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OBuyunHukoB M.IO., IlenskoB B.U., Poagyrun /1.C.
TpexocHass MarHWTHasg CUCTEMA OPHUEHTAllMM CIIyTHHUKAa B HWHEPLHUAIbHOM
IPOCTPAHCTBE

PaccmarpuBaercs MarHuTHas cucremMa OpHEHTalNN CIIyTHHKA,
o0OecreynBamIasl €ro MNpOW3BOJBHYIO Hamepea 3aJaHHYI0 OpHUEHTAlHI0 B
MHEPLUHAIBHOM IIpocTpaHcTBe. Ha mpumepe miIockoro IBHKEHHUS PAaCCMAaTPUBAECTCS
joruka (OpMHUPOBAHMS aJTOPUTMA YIPABIEHUs, CX0Xasi ¢ KoHcTpyupoBanueM [1]1-
perynastopa. Pabora anroputma 3aTeM aHaJIU3UPYETCsl IpPU NOMOIIM METOJOB
OCpPEHEHHUSA, TOKa3bIBaeTCca JeMI(pUPOBAHUE YIIIOBOM CKOpPOCTH ammapara u
YCTOMUYMBOCTh TpeOyeMoi opueHTauuu. [Ipu nomomnm teopuun dioke nmoaduparorcs
ONTHUMAJIbHBIE TIO OBICTPOACHCTBUIO MapaMETPhI AIrOpUTMA

Kniouegvle cnoga: MarHuTHasi CUCTEMa OPUEHTALMU, TPEXOCHAS! OPUEHTALUS

Michael Ovchinnikov, Vladimir Penkov, Dmitry Roldugin
Active magnetic attitude control system providing three-axis inertial attitude

Active magnetic attitude control system providing arbitrary inertial attitude is
considered. An algorithm that closely resembles the PD-controller is constructed on
the basis of a planar model problem. System behavior is analyzed using averaging
technique. Angular velocity damping and the desired attitude stability are proven.
Optimal algorithm parameters are found.
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Introduction

A three-axis active magnetic attitude control system and related algorithms are
of great interest and importance if one considers small satellites. Being the low-cost,
reliable and small, magnetorquers are especially attractive for these satellites.
However, magnetic control is limited due to the underactuation problem. It is
Impossible to implement control torque along the geomagnetic field induction vector.
As a result, it is impossible to implement an arbitrary in terms of the direction torque
at each moment. Therefore it seems impossible to achieve necessary three-axis
attitude using numerically simple locally optimal algorithms.

Nevertheless, the work is underway to overcome the underactuation issue. We
can outline only one paper with a comprehensive analytical approach to the problem
[1]. It is shown that the three-axis magnetic attitude is achievable, though only small
vicinity of the necessary attitude is taken into account, the satellite is considered to be
a spherically-symmetrical one, and the whole analysis can be hardly interpreted in
order to implement on a spacecraft. Similar assumption on a spherically-symmetrical
satellite was made in [2]. An asymptotical stability of the necessary attitude is shown
using the Lyapunov function approach, however the analysis shows that the
assumption on the satellite inertia tensor is key to its overall success. The analysis is
not valid for a three-axial satellite and therefore is of limited technical importance.
There is a bunch of papers on the numerical analysis of the problem, we can outline
only interesting works [3] and [4]. Probably the most important paper on the three-
axis magnetic control apart from [1] is [5]. Performance of the three-axis magnetic
attitude control system of the Gurwin-Techsat small satellite is present. Only the
necessary attitude maintenance is shown, however, the work is of great importance,
showing the possibility to overcome the underactuation issue.

Present paper deals with this issue analytically. The control used is a PD-
controller inspired one that is the common way to construct a three-axis magnetic
control algorithm. Another construction approach is present. The control is studied
analytically in order to prove the asymptotical stability of the necessary attitude.
Optimal control parameters (in terms of the degree of stability) are found, numerical
analysis is carried out. Control limitations are assessed and overall recommendations
for the implementation are provided.

