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PaccmarpuBarorcst cobo/1eBCKIE IPOCTPAHCTBA ¢ HEIPEPBIBHBIMK U JINCKPET-
HBIMU BECAMU, COCTAB/IAIONINMI KOT€PEHTHDIE TTapbl. YCJI0BUE MO3UTHBHOCTU CKa-
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1. Introduction

In 1889 Andrei Andreevich Markov proved an inequality [I], relating norms
of polynomials and its derivative. Namely, for any polynomial (), one has:

Q| c=1.1] < HQHQHC[—LU, deg@ < n, (1.1)
where ||Qlci-11) = max |Q(x)|. The constant n? is sharp, because for the

Chebychév polynomials the inequality becomes the equality. In 1912 S.N. Bern-
shtein proved an analogues inequality for trigonometric polynomials [2].

Nowadays inequality is considered in general setting. Let P, be the
set of polynomials of degree at most n, let X, X be metric spaces and for any n,
P, € X N X. The inequality

1Qx < M| Qllx, deg@ <n (1.2)

is called Markov-Bernstein inequality (M-BI) and the problem of interest is to
find the sharp constant M, in the inequality for a given n.

In this paper we continue the study of the asymptotical behavior of the sharp
constants in the Markov-Bernshtein inequalities with classical weighted integral
metrics (see [3, 4, B, 6, 7, [§]).

Suppose X is an inner product functional space, with inner product (f,g).
Then one can construct the sequence of orthonormal polynomials 7, such that
(mg, M) = 0y, k,l=0,1,2,.... In this case one has for any Q) € P,

Q = upmy + UIT] + . .. + UpTy, 1QI? = |uol?® + Jur|* + ... + |un|?
Q' = wvomg +orm + .o+ v, QNP = v+ on 4 o

The sharp constant in Markov-Bernstein inequality is

Q|

M? = sup | (1.3)
" deg@<n [|1Q

It is sufficient to consider the subspace with ug = 0 (Jug|® + |u|* + ... + |u,|> >

lui|? + ... + |u,|?). In this case the linear transformation (ui,us,...,u,) —

(v, v1,...,vU,-1) is bijective on R". Denote by A the matrix of transformation

v =Au, u= (u1,us,...,U,), v = (vg,v1,...,0,_1) and B = A1 Then one has

| Aul| 1
M,, = sup = || Al = 1/ Mnax(AAT) = .
40 ull -4 (A45) v/ Amin (BT B)

u

fX=X= L2 for the classical weights w (Hermite, Laguerre, Jacobi, Meixner,
Charlier), then [f| the matrix (BTB) is a banded symmetric matrix.

*because there are recurrence relations connecting classical orthogonal polynomials and their derivatives.
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Thus Ay (BT B) is the smallest zero of the characteristic polynomial
A,(\) == det(B'B — \I), (1.4)

which is defined by means of a finite terms recurrence relations and for asymptotics
of Amin(BTB) the theory of local asymptotics of the polynomial solutions of finite
difference equations (see |9, 10}, 11]) can be employed. We have to mention that the
asymptotical analysis of the higher order difference equations is rather complicated
(see [8]). However, as it was proven in [12, 13, 14] for the case when X = L2 | X =
Lz, and the classical weights {w;} compound a coherent pair then these difference
equation have order two (i.e. three terms recurrence relations) and asymptotical
analysis of the sharp constant for becomes much more transparent. In this

paper we study this particular case.

2. Coherent pairs

2.1. Continuous weights. The notion of coherent pairs of measures was intro-
duced by Iserles et al [I5] in 1991. These measures are defined as follows

Definition 1. Let ¢y and ¢q be two quasi definite linear functionals. Let { P, }n>0
(resp. {1, }n>0) be the sequence of monic orthogonal polynomials with respect to
co (resp. c1). (co,c1) is called coherent pair if and only if there exists a sequence
{on}n>1, 00 €R, 0, # 0, such that

i () Pi(z)

n , Vn>1 2.1
n+1 " "= (21)

T(x) =

In the case X = Lil, X = Liz the linear functionals mean integration with

respect to measures {x;} and the Markov-Bernstein inequality (1.2)) in L? norm
that imply two measures have the following form

a((p)’) < Mico(p®), Vp € Pa. (2.2)

Let us denote the square norm of P, (resp. T},) by kY (resp. k}(ll))

O = ¢o(P?) and kY = ¢ (T?), V¥n > 0.

In [12, 13| the general expression of a three term-recurrence relation for polyno-

mials ((1.4)) was obtained

i) o2 kg)_)l 0721—1(1@@1)2
An()\) = ()\_ 2k(1) T (Tl _ 1)2 e 1 )Anfl(A>_ 17,01 1 An*Q(A) (2 3)
nky 1 n—1 (n — 1), 21k, 2o

with Ap(A) = 1 and A;(A) = A — %
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All the kinds of coherent pairs (cg, ¢1) were described by Meijer [16] in 1997.
There are in total seven cases contained in [I6]. For five of these cases explicit
expressions for the coefficients of the three term-recurrence relation (2.3)) were
obtained in [I3]. These particular cases are given below.

