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CappbrueB B.A., I'ythuk C.A., Cuasa A., Cantym JI.

JluHaMuKa CIyTHHKA-TUpOCTaTa MOJ JACHCTBHEM TI'PaBUTALMOHHOIO MOMEHTA.
UccnenoBanue noyioeHuii paBHOBECHUS

HccenenoBana nuHaMHMKa CIIYTHHKA-TUPOCTATa, ABHYKYLIETOCS B LIEHTPAIBHOM
HBIOTOHOBOM CHJIOBOM I10JI€ IO KpyroBoil op6ute. [Ipennoxen meron onpeneneHus
BCEX IIOJIOXKEHUM paBHOBECHsI CIIyTHHMKA-rUpocTaTa B OpOUTAlIbHOM CHCTEME
KOOpJIMHAT IIPpY 3aJaHHBIX 3HAYEHUSAX BEKTOpAa T'MPOCTATUYECKOIO MOMEHTa H
[VIABHBIX  LIEHTPAJIbHBIX MOMEHTOB HWHEPUMUM M IIOJIY4YEHBI YCIOBUSA HX
CYILLECTBOBAHMSI B 3aBUCHUMOCTH OT 4YEThIpeX Oe3pa3MepHBIX MapaMeTpOB CHCTEMBI.
Haiinens! OudypkanuoHHbIE 3HAUYEHHs MApaMETPOB, IMPHU KOTOPHIX H3MEHSETCA
YUCJIO TIOJIOKEHWW paBHOBecus. [IpoBeneH JAeTanbHBIM YUCICHHBIM aHAIN3
SBOJIIOIMU  O0JacTeil  CyLIECTBOBAHMSA  pA3JMYHOILO YHWCIA PpPAaBHOBECHM B
IpPOCTpaHCTBE Oe3pa3MEpHBIX MapamMeTpoB. PaccMoTpeHa B3aUMOCBSI3b MOJTYYEHHBIX
o0nacTeil  CylIECTBOBaHMSI €  OOJIACTSIMHM  CYILUECTBOBAHHUS  pPABHOBECHI
OCECUMMETPUYHOr0 CIyTHHKA. [loka3aHO, YTO 4YHMCIO TMOJOKEHUN pPaBHOBECHS
CIyTHHKA-THpOCTaTa B OOIIEM Cily4yae He MpeBbIIaeT 24 1 He MOXKET ObITb MEHbLIE 8.

Knrwoueesvte cnosa: CyTHUK-TUPOCTAT, TPABUTAIMOHHBII MOMEHT, IMOJIOXKCHUS
paBHOBECHUS, yCTOMYNUBOCTh, TOUKH OU(]ypKalUu.

PaGora Brinonaena npu noanepxkke [lopryranbekoro ¢poHma Mo HayKe v TeXHUKE.

Sarychev V.A., Gutnik S.A., Silva A., Santos L.

Dynamics of gyrostat satellite subject to gravitational torque. Investigation of
equilibria

Dynamics of gyrostat satellite moving along a circular orbit in the central
Newtonian gravitational field is investigated. A symbolic-numerical method for
determining all equilibrium orientations of gyrostat satellite in the orbital coordinate
system with given gyrostatic torque and given principal central moments of inertia is
proposed. Conditions of equilibriums existence are obtained depending on four
dimensionless parameters of the system. All bifurcational values of parameters at
which there is a change of numbers of equilibrium orientations are determined.
Evolution of domains in the space of parameters which correspond to various
numbers of equilibria are carried out in detail. Relationship with axisymmetrical
cases of satellite gyrostat is considered. It is shown that the number of equilibria of
the gyrostat satellite in general case not be less than 8 and not more than 24.

Key words: gyrostat satellite, gravitational torque, equilibria, stability,
bifurcation points.

The work is supported by the Portugal Foundation for Science and Technology.



1. Equations of motion

Let us consider the attitude motion of a gyrostat satellite which is a rigid body
with statically and dynamically balanced rotors inside the satellite body. The angular

velocities of rotors relative to the satellite body are constant. The center of mass O of
gyrostat satellite is situated in a circular orbit.