1. Problem statement

The choice of the geomagnetic field model is one of the most crucial points for
the success of the work. We use the averaged geomagnetic field model (simplified



direct dipole model) since it allows the most compact and simple, though rather
accurate geomagnetic field model approximation. It does not allow us to take into
account the non-uniformity of the geomagnetic induction vector motion (as the right
dipole model does) and its diurnal change (as the inclined dipole model does) but it is
considered as a good trade-off between the accuracy of modeling geomagnetic field
and the possibility to get analytical result. To introduce this model we need to notify
a reference system O,Y1Y,Y3 where O, is the Earth’s center, the O,Y; axis is directed
along with the Earth’s axis, O,Y1 lies in the Earth’s equatorial plane and is directed to
the ascending node of the satellite’s orbit, the O,Y, axis is directed so the system is
right-handed. If the magnetic induction vector source point is translated to the O,
then the cone is tangent to the O,Y3 axis, its axis lies in the O,Y,Y3 plane (Fig. 1). The
cone half-angle is given [6] by
3sin 2i

2(1—3sin2i+x/1+33in2i)
where i is the orbit inclination. The geomagnetic induction vector moves uniformly
on the cone side with the doubled orbital angular speed, y =2u+ y, where u is the

tg® = (1.2)

argument of latitude, «, is the orbital angular velocity. Without loss of generality we

can assume y, =0.
Ys
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Fig. 1. Averaged geomagnetic field model

Let us introduce the reference frames.
0a.Z1Z,Z3 is the inertial frame, got from the O,Y1Y,Y; turning by the angle ®
about the O,Y axis.



OLiL,L3 is the frame associated with the angular momentum of the satellite. O is
the satellite’s center of mass, the OL3 axis is directed along the angular momentum,
the OL, axis is perpendicular to OL3z and lies in a plane parallel to the O.Z:Z, plane
and containing O, OL,; is directed such that the reference frame is right-handed.

Ox1X2x3 IS the bound frame, its axes are directed along the principal axes of
inertia of the satellite.

Reference frames’ mutual orientation is described with the direction cosine
matrices Q, A, D expressed in the following tables

Ll I‘2 L3 X1 X2 X3 X2 X3
Z1 qll q12 q13 Ll all a12 a13 Zl d11 d12 d1

ZZ q21 q22 ng, I‘2 aZl a22 323’ ZZ d21 d22 d23

Z3 q3l q32 q33 L3 a31 a'32 a33 Z3 d31 d32 d33
We introduce subscripts Z,L,x to denote the vector components in frames
0.21Z,Z3, OL;1L,L3 and Oxix2x3 respectively. For example, for the first component of

a torque in these frames we write M,,M,, ,M,, .

We use the Beletsky-Chernousko variables and the Euler equations to represent
the motion of the satellite. The first set of variables are L, p,o,@,w,0 [7] where L is
the angular momentum magnitude, angles p,o represent its orientation with respect

to the 0,Z:Z,Z; frame (Fig. 2). Orientation of the frame Oxixox3 with respect to
OL;L,L3 is described using the Euler angles ¢, 0.
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Fig. 2. Angular momentum attitude in the inertial space



Direction cosine matrices Q and A take form
COS pCOSo  —Sino  Sin pCoSo
Q=| cospsinc cosoc sinpsinc (1.2)
—sin p 0 Cos p
COS@COSy —Ccosdsingsiny  —singCosy —Ccosdcosesiny — sindsiny
A =| cosgsiny +cosésingcosy  —singsiny +CcosS#Ccospcosy  —sindcosy (1.3)
sin@sing sindcose cosd

Inertia tensor of the satellite is J, =diag(A, A,C). Angular motion of the
satellite in a circular orbit is described [7] by the equations

ad_y. dp_ 1y do__ 1

d 'dt L *dt Lsinp °F

d—H:E(MZLCOSw—MlLSiny/),

dt L (1.4)
d_(P_Lcosg(l_ljJr L (M, cosy + M, siny)

dt C A) Lsingt YT TV
(ZI_‘/I’:%—%Mchosz//ctgé?—%MZL(ctgp+sinwctg9).

where M, ,M,, ,M,, are the torque components in OL;L,L3 frame.

