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PaccmaTpuBaeTcs 1mitockas KpyroBas orpaHWUYeHHAs 3aJada TpPeX Tell
IpY MaJIBIX 3HAYEHWSX OTHOILIEHUS Macc . HeBosMmylneHHas 3amada (T.e.
3allada OBYX TeJI BO BPAINAIOIIENCS CHCTEMe KOOPAUHAT) MMEET CHHTY-
JIApHBIe BO3MYIIIEHUS, CBA3aHHBIE C TeJIOM MacChl (i, BOJM3U >TOTo Teja
1 BOJIM3M ceMellCTBa HEMONBUXKHEIX ToueK. B paboTe BHImendoTcs Tep-
Bble TPUOIMKEeHUS ypaBHEHUN BOJIM3U >TUX 0COOEHHOCTEN U MpeJiaraioT-
cs 3aMeHBI KOOpPOUHAT, KOTOphle MpeodbpasyioT 3TU MepBble MPUOINKEeHUST
B HEBO3MYIIIeHHbBIE CUCTEMEI.
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We consider the planar circular restricted three-body problem for small
values of the mass ratio p. Unperturbed problem (i.e. the two-body
problem in the rotating frame) has singular perturbations, related with
the body with mass u, near the body and near a family of stationary
points. Here we select the first approximations of the system near these
singularities and propose the changes of coordinates which transform the
first approximations into unperturbed systems.

© WIIM um. M.B. Kennsrma PAH, Mocksa, 2006 r.

Pabora BhITIOSIHeHa mpu (puHAHCOBOU mMonaepkKe Poccuiickoro ¢oH-
na GyHIaMeHTaJIBHBIX nccieqoBanmii (mpoekT 05-01-00050) u mporpawm-
MBI’ DyHIOaMeHTaJIbHBIE TPobIeMbl HesnHeliHol nuHaMmuku’ Ilpesummyma

PAH.

E-mail: bruno@keldysh.ru
Caiir: www.keldysh.ru/smexrponnas 6ubmuorexa/
Karasor my6sukammit corpynuukos UM /mpenpunt/



I[MIycts nBa Tesma Py m Py ¢ Mmaccamm 1 — 4 1 gt cOOTBETCTBEHHO Bpalla-
FOTCS TI0 KPYTOBBIM Op6UTaM BOKPYT MX OOIIETO MeHTPa Macc ¢ repuoam 1.
[Tnockas xkpyroBas orpaHndYeHHAs 3aJada TPeX TeJl COCTOUT B MCCIENOBa-
HUY TJIOCKOTO NBUXKeHUS Tena Py 6eckoHeYHO MaJjiol MacChl O] TeICTBUEM
HBIOTOHOBa npuTsikeHusd Tes Py u Py. Bo Bparmatomeriics (cuHomquaeckorn)
CTaHOapPTU30BaHHOU CHUCTeMe KOOPOWHAT 3allada OINMNCHIBAE€TCS CUCTEMOU
[NamMubTOHA ¢ MTBYyMS CTENEHIMU CBOOOMIBI

djj:aH/aij yj:_aH/awjv J=12 (1)
u onuuM mapamerpoM . Pyukrmsa [Namunbrona umeer Bun [1]
def 1, 9 2 1—p H
= (U1 +¥2) + T2y — w1y — - + prr. (2)
2t Vet 4+ 23 (2 — 1)2 + 23
Bnecb remo P = {X,Y: 21 =2 =0} ureno Py = {X, Y : 21 =1, zy =

O} PELCCMOTpI/IM MaJIbl€ 3HAYECHNI OTHOIIIECHUA MaCC L.

Hug p = 0 3amaua ctaHoBuTcs 3amadel 1ByxX Tea P; u P3. Ho 3mech
HYKHO YIOaJUTh U3 ($a30BOro IMPOCTPAHCTBA TOYKH, COOTBETCTBYIOIIME
crosikHoBeHUIM Tesl Py 1 P3. Touku cTosIKHOBEHNS pacIeIVISIOT pellleHrs
s3agadm nByXx Tesi Py u P3 Ha wacTn.

