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O0 0/1HOM MOJIEJIBHOM YPABHEHUM C MAJIbIM [1apaMerpoM IpHU cTapiieil mpo-
U3BOJIHOIN IO BpEMEHM, BO3HUKAIOIIEM IIPU aHAJIU3€ HEKOTOPBIX KBa3UIa3o-
JIMHAMUYCCKUX CUCTEM YpPaBHCHU

AHHOTAIINA

Ha mojenbHOM npumepe HEJIUHEHHOrO runepOOJIMYecKOro ypaBHEHUsl ¢ MaJIbIM Iia-
paMerpoM Npu cTapiieil IPOM3BOJAHON 110 BpeMEHHM MOKa3bIBAETCs, YTO €ro JIMHAMHUKA
npu OOJIBIIUX 3HAYEHUS] BPEMEHH ATMPOKCUMHUPYETCS B CMBICJE IJIO0AJTHHBIX aTTPAaKTO-
POB IMHAMUKON HpeeTbHOTO MapaboIndecKoro YpaBHeHus. Ban30cTh Ke MHIMBU YA b-
HBIX TPAEKTOPHil CyIeCTBEHHBIM 00pa30M 3aBUCHUT OT uxX creKTpoB Pypoe. [lomydennbie
pe3yJIbTaThl OTPAaXKAIOT BO3MOZKHBIE dABJICHUSA, BOSHUKAIOIIHAE MIPU AHAJIN3€ KBA3UTA30/IH-
HAMUYECKHX CUCTEM YPaBHEHU.

Ctp. 9, 6ubsa. HA3B. 3

A A lyin, Yu.G.Rykov
ABSTRACT

We study a model nonlinear hyperbolic equation with small parameter as a coefficient
of the second-order time derivative. We show that its long time dynamics are approximated
in terms of global attractors by the dynamics of the limiting parabolic equation. The
proximity of the individual trajectories essentially depends on their Fourier spectrum.
The obtained results might be useful for the explanation of certain effects arising in the
analysis of the quasi-gasdynamics systems.

CopaepxkaHne
1 Bsenenue 3

2 ATTpakTOophl runepOoJiMYecKnX ypaBHEHHII ¢ MaJbIM IIapaMeTpPOM IIpPu
crapiieii Mpon3BOAHOI IO BPEMEHN 4

3 O 6sm30CTH MHAWBUAYAJbHBIX TPAEKTOPUili HA KOHEYHOM HHTEPBAJIE 6



1 Bsenenue

[Ipu MaTeMarmyecKOM MOJICJIMPOBAHUK CJIOXKHBIX I'a30/IMHAMUYECKUX IIPO-
[1ECCOB MHOTJIA TTOJIE3HO UCIOJIb30BaTh KBasurazopnnamudeckyo (KII) cu-
CTeMY YpaBHEHHI M CBsI3aHHBIE C HEil KMHETUUECKHe Pa3HOCTHLIE cXeMbl. B
pabore |2], [3] 6bu1a mpemioxena vHoBas mopudukanus KL/, koropast Hapsi-
JIy CO BTOPBHIMH TTPOMU3BOLHBIMK TIO MTPOCTPAHCTBY COMAEPYKUT TaK¥Ke BTOPHIE
[IPOU3BBOHBIE TI0 BPEMEHHU.

