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OBuyunHukoB M.IO., Poaayrun /J.C.

I[BI/DKeHI/Ie CIIYTHHKA C ,HBOP'IHBIM BpalliCHUCM B MAIrHUTHOM H TI'PABUTAIMOHHOM
ITOJIAX

PaccmarpuBaercst CIlyTHUK, OCHAICHHBIM MAarHUTHOM CUCTEMOW OPUEHTALMU U
TaHTOKHBIM MaXxOBUKOM. Mccimemyercss OBICTPOAEICTBHE CHCTEMBI B NEPEXOJIHOM
pexxume. Haxonsarcss nmpuOmmKeHHbIE 3HAYEHUS XapaKTEPUCTHUECKUX IMOKazaTesei
JIamyHoBa. B yCTaHOBHUBIIEMCS  pPEXHMME  TIPABUTALMOHHOW  OpPUEHTALUMHU
paccMaTpUBAIOTCS Majble JBWKEHHS B OKPECTHOCTH IIOJOKEHHUS PAaBHOBECHSI.
Hccenenyerca TOYHOCTH opueHTauuu. Mcecnemyercs anropurM IPOU3BOJIBHOM, HO
3a/IaHHOM OpHMEHTALlMM CIYTHHKA B IUIOCKOCTH OpOUTHI. [IpoBomuTcs 4dmcieHHOE
MOZECIIUPOBAHUE.

Knruegwvie cnoea: maruntHas cuctema OpUCHTAlWH, TaHTa)KHBIM MaXOBUK

Mikhail Ovchinnikov, Dmitry Roldugin
Dual-spin satellite angular motion in magnetic and gravitational fields

Attitude motion of a satellite equipped with single flywheel and active magnetic
attitude control system is considered. Time-response of the system in transient mode
Is studied. Characteristic exponent approximations values are obtained. Small steady-
state motion near the gravitational attitude is considered. Accuracy and time-response
Is studied. An algorithm of arbitrary but given attitude in the orbital plane is proposed
and studied. Numerical analysis is carried out.
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Introduction

Magnetic control systems are extensively used for attitude stabilization of small
satellites. The main problem with this control system is underactuation. Control
torque is always directed perpendicular to the local magnetic induction vector. In this
paper dual-spin satellite is considered. Satellite is equipped with a flywheel having
high angular rate and/or mass. This allows the satellite to acquire inherent and ideally
constant angular momentum. The flywheel is designed for this angular momentum to
prevail over the satellite’s one. The whole system behaves like a gyro in inertial space
maintaining flywheel attitude. Dual-spin satellite has particular stable equilibrium
positions in gravitational field. Flywheel axis tends to align with orbital plane normal.
Energy dissipation devices transform this position to an asymptotically stable one [1].
Passive nutation damping devices may be used to utilize this advantage [2]. Passive
damping however doesn’t allow on-orbit time-response tuning. Furthermore, only
gravitationally stable position in orbital plane is available. Gravitational torque value
may also be insufficient to be considered as the main restoring one for small satellites
without gravity-gradient boom. Active magnetic control system allows time-response
tuning and may be even used to provide arbitrary in-plane attitude.

Present paper deals with transient motion first. Magnetic attitude control system
is used for angular velocity damping purpose. Flywheel is considered in operational
mode all the time, since its spinning phase may be omitted and arising angular rate
dealt with instead. Time-response is characterized with approximate Lyapunov
characteristic exponent values. Nominal gravitational attitude accuracy is assessed.
Control algorithm for arbitrary in-plane attitude is proposed and relevant accuracy is
estimated. This paper is aimed to replace our obsolete work [3] that contains a
number of mistakes.

1. Problem statement

Angular motion of a satellite is considered. Satellite deformations are not taken
into account. Satellite moves along circular LEO. Gravitational and geomagnetic
fields influence is considered. Satellite is equipped with a flywheel and three
mutually orthogonal magnetorquers. They are capable of producing any dipole
moment within given range. Satellite attitude is known.

Two reference frames are used:

- orbital frame OX;X,X3, O is satellite’s center of mass, OX3 is directed along
satellite’s radius-vector, OX; is directed along the orbital plane normal, OX; makes
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the whole frame right-handed (it is directed along satellite’s orbital velocity in case of
circular orbit);

- bound frame Oxixzxs, its axes coincide with principal axes of inertia of the
satellite.