1. Laguerre case: ) =]0, +o0o|
(a) cp corresponds to the measure (z+&)x® te *dz with o > 0 and € > 0.
c1 corresponds to the Laguerre-Sonin measure z%e~“dzx.
(b) ¢y corresponds to the measure e *dz + M§(0) with M > 0. 4 is the
Dirac measure.
c1 corresponds to the Laguerre measure e™*dz.

2. Jacobi case: Q =] — 1, +1]

(a) ¢y corresponds to the measure | z — & | (1 — 2)*"1(1 + x)?~1dx with
a>0,8>0and | &[> 1.
c; corresponds to the Jacobi measure (1 — 2)%(1 + z)’dw.

(b) o corresponds to the measure (1 + z)°~tdz + M4§(1) with 8> 0 and
M > 0.
¢, corresponds to the Jacobi measure (1 + z)7dux.

(¢) ¢y corresponds to the measure (1 — ) tdx + M§(—1) with o > 0.
c1 corresponds to the Jacobi measure (1 — z)%dx.

We note, that the cases 2(b) and 2(c) are the same (up to the symmetry). For all
nontrivial cases 1(a), 1(b), 2(a) and 2(b) the asymptotics of the sharp constants
M,, of the Markov-Bernstein inequality (2.2)) will be obtained in Section [3|

2.2. Discrete weights. The extension of the notion of coherent pairs of mea-
sures to the case of a discrete variable was realized by Area et al in 2000 and 2003
(JI7], [I8]). These authors gave in particular all the kinds of A-coherent pairs.

In the discrete case the forward difference operator A is used on P which is the
vector space of real polynomials in one variable.

Ap(z) = p(z +1) — p(z).

Among the different kinds of A-coherent pairs we are only interested by those for
which the support € is ]0, +oo[. In this case we have the following definition of
A-coherent pairs.

Definition 2. Let ¢y and ¢1 be two quasi definite linear functionals. Let { Py, }n>0
(resp. {Tn}n>0) be the sequence of monic orthogonal polynomials with respect
to ¢y (resp. c1). (co,c1) is called A-coherent pair if and only if there ezists a
sequence {op}n>1, on € R, 0, # 0, such that

_ AP, 1(x) AP, (z)

—op,———, Vn>1. (2.4)

Tn(x) n+1 n
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In [14] it was proved that the general expression of a three term-recurrence

relation for polynomials ([1.4]) in the discrete case is the same as for the continuous
case, namely ([2.3)) holds for the discrete case too.

All the kinds of A-coherent pairs (¢g, ¢1) are described in [I7]. We only give
those for which the support €2 is |0, +00[ and for which we have explicit expressions
for the coefficients of the three term-recurrence relation (22.3)) obtained in [13]. One
of both functionals is classical (Charlier or Meixner).

1. Charlier case: Q2 =|0, +o0|
(a) ¢o corresponds to the following linear functional ¢y = (z — §)cy with
§<0.
c1 corresponds to the Charlier linear functional.
2. Meixner case: {2 =]0, +o0]
(a) ¢o corresponds to the following linear functional ¢y = ¢y + Md(0) with
M > 0.
¢; corresponds to the Meixner linear functional ¢9 with 0 < ¢ < 1.
(b) ¢y corresponds to the following linear functional ¢y = (z — &)cl#=1)
with > 1,0<c<1and ¢ <0.
¢; corresponds to the Meixner linear functional ¢,

For these cases the asymptotics of the sharp constants M,, of the Markov-Bernstein
inequality (2.2) will be obtained in Section [4

3. Asymptotics of the sharp constants for the continuous
coherent pairs

3.1. Laguerre case (a). The measure associated to ¢y is (z + &)z* e *dw

with @ > 0 and £ > 0, and the one associated to ¢; is the Laguerre-Sonin mea-

sure 2% "dx. Therefore T, () = L (x). From [13] we know that the following
Markov-Bernstein inequality holds:

1
H1n

a((p)?) < —calp®), Vpe Py (3.1)

where p, is the smallest zero of the polynomials A, () satisfying the following
three term recurrence relation

Sl I VSO

AN = (A —2— JAns(\), Vn>2.  (3.2)

n—1

Ao()\)zlandAl()\):)\—Oz—l— _ &

EHa”
A similar to (3.2)) recurrence relation was studied in [19]. If we put in (3.2)

¢ = 0, then corresponding polynomials A, define the sharp constant for the



Markov-Bernstein inequality for L? norms with Laguerre case, i.e. ¢y = ¢; asso-
ciated with the Laguerre measure 2%e~*dx. This case was studied in [4].

Proposition 3.1. For the Laguerre case (a) with o > 0 and & > 0 the limiting

behavior of the sharp constant (1.2))-(1.3) of M-BI in (3.1)) is

M, = L _
Hin g

Numerical illustration of (3.3)) see in Table [, We see: convergence is slow.

