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Koaecanmuenko A.B.

BriBo4 MeTOAaMM TepMOAMHAMMKM HeOOpaTUMBIX IIPOIIeCCOB ODOOIIEHHBIX COOT-
HomteHnnt Crepana—MakcBeada 445 ITOTOKOB MHOTOKOMIIOHEHTHON Audg@ysun B TypOy-
A€HTHOM CIIAOIIHON Cpeje.

B pamxax ¢eHOMEHOAOIMYeCKO! Teopum TypOyAeHTHOCTU CXXMMaeMOIo MHOTO-
KOMIIOHEHTHOTO Ta30BOTO KOHTHMHyYMa pacCMOTpPeH TepMOAMHaMUYeCKNII II0AX0A K IIPO-
01eMe 3aMbIKaHUS OCPeAHEHHBIX IMAPOAVMHAMUYECKIX ypaBHeHMII CMecl Ha ypPOBHEe MO-
Aeaell riepsoro nopsigka. Onsareposckuii popMaau3M HepaBHOBECHOV TepMOAVHAMUKIU
I103BOAsIeT IT0AYIUTh Hanboee OOIIyIO CTPYKTYPY 3aMBIKAIOIIUX COOTHOIIIEHUI AAs Typ-
OyAeHTHBIX TOTOKOB Au(Py3un 1 TypOyA€HTHOTO IIOTOKa Tellla B MHOTOKOMIIOHEHTHOM
ra3oBOil CMeCH, B YaCTHOCTM, B BuJe 00OOIIEHHBIX cooTHomleHun Credana-Maxcseaaa
AAs1 TYpOYA€HTHBIX ITOTOKOB A PYy3UM 1 COOTBETCTBYIOIIETO M BhIpakeHUs AAs TypOy-
AEHTHOTIO IIOTOKa Tellda. B xauecTse Ipumepa paccCMOTpeH AeTaAbHbIN BBIBO/J DTUX COOT-
HOIIIeHNIT AAs pa3BUTON MeAKOMacCIITaOHOM TypOyAeHTHOCTH, KOTAa B IIOTOKe HabAI04a-
eTcs TeHAHIMA K YCTaHOBAEHUIO AOKaAbHOM cTaTuUcTudeckoy maorponHoctu. Ha pac-
CMaTpUBaeMOM ypPOBHEe 3aMBIKaHNs ITOAy4YeHHBIe OIpeAeAsIOIyie COOTHOIIEHMS «CUABI
yepe3 MOTOKM» HayuboJee IOAHO OIMCHIBAIOT TypOYA€HTHBINI Macco- U TeIlAOIepeHOC B
MHOTOKOMITOHEHTHOJ1 Ta30BOI CMecCH.

Katouesvie caosa: HeoOpaTuMas TepMOAMHaMIKa, MHOTOKOMIIOHEHTHas! CILAOLIHAs
cpeda, pa3BuTas TypOyAe€HTHOCTb, MOAeA 3aMbIKaHN:I II€PBOIO MOpsIAKa.

Aleksander Kolesnichenko

Derivation by methods of thermodynamics irreversible processes of generalized Stef-
an—-Maxwell relations for multicomponent diffusion flows in turbulent continuous medi-
um.

Within the framework of the phenomenological theory of turbulence of compressi-
ble chemically active gas continuum the thermodynamic approach to the problem of clo-
sure of hydrodynamic equations of average motion of a mixture at the level of the first-
order models is considered. The Onzager formalism of nonequilibrum thermodynamics
allows to obtain the most common structure of rheological relations for turbulent flows of
diffusion and turbulent flow of heat in a multicomponent mixture, in particular, in the
form of the generalized Stefan-Maxwell relations for turbulent flows of milticomponent
diffusion. As an example, the detailed derivation of similar relations for a small-scale tur-
bulence is considered, when the tendency to establishment of a local statistical isotropy in
a flow is observed. On the considered level closing closure obtained defining relations of
"forces through flows" most fully describe the turbulent heat- and mass transfer in multi-
component gas mixture

Key words: irreversible thermodynamics, multicomponent continuum, developed
turbulence, model circuit of the first order.



Introduction

In theoretical construction of models of developed turbulence of multi-
componenet chemically active gas medium the closure of system of averaged
equations of hydrodynamics of a mixture [12] requires additional linear rela-
tions, i.e. so-called constitutive (rheological) relations, which associate the
turbulent flows of diffusion ]Z;.rb (x; ) =p{z;u]) (2=12,..,N) and heat

n.n

qj.”rb(x]. £)=p(H""), the tensor of Reynolds’ stresses R, (x;,t)=—puu]) as

well as the averaged rates of chemical reactions ES, with the gradients of av-

eraged hydrodymanical parameters. If we estimate the state of the first-order
closure problem as whole, we should recognize that at present, in fact, there
is no general phenomenological theory of turbulent conductivity and turbu-
lent diffusion for multicomponent mixtures [11, 18, 22, 23, 26]. The gradient
relations existing in the literature (see [13] for example) are not general
enough and were obtained, mainly, either for turbulent flows with a promi-
nent dominating direction [1], or under strong (and not always justified) as-
sumptions, such as, for instance, the equality of mixture ways for processes of
turbulent transport of momentum, heat and mass of various substances [11],
[13].

Some problems of motion of multicomponent gas mixtures in the atmos-
phere, for which the processes of convective and diffusive turbulence
transport are important, were analyzed in monograph [12]. These problems
can be solved by means of second-order models, in which the model differen-
tial equations for second correlation moments are considered and some
mechanisms responsible for generation of these moments are taken into ac-
count accurately enough. However, the system of equations for second-order
moments is not closed and must be supplemented by one or several equa-
tions for average characteristics of turbulent motion, which are to some extent
equivalent to a three-dimensional scale of turbulence L. In such an approach
the additional model expressions for some higher-order terms in these equa-
tions are required. However, the approximation expressions used for these
purposes (i.e. gradient relations with some proportionality constants univer-
sal for this class of problems) often are not accurate enough. This finally leads
to the situation, when the appropriate second-order models, in spite of their
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mathematic complexity, occur to be not better than more simple first-order
models.

In this connection, the given work presents the phenomenological ap-
proach to the problem of closure of Favre-averaged hydrodynamic equations
of multicomponent mixture for a developed turbulent motion at the level of
first-order moments. This approach allows, in particular, to describe more
completely (with using non-equilibrium thermodynamics methods) the pro-
cesses of turbulent heat- and mass-transport in a similar medium and to ob-
tain more general rheological relations for turbulent flows of diffusion, heat
and momentum as compared to those derived, for example, in well-known
monographs [11, 13] by the standard method with using the notion of mix-
ture way. In this case the balance semi-empirical equations for second-order
correlation moments of structural parameters pulsating in a flux (derived
with using the mean-weighted Favre averaging in [8]) may be considered for
the purpose of modeling the turbulent exchange coefficients appeared in rhe-
ological relations obtained above (see [2, 12]).

1. Balance equations for enthropy in a turbulent flow
of the multicomponent gas mixture

Prior to applying the non-equilibrium continuum thermodynamics for-
malism for description of processes of heat- and mass-transport in a turbulent
flow of the multicomponent mixture, we shall briefly discuss the essence of
those principal postulates, which underlie this theory and can be practically
used in thermodynamic analysis of any irreversible process, including those
for turbulent continuum.