g mansix g > 0 B6iusu Teita Py uMeeTCs CUHIYIIIPHOE BO3MYIIIEHUE
ciyuas i = 0. lpu pp — +0 06BexTEI OrpannyenHoit 3amaun (1), (2) B xo-
OpIOWHATAaX &;,Y; CTPEMIATCI K NpeNeSIbHBIM MojiokeHnaM. Ilpu sTom niis
HEKOTOPBIX 00BEKTOB IpelesIbHEIE MOJIOKEHNS MMEIOT MEHBIIYIO pa3Mep-
HOCTB, YeM JIOINpelesibHbIE. B 5TOM U MPOABIILETCS CUHIYJIAPHBIE BO3MY-
meHns. YTo6kl yCTpaHUTh CUHTYJISPHOCTEH BO3MyIeHud npu p > 0, Hamgo
BBOIUTH HOBHIE (3aBUCSINVE OT (i) KOOPAWHATEL, B KOTOPHEIX Pa3sMepPHOCTH
IIpenebHOTO 06beKTa paBHa pa3MepHOCTH JoIpenebHoro. Ilpu sToM B Ka-
yecTBe MPeIesIbHON MoIydaeTcsd 3aada, COOTBETCTBYIOMIAL [IEPBOMY IIPHU-
6IIMKEHNIO CUHTYJIIPHOIO BO3MYINeHNMs. BBemeHme Takumx KOOPAMHAT MBI
Ha3bIBaeM decun2yigpusayueti. V3BecTHBIN NpUMep IeCUHTYJIIPU3AIIN —
5TO JIyHHas 3amada Xwmuia [3], KoTopas onuckiBaeT ABUKeHue JIyHbI BOIU-
su 3emsin 1 yunThkiBaeT BiaugHue CosHna. 3agada Xwula MoJIydaeTcs W3
orpanuyenHoi 3amaqdn (1), (2) BBemeHreM KOOpAMHAT £ u 7; mo opMyIam

2y =14+ @38, @ = 13, yy =y P, yo = 1+ w3, (3)
IIpu u — 0 B KoopauHaTax Ej, 7; OJIy4aeTCs NpefebHas 3a1ada

gj = 89/87737 ﬁj = _89/853'7 J=12,

i

(4)

(N

~ - . 1 ~ 1
QO = (7 + 72) + Eofy — Ealp — E3 4+ Z€2 — .
27 &+



o L4 07 J VY L ! - L 07 v
TOUKY ¢1 = Y2 = 1, 9 = y; = 0.
3meck paccMOTpPUM APyTUe NeCUHTYJIApU3alli OrPaHWYEHHON 3aadu
(1), (2) B6sm3m Testa Py (§ 1) u B6im3n okpyxkHOCTH T2 + 25 = 1, HO BHanm
ot Testa Py (§ 2), T.e. BOym3u pasopBaHHON OKPYKHOCTH.

§ 1. OkpecTHOCTH Teja P,

s Toro 9TO6H HANTHU BCe TIepBbIe TPUOINKEHNS OTPAHMIEHHON 3a1a-
UM Tpex TeJl BOmm3m Tejia Py, HyXKHO BBeCTU JIOKaJIbHBIE KOOPIUHATHI

SLi=x1—1, L=, m=y1, m=y2—1

1 pa3ioXNTh QyHKIWO ['aMuiIbToHa Mo >TUM KoopaumHaTaM. Ilocie pas-
JIOXKEHIU S 1/\/(51 +1)2 + &2 B pan Maksopena dyukius [amuibTona (2)
IIpUMeT BT

3 of 1 1
h + 3~ ou Y 5(77% +1m3) + Eom — Emp — & + 555*‘
1 1

+£(&,8) ‘|‘M{f% - 553 — W — f(é-l)ég)}v
i+&

rne f — CXOOAIIUICS CTeNeHHOW psl, He COMepKAallluii UJIeHOB ITOPAIKa

(5)

Mmenbite Tpex. Cormacuo [2] HocuTens S; psma B mpaBoin yactu (5) co-
crout u3 Touek R = (71,79, r3,74,75) = (ord &1, ord &, ord ny, ord 72, ord p):
0,0,2,0,0), (0,0,0,2,0), (0,1,1,0,0), (1,0,1,0,0), (2,0,0,0,0), (0,2,0,
0,0), (k,21,0,0,0), (2,0,0,0,1), (0,2,0,0,1), (~1,0,0,0,1), (0, —1,0,0, 1),
(k,21,0,0,1), rme k,0 > 0, k+ 2l > 3, nu u3 orpeska J, COEOUHSIOIIETO
touku (—1,0,0,0,1) m (0,—1,0,0,1). DTOT OTPE30K ABIIAETCI HOCUTEJIEM
aitera pu/\/€7 + &3, Tlpu sTom xomyc 3amaun K = {W € R : w; < 0,wy <
0,ws < O}
Coenaem npoekmuio TR = R ot (p,q,s) € R, roe

p=ri+ro=ord&, q=r3+ry=ordn, s=r;=ordp.