(1+ o(1)). (3.3)

Table 1. Laguerre case (a): p1, and £/n

n

20

o0

100

500

§/n

0.050000000

0.020000000

0.010000000

0.002000000

Hin

0.112897230
0.138937249
0.208305786

0.037171728
0.040820898
0.052573298

0.016457958
0.017260304
0.020096435

0.002685591
0.002710230
0.002805712

0.100000000

0.040000000

0.020000000

0.004000000

Hin

0.189023461
0.212570115
0.277666398

0.065130795
0.068443246
0.079264585

0.029626630
0.030364003
0.032963605

0.005050771
0.005074147
0.005163413

§/n

0.150000000

0.060000000

0.030000000

0.006000000

Hin

0.259898520
0.282581911
0.345170893

0.091596782
0.094799329
0.105142156

0.042221527
0.042938319
0.045426263

0.007353154
0.007376144
0.007462710

0.200000000

0.080000000

0.040000000

0.008000000

H1n

0.327946861
0.350310352
0.411279789

0.117252935
0.120416126
0.130469717

0.054503741
0.055213470
0.057636357

0.009621010
0.009643881
0.009728921

§/n

0.250000000

0.100000000

0.050000000

0.010000000

H1n

0.394135819
0.416426272
0.476290222

0.142374212
0.145529229
0.155392565

0.066578849
0.067287455
0.069668381

0.011865872
0.011888744
0.011972814

10

&/

0.500000000

0.200000000

0.100000000

0.020000000

H1n

0.709637196
0.732753391
0.790389028

0.263516998
0.266778854
0.276267964

0.125220106
0.125951166
0.128251090

0.022896386
0.022919824
0.023002066
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Proof. Here we give just a sketch of proof. The transform connecting of the two
consecutive ratios W,,(A) = A, /A,,—1 of the solutions A,, = B, (A)A,—1 — C,A,—2
1s

W, = B,(X\) — C /W, _1.

If the discriminant of the fixed points of the transform: D, := (B,()\)/2)*+ C,
for the large n, D, > 0, then W,, does not vanish, otherwise it oscillates when
n — co. For the critical case

pin:=XA: Dp,(A)=0 (3.4)

we get an approximate position for the extreme zero p , of A,.
For the case (3.2)) we have the relation

£ —« a \? 1
Iul’n—Q—l— 0 :—2 1+n—1 +O E )

which leads to (3.3)). |

3.2. Laguerre case (b). The measure associated to ¢y is e *dz + Md(0) with
M > 0, and the one associated to ¢; is the Laguerre measure e *dx. Therefore
T, (z) is the monic classical Laguerre polynomial L, (z). From [13] we know that
the following Markov-Bernstein inequality holds:

1
H1n

where p, is the smallest zero of the polynomials A, () satisfying the following
three term recurrence relation

co(p®), VpeP, (3.5)

a((p')?) <

An()‘) — ()‘ o Q)An—l()\) - An—?()‘)’ vn > 2. (36)
A0(>\> =1 and A1(>\> =\— 11—:_%

Proposition 3.2. For the Laguerre case (b) with M > 0 the limiting behavior
of the sharp constant (1.2))-(1.3) of M-BI in (3.5)) is

M= =1 o)) 37
= = — o(1)). :

! H1n w2

Proof. 1t is clear that the solution of the recurrence relations (3.6)) is a linear
combination of the Chebyshev polynomials of the first and second kind. The
fact that the constant iij\]‘f is positive implies that all zeros of A,, are positive.
Therefore the smallest zero of A, asymptotically (in the sense of the main term)
behaves like the smallest zeros of the Chebyshev polynomials of the first and

second, which indeed behaves like 72 /n?. |




Numerical illustration of (3.7)) see in Table [2|

Table 2. Laguerre case (b): g, and 72/n?

n
M 20 50 100 500
72 /n? | 0.024674011 | 0.003947841 | 0.000986960 | 0.000039478
1 0.020393972 | 0.003649401 | 0.000948578 | 0.000039164
5 | prn | 0.021922153 | 0.003763805 | 0.000963616 | 0.000039289
10 0.022128520 | 0.003778527 | 0.000965523 | 0.000039305
50 0.022296105 | 0.003790372 | 0.000967052 | 0.000039317

3.3. Jacobi case (a). The measure associated to ¢y is |z — & | (1 —2)* (1 +
z)%'dz with o > 0, 8 > 0 and | € |> 1, and the one associated to c; is
the Jacobi measure (1 — x)%(1 + x)?dx. Therefore T},(x) is the monic Jacobi
polynomial pie) (x). For convenience the measure associated to ¢y will be written
as e(x — &) (1 —2)* "1+ 2)’ 'dr withe =1if ¢ < =l and e = —1if £ > 1.
From [13] we know that the following Markov-Bernstein inequality holds:

Vp e P, (3.8)

a((p)?) < —a(p?),

H1in

where p;, is the smallest zero of the polynomials A, () satisfying the following
three term recurrence relation

Apn(N) = (A+ Bp)A1(N) — CLA,o(N), Vn > 2. (3.9)
where
_ £ (B—a)la+5—-2)
B = mn+a+ﬁ—w(g_@n+a+ﬁ—m@n+a+m>’
o - dn+a—-1)(n+p—-1)

m—Dn+a+B8-1)2n+a+B8-1)2n+a+—-222n+a+5—-3)
with Ap(A) = 1 and

< P

Ai(N) = A+ o BPl(a_l’B_l)(g)

_ e (., B-a)la+B-2) dafs
__A+a+6(€ 2+a+B)(a+pB) m+6Mﬂa+@—ﬂ+aQ
_ A+grﬂwum8+%a—mu+a+ﬁﬁ+m—ﬁf—@+a+m

(I+a+p)8a+p)—8+a)



Proposition 3.3. For the Jacobi case (a) with a >0, 8 >0 and | £ |> 1 the

_10_

limiting behavior of the sharp constant (1.2))-(1.3) of M-BI in (3.8) is

Proof. For this case we follow the same line as in the proof of the Proposition 3.3
In accordance with (3.4) we have that an approximate position for the extreme

M, =

1

2

Hin

e

zero fiy , of A, from (3.9)) is defined by

The main terms of asymptotics of the coefficients of the recurrence relations ({3.9)

Hin = A

+0(1)).

