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Muxaun Aaexcandposuyw Boues

HekoTopbie BOIpochl MATPUYIHOTO AHAJIU3a METOJ0OB MHTETPUPOBa-
Hu4 110 Bpemenu. [Ipenpuat Uncruryra npukiaanoit marematuku nM. M.B. KeJ-

noiiia PAH, Mocksa, 2018.

JlaHHbBI TPENPUHT COJIEPYKUT KOHCIEKTHI JIEKINii, TpounTanubiXx B 2016 r. Ha
Pumcko-MocKkoBCKoOI MIKOJIE IO MATPUIHBIM METOJaM U MPUKJIAIHON JIMHEHHOIT
asirebpe. JIekun mocB4IeHbl HEKOTOPHIM 3a/ladaM MaTPUIHOTO aHan3a, BO3HU-
KaIOINX Ipu pa3paboTKe W aHaJM3e CXeM WHTEerPUPOBaHUs 110 BPEMEHU CHCTEM
OOBIKHOBEHHBIX JuddepeHnnaabibIX ypaBHeHnii n quddepennmuaibHbX ypaBHe-
HUIT B YACTHBIX NTPON3BOAHBIX. MaTepnas Jexiuit BKII09aeT HEKOTOPhIE aCTIeKThI
KOHEYHO-PA3HOCTHBIX ITPOCTPAHCTBEHHBIX alllIPOKCUMAITUI YpaBHEHIT KOHBEKITN—
muddy3un (B KOHTEKCTe METOJIa MPSIMBIX ), YCTOIMBOCTH CHCTEM OOBIKHOBEHHbBIX
nnddepeHaIbHbIX YpaBHEHM, JJorapuMUIecKoil MaTPUIHON HOPMBI U €€ MTpH-
MEHEHMUSsI, SIBHO-HESIBHBIX CXEM, METOJIOB PacilellieHus, MeTo10B PozenOpoka B co-
YeTaHUU ¢ MPUOJIMKEHHBIMU PA3JIOXKEHUAMEI STKOOMAaHa M CXeM C MaTPUIHOI dKC-
MOHEHTO# Ha ocHOBe mojmpocTpancTs Kpouiosa. [IpenpunTt mpegnasnaden st
ACTIIPAHTOB U CTYJCHTOB, a TaKKe JJI HAYIHLIX PAOOTHWKOB JIJI O3HAKOMJICHUST
C YKa3aHHOI TeMaTUKOII.

Karouesvie cao8a: MeTO| IPSIMBIX, YpaBHEHIE KOHBEKITMI— 11D Py3un, yeTofi-
YUBOCTD P epeHnaIbHbIX YpaBHEHN U PA3HOCTHBIX CXEM, MATPUIHASA IKCIIO-
HEHTa, JorapudMuieckas MaTpruIHas HopMa, MeTo/Ibl PozenOpoka, moirpocTpa-
ctBa KpbLiosa.

Mikhail A. Botchev

Some topics in matrix analysis for time integration methods. Preprint
of Keldysh Institute of Applied Mathematics RAS, Moscow, 2018.

This report contains lecture notes used for the 2016 edition of the Rome-
Moscow school of Matrix Methods and Applied Linear Algebra, held in Moscow
and Rome (respectively, in August and September 2016). The notes deal with
some matrix analysis problems which arise in construction and analysis of time
integration methods for solving large systems of ordinary and partial differential
equations (ODEs and PDEs). The material treated includes some aspects of
finite-difference approximation of convection—diffusion operators (used, follow-
ing the framework of the methods of lines, to reduce time-dependent convection—
diffusion problems to ODE systems), stability of the ODE systems, the logarith-
mic matrix norm, stability of the implicit—explicit §-method, splitting methods,
Rosenbrock methods with approximate matrix factorizations and Krylov sub-
space exponential time integration.

Key words: method of lines, convection—diffusion equation, stability of dif-
ferential equations and difference schemes, matrix exponent, logarithmic matrix
norm, Rosenbrock methods, Krylov subspace.
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1 Some facts from matrix analysis

Here we list some definitions and results, mostly without proofs, which will be
used in our lectures. Marks ¢ and [J denote the end of an exercise and a proof,
respectively.

By a vector x € C" we mean a column vector. Hence, the conventional inner
product in C” can be defined as

(z,y) =y'z, x,yeC",

where y* denotes the conjugate of y. Let A € R™ . The set of all the eigen-
values of A is called its spectrum. By p(A) we denote the spectral radius of A,
defined as

p(A) = max{|\| | A € spectrum of A}.

We now define some the following vector norms, called the 2-norm, the 1-norm
and the max-norm, respectively,

n n

Dol el =) fawl, lelleo = max |z, (1.1)

lzll> = I<k<
=1 k=1 SES

The associated matrix norms, ||A|| = max,.o(||Az||/[|z||), are

n n
4 = /oA A), Al = xSl Al = e 3 o)
J:

=1
(1.2)
Note that || Al|2 can not be computed by an explicit formula. In fact, computing
the 2-norm of a large matrix can be quite expensive. Thus, if we only need some
norm of a matrix, we should avoid computing the 2—n0rmﬂ
For any two matrix norms ||- ||, and || || 3 the sharpest constant can be found
such that for any matrix A € C"" holds ||Al|o < C,3/|Al|s. These constants
are [21], Section 5.6]
01,2 = \/ﬁ, Cl,oo = n,
Co1=vn, Co=+/n, (1.3)
00071 =n, COO’Q = \/ﬁ
A square matrix P is called a permutation matrix if its columns can permuted
in such a way that the identity matrix is obtained.
A square matrix A is called reducible or decomposable if there exists a per-
mutation matrix P such that

- An 0
pApPT = |° 1 ]
{Am A’

INote that norm(A) in Matlab or Octave computes ||A|2. ||A|l1 and ||Al|cc can be computed as norm(A,1) and norm(A,’inf’),
respectively.




4

where the matrices Ay and Ags are square. Otherwise, A is called #rreducible
or nondecomposable [28, 29]. Irreducible matrices are most easily characterized
by their directed graphs. A directed graph of a matrix A € R"*" is a graph of
n vertices, where there is a directed link (an arrow) from vertex ¢ to vertices j
as soon as a;; # 0. A matrix is irreducible if and only if its graph is (strongly)

connected, i.e., there exists a directed path between any two vertices i and j [51],
28].

Theorem 1.1 (Perron-Frobenius theorem) Let A = (a;j) € R™" be an ele-
mentwise nonnegative (a;; > 0) irreducible matriz. Then

(1) A has a positive eigenvalue N\ which equals the spectral radius of A: A =
p(A);

(2) the eigenvector x = (x;) corresponding to A can be chosen elementwise
strictly positive: x; > 0,1 =1,...,N;

(3) A is a simple eigenvalue.

If the matriz A is only elementwise nonnegative then p(A) is an eigenvalue of A

and the corresponding eigenvector can be chosen elementwise nonnegative [21,
Theorem 8.3.1].

A matrix A € R™" is called weakly diagonally dominant if
|aii| = Z |CLZ'j‘, 1= 1,...,%. (14)
j=1,j#i
If the strict inequalities hold here for all 7, the matrix is called strictly diagonally
dominant. A matrix is called irreducibly diagonally dominant if it is irreducible,

weakly diagonally dominant and at least for one ¢ the diagonal dominance
inequality holds strictly [28| 29].

Theorem 1.2 [51], 28] A strictly or irreducibly diagonally dominant matriz is
nonsingular and has nonzero diagonal entries.

Exercise 1.1 Prove Theorem for a strictly diagonally dominant matrix. ¢

A matrix A is called an M-matrix [47] if A = sI—B, with B being elementwise
nonnegative (B > 0) and s > p(B). If s = p(B) then A is singular and is called
a singular M-matrix [22], 33].

The following theorem can often be useful in establishing the property of
being an M-matrix.

Theorem 1.3 Let A € R™" be weakly diagonally dominant and let
aZ-Z-}O,i:l,...,n, Cszgo,l%j

Then the eigenvalues of A have nonnegative real part and A is a possibly singular
M -matrix.



Proof [22], Section 2.5] Define
S = max a;;, B =sl - A.

Note that B is elementwise nonnegative and it can be checked that
Bl < 5. (1.5)

Thus, from p(B) < ||Bl|« follows p(B) < s and A is a (possibly singular) M-
matrix.