MuoxectBo S stmx Touek R' coctour m3 (0,2,0), (1,1,0), (2,0,0),
(k,0,0), (2,0,1), (-1,0,1), (k,0,1), rme k = 3,4,5,... BHemuHsIa BHIIyK-

nas obonouka CNV S! muoxecTsa S| 310 MHOrorpammmk I' C R®. Ilo-

(2) (1)
j j
COOTBETCTBYET YKOPOUEH-

BepxHocTh OI' mHororpannuka I' coctout m3 rpanein I';”, peGep T
(0) (d)
j X j

HBIJ TaMWIBTOHUAH A, SIBIISIOIINAICS CyMMOI T€X WIeHOB psiaa (5), ToUKn
(d) (d)

J J

n

. Kaxmomy Takomy snementy I

()
J
kotopeix R’ mpunanmexart T

BepimH I

. YKopouenHble pyHKIMHU ['amMmuibToHa h
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JIMYHEIX 06J1acTax npoctpanctsa (&1, &2, M1, M2, ¢t). [lpu sToM KOHYC 3amaun
"={W" € R} : w; < 0, w3 < 0}. Puc. 1 usobpaxaer MHOrorpansux I,
ABJILIOIINICS TI0JTy6eCKOHEYHOM TPeXTIPaHHON IIPU3MOIl ¢ KOCKIM OCHOBAaHU-
eM. OH UMeeT deTHIpe IpaHu U IlecTh pebep. PaccmoTpum ux.
I'panb 1‘52)
mmusr (0,2,0), (2,0,0), (—1,0,1) n Touky (1,1,0). Ee HopMasnbHbI BeKTOP
N = —(1,1,3). Ei1t coorBeTcTByeT yKOpoUeHHas QYHKIMS TaMIUIBTOHA

, ABJIAIOIINAaACA KOChIM OCHOBaHMEM ITPU3MbI F, COOEPKUT BEP-

1 1 L
(0} +md) 4 Com — Ema — E + €8 — ———. (6)
2 2 £+ &

Ona onmceiBaeT 3amadqy Xwuiuia [3], KoTopas SBASETCS HEMHTETPUPYEMOIL.

AP =

CrenenHoe mpeobpa3oBaHue

5 52 =Ml /7 i:172 (7)

IIPUBOOUT COOTBETCTBYIOIIYIO CHCTeMy l'aMmiIbToHa K cucTeMe I 'aMuiin-
ToHa (4).

I'pann 1“52) comepxut touku (0,2,0), (1,1,0), (2,0,0) u (k,0,0). Ee
HOpPMaJIbHEL BeKkTop IV (O 0,—1) C K". Eit coorBeTCcTByeT yKOpOU€EH-

7(2)

Hasd (PYHKIUS TaMWIbLTOHA hy ', KOTopas mojiydaeTcs u3 GYHKIUU h 1mpu
¢ = 0. Ona onucwkiBaeT 3amauy nByx Tea P; u Pj3, xoTopas sBigercs
UHTEeTPUpPyeMOu.

OcTanbHble OBe TpaHm uMeIOT HopMasbHEIe BekTOphl (0,—1,0) m
(0,1,2), nexarmue BHe Kouyca 3amaun K”. IlosTomy coorBercTByfoiue
yKopoueHUs He TomaTci. Paccmorum pebpa. W3 mectu pebep omHo He-
cobcTBernHoe. OHo mpoxomuT uepe3 Touky (0,2,0) mapajuiesibHO BEKTOPY
(1,0,0). Ha Tpex pebpax ¢ = 0, T.e. msg HUX yKopodeHHas pyHKiusI ['a-
MWJTHTOHA HE 3aBUCHUT OT 7)1, 72, I ¥ PEITeHUN COOTBETCTBYIOIIEN CUCTEMBI
lNamubToHA &1, €9 = const, T.e. onu HemHTepecHbl. OcTatoTcs aBa pebpa.