In case of the Euler equations we use variables o,,®,,®;,a, 3,y where @, are
angular velocity components in the bound frame, Euler angles «, £,y introduce the
Ox1x2x3 frame attitude with respect to the OZ;Z,Z3 one. The direction cosine matrix
D is

cosa cos f3 sinf -sinacos
D=| —cosasin fcosy +sinasiny  cosfcosy  sinasin fcosy +cosasiny (1.5)
sinaCosy +cosasingsiny  —cosgsiny  —sinasin #sin y +cosa oS y

The equations of motion for the three axial satellite (inertia tensor
J, =diag(A,B,C)) are



%:(B—C)a)za)3+Mlx,
t
Bdg‘)z =—(A-C)ow, +M,,,
t

%z—(B—A)a)la)2+M3X,

dt (L6)
d—azi(—a)3sin;/+a)2 cosy),
dt cosp
dg

E=cozsin;/+a)3cos;/,

a7 _
dt
where M,,, M, , M, are torque components in the Ox;xoX3 frame.

o, —tg B(,cosy — w,siny),

2. Control construction

Consider model problem of a body rotating along the fixed in the inertial space
axis. The body is subjected to the torque M . The position is characterized using only
one angle ¢. The equation of motion then is of the form
p=M.

The inertia moment is omitted. The problem is to find the torque that provides the
asymptotic stability of ¢ =0. In order to do so we introduce the misalignment

1., 2 .,
A—E(go +(1-cosg)” +sin (p).

This misalignment gives an insight into the positional error and the angular velocity
of the model body. It can be used to find the control providing this misalignment
tendency to zero. That means the torque must provide the negative derivative of the
misalignment. First we divide the misalignment into two parts A, and A,. These will
be considered as positional and differential ones. Their variations are

OA, = @pot, oA, =Ssin peot .

Differential misalignment part can be minimized since its variation contains the
second derivative of the angle ¢ and therefore the torque. This part becomes
controllable. This is not valid for the positional misalignment part, so we decompose
the misalignment with respect to the time increment,

2
dA(t)5t+d A(t)

" e ot? + ...

A(t+6t)—A(t)=



Since the differential misalignment part can be minimized the angular velocity
¢ tends to zero. The first variation of the positional part then tends to zero also and

we can consider its second variation after the last expression being rewritten in a
form

2
A(t+6t)—A(t)=67, + d dA(t)atz +...

t2
Positional misalignment part second variation is
5°A, Z%(COS(pgbz +singp@)ot’.
The first part in this expression is small again (it contains the angular velocity).

The misalignment part A, change is therefore governed by the second part in the last

expression if the control is considered on the enough time interval (¢ becomes
small). The misalignment increment can be written as

A(t+6t)—A(t) = ppot + %sin POt + ...

So in order to minimize the misalignment A the torque should satisfy two
conditions
oM <0, sinpM <O0. (2.1)

We construct the torque as the sum of two components each satisfying only one
of conditions (2.1),
M=-Kk, sinp—k ¢ (2.2)
where k, and k_, are positive control gains. The equation of motion with this control
torque takes the form
P+K p+k, Ssinp=0. (2.3)
Equation (2.3) corresponds to the damped oscillations. Necessary position ¢ =0 is
asymptotically stable.

This reasoning can be generalized for the satellite movement around its center of
mass. In this case the misalignment components are

Al:%(a)f+a)22+a)§),

1 2 2 2
A, =] (i 2) s+ df +df w2+ (dy ~1)7 + 2+l 4+ (dy 1) |
Clearly,
A, :3_d11 _dzz _d33-
The equations of motion are written in the form



Jo=M_, —-M =M, (2.4)
D=DW
where

0 -w o,

W=l o, 0 -o].
-0, o 0
That leads to oA, = Y w@ St = 0J "Mét.

Differential misalignment part becomes controllable again. For the positional
part variation we have

oA, == diot = (dyy —ds ) + @, (dy — dyy ) + @5 (dy, —dyy ) | S
We introduce the vector S =(d,, —d,,, dyy —dy,, d,, —d,, ). This allows the last

expression to be rewritten in a form oA, =wSot. The positional part cannot be
minimized according to the first variation. However it is possible again to state the
angular velocity damping (since the differential part can be minimized). So the
second variation of the positional misalignment part governs its behavior,
5°A, =(SI'M+Sw)ot?.