Furthermore, all the eigenvalues A(A) of A belong to the set {z € C | |z — 5| <
p(B)}. Hence, we have Re A(A) > s — p(B). By the last part of Theorem [1.1],
p(B) is an eigenvalue of B and, thus, s — p(B) > 0 is an eigenvalue of A with
the smallest real part. Hence, if it is known that A is nonsingular, for instance,

by Theorem [1.2] then s > p(B). O
Exercise 1.2 In the proof of Theorem , check that holds. O
A regular splitting of A € R™" is a representation [47]
A=P-Q

where P is nonsingular and P~ and ) are elementwise nonnegative.

Theorem 1.4 [J7, [353] If A is a possibly singular M-matriz and A = P — Q
is its reqular splitting then p(P~1Q) < 1. The last inequality becomes strict as
soon as A 1s nonsingular.

A matrix A = (a;;) is called Hermitian if A equals its conjugate transpose
A* = (aj). If A = AT the matrix A is called symmetric. Real Hermitian
matrices are symmetric. The eigenvalues of a Hermitian matrix are real. Skew-
Hermitian matrices (i.e., matrices A for which holds A* = —A) have purely
imaginary eigenvalues. For every matrix A € R™", its symmetric and skew-
symmetric parts are defined respectively as 3(A + A7) and (A — AT). A real
square matrix is uniquely determined by its symmetric and skew-symmetric
parts. Spectrum A(A) of a real square matrix A is contained in a rectangular
domain in the complex plane,

A(A) C [a,b] x [—ic,ic] C C, a,b,c € R,

where a and b are respectively minimum and maximum eigenvalues of %(A—I—AT)
and c is the spectral radius of 3(A — A”).

2 The problem we solve. Examples

In these lectures we discuss some matrix problems arising when the following
initial value problem (IVP) is solved numerically. For given A € R™ " ¢(t) :
R — R" and ¢ € R", find a vector function y(¢) : R — R"™ such that

y'(t)=—Ayt)+gt),  y(0)=y" (2.1)
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Such problems arise in many contexts, for instance, when we solve numerically
parabolic or hyperbolic partial differential equations (PDEs). A possible way
to solve a given time-dependent PDE is to first discretize it in space. If the
PDE linear, the spatial discretization yields , which is then solved by a
time integration method. This solution approach is called the method of lines
(MOL) [23, Sect. 6.1].

In Section [5.5], we also briefly discuss solution of a more general, nonlinear
autonomous ODE system y'(t) = —Ay — R(y) known as advection—diffusion—
reaction problem. Unless reported differently, we usually assume that A in ([2.1])
is such that its symmetric part %(A + AT) is positive definite.

2.1 Example: unsteady convection—diffusion problem

Assume Q C R? is a domain with a smooth boundary 9 and L[u] is a linear
differential operator acting on functions u(x,y,t) from some functional space,
with ¢t > 0 and (z,y) € €. Consider the following problem:

(@) 204 L] = (. v.1),
w=ulz g t), (y) €9, t>0, 22)

(b) wu(x,y,0) = uo(x,y),

(¢) conditions on u(z,y,t)| ( and its derivatives,

x,y) €00

where the functions g(z,y,t), u’(z, y) are given and u(x,y,t) is unknown. This
problem is an initial-boundary-value problem because relations (2.2))(b), (2.2)(c)
provide respectively initial and boundary conditions on the unknown function
u(x,y,t).

Solving numerically by the method of lines approach, we first discretize
the partial differential equation (PDE) given by (2.2))(a) in space and then arrive
to a system of ordinary differential equations (ODEs):

% 4 L[U] _ g(ﬂf, Y, t) space dlgetlzamon y/(t)
where the vector function y(t), y : R — R" approximates the unknown function
u(z,y,t) at n discrete points (z;, yx) € €2, the matrix A € R™" approximates
the operator L[], Aw =~ L|u|, and g(t) is a vector function, g : R — R", whose
coordinate functions g;(t) contain the values g(x;, yx, t), plus possibly some con-
tributions from boundary conditions (2.2))(c). The boundary conditions are also
taken into account by the structure of the matrix A.

We now describe two simple finite difference space discretizations of
a nonstationary convection—diffusion problem. This problem is given by
with

= —Ay(t) +g(),  (23)

Liu] = —(D1uy)y — (Dauy)y + v1uy + vouy, + Du, (2.4)
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where the given functions D;, v; and D satisfy

D; = Di(z,y) 20, v; =wvi(x,y), i=1,2,
D1+ Dy >0, (Ul)x + (U2>y =0, (25)
D = D(z,y) >0, (z,y) € £,

and the subindices -, and -, denote the derivatives with respect to = and y,
respectively. D; and v; are called diffusion and convection coefficients, respec-
tively. For simplicity, we assume that the domain 2 is convex and boundary

conditions (2.2))(c) are homogeneous:
u! a0=U; t>0.

One of the finite-difference discretizations which we describe yields a matrix A
such that L[u] ~ Ay and

AOy - Ldiff[u]a Aly — Lconv[u]a

2.6
Laig|u] = —(Diug)y — (Douy)y + Du, Leonv|t] = viug, + vouy, (2:6)

where Ay and A; are the symmetric and skew-symmetric parts of A, respectively.
In other words, the symmetric part of A approximates the diffusion terms, and
the skew-symmetric part the convection terms.

2.2 Finite difference relations. Central differences

We introduce a uniform Cartesian mesh covering ) and consisting of n points
(i, yr) € Q. The mesh has mesh sizes h; > 0 in the x-direction and hs > 0 in
the y-direction, i.e., x;.1 — x; = h1, Yps1 — yr = ho for all possible ¢ and k. At
each node (z;,y;) of the mesh, we approximate the terms in Lgg[u] by finite
differences as follows

(D1) i1 /2.0(Uir1 — Uik) — (D1)i1/2,6 (Wi — ui—11)
h? ’
(D2)igg1/2(i ey — ui) — (Da)ip—1/2(Uik — wig—1) (2.7)
h3 ’

(Dlux)x ~

(Dauy)y ~
Du ~ Di,kuiﬁ,

where the subindices (-);; refer to the point (x;,y;), the subindices ()11,
(Jigk=1, ()ix1/2k> (+)inx1/2 refer to the points shifted from (x;,y;) respectively
by +hy, £hs, £hy/2 or £hy/2 in the = or y direction.

Before giving the finite difference relations for the convection terms, we
rewrite them in the following form [24] (see relation (2.5))):

1 1
V1Uy + Vol = E(vlux + vouy) + 5((v1u)x + (vou)y). (2.8)
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The reason why we rewrite the convective terms in this way, will become clear
a little bit later, in Exercise 2.2l Then, the finite difference approximations for
these terms at the point (z;,y;) are given by

1(’01"% + (Ulu)x) ~ (Ul)i’k(ui+1vk _ ui_Lk) + ((Ul)i—l—l,kui—l—l,k — (U1)¢_17kui_1’k)’

2 Ah,

%(UQUy + (U2u)y) ~ (UZ)i,k(Ui,k—l—l - Uz‘,k—l) + ((Zii,k+lui’k+1 — (Ug)i7k_1ui7k_1).
2

(2.9)
Combining relations (2.7) and (2.9)), we can approximate the operator L[u] at
each mesh point (z;,y;) as follows:

Liu] ~ Wikti—1 i + Sigtig—1 + Cigtig + Nigtig+1 + Eigiv1r, (2.10)

(xiayk)
with
W — _(Dl)i—l/Q,k B (v1)ig + (V1)ic1k
ok h? 4hy !
G _ C(Da)ig—12 (va)ik + (va2)in
ok h2 4Dy ’
DVi1jak + (DY) Do)ik1/a + (Do),
Cr — (D1)i-1/2,k 2( 1)it1/2,k N (D2)ik—1/2 2( 2)ik+1/2 LD
’ 02 12 ’
(D2)ijv1/2  (v2)ik + (v2)iks1
N =— : ’ ’ ,
* o 4h,
(D1)ivr2k (v1)ig + (V1)iv1k
Eij=— ’ ’ 3
* T 4hy

The notation in corresponds to the positions of the nodes of the finite
difference stencil w;1; ;11 with respect to the central node w;; (uit1x lies to
the East from w;;, hence we write Ej pu;i1 15 w41 lies to the North, hence we
denote N; pu; 41, €tc.)

