1 0 15582 15624 36513 34511 37476 34254
2 0 2447 2487 6248 6309 6032 6148
2 1 | 2247,2179 | 2375 | 5889,5540 | 5840 | 5661, 5284 5665
3 0 653 683 1722 1736 1332 1252
3 1 585, 560 598 1572,1503 | 1581 | 1176,1102 1094
3 2 446, 450 456 1243,1229 | 1306 | 832,817 810
4 0 677 719 299 290
4 1 614, 597 662 240, 224 231
4 2 127,124 126
5 0 64 76
5 1 48, 46 64

4. Account for relativistic effects in many-electron atoms

In this section the LDA- and RLDA-results [10] for the electron binding
energies in free atoms are compared. Non-relativistic LDA function e(o) is calcu-
lated for all the atoms with 10 < Z < 92 and shown on figure 3 to the left. Here (and
below on the left figure 4) the big symbols V correspond to rare gases data. The pairs
of numbers e,, — g, according (5) by RLDA for the rare gases and uranium are
shown on figure 3 to the right. One can see the relativistic effects little affect the
dependence, without changing its single-valued monotonically diminishing nature.
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Fig.3 Function lg|e(o,a)| by Local Density Approximation [10]: non-relativistic
(LDA) model (left) and relativistic LDA (RLDA) model (right). Lines are cubic
interpolations, which coefficients are printed on the figures.

If the relativistic effects are small, i.e. for elements Z < 40 the function d(o)
behaves similarly as it has been shown in [23], [24]. However, in the heavy atoms the
single-valued nature of function d(o) is lost. One can see on the right figure 4 the
visible d,;(a) branching for the different values [, and in addition, a bifurcation due
to the spin-orbit interaction for each L. Here an increase in the relativistic effects with
an increase in the atomic number is visually manifested, all the dependence on o
preserving smooth nature and fitting the corresponding dependence for the rare gases.
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Fig. 4 Function lgd(o,«) by Local Density Approximation [10]: non-relativistic
(LDA) model (left) and relativistic LDA (RLDA) model (right). Here red symbols is
for | =1, green and blue ones are for | = 2 and 3 correspondingly. Filled and non-
filled symbols correspond to levels with j =1—1/2and j =1+ 1/2.
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Conclusions

In the paper the electron binding energies in atoms and ions were studied.
Atomic number and ionization degree similarity (scaling) are shown in filled shells of
free ions and relativistic effects visualization are demonstrated for many-electron
atoms. The discovered scaling enables to estimate electron binding energies in ions
by means of two independent on atomic-number functions e, (o) and d,,;;(c). The
estimation inaccuracy for filled shells of free ions is less than 10% and reasonably
describes other levels. Therefore the proposed approach can be used as initial value in
more accurate computation and for rough calculation of the ionization cross section
of many-electron atoms and ions by other particles.

The revealed continuous e, (o) and d,,;(c) dependences can be also used for the
new data verification and for the recovery of the missing information about the
binding energies in the neighboring atoms.
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