Kax n3BecTHO, OCHOBHBIE CUCTEMbBI Y PABHEHUN THIPO- Ta30[MHAMUKHI, YPaB-
Henus dityiepa u Hapbe-CToKca, ObLIM B CBOE BpeMs 0O0CHOBAHbI C IIOMOIILIO
METOJIOB KWHETHUIECKOH Teopnn. DTU ypPaBHEHWST XOPOIIO 3aPEKOMEHI0BAJIH
cebst Ha npakTuke. OJHAKO, OCTAETCs JJOCTATOYHO MHOI'O BOIIPOCOB, JIAXKE B
TPAJIUIMOHHBIX 00JIACTSIX, K KOTOPBIM II0JIE3HO BHOBL 0OPAIIaThCs Ha, OCHOBE
KUHETHIeCKOi Teopuu. Te JacTu TedeHusi, KOTOPhIEe TeMOHCTPUPYIOT ObICT-
pble 1 OOJIbIlINEe U3MEHEHUsI Ta30JIMHAMUIECKUX HapamMerpoB ((usmyecku,
BOOOIIE TOBOpsI, Ha MAacIITabax MOpsijiKa JJIUHBI CBOOOJIHOIO Ipobera MoJie-
KYJIbI), JIOJZKHBI, CTPOTO TOBODPs, ONMUCHIBATHCSA C MOMOIIBIO KUHETHIECKOT
Teopun. Makpornpubsinkennsi He0OOXOMMO CTPOUTH Ha ee ocHoBe. Turmy-
HBIM IIPUMEPOM TIOJ00HON CUTyaluu SIBJISIETCST 0Opa30BaHUE YIAPHBIX BOJIH.
CTpyKTypa yJIapHOii BOJHBI B PA3JIMIHBIX CUTYAIUSIX MOMXKET OTJIMYATHCS OT
TOH CTPYKTYPBI, KOTOPasi MPEINNCHIBACTCS YIETOM JIUITH IDMEKTOB BIA3KO-
CTH ¥ TEILJIONPOBOJHOCTH. 31ech paziaudnbie ¢popmbl KI'JI ypaBHenuit MmoryT
UI'PATDh PEIIAIOIIYI0 POJIb.

C BBIYUCUTEHHON TOUKHU 3PEHHUsI BO3MOXKHAS II0JI€3HOCTh I'UIIepOoJIn3a-
nuu ypapaennii Hapre-Ctokca MoxkeT OBITH OMMCAHA CJIELYIONIM 00Pa30M.
Eciu cucrema ypaBHeHUit umeeT Bu/L

Ut — Vg = 0,

TO UCIOJIbL30BAHUE ABHON CXEMbI (KOTOpaH MOXKET OKa3aThCs HamboJiee TOU-
H01'71) [peJroaraeT mar 1o BpeMeHu 7 ~ h2, rjie h — XapakTepHblii pa3mep
npocTpaHcTBeHHO# stueiikn. [Ipu runepbosmzaum paccMaTpuBaeTCsi CUCTEMA
YpaBHEHUN TUIIA

EUt + Ut — VUgy = 0,

¥ TOrJIa BpeMeHHoit mar 7 ~ h+/e. Ecim 6parn € nopsaaka h, To mosydaercs
3aMETHBII BBIUTPBIII 10 BPEMEHN PacUeTa.

Torjga BoBHUKAET eCTeCTBEHHBII BOIIPOC, HACKOJIBKO OJIM3KK PEIICHUsT UC-
XOJTHOT'O MapabOJIMIECKOro YpaBHEHU U ero TUIepOOIN30BaHHOM MOIn(UKA-
1uu. B npenpunaTe OyJieT oKa3aHo, YTO JlaxkKe B IPOCTEHIIeM ciiydae OJHOIO



JIMHEWHOI'O0 YpaBHEHUS STOT BOIPOC HE SIBJIsIeTCs TPUBHaJIbHBIM. ['py0o 1oBO-
psi, petierusi Oy iy T OJIM3KUMU, €CJIU KOJUMYECTBO YaCTOT B PELIEHUU OrPaHu-
yeHo. Ecym »Ke nprcyTcTByeT BeCh YaCTOTHBII PsIJ CO CKOJIb YI'OJIHO CHJIbHBIM
yObiBaHMeM (B paMKax CTENEeHHOrO 3aKOHA) aMIUIUTY/[, TO Pa3JInyuie B perie-
Huu ObicTpo stocruruer Besuuntbl O(1) upu € — 0.

Taxum 0Opa3oM, UCIOJIB3Ysl TUIEPOOTU3AIINI0 OCHOBHOI CHCTEMbI ypaBHe-
HUIl B ra30MHaMUYCCKUX 33/a4aX, HEOOXOJUMO YO UThCA, YTO Mbl UMeeM
JIeJIO ¢ raajkuMmu pererusivu. [Ipn BosHuKHOBeHnuM obJsiacTeil ¢ OOJIbITUME
I'PaJIMEHTAMK, KOTOPbIE B CJydae ypaBHEHU Diijiepa NMPEJCTaBISIOT coDOit
pa3pbIBLI, a B ciaydae ypaBHennit HaBbe-Crokca oTparkaioT pa3sBUTHE HEKO-
TOPBIX MIEPEXOJIHBIX MTPOIECCOB, HEOOXOAMMBI JIaJbHEHTINE ClielnaJbHbIE YCO-
BEPIIEHCTBOBAHUS METOJIa, HAIIpUMED, IyTeM JICKOMIIO3UIMN PacyeTHO 00-
JIACTH.