1.1. The Onzager principle

As known [3, 4], in the linear non-equilibrium thermodynamics the phe-
nomenological relations of irreversible processes (the Onzager relations) are
used as basic relations, which supplement the system of hydrodynamic equa-
tions of conservation. These relations are as follows:

3,(x, 1) :ngl(xj DX (1), (k=1,2,..,f), (1.1)
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where f is the number of independent physical processes, Ly(x;,t) is the

martix of phenomenological (kinetic) coefficients, which interrelate the flows
3, (X; ) and thermo-dynamic forces X, (X; ). The formers correspond to the

rates of variation of extensive quantities (such as mass, energy), for which the
conservation laws exist), or transportable quantities (such as heat) associated
with the flows in conservation laws. The second ones are proportional to gra-
dients of intensive parameters which deviate the thermodynamic system
from the equilibrium. The flows and thermodynamic forces in (1.1) are, in the
general case, tensor quantities of any rank. Within the phenomenological the-
ory framework the explicit form of kinetic coefficients in (1.1) is not deci-
phered; however, their physical meaning (for example, for a mixture of sin-
gle-atomic gases) can be clarified within the framework of the kinetic theory
of gases [12, 19]. The number of non-zero kinetic coefficients in (1.1) is limited
by the Curie principle [3], according to which, in virtue of symmetry proper-
ties of the material medium under consideration, the components of flows do
not depend on all components of thermodynamic forces. So, in the particular
case of isotropic system (whose properties are the same in all directions at the
equilibrium state) the processes of different tensor dimensionality do not in-
teract with each other. Besides, in the axiomatic approach the Onzager—
Kazimir relations of symmetry (the mutuality principle) are used as an inde-
pendent postulate,

Lkl(B/ Q) = SkSZLkl(—B,—Q) , (k,l = 1,2,...,f). (1.2)

These relations allow to minimize the number of phenomenological coeffi-
cients in linear relations (1.1) [3]. Here B(x;,f) is the magnetic induction, Q is
the angular velocity of system rotation, =1 for even (energy, concentra-
tions) and g=-1 — for odd (momentum density) macroscopic parameters

(even or odd functions of particles’ velocities). For an isotropic, non-rotating
system in the absence of an outer magnetic field the symmetry relations (1.2)
take a more simple form [3, 4]:

Ly =gl (k1=12,..,f), (1.3)

where L, are scalar quantities. The symmetry relations (1.2) may be consid-

ered to be an empirically stable axiom regardless of their proof within the sta-
tistic mechanics framework [25]. According to Meison [24], the experimental
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confirmation of the mutuality principle is so convincing, as the confirmation
of the 1st, 2nd and 3rd principles of thermodynamics. This gives a reason to
raise postulate (1.2) to the paradigm status and to use it as a basis for describ-
ing a wide circle of phenomena.

For determination of flows and thermodynamic forces conjugated with
them one usually applies the specific presentation of the rate of production
(of source density) 6 (X;,t) of entropy S(X;,t) inside the system in the irre-

versible process under consideration as a bilinear form
G(S)(Xj,t)zi\sk Xk >0. (1.4)
k=1

In this case, when the flows Sk(xj ,t) are determined, the conjugated forces
X, (x]. ,t) are found uniquelly as the coefficients at appropriate flows in this

expression.

To decipher the formula for the entropy source density (1.4) within the
phenomenological theory framework it is necessary to obtain in the explicit
form the equation for evolution of a specific entropy 5(x; ,f) of the system

d 0

0 0
E Ea(pS) +§(p5uj)=—g](5)j+c(s), (G(S)ZO), (15)
J

]

in which ] .(x;,f) are components of the vector of substantional entropy
flow density, and the divergence 0], ./ Ox; describes the reversible heat ex-

change between the system being considered and the external medium.
Equation (1.5) can be obtained with regard to balance equations for spe-
cific volume v(x;, ) (=1/p), specific concentrations of chemical components

z,(X;,t)=n,/p and specific internal energy of a mixture E(x,f) from the

Gibbs identity for these quantities, written along the trajectory of motion of
physical unit volume's center of masses:

d. d. d(1) & dfn
Tls=pyplfl] sy 4l 16
dt” " dt +pdt(pj ;‘M“dt(pj (16
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Here p_ (x]. ,t) is the chemical potential of component a calculated for one
particle of substance, pu =h —Ts_, [16]; h,(x;,1), s,(x; t)are, respectively,

the partial enthalpy and the partial entropy o of a component. We also note
that a widely used expression for Gibbs" specific free energy (specific thermo-
dynamic potential) follows from:

N
G=) zn, =E+pv-TS=H-TS, (1.7)
o=1
in which
N N N N
E:Zzaea, H:Zzaha, vzl/p:Zzava, Szz;zasa. (1.8)
a=1 a=1 a=1 a=1

N
For the mixture of perfect gases obeying the state equation p = kBpTZZa we

a=1

N
have: v=(k,I/ p)z“zB , wherefrom v, =k,I/p=1/n (here k; is the Boltz-
)

mann constant) [16].
The derivation and analysis of the explicit form of equation (1.5) for tur-
bulent motion of a multicomponent gas mixture will be considered below.

With regard to the applicability of the Gibbs identity within the non-
equilibrium theory framework we note the following. According to the qua-
silocal equilibrium principle (the basic postulate of non-equilibrium thermo-
dynamics) the whole system can be broken into sufficiently small macroscop-
ic regions, every of which may be considered as an equilibrium (more correct-
ly, quasi-equilibrium) thermodynamic system. In the event, if the specific
density of internal energy E(X;,t), the specific volume v(x;,f) and specific

concentrations za(xj,t) (a=1,2,..,N) of various chemical components are

chosen as characteristic variables, then the thermodynamic state of a physi-
cally unit volume in the vicinity of point X,,X,,X, at time moment f is de-

scribed by specific entropy 5(x;,t) =5 (E, U, Zyyer ZN), for which the Gibbs
identity (1.6) is valid. Based on this identity the conjugated quantities

0S 0S 0
1/T= (—J , plT= (—j , —ua/TE(—j (=1,2,..,N)
aE U/{Zu} av E/{Zu} aza Elvl{zﬁiza}
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can be supposed to have a meaning of the local temperature T(X]. ,1), local
pressure p(X;,t) and local chemical potentials p,(X;,t) of components o

(a=1,2,..,N). Within the framework of phenomenological approach the ap-
plicability region of a local thermodynamical equilibrium postulate is deter-
mined experimentally. Usually, this postulate is valid, if dissipative processes
in a system play essential part and exclude the appearance of high gradients
of characteristic variables.

One should note that the hypothesis on the local equilibrium is equiva-
lent to the supposition, that not only the Gibbs relation, but all remaining
thermostatic relations for infinitely small regions of non-equilibrium systems
are valid. So, for example, the existence of specific thermodynamic potential

N

(1.7) and the validity of the well-known relation dG=-SdT —vdp + Z HedZ,
B=1

are allowed. Using (1.6) one can obtain from the latter relation the

Gibbs-Dugem equation

N
pZzadpa =—pSdT +dp,
a=1

that is of fundamental significance for the thermodynamics of multicompo-
nent systems.