(3.10)

A+ B\’
D,(A) =0, where D, ::< + ) +C,.

are (see the next page):

2

Table 3. Jacobi case (a): p1, and (| €| —1)/n? fora=1,8=2,£>0

n
¢ 20 50 100 500
(1€ T—=1)/nZ0.000250000 | 0.000040000 | 0.000010000 | 0.000000400
1.1 [0 0.000467169 | 0.000058563 | 0.000012880 | 0.000000438
(1€ —1)/n? ] 0.001250000 | 0.000200000 | 0.000050000 | 0.000002000
1.5 L0 0.001662021 | 0.000241596 | 0.000056988 | 0.000002104
(1€ —1)/n20.002500000 | 0.000400000 | 0.000100000 | 0.000004000
2 fi1n 0.003007773 | 0.000456913 | 0.000110002 | 0.000004157
(1€ —1)/n20.010000000 | 0.001600000 | 0.000400000 | 0.000016000
5 fi1n 0.010427303 | 0.001687402 | 0.000418295 | 0.000016344
(1€ —1)/n2]0.022500000 | 0.003600000 | 0.000900000 | 0.000036000
10 fi1n 0.022171156 | 0.003675681 | 0.000922050 | 0.000036518
(1€ —1)/n2]0.047500000 | 0.007600000 | 0.001900000 | 0.000076000
20 L0 0.045156622 | 0.007585103 | 0.001918247 | 0.000076711
(1€ —1)/n20.122500000 | 0.019600000 | 0.004900000 | 0.000196000
50 L0 0.113513739 | 0.019182629 | 0.004879491 | 0.000196885




and

B, =

£

Ch

— 11 —

W21 O (€—+

o)

Thus for the case (3.9)) we have the relation

which leads to (3.10)).

H1n + ﬁ

5522

1
o

O(1)
4n? + O(n)

Ant+ O3’

)

Numerical illustration of (3.10]) see in Tables [3]- [6]

Table 4. Jacobi case (a): p1,, and (| €| —1)/n*fora=1,8=2£<0

§

n

20

50

100

500

—1.1

(&1 -1)/n?

0.000250000

0.000040000

0.000010000

0.000000400

H1n

0.000473466

0.000058689

0.000012887

0.000000438

—-1.5

(&1 -1)/n

0.001250000

0.000200000

0.000050000

0.000002000

Hin

0.001665991

0.000241693

0.000056994

0.000002104

(&1 -1)/n

0.002500000

0.000400000

0.000100000

0.000004000

H1in

0.003011250

0.000457003

0.000110008

0.000004157

(1€ =1)/n?

0.010000000

0.001600000

0.000400000

0.000016000

H1in

0.010430180

0.001687483

0.000418300

0.000016344

—10

(&1 -1)/n?

0.022500000

0.003600000

0.000900000

0.000036000

H1n

0.022173847

0.003675758

0.000922055

0.000036518

—20

(€] -1)/n

0.047500000

0.007600000

0.001900000

0.000076000

Hin

0.045159234

0.007585178

0.001918252

0.000076711

—50

(&1 -1)/n

0.122500000

0.019600000

0.004900000

0.000196000

H1in

0.113516323

0.019182703

0.004879496

0.000196885
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Table 5. Jacobi case (a): p1, and (| €| —1)/n? for a =1, 8 = 10

n

20

50

100

500

(&1 -1)/n?

0.000250000

0.000040000

0.000010000

0.000000400

1.1

H1n

0.000321785

0.000049832

0.000011866

0.000000431

(1€ -1)/n

0.001250000

0.000200000

0.000050000

0.000002000

1.5

Hin

0.001180356

0.000207384

0.000052661

0.000002070

(&1 -1)/n

0.002500000

0.000400000

0.000100000

0.000004000

H1n

0.002156030

0.000393217

0.000101738

0.000004091

(&1 -1)/n

0.010000000

0.001600000

0.000400000

0.000016000

H1n

0.007574853

0.001457510

0.000387354

0.000016086

(&1 -1)/n?

0.022500000

0.003600000

0.000900000

0.000036000

10

H1n

0.016185415

0.003179622

0.000854283

0.000035942

(&1 =1)/n*

0.047500000

0.007600000

0.001900000

0.000076000

20

Hin

0.033048201

0.0065678783

0.0017779070

0.000075503

(&1 -1)/n

0.122500000

0.019600000

0.004900000

0.000196000

o0

H1n

0.083184416

0.016620609

0.004523892

0.000193790

Table 6. Jacobi case (a): p1, and (| €| —1)/n? for a =10, 8 =10

n

20

50

100

500

1.1

(&1 -1)/n?

