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1. OcHoBHOM pe3yJIbTAT

Isis sro6oro BermmecTBeHHOro umcia § #* —1/2,1/2,3/2 mbr BRIBOOUM
aACUMITOTUYECKYTOo hopMyity mis npousBonubix Gyukuuu I1.P. Teitnopa

1 1
G(s) =&ls+5)—&ls —3)
2 2
B TOUKe S = ¢ TIpUA YCJIOBUU, YTO MOPSAMOK ITPOU3BOMHON CTPEMUTCI K

6eckoreurnocTn. 3neck £1(s) = 7%/ (s/2)((s), I'(s) — ramma-byskumns, a
((s) — msera-pynkums Pumana. B paGore [1] mokaszaHo, uTo mid GyHKIUN
G(s) crpaBenmuBa rumnore3a Pumana o HymiX, T.e. BCe KOMIUIEKCHbBIE HYJIIN
¢dyukunu G(s) pacnosioxkeHs Ha KpuTudeckoit npsmoit Re s = 1/2. C npyroit
cTOpoHEI, B paborax [2] u [3] ming pyukimu Pumana

£(5) = (s — Déa(s) (1)

TaKXe BBIBelleHa aCUMITOoTU4YecKas GopMyJla OJid IPOU3BOOHBIX B TOUKE S =
1/2 npu ycioBum, YTO TOPSIOK MPOU3BOMHON CTPEMUTCS K GECKOHEUHOCTH.
[TosTomy B cBsa3m c rumore3onn PuMaHa 0 HYJIIX WHTEPECHO CPaBHUTH
5TU OBa ACUMIITOTUYeCKUe BBIpaxeHus. (C 5Toll I1eJIbI0 MBI HAXOMIUM
aCUMIITOTUYECKNE BhIPAaKEHUS NJIS IMPOU3BONHBIX QYyHKIINN

Gi(s) = Euls +5) w Gofs) = Ex(s — ) 2)

IIPY YCJIOBUM, YTO TOPSNOK IIPOM3BOMHON CTPEMHUTCI K 6ECKOHEeYHOCTH. B
cuity onpenenenus ¢pyskmmm G(s) u (2) cymma dynkumin G1(s) u Ga(s)
paBHa pyukuun G(s). losTomy acuMnToTuka npom3BogHbIX QyHKIMM G(S)
IOJIy9aeTcd B pe3yJbTaTe CJIOKEHUS ACUMITOTHYECKNX BHIPAXKEHWI IJIS
dyukuuit G1(s) u Ga(s).

OcHoBHOII pe3ynbTaT paboThl CHOPMYJINPOBAH B CIEAYIOIIEN TeopeMe.

Teopema. IIpouszsodnsvie gynrxyuu G(s) nopgdka r 6 4060t mouke s =
c#1/2,3/2,—1/2 umerom caedyrowut euo:

TG o — 1y 2 1 1 .\
ds” TV T e 12y T (e 120 (e 372y
‘|‘hr,1(c) - hr,2(c)7
ede h.i(c) u hpo(c) — QPynryuu, npoussodnvie xKomopuir donycraiom

acumnmomuueckue svipaxcenud (4) u (11), ecau r — oo.
Jloka3aTesIbCTBO TEOPEMBI JIETKO CIlenyeT u3 onpernesieHus pyukimu G(s),
TeopeMHI 1 1 TeopeMHl 2, B KOTOPHIX HallZIeHbl aCUMIITOTUYECKIE BEIPaKEHIS
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miist pyakumit G (s) u Ga(s). Msr ucnosnssyem o6osHauenue a(r) ~ b(r), ecin

lim a(r)/b(r) = 1.

Hoka3zaTesbcTBa TeopeM 1 1 2 OCHOBaHBI Ha TeopeMe 3 U3 ceKuuu 4.