OrmeTnM, 9TO IIepexo]l K MOJIe/IbHO# JIMHEeiHO cucTeMe ypaBHEeHHIt, a TeM
bosiee yuer HeJuHeHbIX 3¢ deKkToB (KOTOpble BHOCST OCHOBHBIE CJIOKHOCTH
B peaJibHbIe IPAKTUYCCKUE 3a/[a4K) JacT elle 60Jiee CI0KHYTO 1 3ally TaHHY O
KapTUHY [TOBEJICHUS TPAEKTOPU JTUHAMUYIECKO! CUCTEMbI IPY CUHTYJISAPHOM
BO3MYIICHUHU C [IOMOIILIO BTOPOI IIPOU3BOJ/IHON 110 BPEMEHHU.

2 ArTpakTOophbl ruiep00JnYecKnX ypaBHEHHI ¢ MaJbIM IIapaMeT-
POM IIpM CTapIleil MPOUu3BOAHON 110 BPEMEHU

B sToM pasjene paccMaTpuUBaeTCs MPUMED CHHTYISIPHO BO3MYIIEHHOTO T'H-
11epbOJINIEeCKOr0 ypaBHEHHUs, JIJisi KOTOPOT'O IIPeJIe/IbHOE apadoJInIecKoe ypaB-
HEHUEe UMeeT TJIODAJbHBIA aTTpakToOp, B MPOU3BOJILHO MAJOH OKPECTHOCTH
KOTOPOI'O COAEPXKATCSI aTTPAKTOPbLI MCXOAHOIO CHHIYJISAPHO BO3MYIIEHHOIO
ypaBueHus. Ilpu sToM OJM30CTH MHAUBHUAYAJIbLHBIX TPAEKTOPHUl Ha OECKO-
HEYHOM MHTEpBaJie BpeMEHHU B ODIIEM Cjiydae, KOHEUHO, HeT.

CHavaJia HAIIOMHMM OCHOBHBIE HCIIOJIB3YIONINECsT HUXKe MmoHsiTus. IlycThb
nuddepenHiaibHoe ypaBHeHne

0= F(u), u(0)=uyeH (1)

KOPPEKTHO pa3pelirMo B T'HJILOEPTOBOM IIpocTpaHcTBe H, TO ecTh ompe/ie-
JIeHa TIOJIYT'PYTIa pa3peniaioniuxX onepaTopon

St IH—>H, Stuo:u(t),

rie u(t) — perienne ypashenust (1) B moment Bpemenu t. OrpaHudeHHoe



muoxkecTBo A € H nasbiBaercst riodaJbHbIM aTTPaKTOPOM Sf, €CJIn

1. A€ H (KOMIAKTHOCTD);
2. SpA = A (crporasi MHBAPUAHTHOCTD);
3. disty— 00 (S¢ B, A) — 0 V orpannuentnoro B (npursikenne),

rie

dist(X,Y) = sup 1nf |z —yl|.
rxeX Y

Paccmorpum runepbosimiaeckoe ypaBHEHNE C MaJIbIM TaApaMeTPOM TIPH CTap-
el MpON3BOIHON MO BpeMeHu

e0*u + yOu = vAu — f(u) — g(x),
ulpo =0, >0, v>0.

(2)

Biecy Q @ R? — orpannuennas obiacts B R, v > 0 — dbukcuposano, a €
— MaJIblii mapaMeTp. YCJIOBUS HA HEJMHEHHOCTH TAKOBBI (YCJIOBHE HA POCT U
yCJIOBHE ,ZLI/ICCI/IHaTI/IBHOCTI/I)Z

u)| < C(1+ |ul)?,
/f Ydv = ()2—(>\1—n)u2—0 Vu € R, n >0,
u) < Cf(u)u+ Cy + (A —n)u?/2,

rje A\| — 1nepsoe cobeTBeHHoe 3Hadenue oneparopa —A ¢ yeaosuem JIupuxie.
Kpowme Toro, g € HY(Q), rne H(Q) — npocrpancrso Cobonesa.
Ypasuenue (2) mpu € = 0 nepexoquT B mapaboJHIecKoe ypaBHEHHE

YO = vAu — f(u) — g(x),
U’aQ =0.