Let us introduce two right-hand Cartesian coordinate systems with origin in the
center of mass O of the gyrostat satellite.

OXYZ is the orbital coordinate system whose OZ axis is directed along the
radius vector connecting the centers of mass of the Earth and of the gyrostat satellite;
the OX axis is directed along the vector of linear velocity of the center of mass O .

Oxyz is the gyrostat-fixed coordinate system; OX, Oy, Oz are the principal

central axes of inertia of the gyrostat satellite.
Let us define the orientation of the OXyz coordinate system with respect to the

orbital coordinate system by Euler angles i, ¢ and ¢ . Now the direction cosines of
Ox, Oy, Oz axes in the orbital coordinate system are represented by the following

expressions [1]:

a,, = cos(X, X ) = cosy cos@ —siny cos $sin g,

a,, =cos(y, X)=—cosy sin@ —siny cosFcos @,

a,; =cos(Z, X) =siny sin g,

a,, =cos(X,Y ) =siny cos @+ cosy cos Isin g,

a,, =cos(Y,Y ) =—siny sin@ + cosy cos$cos@, (1)
a,, =cos(z,Y ) =—cosy sin g,

a,, =cos(X,Z) =sinIsing,

a,, =cos(y,Z)=sin%cos @,

a,, =c0s(z,Z)=cos§.

Then, the equations of motion of the gyrostat satellite relative to its center of mass are
written in the following form [1, 2]:

Ap +(C -B)gr -3w;(C - B)a,,a,, — H,r + H,q =0,
BG+(A-C)rp-3w;(A-C)a,a, —H,p+H,r=0, (2)
Cr+ (B - A) Pq —3(002(8 - A)a31a32 - H_lq + I__Iz pPp= O;



P= Wa31+‘9005¢+0)0 = Pt @a,,
q=ya,, — ‘931n(0+a)0 » =0+ 08, (3)

r=ya;+@+wad,; =T +u0a,;.

In equations (2), (3) H, = ZJkak(bk, H, = ZJkﬂk(pk, H,= ZJkyk(bk ; J, 1s the axial

k=1 k=1 k=1
moment of inertia of K-th rotor; ¢, B, 7, are the constant direction cosines of the

symmetry axis of the k-th rotor in the coordinate system OXyz; ¢, is the constant
angular velocity of the k-th rotor relative to the gyrostat; A, B, C are the principal
central moments of inertia of the gyrostat; p,,r are the projections of the absolute
angular velocity of the gyrostat satellite onto the Ox, Oy, Oz axes; @, is the angular

velocity of motion of the center of mass of the gyrostat satellite along a circular orbit.
Dots designate differentiation with respect to time .
Further it will be more convenient to use parameters

H =H,/o, H,=H,/®, H,=H,/a,. 4)

For the systems of equations (2) and (3) the generalized energy integral exists in
the form

%(Aﬁ2 +Bg’ +Cr?) +%a)02[(A—C)a321 +(B-C)al ]+
()
+%a)§[(B - A)a221 + (B —C)8.223] _a)(?(HlaZI + Hzazz + H3a23) = const.

2. Equilibrium orientations

Setting in (2) and (3) y =y, =const, 9= =const, ¢ =@, =const, we obtain
at A= B #=C the equations
(C -B)(a,a,; —3aya;;) —H,a,;, + Hia,, =P =0,
(A-C)(a,a,, —3a,,a,))—H,a,+Ha,,=Q=0, (6)
(B-A)(a,a,, —33;a;,)-Ha, +H,a, =R =0,
allowing us to determine the gyrostat satellite equilibria in the orbital coordinate

system. Actually, it is more convenient to use in subsequent investigation the
equivalent system



Pa,, +Qa, + Ra,; =0,
Pa21 + Qazz + Razs =0, (7)
Pa,, + Qa,, + Ra,;, =0.

