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N. A. Zaitsev, I. L. Sofronov, Grid adaptation for modeling trapezoidal

difractors by using pseudo-spectral methods for solving Maxwell equations

Abstract. We propose a series of successive one-dimensional coordinate transformations to
construct an adaptive two-dimensional grid for the problem of diffraction on a grating with a
trapezoidal tooth. Special attention is paid to the smoothness of the grid and grid refinement in
domains of large solution gradients.
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AHHoOTanus1. B paGoTe npeaioxkeH psiji MoCiIeI0BaTeIbHbIX OJHOMEPHBIX ITPeoOpa3oBaHuit
KOOPJAMHAT ISl TIOCTPOCHUS Al TUBHOW JIBYMEPHON CETKH UIA 337a4u AU(paKIi Ha PEUIeTKE C
TpallCuuCBUAHBIM SY6OM. Oco0oe BHUMaHUE YACICHO I''TaAKOCTU HOHy‘IaeMOﬁ CCTKHU U CTYLICHUIO
y3JI0B K MECTaM HauOOJIbIINX I'PaJIMEHTOB PEIICHNUS.

KuroueBble ciioBa: alalITUBHAA CETKa, YPABHCHUC MaKCBCHHa, ,Z[I/I(i)paKI_[I/IH.

Contents

L PIEIIMINGAIIES ... s 3
1. Problem formulation............c.cccooiiiiiecec e 4
[11. Generation of adaptive Z-grid............cccoeioiiiiiceeee e 5
V. Generation of adaptive X-grid ... 7
V. NUMENICAl BXAMPIES .....c.oviiiiec s 13
VL RETEIENCES ...ttt 16

PaboTa BoinonHena npu puHancoor noaaepxxkke PODU, rpantsr Ne 11-01-00114 u
Ne10-01-00567.



. Preliminaries

We solve 2D diffraction problem described by Maxwell equations

%% =VxH
1 oH )
——=-VxE
Cy Ot
with the dispersion law
t
D(r.t) =&, E(rt)+ [ 7(DE(rt-2)dr,  r=(xy,2),
0
S| : :
2(t) = ziyp E(exp((—ap + I,Bp)t)—exp((—ap —i ,Bp)t)j .
p:
The scalar p-polarization case of (1), normal incidence, reads:
1 9D, :_aHy
Cy Ot oz
oH
l@ N (2)
Cp ot  OX

+
G, &t oz ox

Diffraction is considered on a grating with trapezoidal tooth. The pseudo-spectral
method [1] used for the solution of this problem requires high-quality grid in this
periodical domain. We propose step-by-step method of generating the grid and make
analysis of quality of the grid by considering various examples of values of geometric
parameters.



Il. Problem formulation

Suppose we need to construct computational grid in 2D rectangular computational
domain of width W and height H for a periodic with respect to x problem governed by
(2). The physical domain is the single spacing of a grating (W coincides with the
period of the problem), see Figure 1. The height of the tooth of the grating is hg and

its width is w; . The angle of the slope of sides of the tooth is «.
Let us introduce the following notations:
Xmin+ Xmax are the horizontal ends of the computational domain, W =X, — X
Zyin+ Zmax are the vertical ends of the computational domain, H =z, —z
Z, is the base of the tooth of the grating;
Z,, is the top of the tooth of the grating;
Xgr(2), x_(2) are the right and left supporting lines, see Figure 2. For z, <z<z,

these lines coincide with the sides of the tooth. One has to continue the lines to the
bottom and the top boundaries of the computational domain. They must have vertical
tangents at the boundaries in order to use simpler transparent boundary conditions
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Figure 1. The general view of the computational domain.



lll.  Generation of adaptive z-grid

We will consider the symmetric case, i.e. when the tooth of the grating is an isosceles
trapezoid. In this case

Xmax:W/Z’ Xmin =~ Xmax» Zmax:H/Z’ Zrin =~ Zmax»
2,=hy 12, z,=-1,; X (2) =—Xx(2);
X (Za) =Wy +Cot(@)y )/ 2, X(z,) =(w, —cot(a)hy )/ 2.

In order to construct adaptive grid and calculate derivatives 0/0z and 0/ox we
use a one-to-one map (x,z) <>(&,<) such that

2=12(¢), X=X(&S).

We construct the map as a superposition of simpler maps. Let us start from the z(¢)
transformation.

[ \ Zmax
Zp

x(2) xe(z) | hy

Zmin

Xmin Xmax

Figure 2. Supporting lines.



