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. B. T'oprouknna. Pemenne Ilukapa mecroro ypasuenns [lennee m acmmi-
TOTHKHU, TIOJIYYeHHBIE C TIOMOIIbIO cTeleHHOoi reomerpun. [IpenpunT mHCTUTYTA
npukJiagnoit maremaruxku um. M. B. Kespima PAH, Mocksa, 2011.

[lecroe ypasuenue IlenseBe nmeer perienns, KOTopble B 00IEM CJIydae Olpe-
JEIAI0T HOBbIe TpaHcueHentubie Gynknnu |1| (tpancuengenter [lennese). U
TOJILKO 1PH HEKOTOPBIX 3HAUYEHUSX KOMILIEKCHDBIX [apaMeTPOB YDABHEHU MOZK-
HO BBIIINCATH €r0 PEIleHis, KOTOPble BbIPAZKAIOTCs Yepe3 dIeMeHTapHble M/ 13-
BeCTHbIe clelua/bable GyHKImn. OJIHO 13 caMbIX U3BECTHBIX PEIIEHUi 1IeCTOro
ypasuenus [lerese s1o pemenue [Tnkapa. C moMoIs0 METOIOB CTEEHHOMN Teo-
MeTpUU ObLIN HaiiJleHbl BCe aCUMIITOTHYECKIE Da3JI0yKeHUsl peleHnil mecToro
ypaBHeHus IleniieBe pu Bcex 3HAUEHUSIX €0 [apaMeTpPOB, KOTOPbIe OTHOCATCS K
nstiTi tunam. Lesnb JanHoi paboThl — COOCTABUTEL H3BECTHOMY DEIIEHHIO aCHMII-
TOTHKH, HaliJIeHHbIE C OMOIIBIO CTENEHHOl TeOMETPUH.

[. V. Goryuchkina. The Picard solution of the sixth Painlevé equation and
asymptotic forms found by Power Geometry. Preprint of the Keldysh Institute of
Applied Mathematics of RAS. Moscow, 2011.

The sixth Painlevé equation has solutions, which in the generic case determined
new transcendent functions [1| (Painlevé transcendents). Only for some values of
complex parameters of the equation it is possible to write its solution, which
is expressed in elementary or known special functions. One of the most famous
solution of the sixth Painlevé equation is the Picard solution. By the methods
of Power Geometry we found all asymptotic expansions of solutions to the sixth
Painlevé equation for all values its complex parameters of the five types. The
purpose of this work is: to compare the known solution with asymptotic forms,
found by Power Geometry.

©UIIM um. M.B. Kenupiita PAH, Mocksa, 2011 r.

Pabota BhInoiHEHA 1TpU PUHAHCOBOIT 1To11ep2KKe Poccuiickoro donia dpyH1a-
MEeHTAJILHBIX uccjegoBanuii (nmpoekt 11-01-00023).
E-mail: igoryuchkina@gmail.com
Caiit: www.keldysh.ru
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[Tlecroe ypasuenne [lennese nmeer Bu [2]
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rje T U Y — He3aBHCHMas ¥ 3aBUCHMAsl [lepeMeHHble COOTBeTCTBeHHO, ' = d/dx,
a,b, c,d — KoMILIeKCHBIE TTapaMeTpbl. YpaBHenne (1) nmeer Tpu 0cobble TOUKH
r=0,r=1nz=00.

+

r—1 x@—117

[ToBeenme perennii B OKPECTHOCTH OCOOBIX TOUEK YpaBHEHNUs ONPE/IEIsIeT OC-
HOBHBIE X aHAJUTHIECKIE CBOMCTBA. ACUMIITOTHIECKIM Pa3/I0XKEHUSIM PEIIeHn
ypasuennii [lerese mocssineno orpoMuoe Kon4decTBo pabot. Ho mpu nekoTopbix
3HAUYEHNAX ITapaMeTpOB IlecToe ypaBHenne [leneBe nmeeT ToUnble peleHns, Ko-
TOPBIE ABIAITCS KOMOMHAIINSIMI M3BECTHBIX (DYHKINIT (97I€MEHTAPHBIX UK CIIe-
MUAJTBHBIX ). B 0CTaIbHBIX CiTydasix UX PeIieHus ONpe/IesisiioT HOBbIE ClIeInaIbHbIE
dyuxmmm — TpancienienTs [lenese.