So, the basic statements, which are assumed to be independent postu-
lates in practical application of a linear non-equilibrium thermodynamics to
any irreversible process, are reduced to the following ones:

e The quasi-local thermodynamic equilibrium principle is valid.

e For the entropy production, associated with irreversible processes in

a system itself, the inequality 6 20, that expresses the second principle

of thermodynamics, is valid.

e If the analysis is restricted by a linear region, then the phenomeno-
logical relations (1.1) for flows and thermodynamic processes, appeared in
expression (1.4) for entropy production, are valid.

e There exist the symmetry relations (1.2) for kinetic coefficients ap-
peared in the linear laws (1.1).
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1.2. The general form of evolution equation

for a weighted average entropy

Now we pass to thermodynamic consideration of turbulent transport
processes in a multicomponent mixture. Various methods of averaging phys-
ical quantities (time averaging, spatial averaging, statistical averaging over
the ensemble of possible realizations, etc.), used in mixture turbulence theo-
ries, were analyzed in papers [7, 8]. In classical theories of homogeneous in-
compressible fluids turbulence, which have been developed rather complete-
ly till now, the averaging has usually been introduced in any similar manner
and, as a rule, without weighting coefficients — for all hydrodynamic parame-
ters without exception. However, in the case of a multicomponent turbulized
continuum with variable density p this similar averaging for all variables
leads not only to cumbersome hydrodynamic equations of the average mo-
tion, but to difficulties in physical interpretation of each individual term in
such equations. By this reason, in [7, 8] in the development of a turbulence
model for a chemically active gas flow the authors have used , along with the

«usual» average value cz_f(x].,t) of some pulsating quantity </(x;,t), the so-

called weighted average value of this quantity (the Favre average), which is
specified, for example, by relation

<cﬂ><xj,t>zpcﬂ(x,.,t)/;‘a{gmﬁfpwmj (hm Zp@], (19)
—0 =

where summation is carried out over a set of relizations, and the correspond-
ing average field of A is determined as expected value of -/ for an ensemble
of similar systems; and in this case: A=A+A (A =0), A=(A+A",
(A" =0, A"#0); A A" are corresponding turbulent pulsations.

The thermodynamic derivation of rheological relations for a turbulent
medium will be carried out under supposition, that one-point correlation
terms (/"B") for any (but not equal to hydrodynamic velocity u;) parame-

ters &/ and B, pulsating in a flow, are small as compared to first-order terms
(AXB) and can be omitted [8, 12]:
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<C]4” ”>
(ANPB)

<<1, (cﬁ[;tu]., 757&14].). (1.10)

The presentation of a turbulized multicomponent continuum in form of
thermodynamic complex consisting of two subsystems — the pulsation mo-
tion (turbulent chaos) subsystem and the average motion (averaged molecular
chaos) subsystem [14, 15], allows then to obtain necessary expressions for
turbulent flows of diffusion, heat and for the tensor of turbulent stresses,
which generalize corresponding results of the homogeneous turbulized fluid
hydrodynamics to the case of turbulized mixtures.

The balance equation for a weighted average specific entropy

(S)= p_S /P of turbulized multicomponent mixture will be obtained by Favre

averaging [21] of the evolution equation (1.5) for an instantaneous value of
(pulsating in a flow) parameter S:

D(S) _

P =2 (5(5)) + = (31 ) =Ty +15 ) + 005 11D)

] ]

Here o (X;,1) =5, is the local production of averaged entropy of a mix-

ture, i.e. the appearance of quantity (5)(x;,) per time unit in a medium vol-

turb
(S)j

substational density of a regular (molecular) flow of a mixture entropy and
the density of a turbulent flow of the entropy of an averaged turbulent chaos

subsystem; D(..)/tha(..)/ 8t+<u].>6(..) / Ox; is the substantional deriva-

tive for the average motion of a medium.

For obtaining (deciphering) the explicit form of expressions for mean

turb
(8)j’ ](S)j

ume unit; E(X].,t) and J¢i(x;,t) =pS"u;) are, respectively, the averaged

values ] and G, in (1.11) one of two techniques can be applied: ei-

ther to average (over the ensemble of possible realizations) their correspond-
ing instantaneous analogues, or to compare the averaged equation (1.11) with
that equation, which is obtained from the averaged Gibbs identity with ex-
cluding from it corresponding substantional derivatives of mean parameters
of the medium state (v)(x;,t), (z,)(X;,f) and (E)X;,f). We shall use the lat-

ter technique here.
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The averaged Gibbs identity. The averaging of the fundamental
Gibbs identity (1.6) (written along the trajectory of motion of physical unit
volume's center of masses), which is valid for micro-motions of a mixture,
leads the following equation for weighted average entropy (5)(x;,t) and spe-

cific internal energy (E)(X;,f) of the mixture

DXS) 5 XE) ﬁ‘w—ﬁix >D< Z,)

P =5 =Pp PP PLMI T,

+Q.  (1.12)

Here the following designation is introduced:

4

Q=T ~M 3 (pS70)« 7 (pF) + pf -

j ]

—Zu”p S, >—(pz” W), (1.13)

a=1

One can show that if for averaged values of thermodynamic parameters
the same thermodynamic relations are valid, as for corresponding instanta-
neous values for micro-motions (and this takes place when condition (1.10) is
met), and, in particular, the following basic thermodynamic identities are val-
id:

N
(G, =D (X z,)=(B)+ D) ~(TS, ()

a=1

ST+ Z<H“>S< z)=XEB+pXy, () (114

(here d is the increment symbol), then quantity A=0, i.e. the fundamental
Gibbs identity in a substantional form takes place for the averaged molecular
chaos subsystem as well [7].

Indeed, averaging the identity

N
8(pA E)~TS(pAS)+pSA—D n d(pAz,)=0,
a=1

which is valid for any field quantity <#(x;,f), over the ensemble of possible

realizations, we shall have
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=3(P(ANEY)—(TH3(p(AKS) )+ PXA) —i<ua>6(ﬁ<cﬂ><za>) =

:_a(pUT'E”) +<D6(p7”s) +T'8(pSA) —po A"+

N - N
+Z<Ma>6(ng aé’”) +Zu§8(pza cﬁ[), (1.15)
o=1 a=1

where, in virtue of assumption (1.14), the left-hand side of this equality is ze-
ro for any «#(x;,t). Letting in (1.15) successively o/ =1 and 4 =u;(x;,t), we

obtain, respectively, the following two identities:

- N—a——
T" a(pS) + Z !&a(pzoc) =0 , (1)

o ATy

_Z<MOL (pZ”T/l”)-I-—(pE” r/) <T>aix(psﬂu;')_
J

—T"—(pSu )+P a Zua pz u;)=0, @),
o=1

from which one can easily see that the identity (Q=0. is just valid.

Formula for weighted average entropy production. Now we ex-
clude substantional time derivatives from the right-hand side of averaged
Gibbs’ relation (1.12) by means of hyperbolic-type equations for determining
the parameters of a medium(v)(x;,f), (z,)(x;f) (a=L2,..N) and

(E)(X].,t) (obtained, for example, in [10, 12]):

_D ;)

—(v)= , 1.16

th<v> ax]. ( )
—D 8 turb .
Pﬁt%} _a—x]( +J4 ) qus &, (a=12,..,N), (1.17)
_D,. 0 e LY —u) |
AR s IR eI Pax, T,
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"

op |
+Z]OL] OL] l +Jturb af+p<8b>/ (118)

]

turb

where ](v)j (X]- ,t)) = pv'r u;r’ ]turb (X] ,t) pZ” " turb (X t) pHﬂ " are, re-
spectively, turbulent flows of specific Volume, diffusion and heat,
(€, ETZ.].('?u;' / GX]. /P is the average specific rate of turbulent kinetic energy

dissipation into heat under an effect of molecular viscosity. As a result, we
obtain the explicit form of substantional balance of weighted average entropy
(5)(x;,t) for a subsystem of averaged motion of a turbulent multicomponent

continuum

P Dt T ox.