System (6) depends on four dimensionless parameters

H . _ H ,_ H _B-A

h y=—""=10
B-C

"B-C’?* B-C'°® B-C’

(8)

Equations (7) are equivalent to equations (6) and can be rewritten in the form

4(Aa21a31 + Bazza3z +Ca23a33) + (H1a31 + H2a32 + H3333) =0,
Aa11a31 + Balza'sz + Ca13az3 =0, )
(Agqa, +Ba,a, +Ca,a,;)+(Ha,+H,a,+H;a;)=0

or using dimensionless parameters (8) in the form

_4(Va21a31 + a23a33) + (h1a31 + h2a32 + h3a33) =0,
va,a; +a,;a;; = 0, (10)
va,a, t+a,38,; — (h1a11 + h2a12 + h3a13) =0.

Taking into account expressions (1), system (6) or system (9) can be considered
as a system of three equations with unknowns v, 3, ¢,. The second more

convenient method to close equations (9) consists in adding six conditions of
orthogonality for the direction cosines (1)
2 2 2
a,+a,+a;=1,
2 2 2
a, +a, +ay=1,
2 2 2
a31+a32+a33_19 (11)
a8, +a,a, +a,3, =0,
a8y +a,ay, +a,,8;;, =0,
8,8, + 8y, +a,3a;, =0.

Further, we will study the equilibrium orientations of the gyrostat satellite using
systems (9) and (11).

As it was shown in [1, 2], the system of second equation in (9) and first, second,
fourth, fifth and sixth equations in (11) can be solved for a,,, a,,, &5, @,;, y,, 8,5 if

A=B=C:



— 4(C — B)aszass

11 2 21
F

— 4(A_ C)a33a31

12 2 22
F

— 4(B — A)a31a32

13 2 23
F

_ — B)asz

6

_4ds - A,

F

E (12)

_ 4('3 _C)a33 )

F

Here F =H,a, +H,a,, + H,a,,, |,=Aaj +Bal, +Caj..

Substituting equations (12) in to the first and third equations (9) and adding the
third equating (11) we get three equations

16[(B-C)’al,aj, +(C — A’aj,a;, + (A-B)’a;a;,]=(H,a,, + H,a,, + H.a,,)’,

4(B-C)(C-A(A-B)a;a,a;; +
+H,(B-C)a,,a,, + H,(C-A)a,;a,, + H,(A-B)a,,a,,1(H,a,, +H,a,, +H.a,;) =0,

2 2 2
a31+a32+as3:1

(13)

for determining direction cosines 8, 8;,, ;5. If system (13) will be solved then
relations (12) allow us to find the other six direction cosines.

Solutions (12) and equations (13) in dimensionless parameters will have the

form

— —4a,a,,

ha,, +h,a;, +ha;, ’
__4(-vaa,

ha,, +ha,, +ha,, ,
- 4va;a;,

ha;, +ha;, +ha,, ,

11

12

a13

_ 4[‘/3322 -(1- V)a323]331

“ ha, +ha,+ha,; ’
_ —4(1/8321 + a323)asz

16[a322a323 +(1-v)’ a323a3’21 + Vza@zla;z] =(ha;, +ha,, + h3a33)2 (a321 + a3’22 + a323)’
4V(1 - V)a31a32a'33 + [h1a32a33 - hz (1 - V)a33a31 - hsva31a32] X

x(ha;, +hay, +has;) =0,

2 2 2
a;, +a;, +a;; =1.

? ha, +ha, +ha,,
_4[(1-v)a] + a5 ]a,, .
23 T D
hla'31 + h2a32 + h3a33
(15)

The right part of first equation in (15) was multiplied by a3, +a;, +a;, =1.



) a a ..
Let us introduce the values x=-L y=—2 and divide all terms of first
a
33 33

equation in (15) by a;, and second equation by aj,. Then we will have the system of
two equations with unknown values X, Y :

16[y* + (1-v)* x> +v*x*y*]=(hx+hy+h)*(1+x* + y?),

4v(1-v)xy+[hy—-h,A-v)x—hyxy](hx+hy+h)=0. (16)

Now substituting expressions a,, = Xa,;, a;, = ya,, in the last equation of the system
(15) we receive
1
2 —_—
S ey

(17)

The system of equations (16) can be presented in such form:

a,y’+ay+a, =0, (18)
by!+by’+hy’ +by+b, =0.