Satellite attitude is represented with Euler angles «, 3,y (rotation sequence 2-3-

1) and angular velocity components, either in inertial space a,®,,w, or relative to
orbital frame Q,,Q,,Q,. Quaternion is used for numerical simulations. Transition
matrix between orbital and bound reference frames is
cosa cos ff sing —sina cos S

A=| —cosasin fcosy +sinasiny cospcosy  sinasin fcosy +cosasiny |, (1.1)

Sin@CoSy +cosasin fsiny  —cos fsiny  —sinasin #siny +cosa oSy

Dynamical equations of motion for a three-axial satellite with inertia tensor
J=diag(A B,C) are

do

JE+(J)><Ju)+coxh:Mgr+M (1.2)

ctrl

where h=(0,h,0) is flywheel’s angular momentum, M ., M

gr’ ctrl
control magnetic torques. Absolute angular velocity o is related to the relative one
Q according to
0=0Q+A0,

are gravitational and

where o, =(0,,,0) is orbital reference frame angular rate. Dynamical equations of

motion may be written using relative angular velocity,
dQ

J—+QxJQ+Qxh=-Ao ,xh+M_ +M_ +M_, (1.3)
dt ’
where M,,, =—JWA®,, — QxJA®,, — Ao, xJ(Q+Aa,, ),
0 Qb -Q,
W= -Q, 0 Q
Q -Q 0
Dynamical equations are supplemented with kinematic relations
da 1 .
—=——(Q,cosy—Q,siny),
dt  cos ﬁ( 20087 = Qysiny)
Z—'tg:stiny+QS cosy, (1.4)

((jj—jt/:Ql—tg,B(chosﬂ/_QsSiny)'
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Geomagnetic field is represented using direct dipole model. Induction vector in
orbital reference frame is

B = B, (cosusini, cosi, —2sinusini)’ =B, (B,,B,,B,)'

where i is orbit inclination, u is argument of latitude.

2. Transient motion

Transient motion is first studied in order to assess control system time-response.
We assume relations
A-C>0, B—A+h/w,>0, 4(B-C)+h/m,>0 (2.1)
for the satellite moving in gravitational field. This ensures stable equilibrium
corresponding to orbital and bound reference frames coincidence. Massive or fast
flywheel satisfies two last conditions regardless of satellite inertia moments. This
means that flywheel axis (Ox, in our case) tends to align along the orbital plane
normal (OX; axis). First relation in (2.1) represents orbital and bound frames first axis
coincidence. In-plane stability is provided with gravitational torque only.

Transient motion is mainly characterized by flywheel axis stabilization time. In-
plane stabilization using gravitational or magnetic torques corresponds to nominal
operations mode. Control system time-response in transient motion may be
represented using characteristic exponents of linearized equations of motion (1.3)-
(1.4). Dimensionless form for these equations is

1

j}+ﬁ_(ﬂ*A+hA)(ﬁ_7):A—w§M1!
1
- 1 M 22
a Ba? (2.2)
SR : 1
ﬂ_7+(ﬂ'c+hc)(7/+ﬁ)zc—a)ozlvl3
where A, _8-¢ Ao _5-4 h, :L, he _ N pot represents derivative with
A C Aw, Co,

respect to argument of latitude (dimensionless time). We should take into account
gravitational torque

—-(B-C)y
M, =3aje, xJe,=3w;| (A-C)a
0

and magnetic control torque. We use angular velocity damping algorithm in transient
motion,
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BB, - 7(B; +B})+dBB,
Mgy =mxB=k(QxB)xB=ka,B;| 7BB, — (B} +B] )+ fB,B, |. (2.3)

¢B,B, - B(B; + B )+ BB,

ctrl

Linearized equations of motion are finally
j/.+ﬂ._(ﬂ’A+hA)(ﬁ._7/)+3ﬂ’A7/:8§(ﬂ.BlB3_7)(822 + B§)+dBle)’

dzg%(;?Ble—d(Bf+B§)+,BBZB3), (2.4)