In z-direction we have 4 supporting points: Zyi., Zi» Zy» Zyax- 1he grid in z-
direction should be Chebyshev’s type grid and should have small grid spacing near
the points z, and z,.

First we “normalize” the domain in order to use sine function as a condensing map.
So we need to map z,,;, on -2, z, on -1, z, on 1 and z., on 2. It is done by

means of the polynomial function of fifth order:

() =cm+cs”s 2,=C+5¢", ne[-22] (3)
where
Cs =(Zyex —22,)/30, € =2,—C;5.
for Z,u /2, >1.7; and by
C

() =Goarctan(en), 2,=3 Fhsy. nel-22) 4)

where ¢, and ¢; are chosen so that
coarctan(c)) =z,
Coarctan(2c,) =z

for 2, /7, <1.7.

Now we concentrate grid points to the interfaces z=2z, and z =z, by means of
the following function:

n(0)=20+(1-G, )sin(229)/ =, n,=2+2(1-G,)cos(270), O<[-11]; (5)

where coefficient G, is the approximate ratio of grid step sizes near the interfaces to

sizes of the grid steps without this transformation.
Usually one needs additional transformation in order to redistribute grid points
between the inner region |z| <z, and the outer region |z|>z,. It can be done making

use of the following function:

O() =t +ds®, 6, =dy+3ds?, ¢ e[-1]] (6)
where
3R
d=—"2_ d,=1-d,,
1714+2R, ° !

here R, characterizes a coarsening from the centre and is equal to the value of ratio
0:(0)/6,(1) (the derivative d@/dg at the middle point £'=0 is equal to d;). If z-



grid without transform (6) is equidistant then the ratio of grid steps at the middle
point and at the outer boundary is equal to R,

If R, <1 then instead of coarsening the transform concentrates grid points to the

center.
However, if R, >2 then map (6) is not one-to-one. In this case we can use the

following map:

Q) =¢ +dysin(z)/ 7z, G, =1+dycos(C), ¢ e[-1]] (7)
where
dy =Rt
R, +1

Sometimes this transformation is not aggressive enough. Therefore we can use
the following instead of (7):

0=6(t(¢)), 6=t
o(t) =t+dysin(zt)/z, 6 =1+dycos(xt), te[-11], (8)
t(&)=¢ +dysin(zg)/ =, t,=1+dycos(xs), & e[-11]

where

Go= \/7+1
Now one can construct £ -grid using the Chebyshev’s points
¢ =cos(7(N, —k)/(N, -1)), k=1..,N,

and calculate derivative d/d¢ with the spectral accuracy, see [3].

IV. Generation of adaptive x-grid

The essential difference between x-grid and z-grid is that the problem is periodic in x-
direction. Therefore all our maps must be periodic along lines z=const.

We start the constructing of the x-grid from the eliminating of z-dependence of
the grid lines. For this purpose we use transform

X(Y,z) =y +asin(zy/ Ypa), Y €[Xmax Xmax s
X, =8, SIN(7ZY/ Yirax)s Xy =1+awcoS(7Y/ Yiax) | Yirex

©9)



where
_ XR(@)-yr a = dxg(2)/dz
Sin(ﬂ'YR/ymax), ’ Sin(ﬂ'yR/ymax)’ (10)
Ymax = Xmax YR = hg /2.

We need also functions Xg(z) and dxg/dz. The simplest way to continue X is using
a polynomial of the second order:

Xa(2)=ay +az+ayz%, Ooxg/dz=a,+28,2, Z€[ZpinZal,
Xn (Z,) — Xn (2 1
= R (%) %R (Z,) , & =—28Zpin, aO:XR(Za)_alza_aZZgi
Zb _Za 2(Za _Zmin) (11)
Xa(2) =y +bz +b,2%, dxg/dz=b +20,2, Z€[z,, 2],

p = 2B X)L b oz b= xe(z) bz, b

Iy — 1y 2(Zb - Zmax) ,

2]

One can use also polynomials of the third order:

Xg(2) =8y + &z +ayz° +a52°, OXg/dz=a, + 28,7 +3852°, Z €[z, 241,

o YeB)Xe(z) 1
Iy — Ly 3(Za - Zmin)2

A = _3a3zminl

2 2 3
A = _2a22min _SaBZmin’ dy = XR (Za) —qZy —Aly — a3y, (12)

Xa(2) =by + 0z +10,2% +132°, dxg/dz =b, +2b,2 +30,7%, Z €[, Zrey ]
b3 — XR (Zb) — XR(Za) 1 b2 :_3b32max1