Here
a, =h,(h —vhXx),
a, =hh +[4v(1-v)+h>—(1-v)h} —vh}]x—vhhX?,
a, =—(1-v)h,(hx+hy)Xx,
b, =h;,
b, =2h,(hx+h,),
b, =(h; + h} —=16) + 2hh,x + (h} + h} —16v*)x?,
b, =2h,(hx+h)(1+ x*),
b, =(hx+h)*(1+x*)-16(1-v)*x.

(19)

Resultant R(X) of equations (18) has the form

a, a a 0 0 0
0 a a a 0 0
oo © 0 A & @ 0
0 0 0 a a a
bb b b b b 0
(0 b, b b b b
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Let us consider equation R(X) =0, which can be presented with the help of
Mathematica symbolic matrix function as the twelfth order algebraic equation

PXZ + PX + P X+ pXC + p X+ pX + pX° + 20)
5 4 3 2
+P, X7+ PgX + PoX + P X + P X+ Py, =0,

where

po = -h'hive,

p, = 20h3v* | 20 —h2 (v —1) = 2v(h} +2v -2},

D, = -hfhjv4{6hl4 + (v =1) =h3 (v=1)[16(v> =)+ (v=1)+ b (1-7) |+
[ (<2507 + 260 1)+ 0y (v —16v +1)+ b (1> ~8v +7) | +
+2v2[ 305 +8(v 1) - 4h2 (22 - 7v +5)J},

p, = 20 b {20 + [ (=13v + 14y = 1)+ 207 (v = 6v + 1) + 02 (v* = 5v + 4) | +

+he[ = (v=1) (2v = 1)+ (v=1)v[ 1 (1= 4v)+ (167 ~ 16 +v —1) |+

#2v' [h 8(v =1)’ (4v =5)+ 202 (7 11y + 407) || -

_hz[h“( ~2)(v- )+h§(v—1)[(16v3—16v2+v—1)+h§(3v2—13v+3)}+
)

+2V[ 2(v—1) (Sv—1)+hi(v* —6v+1)+h (18 53v2+38v—3)ﬂ},

p4:—v2{h18+hf[ 1+10v =92 +h2 (3= 4v+v?)+2h2(3-8v +3v?) |+

+he g (v -1 +{h2—16(v )} (~4+hs +4v) +

( ~8(v=1)’(2v+ 1)+ (3v-2)) +

( h34(3v—1)+16(v—1)3(1+8v)+h;(17—49v+64v2—32v3)}}+
[0S (v=1) s (v = 1) {=(v = 1) (1+8v) + 202 (4= 9v + 47 )|+

2(v =1 {8(v=1) (1+2v) +h (14-33v + 1307 ) +

+h? (—4+38v —98v7 + 647 )} + 20| 8(v—1)" + hi (3-8v +317 ) +
+4h: (v =1)7 (7-63v + 52 ) + b (=23 + 134v - 187V" + 761 )} |-

—h [ 1 (v =1)* (2v = 3) 4 (v = 1) {4v —19v* 2417 + 02 (13-33v +14°)

|+
v {h(16-37v +16v") - 8(v - 1)2(3v—1)+h§(209v—298v2+121v3—32)ﬂ},
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P =2y { =20 (v 1)+ 200 (v v 1) =i (v =1) v (v =1)* (11 4v) +
+h (5-10v+607) |-
20| 40(v=1)"(4v —1)+h{ (v —v +1)+ 202 (v 1) (27 - T9v + 56V ) +
+h3 (=15 +46v - 531 +22°) |-
-h; (v=1)v*[ -8(v 1) (16v—1)+hf(—33+131v—146v2+48v3)}—
—h; (v =1)v*h{ (6v* —8v +5)+
+hy'| 0y (6—14v +13v - 5v )+v{14—61v+92v2—45v3—2h32(6—7v+6v2)}}+
+h’| hy (v - ) (6—10V+5V2)+
(v =1)v{-3+41v=560" +18v" + 0} (17 26v +17v° )} +
+2v2h34(6v2 ~Tv+ 6) +
+21? {2(v —1)°(57v* = 64v +11)+ h7 (67v’ — 1550 +125v —37)}}},