B-7+(A +hc)(y+ﬁ):g(oz8253—ﬁ'(8§+Bf)+y'BlB3)
2
where 5:9, £= B, :
A Co,
Transient motion corresponds to the flywheel axis tendency towards orbital
plane normal. Therefore angles £ and y are of interest. Equations (2.4) should be

simplified by separating in-plane motion. In order to do this we need to get rid of «
in the first and third equations in (2.4). This may be achieved when B, =0 and

therefore i =90°. Further analysis is performed for the satellite moving on polar orbit.
This analysis is also valid for near polar orbits. Introducing another small parameter
does not change the solution since only higher-order small terms are added in (2.4).
This allows practically important sun-synchronous orbits to be cover with following
results. Out of plane motion equations are

p+ecos’up+(2esinucosu—1+6. )y +6.=0,
7+ (2e£sinucosu +1-6,) B+ 4eEsin®uy + (34, + 6, )y =0
where 6, =h,+4,, 6, =h, + A,. Designate x=(4,7,B,7). Equations (2.5) has a

form
X=AX+eA, (U)X (2.6)
where

(2.5)

0 1-6. -6, 0



—cos’u —2sinucosu 0 O
A - —2&sinucosu —4&sinu 0 0 |
0 0 0 0
0 0 0 0
Consider equation
Xo =AgXq

representing satellite motion in gravitational field with installed flywheel but without
energy dissipation mechanism. Characteristic exponents equation is

A+ (32, +1+ 6,0, ) A% + (34, +6,)0. =0 (2.7)
leading to

Ap= J_ri\/%(B/iA +1+ 6,0, + \f(Bﬂ,A +1+6,6. ) *+124,6 (6, —1)),

Ay y =i \/%(—CMA ~-1-6,0. + \/(3% +1+6,6;)°+122,0. (0, —1))
where i is imaginary unit. Eigenvectors corresponding to A, are
T
0. + A 0.+ A
P = A<£ﬂ’k ct A 1 R ]
1-6, A (1_ ‘9c)

where A, are arbitrary constants. Equations (2.5) solution in case £=0 is

By = Aexp(Au)+ A exp(—Au) + Ajexp(Au) + A exp(—Au),

(2.8)
7o = Biexp(Au)+ B, exp(—Au)+ Byexp(Au) + B, exp(—Au)
_ _ O+ A - - -
where B, = yA,, = A (=0) Solution (2.8) may be refined to take into account

angular velocity damping. Represent equations (2.6) solution as

X = i[(pk +Zn:gj\|1kj (u)+O(8””)]eXp(ﬂk +_an5ij] +O(g”*l))u =
i((pk +Zg v ( ))exp(ﬂk +i€jykjju +O(5”+1).

k=1 j=1

(2.9)

Substituting to (2.6) and grouping terms with similar ¢ power,

e=1 ‘i’kl (ﬂkE A )‘l’kl —Hq @y + A0,
=2 W, +(ﬂ'kE_A0)‘|’k2 =—lqWq — Ho® A,
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=] Wy +(;{kE_Ao)‘|’kj =1, (u’:ukl""":ukj—l’(pk"I’kl""!"’kj—l)'
Note that ¢, +Zgj\|1kj(u) IS not an eigenvector since A, depends on time.
j=1

Every next approximation y,, may be found after corresponding differential equation

Is solved. These equations are not necessarily easier than initial equations of motion.
Lyapunov characteristic exponents are found from periodicity condition
v, (U)=w, (u+27). In some cases we can state [4] that these periodic solutions can

be found and series (2.9) converges. Sufficient condition is 4, — A4, =im for j=I
where m is an integer. These differences are eigenvalues of (4E—A,). This is
homogeneous part matrix in equations for ;. This means that general solution
period differs from 27z . Partial solution should ensure proper periodicity for ;.

Generating solution characteristic exponents satisfy sufficient condition so we can
find characteristic exponent approximations for equations (2.6). Equations (2.5)
solution corresponding to k ™ characteristic exponent approximation is

Jij =(A< + &7, (u))exp(ﬂk + &0, U,

y=(B,+&9,(u))exp(4, +é&c, )u.
Substituting to (2.5) provides

et + (A +en ) (A +gak)2 +6‘COSZU|:6‘Z"k +(A +er ) (A +50k)]+
+(2esinucosu —1+ HC)[ng +(By + &4, ) (4 + €0, )]+¢9C (A +e7,)=0,

g9 + (B, +&9 ) (4 +e0,) +(2&&sinucosu +1-6, )| &7, + (A +e1, )(4 +e0,) |+
+4g§sin2u[59k +(By + &9 )(A + &0, )]+(3AA +0,)(B, +&9,)=0.