J

D< S> 0 wb _ < > r 6\1/[, ur
(q +q§ ’ —pu ) + Tl] ox. ]EU)Z; Sf
J

Z Jo oy QZ;(MJ%(LJ-HZ}%H;(AQES+r><sb>. (1.19)

Here, the averaged chemical affinities (A, )(x;,f) of reactions “s” in a turbu-

lized medium are introduced by means of relations
N
(A, == Vas(ta), (5=12,..,7). (1.20)
o=1

Equation (1.19) by means of simple transformations
109 o9 _q;6(1]:6 14 |, 4 &D
M, o\ ) Vol )| @) e
() o 0 [T s Q[@j
@ o, ax| (D) e\ )

~ turb ~ turb turb

q =q+q", qr=q"-pul, T =T+l a2l

where
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(respectively, total heat and diffusion flows in a turbulent continuum) can
easily be transformed into form (1.11) of the equation of averaged mixture
entropy balance:

DSy o <qf;_;<“°‘>]if 9 &D

P +
Dt ' ox, (T) (T) ox,
J

S <H > turb a <H > a< >
<T>{OZL{<T> (m) } > - [ <T>]+ T

" r.n

CoanE N P p
1 _ j
+;<AS>§S p > 5 or +p<8b>} (1.22)

Comparing now (1.22) with equation (1.11), we obtain for two diffusion en-

turb
5)]

of an averaged molecular chaos sub-

tropy flows (the averaged molecular flow ](S) and the turbulent flow ]
as well as for entropy production G,

system, the following expressions:

Ji5 ()= m(q] Z(u)]a]j <T> ], Z<S YT, (1.23)

o=1

turb 1 turb turb 1 turb turb
J<S>j(xj,t)zﬁ{ ;mﬂ } ol +;<S>J , (1.24)

5. =o +o©

ORI (5)’ (1.25)

where

OX. Tox, oG

]

c&g(xﬂt)—ﬁ{ e O _a<”>+Z<A>a -
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S| >— Wiy XD g 150, s
@

a=1 ]

(e) _ 1 S turb a turb _ SE,b s
cs<s>(x].,t)=a —le]a]. B,—p' =~ ](v)] +p(8b) = 1)
o= X;

Here

j’; qu_'_jli;;trb , Z(h >]a] [t;rb _qjurb Z(h >]turb

N
: —Z_lkhaﬂijl 4 =q,+q/" =q;-pu),  (1.26)

G<S> (x;,t) is the rate of local production of averaged entropy (5)(x;, ) of the

mixture, caused by irreversible processes inside the subsystem of averaged
molecular chaos of a turbulent multicomponent continuum. Quantity
Gg?) (X;,t), as it will be clear from the following analysis, reflects the entropy

exchange between the pulsation motion and average motion subsystems.
This quantity can be different in sign depending on a specific turbulence re-

gime. The energy transfer rate p'(0u;/0X;), which represents the work per-

formed per time unit in a volume unit by the ambient medium over vortices,
as a consequence of existence of pulsations of pressure p' and expansion
(Ou;/ 0x; >0) or compression (du;/0x; <0) of vortices, may be different in

turb
(v)]

energy production under an effect of buoyancy forces, is positive in the case
of small-scale turbulence and negative for large vortices [12]. The rate of av-

sign. Quantity J,):(9p/0x;)= ¢p'us which represents the rate of turbulence

erage motion's potential energy conversion into the turbulent energy
2]a ; I, can also be different in sign. Thus, it follows from (1.22) that in the

general case the averaged entropy (5)(X;,t) of the averaged molecular chaos

system can either grow or decrease, which is a typical feature of thermody-
namically open systems.
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1.3. Entropy balance equations and entropy production
of an averaged turbulent chaos subsystem

The Favre-averaged mixture entropy (5)(X;,f), as a fundamental charac-

teristics of a turbulized medium, does not determine fully enough the ther-
modynamic state of a system, since it does not depend on state variables
characterizing the turbulent continuum structure (for example, on the turbu-

lent energy (D)(x;,t)=pu;u; / 2p). Following [20], we determine the structure

of the pulsation motion subsystem (turbulent chaos) by specifying the state
equation — the functional relation

S ;) =S, (YO, ), (D, 1))

between state variables (b)(X;,), S,,,(X;,f) and (v) (where S

called turbulization entropy). Then the fundamental Gibbs identity postulated
in the form [7]

, 18 the so-

turb tur

Est » _ Dby D{v)
o = + 1.27
“ "Dt Dt " Df (27

introduces for a turbulent chaos subsystem (a turbulent overstructure) the so-
called turbulization temperature T, =1/ {8Stwb / 8(b>}<v> and turbulent (pulsa-

tion) pressure p, . =T . {astwb / 6(v>}<b> (it is supposed here that derivatives
{05,/ &b)}, >0 and {3S,,,, / &o)}, >0).

Possible relations between parameters (b)(x;,t), 1,,,(X;,t), P, (X;,1)
and 54,,(X;,f), which may be obtained in an usual manner from the formulae

written above, can be interpreted as the equations of state of a turbulent cha-
os subsystem. Further we shall suppose that the relations obtained from
(1.27) are similar in structure to various state equations for a perfect gas. In
particular, we shall suppose that the following formulae for (b)(x;,t) and

Sturp(Xj, 1) are valid:

<b>(X]’t) = %ﬁ*’]—;urb = %pturb/r)’ pturb (X]’t) - R*Tizurbﬁ’
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Sturb(xj’t) :%R*ln ( Prury /13% )+ const,

N N
(RO, )=k D (z,)=k; D 7, [P=k, L /p. (1.27%)
a=1 a=1

The corresponding balance equation for turbulization entropy S, , is ob-

tained from (1.27) by the method described above with using equation (1.16)
for specific volume (v) and the balance equation for turbulent energy (b),
which for a multicomponent turbulent mixture can be written as [10, 12]

_ D 0, _ o (_ 0 ur
p5t<b>z§(p<b>)+a—xj(p<b><u]->)=—a—&(léb;)m@y (1.28)

%?(X;rt) p(b+p'/puj —Tiu;,

G(b)(xj/t) E{ i 6@(” > _|_P a ] + z‘i]tuer turb <8b>}
o= ]

where ]Eng(xj,t), oy (X;,t) — respectively turbulent-diffusion flow and local

production (stock) averaged kinetic energy of turbulent fluctuations (turbu-
lent energy). As a result, we shall have the following evolution equation for

entropy S, ,:
s D 0 (1) e)
pﬁtsturb i a—X](Sf“’h)j - G(Sturb) = G(Sturb) + Ggsturb), (129)
j
where
1 n.n ur
](swb)]' (X]-/t) = T _{ p(u /2+p /p)u l] 1} ]zb)l; (1.30)
turb turb

is the entropy flow S, , of a turbulent chaos subsystem,

{ ]turb aln’]:‘urb +R a<u1> +p %}, (131)

(7)
O G (b)j ij aX. turb aX.
) ]

Sy X7 1) = 2

T

turb
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1 N 8u” op 3

ol (X ,t) - ]turb F* _|_p ]turb Y —p<8 > Eb , (1.32)
(SW) ] T;urb Zl a ] ’ T;urb

where quantities G%)Wb)(xj,t) and Gggiwb)(x]-,t) have, respectively, a meaning
of local production and effluence of pulsation entropy S, (X;, ).

GEIS) . to the form suitable for further

analysis. For this purpose we shall separate tensor &u,)/0x; into symmetric

Now we transform quantity T, furh

and anti-symmetric parts

Ku)1ox; =(8uYox, ) +(&u)ox; ) =S+ %, a;’j() [agif?) (1.33)

Then, taking into account the state equation (1.27*) and introducing designa-
tions

Xuy.)
l] 6

0 0
S, (x;,) =D (x;,t)=(&u,)/ox, )* =D, - 43, (1.34)

for a symmetric (with zero trace) part of a tensor of rates of deformations of a
turbulized continuum D..(X. t) E(@(LL)/@X.)S and

Rg(x =R, - ¥(R,8,)8, =R, +p,,,8, =R +%pD)3,  (1.35)

— for a part (with zero trace) of symmetric Reynolds’ tensor Ri]., we shall

have:

. T 0
T o  =-] aturb-i-Rz]D (1.36)

tb(,) ~ I Sun)i gy

Here we used the fact that the scalar product of symmetric and anti-
symmetric tensors is always zero.