3BecTHbI JINIIb JIBA CIydast, KOrJaa Jjisi ypaBHeHus (1) TpebsB/IseTcst ero
obmuit maTerpast. o pemenust [Tukapa (1889) [3] u Xuruuna (1995) [4]. 3mecsh
paccmorpum pertierne [Tukapa, kotopoe mosydaercs ipua =b=c=d—1/2 =10
[5]. Barem cpaBHUM ero acCHMITOTHKH C TEMH ACHUMITOTHKAMHU, KOTODBIE OBLIH
MOJTydeHbl B 6] Ipu 9TUX 3HAYEHUSX MAPAMETPOB.

P. ®dyke [7| npencrasmn mecroe ypashenue [lensese B Buje
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1
y = JacobiSn® <¥ + ¢, %) (5)

TO

WJIn, 9TO TOXKE CaMoe€,

1
y = : (6)
JacobiSn? <% + o, \/5>

co = const € C.

B ciayqae a = b= ¢ =d—1/2 = 0 ypasuenue (2) ¢ yaerom dopmyi (3) u (4)
saBJigeTcd ypaBuenueM Jlexkanpa

(1 —x)u”" + (1 —22)u’ — %u = 0. (7)

OHo uMmeeT pereHne

11 11
— Fl=.=.1 FlZ =-.1.1~-
u C1 (2727 7x>+02 (2727 3 I’), <8)

1

F(a,b,c,x) = Lle) / dt (9)

t1—t)(1—ta)

rie

0
C1, Co — IIPOU3BOJIbHbIE KOMIIJIEKCHDbBIE ITOCTOAHHBIEC.

YuaursiBasi hopmyiisl (5), (6) u (8) mosydaem jBa mpeCTaBICHIST PEITCHUST
[Inkapa

11 11 1
y = JacohiSn® <g [cl F (5, 37 1,3?) +c F <§, Bk 11— 37)] aﬁ) (10)

nJjm
1 11 11
Yy = JaCObiSH_2 <§ [Cl F (5, 5, 1,33) + CQF (5, 5, 1, 1— 33)] ,\/E) . (11)

[Ipu x — oo pererne (10) umMeer aCUMITOTHKY
y = sin® (In C122). (12)

[Ipu x — 0 pemenne (11) umeer acCUMITOTUKY

1
= . 13
YT G (In Cyz¢2) (13)
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Baech Ch #£ 0 u Cy 370 MPOU3BOJIbHBIE KOMILJIEKCHBIE [TOCTOSHHBIE,

[ITectoe ypasuenme IlenyieBe nMmeeT pa3andHble SJUITUNTHYUECKNAE MPEICTaBIC-
HUsI, KOTOpPbIE CBA3aHbI MEXKIy c000IT oOpaTuMbIMI ITpeodbpazoBanusiMu. Harpu-
Mep, OJIHO U3 3JUINIITHYECKIUX [pejicTaBiennii umeer Buj |9

1 0 u 0 u
o= o () ~ 2 ()
(@)u 2¢(1 — x) [ “out g au®’ \2 W, )
(14)
) 0
+20%p (g + wl,wl,wg) + (1 — 2d)%p (g + w1 + wg,wl,w2>] :
rje
s 11 s 11
S o (| =i F (21,1 15
w1 9 (272a 7x> n Wz ? 9 <27 27 ) .ZU) ( )
9TO pelieHnsi rutiepreomerpudeckoro ypasuennst L(x)w = 0, onepatop L(x)

onpesesien dpopmyiioit (3). Ilpu sTom pemenne y ypasaenust (1) u dyHKIwms 1
CBSI3aHbI MEXKTY c000M hopMyIoit

Uu
y=e (5,0}1,0}2) +

x+ 1' (16)
3

DJIHNITHYIECKOE TPEeJICTaB/ICHIE IeCTOro ypaBHeHus llenieBe oTparkaeT He
TOJIBKO CBOICTBa CaMOI'0 ypaBHEHUd, HO aHaJUTHUYECKHUE CBOICTBa €ro pellle-
Huit. Ipyroit mojixo/ K ncc/ieIoBaHnIo aHAJIUTUIECKIX CBOMCTB pelIeHnii MecTOoro
ypastenust [lenjiese ucnosib3oBascst B pabore [6].