CnenctBue 1. [lpouseoduvie dynxyuu G(s) nopgdka r 6 awboi
mouke s = ¢ # 1/2,3/2,—1/2 donyckarom npu r — oo caedyrowue
ACUMNMOMUUECKUE BbIP AHCEHUL:

d'G . : .t 1
gs ()~ (=0T (<c —12) T (e 1/ (e 3/2>’”“) |

2. Acumnrorudeckas popmyiia OJis nIpousBoAHbLIX PyHKnuu Gi(s)

Cnenytoras TeopeMa 1 ocHOBaHa Ha TeopeMe 3, MOKa3aHHON B ceKIuu 4.
Teopema 1. Ilpouseoduas nopgdka r dynkyuu G1(s) 6 wwbod moure

s = ¢ # 1/2,3/2,—1/2 ydoeaemeopgem npu r — o0 caedyouemy
ACUMNIMOTMUYECKOMY 6bLPANCEHUIO:
d"'G 2 1

ger ()= D' ((c —1/2) " e+ 1 /2)r+1) thrate) )

6 Komopom gynxyug h,1(c) npur — 0o ydos.remeopgem acumMnmMoOMULECKOMY
6bIPAIAHCEHUIO:

., _1/4—c/2
hr1(c) ~ ! vr Tl X
’ 2

r
1 1

_I_
2(11r1Z —Inln Z)2 211r1Z
T T T

r

, 1 ¢/2—1/4
X (ln LN P P + 51) exp (—r (ln Z) exp(ﬁl)) + (z In Z)
T T T 7

X
™

-1

x(—1)" (lng —Inln % + Bl)r exp (—r (ln %) exp(Bl)) : (4)

rne (51 u 1 — QYHKIIUU, KOTOPhIe CTPEMITCS K HYJTIO TIPU 7 — OO.
HokazaTerbcTBO. PaccMoTpruM M3BeCTHOE COOTHOIIIEHME

i (%) C(s) = 5(517_1) + £(5) + g(s), (5)
rme s # 0,1, u

> o

f(s) = /a:s/z_lw(a:) dz, g(s)= /w_s/z_l/zw(a:) dz, (6)

1 1



1 BBIIIOJIHACTCA PaBCHCTBO

f(s) =g(1—5s). (7)

N3 (6) u (7) ciemyer, uTo [yid JIO60T0 YETHOIO HATYPAJIBHOIO UUCIA T
CIIpaBEeIJINBO PABEHCTBO

d"f 1\ dyg DN (N T s
ds” (C+ 2) + ds” (C+ 2) N (2) 1/(hrl 33)33 W(w) det (8)

+ (—%) /(lnr z)a =23 () de.
1

KpOMe TOr'o, JIETKO BHUOCTHL, YTO MOJIA KaXKIOT'O0 HATYpPaJIbBHOTO YHUC/Ia T
CIIpaB€OJINBO PAaBEHCTBO

d” 1
ds"s(s — 1)

) 2 1
= U () ©

s=c+1/2

Teneps Teopema 1 serko ciemyer w3 ompeneiienus ¢yakmmu Gi(s),
HepaBeHCTB (2), (8), (9) u ciencTBus 2 TeopeMbl 3, HOKa3aHHOTO HILKE.
Teopema 1 mokaszana.

3. Acumnrorudeckas popmyiia OJis IPou3BOAHBLIX PyHKnuu Go(s)

Teopema 2. Ilpousseoduas nopgdka r dynkyuu Ga(s) 6 w060l moure
s = ¢ umeem caedyrowul 8uo:

TGy R )
g 9= =) !((0—3/2)’"“ (c—1/2)’"+1)+hr’2( ho (10

ede h,2(c) — Pynryuu, umernwue caedyouue GCUMNMOMUYECKUE 6bLPAHCEHUL
npur — 00 :

1\" 1/4—c/2
hya(c) ~ (—) v 2 (fln f) x

2 r o
1 1

r +
2(11r1Z —Inln Z)2 211r1Z
s s s

X (ln LN P P + ﬁz) exp (—r (ln Z)
T T T

x(=1)" (ln % —Inln ; + Bz)r exp (—r (ln ;)_1 exp(ﬁ2)) : (11)

-1
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rne B 1 B — QyHKUNN, KOTOPEIE CTPEMATCS K HYJIIO IIPH T — 0O.
HokasarenbcTBo. B cuity (5)—(7) nmeem:
dT’
ds”

Gz(s)

= ;Z (5(51_ 1 + f(s) + f(1 - 5)) (12)

s=c—1/2
Hanee nmeem:
d" 1
ds"s(s — 1)

1 1
= (—1)"r! — . 13
3:0—]_/2 ( ) ((C - 3/2)7"‘1‘1 (C - 1/2)7"‘1'1) ( )

Teneps Teopema 2 ciemyet u3 (12), (6), (13) u ciencTBus 2 TeopeMsr 3.
Teopema 2 mokazana.