2.3 Structure of the matrix

Written for every mesh point, the relations (2.10) can be combined into a
matrix-vector product. Assume Q = [0, 1] x [0, 1] and the mesh is given by

XT; = ihl, Y = khg, with h]‘ = 1/nj, ] = 1,2 (211)
Writing the relations (2.10]) successfully for the points
(xla yl): (.Tl, y2)7 RIS (2171, yn2—1)7

(332,y1), (x2792)7 ceey (x27yn2*1)7
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(:Unl—h y1)7 (xnl—la y2)7 ) (xnl—la yng—l)a we obtain:

(z1,91) © Wiguoa + Siiuro + Craurg + Nyjur o + By jugg,
(1,92) © Wigupa + Si2ur1 + Craurg + Niouy s + Eyoug o,
(z1,y3) © Wisuog + Sisure + Cisur s + Nisuia + Ersuss,

(1, Yng—1) © Win,—1U0mp—1 + S1ny—1U1 ny—2 + C1ny—1U1ny—1
+ Niny—1U1 0, + E1py—1U2.n,-1,
(9, y1) : Waguig + Saquzg + Caiugy + Naojugs + Eojus g,

($n1—17 yng—l) . Wnl—Lng—lunl—Q,ng—l + Sn1—17n2—1un1—17n2—2 + Cnl—l,ng—lunl—l,ng—l
+ an—l,ng—lunl—l,ng + Enl—l,ng—lunl,ng—la

These relations, where u;, = 0 for i =0, ¢ = n;, k = 0 and k = ny due to the
homogeneous boundary conditions (2.2)(c), can be cast into the matrix-vector
product form:

0171 Nl,l ce Ce E171 Uy 1

Si2 Cia  Nip e Eio U2
S1m-1 Crnp—1 0 Ul p,—1| = Aw, (2.12)

Wa1 0 Ca1 Nag U1

W Saa Caa Nao U2

where we denote the matrix by A and the vector by w. The matrix A is
five-diagonal with the main diagonal containing the coefficients Cjj, the sub-
and superdiagonals containing respectively S;; and N;j and two additional
diagonals containing W, and Ej ;.

Note that each node in the finite difference mesh corresponds to a row in A
and we could use any order of nodes, when forming A. Thus, the structure of
A depends on the chosen node ordering, see e.g. [35] for more detail.

Note that the coordinates of the vector w in are in fact functions of the
time ¢, they are approximations of the unknown function u(z,y,t) at the mesh
points (z;, yx). Replacing in (2.2])(a) Ou/dt by a vector of the time derivatives of
the coordinates of w and L[u] by Aw, we obtain a system of ODEs (see (2.3)).

Exercise 2.1 How many zero entries appear in the first row of the matrix A
between N;; and Ej ;7 Assume n; = 20, ng = 10. Which entry does A have in
the position (9,10)7 In the position (10,11)7 Assume ny = 5. Write down the
first five coordinates of the vector function g(t) in (2.3)). O
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Exercise 2.2 Show that finite difference approximation (2.7), (2.9) possesses
the property given in (2.6): the diffusion terms yield the Hermitian part of A,
the convection terms the skew-Hermitian part. O

Let us now assume that the property D;+ Dy > 0 which holds for all (z,y) €
Q (see (2.4))) extends to the mesh in such a way that

(D1)is1/2k + (D2)ig41/2 > 0 V(z,y) € Q.

It is not difficult to check that the graph of %(A + AT) is connected and that
%(A + AT) is weakly diagonal dominant. In some rows, the diagonal dominance
inequality holds strictly. Therefore, we conclude that the symmetric part of A
is irreducibly diagonally dominant. Furthermore, based on the Theorems [1.2
and [1.3], it is easy to see that %(A + AT is symmetric positive definite.

2.4 Upwind finite differences approximation

As an alternative to the central difference approximation for the convection
terms, we can also use the so-called upwind finite differences. As we will see
in a moment, in this case it is not necessary to rewrite the convective terms
VU +vauy as done in (2.8)). For the upwind finite differences we get the familiar
five point stencil approximation with different coefficients

W — _(Dl)i—l/lk B (v1)ig + |vi]ik
& K2 2h, !
g (D2)ij—1/2  (v2)ig £ |valig
o h2 2hy
Cip = (D1)i1/2,k h2( 1)it1/2,k N (D2)ik—1/2 h2( 2)ik+1/2 Dot
s leoli : (2.13)
o ks
(Da)igr1/2 (v2)ik — |v2lix
Nip=— . ’ —,
u o 2hs
(D1)iv1j26 (V)i — |v1lix
Ei = — ’ : .
* o 2h,

As we see, now the convective terms do contribute to C; ;, on the main diagonal
of A. Hence, the contributions of the convective terms do not form a skew-
symmetric matrix anymore (cf. Exercise [2.2)).

Exercise 2.3 Show that the upwind finite difference approximation (2.10)),
(2.13) results in a matrix A which is an M-matrix. O
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2.5 Two other examples

In fact, many other problems and applications involve solving an IVP of the
form (2.1). We briefly discuss here another two examples where has to
be solved. Both examples are taken from [40]. The first example is a typical
problem from the control theory, namely, find the state vector function y(t)
such that

Y1) = —Ay(t) + Bu(),  y(0) = ", (2.14)
where A € R™" is the state companion matrix, u(t) : R — R™ is the control
function and B € R™*"™,

The second example is a large group of problems where the concept of con-
tinuous time Markov chains is employed. As noted in [40], this “successful and
widely used way of modeling the behavior of many physical systems consists
in enumerating the (mutually exclusive) states in which the system may be at
a given time and then, describing the interaction between these states.” Un-
der certain assumptions the physical process under consideration can then be
described by the Chapman-Kolmogorov IVP:

y'(t) =—Ay(t),  y(0)=y".

Its solution y(t) = e *y" is the so-called transient probability distribution of

the Markov chain and the coefficient matrix A € R™" is called infinitesimal
generator of order n, with n being the number of states in the Markov chain.
Because of certain probability assumptions A is a singular M-matrix with zero
column sums, i.e.,

CLZ'ngfOl"Z'#j and ajj:—Zaij>0
i#]
Exercise 2.4 Based on the results of Section[I], show that A in the last example
is indeed a singular M matrix. O

3 Well-posedness of the problem. Stability estimates

The material presented in this section follows closely [23, Sect. 2.3].

3.1 Matrix exponential. Variation of constants formula

To analyze the IVP (2.1) and numerical methods for its solution, we need the
concept of the matrix exponential, defined, for a given matrix A € R"*", by the
power series

= A Ly A'=1T. (3.1)
k!

This definition is one of many possible definitions of the matrix exponential,
see e.g. [1§].
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Theorem 3.1 Solution of homogeneous, i.e. with g(t) =0, IVP (2.1)) is given

by
y(t) = ey’ (3.2)

Proof Writing down the power series (3.1]) for e=*, we note that the terms in
the series are bounded in norm by 7;¢*||A||*. Hence, the series converges and

le= 4 < e, (33)
The rest of the proof is left as an exercise. Il
Exercise 3.1 Finish the proof of Theorem [3.1]
Theorem 3.2 Solution of IVP s given by

t
y(t) = e )0 +/ e 4g(s) ds. (3.4)
0

The last relation is called the variation of constants formula.

Proof Multiplying the ODE system y/(t) + Ay(t) = g(t) by the matrix ¢4, we
get

Y1)+ Ayt = gt) & () = ()

The relation (3.4) can now be obtained by integrating the last equality:

[ o) ds= [ ety

t
tA 0A sA
t) — 0) = ds.
“yfe) - o) = [ egls)as
y0

3.2 Stability estimates

The variation of constants formula (3.4)) allows to obtain the so-called stabil-
ity estimates for IVP (2.1]), whose meaning is as follows. Consider, together
with (2.1)), a perturbed problem

g(t) = —Ag(t) + g(t) + (1),  §(0) =7, (3.5)

where §(t) and ° are given. Let e(t) = §(t) — y(t). We are interested in
establishing stability estimates, i.e., estimates which show dependence of ||(t)]|
on ||e(0)|| and [|d(¢)]|. Since &(t) satisfies

e'(t) = —Ac(t) +4(t),  =(0)=7"—y",
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we obtain, using the variation of constants formula,
t
S(t) = e H2(0) + / D45 (s) ds,
le@I < lle™ ] 1=(0)] +/ et ds maXH5( ik

where we used the fact that for a continuous vector function f : [a,b] — R”

holds || f;f(x)d:z:H < f; | f(x)||dz. If we assume that there exist constants K
and w such that
le ) < Ke™™, ¢

V

0, (3.6)

then
1 — —tw

)]l < Ke~[o(0)] + K~——"— max 6(5)]. (37)

Exercise 3.2 Check that (3.7) is correct. Note that the factor (1 — e ™) /w
is undefined for w = 0. However, we can formally assign a certain value to
(e —1)/w for w = 0. Which value should it be? O

For the stability estimate (3.7) to be useful, the exponential estimate (/3.6))
should be sufficiently sharp. Such estimates can be obtained in various ways.