Grouping terms with &° leads to

(4 +6.)A +(6. -1)4B, =0,

(1-0,)AA +(4 +32,+6,)B, =0.
Consider (2.10) as equations with respect to solution parameters. Its determinant

coincides with the one of characteristic equation (2.7) and equals zero. Grouping
terms with ¢ provides

(2.10)
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F +2A A0, + AT, +C0S°UA A +2sinucosuB, 4, +
+(6; -1)B A + (6. -1) A9, + 6.7, =0,

G + 2B A0, + A28, +2&EsinucosuA A, +(1-6,)7, + (1)
+(1-6,) AA +(1-0,) Az +4Esin’uB A, + (34, +6,) 9 =0.

These equations may be written as

F—-f +Co, =0, (2.12)

F,—f,+C,0, =0
where
F=%+(0 -9 + (0 ~1) A9, +(6. + &)z,
Fo=3,+(1-60,)¢, +(1-0,) Az +(32, + 0, + 4})9,,
f,(u) =—cos* uA A, —2sinucosuB, 4,
f,(u)=—-4&sin*uB 4, —2£sinucosuA 4,
C,=2A4 +(6; -1)B,,
C,=2B +(1-6,)A..
First equation in (2.12) is multiplied with A2 +6,, second is multiplied with
—(6; —1)A, and the result is summed. Similarly they are multiplied with 1-6, and

~(4¢ +32, +6,) and then summed. Resulting equations are

(4 +6:)(F, - f,+Co )~ (6: ~1) 4 (F, - f,+C,0,) =0,
(1-0,) A4 (F - f,+Co )~ (47 +34,+6,)(F, - f,+C,0,) =0.
Equations (2.13) determinant coincides with determinant for (2.10) and equals zero.
Equations (2.13) have non-zero solution. Specifically for each non-zero
F,—f,+C,o, wecan find F, - f, +C,o, satisfying
(4 +6.)(F - f,+Co, )~ (6 ~1) A4 (F, - f,+C,0,) =0. (2.14)
This relation can be used to find first order characteristic exponent
approximation o, . First order approximation of corresponding eigenvector is of no
importance here. However we will use its properties. Functions z, and 9, and their

derivatives are periodic. This property should be ensured by proper integration
constants of (2.11) and characteristic exponent approximation o, . Integration of

(2.14) from 0 to 27 leads to
(% +6,)(-F,+27C0, )~ (6, ~1) 4 (-, +27C,0, ) =0

(2.13)
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where
T, =T f.(u)du= T[—%Akik (1+cos2u)-BA,sin ZU}du =-rAA,

f,= j f,(u)du= T[zskzk (—1+cos2u)— A4, sin2u |du = —47Ey A 4,

0
This allows first-order k ' characteristic exponent approximation to be found as

1 48422 (0, - )—ﬂk(ﬂfﬂ%)

o : (2.15)
< (ﬂk +0c ) 24+ (0. -1) |- A4 (6. ~1)[ 224, +(1-6,) ]
Time-response is represented with real part of o,. Denoting A4 =irp, and
2
/P . .
7 =—2—"%_i= 4. leads (2.15) to be rewritten as
T (‘90 _1)
L1 4yt (1-6.)+n, (12 - 6;)
“2(0c -2+ (6 ~1) ]+ (6 ~)[22m, +(6,-1)]

and o, =0,, o, =0,. Characteristic exponent approximations are real. Finally first-
order characteristic exponent approximations for equations (2.5) are

1 i (7 =6 )
_'”1+Eg(l+4§)—3nf+[zec 0,-1)(0c-1) |2+’
U (771 _‘90)

1
i +2e(1+4 |
v =in 5 a1 éC)—snlu[zac+(¢9A—1)(ec—1)]7712+6>§

7732 (775 - 9(:)
=3n3 +[ 26, +(60,-1)(0c —1) i + 62

/3 (7732 - gc)
=315 + [ZHC +(0,-1)(c _1)]773? +0;

(2.16)

Vv, =11, +%5(1+ 4Zj)

v, =—in, +%8(l+ 4¢)

where

=i \/%(% +1+0,0: + (34, +1+ 6,6, ) *+122,0. (0, —1)),

7, = i\/%(—MA ~1-0,0. + (3%, +1+0,0.) *+122,6. (6, —1)).