Now we shall analyze the evolution equation (1.29) which, with regard
to (1.31%) and (1.32), will be written as follows:

= D a 1 ur ur GlnTW g <
PESMJ +§(T—]§b;j T { ]t ’ furb +Rjj Dij—JElb}. (1.37)
j

(b)j
turb ]
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1.4. Balance equation for full entropy of multicomponent
turbulized continuum

The introduction of two entropies (S)(x;,t)and S,,;(x;,t) corresponds to

the presentation of turbulized continuum in the form of a thermodynamic
complex consisting of two subsystems - a turbulent chaos subsystem and an
averaged molecular chaos subsystem. The summary balance equation for a
full entropy 5. (x;,£) =(5)+S5,,,, of the turbulized mixture follows from (1.22)

and (1.29):
N N
D P ]turb' [q?_z;(Ho)]i] j

—S. + 0y ,
P < T :

i turb

(1.38)

where

(1) (1)
0<o, = =0, +Os +04 ¢ (1.39)

1 { pp O B +Z<A>i )

('5Z =
(T) ox, ox,

). 121D
Y JE (D — ( & j (hy) oc:|}+
> [ o .

alnT 0 T —{T)
Jhurt turb | Ry Dz] +3 b(Lj (1.40)
Eurb{ . ] Tturb<T>

Are here Tc(xj,t)z%(TijBij) — so-called viscous pressure; then the scalar

product of the tensor viscous stress and the velocity gradient tensor can be

—Xwy) __Kuy)
represented as: T, =T +7 D The volume velocity of full entro-

y Gx 0X,

py generation G, represents a bilinear form generated by generalized ther-

modynamic flows and forces.
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2. Thermodynamic derivation of basic equations
in multicomponent turbulized media

To find the basic relations for generalized thermodynamic flows and
forces one can make use of Onzager’s formalism of non-equilibrium thermo-
dynamics proceeding from the growth of full entropy of a turbulized contin-
uum and, thus, taking into account the interrelation between averaged mo-
lecular and turbulent characteristics [7].

2.1. Linear rheological relations

Expressing the gradient of a weighted average partial chemical potential
(ua>(xj,t), taken for a turbulized ideal mixture of perfect gases in the form

[16]
Q) =w, (PAD)+k(DIn (@, /7) (2=12,.,N) (1)

(here b (x ].,t) is the chemical potential of a pure component o at tempera-
ture (T) and pressure P), in terms of gradients of averaged hydrodynamic
quantities (T), p, i, /11 (a=1,2,...,N), one can easily obtain for a volume

velocity of generation of system's full entropy Gy the bilinear form:

ey
<S>

r 0
s =D & Ya, +]qj +Z]a]Y ATY, +T; YD +
51

(1)

Gsturb o
(S)Sturb
turb <o
+]<b>]Y<b>]+ RIJYR + SepYep (2.2)

where the following designations for generalized thermodynamic flows

Sgp(x;,1) and forces are 1ntroduced.

i, )= 1 Ty _ a(i 1 47

;Y i (X, ) = Wb, (2.3)
(T)? 0x,  0x, <T>] O ox
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N
YAS(x]-,t)E<£f>>=—L;%VBS, (s=12,..,7), (2.4)
1 o) 1.0 1 0
Yn(Xj/t)=m 8)(];{ , YDlj(Xjrt)=aDij/ YRij(Xjrt)=mDij/ (2.5)
* :_i <Hoc> 0 1 F(xj
Yo/ = axj(<Dj+<h“>axj ol e
YElb(x]-,t)E(ET”:szg | 2.7)

The Onzager formalism of non-equilibrium thermodynamics allows to
find the basic relations between thermodynamic flows and forces for three
main turbulent flow regions: for a laminar sub-layer region; for a buffer zone
— an intermediate region, in which the molecular and turbulent transfer ef-

fects are compatible in their significance; and for the developed turbulent

. . . - furb — .
flow region, in which R; >>1,, q;"" >>q;, etc. At states close to local equi-

librium the flows can be presented in the form of linear functions of thermo-
dynamic forces (see formula (1.1)) J ; = ;LEBXW (0,=1,2,..., f). The matrix

of coefficients Ll(])L g in the general case of turbulent field will depend only on

state parameters and on parameters characterizing the geometric symmetry
of a medium, but also on averaged characteristics of the field of pulsating ve-
locities, i.e. on (b), <8b>, etc. As seen from (2.2), as compared to regular multi-

component mixtures, in the case of turbulized multicomponent media the
spectrum of cross effects ever expands. So, for example, thermodynamic forc-
es, causing the transport of turbulent kinetic energy (b), have additional ef-
fect on averaged diffusion flows Ta].. However, at present there are no exper-

imental data confirming and quantitatively describing the cross effects of
such a type. Besides, as usual, the contribution of any cross effect into the to-
tal rate of the process in an order of magnitude lower than the direct effects
[3, 4]. Taking this fact into account, we shall use the requirement of positivity

of intensities GE%, Gg) 7 Oty bindependently of each other, supposing in
tur "tur

this case that the turbulent chaos subsystem has no effect on corresponding
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0

linear relations, for example, between r_i]-(xj,t) and Di]. . We shall also further
omit some cross effects in rheological relations without special explanations.

As an example, we shall consider in detail the derivation of basic rela-
tions for the case of small-scale turbulence, in which, as a rule, the tendency
to establishing the local statistic isotropy (when statistical properties of a tur-
bulized flow do not depend on the direction) is observed. The developed ap-
proach can easily be generalized to the case of non-isotropic large-scale tur-
bulence as well [12].

According to the general theory of tensor functions [17], the symmetry

properties of isotropic media are well characterized by metric tensor gij :all
tensors will be tensor functions of a metric tensor only: IféB = aBgij
(o,=1,2,...f). Besides, because of the absence of interference between the
flows and thermodynamic forces of various tensor dimensionality in the iso-
tropic system (the Curie principle), one can consider, for example, the phenom-
ena described by polar vectors (heat conductivity, diffusion) regardless of
scalar, tensor and other phenomena [3]. Thus, assuming additional hypothe-
ses usual for non-equilibrium thermodynamics, such as Markov's character of
a system (according to which the flows at the given time moment depend on-
ly on generalized forces taken at the same moment) and the linearity of pro-

cesses (according to which the flows are proportional to forces), we obtain
from (2.2) in the rectangular coordinate system (g” ESZ.].) the following phe-
nomenological relations:

N

o () =q; =P Z< A ( jZ o Yy (28)

p=1

o (1 5 o
Jo o)=L aOa ((Dj ﬁlL"‘Bﬁ (2.9)
(oc 1,2,..,N),
O(X D=LY. ., F(x,t)=m | Q) +Y1(A) (2.10)
P ]' (ﬂ 0X, ‘3 '

R, (1) ==H4P(b)Sy + Ly Yo, (2.11)

turb
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7 1 a(”z) <As>
(X, ) =g —— lsm s=12,.,7), (212
T p(Xj,1)=1p | 11— <T>j 2.13
E,b( ] ) E,( turb<T> ( )
Here fi(x;,t) = L (x;,t)=- b b Loyt (x;,t)= u are kinet-
MG =y W=y M0,

ic coefficients; and here, once the linear relations (2.8) and (2.9) are postulat-
ed, the Onzager theorem yields

L B—LZB (p=12..N). (2.14)

Besides, the linear independence of thermodynamic forces gives rise to the
following relations:

imaL%) =0, Zm [25=0, (B=12,..N). (2.15)

Taking into account relations (2.10) for an averaged tensor of viscous
stresses, we obtain

s [82,20) 20,80 s 80

]

where I and [i, are, respectively, the viscosity coefficient and the second vis-
cosity coefficient, which depend on averaged parameters of a turbulized me-
dium (1), p, {z,) (a=1,2,..,N). Thus, the basic relation for tensor

I_jk(xj,t) was obtained here directly by non-equilibrium thermodynamics

methods without attracting an appropriate analog for molecular (instantane-
ous) quantities.

