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N.A. Zaitsev, L.L. Sofronov. Tramsparent boundary conditions for 2D
Maxwell equations in Lorentz media.

Abstract. Transparent Boundary Conditions (TBCs) for 2D TE, mode of

Maxwell’s equations in dispersive media described by Lorentz theory are proposed.
Analytical formulas of TBCs contain a non-local term with convolutions with
respect to time. In order to discretize TBCs for the alternate direction implicit time-
stepping algorithm (ADI) derived in [1] for extended system we reformulate
convolutions using auxiliary variables.

H.A. 3aiiues, U.JI. CodpponoB. IIpo3paunsie epanuunsie ycio8us 0ns 08YMePHbIX
ypasHenutl Maxkceenna 6 Jlopenyegvix cpedax.

AuHoTauus. PaccMorpen ciny4ad TE, MOIBI JBYMEDHBIX YpPaBHEHUM

Makcgemia B cpemax ¢ Aucnepcuer, onucbiBaemon teopuen Jlopenma. Jlis
IJIOCKOM OTKPBITOM T'paHMIIbI BBIBEJECHBI TIpo3padyHbie TpaHuuHbie yciaoBus (I1T7Y).
Snpo cBEpTKM IO BPEMEHM, BXOJIAIIEH B HEJIOKaIbHYH 4acTh omeparopa [II'Y,
COCTOMT M3 JBYX CYMM OKCIIOHEHT: OCHOBHOW, ONpPEAEIsieMOil BOJHOBBIM
OMepaTopoM M J0OABOYHOM, OMPENEIIeMON CBEPTOYHBIM OINEPATOPOM MAarHUTHOM
BOCIIpUUMYHBOCTH. [Ipennoxkena auckperusanus noixyyeHHoro oneparopa III'Y B
paMKax CXeMbl TEPEMEHHBIX HaNpaBJICHUM, TMPUMEHSEMOW [JIsl pElIeHUs
ypaBHEHH MakcBesia BHyTpH pacueTHON 00JIacTH.

Pabota BrimonHeHna npu ¢punancooit nmoajaepxkke PODU, rpantsr Ne08-01-00099 u
Ne10-01-00567.



Introduction

We propose transparent boundary conditions (TBCs) for 2D TE, mode of

Maxwell’s equations in dispersive media described by Lorentz theory. Analytical
formulas of TBCs contain a non-local term with convolutions with respect to time.
In order to discretize TBCs for the alternate direction implicit time-stepping
algorithm (ADI) derived in [1] for extended system we reformulate convolutions
using auxiliary variables.

§1. TBC for the governing equations with convolution

Let us consider the TE , mode of 2D Maxwell’s equations for Lorentz media:

oD"* __8Hy
ot oz
oD® oH’
ot ox
oH” 1(0E° OE*
=—| — | (1.1)
o u\ ox oz

t
D= gogwE + j;{(r)E(t —7)dr,
0

y(t)=Re [i apeb”t}.

where E is the electric field, H is the magnetic field, D is the electric flux
density, € =¢&,&,, is the electrical permittivity, &, is the free-space permittivity,
&, 1s the relative permittivity at infinite frequency, 4 = g4, 1s  the  magnetic
permeability, y is the real-valued susceptibility function approximated by a sum of
exponentials (according to the Lorentz media).

Let the problem be L -periodic with respect to X, i.e.

u(x+L)=u(x)

for all functions # at any time. Denote by F'_ the Fourier transform operator wrt x
axis:

u. =F, [u(x)] (1.2)



Then (1.1) gives
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y()=Re [Z apeb”t J
Here 4 is constant.

Laplace transformation of (1.3) reads

sD; =— =
4
sD; =icH},

—
~

D. =&,6,E, +&J(s)E.(s),

o Loa,, (S—br’p)—aiypbi,p
) ; (s—b,,) +b2,

where a, =a, , +ia al.bp,b b.

i,p> Tr,p?

i,p? bp - br,p +ib, a

€, are constants. Let us eliminate D, :

r,p? 7 i,p

(1.3)

(1.4)

ell . Here &, and



(8, + 7)) L =~
sle,e, +e,7(s =——"
0“0 OZ & 82
s(&p, +&,7(s))EZ =ifH], (1.5)
1 .7z 6Eg
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After eliminating Eg and Eg we obtain
277y
s* (ue,e, + ue, y(s))HY = sz -&HY. (1.6)
Equation (1.6) is an equation of the form
u" = au (1.7)

where

a=s’ (/’lgogoo + ,LIEOQ?(S))-F &
The generic solution of (1.7) is

Ja Jaz

u(z)=ce" +c,e (1.8)
Decaying generic solutions are
u(z) = ce Ve (1.9)
while z — +00, and
u(z) = ceV” (1.10)

while z — —o0. Hence for every solution decaying while z — 400 the following
relation holds:

u'=—Jau. (1.11)