0.000250000

0.000040000

0.000010000

0.000000400

H1n

0.000349237

0.000047925

0.000011293

0.000000424

1.5

(&1 -1)/n”

0.001250000

0.000200000

0.000050000

0.000002000

Hin

0.000976140

0.000183137

0.000048853

0.000002034

(&1 -1)/n

0.002500000

0.000400000

0.000100000

0.000004000

H1n

0.001713256

0.000343878

0.000094131

0.000004020

(&1 -1)/n?

0.010000000

0.001600000

0.000400000

0.000016000

H1in

0.005859797

0.001267367

0.000357894

0.000015805

10

(&1 -1)/n?

0.022500000

0.003600000

0.000900000

0.000036000

Hin

0.012479282

0.002763878

0.000789328

0.000035316

20

(€] -1)/n

0.047500000

0.007600000

0.001900000

0.000076000

Hin

0.025453805

0.005710133

0.001642977

0.000074189

50

(&1 -1)/n

0.122500000

0.019600000

0.004900000

0.000196000

H1n

0.064025164

0.014452828

0.004181368

0.000190423




3.4. Jacobi case (b). In the case (b) the measure associated to ¢q is (1 +
z)9tdz + M4(1) with 8 > 0 and M > 0, and the one associated to c; is the
Jacobi measure (1 4 x)?dz. For more convenience and to give unified proofs for
both cases (b) and (c) we will adopt a specific notation. The measure associated
to cg will be (1+¢ex)" " 'dz+ M§(e) with v > 0 and M > 0, and the one associated
to ¢; will be (1 4+ ez)?dz. If e =1 then v = 3, and if e = —1 then v = a.

From [I3] we know that the following Markov-Bernstein inequality holds:

1
a((p)?) < m c(p®), VpeP, (3.11)

where (115, is the smallest zero of the polynomials A, () satisfying the following
three term recurrence relation

where
B - _2W+(7’L+1)M(n+7) 9
n = 2’Y+nM(n—1+7) (2n+’7)(2n+'y—1)
G2+ M —149)(E0 —1) —(n—2))?
2027+ nM(n — 1+ 7)) (27 + (n— D)M(n— 2+ 7))
1
Cn = (727 + M(n —1+7)(4(n—1) —y(n — 2)))*

27+ (n—1DMn—-2+7))>n+v—-12Cn+y—-1)2n+v—-2)22n+v—3)

with Ag(A) =1 and 4;(A\) = A — 2(3:? 2W+23+M1\(417+7)'

Proposition 3.4. For the Jacobi case (b)-(c) with v > 0 and M > 0 the
limiting behavior of the sharp constant (1.2)-(1.3) of M-BI in (3.11]) is
1
M, := — =2n*(1+o(1)). (3.13)
Hin

Proof. For this case we follow the same line as in the proof of the Propositions|3.1
and 3.3 The main terms of asymptotics of the coefficients of the recurrence
relations (3.12)) are:

1 1 1
mo g t0(w) e=0(m)

Thus for the case (3.12)) we have the relation

1 1
Hin = 55 +O(W>’

which leads to ([3.13)). |
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Numerical illustration of (3.13)) see in Tables [7]

Table 7. Jacobi case (b) and (c): p1, and 1/(2n?)

n

7| M 20 50 100
1/(2n2) | 0.001250000 | 0.000200000 | 0.000050000
1 0.001287477 | 0.000202344 | 0.000050290
1|5 | . | 0001319626 | 0.000203104 | 0.000050336
10 0.001359396 | 0.000204050 | 0.000050394
50 0.001671577 | 0.000211610 | 0.000050855
1/(2n2) | 0.001250000 | 0.000200000 | 0.000050000
1 0.001249135 | 0.000200110 | 0.000050019
2 5| . |0.001256341 | 0.000200281 | 0.000050029
10 0.001264358 | 0.000200483 | 0.000050042
50 0.001327490 | 0.000202092 | 0.000050142
1/(2n2) | 0.001250000 | 0.000200000 | 0.000050000
1 0.001205353 | 0.000197387 | 0.000049681
35| g, | 0.001208370 | 0.000197437 | 0.000049684
10 0.001209960 | 0.000197474 | 0.000049686
50 0.001220902 | 0.000197747 | 0.000049703
1/(2n?) | 0.001250000 | 0.000200000 | 0.000050000
1 0.001154153 | 0.000193985 | 0.000049250
415 | . |0.001157218 | 0.000194021 | 0.000049251
10 0.001157630 | 0.000194026 | 0.000049251
50 0.001158165 | 0.000194031 | 0.000049251
1/(2n2) | 0.001250000 | 0.000200000 | 0.000050000
1 0.001098243 | 0.000189912 | 0.000048715
5|5 | g, | 0.001101619 | 0.000189951 | 0.000048717
10 0.001102222 | 0.000189967 | 0.000048718
50 0.001104455 | 0.000190073 | 0.000048726
1/(2n?) | 0.001250000 | 0.000200000 | 0.000050000
1 0.000787635 | 0.000170562 | 0.000045615
10| 5 | g1, | 0.000863678 | 0.000167229 | 0.000045381
10 0.000853601 | 0.000166642 | 0.000045363
50 0.000854359 | 0.000167582 | 0.000045471
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4. Asymptotics of the sharp constants for the discrete co-
herent pairs

4.1. Charlier case (a). The linear functional ¢ is (x — &)c; with € < 0 where
c1 is the Charlier linear functional, related to the discrete measure:

xT

ZcS(:c—n)e_a, a> 0.