Exercise 3.3 Note that (3.3)) also fits the form of (3.6)). However, this estimate
is not very useful. Explain why. Hint: consider the scalar case n = 1 and
matrices A =1, A= —1. O

Assume that A is diagonalizable as A = VDV~ (where D is a diagonal
matrix with the eigenvalues \; of A being its entries). Then

le” I = 11Ve ™ V=R < IVIHle ™IV = £(V) max e = m(V)e " fed

Here x(V) = ||[V||[|V Y| is the condition number of the eigenvector matrix V.
We see that holds with K = x(V) and w = ming Re \;. If A is normal
then (V) = 1 in the 2-norm. However, if A is far from normal, so that a large
x(V') makes the estimate above useless, or if the information on spectrum is
unavailble then we need a different sort technique which we now consider.

3.3 Logarithmic matrix norm

To obtain more sensible exponential estimates of the form ({3.6]), we introduce
the so-called logarithmic norm of a matrix A € R™*", defined as [23], Sect. 2.3]

(A) = T HEFTAIZT (3.8)

T—=0+ T

where || - || is a matrix norm induced by some vector norm.
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Exercise 3.4 Check that for 7 > 0
|l +TA| -1

=4l < < |14l

v

The fraction under the limit in (3.8) can be shown to be non-decreasing in
7 > 0. Indeed, for 0 < o < 1 we have

|l +oTA|| = |l +o1A+0ol —ol|| <o||[l+TA|+1-0,
|l +oTA| —1 . |l +TA|| -0 - 11+ 7A| -1

< <
oT oT T

Hence, the limit in (3.8)) exists and the convergence is monotone.

Exercise 3.5 Is the logarithmic norm a norm? O

The definition (3.8)) of the logarithmic matrix norm shows that this special norm
can be interpreted as a one-sided derivative of the mapping || - || : R™*" — R,
evaluated in point I € R"*" in the direction given by A € R™*" [10], Section 1.5].
The name “logarithmic” becomes clear if we note that for any A € R™*"

In |74l

w(A) = lim

T—0+ T

Indeed, for sufficiently small 7 > 0, we have [10, Section 1.5]
In|[e™| = In (II + 7A| +O(%)) =In (1 + 1L +7A -1+ 0(72)})
= I +7A|| =1+ O(?).
The importance of the logarithmic norm becomes clear from the following re-
sult [23].
Theorem 3.3 Let A € R™" and w € R. We have
p(—A) < —w & le7 ™) < e™™ VWt > 0. (3.9)
Proof Note that the last relation can be rewritten in an equivalent form
n(A) <w & ]| < e™ Vit > 0. (3.10)

We give a proof for this last relation. First, assume that pu(A) < w. Then, for
sufficiently small 7 > 0, by definition of u(A),
I+ 7A[-1

AL

I+ 7A[ =1 —7u(A)
[1+7A[ =1+ 7u(A) + O(

11+ 7A| <14 7w + O(r?

(I +7A)| < (1+7w+ O(r?
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where ¢t = k7 is fixed. Taking a limit 7 — 0+ in the both parts of the last
inequality, we obtain
HetAH < etw'
Here, for 7 — 0+ and fixed t = k7, (I + 7A)* — €' because I + 7A is the
transfer matrix of the explicit Euler method applied to y/(t) = Ay(t) (see (4.1
with —A replaced by A).
Assume now that ||e!4|| < e for all t > 0. Then

1T+ 741 = [ +0()] < [[e4] + O(r?) < & + 0(r%) = 1+ 7w + O(+?),

from which p(A) < w easily follows. O
The following result lists some more important properties of the logarithmic
matrix norm.

Theorem 3.4 Let A € R™"™ and let u(A) be defined by (3.8)). We have

p(sl + A) = s+ u(A), Vs € R, (3.11)
p(tA) = |t|u(sign(t)A), Vt € R, (3.12)
w(A+ B) < u(A) + u(B), (3.13)
[u(A) = u(B)| < [|[A = BJ|, (3.14)
A
p(A) > — H” :1‘5|H’ V0 # x € C", (3.15)
T
where || - || is the norm which defines the logarithmic norm u(-) and sign is the

sign function.

Proof To prove (3.11]), we write, taking into account that 14 7s > 0 for small
T >0,

I I+ A)| -1 14+ 7)1 +""—Al| —1
pu(sl + A) = lim [+ 7(sI+ A — lim ( 7s)| T+7s I

T—0+ T 70+ T
1 1+7s—
o MR I -
T—04+ I T T—04+ T :
+7s 1+7s

Proof of (3.12)) is left as an exercise.
Next, the property (3.13]) can be proven, using the estimate [26]

1 1
II+7(A+B)||—1= |\§(I+ 2T7A) + §(I+27A)|\ —1
1 1
< 5(\|I+ 27A| — 1) + 5(“] +27B|| —1).

Furthermore, (3.14]) can be shown based on the fact that —||A|| < u(A) < ||A]|

(see Exercise :
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Finally, to see that (3.15) holds, we write

]l = I+ 7A)e — 7 Az| < [[(I + T A)z| + 7] Az,

[+ 7A)z]| = [lefl _ M+ 7A[ -1
—[l Az < < ]]-
T T
L]
Exercise 3.6 Finish all the details in the proof of Theorem 3.4 O

Since the logarithmic norm is introduced for any matrix norm, in practice we
may want to use a norm best suitable for a particular situation.

Exercise 3.7 Check that for the most often used vector norms ([1.1]) and associ-
ated matrix norms ([1.2)), the corresponding logarithmic norms can be computed
as

A
p2(A) = I?%(W = max{\ | A € spectrum of — (A + A"},
pi(A) = maX(Re aj; + Z |aiz]), (3.16)
i#]
poo(4) = max(Reay; + 3 [ay ).
JF#i

3.4 Examples

To see how the results of this section can be used, let us consider several exam-
ples taken from [23, Sect. 2.3]. Assume we solve and it is known that the
matrix 1(A+ A”) (the symmetric part of A) is positive semidefinite. As we see
from (3.9 - ) and (B.16)), |le ™|l < 1 if and only if (A + AT) is positive semidef-
inite. Thus, the stability estimate (3.7) holds in the 2-norm. If (A + A7) is
positive definite then we see that relation holds with w being the smallest
eigenvalue of $(A + A7).

Furthermore, if it is known that the diagonal elements of A are positive and
A is row-wise (weakly) diagonally dominant then

froo(—A) = miaX(—aii + Z |ai;|) = — mln (ai; — Z lai;]) <
J# j#i
denote by ¢

and the stability estimate (3.7)) can be established in the max-norm with w = 4.
Similarly, stability in the 1-norm can be obtained if A is column-wise (weakly)
diagonally dominant with positive diagonal elements.
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—_llexp(-tA)I]
~llexp(=tA)Il,
—llexp(=tA)]l

=%

0 0.2 0.4 0.6 0.8 1
t

Figure 1: The time dependence of the norms ||e~*4||; (dash-dotted line), |[e~* || (dashed line) and |[e™**| o
(solid line). The upper bounds for the two last norms are plot in bold.

We now consider a more specific example, taken from [23], Sect. 2.3]. An IVP

v =—a,  a=|8 SR o= e

models the two-way chemical reaction 1 iR Yo EEN Y1-

Exercise 3.8 Check, by diagonalization of A, that the exact solution of (3.17))

is
y1(t) = aks + e~ (Fitka)t
0,0 0 0
- +y kiyy — kays
t) = aky — be (k1+k2)t, a= ! 2 b= ,
walt) = ak k1 + ko k1 + ks
where 3 and y) are the given initial values. O

Let us consider solution of (3.17) for the 0 <t < T =1,k =1, 4? = 0.1 and
y) = 0.9. If kg > ki = 1 we have ||A|| > 1 and the stability estimate (3.7))

with (3.3)),(3.6) (i.e., w = —||A]|) suggests an instability (an ill-posedness) of

the problem. On the other hand, the logarithmic norms are

. ki+k k3 + k3
(—A) =0,  pp(—A)=—0=— 12 244/ L >0 (= A) = kel

<1 Vt>0,
le7 ™|y < e™™ vVt >0,
<

le™ | < eflh2=Hil Vit > 0.
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As we see from Figure [I], the last two estimates are far from being sharp for

large t > 0. To get sharper estimates, we note that for any n X n matrix B
holds (see ([1.3))

IBlla < VullBlli,  [[Blle < n[|Blh.
This yields the estimates

le Ml <vV2  VE>0,
le e <2 VE>0,

which show good stability properties of the problem.