Equations’ (2.5) degree of stability (the rightmost real part of characteristic
exponents) equals either —eo;, or —¢o, depending on satellite and control parameters.

Consider example satellite with inertia tensor J =diag(1.5,1.8, 1.1) kg-m? (several



11

tens kilograms) orbiting at altitude of 1000 km and implementing damping algorithm
with gain k =5-10° N-m-s/T? (¢ ~0.18). Fig. 1 presents the degree of stability ¢ (in
this case ¢ =—¢&o;) with respect to the flywheel angular momentum.

U.DEE T T T T T T T T

0.02

0.015

0.016

0.014

0.012

0.01

Degree of stability

0.008

0.006

0.004

U_DUE | | | | | | | |
o001 o002 003 004 005 0068 007V 008 009 0.1

Fhywheel angular momentum, Nm?

Fig. 1. Degree of stability with respect to flywheel angular momentum

As the flywheel angular momentum rises degree of stability falls, corresponding
to increased transient motion period. It is hard to stabilize stronger flywheel. For
example flywheel angular momentum 0.01 N-m leads to the degree of stability
¢ ~0.02. Numerical simulation shows the angle between axes O,X; and Oaxx; to fall
from 9.2° to 1.1° in 10° seconds. Theoretical estimate of terminal angle is 0.8°.
Angular momentum 0.05 N-m decreases degree of stability to ¢ ~0.005. The same
angle falls to 5.6° in numerical experiment and equals 5.8° according to theoretical
estimate. Approximate result (2.16) may be used for quite accurate prediction of
control time-response in transient motion.

3. Nominal motion in gravitational attitude

Nominal motion with prevailing gravitational restoring torque corresponds to
small relative angular velocity and close coincidence of reference frames Oxix2x3 and
OX1X2X3. Stability conditions (2.1) are satisfied. Adding energy dissipation through
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magnetic damping control makes this equilibrium position asymptotically stable.
However in-plane stability is ensured only with gravitational restoring torque. Its
value is barely adequate for precise pointing for most satellites. In case no
disturbances are taken into account and damping control (2.3) is used necessary
attitude is achieved with precision. However damping algorithm may be replaced
with a simplified one
dB,

dt -
This control is related to (2.3) through geomagnetic induction vector derivative in
bound frame,

dB, :Ade —QxB,. (3.2)

dt dt
Algorithm (3.1) is extensively used for fast rotation damping. In this case the first
term on the right side in (3.2) may be neglected. Geomagnetic induction vector
rotation rate in orbital frame is of the order of the orbital velocity. Nominal motion
corresponds to slow rotation of the satellite, so we cannot omit this term. Our aim is
to define this term influence (attitude accuracy) on the satellite motion in nominal
regime. Write equations (1.2)-(1.4) in dimensionless form

m=—k (3.1)

dw C—
d—ul:hAco3+AA(a)2w3—3a23a33)+8KM1x,
dw C —
du2 =1 (w0, —3813633)+E8M 2%,
do —
d—ug =—h.w, — A (0,0, — 38,8, ) + eM s,
(3.3)
d—a—i(a) cosy —m,siny)—1
du cosp 2 TS
d—'B—a) sin y + @, Cos
du L SINYy + @3 LOSY,
dy .
a=co1—tgﬂ(cozcos;/—co:‘}smy)
J— J— J— 2 —_—
where j’A:ﬁf ﬂB:u, iczu, hA:L’ hC:L, = kBO ’ M 1
A B C A, Co,” = Ca,

are damping torque dimensionless components. Notations introduced in (2.2) are the
same. Note also that angular velocity components are dimensionless here.