Similarly, using (2.11) and (1.35), we obtain for Reynolds’tensor the fol-
lowing most complete form, which is valid in the case of isotropic turbulence:

Rje(xj, 1) = =75P0)8 )1 + Ly, YR, =
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:_%5<b>5jk+Hturb{a<uk>+a<uj>] 25, 5<’“‘l>}, 2.17)

aX]' 8Xk 3 0 X]

turb turb turb

where p ), V are, respectively, the scalar coefficient of turbu-

(=pv
lent viscosity and the coefficient of kinematic turbulent viscosity.

It should be noted, however, that relation (2.17) for Reynolds’stresses is
not a single possible one (see, for example, [23]). In case if the anisotropy of
turbulent pulsations is taken into account, this relation is additionally com-
plicated, since it requires that the turbulent viscosity coefficient be replaced

by the tensor (of the 4-th rank) [10, 12].

2.2. Turbulent diffusion and heat flows
in the developed turbulent flow

Rheological relations (2.8) and (2.9) for turbulent flows of diffusion
J5 (X],t) (x=1,2,...,N) and heat ] (X;,t), can be written in the following

form:
]ij (X]-,t) — _ﬁaDZq aln<T> -7 ZDEB dg]trb, (218)
(o= 1,2,...,N),
a Ur!
JE (x, ) =—AF <’D ZD%B dy”, (2.19)

where the scalar phenomenological coefficients Ax, Dz D?B’ which depend

on averaged state parameters P, (I), (z,) (a=1,2,..,N) and parameter (b),

characterizing the physical nature of a turbulized medium, satisfy Onzager’s
conditions of symmetry (2.14) and conditions (2.15). By analogy with a lami-
nary regime (see [9]), we have introduced: symmetric multicomponent coeffi-

cients of turbulent diffusion Dfﬁ (o,fp=1,2,...,N), turbulent thermodiffusion

coefficients D;:ﬁ (B=1,2,..,N)and turbulent heat conductivity coefficient AE

for a multicomponent gas by means of the following definitions:
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. M LZ —
rele  pr__two D =D =—F (2.20)
n

@ (D, GRS

Coefficients D?B (X;,t) and DEB (x;,t), in virtue of (2.15), satisfy the relations

i<CG>D§a=O, Z(c DX, =0, (a,B=12,.,N). (2.21)

a=1

In order to introduce the turbulent exchange coefficients, which are simi-
lar to corresponding coefficients for regular (laminar) flow regimes (see [10]),
we introduce are here, instead of linearly independent vectors Y;]., a new set

of linearly dependent vectors dg;rb (x;,£) (B=1,2,..,N) by letting

T)n ol
dg;fb(x].,t)s—%y ~(6) ”p pﬁZ<z> (2.22)

Zd””b (x,£)=0 (2.23)

(here (cg)=mpiz /P ). Then, with regard to formula (2.6) that determines vec-
tors Y;;, we obtain the following expression for generalized thermodynamic

forces:
dg;frb(xj,t)E%[%J [ —(c >J51””—"—{F mBZ<z> }(224
]

which is completely similar in structure to the appropriate expression for the

case of regular motion of a mixture.
Herefrom, using formulae (1.26) and (2.19) for a normalized heat flow

Tf] (X]. ,t), we finally find:

z £)=— Liq 8<T> - —ZDZ dturb+!—”+i h ) 295
q;(x; 1) = T ox p2 Dndy +pu; (H( 1o (225)

j

T
Jo ;1) =-7,Dp, al”< )_ ZDﬁBdg”b, (a=1,2,..,N). (2.26)
]
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Rheological relations (2.25) and (2.26) for flows of diffusion ]i] (X].,t) and

heat q]; (X].,t) most completely describe heat- and mass-transport in a turbu-

lized gas mixture; but, unfortunately, in virtue of limited amount of experi-
mental data on turbulent exchange coefficients, we are forced to use more
simplified models at the given stage of multicomponent turbulence model-
ing.

3. Generalized Stefan Maxwell relations and
the heat flow for turbulent multicomponent continua

3.1. Stefan—Maxwell relations

It is very difficult to use the defining relations (2.26) for the diffusion

fluxes ]ij (X]. ,t) in the general, multicomponent case, because, with rare ex-

ception, there is no practical information on the generalized multicomponent
coefficients of turbulent diffusion DEB in the literature, while the available

experimental data refer mainly to the coefficients of turbulent diffusion J@EB

in binary gas mixtures. In addition, the system of diffusion equations ob-

tained after the substitution of ]i] (X]. ,) from (2.26) into the balance equations

(1.17) turns out to be unresolvable with respect to the higher-order deriva-
tives. A numerical realization of such systems is known to involve certain dif-
ficulties. Therefore, when the diffusion processes in multicomponent gas mix-
tures are analyzed, a different formulation of the problem where the defining
relations (2.26) for the diffusion fluxes are used in a form resolved with re-

spect to the diffusive thermodynamic forces dg]frb via the fluxes ]ij is often

more advantageous. Such an inverse transformation can be written in the
form of the so-called generalized Stefan—-Maxwell relations

T A T b aZn<T>
BJa a’p
dél] =OLZ:1: ﬁ]ZQZB : Zl: n2@z ( _Dia)/ (B=1,2,...,N)
a=p

which include the coefficients of turbulent diffusion in binary gas mixtures
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J@EB instead of the generalized multicomponent coefficients of turbulent dif-

fusion Di[s' The advantage of these equations is that the quantity @35 in

them is almost independent of the concentrations of the individual compo-
nents in gas mixtures at low densities.

Historically, Stefan-Maxwell relations for regular flows (without thermal
diffusion, D, =0) were derived by Stefan (1871) and Maxwell (1890) phe-

nomenologically by assuming that the force exerted on particles of type o
from particles of type 3 was proportional to the difference of their diffusion

velocities and that the total resistance force to the motion of particles of type
o in a mixture was equal to the sum of the independent resistance forces
from all the remaining particles (of other types). Generalized Stefan-Maxwell
relations (including thermal diffusion and the effects of external mass forces)
were derived by the methods of the kinetic theory of monoatomic gases in the
book by Hirschfelder et al. [27] in the first approximation of the Chap-

man-Enskog theory for the multicomponent diffusion coefficients Daﬁ and in

the second approximation for the thermal diffusion coefficients D, . Mucken-

fuss and Curtiss [28] derived these relations in the full second approximation
of the Chapman-Enskog. Subsequently, unsuccessful attempts were made in
a number of works to obtain Stefan—-Maxwell relations from the gas-kinetic
theory in any approximation of the transport coefficients (see, [19, 27]). For
this reason, Truesdell [29] suggested that the Stefan—-Maxwell relations were
not universal but were an approximate result of the kinetic theory. However,
subsequently, these relations were first derived by Kolesnichenko and Tirskii
[5] by the methods of nonequilibrium thermodynamics, thereby proving their
absolute universality (i.e., the legitimacy of applying to any mutually diffus-
ing media).