4 Basic time integration schemes. Their stability

Let 7 > 0 be a time step size and denote by y; a numerical solution of (2.1]) at
t = k7, y* ~ y(k7). Some standard numerical schemes for integrating (2.1)) in
time read

k41 ok

% = —Ay* + ¢, (4.1)
k+1 _ k

T - L= Ay gt (4.2)

i b

—=-0- 0) Ay — 0Ay* T + (1 — 0)g" +0g", 0 e0,1], (4.3)

called respectively forward (or explicit) Euler scheme, backward (or implicit)
Euler scheme, and the implicit—explicit §-method. For § = % we get the implicit
trapezoidal rule scheme, whereas the choices § = 0 and 6 = 1 yield forward Euler
and backward Euler schemes, respectively. Note that the implicit trapezoidal
rule scheme is also known as the Crank—Nicolson scheme, proposed in 1947 by
Crank and Nicolson [9].

Many time integration schemes for (2.1)) with ¢ = 0 can be written as

Yy = R(-TA)y",

where R(z) is some rational function. For a particular method, this function
can be easily derived by applying the method to a scalar test equation (the
so-called Dahlquist test problem [23, Sect. 1.2])

y(t) =Xy(t), y(0)=y", AeC. (4.4)
R(z) is called the stability function of the method.
Exercise 4.1 Check that the stability function of the #-method reads

1+ (1-0)z
- 1—-0z

R(z)
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The name “stability function” becomes clear if we consider the set
S={2€C||R(#)| <1}.

Since, to have stability for the problem ({4.4)), it is sufficient to require TA = z €
S, we call § the stability region of the method.
The following result, used later, is called the maximum modulus theorem.

Theorem 4.1 [23, Sect. 1.2] Let ¢ be a nonconstant complex function which is
analytic on a set D C C and continuous on its closure. Then the maximum of
@ 1is attained on the boundary 0D of D. In particular, if @ is rational without
poles in C~ ={z € C| Rez < 0} then max.cc- |¢(2)| = max,er |¢(iy)|.

A time integration method is called A-stable if its stability region contains
the left complex half-plane C~ = {z € C | Rez < 0}. A-stability means that
the method applied to (4.4) with A € C~ is unconditionally stable (i.e., stable
for all 7 > 0).

The question is whether this stability considerations for the scalar test prob-
lem (4.4) can be extended to the problem (2.1)) for a nonnormal matrix? The
following theorem answers this question.

Theorem 4.2 [17, Sect. IV.11] (Theorem of John von Neumann) Let a rational
function R(z) be bounded in C- = {z € C | Rez < 0} and let A € C"" be
such that

Re(y, Ay) > 0, Yy € C".

Then in the matriz norm corresponding to the scalar product we have

IR(=7A)l| < max|R(z)]. (4.5)

Proof [17, Sect. IV.11] To simplify the notation, the proof is given for —7 A re-
placed by A. Then for this new A we have to prove that | R(A)|| < max,cc- |R(2)].
It holds

Re(y, Ay) <0, Vy € C".

Assume that A is nonnormal (otherwise the proof is left as Exercise [4.2). In-
troduce, for a € C,
« * 1 *
Ala) = §(A+A )-I—E(A—A ).
Note that A(1) = A. It is not difficult to see that
(v, A(a)v) = aRe(v, Av) 4 i Im(v, Av). (4.6)

This shows that
Re(y, A(a)y) <0,  VyeC",

2If A is close to normal or if some information on the (pseudo)spectrum of A is available, then estimates for |R(—7A)| as in
the end of Section [3.2] can be used.
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holds as long as Rea > 0. Hence, for Rea > 0 the eigenvalues of A(«) also
have nonpositive real part. Therefore, the rational function

p(a) = [[R(A(a))v|l",
where v is fixed, has no poles in Rea > 0. From Theorem [4.1] it follows then
IR(A)]* = ¢(1) < max p(iy) = max || R(A(iy))v||*
yeR yeR
< max || R(A(iy))[*[|v]*
yeR
It can be checked that the matrix A(iy) is normal. Since the proof holds for

normal matrices (see Exercise [£.2]), we have
IR(A(iy))ll < max[R(z)] Yy €R,

which leads to )
IR(AW]? < (max|R<z>|) ol

zeC—

]
Exercise 4.2 Prove Theorem for a normal matrix A. O

Exercise 4.3 Check the relation (4.6) and normality of the matrix A(iy). ¢

To appreciate the strength of Theorem 4.2] and the elegance of its proof, let us
now try to prove a similar result for a specific time integration scheme, namely,
for the #-method. It is not difficult to see that the #-method applied to the
problem (2.1)) with ¢ = 0 reads

Yyt =R(-7A),  R(Z)=(I-0Z2)""I+(1-6)2),
where the matrix Z = —7A is introduced.

Exercise 4.4 Check that for any square matrix Z we have
I—02) ' I+(1-0)2)=T+(1-0)2)I—-02)"
O

For any vector norm corresponding to the chosen inner product and the induced
operator norm induced by this vector norm, we then can write

I 2 IRy NI+ A =0)2)T —0Z) M [+ (1 —0)Z)ul
1> 1> 1% I(F = 0Z)ul*
where u = (I — 0Z)~'y*. The last relation can be rewritten as
k4112 o 7 1—-6 2 7 2
Hy ‘| _ 1 +_2(1 H)I{e(vv U)'+'( ) H UH ::’]%(C)‘2) (4.7)
|y* 2 1 —20Re(v, Zv) + 62| Zv||?
with v = u/||ul| and ¢ = Re(v, Zv) + /|| Zv]]? — (Re(v, Zv))2.




21
Exercise 4.5 Show that (4.7)) with the given ( is correct. O

We thus obtain
[R(=TA)| = |R({)],

where ( is just defined. We would now like to get a bound on ||R(—7A)|| by
localizing (. It is natural to assume (cf. (3.9))) that

pia(—A) < —w, (4.8)
where ps(+) is defined with respect to the same inner product operator norm.

Exercise 4.6 Propose a condition in terms of w, § and 7 which guarantees that
all the eigenvalues of the matrix I 4+ 07 A have a positive real part. Under this
condition the matrix I 4+ 67 A is nonsingular. O

Using (4.8), we have in the estimate above
Re( = Re(v, Zv) = 7 Re(v, —Av) < Tpa(—A) < —7w,
so that
IR(=TA)[l < max [R(()] = max{|R(—7w)], lim |R(z)]}.

Re(<—T1w Z—00
1-1/0
The last equality is due to the maximum modulus theorem. We proved the
following result.

Theorem 4.3 [25, Sect. 1.2] Let || - || denote a vector or induced matriz norm
corresponding to a inner product and let A € C"™" be such that ps(—A) < —w
with w satisfying the condition derived in Ezercise[].0. Furthermore let

1+ (1-0)z

1 -0z

be the stability function of the 6-method (4.3)). We have

R(2)

1
IR(=TA)] < popax |R(z)| = max{|R(—Tw)[,1 — 5}
Exercise 4.7 Show that the bound (4.8) on the logarithmic norm holds if and
only if

Re(v, Av) > w|v||?, Yo e C™

v

Note that the stability results for the f-method in this section are proven for
an inner product vector norm (and the induced operator matrix norm). Ob-
taining stability results for the §-method in other norms is often difficult unless
6 = 1 [23, Sect. 1.2]. For the implicit Euler method (# = 1) stability results
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are not only easier to obtain but also some stability results hold exclusively for
0 = 1. For instance, the requirement for the #-method

|R(—TA)|« < 1, with « = 1 or * = 00,

necessarily implies 6 = 1 [17, Sect. IV.11].

5 Operator splitting

5.1 Introducing splitting methods

The material of this subsection closely follows the lines of [23] Sect. IV.1]. One
of the very useful concepts in numerical time integration methods is the so-
called operator splitting. To understand this concept, assume we solve ([2.1])
with no source term (g = 0) andﬂ

A=A + A,

If ODE systems ¢y’ = —Ajy(t) and ¢y = —A;y(t) are easier to solve than y =
—Ay(t), then numerical solution of (2.1 after one time step, namely,

Yt~ y(r) = e_TAyO, (5.1)

can be approximated by first solving the ODE system with A; and then with
Ay. More precisely, we successfully solve two IVPs

7 = —A1j(t), forte[0,7] with§(0) =y,

= —Ag(t), forte[0,7] with §(0) = (7). (5.2)

where the output §(7) of the first subproblem is the input g(0) of the second
subproblem. The splitting procedure in (5.2)) is repeated at all subsequent
time steps k = 2,3,.... It forms a simplest splitting method called sequential
splitting.

