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YIK 519.688
Kopuees B. A., JleBuenko B. /I.

Db dexTuBHOE UNC/IEHHOE MOJIEJINPOBAHNE 3a/Ia9l O B3AMMO/IeCTBAN
IIy3bIpbKa ra3a ¢ YJIapHOIl BOJIHON B TPEXMEPHON IIOCTAHOBKE C IIOMOIIBIO
qucsennoro merosa RKDG n DiamondTorre asropurma peajnsaimn

Annaoranusa. B nannoii pabore paccmorpen meton RKDG jist perierust Tpex-
MEPHBIX ypaBHeHUiI Jiijepa ra3oBoil guHamuku. Mcnosb3yercs sddexTuBHAast
peasmzalis ducjaeHHoit cxembl ¢ momoribio LRnLA anropurma DiamondTor-
re. PaccmarpuBaercd 3a/1ada 0 B3anMOJIEICTBUM MTy3bIpbKa ¢ YJapHON BOJIHOM B
TpexXMepHOil TOCTaHOBKe. PacecMOTpennl /iBa ciydas: pa3pesKeHHoro my3blpbKa, 1
IJIOTHOT'O ITY3bIPbKa, COOTBETCTBYIOIIME JBYM PEKHMaM — KBa3UCTAI[MOHAPHO-
My PEXKUMY C BO3HUKHOBEHUEM JOJTOXKUBYIINX BUXPEBBIX KOJIEIl U HEYCTOWUN-
BOMY PEKHMY, IIPH KOTOPOM BO3HUKAIOT HECTAOUJIbHBIE BUXPEBbIE CTPYKTYPHI.
[Toryuennble JaHHble HAXOMIATCS B COIVIACUU C U3BECTHBLIMU PE3yJIbTaTaMU IKC-
HEePUMEHTOB U YNCJIEHHBIX PacuéToB. OTMeUaeTCsl, YTO Pe3y/IbTaThl BbIUYNUC/IEHUIT
MOJIyYeHbI Oe3 UCIOJIL30BAHUS JIOPOrOii CYTIePKOMITBIOTEPHON TEXHITKH.
KuroueBbie cioBa: razosas guHamuka, RKDG meros, asropurm Diamond-
Torre, Borunciienust va GPU, B3aumoieiicTBue 1my3bIpbka ¢ yjiapHOii BOJTHOI.

Korneev B. A., Levchenko V. D.

Effective numerical simulation of the gas bubble-shock interaction problem
using the RKDG numerical method and the DiamondTorre algorithm of the
implementation

Abstract. In this paper the RKDG method for solving three-dimensional Euler
equations of gas dynamics is considered. For the scheme the effective implemen-
tation algorithm called DiamondTorre is used. The problem of the interaction
of a spherical bubble with a shock wave is considered in the three-dimensional
setting. Two cases are considered: the first is the rarefied bubble and the second is
the dense bubble which corresponds to the two regimes, quasi-stationary regime
with the emergence of stable vortex rings and unstable regime, in which unstable
vortex structures appear. The obtained results are in agreement with the known
results of experiments and numerical simulations. It is noted that the calculation
results are obtained without the use of expensive supercomputer technologies.

Keywords: fluid dynamics, RKDG method, DiamondTorre algorithm, GPU
computing, bubble-shock interaction problem.



1 Introduction

In this work the RKDG method (Runge-Kutta discontinuous Galerkin method)
for the numerical solution of non-stationary equations of fluid dynamics is consid-
ered [1]. RKDG method is the high-order, non-oscillating and explicit method.
It has some common features with the finite volume methods [2] and the finite
element Galerkin method [3|. For the numerical fluxes construction, the exact
or approximate Riemann solvers are used, which makes the RKDG closer to the
Godunov methods [4].

The aim of this work is numerical simulation in the three-dimensional case with
precise and detailed results. Moreover, encouraged by the progress of modern
computer performance, it is desired to implement the numerical scheme using
less number of computational units and obtaining more computational speed.
As the attempt to partly resolve these difficulties, the numerical implementation
algorithm called DiamondTorre is developed, which belongs to the family of
LRnLA algorithms. The research of their use in various fields of computational
physics like the numerical modeling of processes in the plasma physics [5] and
the wave propagation [6, 7| show that LRnLLA have the increased calculation
speed, as well as the scalability and the parallel efficiency.