Pe6po I‘ll). Ono comepxut Touku (0,2,0) u (—1,0,1) maOXecTBa S7.
CooTBeTcTByMpOIIAsS YKOpoueHHas QyHKIMS ['aMuIbTOHA eCTh

A 1 Bk
hY = (4 m3) - (8)
2 & +&3

Ona onuceiBaeT 3amauy nByx Tei Ps u Pj3. Crenennoe npeobpasoBanue

&= puéj, ny=1, t=pt, i=1,2 (9)

IePEBOANT ee B cucTeMy ['amumnbrona ¢ ¢pynkimen ['amunsrona Buna (8),
roe &;,7;, 4 3aMeHeHH Ha &, 7);, 1| COOTBEeTCTBEHHO.
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EMmy cooTBeTcTBYeT yKOopoueHHas ¢pyukuus ['amunsrona (6) ¢ p = 0. Ona
ONUCHIBAET IPOMEKYTOUYHYIO 3afady (Mexmy 3amadeil Xuiuta W 3amadeit
nByx Tei Py u P3), kxoTopas sBiiseTcs HHTErpupyeMoi. JTo mepBoe Ipu-
bnumxkenne BBest XeHoH [4].

[TockosmbKy HOPMAaJILHBIN BEKTOP K TpPaHU 1‘52) ectb N = —(1,1,3), a

(2)

HOpMaJIbHEIA BekTop K rpanu I's” ects Ny = (0,0,—1), To HOpMaJIbHEI
1
KOHYC K pebpy 1“5 ) cocrout m3 BekTOpoB alN{ + BNJ, rme o, § > 0. Ioso-
xuM o = 3 = 1, Torga mosyuaem BekTop —(1,1,4), sexamuil B HOpMaib-
1
HOM KOHyce pebpa I‘g ), EMy cooTBeTCTBYyeT cTeneHHOe Impeobpa3oBaHme
_ o 1/4F _ /4= .
& =pM, mj=ptt, i=1,2.

B xoopnunaTax &;,7; npu p — 0 mosmyuaem mpemenbHylo dyHkimo I'a-
MuiibToHa (6) ¢ 1 = 0, rme BMecTO £, 7 CTOAT &; U 7); COOTBETCTBEHHO.

Nrax, ouendb 6u3ko K Teay Py mepBeIM NpubsmkeHneM UCXOMHON orpa-

HUYeHHON 3amaun ¢ yukuueir ['amunprona (5) aBiagercs 3amada IBYX TeJl

P, u P3 ¢ ravunsronnanom (8), mpocto 6yim3ko — 3amada Xmuia C Ta-
MmtbToHIaHOM (6), momasnbire oT Tena Py — mpomexyTounas 3amada, a
BHaJim oT Tejla Py — 3amaua nByx Tenm Py u P3. B6mmusu tena Py me-

pUONUYeCKe PeIleHns OTPAaHWYEHHON 3aJadil SBISIOTCS BO3MYIITEHUSMU
KaK MepUOINYeCKNX PellleHnN BCeX YKa3aHHBIX YeThIPeX MepPBHIX MpubIIn-
KeHUW, TaK U Pe3yJIbTATOB CKIIEWKN TUIIepOOTMUeCcKX OpOUT 3a/1aum MBYX
Ten Py, P3 ¢ pemennsaMu-orpeskaMmu aubo 3amagyu nByx Tea Py, P3, mubo
npoMexyTouHoi 3anauu. B [5, 6-8, 9] nepuommueckue pereHus MpoMexKy-
TOYHOW 3a7ad’ OB MCTIOJIb30BAHBI KaK IMOPOXKMAIONINE IJIIT OTHICKAHUS
MepUOANIECKNX KBA3UCITy THUKOBEIX OPOUT OTpaHWYEHHON 3a/Iaum.

Nrak, B okpecTHOoCTU Tenna Py mMeroTcs Tpu pasHBIX NeCUHTYIIIPU3a-
11, COOTBETCTBYIOIINE PeOPY I‘(ll), rpaHu 1‘52) 1 pebpy I‘gl). N3 vux 6b171a
M3BECTHA TOJIBKO MeCUHryssipu3anus (7) mist 3anadn Xwija, T.e. IS rpa-

HI I‘(12).