Assume now that y! in and subproblem solutions are computed
exactly, which means
TAyO, —TA26—7A1

1_ - 1 _ 0
y =e Ysplit = € Y-

Comparing the exact solution y' with the splitting solution g ;; we see

2
oA = [ r(— A — Ay) +%(A1 + A+,

2
e 2T 2 T 4 r(— Ay — Ag) + %(Af T oA A+ A2

Hence, the splitting introduces an additional error at every time step. The error
committed at one time step started at the exact solution is called local error.

3Here A; should not be confused with the skew-symmetric part of A.
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As we see, in the sequential splitting method the local error is

2
(7™ — e e ) 0 = %(AIAQ — A2A1) +O(7°).

Since the local error is O(72), the global error, i.e., the error after all time steps
are done, is O(7). Thus, we see that the sequential splitting (5.2)) is first order
accurate. We call

(A1, Ag] = A1 Ay — A2 Ay

the commutator of A; and As,.

Exercise 5.1 Prove that if A; and A, are diagonalizable and commute then

e—TAQe—TAl _ e—TAQ—TAl _ e—TA. (5?))

Thus, the sequential splitting is exact in this case. If A; and Ay commute but
are not necessarily diagonalizable then ({5.3)) still holds, which can be seen from
the power expansion of the matrix exponential. O

For two noncommuting matrices it can sometimes be very useful to express
a product of their matrix exponentials as a single matrix exponential, i.e., to
find, for given A; 5, such a matrix A that

eTAgeTAl _ e’TA.

The matrix A is then given by the Baker-Campbell-Hausdorff formula:

A=(A + Ay) + %[Az, Ai] + g ([Az2, [A2, Av]] + [As, [As, Ad]])

+ oAz [AL [AL A+ O(7Y).

The higher order terms in this formula are quite cumbersome but can be com-
puted recursively [39].

5.2 Second order splittings

The accuracy in the sequential splitting can be improved if we repeat the
splitting steps in the opposite order:

(1) a step for the subproblem with Ay;

(2) a step for the subproblem with As;

(3) a step for the subproblem with As;

(4) a step for the subproblem with A;.

More precisely, assuming again that the splitting subproblems can be solved
exactly, we have at the first time step k£ =1

ygpht — e 232 im0 — oAz AL 0, (5.4)
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It can be shown, after quite a few manipulations, that

7_3
(A = gmahigTmAzgm5A) o0 o0 ([A1, [A1, As]] + 2[As, [A1, A y(7/2)4+O(7°),

which shows that this symmetric splitting is second order accurate. This split-
ting method was proposed in 1968 independently by Marchuk [27] and by
Strang [43]. We call Marchuk—Strang splitting.

Another second order splitting, proposed in 1963 by Strang [42], reads at the
first time step k£ =1

1
ygpht =3 (e_TAle_TA2 + 6_TA26_TA1) 3. (5.5)
Here, for simplicity of the presentation we again assumed that the time steps
for subproblems are carried out exactly. Note that the substeps e 7417420
and e "2¢"™1y0 can be computed in parallel. For this reason splitting (5.5)) is
called parallel or symmetrically weighted splitting.

5.3 Examples of splitting

In the previous section we used the matrix exponentials e *Y, j = 1,2, only to
describe different splitting methods in a compact form. In practice, each of the
splitting substeps can be carried out by any suitable time integration method.
Of course, the splitting can be applied (and, indeed, is widely applied) to any
system of ODEs

y(t)=fty),  f:RxR"—=R",

as soon as we have a splitting f(¢,y) = fi(t,y) + fo(t,y). Simplicity of splitting
methods makes them very popular. In complex mathematical models, they
allow to treat different processes independently, in separate modules of the
software.

To emphasize the versatility of the operator splitting concept, we now name

just a few possible splitting methods applicable to the time dependent advection—
diffusion problem (2.3)).

1. The f-method. See Exercise [5.2l.

2. Directional splitting methods where A; contain all the contributions of the
partial derivatives with respect to z (and As = A — A;). Famous splitting
methods of this type are ADI (alternating direction implicit) (see e.g. [32])
and LOD (locally one-dimensional) schemes [50].

3. Splitting methods based on physical process, where, for instance, A; corre-
sponds to diffusion and A, to advection.

4. Special splitting schemes where for the splitting steps carried out by an
implicit scheme A; are chosen such that the linear system with I 4+ 7A4; is
easy to solve.
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Exercise 5.2 Show that the 8-method can seen as a sequential splitting method
where the part with A7 = (1 — #)A is carried out by the explicit Euler scheme
and the part with Ay = 0 A by the implicit Euler scheme. O

5.4 Splitting with M-matrices

Let A € R™" be weakly diagonally dominant with nonnegative diagonal and
nonpositive off-diagonal entries. As Theorem states, A is then an (possibly
singular) M-matrix. In some situations considered below, a splitting

A=M+N (5.6)

can be useful, where M and N have the same properties as A, i.e., they are
weakly diagonally dominant matrices with nonnegative diagonal entries and
nonpositive off-diagonal entries. Such splittings are sometimes called replica-
tive [3]. Consider the following implicit—explicit (IMEX) time integration scheme

for solving ([2.1)):

ykJrl o yk;
. . _Myk‘—i—l . Nyk 4+ gk‘—l—l/Q. (57)
The scheme can be rewritten as
Y = (I +7M) NI — 7N)y* + 7(I + M) 1gH12, (5.8)

We now give a stability result for this scheme.

Theorem 5.1 [3] Let matrices M and N be weakly diagonally dominant with
nonnegative diagonal entries and nonpositive off-diagonal entries. If N £ 0

then the time integration scheme (5.8)),(5.6) with
1

T < FeP— (5.9)

15 stable, 1.e.,
(L +7M)"HT = 7N) oo < I+ M) = 7)o < 1, (5.10)
1" oo < Nlyallos +7l1g"™ 2 o0, (5.11)

and monotone, i.c.,
g0 1<m = =0,

where the inequalities understood elementwise. Furthermore if A = M + N 1s
nonsingular then

p((I+7M) (I —-7N)) < 1.

If N =0 then all the stability and monotonicity estimates of this theorem hold
for any T > 0.
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Proof For brevity, in the proof we omit the subscript -, for the norms. By
Theorem [I.3] M is a possibly singular M-matrix and we can write M = s — B
where s = max; m;; > || B]| > p(B) and B is elementwise nonnegative (see the
proof of Theorem [1.3)). Then

I+ 7MYyl = [[(I +7sI = 7B)yl| = |[[|(1 + 75)yl| = |[7By||| =
> [T+ 7s)yll = [I7Byll = (1 + 7s)llyl| — 7| Byl >
2z [yl +7sllyll = 7l Bllllyll = lyll + (s = 1 BIDNyll;

) (1 +7M) x| el
I+ 7M)7Y| = max = max =
I( )| i ]| y20 ||(I + 7 M)y||
e Wl

w20 [yl +7(s = IBIDIyl ~

It is not difficult to check that ||[I — 7N|| < 1 provided holds. Thus
holds and (b.11]) follows. The monotonicity estimate results from the fact that
(I +7M)~t and I — 7N are elementwise nonnegative. Finally, the bound on
the spectral radius follows from the observation that P — Q, with P =1+ 1M

and @) = I — 7N, is a regular splitting of the M-matrix 7A (see Theorem [1.4]).
O

Exercise 5.3 (a) Check that bound ({5.9) implies ||[(/ — 7N)||~ < 1.
(b) Check if g(t) = 0 then from (5.8)), (5.6), (5.9) follows

1 — 7min; _; ny;
1+ 7(s = || Blo)

”kaHoo < Hkaoo

5.5 Reducing the splitting error: Rosenbrock methods

In some applications the splitting errors can be rather harmful. This is often
the case if the eigenvalues of the matrices A; and A, significantly differ, as
for example in the stiff problems, where A; and A, may have eigenvalues of a
different order of magnitude [41], 48]. In this case a nice alternative to splitting
methods are the so-called Rosenbrock methods [49, 2]. Applied to a nonlinear
autonomous VP

y(t)=fly),  y0) =1y’ (5.12)
with f : R® — R” and 3 € R” given, a two stage Rosenbrock scheme called
ROS2 reads

1
Y =yh + ;kl + §]€2,
(I +7m Ak = 7f(4), (5.13)

(I + 1Ay = 7f(y* + k1) — 2k,
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where —A is supposed to be an approximation to the Jacobian f'(y*), 7 > 0
is the time step size and v > 0 is a parameter defined below. The Rosenbrock
schemes in general and the scheme in particular have a remarkable prop-
erty: their consistency order does not depend on how well —A approximates
the Jacobian f'(y*). By applying the ROS2 to the Dahlquist test problem, it
is not difficult to derive the ROS2 stability function. Then, for —A = f'(y*), it
can be shown that the ROS2 scheme is A-stable for v > i. Furthermore, one

can show that the ROS2 scheme has a second order consistency for any A [49],
[23, Sect. IV.5.2]. For A approximating the Jacobian as —A = f'(y*) + O(7)
this two stage scheme can be modified such that it has a third order consistency
for a specific value of v [23, Sect. IV.5.2], [25]. We note that Rosenbrock meth-
ods allowing arbitrary approximations to the Jacobian matrices are also called
W-methods, see e.g. [17), Sect. IV.7].