po=—{hi (v =1)" =208 [ 02 (1-2v) + 8(v 1) [y (v =1) + (v +1) -
—2h22(v—1)v2[—84h32(v—1)2+128(v—1)5+17h34(v—1)v+hf(—1+v—2v2)]+
4+h2+4v)2[ 17h2(v—1)2+16(v—1)4+h34(1+vzﬂ+

v=1)'v? 96(v=1)" =30 (v —1)" (3+8v) +h (2 - 6v + 617 | +

2h§( 243 -2 +v )+V{8—25V+42V2—25v3—4h32(4—3v+4v2)”+
2 (v =2)(v=1)" 15 (v =1) v {3(v —1)" (8+3v) +1; (20~ 34v + 200 )| -
v—1)v? {h;‘(30—40v+34v2)—168(v—1)3v+17h§(—7+27v—27v2+7v3)}
+2v°{8(v —1)" (25v =8) + h (8 — 6v + 81 ) + 4h} (v — 1) (67 - 122v +67v* ) +
+h! (~104+247v ~2301” + 87v3)}] +

420 5 (v =1)" (3=3v+v2 )+ 1 (v =)y (=17 (v =1)+ b (17 =20V +15v° )} +
+72h! (9 -8y +9v7 ) +

+v? {4(v —1) (4=21v +21v7 ) +h7 (=87 +230v - 247V +104° )}}}
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p, =20, {=2hf (v =1)"+ 20 (v* —v +1) -
—h“( 1)'v|=(v=1)" (4+11) +hi (5 -10v +6v7) | -

hy (v—-1)v 2h“(S 8v+6v)

—h (v=1)v?| =8(v=16)(v—1)" + b (~18-+ 56V —41" +31°) | -
—*| 80(v—4)(v—1)" +2h¢ (v’ —v+1)+4h} (v=1)" (57 - 64v +11v* ) +
+hy (—45+92v - 6107 +14v7) |+
+h14:h22(6—14v+13v2—5v3)—2v{53v—46v2+15V3—22+h32(6—7v+61/2)”+
+hihs (v=1)°(6—-10v +5v7) +
+h? hj(v—1)v{—48+146v—131v2+33v3+h§(17—26v+17v2)}+
+2V2_h34(6—7v+6v2)+
+207 {2(v=1)°(56 - 79v + 2707 #hi (=67 +155v ~125v" + 37} |,

D, = {hlg+hf[hf(3—4v+v2)+2{h32(3—8v+3v2)—4(2—5v+3v2)”+
+h32[h (V—1)4+V4{h32—(V—l)z}(—4+h32+4l/)2—
—h (v - 1)2V{h32(2—3V)+(V—1)2(8+V)}+
+02 (v =1 (8(v=1)' (24 v) + b (Bv=1)+ (17199 + 40> =207} | -
[ 12 (v =1){-32+ 64y = 4902 17V + 1 (13-33v +14v7)} +
+h;(v I (2v-3)+

b (16-37v+16v°) - 16(v—1)2(91/—8)+2h32(187v—134v2+23v3—76)”+
+he[ g (v=1) 420 (v =1) B (4-9v + 47 ) = 4(2-3v )+
+h; (v =1)vhi (14 -33v +13v7 )+
2 (v=1)v{16(v—1)'(8+v) +h (-64 +98v =38y +4v")} +
:

{

(-

+

+171-256(v —1)" +2h¢ (3-8 + 31 ) +8h; (v —1)° (52— 63v + 7v* ) +
#h (<1214 298v - 20007 + 320" |1



11

p, =-2hh {2h6+h2[—h§(v—1)2(2v—1)+

+h; (v-1)v { 16 +h; (1—4v)+16v—v2+v3}+

w7 {2hE (v =) (v=1) 40 (13- 14w+ )} ]+
+hi[h:(4-5v+1?) +2{—8+22v—14v2+h2(1—6v+v2)}}—
[0 (v=1){-16+16v v +v* +h(3-13v + 37 )| -