Omitting the term with the angular velocity we obtain conditions
oJ"M<0, SI'M<0 (2.5)
analogous to (2.1). The gyroscopic torque is omitted because of the angular velocity
damping, the “weighing” matrix J™ is omitted so the control correspond to the PD-
controller inspired one. After the control torque is written in the form M_, =mxB
and the circular permutation is performed conditions (2.5) can be written as
m(Bx®)<0, m(BxS)<0.
These conditions lead to the control dipole moment
m=-k Bxo—-k,BxS (2.6)
analogous to the control torque (2.2).

This control is often constructed using different reasoning. It is inspired by the
PD-controller construction. As a Lyapunov function candidate the expression

3
Vv :%m-Jm+ kaZ(l—d“)
i=1
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can be used. Clearly the equilibrium position is ®=0, ,D=diag(1,11) that is the

inertial and the bound reference frames coincide. The Lyapunov function candidate
derivative is

3 .
C(Ij—\tlzé(cb-Jm+m-Jd))—kaiZﬂ:d" :
This derivative equals to
dv
E = (’)(Mcntrl + Mgir + kaS) (27)

after the equations of motion are taken into account. We need to find the torque
leading to the Lyapunov function candidate derivative being negative everywhere

except the equilibrium position. This can be achieved if (jj—\: =—k o-o. This is valid

if the torque is chosen in such a way that
I\/Icntrl + kaS = _kwo‘) :
Note that @M ;, =0. The control torque should be of the form

M, =—K,0o—-Kk,S. (2.8)
Expression (2.8) corresponds to the (2.2). However, the torque (2.8) cannot be

achieved using magnetorquers. The common way to implement the control is to use

only accessible part of (2.8). So instead of the torque (2.8) its projection on the plane

perpendicular to the local geomagnetic induction vector is used,

M =(Bo X Mgy )< By

cntrl —

or

, 1
I\/Icntrl :me BO'

Here the geomagnetic induction vector B, is a unit one. The dipole magnetic control

moment is constructed according to (2.6). In this case the Lyapunov function
candidate derivative is not negative. It is governed by the relation

dv

e —k, (@xB,)’ +k,||[S|cos(B,,®)cos(B,,S). (2.9)

This relation can be used to choose the control implementation moments. If the
second term in the relation is negative, the control should be implemented. However
the numerical analysis showed very slight control time-response gain so it is illogical

to overburden the control with unnecessary condition. From (2.9) we see that the
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differential misalignment part is negative always so the control is perfect for the
angular velocity damping. This is not valid for the positional misalignment.

In this section two ways to construct the control (2.6) are presented. However
these arguments cannot be considered as the algorithm efficiency proof. They can
only provide the hope that the control is close to the necessary one and can be used.
So we now process to the control (2.6) analysis.

3. Transient motion analysis

An analytical study of the satellite dynamics in the arbitrary motion is a
complicated problem, so we divide it into three stages. This allows us to introduce
several assumptions relevant to each stage. Provided the result is obtained on each
stage we can get overall comprehension on the satellite dynamics in the arbitrary
state.

The first stage corresponds to the fast rotation of the satellite. We rewrite the
control law (2.6) in the form
m=-k'BxQ—k!BxS, (3.1)
where o=w,Q2, so Q is a dimensionless angular velocity. The geomagnetic
induction vector is a unit one (note that in the averaged geomagnetic field model its
magnitude is constant). We assume that the control gains ratio k! /k. is of the order
of unity. Under this assumption the differential control part is prevailing for the fast
tumbling satellite since \Q\ [] 1. The torque may be written in an approximate form
m=-k'BxQ.

Clearly this leads to the satellite with the “-Bdot” [8] control implemented. The
motion of the satellite was analyzed by the authors earlier [9], and the angular
velocity is asymptotically damped.