4. @opMyJINPOBKa U NOKa3aTeJILCTBO TE€OPEMHI 3

1°. IIng mo6oro HaTYpPaJIBHOLO YHCHIA 7 > 2 U JIO6OTO BelleCTBEHHOTO
YnCIia (¢ ToJiaraeM

8

Ir,a —

(In" z)z“w(x) de, (14)

——

roe

o0 2
w(x)= Y e ™7,
n=1

Teopema 3. Cuedywuwee acumnmomuueckoe PaseHcmeo CNpPasediuso
npur — 00 :

T -1
Lo~ (ln LN P P + B) exp (—r (ln Z) eﬁ) X
T T T

(2 (m )) VT S )

™ ™
1 1

r +
2(11r1Z —Inln Z)2 211r1Z
s s s

rae 8 = B(r) — dyHKuus, 071 KOTOPOil BHIIONIHAETCS paBeHCTBO lim B(r) =
0.
Ioka3aTeIbCTBO TEOPEMEI 3 MPUBENEHO HUXKE B IIyHKTax 2—6.
20, Tonaraem u = In z. Torma mMeem:
xO xO
Lo = /ure“(aﬂ)w(e“) du = /eF(“) du, (16)
0 0
rie

F(u) = rlnu+tu(a+1)—me+In(1+¢(e")), ¢(x) = i e_(n2 - e, (17)

n=2
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HNupdepentupoanne pyukiun F'(u) NpuBoAUT K paBeHCTBAM

dF dIn(1 u
du o du
d’F r L d2In(1 +(e*))
P T R R v (19)
Paccmorpum ypaBHenne
dF dIn(1 u
—:£‘|‘OK‘|‘1—7T€U—|- n( +¢(e))=0 (20)
du o du

B obmactu u > 0. Tak kak

dF dF
lim " (w) = +oo, Jim %" (u) = —oo

u HepaseHcTBo (d?F/du?) < 0 cnpasennubo a7 v > 0 U 60JIBIIOTO T, TO TIPK
6ospirioM r ypapaerue (20) mMeeT B obstacTu v > 0 eIUHCTBEHHOE PEIIEHNE.
PaccmoTpum mpubnuxkentoe ypaBHeHUE
r

— —me" = 0. (21)

o
Corsactao nemme 1.2 u3 [3] peutenne v = 4 ypaBHeHus (21) umeer Bun
7 7

i, =In— —Inln — 22

4=In_ nnﬂ—l—cl(r), (22)
u ipu sToM lim ci(r) = 0.

HosTomy B cumy (22), (20) u (19) pemenne v = @ ypasHenus (20) nmeeT

BII

7 7
& =In——Inln— 23
4=In_ nnﬂ—l—cz(r), (23)

rze ¢y = co(r) — QYHKIWS, TaKas ITo
711—>I£lo co(r) = 0. (24)
[Iycts €, — koHCcTaHTa, Takad uto 0 < &, < 4. llpencraBum wHTerpas

I. ., B BUIE

U — 8r U+ €

Lo = / v duy —|— / W du + / Y du. (25)
0 - U+ &,

Honcrasmss (23) B mepBoe ypaBHeHIE B (17), OJIy YaeM:

T -1
F) — (ln r_ Inln r + cz) exp (—r (ln Z) 662) X
™

™ ™

(L) o) (1w (D) ).