Equations (3.3) allow stationary solution a==y=0, 0 =0,=0, », =1 in
case no magnetic control is implemented. This solution corresponds to the necessary
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attitude. We will find periodic solutions arising from this one due to small magnetic
control torque using Poincare method [5]. Equations (3.3) have form

x=f(x)+eg(x)

where X =(a,@,,m,,,f,7). Solution can be found as x =X, +&x, +O(&*) where
xO:(O,l,O,O,O,O) Is stationary generating solution. Substituting solution to the
equations of motion leads to

dx dx
d—lf+gd—ul:f(xo)+g(F(x0)x1+g(x0))+0(52)
of, :
where F; =—- and in our case
OX;
o 06 0 0 -3,
0O 0 0 34, O 0
-6. 0 0 0 O 0
F(Xo): :
0O 1 0 0 O 0
0O 01 0 O 1
1 00 0 -1 0
Function g(xo) can be easily found from (3.2) taking into account Q=0,
A=E leading to ddth = d(|j3tx , B, =B, and finally

.
g(xo)=(—2%cosusinicosi,—zgsinzi,sinusinicosi,0,0,0j .
Grouping terms with & we find equations for X,

d_X1 =0,X, — 31, % — Z%Sin Icosicosu,

du

%:3,18x4—298in2i,

du B (3.4)
%:— X, +sinicosisinu

du ¢ ’

dX4 dX5 dX6

A =X, 2 =X +X, —2=X —X.

du ?du ° % du nT

Equations for x, and x, (in-plane motion) are separated and represented as

X, — 325X, =—2%sin2i.
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Conditions of stability (2.1) lead to A; <0. General solution is oscillation in the

vicinity of necessary attitude. Attitude accuracy is determined mainly by partial
solution

X, - 2Csin?i |
3(C-A)
Homogeneous equations for x;,X;, X, X5 has matrix
o 6, 0 =31,

(3.5)

o~ 6. 0 0 0
1o 1 0 1
1 0 -1 0

whose characteristic exponents are found from equation
det(Q—AE)=21"+ai*+b=0
where a=1+34,+6,0., b=6.(31,+6,).
Flywheel with sufficient angular momentum allows to satisfy
a’ —4b =030 +(1+34;)- 20,0, +62,0,(6:-2)>0 and a>0. All four

characteristic exponents are imaginary. General solution is oscillation again. Partial
solution may be found in a form

Xs = A sinu+ A, cosu, X, =B;sinu+B,cosu.
Substituting to (3.4) and grouping terms with sinu and cosu leads to

(1-6,)A+(-1+6,+34,)B, :—Z%Sinicosi ,
(-1+0,+34,)A +(-1+6,)B, =0,

(-1+6.)A, +(-1+6,)B, =0,
(-1+6.)A +(1-6.)B, =sinicosi.
Solving this equation we finally find partial solution for (3.4)

X, = 1 sinicosisinu,
0. —

X_2Csin2i

* 3(C-A)

Xy = sinicosicosu,

C
X, =0,
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X b 9A_1—29+3}LA sinicosisinu,
32, A

0. -1
1(6,-1 ,C). . .
Xg = —— —2— |sinicosicosu .
3\ 6. -1 A

Magnetic control influence is now found. The main part is constant deviation
from necessary attitude in orbital plane. This deviation rises as control torque
magnitude rises (parameter ¢), inclination rises (inclination governs general
magnetic control system effectiveness [6]) and falls as gravitational torque increases
(difference between inertia moments). Apart from this constant deviation small
oscillations with orbital frequency occur. These oscillations may cause resonance
effect if matrix Q characteristic exponent equals =i. This is valid if

A2 :%(—aix/a2—4b):—l and therefore 9. —1=0. This is not the case for the

appropriate flywheel.
Fig. 2 brings numerical simulation for the satellite with inertia tensor
J=diag(1.5,1.8,1.1) kg-m? on circular orbit with 1000 km altitude and 60°

inclination, control gain is k =5-10°> N-m-s/T2.

0.2

£, °fs
=

150 TS

100

Direction cosines

Time, hours
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Fig. 2. Attitude accuracy

y; are angles between axes of orbital and bound reference frames. In-plane attitude

accuracy is about 14.5°, while theoretical result (3.5) predicts accuracy of 13.6°.
Relation (3.5) may be quite useful instrument for attitude accuracy estimation. Fig. 2
reveals time-response problem. Transient motion takes more than 80 hours. This can
be mitigated by increasing control gain. However tenfold increase in gain to
k =5-10° N-m-s/T? leads to satellite alignment with geomagnetic field. According to
(3.5) accuracy is about 130°. Increased gain should be accompanied either with better
damping control (2.3) without term dB, /dt or with gravity-gradient boom (Fig. 3).
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Fig. 3. Attitude accuracy with gravity-gradient boom