Similarly, for every solution decaying while z — —o0 the following relation holds:

u'=au. (1.12)
Relations (1.11) and (1.12) give the TBCs we need in Fourier-Laplace space:

~

oH

oz

+\J5* (uege, + e, 7(s))+ EXHY =0 (1.13)



at the upper boundary, and

~

OH !
: —\/Sz(ygongrygof(S))Jrafz ;=0 (1.14)

0z

at the lower boundary.
Let v be the outer normal to the top and the bottom boundaries. Then we write both
equations (1.13) and (1.14) in a single form:

8Hy _

a—+ s* (ue,e, + ue, 7(8))+ & HY =0 (1.15)
|4

Subtracting the main term s/ 2&,&,, from the root in (1.15) and making the inverse

Laplace transform we get

OH! OH! .
UEE, Py + 5y +A@,8)*H; =0 (1.16)

where

A(t,E)=L" [\/sz (/180500 + ,ugoj?(s)) +E —s\ gy, }(t) (1.17)

denotes the inverse Laplace transform of the kernel.
Recalling (1.2) we get the desired TBC for H”:

Yy y
LEE, ag + agl +F A, &)« F H =0. (1.18)
|4

§2. TBC for the governing equations in extended form

Instead of governing equations (1.1) we can start from equations (1.16)-(1.18) of [1]
which for the TE | mode read
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(2.1)

X

tp =-a,0,+p,P -y, E, p=1..,P;

z

tp :—apQ;-i—IBpsz—]/pEz, p=1..,P.

where
a,=96,-iy,,
bp =-a, +zﬂp

:Z}_)p is the electric polarization in the equationD =g,6, E+ P; its
p=1

components are represented in form P =P +i(Q) after introducing auxiliary

vectors P Re(P ) and Q = Im(P )

Fourier transform (1 2) gives:
8Ex 1 aH o1&

at o s Oz +8_ aPP;§+_Zﬁ Qp-f 25 Eg’

o p=l1 oopl oopl
OF; , P .
_15 H +_Zap p§+_zﬂ Qpé 25 Eé’

8t oopl oopl oopl

(2.2)
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5 AL . - .
a; a p§+ﬁP])P,§ 7/pE§a p—l,...,P,
0

e =-a,0,.+p,P .-y, E., p=1..P
The Laplace transform gives:

X laHy 1 < X o
SE; =~ P T %Ppﬁ—Zﬂ Qpé 25 L,
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SE: = ’5Hy ; 5 B
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oo p=l1 oo p=l 00 p=l
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)7 0z
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S M -a, p§+,BpPp,§ ;/pEé, p=1,..,
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S Y

For each p from (2.3) follows:
B 0, (S +a ) +7,8, -

r (S+a ) +,B B
P;é:ép(s+ap2)+ypﬂp vg,
(S+ap) +,Bp2 o
Q;‘f:ﬂpép_ypz(s-i_ap) 2
’ (S+ap) +,Bp2
0:, :,Bp5p—7/p2(8+0€p)Ez
(S+ap) +,Bp2

Hence
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Let us eliminate Eg and Eg
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(s+ap) + 8, (s+a,) +5,
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Hence
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In more usual notation the equation (2.5) reads

82Hy
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Evidently, equation (2.6) coincides with (1.6). Indeed,
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Thus we have shown that TBCs for both “extended” and “with convolutions”
Maxwell equations describing Lorentz media are derived from equivalent equations.
This is a confirmation of TBCs formulas.

§3. Reformulation of the TBCs using extended system

In order to calculate the convolution in the TBCs

\/78[9; OH! At 5y B =0
EE + + A(t, =
Hooke "ot " oy ‘

efficiently we have to approximate kernel A by a sum of exponentials
L(S)

ALE =Y Re(al, " ) 3.1)
/=1

Let us have such approximation. Then we can rewrite the boundary condition in the
following form:

)2 i H max L(&)
Juc,e, 8& 49 +Fx1{ Y Re(al’gyeb”ft)*}FxHyzo (3.2)

ov I=1

where F . denotes the Fourier transform. In order to eliminate the convolution we

introduce auxiliary functions B (#,x) such that TBC (3.2) is equivalent to the
following equation:

OH" OH” max L(&)
E.& +v + P=0 33
Nt T TV T, IZ‘ ! ©-3)

where v =1 for the upper boundary, and v =—1 for the lower one. Let’s derive
equations for P (Z,x). The Fourier transform of (3.3) yields

OH! OH! & .
JHEE, 8; +v a; +> P.=0 (3.4)

/=1

where L denotes max L(&) and ]31 ¢ denotes the & th Fourier harmonic of the /th
: :

function:

P=FP.