1
—hhd (v —2)(v 1)’ +2vh4(1—6v+v )+
+2v{ 8(v—1) (5v—4)+h(- 18+53v—38v2+3v3)}}},

o = P {6h + b (v=1)" =hZ (v =1)[ (v* =v* +16v ~16) + h (1= ) | +
v2[6h +16(v—1)" —h; (v? ~26v +25) |+
[0 (12 =16y +1)+h2 (v —8v +7)-8(5v" —7v+2)]},

py = -2t {20 —h2 (v —1)=2v(h? + 2v - 2)},
P, = 'h14h34'

Substituting the value of a real root X, of equation (20) into the equations (18)
we can find coinciding root Y, of these equations. For each solution X, Y, one can
determine two values of a,; from equation (17), and then the values a,, = X,a,, and
a,, = Y,a;,. Thus, each real root of the algebraic equation (20) corresponds to two sets
of values a,,a,,,a;;, which, by virtue of (14), uniquely determine the remaining
direction cosines a,;, a,,, a3, &,,, &,,, &y;. It follows from these considerations that the
satellite gyrostat in general case (h #0, h, #0, h, #0) may have no more than 24
equilibrium orientations in orbital coordinate frame.

3. Analysis of equilibrium orientations

Using equation (20), it is possible to determine numerically all equilibrium
orientations of the gyrostat satellite in orbital coordinate system and analyze their
stability We will analyze numerically dependence of the number of real solutions of
equation (20) on the parameters, using Mathematica factorization method. It is
possible to provide the numerical calculations, without breaking a generality for the
case when B> A>C. From these inequalities it follows that O<v<1. The
parameters h,, h,, h, can take on any nonzero values.
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For the limiting values v =0 and v =1 (cases of an axisymmetric satellite) it is
possible to define analytically a boundary of regions with the fixed number of
equilibrium orientations.

In the case v=0 (A=B) we have an axisymmetric satellite. For this case the

system of stationary equations (9) becomes simpler. And it is possible to derive from
these equations the equations of circles in the plane (h,, h,), which define the

borders between the regions with the fixed number of equilibria:
h +h2 42/3 h2/3 3,
( - ) o)
P +h =(1-h"7).
In the case v=1(A=C) we have also an axisymmetric satellite. For this case it

is possible to derive from the equations (9) the equations of two astroids in the plane
(h;, h,), which define the borders between the regions with the fixed number

equilibria:
h22/3 +(h12 + h32)1/3 :42/3’
h2/3 +(h2 +h2)1/3 _1 (22)
2 1 3 -

The coefficients of equation (20) depend on 4 dimensionless parameters
v, h, h,, h;. The system of stationary equations (9) depends on 6 dimensional

parameters H,, H,, H,, A, B, C. For the numerical calculations decrease of the

number of system parameters is very essential.

Let us consider the properties of the algebraic equation (20) in detail. It is
possible to show that the number of real roots of equation (20) does not depend on
the sign of the parameters h;, h,, h;.

It is evident that coefficients of equation (20) with odd x degree
Py (K=1,2,3,4,5,6) depend only on odd degree of the parameters h,, h,, h,. For

the coefficients with even X degree P, ., (K=1,2,3,4,5) we can represent them,
using factorization to the form p,,,, =hh,P, ,, where factor P, ., depends only on
odd degree of the parameters hy, h,, h;. Thus, changing sign of h;, h,, h;, we will
change only sign of the factor hh; and therefore sign of real root of polynomial (20).

Therefore the number of real roots does not change.

Hence, the numerical analysis of the number of real roots of the equation (20) is
possible to do with positive values of h;, h,, h; and 0<v <1 condition. Thus, the
numerical investigation of real roots of equation (20) will be simplified.

The numerical calculations were made for fixed values of v and h;, the number

of real roots was determined at the nodes of a uniform grid in the plane (h;, h,). The
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direct calculations for h, with step equals to 0.0001 are very complicated. In this
case we have for the size 4x4(h;, h,) region about 10° nodes. The calculation task

was divided in two parts. In the first place, the number of real roots in the 10’ nodes
(0.001 step value for h,) was calculated. Secondly, the number of real roots was

calculated in the vicinity of the border between two regions with the fixed number of
real roots (0.0001 step value for h,).