(3)

Da30BbIM TPOCTPAHCTBOM JIJist ypaBHEHUST (2) SBJISETCS TPOCTPAHCTBO Map
(u,p) = (u,0u) € By = (H*NH}) x Hy, a juist ypasnenus (3) — npocrpan-
crBo H}. Kpome Toro, nam nonaobures mKajia

E,= H"U x HS,  H® = (=A)"2Ly(Q), (4)

re omepaTop —A Oepercs ¢ OTHOPOAHBIM yeaoueM dnpuxie.

Ypasuenue (3) uMeer eIUHCTBEHHOE pereHue B (Ha3s0BOM MPOCTPAHCTBE
Hj w obnasaer B nem riuobaabibiv arrpaktopom Ag. U3 ceoiicTs criaxupa-
HUs BbITEKaeT, uTo arTpakTop Ay orpanuden B H3. Jljist ero perenuii taxxe
obpasyeM mapy

(u,p) = (u, (1/7)(vAu = f(u) = g(x))),



COCTOLIIYIO M3 TOJIHBIX TPACKTOPUIA (u,@tu), rie u € Ay. Hust Becex u €
Ay MHO)ecTBO Beex takux nap obosnadum uepes A(0). Tak kax arrpakrop
u € Ag orpanmien 8 H3, To muozkectso map A(0) orpammteno s cieayiomem
CMBICTIE

[ull3+ [|Oull} < Mo.

Ypasuenune (2) npu € > 0 obsnagaer riaodaibHbiM aTTpakTopom A(e),
KOTOPbIii paBHOMEPHO 110 € > 0 orpanuden B Ei:

I, p)|[E, < M,

riae M He 3aBUCHT OT €.

CrupaeiuB CJIeJIyoUil Pe3yabTaT o0 6JIM30CTH IVI00aJIbHBIX ATTPAKTOPOB
rUIepOOJIMIecKOro ypaBHeHWsT ¢ MaJIbIM TapaMeTpPOM TIPH CTapiineil mpons-
BOJTHOM TIO BpeMeHu (2) n mpeiebHOro mapabosntdeckoro ypasaenns (3) [1].

Teopema 2.1 Ammpaxmopo A(€), coomeememsyrousue (2), noaynenpepois-
no ceepry sasucam om € npu e — 0 u 6 E1_5, § > 0 cnpasedauso

distg, ,(A(e), A(0)) -0 upu e —0, (5)
ede Eg onpedeaeno 6 (4).

Bamenanue 2.1 Tpegen (5) oznavaer, uro Bee arTpakTophl A(e) sexkar mpu
e — 0 B IPOM3BOJILHO MaJIOH OKPECTHOCTH aTTPAKTOPa HPEJIEIbHOIO yPaB-
Henus (3):

V>0 Feo(p) : Ale) C Ou(A(0)) mpu € < eo(p).

3 O 6/m30CcTM MHAUBUAYAJBHBIX TPAaeKTOPWiII HA KOHEYHOM WH-
TepBaJie

Teopema 2.1 ropopuT 06 MHTErpasbHON OJK30CTH (B TepMUHAX MIODATBHBIX
ATTPAKTOPOB) JINHAMUKK CHHTYJISIPHO BO3MYIIEHHOIO U IIPEJEJIBHOIO ypaB-
HEHUsI IIPHU OOJILIINX 3HAUEeHNAX BpeMenn. O OJIM30CTH UHINBUIYAJbHBIX pe-
IIeHuit 3Ta Teopema nHMOPMAIUU (PAKTUIECKH He IPEIOCTaBJISCT.