(26)



B cumny (24) npu r — oo

() T

-1
. T T c

[HosTomy B cumy (24) mpu r — 00 HOIyYaeM aCUMITOTHYECKOE PABEHCTBO

] r 1 -1 a-+1
ef@ (ln LA T P + cz) exp (—7‘ (ln Z) 602) (1 (1) ) . (28)
T T T AT

Honcrasmss (23) B (19), nmeem:

fﬁ(a)=—( :

" " 2—7rexp(ln%—lnln%—|—cz)—|—
In——Inln — + ¢
T

T
d?In (1—|—¢(exp (lnﬁ—lnlnﬁ—l—cz))) .
+ T e = — -
du (lnﬁ—lnlnﬁ—l—cz)
T T
P\ -1 P\l
—r (ln —) e®? 4+ o(1) < —c3r (ln —) , (29)
T T

rae c3 > 0, He zaucut ot r u lim o(1) = 0.
Onenum ‘(d?’F(u)/du?’)‘ npu @ — &, < u < U+ &,.. Hupdpepenmupys (19),
TIOJTy 9aeM:
BF(u)  2r L dIn(1+P(e"))

= T
dus us dus

[MosTomy B cumy (23)

d3F( )| <
sup ——(u
i—e <u<i+e |
) o (30)

< ey 3—|—r(ln—) efr |,

r r T

(ln——lnln——l—cz—sr)
T T

rae ¢4 > 0 — KOHCTaHTa, He 3aBucsdIias oT r. B obnactu . —e, < u < u—+¢,
MeeM:

~

F(u) = F(u) + F(u), (31)



roe

Flu) = F(i) + 35 b @ -, F) = 50—, (32)

i—e <G <a+te.

[Ipumenss gemmy 2.1 u3 paGoTst [3] u paBeHcTBO (29), momyuaem:

u + Er 9
1d°F , _ 9 VT
R L K v !
U — &, inladiall
‘2 du?
rmie
1d’F ,_
exp (§W(u)sr)
|Re,| <
1+ 1 LLEAT
exp | 55 (@)
[MosTomy B cumy (29)
u + Er 9
1d°F , _ . VT
exp (——(u)(u — u)z) du = (14 Re,), (33)
aja 2 du” yr(A+o(1))
rmie
1
A= 7 7 = i2
2(ln——lnln——|—cz) 2In —
T T T
) (e )
exp (—re, A+ ,0(1
Re,| < 0 (34)

1+ \/1 — exp (—rerA + €,0(1)) .
B cuny (31) umeem:

exp(F(u)) = exp(F(u) + F(u)) = exp(F(u) + exp(F(uv)(exp(F(u)) — 1).

CnenoBaTesbHO,

U+ e, u+e,
[ eMdu= [ e™du+RL, (35)
U — &y U — &,
rzae B cuiy (32)
‘R'g ‘ < ef @ sup ‘exp(ﬁ’(u) — 1)‘ X
u—¢c<u<u+e,
u+ e, 1d°F _ ey (36)
x [ exp|555(@)(u—1)| du,
U — & 2 du
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[IpuMeHss paBEHCTBO AJIs F(u) B (32) u HepaBencTso (30), u mpeamosaras,

qTO BeJIeUNHa 87%7' HE IIPEBOCXOAUT KOHCTAHTY, HE 3aBUCAIIYIO OT 7, BBIBOOAUM

HEPaBEHCTBO

sup ‘exp(ﬁ’(u) — 1)‘ < cpE) —,
t—¢e, <u<u+e, In —

rlle ¢; — KOHCTaHTa, He 3aBUCAIas oT 7. Eciu paBeHCTBO
lim e2r =0 (37)
T—00

BBIIIOJIHEHO, TO COTJIACHO IIpEeObIOyIIIEMY HEPABEHCTBY

u+e
- T 1d2F
F(u ~ ~\2
‘ngr = ' / exp (iw(u)(u—u) ) du| - o(1),

a_gr

u B cwity (35) mpu 7 — 00 CIpaBelJINBO aCUMIITOTHYECKOE PABEHCTBO

+ Ep ~ U + Er 1 d2F

/ e dy ~ eF ) / exp (iw(&)(u — &)2) du. (38)
— & U — &

Hpumenss (38), (28), (33) u (34), u npennonaras cupaBeqIMBOCTh (37) 1

PaBEHCTBa

lim e2r = oo, (39)
T—00

I[moJiy4yaeM IIpu 7 — OO aCUMIITOTHUYECKOE PaBEHCTBO

U+ &,

T -1
/ ef) dy ~ (ln LA P + cz) exp (—r (ln Z) 602) X
. 7r T T
u — 8r 1
—1\ o+
X (1 (ln Z) ) v ) (40)
T T
1 n 1
r
2(11r1Z —Inln Z)2 21n
T T T