Then for the fixed value of h, it was defined more precise border value of h,
between two regions with the fixed number of real roots with the determined

accuracy, using half division method, realized in Mathematica language as a package.

The equation (20) was derived under the conditions h, #0, h, #0, h, 0, so we
use hy, h,, h; in the vicinity of zero with the higher accuracy equal to 0.00001.

Calculations were made for the inertia parameters v =0.01 (near limit value
v=0),v=01,v=02,v=03,v=04,v=05,v=06,v=0.7,v=08,v=09
and v =0.99 (near limit value v =1). The results of calculations are presented in the
Figures 1-55.

From the analysis of all calculations for the mentioned above inertia parameters
v it follows that with increase of the h, values of several regions with the fixed
number of equilibria become narrowed until they completely disappear. The point in
the space of parameters where region with the fixed number of equilibria vanishes,
was defined as bifurcation point. Calculated bifurcation values of the parameters are
presented in the Table 1.

The figures 1-55 were calculated for the bifurcation values h,, indicated in the

Table 1, and for the values h,, corresponding to middle points between two

bifurcation values.
All bifurcation points from Table 1 were calculated numerically, and it is
possible to see that the h, bifurcation values for regions with 24 equilibria (12 real

roots) vanish in accordance with the equation h, =1-v.

For the regions with 20 equilibria (10 real roots) the h, bifurcation values
increase with the increase of v up to v =0.6, and decrease after that with the further
increase of v .

For the regions with 16 equilibria (8 real roots) the bifurcation values always
decrease with the decreasing of v.

The regions with 12 equilibria become smaller with the increase of h; values.
These regions are vanishing in the center of system of coordinates for h; =4. For

h, >4 there are small regions of 12 equilibria near h, axis with the size along h,
and h, axes less than 107" (Figs.13, 19). And the bigger the h, value, the further from
the center of coordinate system these small regions take position along the h, axis.

Let us consider the example, when first inertia parameter v =0.01 (near
axisymmetric gyrostat, v =0). In this case were calculated figures for the next h,
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values: h, =0.01 (zero vicinity point, Fig.1), h; =0.495 (middle point, Fig.3) and
h, =0.99 (bifurcation point, where region with 24 equilibria disappear, Fig.5). These

figures are very similar to the corresponding figures for v =0 (see figures 2, 4, 6),
which are defined by the equations (21). As shown in [3], in axisymmetric case the
number of equilibria of the gyrostat satellite is no less than 8 and no more than 16.
There are only 3 regions in the space of parameters with fixed number of equilibria —
16, 12 and 8. There are two bifurcation values of h; in this case: h; =1 and h, =4.

For the inertia parameter v =0.99, near axisymmetric limit value v =1, were
calculated figures for the next h, values: h, =0.005 (zero vicinity point, Fig.48),

h,=0.01 (bifurcation point, where region with 24 equilibria disappear, Fig.49),

h; =0.5 (middle point, Fig.50) and h; =1.0( bifurcation point, where region with
16 equilibria disappear, Fig.51).

These figures are similar to the corresponding figures for v =1 case (Figures 52-

55), which are defined by the equations (22). There are two bifurcation points of h,

in this case, h;=1and h, =4.
For the interval 0.1<v <0.9 we investigate numerically the evolution of regions

with 24, 20, 16, 12 and 8 equilibria. It was used a small increment of the v parameter
equal to 0.1 (see Figures 7-47).

For example, if ¥V =0.2 then analysis of the numerical results shows that five
regions with 24, 20, 16, 12 and 8 equilibria exist in the plane (h;, h,) for the interval

h, <0.8 (Figures 14, 15). When we pass through the bifurcation value h;=0.8
region with 24 equilibria vanishes (Fig.16) and in the interval 0.8 <h, <1.048 only
four regions with 20, 16, 12 and 8 equilibria exist. The value h,=1.048 is
bifurcational (Fig.17). When we pass through the bifurcation value h, =1.048 region

with 20 equilibria vanishes.
In the interval 1.048 <h, <3.264 only three regions with 16, 12 and 8 equilibria

exist.
The value h,=3.264 is bifurcational (Fig.18). When we pass through the

bifurcation value h,=3.264 region with 16 equilibria vanishes. In the interval
3.264 <h; <4 only two regions with 12 and 8 equilibria exist near the center of

coordinate system.