To derive the generalized Stetan-Maxwell relations [5] for turbulent me-
dia we resolve equations (2.18) and (2.19) with respect to generalized ther-

modynamic forces X, (x;,t) and X;.(X;,t) (B=12,..,N) defined by the ex-

pressions

1 om
(T)* ox;

Xo; (¢, 5 =Y (x; 1) =~
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Xy (X ,t) = —ﬁd“‘”’, (;<ZB> Xy = OJ

in terms of flows J,.(X; ,f) EE. (x;,t) and J; (X;,f) E]ij (x;,t) (=12,..,N)
1z
L Z 0p BJ

o =L Xy, +Z oo Xy (@=1,2,.,N),  (3.1)

This procedure is completely similar to that outlined in paper [9] for regular
flows. For this purpose we omit the last equation of system (3.1) and re-write
(3.1), using (2.15), in the form

. S m,
L5 X, :ZLOB xBj—m—xN]. , (3.2)
p=1 N
o — Lo Xo; ZLE { } (@=12,..,N-1). (3.3)
My
Resolving the system (3.3) with respect to XB].—(m[3 [ my, )XBN]. we find

m N-1
——LX,, = Z;Mga(Jaj —I5, X)), (B=12,..,N-1), (3.4)

where the elements of reverse matrix Mga satisfy the relations

& L, B=y
ZM@L@ =35, :{0, Ber (3.5)

The symmetry of coefficients Méa follows from the symmetry of phe-

nomenological coefficients LiB
Miﬁ =M§a, (o,p=12,..,N-1). (3.6)

Using (3.4), we find from equation (3.2):
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s N-1 N-1 s s s N-1| N-1 5 s
Joi =| Lo = 2. D LM Loy | X+ 2 D LMy Moi- B9

a1 Bl a1 BT
N
Multiplying each of equations (3.4) by (z) (Zmﬁ<zﬁ>:1’
BT

N
Z<ZB> Xg; =0) and summing up them from 1 to N-1, we find the sought re-
BT

lations for vectors of diffusion forces:

N-1 N-1 N-1| N-1
Xy = {mNZ D (z, >M§QL§G} Xoj—mNZ{Z“(zy)Mfa}Jaj, (3.8)

a=1 y=1 a=1]| y=1

N-1 N-1 N-1
X, ZE{ Byzll(z YME - MEQ}XOJ.—;{MEQ—mB;<zy>Mfa}Ja]

(Bzolll"'lN_l) (39)

The thermodynamic force Xo]' can be found from expression (3.7). Equations

(3.8) and (3.9) represent the reversal of relations (3.3).
In order to write down equations (3.8) and (3.9) in the Stefan-Maxwell
N
form, we add the identity ZmaJaj =0, multiplied by a,,4, and a
a=1
B=12,.,N-1) to (3.7), (3.8) and (3.9), respectively, and determine constants
@, and 4, from the condition of symmetry of coefficients A . For this purpose

p

one must let
N=1 N-1

a,==) D> (2 WML, (3.10)

o=1 y=1

:—g —Z(z) wr (B=12,..,N-1). (3.11)
My
Then we obtain

0 = A Xoi + D Agdo, (3.12)
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; N
=X =cAy, X0j+;cj4ﬁaJa]. ,  (B=12.,N) (3.13)

where coefficients -/ are equal to

N-1 N-1

Ay, =1, - ;‘ ZL@BMfBLﬁy, (3.14)
g
N=1 N-1 o
Aoy =A oMy :_mNZ Z<Zv> ychoa/ (3.15)
o=l y=1

N-1 N-1 N-1
Ay =A  =am, + ;Lgﬁmga = ;Lﬁﬁ {Méa —maZ<zy>M§B} ,  (3.16)

y=1

(@=0,1,..,N-1),

= mamB < ) ) )
Ay =y =——La, + (2 )M +m )=, (3.17)
N =1
(o,p=0,1,...,N-1),
N-1 §
Ao =y =06, + 110y Z:(:zy M., (3.18)
y=1
dg}\]}\] = _aNmN/ (319)
where the identity
N
D (2,0, =0 (3.20)
a=1

takes place.
Thus, coefficients cﬁfaﬁ (a,p=0,1,...,N) are still determined to an accura-

cy of constant 4, which can be chosen arbitrarily, generally speaking. Fur-

ther we shall determine this constant supposing the diffusion flows Ja]. to be

arbitrary.
Now we re-write relations (3.12) and (3.13) in the form

N
Xo; = (1A ) oy = 2(Aou /A0 sy (3.21)

a=1
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Xy = (Ao /A )y +i[(%ﬁocﬁw/ﬂoo)—ﬁﬁa}laj, (3.22)

a=1

B=12,..N)

N
Using the identity Z<ZB>XB]' =0 and the arbitrary nature of vectors J;,, we
BT

obtain with regard to (3.20):

N
D (z) Ay, =0, (@=1,2,..,N). (3.23)
B=1
Substituting coefficients (3.17) and (3.18) into these relations, we find the coef-
ficient a,:

N-1 N-1

ay ==y D, > (z, Xz )Mz, (3.24)
B=1 y=1
Constants in (3.14)-(3.19) are, thus, completely determined in terms of

the elements of a symmetric matrix of phenomenological coefficients LiB

and the elements of symmetric matrix Miﬁ, which is reverse to former one.
Now we transform equations (3.13) to the form of generalized Stefan—
Maxwell relations for a multicomponent diffusion in the turbulent flow. For

this purpose we subtract expression (3.23), multiplied by ]g] /<ZB>’ from
(3.13). Then we find

N (z,)
—X,, = Ay XO].+;@4M [Ja]. e Jy J , (B=12,..,N)  (3.25)

a=p

or, in usual designations,

N A AN
di=> 2 (—J 7iJ ) s X 12, N).  (3.26)

Sop ) R o,

o=p

What is remained now, is to show that
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S z z

Ayg == A | Lo — Lo LOB , B=12,.,N). (3.27)
oa=1 B

Using expressions (3.16) and (3.17) as well as identities (3.20) and (3.23),
we find

idgﬁa [L%)a_% L%)B J: Z%BaLﬁa Zn Cﬂ C74[31\11‘%)1\] Z%Boc[‘%)oc =
B

a=1 ﬁ a=1

N-1
DY [af
o=1

Substituting (3.27) into (3.26) and using designations of (2.28), we final-
ly find:
N A
_ Po (= 7
=2 — (”ﬁJaj ol )

a=1 ]9

o=p a;tB

B=12,..,N)

m N-1 s s N-1 .
——= A =ZLO{—MBOL+mBZ(zy)Mw}=—cﬁoﬁ. (3.28)

a=1 y=1

nn (

D?B). (3.29)

If we introduce the binary coefficients of turbulent diffusion O, and

turbulent thermodiffusion relations k> by formulae
@iﬁ EkB<T>/ﬁC74a5/ (OL,BZLZ,...,N), (1)
Ky =7Ay0 /P, (B=12,..,N), ) (3.30)

then we obtain from (3.26) the following generalized form for Stefan—
Maxwell relations in a developed turbulent flow:

. o7 olnp T N
dy” Eg[ %B J { —( >j i {Fﬁj_mszll@& Foq}:
] *=

N7 =1, ) aln(T)
Nl Bj -
; —]2@2 : k?ﬁ ax / (B - 1/2/---/N_1); (331)

o=p
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N
> mgJ5; =0. (3.32)
a=1

These relations are quite similar in structure to Stefan-Maxwell relations

7 o Iy onT
BJa atBi B
; né@ : _dB] +kTB ax / (6_1/2/---/1\])

of ]
o=p

which have first been obtained thermodynamically for regular flows in [5].
Using (3.30), (2.28) and (3.28), one can show that there also exist the ex-
pressions (similar to corresponding expressions for a regular motion):

N, n.n

kKX, => 22 (D -D% ), 3.33
B ;772@2[3( B T) ( )
$=12,..,N)

which associate turbulent diffusion relations k?B with turbulent thermodiffu-

sion coefficients D%B of multicomponent mixtures.