rze ¢ = co(r) — QYHKIUA, KOTOpas yAOBIETBOPSET HepaBeHCTBY (34).
3", BsemeM BeSMUUHEL Uy = U+ 6 U = uU—¢g.. Tak Kak u = U —
pettenne ypasHeHus (20), To nmeem:

e dF e d’F
F = F(u S —— F(u_) = F(u <L ((_ 41
(us) = F(@) + 55 (6), Flu)=F@)+5—5(C),  (41)
rae ( u (_ — BeJIMYMHBI, YIOBJIETBOPSIOIINE HEPABEHCTBAM

G< ¢ <t+te, i—g <( < (42)
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Hpumenss (19), (23) u (42), nonygaem:

dF dF r
‘“aXZ(za;f(C—)"gaé<<+>)'< R 7~
(ln— —Inln— + ¢ —I—sr)
, 7r 7r (43)
— _I_ C ,
eC2 + Ern r 0
7r
rlie ¢g — KOHCTaHTa, He 3aBucsias oT 7. [lomaraem
1
g, =r 1200 <5< -, (44)

6

Torma cnpaBemuBbl paercTtBa (37) m (39), m B cumy (41) m (43)
BEITIOJIHAIOTCSA HepaBEHCTBA

(@) - Fluy) > ep’, (@) - Fu_) > e,

F(u
eFlus) — F(@)~(F(@)=F(uy)) € "

6077:6, (45)
Flu) _ F(@-(F@-Flu)) o &
e/ =e <,
6677'
rae ¢; > 0 — KoHCTaHTa, He 3aBucsmas ot r. B cumy (19) mpu 6osmbinx

r B obmactu 0 < u < @ BemosHseTcs HepaBeHcTBo (d2F/du?)(u) < O,
(dF/du)(@) = 0 u F(u) MoHOTOHHO Bo3pacTatoras @yHkuus oT u. [losTomy
(45) m (23) mpuBOOAT K HEPABEHCTBY

U— & (lnﬁ—lnlnﬁ—l—cz)eF(a)
/ eF W du < cgtief ) < g~ T ™ , (46)
0 eCrr
rae cg > 0 — KOHCTaHTa, He 3aBUCAIIAL OT 7.
49, TIpennosoXuM, YTO IONOXWUTENBHOE YUHCIO &, YIOBIETBOPIET
ypaBHEHUIO
In" %, = exp (70Z,), (47)

rae 6 — mapaMeTp, BBeneHHsunl B (44). Torma cripaBenyiuBEL paBeHCTBA

T &, (48)
5 Inln Z,’
,LLdéf lmi(S =In Z —Inlnln & =g, — Inln yjrdéff@r),
T

roe

§,=1In &,. (49)
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[Tpenmosioxum, YTO Y, YIAOBIETBOPSET yPABHEHUIO

uw= g, —In g,. (50)

B cuny (48) u (50) mmeem: f(9,) > p, f(p) < p, m Ttak xak f(y) —
MOHOTOHHO BO3pacTalomias QYHKIMS OT Y, TO CoOTHoIeHue (48) mpuBonut
K HepaBEeHCTBaM

w< g, < (51)

Cormacao (48) u smemme 1.1 u3 [3], pemrenne ¢, ypaBHenus (50) umeeT BuL

Uy lnﬁ—l—lnln—a—l—c%

u GyHKIUA co(r) ynoBileTBOpseT papeHcTBaM lim co(r) = 0. CrnenosaTessHo,
B cuny (51) u (49) mmeem:

lnﬁ<lna}r<lnﬁ—l—lnlnﬁ—l—09 (52)
[Ipumenenne (45) u(52) maet
In Z, 3 (ln—5+lnln—5—|—09—u+)eF(“+)
/ eF) duyl < eF(U+)| In &, — uy| < 7T .
Uy 6077'
(53)
5. OueHnM MHTerpas
ir i /(lnr z)z’w(z) de, (54)
Z
rme &, ompeneiserci B paBeHcTBe (47), m w(z) — dyHKIUL, KoTopas