As already noted, an important attractive property of Rosenbrock schemes
such as ROS2 is that they can be used as an alternative to the splitting methods.
Indeed, since the matrix A can be chosen arbitrarily, we can take A such that

I +~7A = (I +~7A) I +~7Ay), with  A; 4+ Ay = —f/(4%).  (5.14)
For small 7 this implies an approximation
T +9TA =T +37(A + A) + (v7)2 A1 Ay = T — 47 f'(yF) + O(72),  (5.15)

and, hence, we refer to (5.14) as approzimate matriz factorization (AMF). The
concept of AMF can be traced back to papers [14, [I] and to classic work on
alternating direction implicit (ADI) methods [32]. A combination of the ROS2
scheme with AMF (called ROS2-AMF) can then be employed instead of a split-
ting method with A; and A, [49,/45]. Here, in fact, the splitting is put from time
integration to the linear algebra level. This approach has been successfully ap-
plied in time integration of advection—diffusion—reaction problems [49] 16 48] 2].

If Ay and Ay in do not commute, a strict stability analysis of Rosen-
brock methods with AMF is a difficult task, with many open problems (see
e.g. [49, 30, [7]). For instance, consider an advection—diffusion-reaction prob-

lem (5.12) with

f(y) - _Aadvy - Adiffy - R(y)v (516)

where A,q, and Agg are respectively discretized advection and diffusion oper-
ators (cf. (2.6)) and R represents the reaction operator. A usual assumption
is that the chemical species under consideration only react among each other
if they belong to the same mesh position (the same mesh cell). Under this
assumption the Jacobian R'(y) is a block diagonal matrix, where the number
of blocks equals the number of the mesh points. When applying with
AMF to solve (5.12),(5.16), it is reasonable not to include the advec-

tion terms to the matrix A because these terms are usually not large (one can
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call them “non-stiff”). Hence, they do not lead to a severe restriction on the
step size of explicit time integration schemes. Not including some terms into A
effectively means that these terms are treated explicitly by the ROS2 scheme.
Explicit treatment of advection is also advocated because it often yields a better
accuracy than implicit treatment.

In opposite, diffusion and reaction terms are usually stiff and should be
treated implicitly. Hence, we adjust the AMF (5.14) as follows:

I +~7A = (I +~7A) (I +7As), with
A1 = Agin, Ay = R'(yF), A1+ Ay = —f'(y") — Auav.

To study stability of the ROS2-AMF scheme ((5.13)),(5.17)) for this problem, one
might consider a test problem similar to the Dahlquist test problem (4.4)), i.e.,

y,(t) - /\advy + )\diffy + )\reacty-

It is not difficult to see that the original problem , can be reduced
to this last problem under a strict and unrealistic assumption that the reac-
tion terms are linear and all the three operators involved (advection, diffusion,
reaction) commute.

Alternatively, to study stability, we can consider a simpler, lower order scheme
called ROS1 (one stage Rosenbrock)

YT =yf ki, (T+7Ak =11y, (5.18)

where 7 > 0 is the time step size. One can easily check that that for f(y) = —Ay
the ROS1 scheme can be written as

yhHl gk

(5.17)

B +Ayf =0, B=I+7A (5.19)

This formula is known in Russian numerical literature as a canonical form of
a two-level difference scheme, see e.g. [36, 37, 38]. If A is symmetric positive
definite, and ||y||4 and ||S]|4 are vector and matrix norms associated with A,

lylla = +/(Ay,), 1IS|% = inf {M | (ASy, Sy) < M(Ay,y) Yy € R"},
the following stability result (due to Samarskii) can be established.

Theorem 5.2 [36,[37,(38] Let A € R"*" be a symmetric positive definite matrix
and let B € R™" be a matriz such that B + BT is positive definite. The time
integration scheme (5.19) applied to the ODE system y'(t) = —Ay is stable in
the sense that

IS|la<1, S=BYI-TA),

iof and only if

(Bz,x) > =(Ax,z), Yz eR"

N[
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It is instructive to consider several examples to illustrate this result. First of
all, for B = I the ROS1 turns into the Euler forward scheme. According to
Theorem [5.2], the scheme is stable if and only if

(x,2) > =(Az,x), VzeR",

-
2
which can be checked to be equivalent to

2
[A]l2
Furthermore, ROS1 with B = I + 7A yields the Euler backward scheme for
which the stability condition

T <

(I +7A)z,2) > =(Az,z), VreR",

N

trivially holds for all 7 > 0. Finally, the #-method (4.3) corresponds to the
choice B = I + 70 A and has the stability condition

(I +70A)z,7) > %(Ax,a:), Vz € R".

This can be rewritten as

1, (Az,x)
1+ (60— E)T @.2)

>0, VreR"

which holds for all 7 > 0 provided 6 > 5 (this can be easily confirmed based on
results from Section . For 6 < % we can recast the stability condition into the
form

2
T = .
(1= 20)[|All2

5.6 An enhanced matrix factorization AMF+

The ROS2-AMF method usually leads to a better accuracy for advection—
diffusion—problems than splitting schemes [48], 2]. However, in some cases the
error of ROS2-AMF can be significant. This is by no means a surprise if we

take a closer look at (5.15). Denoting the diffusion—reaction Jacobian A; + As
in (5.17) by A, we have

AMF error = I +~v7A — (I +y7A) = (y7)2 A1 As.

We see that the error in the AMF is small asymptotically for 7 — 0. In a global
air pollution model TM5 [44], for typically used step sizes 7 the eigenvalues
of 7A; (diffusion terms) range in absolute value from 107 to 10, whereas the
eigenvalues of 7 A, (reaction terms) range in absolute value from 107 to 10° [7].
Thus, even though AMF works in this case, we can not expect that it provides
a reasonable approximation to the true diffusion—reaction Jacobian.
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As shown in [7], the approximation of the AMF can be improved provided
that the diffusion matrix A; is columnwise weakly diagonally dominant (i.e.,
the entries of AT satisfy (1.4)) and permits an LU factorization of I + v7A4,
without pivoting. Indeed, let I +~7A; = LU be such an LU factorization and,
furthermore, let the diagonal entries in the lower triangular matrix L be all
ones (why is it possible?). Consider the following improved AMF which we call
AMF+:

I +~7A = L(U 4 y74y), (5.20)

where Ay = R'(y*) is the reaction Jacobian. For AMF+ we have
AMF+ error = I +~y7A — (I +y7A) = y7(L — I)A,.

By applying the result of Exercise (given below) to the LU factorization of
the matrix I + y7A;, we see that off-diagonal entries in L are O(7). Hence,
the error of the AMF+ is O(7%). This result is again asymptotic and does not
guarantee that the AMF+ error is bounded for realistic values of 7. As we will
show now, L inherits columnwise diagonal dominance of I + y7A; and, hence,

L — I, <1

Thus, we have
|AMF+ error||y < 7| A2l

This makes the difference between AMF and AMF+ visible: the error of AMF+
is O(7?) for small 7 but is bounded by a constant times 7 for any 7 > 0.

Exercise 5.4 Assume that the matrix A € R™*" is such that the LU factoriza-
tion without partial pivoting of I + 7A exists: [ + 1A = LU, where L and U
are respectively lower and upper triangular matrices. Furthermore, let [;; = 1,
i =1,...,n. Show that for all off-diagonal entries of L holds /;; = O(r). Hint:
use mathematical induction on the matrix size n. O

We now prove the following theorem.