MbubI paccMoTpuM BOIPOC O OJIM30CTU MHIANBULYAJIbHBIX TPACKTOPUIA JIJIst
JIMHEHHOI'O ypaBHEHUSI U JIJIsi IIPOCTOTHI PACCMOTPUM OJHOMEPHYIO II€PUO/IU-
YECKYI0 3a/1a1y:

P
e0fu + Owu + auy = Vg,

u(0) = ug, Ou(0) =1, € [0,27]. (1)



He orpanuuuBasi obiiHocTu OyjieM cUUTaTh, YTO

2m
/ u(t,z)de =0 s Beex ¢ > 0. (2)
0
Byjem ucnosbzosars psijibl @yphe n npejcrasum u(x,t) B Buje
. 1 27 .
u(z,t) = Z ur(t)e™,  tae up(t) = %/0 u(t, z)e " dz,

k€Zy

rie Zo = Z \ {0}, u nynesas mosa orcyrcrsyer B cuiy (2). OpHopojmbie
npocTpancTba CoboJieBa OIpPeJIeISIOTC CTaHIapTHLIM 00pa3oM

e =) kP, s eR.
keZy

Il

MBI XOTUM CPABHHUTDL PELICHHUs 3TOTO YPABHEHHUSA C PELICHUAME HMPEIC/Ih-
roro ypasaenust (¢ € = 0):

O + AUy = Vg, 3)
u(0) =ug, =z €[0,2m7].
B cuny nuHeifiHOCTH 11 KaXKI0TO Uy MOJyIaeM ypaBHEHUe
ety + uyp + takuy = —Vk2uk,
ur(0) = ub,  a(0) = af.
XapakTepucTuieckoe ypaBHeHUe

XN+ N +iak +vk? =0 (5)

nMeeT KOpHu

—1+ /1 — 4e(iak + vk?

PacemorpuM JiBa ciydasi: BOJHOBbIE YHC/Ia K OPDAHUYEHDI U CJIyail, KOrja
k| ~ ™™ m > 1.
1. Tlycrs |k| < const, a B cayuae ecsin a = 0, |k| < const - v~

—1+ (1 — 2e(iak + vk?))
2e

12 Torna

)\1,2 = + 0(8) (7)

A\ = —(iak + vEk*) + O(e),

Ay = —% + (iak + vk?) 4+ O(e). ®)



Pemienne ypasuennst (4) ecrb

up(t) = creMt 4 e,

rje IoCTOodHHbIE C1, Co OIIPEACJIAIOTCA N3 HadaJIbHBIX YCHOBHﬁ, qTo HaeT

)\ng —Ug
L= —~V——~ >
) — )\1?1,2 — Ug

SEEDYRED

[Ipu cpaBHenwn perennit ypasaennii (1) u (3) pasymMHo norpeboBaTh, 4To-
Obl HauaJsibHast “cKOpocTh’ pasHsiiack Hyso, 4(0) = 0, orkya
Aot
C1 = ck )
Ao — A1
_ Alug
Al — Ao
Orcroga B iepsom cayuae |k| < const nmeem
uk(t) _ uk(O)(l + O(g))e(—(iak+yk2)+0(5))t+
+ uk(O)O(8)6(%+(iak+yk2)+0(€))t,
Pemienne ypasuenust (3) B @ypbe-1pocTpaHcTBe €CTh

U (t) = ug(0)e AR+ (12)

(10)

C2

(11)

Cpasuusas periennst (11) u (12) na dpukcnposarnom orpeske spemen [0, 77,
OJIyHaeM CJIEAYIONMHA Pe3yJIbTar.

Teopema 3.1 Ilycmov T npoussosvro u pukrcuposaro. Ilycmo svinosmsem-
ca uw(0) =0 u nycmo

up(z) = Z uy, (0)e™**.
|k|<ko=const

Tozda pewenus ypasnenut (11) uw (12) pasnomepro 6ausxu ma ompesike

[0,T] 6 ar0boti coboaesckoti nopme H*:

[u(t) = a()]l 7 < C(T' ko, 5) - & (13)

2. llycte k ~ ™™, m > 1 u nyctb g npocrotsl ¢ = 0. B aTom ciyqae
1 42y meCmen2
A = ‘g +0(e),
—1-— i2\/§€_(2m_1>/2 (14)
)\2 = + O(E),

2e



up(t) = up(0)(1/2 4+ O(g))e(*%+i2ﬁ5*(2m73)/2)t+

- —i —(2m=3)/2 15
Fup(0)(1/2 + O(e) el e —izvre &9t (15)

dcHo, uTo Ha MaJoOM HavaJbHOM OTpeske Bpemenu Buja t € |0, em/ 2] aT0
peIleHre U pelieHne peJiesibHOTo ypasHenus (12)

2mt

U, (t) = Ug (0)671]57

pazoiiayres Ha Besmanny O(1).
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