onpenesiseTcs B Havdasle sToul ceximu. CorsacHo (47) u (52) nmeem:

i< far (Sl =) arc [ ot (£ D) e 59

r/(nd) n=1

60. Cornacuo OIIpeneJICHNI0 MHTErpaJia Ir,a BLIIIOJIHAECTCA CJIEOYIOIIEE
HEPaBCHCTBO!

u+e In 531" 00
o= 0/ ") du, + / ") du + +/ ") du + /~ , (56)
— U+ e nZ,
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rme @, € U & — BeJWYNHbI, BBeIeHHHe BhIIe. llpenmosaras, 9To
somodiasgeTrcs (44) u (53)—(55), B cumy (46) m (53)—(55) momywaercs
HepaBEHCTBO

U — & o0 (lnﬁ—lnlnﬁ—l—cll) e ()
/ e dy, + e du| < ejp~—T 7T5 +
0 i+ e, ec’ (57)
n / s ( < e—7ra:(n2 — 5)) da
r/(nd) n=1

OJIAd BCeX NOCTaTOYHO OOJIBIIINX r,rge Cijgp 1 ¢11 — KOHCTAHTHI, HEC 3aBUCAIITNEC
or r. Tak kak r — oo, TO HepBBIfI HJICH Ha HpaBOﬁ CTOPpOHE COOTHOMICHMA

(57) B cuuty (38), (33) u (34) umeeT Bun
U+ &,
0 / e du |,
U — &,
a Bropoil wreH ecTb o(l). IlosTOoMy BHIIONHSIETCS AaCHMITOTHYECKOE
PaBEHCTBO

U+ &,
Lo~ / e du mpu r = oo,
U — &,
u B cuwity (40) cipaBemyinBO aCHMITOTUYECKOE PABEHCTBO
T -1
Lo~ (ln LY Y + cz) exp (—r (ln ﬁ) ecz) X
T T T
1\ a+1
r r T
X[ —|Iln— VT , (58)
T T
1 1
r T

_I_
2(In — —Inln Z)2 211r1Z
s s s

rae GyHKIuI co = co(r) yooiersopsiet (24). Takum o6pasom, Teopema 3 ¢
B(r) = co(r) mokaszana.

CnenctBue 2. Mbvt umeem caedyouee acumMnmomuueckoe 6biparceHUe
npu r — 00 :

ZL{ o~ (%)r (ln% —In ln% + ﬁ)r €Xp (—r (ln %)_1 eﬁ) *
X (% (1n %) _1) h < v

1 1

_I_
2(11r1Z —Inln Z)2 211r1Z

™ ™ ™

r
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¢ pynryued f(s), onpedeaennoti 6 (6) u dynrxyued B = B(r), dag komopoy
lim B(r) =0, a =b/2 - 3/4.

5. HIuckyccusa

B pabore [3] mosmydeHa criemyrolas acUMIOTOTHYeCKas (QopMysia mJis
YeTHBIX [IPOM3BOAHBIX GyHKunu pumana & = £(s + 1/2) B Touke s = 0:

d” 1 -2 -2 r=2
E(s+ =) ~2702 (ln 4 ~Inln" + 7) X
ds” 27 1s=0 T
_ 9\~
X exp (—(r —2) (ln ! ) 67) (r —2)Y4(r — 1)x
T
~1/4 1/4
(mf =2 ! (60)
T

—Inln
T T

r 1 1
(5_1) r— 2 r—22+ r—2
[ )

rae v = ¥(r) — dynkuus, ynosnersopsiomas yciosuo lim y(r) = 0.
CpasauM ¢popmyity (60) ¢ dopMyson OIS YeTHBIX IPON3BOTHBIX (YHKINN
Teiutopa G(s), s KOTOPOIi cipaBemyinBa runoTe3a Puvana. B sToM ciyuae
MBI BUAUM, 9TO abCOTIOTHAS BeJIMYNHa Y€THON Mpom3BonHON (pyHKImm G(s)
B Touke s = 0 mpum r — 00 pacTeT OBICTpee, YeM COOTBETCTBYIOIIIE

npousBonueie pyukuun Pumana (s + 1/2 B Touke s = 0.
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