This leads to the second stage, when the velocity becomes of the order of the
orbital one, that is |Q|=0(1). Positional control part cannot be omitted. We assume
the control to be rather small, so the angular momentum prevails over its change

during one orbit revolution. This allows us to use the Beletsky-Chernousko variables
and implement an averaging technique. In order to do so we introduce a

dimensionless torque M. according to the relation
M, =k!BZM.;
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the argument of latitude u =, (t—t,) where t, is an initial moment; dimensionless
angular momentum magnitude | according to L =L, where L, is an initial angular
momentum. As a result the equations (1.4) can be written in a dimensionless form

ﬂ:‘c"lm3L!d_p:‘E‘MH,CI_G: .8 MZL,

du du du sinp

d_H:E(MZLCOSV/—MlLSinl//),

du

d (3.2)
Y _ E (v — .
E—nllcose+—sin0(M1Lcosz//+I\/I2Ls|m//),

dy — _ _
Ezﬂzl—SMlLCOSl//Ctglg—EMZL(Ctgp-l-Slnl//Ctge).

rp2
The notations g:kaj’ 771=i(£—£j, 1, b are introduced. Here (¢, ,u)
w,L, o, \C A Aw,

are fast variables, while (|,p,6,0) are slow ones. So, we can use the averaging

technique [10] to determine the slow variables evolution. In order to do it we need to
average the equations in the vicinity of the undisturbed solution of equations (3.2).
However, since this motion is a regular precession, we need only to average
separately the equations for slow variables over the fast variables. After this we get
evolutionary equations for slow variables with accuracy of the order of ¢ on the time
interval of the order of 1/&. We assume that the moments of inertia A and C
provide no resonance between 7,, 77, and 1 (u rate of change) . In order to obtain

averaged equations we need expressions (M) . (M cosy)  and
(MiLsinz,//>uw. The damping component averaging result is known[®l, We need to

prove that the positional part has no influence on the damping of the angular velocity,
that is

<(S><B)><B>:O.
That leads to the condition
(s),,=0.

Clearly, S, =AS, and the transition matrix between the inertial and bound
frames can be expressed as D=ATQ". Therefore we need to average the expressions
a;a, over y and ¢. For the first component of the S, vector

SlL = a11a12q31 + a11a22q32 + a11a32q33 - a11a13q21 - a11a23q22 - a11assq23 +
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+8,,8,30h; + 81,8530, + 3,8550;3 — A,8,05; — A1,85,05, — 3,853 +
838,051 + 8438505y + A1385,053 — 8438501 — 438,01, — 81385,05-
Simplifying leads to

SlL = q32 (a11a22 - a12a21) + Q33 (auaaz - a12a31) +0,, (a13a21 - a11a23) +

+0y (313331 - a11as3) + 0, (aizazs — 838 ) + G5 (312333 — A58 ) -
Taking into account a; (1.3) and q; (1.2) after averaging over y we get

(Si), =0, singsing
and in the end

(Su),,=0.
The same math can be easily obtained for S, and S, .

In this section we managed to prove the asymptotical damping of the angular
velocity of the satellite regardless of the positional torque part. This allows passing to
the last stage in the satellite dynamics.

4. Stability analysis

Previous section proved that the control law (2.6) leads to the angular velocity
damping and the angular momentum magnitude tends to zero exponentially [11],
[12]. So we now assume that the control gains k! and k. are of different magnitude,

but [€ =0(1). The equations of motion (1.6) may be written in a dimensionless form
dQ, (B-C)

" 0,0, +£Muy,
A<, =—(A_C)ngg+515mx,
du B B
B-A —
dQBZ—( )Qle+€lé|\/|3x,
du C C (4.1)
d—a—i(—Q siny +Q,cosy) |
du cosp: ° FTRRERY)
dg

E:stiny+§23cosy,

%:Ql_tgﬂ(gzcow—(%siny),
u
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rp2
where g =—2-2 is a new small parameter. In order to make these equations

Wy
convenient for the averaging we introduce another small parameter characterizing the
angular velocity magnitude, Q=g¢,w where 32:|Q(0)|. We introduce vector

x=(a, B,7,W,,W,,w,) and the equations (4.1) are of the form
X = EZX(X,U,g,,u). (4.2)
Here