In this paper the application of the RKDG method and the LRnLA algorithms
to the problem of interaction between the shock wave and the bubble of gas with
the different density in the three-dimensional setting is investigated. This prob-
lem, which is thoroughly studied last years [§], is linked to the important tasks
such as the description of turbulent combustion in the jet engines, interaction
of fuel slurry with a shock wave of the piston in the internal combustion en-
gines, the non-surgical removal of kidney stones (lithotripsy), the research of
sonoluminescence, some problems in astrophysics and others. This problem is
being numerically simulated with the use of high-performance computing [8, 9.
The works are known, where the RKDG method is used [10] for that. In this
paper we introduce the RKDG method and the DiamondTorre algorithm to solve
this problem with satisfactory accuracy without using the luxurious supercom-
puter technologies.!

IThis doesn’t mean that the authors alienate themselves from the supercomputers. The idea is
that nowadays we might use them for significantly more harsh problems.
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2 RKDG method

2.1 Governing equations

The system of Euler equations of fluid dynamics of the inviscid compressible

flow can be written as
ou  OF;(U)

T or) =0, (1)

where U = (p, pu;, E)T is the vector of conservative variables, £ = p(e—i—%uiui) is the
total energy, F;(U) = (puj, puju; + pd;;, (E —|—p)uj)T are the convective or FEulerian
fluxes.

We also should add the equation of state to make the internal energy, the
pressure and the density functionally depended like ¢ = (p, p).

This system is being solved in a three-dimensional domain IT € R? on a time
interval [0, 7] with the given initial and boundary conditions

U(z,0) = Ug(x), » € I, U(z,t) = Up(z,t), z €9, t €[0,T). (2)

2.2 DG space discretization

The domain II is divided into N non-overlapping elements or cells Sp, p =
1,...,N, U]])\le Sp =1L, SyN Sy =0, p# g We will construct the approximate
solution Uy, for every S, in form of the expansion

Up(z,1) = un(t)en(z) (3)

of the basis functions v, = {gpn(xi)}ﬁzl. The coefficient up(t) = [ul(®),... w2 )T is
only time-dependent.

After inserting (3) into (1), we force the residual to be orthogonal to all basis
functions. Therefore, after applying the divergence theorem, we get such an
equality for the variables u,(t) in every Sp, n=1,...,k, p=1,...,N:

Un /Sp onemdV + /(95]0 hj (Uh(xint)vUh(xeact))@mnjdz - /Sp Fj(Uh)%’%dv =0, <4>
The values F;(Uy,) at € 0S), are redefined by the numerical flux 7;(-,-), which
depends on the variables according to the current cell side points z;,; and the
neighboring ones z.,¢, and can be the exact or approximate Riemann solver [1].
The numerical flux used in this work is the HLLC flux [11].
Integrals in (4) are approximated with the quadrature rules. Therefore such
an explicit system of the ordinary differential equations can be obtained



U = Lu, (5)
u(0) = ug.

2.3 Time integration and limiting

The system (5) is solved by the TVD Runge-Kutta scheme [12]. On every
stage the special limiter is applied.

1. w9 = AP(ug)
2.Vn=0,...,M —1:
o 40 =u",

evi=1,... K+1:u( {Z ajul) + B A L(u U)},
Wl = K+

P is the projection operator of the initial conditions on the discrete space. Coef-
ficients «a;;, 8; should provide the approximation order k+1 and satisty the TVD
condition [12]. The time step A" is taken from the CFL condition [1].

A is the slope limiter, which manages to suppress the spurious oscillations near
the discontinuities. The result of the work of the limiter depends on the values
in the current cell and adjacent ones.

In this work the piecewise linear basis, the 2 order Runge-Kutta scheme and
the minmod limiter [1] is used, so the scheme has the second order of accuracy
in smooth regions.

3 The algorithm of implementation

For the effective GPU implementation algorithm of the numerical method
the modified version of the DiamondTorre algorithm is used. In [13] it was
previously applied to the PIC numerical method for the numerical simulation of
Vlasov-Maxwell equations of plasma.

The DiamondTorre is of the family of locally recursive non-locally asynchronous
algorithms (LRnLA). The LRnLA are applicable to the explicit numerical schemes,
in particular, the RKDG method [14].

The DiamondTorre algorithm is adopted to the heterogeneous computer archi-
tecture and capable to solve the tasks with the numerical domain larger than the
amount of GPU memory with high ratio of calculation speed to the theoretically
possible. CUDA as the programming tool for GPGPU coding is used.



With the solver based on the RKDG method and the DiamondTorre algorithm
the detailed numerical simulation and analysis of some actual three-dimensional
problems can be performed, which is discussed further.

3.1 Limitations of the numerical experiments

The calculations in this work are performed using the PC having GTX Titan
GPU and 32GB of CPU memory (DDR3). The maximum size of the numerical
domain possible to deal with is less than 4-108 cells, which is limited by the
memory (80B is needed for one cell). The reached calculation speed is less than
45107 cells per second. Most of the simulations are made using the grid of
512 x 512 x 1024 cells or smaller.