!

n=0

Therefore T, (z) in (2.4) is the monic Charlier polynomial C%(z) :
(@) = (r—n—0a)C2z) — naCly(z), C§=1, C% =0.
From [14] we know that the following Markov-Bernstein inequality holds:

1
Hin

a((Ap)?) < —a(p?), VpeP, (4.1)

where p;, is the smallest zero of the polynomials A, () satisfying the following
three term recurrence relation

o

— A, > 9 4.2
n—1 Tl?()‘)? VTL_ ) ( )

AN =\ —a+ %(g —a))An 1 (N) —
where Ag(A) =1 and A;(A\) = A+ a( —a) — goi—ga

Proposition 4.1. For the Charlier case (a) with o > 0 and & < 0 the limiting
behavior of the sharp constant (1.2))-(1.3) of M-BI in (4.1)) is

1 a-=g 5
M, = Ml,n_ ot (1+o0(1)). (4.3)

Proof. It is well known (and easy to see) that solution of the recurrence relations
¢ = — (an—1+bn) @1 — an-_1bp_1¢y—2, =1 q =—0by, (4.4)
18
n
qn — (—1)”ku
k=1

We see, that at the point A := foi—ga the recurrences (4.2) takes the form of (4.4).
Therefore for the polynomial A, at this point we have:

An< at ):(—ww. (4.5)

£ —« n!
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From the interlacing properties of orthogonal polynomials it follows that the poly-

nomial A,, has no zeros on the interval (—oo,

that A,, is the monic polynomial from (4.5)) we conclude that the point A :=

§

attracts the extreme zero of the polynomial A,,.

Numerical illustration of (4.3) see in Table[§]

Table 8. Charlier case (a): u1,

afga ). Finally, taking into account

a

¢—a

20

50

100

250

g
£ —«

0.5

05
1
10

0.250000000
0.333333340
0.640547514

0.250000000
0.333333333
0.513326784

0.250000000
0.333333333
0.484031182

0.250000000
0.333333333
0.476200701

0.250000000
0.333333333
0.476190476

-0.5
-1
-10

0.333333333
0.500000003
1.181961621

0.333333333
0.500000000
0.952732052

0.333333333
0.500000000
0.912520466

0.333333333
0.500000000
0.909090909

0.333333333
0.500000000
0.909090909

10

-0.5

-10

0.495836962
0.946997021
7.103502828

0.476190476
0.909090909
5.020883655

0.476190476
0.909090909
5.000000000

0.476190476
0.909090909
5.000000000

0.476190476
0.909090909
5.000000000

100

-0.5

-10

227.7989201
230.6621066
281.9616214

31.35564047
32.48673152
52.73205293

1.658097013
2.239107967
12.52046699

0.497512437
0.990099009
9.090909090

0.497512437
0.990099009
9.090909090

If £ =0, then a—i = 0 and py,, decreases very rapidly to 0 when n is increasing.

f_

For example if a = 1, £ = 0 we have:

for n = 5, p1, = 0.002466147487

for n = 10, pn = 9.110651525546 x 1075
for n = 20, pn = 1.436284278434 x 10717,
for n = 100, 1, = 3.902443375880 x 10~199;
for n =250, 1, = 1.133387537522 x 107493,
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4.2. Meixner case (a). The linear functional ¢y is ¢; + M(0) where ¢; is
the Meixner linear functional ¢ with 0 < ¢ < 1 and M > 0. The monic
polynomials 7T}, (x), orthogonal with respect to ¢; = ¢9), are the monic Meixner
polynomials m%l’c)(:z:). From [14] we know that the following Markov-Bernstein
inequality holds:

CO(p2)7 VP € Pn

ci((Ap)7) < .

where (115, is the smallest zero of the polynomials A, () satisfying the following

three term recurrence relation with Ag(A) =1 and A;(\) = XA — =L 11__%((05__11)).
clc+1) c
A,(N) = (A — Apg(N) — ——=A4,9(N), > 2. 4.
(A) = ( @—1V) 1(A) -1 2(A),  Vn (4.6)

Proposition 4.2. For the Meixner case (a) with 0 < ¢ < 1 and M > 0 the

. .y . . . . L 1 3
limiting behavior of the sharp constant (1.2)-(1.3) of M-BI in (3.5)) is M,, := e

T
i =0 + S+ (1)),

Cc

o = — f—

T+ Vo7

(1—c)*

3/2

Table 9. Meixner case (a): p11, and their asymptotics (4.7))