1 )
—(—-W,SIN ¥ + W, COS
COSﬁ( 30y 2 7)

W, Sin y + W, CoS y

w, —tg B (W, cosy —w,siny)
(B-C) W, W, + <L My
&
2
A0 5 A
2
B-A —
—( )W1W2+%AM3X
2

We assume igzzczo(l) for the analysis simplification. The equation in the form
82

(4.2) can be used for the formal averaging over the time (argument of latitude in our
case). Since the stability of the interest in this section, we first linearize the equation
of motion (4.1),

dw

d_ul = 52K(_(Bzz +By%) yW, + B,B, yw, + BBy yw, +

+2B,B,r + 2B B, - 2(B,* + B,))y),

dw A

d_u2 = EZKE(Blelwl — (B +By*) yW, + B,Byyw, -

_2(B?+B)r + 2B,B,5+ 2BB,y). “3
dw A

d_u3 - 82’(6( B,Bsyw, + B,Byyw, - (812 + BZZ)ZW3 +

+2B,Byx —2(B/’ +B,*) 8+ 2B By ),
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da d d

where y =Kk /k. . The averaged linearized equations are
y+ex(p+0a)y+2¢(p+a)y=0,

=&,W,

0‘2+51;((p+q)§o‘z+251(p+q)§a:0, (4.4)
. A . A
ﬂ+251}(p6ﬂ+4‘91p6ﬂ20

where p :%sinze), q=cos’®. The equations (4.4) introduce damping oscillations

for each angle, so the necessary attitude is stable. Equations (4.4) allow us to assess
the control gains values that provide the optimal algorithm time-response. The
characteristic polynomials roots are

11,2: —5lZ(p+Q)i\/€12)(2(p+Q)2—831(p+Q)),

i\/gf;f(p+q)2(§j2 —851(p+q)§},

2
25,6 :_517(péi\/‘9127(2 pZ(éj _451pé-

Ags = _gll(p"'q)

NI~ NP

w| >

C C C
We introduce parameters
6,=B/A, 6,=C(p+q)/2pA
and new control gains

% (p+a) % (p+a)
K,=—%5(p+q)k), K,=—(p+q)k..
The roots are then rewritten in the form

1

= =(-k +KZ-8K )
21,2 2( 0] 0] a
1 K, 1 o
/13’425[— 9 i? Ka)_801Ka]’ (45)
1 1

e
2 2
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The bound frame is chosen in such a way that C > B > A. In this case 6, >1 and

it is necessary to examine three cases.
I. 6,>6,>1 . This situation takes place for the low inclination orbit where q prevails

over p. Control gains are from one of the three following areas.
1. 8K, > K. All radicands in (4.5) are negative and the degree of stability is

fzmin(lK L K L ij.

2”26, “'26,
From the restriction | we have
1
=—K .
51 262 [0

2. 86,K, < K?2. All radicands are positive and

s =%min(Kw ~-JK2 —8Ka,%—é4/K5) —891Ka,%—%a/Ki —892Ka].
1 1 2 2
That leads to
& =K, —,,/Kj, —-8K, .
3. 8K, <K? <80,K,. In this case either one or two radicands in (4.5) are positive and
the degree of stability equals & or &, .
The case when & =¢&, is of the utmost interest since it provides the maximum degree
of stability with the minimum control gains (for each degree)
<286
v 20,-1 %
or in the initial expressions
2

k;:ZzZEIAB;g(erq)k;Z. (4.6)

Fig. 3 shows the degree of stability isolines with respect to both control gains for
the satellite with inertia tensor J=diag(11.52) kg:m? on the orbit with 30°

inclination and 350 km attitude. The parabola (4.6) is highlighted by the thick line.
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Fig. 3 reveals the parabola (4.6) point. If one chooses the degree of stability, this
parabola offers the minimum possible control gains. This parabola also corresponds
to the equality between three roots real part for each of the equations in (4.5). We
now pass to other cases.