2 7
Iy — Ly 3(Zb - Zmax)

bl = _2b22max _3b32r2nax’ b0 =XRr (Zb) _blzb _bzzt% _b32t3)'

and of the fourth order:

dx
Xo(2) =8y + &z +a,z° +a,z° +a,2%, d—R —a +28,2+3a,2% +4a,2°, 7€[z,2.],
z

Xo(2Zh) — Xa(Z 1
=- R( b) R( a) a3:_2a4(za+zmin)’ ay :_3a3zmin _6a4zr?ﬁin’

3 1
Iy — Ly Z(Za - Zmin)

— 2 3 _ 2 3 4
& = _2a22min - 3a3Zmin o 4a4Zmin y 89 = XR(Za) — 2y —8Zy — 3y — Ly,



Xa(2) =y + 1,z +1,2% + b3z + b, 2%, ddLZR:bﬁszz +30,2%2 + 40,23, 7 €[z, 2],
Xr (Zp) —Xr(Z4) 1 2

b, =R “RA%a : =-2Db : =—3 —6h :

4 Zb . Za 2(Zb _ Zmax)3 b3 4(Zb + Zmax) bz b?;zmax 4Zmax

bl = _2b22max _Bbszlfmax _4b42|§1ax’ bO =Xr (Zb) —ble - bzzg _b32§ - b4Z€'.
(13)

To provide higher smoothness one can need even the sixth order. Formulas are
derived as follows. We introduce auxiliary map

S=Z—1Zpjn
for z €[z,,2,]- Then
Xe(2(5)) =89 +a,s* +ass® +a5s°, dxg/dz=4a,s’ +2a55" +686S°, 7 €[Zin, Za]
(14)

where the coefficients are obtained from solution of system
4 5 6
Ay +a4S; +855; +35S; = XR(Za)
Xr(Zh) —X(Za)

4a,S +5a:57 + 6a.5° =
453 19855, AgSy 2,2, (15)

6a,s: +10acs; +15as; =0
2a,S, + 58552 +10agss =0

with s, =z, — 7, Similarly, for z €[z, 7]

S=7—Zp
and

Xe(2(5))=hy +1,s* +158° +1ss°,  dxg/dz =4b,s° + 208" + 605>, 7 €[Z, Zen]
(16)

where the coefficients are solution of the system

by + byS5 +bsS; + DSy = Xe (2)

b, 3 +5h.s% +6 SSZXR(Zb)_XR(Za)
4Sp + 958y +6bgS, 2~ 2, 17)

6h, s> +10hb:s: +15hss =0
2b,S, +5best +10bgsE =0
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With S, =27 — 7,5« -
One can also use the following infinitely smooth continuation of sides of the
trapezoid to the boundaries:

t(z):CxRinf +CxRinf’ Ze(zminvza);

Znin Zy
dxg  Xgr(z,) —Xr(z,) .
dZR _ Rz(be_ZF; ) (L+erf(y)); (18)

© dx
X5 (2) =X5(2,) + | =R dz
(D =%(2) [
where the values of the integral have to be computed numerically.

The difference between the variants of xz(z) is presented in Figure 3.

XR(z) and xL(z), current order=co

A1 ( order xp = 2

order Xg = 3
42 -

order Xg = 4

d =6
430 order X

order Xg = ®

44 -

45|

48+

49 -

-50 =z iR

r r r r r r r r r r r

64.4 64.6 64.8 65 65.2 65.4 65.6 65.8 66 66.2 66.4

Figure 3. Variants of xz(z) obtained using polynomials of various orders

in the region z €[z, 2,] (z-axis is vertical)

min
The dependence of Xz(z) on parameter C,g;¢ is as follows: if C,zis —>o0 the
curve Xz(z) (red line in Figure 4) tends to the line BED, see Figure 4. In this figure

the segment BC is the linear extrapolation of the right side of the trapezoid, the
segment ED is the line joining midpoints of sides BC and AC of triangle ABC. If
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Cring =0 the curve xz(z) tends to the segment BD. Numerical experiments show
that the optimal value of C 5, is about 7.