M

Cc

n

20

50

100

500

0.5

0.1
0.3
0.6
0.9

0.058571127
0.132271214
0.245831995
1.314548751

0.057868028
0.126476450
0.200802693
0.474200953

0.057759100
0.125557766
0.193236681
0.306498709

0.057723072
0.125250834
0.190638371
0.240241716

0.1
0.3
0.6
0.9

0.058577416
0.132404496
0.248559243
1.464013772

0.057868481
0.126486409
0.201029820
0.496483692

0.057759159
0.125559074
0.193267539
0.310352793

0.057723073
0.125250845
0.190638634
0.240281200

10

0.1
0.3
0.6
0.9

0.058590948
0.132676805
0.254302376
1.993218347

0.057869443
0.126506090
0.201464961
0.549762189

0.057759283
0.125561633
0.193324956
0.318152325

0.057723074
0.125250866
0.190639113
0.240351562

2
s
o + T

0.1
0.3
0.6
0.9

0.058684824
0.133511875
0.262196506
2.343710344

0.057875664
0.126561555
0.201992424
0.574078989

0.057760070
0.125568652
0.193391841
0.321274510

0.057723080
0.125250923
0.190639655
0.240377077

Proof. Follows the same line as in the proof of the Proposition 3.2 W

(4.7)
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4.3. Meixner case (b). The linear functional ¢y is (z —&)c®=19 where ¢(#~1)
is the Meixner linear functional of parameters 5 —1 > 0 and ¢, 0 < ¢ < 1, with
¢ < 0. The linear functional ¢; is the Meixner linear functional ¢(#9) of parameters

p and c. Therefore the monic polynomials T,,(x), orthogonal with respect to

¢y, are the monic Meixner polynomials m!’ ’C)(:U) orthogonal with respect to the

discrete measure

(0] F T
Z(S(x—n)w, O<c<1.
n=0 ’

From [14] we know that the following Markov-Bernstein inequality holds:

1

a((Ap)?) < —a(p?), Vpe Py

H1n

where p;, is the smallest zero of the polynomials A, () satisfying the following
three term recurrence relation Vn > 2

An()‘) — ()\ + Bn)An—l(/\) - CnAn—2()‘)7 vn > 27 (4'8)
_B-1 c n(c+1)+ (6 —1)c AB-12(B+n—2)
Bui= =76~ —c - DI—af

n l—c
with Ap(A) =1 and Ay(\) = A — LD P2 2e))

Proposition 4.3. For the Meixner case (b) with  —1 >0, 0< ¢ <1 and
£ <0 the limiting behavior of the sharp constant (1.2)-(1.3) of M-BI in (3.5) is

)7 Cn =

Y
1 o+ o(1) for — 2
M, = —, Hin = 6—51 1 +C\/E 49
H1n T+ O(q"), Ig <1 for 5_1<1+\/E
where
g BN L G148

: T = :

(1+c)? {—c(B-1+¢)
Proof. At first we notice (as in the proof of the Propositions that at the
point A := 7 recurrences (4.8)) have explicit solution

An< {e(B—1+¢) ) _ (@€ — B -148)"

E—c(B—-1+¢) nl(c—1)
Since & — ¢(f—14&) =& (1—c¢) — ¢ (B—1) <0 (for parameters 3, ¢ and & under
considerations), then A, (7) changes its sign when n = 0,1,2,3,--- . Therefore,

from the interlacing property we have A,(\) # 0 for A € (—o0, 7).
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However, unlike (4.5)), the point 7 does not attract the extreme zero of poly-
nomial A, for all values of the parameters. To clarify a possible set of parameters
we turn to the orthonormal polynomials A,, := A,/ HZ;} Cy, see (4.8)

_OWPEE — B-1+ )P0 - _ (€~ c(B-1+ )"
B e e BV P o L

We see that to have convergence of 3 A2(7) the parameters have to satisfy

2
€l-c)—c(B-VP | _ =& _
(B-1p 51 T+ e
In this case 7 contains a mass which attracts uy ,, (see Table . In opposite case
1., tends to the end point of the continuous spectra o (see Table [10)). |
Table 10. Meixner case (b): uy, for f =2
n
¢ & 20 50 100 500 o
0.1 -0.5 ] 0.061287875 | 0.058869491 | 0.058222890 | 0.057801537
Tl -1 0.065560279 | 0.060434849 | 0.058959088 | 0.057933433 | 0.057721539
0.3 -0.5 ] 0.138315815 | 0.128964921 | 0.126743622 | 0.125448037
-1 1 0.158309497 | 0.135973717 | 0.129950727 | 0.125996107 | 0.125237684
0.6 -0.5 | 0.245605736 | 0.202998709 | 0.194920666 | 0.191005312
-1 10.336400026 | 0.233897017 | 0.208540917 | 0.193167700 | 0.190524980
0.9 -0.5 | 1.418119006 | 0.437924131 | 0.289883611 | 0.239767194
-1 2.128977665 | 0.700198326 | 0.408146412 | 0.257241318 | 0.237006350
Table 11. Meixner case (b): 1, for 5 =20
n
¢ & 20 50 100 500 T
0.1 -0.5 1 0.393617183 | 0.393617021 | 0.393617021 | 0.393617021 | 0.393617021
Tl -1 ] 0.642882463 | 0.642857142 | 0.642857142 | 0.642857142 | 0.642857142
0.3 -0.5 | 0.484604767 | 0.458677686 | 0.458677685 | 0.458677685 | 0.458677686
-1 10.903593234 | 0.843750013 | 0.843750000 | 0.843750000 | 0.843750000
0.6 -0.5 | 5.815331207 | 0.565973780 | 0.478448966 | 0.478448275 | 0.478448275
-1 ] 6.859745365 | 1.055915624 | 0.915259980 | 0.915254237 | 0.915254237
0.9 -0.5 | 421.7989420 | 64.01564842 | 11.31039595 | 0.485424648 | 0.4854227405
Tl -1 | 427.5607865 | 66.30888262 | 12.47404432 | 0.941870495 | 0.9418604651