Il. 6, > 6, >1. The reasoning is the same, the optimal parabola is defined by

20, -1 B}
k! =—"L—=—2(p+q)k”? 4.7
a 8912 Aa): ( p q) [0} ( )
I1l. 6, >1>6,. This relation is valid for the high inclined orbits.
1. 86,K, > KZ. All radicands are negative, the degree of stability is

1

=—K .
51 261 w

2. 86K, <K?2. All radicands are positive,

K 1
& :f—?\/Ki —-80,K, .
2

2
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3. 89K, <KZ?<80,K,. There are both positive and negative radicands, and the
optimal parabola is defined by the expression

1 6, B
k! =—|2--2|=2 +q)k”. 4.8

Fig. 4 brings the degree of stability isolines for the same satellite but for the
orbit inclination of 70 degrees.

2000

1800

1600

1400

1200

=™ 1000
g00

600

400

200

0

k., x 10°
Fig. 4. Optimal control gains parabola for the highly inclined orbit

All three parabolas are close for low and high inclined orbits, but in the latter
case the damping control component should be slightly greater.
Consider equations (4.2) again. The reasoning above is valid only if

—1 =x=0(1). Assume that this relation is not valid and ¢ =&, instead with

arbitrary n. Notation y=(«,/,7) allows the equations (4.1) to be written in the
form

o=:sf (0)+&7f,(0y),
y =¢&,f, (m’Y)-
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The averaged equations are valid on the time interval u(]1/¢, with the accuracy
g, If n>2. On this time interval only angles change significantly while the angular
velocity components stay almost constant. If n<2 the angular velocity components
change while angles not, and the averaging is valid on the interval ul1/&)™".
However both cases allow the averaging and the resulting equations are
asymptotically stable. That leads to the asymptotically stable limit cycle of the initial
equations. The solution of initial equations is in the vicinity of the averaged solution
with the accuracy of & where k = min(l,n—l). This allows the averaging result to

be prolonged on the infinite time interval, so the result obtained for n=2 is valid for
arbitrary n value.

5. Numerical analysis

According to previous sections, the necessary attitude is stable if the control
gains are small enough. This result conflicts with the obvious underactuation
problem: there should be unstable areas. To dismiss this problem we use the
numerical analysis with the Floquet theory (the isolines are characteristic multipliers
in this case). Fig. 5 shows the discrepancy between the analytical and numerical
results for the control gains valid for the analytical results (same satellite, 70 degree
inclination orbit).
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Fig. 5. Analytical and numerical results comparison

As seen from Fig. 5 the discrepancy raises as the control gains rise. The
accuracy of the analytical result is of the order of the small parameter depending on
the gains. Fig. 6 shows the unstable control gains area.
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Fig. 6. Unstable area for the strong positional torque part

Fig. 6 corresponds to the prevailing positional torque component. This strong
positional torque rotates the satellite in a wrong direction, “missing” the point where
it should be stopped, and small damping torque cannot neglect this rotation. Fig. 7
presents the numerical modeling example for the same satellite with control gains
k! =9580, k; =1510, orbit inclination 70 degrees.
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Note that the small control torque restriction is not unnatural. It is induced in
order to perform the asymptotical analysis with the small parameter. However, as
seen from Fig. 6, it is essential to have small control torque. If the torque is too
strong, the satellite will acquire the error greater or comparable to the one before each
control iteration. The torque should ob the order of about 5-10° N-m for the satellite
considered. However it is only 2-4 times greater than the gravitational one which
results in poor attitude accuracy, slightly better than 10 degrees. With different
satellite masses and inertia tensors the accuracy of about few degrees is achievable.

Nevertheless the control (2.6) should be modified. The weighing matrix (J™ for
example) may be introduced or varying control gains used [13] in order to maintain
stable control torque magnitude when the angular velocity and the positional error
diminish.

Conclusion

The satellite equipped with the active magnetic attitude control system providing
three-axis stabilization is considered. The algorithm is constructed and analytically
studied. Angular velocity damping and necessary attitude stability is proven using the
asymptotical methods. Optimal (in terms of the degree of stability) control
parameters are provided. Algorithm limitations are present.
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