One can see that for all the values of parameter C,z;,s point D is the end point of
line Xz(z). If we would like to move the end from point D we can use the following
function:

minf a ;
_ Ri Ri
t(z) =2RinL 4 2XRIC 7 & (Zin, Za)-
Zmin Za
The right side of the trapezoid
=173
1
1
1
1
1
1
:
1
! E
! ~
1 ~
1 \\
1 \\
1 \\
1 \\
1 \\
1 \\
:
: Z=Zmin Sso
o ®
A D C

Figure 4. Lay-out of X3(2)

For the interval z €[z,,z,,,] an infinitely smooth continuation of the sides of the
trapezoid is achieved by the following formulas:

t(Z) — _CxRinf _ CxZRbinf = (Zb’ Zmax);
dXg _ Xr(Zp) —%r(Z,) .
& 2 1) (L+erf(y())); (19)

% dx
Xg (2) = X (z,) + _[d—ZRdz.

Zy
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The normalization of the domain Y €[V, Ymax] We do by the same way as for z-
axis. Therefore, we us the map
Ymax | Yimax dOﬂ- 4
=M p+dysin| =7 |, =X 4 = cos| =77 |, -2,2] (20
y(7) > 1+ (2”) i (277) nel-2,2] (20)
where

do = YR = Yex /2
for 1.2 <Y/ Yr <5 (see (10)); and the map

V(1) =—Ymax + do T exp{d1 cos(%tﬂ dt, y,=do exp[d1 cos(% nﬂ nel[-2,2]
-2
(21)

where parameters dy and d; must meet the following conditions

1
dy I eXp dlcos(gﬂj d77=YR + Yimax:
) L _

. _
do j exp| d; cos(%nj d7=2Y
-2 _

for Youx ! Yr <12 OF Yo/ Y >5.

The following map concentrates grid points to the interfaces X =Xz(z) and
X=X (2):
n(0) = 29+(l—GX)sin(27n9)/7z, My=2+ 2(1—Gx)cos(27u9), 0 <[-1,1](22)

Approximately G, is the ratio of grid step size near the interfaces to grid steps size

without this transformation.
Usually one needs an additional transformation in order to redistribute grid points
between the inner region |X < Xg(z) and the outer region |X|>Xz(z). It can be done

by using the following function:

t(&) =& +dgsin(z8)/ 7, t,=1+dycos(z8), &e[-11],
o) =t+d,sin(zt)/z, 6 =1+dycos(xat), te[-11], (23)
0: =Gt.

d _\/R_X_l.
° R+

where
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Ry characterizes the value of ratio 6:(0)/6:(1). If x-grid without transform (23) is

equidistant then the ratio of grid steps at the middle point and at the outer boundary is
equal to R,.

However, for big values, if R, >32, map (23) is not one-to-one. In this case we
use the following map:

0(&) =-1+d, _5[ exp| dycos(zt) |dt, 6, =dgexp| dycos(7E)], &£ e[-11](24)

-1

where parameters dy and d; must meet the following conditions:

1
dlzzlog(RX),
2

do = 1 .
[ exp[ d; cos(7£) |d&
-1

Now we can construct equidistant &-grid

&,=2m/N, -1 m=L.., N,

(6o =—¢n, =—1 is excluded because of the periodicity) and calculate derivative
d/d<& with the spectral accuracy, see [3].

V. Numerical examples

In short notation the presented transform has the following form:
2=2(n*), 7 =n*(¢"), O"=6"($), o5

x=x(y,z), y= y(nx), n* =77X(9X), & =0"(¢).

Thus for a function u(X,z) we have:
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a_u_@@l
x oE\oE)

@_a_u(zjl_@@j@
oz oc\de) o&\os) oz

ox _ox dy dp”do* dz _ dz dp” do
o0& 8yd77 dg* dé ' d¢  dn* de* d¢
ox _da da dxz(2) 1

/ ga _ .
82 =4 Sln(ﬂy Ymax) dz dz Sin(ﬂyR/Ymax)

(26)

where

The corresponding Matlab code which computes the grid and implements
formulas (26) has been written.
For numerical tests we take the following function

u(x,z)= exp[zijsin(nxij (27)

for which

oau_u au_ Z X
—=—, =" exp| —= |cos| 7=—— |. (28)
O Zpax OX  Xpax Zmax Ximax

In order to check the spectral accuracy of the presented method and its
implementation we take the following setup:

H=120, W=1000,
(29)
h, =100, w,=80, a=70";
and the following values of parameters:
CxRinf =7, G'z =01 Gx =01, (30)

z _rarefaction=0.125, x _rarefaction=8.