Gravity-gradient boom with 1.5 m length and 1.5 kg tip mass allows increased
control gain with terminal accuracy of about 15.5° (theoretical prediction 14.5°).
Transient motion takes a couple of hours.
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4. Arbitrary in-plane attitude

Magnetic control system may be used to provide any equilibrium position
a =, in orbital plane and its asymptotical stability. Gravitational torque becomes a

disturbing one in this case. Assume that after transient motion g,y ~0, Q,,Q, ~0,
Q, ~1. Equations (1.3)-(1.4) are

7+(1-6,)B+06,y =-34,(Bsinacosa + }/C0320[)+8%M1,

d:3xlBSinaCOSa+5%Mz, (3.6)

p+(6, 1)y +0.8=-34sinacosa +&Ms
where small parameter ¢ is not yet defined since control is not defined.

Second equation in (3.6) representing in-plane motion is separated if second
control torque component is independent on f,y. Suppose this control torque

component to be
M2 =k sin(a, —a). (3.7)
Introducing notation p =« — ¢, in-plane motion becomes

,b+krg%sinp:BEBsin(p+ao)cos(p+ao). (3.8)

In case gravitational torque is not acting on the satellite (1; =0) equation (3.8)
represents oscillations in the vicinity of necessary attitude p =0. Asymptotic stability
of this position (tendency exactly to zero) is provided by energy dissipation according
to (2.3). Gravitational torque changes equilibrium position to (linear approximation)
_ sin ¢, Cos | (3.9)

sin” a, —cos” ¢, + k,eC /3(C — A)

Control (3.7) implementation encounters a number of problems. Magnetic
control system induces disturbing torque out of orbital frame since M, =m,B, —m,B,.
Assume that only the first magnetorquer is used and m, =m, =0. Control restoring

torque in this case is

Lo

.
M, = (0, k.esin(a, —a),—k.esin(a, — ) EZXJ : (3.10)

3X
Another magnetorquer may be used if B,, is close to zero. However the satellite

moves almost in orbital plane and B,, = B,sinacosusini + B,cosacosi. Angle « is
far from both 0 and n/2, B,, is close to zero only for polar orbit and u=7/2 .
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Control (3.10) may be used without additional conditions. Control (3.10) involves
disturbing third component. Its influence in equations (3.6) is assessed numerically.
Another problem is utilization of Euler angle in control (3.10). Numerical and
onboard control implementation requires quaternion or direction cosines matrix
elements. Taking into account direction cosines matrix in case f,y ~0 and omitting
small terms control (3.10) may be rewritten as

:
M, = (O, k.&(sinaya,, +cosaya; ),k &(sina,ay, +cosa,a,;) EZX j : (3.11)

3X
This control is used for numerical simulation even in transient motion with
angles S,y being not close to zero. Control construction requires one more

operation. Since restoring and damping components are implemented simultaneously
they should differ by magnitude. Both restoring and damping dipole moments are
scaled in such a way that each has its maximum component at some defined value.
This one is greater for the restoring part. Control (3.11) has clear disturbing effect in
transient motion in this case. However flywheel and energy dissipation ensure proper
transient motion result regardless of disturbing torques. This allows straightforward
control cycle without additional switching conditions.

Fig. 4 brings numerical simulation result for necessary attitude angle ¢, =40

(far from gravitationally stable equilibrium), restoring control dipole moment is 3.2
A-m? (maximum component value), damping moment is 1.2 A-m?, other parameters
hold. Relation (3.9) should be adapted to link ideal control parameter k  with

magnetorquers dipole moments used in numerical simulation. After this adaptation
accuracy of about 0.45° is anticipated while numerical simulation results show
accuracy of 0.6°. Out of plane accuracy is about 1.5° due to disturbing control
component.
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Fig. 4. Arbitrary in-plane attitude

Conclusion

Transient and nominal motions are considered for a dual-spin satellite. Active
control is provided by magnetorquers. Approximate formulae for characteristic
exponents are found for transient motion of polar satellite. This result may be used to
estimate control system time-response during satellite and its attitude control system
design. Attitude accuracy estimate is found for nominal gravitationally stable motion
in case coarse angular velocity damping algorithm is used. Control algorithm is
proposed to provide arbitrary attitude in orbital plane. Attitude accuracy due to
disturbing gravitational torque is found. Numerical simulation results are presented.
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