Tak B ciaydae a = b= c =d — 1/2 = 0 B okpecrnoctn ToUYkn & = 0 1mecroe
ypaBuenue I[lenseBe mmeer 5 ceMeiicTB aCUMITOTUIECKUX PA3/I0KEHUIT pereHnii
Bt Bt Big, Hr, Hio - Cenmeiictsa Bt B; 1 u Byy 6as0BbIe, To ecTh ceMeiicTa
H7 n H1ip MOTYT OBITH TOJIyYeHBI U3 0A30BBIX C TMOMOIIBLIO CUMMETPUU T = T,
y = x1/y1 ypasuenus (1) (cm. [8]). IIpu sTom cemeiictsa B u B; ' nepexonsat B
OJIHO 1 TOxKe ceMeiicTBo H7. [loaToMy MBI paccMOTPUM TOJILKO 0Aa30BbIE ceMeiicTBa

+1 -1

Cornacuo [6] B ciiyqae a = b = ¢ = d — 1/2 = 0 B OKPeCTHOCTH TOYKU
xr = 0 mecroe ypasuenue [lensese umeer jBa jBynapamerpudeckux (o p u C3)
CeMelCTBa 9K30TUYCCKUX PA3JI0XKEHUI PEIIeHNT

1
B = ST, 17
! (. [In (Csx)"] - Z cot (17)
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rjie p — OPOU3BOJIbHAS YUCTO MHUMasi noctosiitas, 7 = sgn(Imp), s € {p +
lp+m(l—p), L,m >0 l+m>0; I, meZ} 2y =ip, C5— Henyiepas
IPOM3BOJIbHASI [TOCTOSIHHASI, C5 MOCTOSIHHBI U OJIHOZHAYHO OMPEJIEJeHbI; U OJIHO
oJIHOIIApaMeTPHUIeCcKoe (110 ¢y) CeMefiCTBO CTEMEeHHbIX PA3JIOYKEeHN pereHii

+0o0o
Bo: y=c+ Z Cs2”, (18)
s=1

rie ¢g # 0, 1 — Ipon3BoJIbHAST TIOCTOSIHHASI, Cs MOCTOSAHHBI U OJIHO3HAYHO OIIpe/ie-
JICHBI.

Eciu B dopmysie (13) monoxkuts Co = 0, a Cp # 0, 1, 1o sieBast yacthb Hhopmy-
w1 (13) cooTBeTcTBYeT HmepBoMy wseny pasnoxenns (18), riae ¢y = sin~*(In C).

Ecmu 8 dopmysie (13) monoxurs Cy # 0, Cy # 0, T0 JieBasi 9acTh GHOPMYJIbI
(13) coorBercTByeT HepBoMy diieny paszioxenus (17), rae C3 = C, a v = Cb.

DA THIECKOE TIPEJICTAB/ICHIE IIECTOT0 ypaBHeHus [leHniese mo3Bosisier u3y-
JaTh XapakTep 0coOOEHHOCTEll KaK caMOr'o ypaBHEHHsI, Tak U ero perieHuii. Jlo-
KaJIbHO PEIIeHus IecToro ypaBHeHus [lenseBe mpejacTaBisgioTcs B BUJIE PsiJIOB,
KOTOpBbIE COTJIACHO Kjaccudukannu u3 [11], oTHOCATCsT K CTENEeHHBIM, CTeleHHO-
JIOTapUPMUIECKUM, CJIOXKHBIM, 9K30THYCCKIUM WM MOJIYIK30THIECKIM.

CortacHo Teopeme 1 u3 [12] Bce creneHHble Pa3/IOyKeHUsT PEIIEHUH IECTOrO
ypasrenusi [lensiese cxoigarest. [Lo-BuMOMY, ACUMITOTHYECKIE DA3JIOKEHUS Pe-
1eHuit 1mecToro ypasHenus [enieBe 0CTaabHBIX Y€ThIPEX TUIIOB TAKZKe CXOJISTCs]

13].
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