When the values of parameter h, of the gyrostatic torque are more then 4, the
satellite has 8 equilibrium orientations, which correspond to four real roots of the
equation (20). There are only small regions of 12 equilibria outside the center of the
plane (h,, h,) near h, axis.
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Conclusions

In this work the attitude motion of a gyrostat satellite under the action of
gravitational torque in a circular orbit has been investigated. The main attention was
given to determination of a satellite equilibrium orientation in the orbital coordinate
system. The symbolic - numerical method of determination of all satellite equilibria is
suggested in general case when A=B=C and h, #0, h, #0, h, #0.

The evolution of regions with a fixed number of equilibrium orientations was
investigated numerically in the plane of two parameters (h;, h,) for different values

of parameters v and h;.

It was shown that in general case the gyrostat satellite subjected to gravitational
torques can have no more than 24 and no less than 8 equilibrium orientations in a
circular orbit.

The obtained results may be used in the stage of preliminary projecting of the
satellite with gravitational stabilization system.
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Table 1.
Bifurcation points
Regions of
equilibria 24/20 20/16 16/12 12/8
h;=0.00001 h;=0.0065 h;=0.0001 h;=0.0001
0.01 h,=0.00001 h,=0.0001 h,=0.0006 h,=0.0001
h3=0.990 h;=0.999 h;=3.959 h;=4.0
h;=0.00001 h;=0.0740 h;=0.0001 h;=0.0001
0.1 h,=0.00001 h,=0.0001 h,=0.0682 h,=0.0001
h3;=0.900 h;=1.021 h;=3.610 h;=4.0
h;=0.00001 h;=0.1400 h;=0.0001 h;=0.0001
0.2 h,=0.00001 h,=0.0001 h,=0.1809 h,=0.0001
h;=0.800 h;=1.048 h;=3.264 h;=4.0
h;=0.00001 h;=0.197 h;=0.0001 h;=0.0001
0.3 h,=0.0001 h,=0.0001 h,=0.3154 h,=0.0001
h;=0.700 h;=1.082 h;=2.950 h;=4.0
h;=0.00001 h;=0.231 h;=0.0001 h;=0.0001
0.4 h,=0.00001 h,=0.0001 h,=0.4603 h,=0.0001
h;=0.600 h;=1.124 h;=2.669 h;=4.0
h;=0.00001 h;=0.224 h;=0.0001 h;=0.0001
0.5 h,=0.0001 h,=0.0001 h,=0.6132 h,=0.0001
h;=0.500 h;=1.182 h;=2.412 h;=4.0
h;=0.00001 h;=0.1236 h;=0.0001 h;=0.0001
0.6 h,=0.00001 h,=0.0001 h,=0.7778 h,=0.0001
h;=0.400 h;=1.186 h;=2.167 h;=4.0
h;=0.00001 h;=0.0144 h;=0.0001 h;=0.0001
0.7 h,=0.00001 h,=0.0001 h,=0.9675 h,=0.0001
h;=0.300 h;=1.105 h;=1.915 h;=4.0
h;=0.00001 h;=0.0001 h;=0.0001 h;=0.0001
0.8 h,=0.0001 h,=0.0155 h,=1.2107 h,=0.0001
h;=0.200 h;=0.909 h;=1.629 h;=4.0
h;=0.00001 h;=0.0004 h;=0.0001 h;=0.0001
0.9 h,=0.00001 h,=0.0989 h,=1.5915 h,=0.0001
h;=0.100 h;=0.676 h;=1.245 h;=4.0
h;=0.00001 h;=0.0001 h;=0.0030 h;=0.0001
0.99 h,=0.00001 h,=0.2521 h,=0.0001 h,=0.0001
h;=0.010 h;=0.168 h;=0.997 h;=4.0
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