4 Bubble-shock interaction problem solution

4.1 Problem statement

The computational domain is a box filled with an ideal gas at rest with density
p = pg and pressure p = pg, the speed of sound there is equal to ay. Inside this
parallelepiped the spherical region of radius R = R is defined, with the center at
the point (xq,yg, z9), Where the pressure is equal to the external, and the density
differs from the density of the ambient gas (pg = pg, pg # pg)- On the left, at
the coordinate = =z, there is a plane shock wave. Its front moves from left to
right with the speed of v« > ag, behind the shock wave the unknown quantities
are determined using the Rankine-Hugoniot conditions. Parameters of the shock
waves are given by the Mach number M = v./ag, the density of the bubble is
characterized by the Atwood number At = (pg — po) /(pB + Po) -

Due to the symmetry, to reduce the size of the computational domain, the task
is set to the quarter, as shown at figure 1, planes zy and yz have the symmetry
boundary condition, other planes have the boundary condition of the free flow.

4.2 Mesh-sensitive effects research

The numerical solution, as it proved in [8], has the mesh-sensitive features. To
search for it and to define the proper parameters of the mesh to be used further,
the following numerical experiment is set.

The same task is solved using the mesh with the width of 64,128,256 and 512
cells. Results are compared with each other at the same specified time moment.
At figures 2(a) —2(d) the part of the numerical solution in the diametrical cross-
section of the bubble is shown at the same fixed time moment. It is easy to see
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Figure 1: The computational domain at the initial time

Figure 2: The dependence of the solution on the mesh. The mesh width (a) is
64 cells, (b) is 128 cells, (c) is 256 cells, (d) is 512 cells

that the mesh shredding leads to the display of new slight details of the solution,
especially near the vortices.

Further the numerical experiments are held using the width of the grid equal
to 256 or 512.

4.3 The case of a rarefied gas in a bubble

The figures show the results of modeling the interaction of helium bubble in
air (At = —0.757) with a shock with Mach M = 3. In the papers [8] and [9] the
similar setting is considered. The mesh used is 256 x 256 x 1024 cells.

On the top half of each figure the vorticity is shown and density is shown on the
bottom one in the diametrical cross-section. Scales for vorticity and density are
at the top and bottom, respectively. At the initial stage of interaction, reflected
at figure 3(a), the shock wave penetrates into the cavity, deforming the surface
of the bubble, while the reflected rarefaction wave occurs. During the further
evolution of the process, it could seen at figure 3(b) that the initial perpendicular
wave, the wave-precursor and the Mach stem are connected to the so-called triple
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Figure 3: At = —0.757, M = 3; vorticity (top) and density (bottom) at the different
time moments: (a) ¢ =0.23, (b) £ =0.45, (¢) t =1.36, (d) £ = 1.78, (e) t = 2.23, ()
t=2.67

point. After passing through the bubble, wave initiates the formation of the
cylindrical-ring vortex structure, moving behind the shock wave, which mainly
consists of low-density gas. The following process is shown at figures 3(c) — 3(f).

4.4 The case of a dense gas in a bubble

The series of drawings 4(a) — 4(k) show the results of modeling the interaction
of the bubble with freon R12 (At = 0.613) in the air with a shock with Mach
M = 5. In the paper [8] this statement is also considered. On the top half of
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Figure 4: At = 0.613, M = 5; vorticity (top) an
time moments: (a) £ = 0.15, (b) £ = 0.3, (¢) ¢
t=09, (g) t=1.05, (h)t=21, (i) t=36, (j) ¢

ttom) at the different

d density (b
= )£ =06, (e) { =0.75 (f)

0.45, (d
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each figure the vorticity is shown and density is shown on the bottom one in
the diametrical cross-section. Scales for vorticity and density are at the top and
bottom, respectively. The mesh size is 256 x 256 x 1024 cells.

It should be noted that in this statement the process develops in the different
way from the Air-He case. The profile of the shock wave becomes concave and
focused while passing through the bubble. The bubble becomes deformed and
pressured. In addition, the development of the unstable vortex structures behind
the shock and exhausting from the bubble is obtained.

5 Concluding remarks

In this work the problem of bubble-shock interaction in fully three-dimensional
statement is considered. Using the RKDG method, which is an explicit and high-
order numerical method, and the DiamondTorre algorithm of implementation
on GPU, the approach to simulate this problem numerically at the affordable
computers, particularly, the PCs, is developed.

The mathematical model is rather simplified, for example, the multicompo-
nentness is not taken into account. However, this statement is basic and its
study is important for the extensions and applications. In the paper it is shown
that this problem can be simulated on the PC, which means that dealing with
more complex statements is also can be less difficult.
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