§ 2. OKpecTHOCTL Pa30pPBAaHHON OKPYXKHOCTHU

HpI/I H = 0 OorpaHHYcHHad 3adada MMeeT OOHOIIapaMETPUYICCKOE ceMel-
CTBO HEIIOABUZXKHBIX TOYEK

a:%—l—a:%zl, y%—l—y%:l, (10)

Te. a =1, e =0, ¢ = 1. B okpecTHOCTH 5TOro ceMelicTBa BBeIEM
JIOKAJIbHBIE KOOPIUHATEL Y, 21, Z9, 23 CHemyomuM obpasom [1, ra. VIII, § 3].
Haunewm c snemenToB [lesone

L=+va, G=¢a(l—e?)=c, |=Nt, g=0& —t,
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CucreMa KaHOHMYECKUX KOOpAUHAT mpu & = 1
L, ppo=L—-G, y=1l+4+g, p2=—g

Ha3BIBAETCA Nnepeot cucmemot snemenmos Ilyanxape. Hakowen, cuctema
KaHOHNYECKNX KOOPAUHAT

L, zo=/py cos vy, y, z3=1/2ps sin s

Ha3BIBAETCA 6MOpoy cucmemot ssemenmos Ilyanrxape.
CewmeticTso (10) Beimensgercs paseacTBamu L = 1, 29 = z3 = 0. Jlokass-
HBIMU 71 ceMeiicTBa (10) 6yayT KoopauHATHI

z21=L—1, 2z, y, zs.

®yukumsa ['amMmuiabTOHA MMeeT BU

H = Hy+ pR,
1 L, 1 3, 1 .
Hy=ps—z1—=(1+21) " =—+p— 21— - > (k+1)(—2)",
2 2 2717 9~

R=7r"'4rcos h— (1 —2rcos h+4r?)1/2

(r m h — momngpusle KoopauHaTe Tesa Ps Ha mmockocTn @1, @3). Ilpum sTom
— 52 2

P2 = z5 + z3.
Oynxnusg R pasnaraeTcs B CXONAINMUNCT pal B

R = Z Rmnklzinzéjzil’) exp Z’I’Ly

c ueasiMu m,n, k, [, npudem m, k,| — HeoTpuaTEILHEIE.
Cormacao BoramcienusM B [1, ra. VIIL, . 5.5] umeem

Booo(y) = 3 Ryngo exp iny = 1+ cos y — [2 — 2 cos y] /2.

Teneps cmesmaeM MeCMHTYJIAPU3YIOINIYIO 3aMeHY

2= p?5, py=ppe, t=1tp"

B orauume ot CJIy4acB § 1 oHa He gBageTCs KaHOHI/IquKOfl, T.€. HE CO-
XpaHA€T 'aMMWMJIBTOHOB XapaKTeEpP BCell cucTeMEBI. TeM He Me€Hee, OHa OaeT
HEBOSMYIICHHYIO CUCTEMY

p2 =10, @2 = /~L1/27 (12)
y=—0H/dz, z=0H/dy,

3. 3 -
H= _522 + Booo(y) = _5’22 +cos y — (2 — 2cos y) 71/,

(13)
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NuTerpasibHble KpUBBIE HOCENHEN moacucTeMsl (13), T.e. JUHWK yPOBHS
¢yukunu H m3obpaxensl Ha puc. 2. UMerorcs pemrerns Tpex Tumnos: 1) co-
BepliaoIue gubpaunu Bokpyr Ly win Ly — "rosoBactukn”; I11) acummro-
tudeckue K Ls; I1I) coBepatommue mubpannio Bokpyr ”BochMepKn” aciMII-
TOTUYECKUX PEIIeHNT — C MOAKOBOOOPa3HBIMI MHTErPAIIBHBIMI KPUBHIMU.

Teneps orpaHndeHHyO 3a0a4y BOm3u ceMeiicTBa (10) MOXHO M3ydaTh
kak BosmytmeHue cuctemsl (12), (13). IlomxoBooGpasubie op6uTH U3yda-
muck B [10-15], a opbutsr — rosoBacTuku — B [16, 17].
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