Table 1 shows obtained accuracy of computed values of ou/oz and ou/ox for
various numbers of grid points.
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Table 1. Error of derivatives versus discretization parameters

N, N, Error of ou/oz Error of ou/ox
32 128 25%x107 7.8x107
64 256 3.6x10°8 1.7x1077
128 512 1.7x10722 4.1x10713

It’s clear that the method has the spectral accuracy.
Nevertheless, it seems that too many points needed to achieve the desired

accuracy. The reason is that even a very smooth in (x, z)-space function can has very
big gradient in (§,§ )-space. Let us investigate sensitivity to separate parameters of
grid. Graph of function u(x,z) (27) in Cartesian coordinates is presented in Figure 5.

Graph of the same function in parametric coordinates & and ¢ for the following
values of the parameters

H=120, W=1000, G,=1 R, =1 "
h,=60, w,=500, G,=1 R,=1 (31)

Is presented in Figure 6. Here hg =H and w =W /2 so the normalization doesn’t

influence almost. Similar graph for G, =0.1 is shown in Figure 7. Here u(&,<) has
much bigger gradient. Change of parameter G, has similar effect: graph of u(&,¢)
for parameters G, =1 and G, =0.1 is shown in Figure 8 (other parameters are not

changed). The next Figure shows the picture when we condense grid points to the
interfaces in both directions: G, =0.1,G, =0.1.

Graph of u(¢,d) without any condensation but with coarsening R, =8 is
presented in Figure 10. The same picture with R, =1 and R, =1/8 (concentration) is
presented in Figure 11. The picture with R, =8 and R, =1/8 is presented in Figure

12.
Graph of u(&,<) without any condensation and coarsening but for the real

positions of the interfaces (hg =100,w, =80) is presented in Figure 13. One can see

very strong deformation of the original function (see Figure 6). Graph of u(&,<)

when all the parameters are active is shown in Figure 14. One can see that the
coarsening transform reduces the gradient near the boundaries but generates
additional gradient near the center.

Next set of figures shows graphs of correspondent grids.
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In Figure 15 and Figure 16 z-grid and its grid steps are shown when there is no
coarsening in z direction. Figure 17 and Figure 18 show the same picture for
coarsening R, =0.125.

Figure 19 and Figure 20 show x-grid grid and its grid steps when there is no
coarsening in x direction. Figure 21 Figure 22 show the same picture for coarsening
R, =8.

The final grid when all the parameters are active is presented in Figure 23.
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Figure 6. Function U(&,<) for parameters of grid transform
H :120,hg =60,W =1000,w, =500,G, =1G, =1, R, =1 R, =1.
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Figure 7. Function U(&,¢) for parameters of grid transform
H =120, h, =60,W =1000,w, =500,G, =0.1,G, =LR, =LR, =1
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Figure 8. Function U(&,¢) for parameters of grid transform
H =120,h, =60,W =1000,w, =500,G, =1G, =0.LR,=1R, =1
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Figure 9. Function U(&,¢) for parameters of grid transform
H =120,h, =60,W =1000,w, =500,G, =0.1G, =0.L R, =L R, =1

Figure 10. Function U(¢,¢) for parameters of grid transform
H =120,h, =60,W =1000,w, =500,G, =1G, =1LR, =8 R, =1.
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Figure 11. Function U(¢&,<) for parameters of grid transform
H =120,h, =60,W =1000,w, =500,G, =1.G, =L R, =L R, =.125
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Figure 12. Function U(¢,¢) for parameters of grid transform
H =120,h, =60,W =1000,w, =500,G, =1G, =1R, =8 R, =.125
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Figure 13. Function U(¢,¢) for parameters of grid transform
H =120, h, =100,W =1000,w, =80,G, =1G, =L R, =LR, =1.

&

Figure 14. Function U(¢&,¢) for parameters of grid transform
H =120,h, =100,W =1000,w, =80,G, =.1G, =.LR, =8 R, =.125
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z-grid, Kz_intervals=64
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Figure 15. z-grid when there is no coarsening in z direction, R, =1

Grid steps: hz, ; =0.024716 hsz:15.9094
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Figure 16. Grid steps h,(z) when there is no coarsening in z direction, R, =1
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z-grid, Kz_intervals=64
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Figure 17. z-grid for coarsening R, =0.125

Grid steps: hz, ; =0.059433 hzmxzs.0281
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Figure 18. Grid steps h,(z) for coarsening R, =0.125
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Figure 19. x-grid when there is no coarsening in x direction, R, =1

Grid steps: hx_; =0.38054 hxm2137.7499
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Figure 20. Grid steps hy(X) when there is no coarsening in x direction, R, =1
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Figure 21. x-grid for coarsening R, =8
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Figure 22. Grid steps hy(X) for coarsening R, =8
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Figure 23. Final grid for H
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