Theorem 5.3 If A € R™" s columnwise diagonally dominant and LU = A
1s its LU factorization with l;; = 1, 1 = 1,...,n, then L is also columnwise

diagonally dominant:
n

>l <yl =1
i=j+1
Proof The proof is by induction on the matrix dimension n. It is not difficult

to check the result holds for n = 2. Assuming it holds for n — 1, we partition
A e R™™ as

aiy ag n—1 (n—1)x(n—1)
A= , ar,ap € R, A, 1 €R .
ar An—l
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Then we can partition the LU factors of A in a similar way:

. 1 0 _|an CLE
e I B

The entries in the first column of L are l;; = a;1/a11, 7 = 2,...,n, and hence

n n
1 1
Z |l21| = —Z |ai1’ < —|CL11‘ = 1.
i—9 ‘all, i—92 ’CL11|

Thus, we have diagonal dominance for the first column in L. We have
LyUp-r = Ayey — lag;,

and therefore, due to the induction assumption, L,_; will be columnwise diag-
onally dominant provided A, ; — la}; is columnwise diagonally dominant. A
check that, indeed, A, 1 — la}; possesses this property is left as an exercise. [J

Exercise 5.5 Finish the proof of Theorem [5.3 O

The assumption of this section that A; is columnwise weakly diagonally dom-
inant is made because this property holds for the TM5 model [2]. Note that if
the matrix A; is row-wise weakly diagonally dominant then we can adjust the

definition (5.20)) as

I+ ’YTA = (L +~1A)U,

where LU = I + y7A; is the LU factorization with ug, =1, k = 1,...,n. For
this modified AMF+ we have |U —I||o < 1 and [[AMF+ error||o < 77| A2 -

6 Krylov subspace methods for matrix exponential actions

6.1 Krylov subspace and matrix polynomials
For zero source term g, the explicit solution of (2.1)) is given by
—tA, 0
y(t) =e "y (6.1)

An approximate action of the matrix exponential operator on the vector y, can
be computed using the Krylov subspace framework [31], 12 13| 8, 19] as follows.
Using the so-called modified Gram-Schmidt process it is easy to compute the
matrices Vi, € R+ and upper—Hessenber Hig € REFDXE guch that
(see e.g. [35] 146])

Vier=[v1 oo wen], Vi Vi =T € REFDxGHD,
colspan(Vj.1) = span(y°, Ay°, ..., A%y?)

and
A‘/k = V}f—i—lHk-H,/f = V}ch,k + hk+1,kvk+1€£a (62)

4A matrix H = (h;;) is called upper-Hessenberg if h;; = 0 for i > j + 1.
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where v; is the ith column of Vi, v1 = y°/||3°||2, Hy.x is Hyi1 with the last row
omitted and e;, = (0,...,0,1)7 € R*. The subspace spanned by the columns of
Vi is called the Krylov subspace and denoted by K (A4, y"):

Ki(A, %) = span(y°, Ay, ..., AF1y0).

Using the just constructed V), and Hj; we can compute an approximation

to (6.1) as
y(t) = ey = Be Viey ~ BVie Mikey, (6.3)

where e; = (1,0,...,0)7 € R* and 8 = ||3°||>. Why can it be a good approxi-
mation? To understand this, we follow [34] and give a number of arguments.
First, the following result holds.

Lemma 6.1 [3]] Let Vi, € R™* and upper-Hessenberg Hy € R** be the
matrices as defined above. Then for any polynomial p; of degree j < k —1 we
have

pj(A)vy = Vip;(Hy)er,
where the notation is as defined above.

Proof [34] Denote m;, = V, V. Using induction, let us check that AJv; =
VkH,Zel, j=0,1,...,k—1. For 7 = 0 we have v; = Vie; and, thus, the relation
holds for j = 0. Assuming that it holds for a certain j < k — 2, consider the
case j + 1. Note that A/ "lvy, Alv; € Ki(A,yo). Then we obtain

Aty = m AT = mAA v = m An Al = VkaVkTAjvl =
= ViH VIVi.Hley = Vi, H] e,

O
Second, a well known fact is that if v is the degree of the minimal polynomial
of A then any power of A is a polynomial in A of degree not exceeding v — 1.
Third, the following fundamental result holds (see [15] for a proof).

Theorem 6.1 [15] Let A € R™" have the minimal polynomial of degree v.
Then for any function f analytic in an open set containing the spectrum A(A)

of A holds

f(A) = py-1(A),
where p,_1 interpolates f on A(A) in the Hermite sense with the eigenvalues
repeated according their multz’plz’cz’tieﬂ.

We now assume that all subdiagonal entries in Hj, j, are nonzero, i.e., hji1j #
0,j=1,...,k —1 (otherwise, if, for some k, hj;1; = 0 then the columns of
Vi span an invariant subspace of A). Hence, the geometric multiplicity of all

5We say that a polynomial p interpolates a function f in the Hermite sense at given x repeated I times if fU)(z) = p(d) (x),
§=0,...,01—1.
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the eigenvalues of Hj ;. is one and its minimal polynomial coincides with its
characteristic polynomial. Therefore,

ek = pp 1 (Hyy), (6.4)

with pr_; being the unique polynomial of degree k& — 1 which interpolates the
exponential function on A(Hyy) in the Hermite sense with the eigenvalues re-
peated according their multiplicities.

All this brings us to the following result.

Theorem 6.2 [3]] For approzimation (6.3) holds
BViee Mirey = pp i (—tA)y’,

with pr_1 defined by (6.4)).
Proof

(Lemma

_ 6.1)
BVie ke, = BVipror(—tHi)er "D g (Ct Ao = poa (—tA).

]

We note that the eigenvalues of Hy ) are called the Ritz values of A and

there is a lot of literature explaining why and how well the eigenvalues of A are
approximated by the Ritz values for increasing k (see e.g. [35] 46]).

6.2 An alternative derivation of the approximation

Following [8| 111, 5], we finish this section by giving another derivation of the ap-
proximation . Assume we solve with zero source term g approximately
by projecting it in the Galerkin sense onto the Krylov subspace colspanV}. This
means that we look for an approximate solution y(t) = y(t) such that

yp(t) = Viu(t) and rg(t) L colspanVy, (6.5)
where 71 (t) is the residual of yi(¢) defined as [8], 111, 5]

ri(t) = —yi(t) — Aye(t).
Substituting yi.(t) = Vyu(t) into v/ = —Ay(t) and noticing that VI'V} is the
identity, we arrive at the projected IVP for the function w(t):
"(t) = = ViAVi u(t 0) = 6.6
U( ) X ];{ ku( )7 U( ) 6617 ( )

where all the notation is as defined in the beginning of the section. Note that
u(t) = Be ke, Moreover, using (6.2), we can obtain an expression for the
residual 7 (t) which allows us to control the quality of the approximate solution
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yr(t). Indeed [8, [11],
ri(t) = —yi(t) — Ayp(t) = =Vi (t) — AViu(t) = (ViHyp — AVi)u(t)
= (ViHy; — Vi1t Hep1)u(t) = —hgopvrsieiu(t) = —hpppopier e Horu(0) =

T —tH T —tH,
= g1 pvkrep e T Ber = —hypppepe T Pey vpg L colspanVy.

~
a scalar function of ¢

This residual can be useful for different purposes, see e.g. [5, 16].

For the inhomogeneous problems (2.1)), i.e., with nonzero source term g(t),
the Krylov subspace approximations to the matrix exponential can be employed
in the framework of the so-called exponential integrators, see e.g. [20]. For these
problems one can also use a projection on a single block Krylov subspace [4],

similarly to (6.5)),(6.6).
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logarithmic norm of a matrix, 13

Marchuk—Strang splitting, 24
matrix
diagonally dominant, 4
Hermitian, 5
skew-Hermitian, 5
skew-symmetric, 5
symmetric, 5
matrix exponential, 11, 31
matrix norm, 3
maximum modulus theorem, 19
method of lines (MOL), 6
MOL (methods of lines), 6
MOL, method of lines, 6

nondecomposable matrix, see irreducible

matrix
norm
logarithmic, 13
of a matrix, 3
of a vector, 3

operator splitting, 22

parallel splitting, 24
permutation matrix, 3
Perron-Frobenius theorem, 4

radius
spectral, 3

reducible matrix, 3

regular splitting, 5

residual
matrix exponential, 33
ODE, 33

Ritz values, 33

ROS2 Rosenbrock scheme, 26

sequential splitting, 22
skew-symmetric part of a matrix, 5,
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spectral radius, 3
splitting
Marchuk—Strang, 24
operator, 22
parallel, 24
replicative, 25
sequential, 22
symmetrically weighted, 24
stability estimates, 12
stability function, 18
stability region, 19
symmetric part of a matrix, 5, 7
symmetrically weighted splitting, 24

theorem
maximum modulus, 19
Perron-Frobenius, 4

variation of constants formula, 12
vector norm, 3
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