References

[1] A.A. Markov, On one question of D.I. Mendeleev, Izvestiya Peterburg Akademii Nauk, 62, (1889), 1-24 (in
russian).

[2] S.N. Bernshtein, On the best approximation of the continuous functions by means of polynomials with fized
degree, Soobsheniya Kharkovskogo Matem. Obshestva, (1912), (in russian).

[3] G.V.Milovanovié¢, D.S. Mitrinovi¢, Th.M. Rassias, Topics in polynomials: extremal problems, inequalities,
zeros, World Scientific, Singapore 1994.

[4] A.L. Aptekarev, A. Draux and V.A. Kaliaguine , On asymptotics of the exact constants in the Markov-
Bernshtein inequalities with classical weighted integral metrics, Uspekhi. Mat. Nauk, 55, (2000) 173-174;
English transl. in Russian Mathematical Surveys, 55, (2000) 173-174.

[5] A. Draux, C. Elhami, On the positivity of some bilinear functionals in Sobolev spaces, J. Comput. Appl.
Math., 106 No.2 (1999), 203—243.

[6] A.L. Aptekarev, A. Draux, D.N. Tulyakov, Discrete spectra of certain corecursive Pollaczek polynomials
and its applications, Computational Methods and Function Theory, 2:2, 2002, 519-537.

[7] A. Draux, V. Kaliaguine, Markov-Berstein inequalities for generalized Hermite weight, East journal on
approximations, 12 (1), 2006, 1-24.

[8] A.Aptekarev A.Draux V.Kalyagin D.Tulyakov Asymptotics of sharp constants of Markov-Bernstein in-
equalities in integral norm with Jacobi weight, Proceedings AMS, 143 No.9, (2015), 3847—3862

[9] A.L. Aptekarev, Asymptotics of orthogonal polynomials in a neighborhood of the endpoints of the interval
of orthogonality, Matem. sb., 183:5 (1992), 43-—62; English transl. in Russian Acad. Sci. Sb. Math., 76:1
(1993), 35—50.

[10] D. N. Tulyakov, Local asymptotics of the ratio of orthogonal polynomials in the neighbourhood of an end-
point of the support of the orthogonality measure, Matem. sb., 192:2 (2001), 139—160; English transl. in
Sh. Math., 192:2 (2001), 299--321.

[11] D.N. Tulyakov, Difference equations having bases with powerlike growth which are perturbed by a spectral
parameter, Matem. sb., 200:5 (2009), 129—158; English transl. in Sb. Math., 200:5 (2009), 753—781.

[12] T.E. Perez, Polinomios orthogonales respecto a productos de Sobolev : el caso continuo, Doctoral disser-
tation, University of Granada (1994).

[13] A. Draux, Coherent pairs of measures and Markov-Bernstein inequalities, arxiv:1605.03830.

[14] A. Draux, A-Coherent pairs of linear functionals and Markov-Bernstein inequalities, submitted

[15] A. Iserles, P. E. Koch, S. P. Norsett, and J. M. Sanz-Serna, On polynomials orthogonal with respect to
certain Sobolev inner products, J. Approz. Theory 65 (1991) 151-175.

[16] H. G. Meijer, Determination of All Coherent Pairs, J. Approz. Theory 89 (1997) 321-343.

[17] I. Area, E. Godoy and F. Marcellan, Classification of all A-coherent pairs, Integral Transforms and Special
Functions 9 (2000) 1-18.

[18] I. Area, E. Godoy and F. Marcellan, A-coherent pairs and orthogonal polynomials of a discrete variable,
Integral Transforms and Special Functions 14 (2003) 31-57.

[19] E. Bank and M. E. H. Ismail, The attractive Coulomb potential, Constructive Approximation, 1 (1985),
103-139

[20] T.S. Chihara, An Introduction to Orthogonal Polynomials, Gordon and Breach, New York (1978).

Alexander |. Aptekarev (aptekaa@keldysh.ru) and Dmitrii N. Tulyakov (dntulyakov@gmail.com)

Keldysh Institute of Applied Mathematics, Russian Academy of Science,
Miusskaya Pl.4, Moscow 125047, Russian Federation

André DRAUX (andre.draux@insa-rouen)

INSA de ROUEN,
Avenue de I'Université -BP 8, 76801 Saint-Etienne—du-Rouvray Cedex FRANCE



	Introduction
	Coherent pairs
	Asymptotics of the sharp constants for the continuous coherent pairs
	Asymptotics of the sharp constants for the discrete coherent pairs
	References