In virtue of (3.20), the equality

N
Yk, =0 (3.34)
a=1

takes place.
Besides, one can easily prove the formula

N
D LA =L, (@=12.,N). (3.35)
p=1

from which, with regard to definitions (2.28) and (3.30@), the system of equa-

tions follows for finding parameters k?ﬁ in terms of parameters DEB and D :

N
D> Dikr =Dj, (¢=12,..,N). (3.36)
B=1

Indeed, using relations (2.15), (3.5), (3.15) and (3.16), we find

N N-1 N-1
> 7z > _ z
ZLQB%BO =1 Ay, +ZL@B04BO ——QOZmBLaB 4
p=1 p=1 B=1
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aB” YR 0y
p=1 v=1

N-1 N-1
+Z {a m JFZLZ ME} = LML = (3.37)
p=1

y=1

Thus, relations (3.38), (3.34) and (3.36) for turbulent thermodiffusion ra-
tios, which are valid, as shown in [6, 12, 19], for regular multicomponent flow
as well, have universal character, i.e. they can be used for description of all
regimes of motion in a fluid.

And, finally, using turbulent thermodiffusion relations, expressions

(2.27) for turbulent diffusion flows ]i] can be written in the following form

convenient for practical applications:
N In{T
Jo =—ﬁQZD§B [dgj K> %J, (a=12,..,N). (3.38)
=1

3.2. Complete heat flow in turbulent multicomponent media

The complete heat flow of a mixture, caused by turbulent heat conduc-

tivity and turbulent diffusion & =q.+§"" =g —p'u’, is equal to (see
y d; =q,+q; q Py, q

(1.26) and (2.25))

. XT b N
q]? = q] p ! = < ) _ ZD?B dg] b +Z<ha>]§j. (3.39)
p=1 a=1
From (3.12) with regard to (3.30@) nB / P, one can obtain for a nor-

malized turbulent heat flow Joj = qu another expression corresponding to the

Stefan—-Maxwell relations (3.12):

o . XD kg,
]‘?] =J _C’{ Xo; +Z Oa oj =—A a—x +P; s ]aj, (3.40)
or
5 - N O B N kza N
=Pl = gy e S .
o=1 6X] o=1 N, =1
Here

= A, /(T (3.41)
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denotes a true turbulent heat conductivity coefficient, which is associated

with coefficient 712, introduced earlier, (see (2.28)) by the relation

B TR e To™"af TR
=] o=

A N A N N
A=A = ki) DEke =0T — ki) Yk DK (3.42)
p=1

Indeed, in virtue of (3.5), (3.14) and (3.31), we shall have

N=1 N-1 N=1 N1
_ 71z N RS NS> s Az [ s
Ugoo: Loo - Z ZLOSMSOLLOOL_ Loo - Z LoaMesq l:LON Ui[No*'
o=1 -1 o=1 -1

N-1 N-1 N
+;@W%}ﬁvg}%@rﬁsz%—;qﬂ%,@%)

wherefrom, with using designations (2.28), (3.30®) and (3.41), relation (3.42)
is deduced.

Thus, the complete heat flow in turbulent multicomponent gas mixtures
can be written as

— s AT _Kp, o &
G =P 22 S Py ST (G

a X]' a=1

This relation is completely similar (with the exception of the first term) to the
corresponding expression for regular motion obtained both thermodynami-
cally [5] and by methods of kinetic theory of multicomponent gases [12, 19].

The true turbulent heat conductivity coefficient A* can be directly
measured experimentally for a steady regime of mixture motion, since in this

case all turbulent diffusion flows ]i] are zeroes (if the gas is rested, general-
ly). As seen from (3.42), the difference between coefficients A" and A* is of
the order of (D%3 )*. Since the turbulent thermodiffusion coefficients are small

(this effect was not yet discovered experimentally), this difference can appar-

N N
ently be neglected under usual conditions. The term kBﬁZZkZ D> k=, in

Ta " aff TR
B=1 a=1

expression (3.42) for a heat flow vector corresponds to the turbulent diffusion
heat flow.
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One can also write down the system of equations (the analog of system
(3.78) from paper [9]), which allows to determine turbulent multicomponent

diffusion coefficients Diﬁ in terms of turbulent binary diffusion coefficients
turb
Dy -
Conclusion

Within the framework of the phenomenological theory of turbulence of a
multicomponent chemically active gas continuum the thermodynamic ap-
proach to closure of hydrodynamic equations of the average motion is con-
sidered at the level of first-order models. This approach allows to find more
general expressions for turbulent flows in a multicomponent medium, than
those derived with using the mixture path notion. The presentation of a tur-
bulized continuum in the form of thermodynamic complex consisting of two
subsystems — the pulsation motion (turbulent chaos) subsystem and the aver-
age motion (averaged molecular chaos) subsystem — makes it possible to ob-
tain, with using the non-equilibrium thermodynamics methods, the expres-
sions for turbulent flows of heat and momentum, which generalize corre-
sponding results of homogeneous fluid hydrodynamics for the case of multi-
component mixtures.

e The averaging of the fundamental Gibbs identity, which is valid for
micro-motions of a multicomponent mixture, allowed to obtain a substan-
tional form of the balance of a weighted average specific entropy for the sub-
system of the average motion of a turbulized continuum and to find an ex-
plicit expression for averaged molecular and turbulent flows of entropy (as-
sociated with corresponding flows of heat and diffusion), for the rate of local
production of averaged entropy (caused by irreversible processes inside the
averaged molecular chaos subsystem) and for the rate of entropy exchange
between pulsation and averaged motion subsystems. The state parameters
for the turbulent chaos subsystem (such as turbulization temperature and
pressure, for example) are introduced by means of postulating the corre-
sponding Gibbs identity. The evolution balance equation for turbulization
entropy (written in the substantional form) is analyzed; the explicit form of a
pulsation entropy flow is found, as well as the expressions for a local produc-
tion and effluence of turbulent chaos subsystem's entropy. The balance equa-
tion for a complete (turbulent and averaged molecular) entropy of a turbu-
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lized continuum is obtained, which allows to find rather accurate expressions
for turbulent thermodynamic flows in multicomponent media.

e The Onzager formalism of non-equilibrium thermodynamics allows
to find basic relations between thermodynamic flows and forces for three
main regions of turbulized flow: the laminar sublayer region , the buffer zone
— an intermediate region, in which the molecular and turbulent transport ef-
fects are comparable in their significance (in the atmosphere — the turbo-
pause) and the developed turbulent flow region. As an example, the author
presented a detailed derivation of these relations for the case of small-scale
turbulence, for which there exists a tendency to establishing a local statistical
isotropy, when statistic properties of a turbulized flow (and, thus, the turbu-
lent transport coefficients) do not depend on the direction. The developed
approach can easily be generalized for the case of non-isotropic large-scale
turbulence.

e In the particular case of a local-stationary state of the developed tur-
bulent field, when there exists some internal equilibrium in the turbulence
structure, in which the turbulization entropy production approximately
equals its effluence (as the measurements of turbulence energy budget in a
homogeneous flow with the velocity gradient have shown, this situation
takes place, for example, for a forced convection regime in the atmosphere);
the Stefan—-Maxwell relations for a multicomponent diffusion and the appro-
priate expression for the heat flow in a turbulized continuum are obtained, as
well as the equations for determining turbulent multicomponent diffusion
coefficients in terms of turbulent binary diffusion coefficients. The obtained
relations of "forces through flows" most completely describe heat- and mass-
exchange in a multicomponent turbulent medium; but, unfortunately, due to
the lack of experimental data on turbulent transport coefficients, only simpli-
tied models have to be used at the given stage.
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