X
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It follows from the comparison of equations (3.4) and (3.2) that

}A’,’5 = Re(a,sfeb”f’)*ﬁg = ]‘Re(al,geb”‘fs)F[;(r—s)ds. (3.5)
0

The upper limit i1s equal to # because all electro-magnetic functions are equal to
zero for all # < 0. In addition we introduce functions

t t
P. (alé i t) g = J‘alygyeb”‘szg(t—s)ds = jalygeb”f(Z_S)Hg(s)ds .(3.6)
0 0

~

Evidently, B ¢ satisfies the following equation:

3

o) e .
:a,gVH +b,§ ) ¢ (3.7)
ot
or for real functions
0P, v B O
> —a,(fH +b —b,,(:Q,’g,
(3.8)
00, . i
£ i r
p algHy+bl§ ]§+b,,§Ql,§
t
where
B.=B,+iQ0 ., a,=a,+ia b,.=b,+ib ..
We can rewrite (3.8) thinking of }é , QZ , E as N _-dimensional vectors:
a A i i - p
8_] — Dla,rHy +le,rP1 _le,lQl
d L J=1,..L. (3.9)
a . N . N ~N
Q[ — D]a,ngy +le,lPl +D]b,rQl
ot J

The diagonal matrices D,"", Dla’i, le’r and le’i are determined as follows:
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(D), = Sentisn (D7),

(le,r )k,m = 5k,mblr,k9 (le’i )k’m = 5k,mb1i,k'

= 5k,mall,k’
(3.10)

Here 5k’m is the Kronecker symbol.

The inverse Fourier transform yields

N

P, .
% F Dy R+ F DI FR-F'DI'EQ,
ot

. [=1,...,L.3.11)

R EH 4 F DY ERAF, DI FQ,
4 J

For the discrete Fourier transform with respect to x matrices /. and Fx_1 read

1 ifv—”fj

(F), =—e ™, (Fx_l)jfge o (3.12)

After introducing matrices

X,y __ -1 na,r X, -1 a,i
Al _Ec Dl Fx’ Al _F;c Dl F;c’

. ‘ (3.13)
B]x,r — F;C—lle,rFx, B]x,l — F;C—lle,lF;C,
equation (3.11) reads
oP, ]
_] — Alx,rHy +le,rB _le,ZQI
ot
5 > 1=1,...,L. (3.14)
% — AzxyiHy + Bzx’iPI + BJX’VQIJ
These equations together with equation
oH"” OH’» &
E,E +v +>» P=0 3.15
et ot 2 19

are equivalent to the TBC (3.2).

Remark 1. The TBC (3.2) (and hence (3.15), (3.14)) is not unique for Maxwell
system. One can derive similar relations to other combinations of unknown
functions.
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Remark 2. The matrices (3.13) differ from the Fourier differentiation matrices only

in diagonal factors: the last one has instead of D,"", for an example, the matrix

(D )hm = iks, ,,.

§4. Implementation of TBCs for ADI

In order to incorporate TBCs into our hyperbolic problem we pass to the
characteristic form of the equations and to replace characteristic relations along the
incoming characteristic by appropriate formulas of (3.15), (3.14) for the same
qualities (“invariants” that “propagate” along the characteristic) at the boundary.
The characteristic form of system (2.1) with respect to z reads

x y 0 x y OE~
(IE +JuH" )+ \/Eaz(\EE +JuH )_ﬁa—i

(4.1)
[ Za Px+—Z,BQ ——25 EJ
0 r_ Y= * y L&‘_E‘Z
E(JEE \/;H)\/E (Ve \/_H)+\/;ax
(4.2)

( . Za Px+—z,8 o ——Za‘ EJ

oopl oopl

E* lHy -
k. _10 Z +—Z,BQ——Z§EZ (4.3)

ot & Ox 8

oo pP= oopl oopl

X

; =-a P’ -p,0,+6,E, p=1..P;

z

L=, - [0 +5,E,  p=1.P;

(4.4)

X

~=-a,0)+p.P -y, EY, p=1..P;

N

AN

Py —apQ;+,BpPpZ—7pEZ, p=1..7P;
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where
a,=96,-iy,,
b,=-a,+if},.
Equation (4.1) corresponds to the eigenvalue 1/./u&, and equation (4.2)

corresponds to the eigenvalue —1/ \/E . Hence at the upper boundary z=2z_
one has to replace equation (4.2) by a boundary condition, and at the lower
boundary z = z_. one has to replace equation (4.1) by another boundary condition.
But usually such strict way is redundant. It seems more expedient to use the TBC
(3.14) — (3.15) coupled with the following subsystem of (2. 1) at z-boundaries:

GE" 1 oH’ ] 1 )
TR +€—ZaP +—Z,BQ Z&E

oopl oopl oopl
OE* 10H” & &
=— + a P +— 1 o E°,
of & Ox epr: per gw;ﬂpr e B

X

P
ot

; =-a P -p,0,+0,E°, p=1,.,P;

=—a,P'-p 0 +6, E", p=L..,P;

X

tp =-a, 0, +B,P -y ,E*, p=L.,P;

—==,0,+ BB -y, B, p=L..P (4.5)

We have to put v =1 in (3.15) for the upper boundary, and v = —1 for the lower
one.

In order to make use of the ADI for the system we rewrite it as follows:

0
—uzAu+Bu (4.6)
ot

where u:(EX,Hy,EZ,PPX,Q;,If,Q;,PI,Q,)T. Functions

E* H’ E Z,pr, Q;,sz , Q; are defined at all points, whereas functions B, Q, are
defined at the boundary points z=z . and z=z__ only. At the inner points the

min max

system (4.6) coincides with the system (2.1) that reads

OE" 1 oH”
o= — Px+— ——>» 0 E7, 4.7
ot s 0z goopz; w;ﬂ Q w; 4.7)
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OH> 1 0E" 1 0E"
ot u ox u oz’

OE: 1oH® 1 Z
&:ZaxéQZ%P+_ZﬂQ__§pE

a})px X X X
t :_apPp —ﬂpr+5pE , p=L..,P;

X

~=-a 0+ B P -y, EY, p=1..P;

a})pz z z z
t =—a,P -0, +0,E°, p=1..,P;

V4

fp :_apQ; +ﬂpPPZ _7/pEZ’ p=L..,P

We assign to Au -part the following terms:

e in equation (4.7): —ZO{ Px+—Z,3 o, ——25 E*

00}71 oopl oopl

: : 1 OE°
e in equation (4.8): —
U Ox

P

(4.8)

(4.9)

(4.10)

(4.11)

1 oH”
° 1nequat10n(49) — +—Z PZ+—Z,B o, ——25 E*

Ox (900171 oopl w p=l

—%g—@gﬁ@ﬁﬁ p=1..,P;

P

e in equation (4.10): . x x
~a,0,+ B, P =7, E',  p=l...P;
P
P

9 e

—a P’ -0 +6,E°, p=1,..,
—a, 0 +p,P -y E°, p=1,..,

e in equation (4.11):

We assign to Bu -part the following terms:
1 oH”

e in equation (4.7): ——
g Oz
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: : 1 OE*
e in equation (4.8): ——
U Oz
e in equation (4.9): nothing
e in equation (4.10): nothing
e in equation (4.11): nothing.

At the boundary points system (4.6) coincides with the system (4.7) — (4.11) with
the only discrimination: equation (4.8) is replaced with equations (3.14) — (3.15). So
it reads:

OE" _ 10oH’ +i2a Px+_zﬂ o) __25 E*, (4.12)

ot & 0z &0 &, oo &, oo

oH” —v 8Hy_ 1 i

P (4.13)

OE- :laHy 1 ZP:%PZJF_ZIB 0 __25 E*,  (4.14)

00 p=1 oo p= =1 oo p= =1
apr X X X .
/ :—ap])p _’BPQP+5PE ) pzl,...,P,
} (4.15)
P =—a, 0, +p,P -y, E', p=L.,P;
8}); z z z
=—0!pPp —ﬁpQP+5pE , p=1..P;
(4.16)
z‘ F=—-a,0,+B,P ~y,E', p=1..P
aP Ax rHy le,I’Pl _le,in
ot
> [=1,..,L (4.17)

% = Alx’iHy + le’ipl + le’rQl
1 J

We assign to Au -part the following terms:

e in equation (4.12): —Za Px—l——Zﬂ o, ——25 E*

oopl oopl oopl
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L
P

1
in equation (4.13): —————
\V /’180800 =1

° inequation(4.14):l§Hy —Z PZ+—Z,BQ ——25 E”,

E ax goo p=1 00 p=l OO p=1
_apP; _ﬁpr +§pExa P = 1 P
_apQ;+ﬂpP; _7/pEx9 p: 3"'9P’
~a P~ B0, + 5, p=1..P
e in equation (4.16): g pZ ’ pz ’ z

0,0, + B F ~1,E' p=l..P,
AVH' +BYB=B'0Q,  1=1,..,L;
AH + BB+ B0, I=1.L.

e in equation (4.15):

»

e in equation (4.17):

We assign to Bu -part the following terms:

: : 1 oH”
e in equation (4.12): ——
g Oz
: : -v  OH’
e in equation (4.13):
lngOgoo aZ

e in equation (4.14): nothing
e in equation (4.15): nothing
e in equation (4.16): nothing
e in equation (4.17): nothing.
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