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Àííîòàöèÿ

Ðàáîòà ïîñâÿùåíà ïîñòðîåíèþ àâòîìîäåëüíûõ ðåøåíèé çàäà÷ äëÿ äâóìåðíûõ íåñòàöèîíàðíûõ

óðàâíåíèé èäåàëüíîé ÌÃÄ. Ïðåäïîëàãàåòñÿ, ÷òî òå÷åíèå îñåñèììåòðè÷íî, â ïîëîèäàëüíîé

ïëîñêîñòè âåùåñòâî èìååò òîëüêî ðàäèàëüíóþ êîìïîíåíòó ñêîðîñòè. Äâóìåðíàÿ íåñòàöèîíàð-

íàÿ çàäà÷à ÌÃÄ ñâåäåíà ê çàäà÷å ìåíüøåé ðàçìåðíîñòè äëÿ óðàâíåíèÿ Ãðýäà � Øàôðàíîâà.

Ïîêàçàíî, ÷òî ñåìåéñòâî àâòîìîäåëüíûõ ðåøåíèé ðàñïàäàåòñÿ íà äâà òèïà â çàâèñèìîñòè îò

ïîêàçàòåëÿ àäèàáàòû.

Yu.K. Mizyakin, T.G. Yelenina

Self-similiar solutions of the two-dimensional non-stationary ideal MHD equations

Abstract

The aim of the paper is to construct the self – similiar solutions of the non–steady ideal MHD

equations. It is assumed that the flow is axisymmetric, the matter has only radial component in

the poloidal plane. 2D nonstationary problem is reduced to the Grad–Shafranof equation solution.

As a result it is shown that there are the family of self – similiar solutions and they depend on

adiabatic exponent.

Ñîäåðæàíèå

1 Ââåäåíèå 3

2 Ïîñòàíîâêà çàäà÷è 5

3 Ïåðåõîä ê àâòîìîäåëüíûì ïåðåìåííûì 6

4 Âûâîä óðàâíåíèÿ äâèæåíèÿ âäîëü ñèëîâîé ëèíèè 8

5 Âûâîä óðàâíåíèÿ Ãðýäà�Øàôðàíîâà 10

6 Óñëîâèÿ àâòîìîäåëüíîñòè 12

6.1 Ðåøåíèÿ áåç ãåíåðàöèè àçèìóòàëüíîãî ìàãíèòíîãî ïîëÿ . . . . . . . . . . . . . . 12

6.2 Ðåøåíèÿ ñ ãåíåðàöèåé àçèìóòàëüíîãî ìàãíèòíîãî ïîëÿ . . . . . . . . . . . . . . 16

7 Âûâîäû 18



�3�

1 Ââåäåíèå

Íàñòîÿùàÿ ðàáîòà ïîñâÿùåíà ïîñòðîåíèþ àâòîìîäåëüíûõ ðåøåíèé çàäà÷

äëÿ äâóìåðíûõ íåñòàöèîíàðíûõ óðàâíåíèé èäåàëüíîé ÌÃÄ â ïðåäïîëîæå-

íèè, ÷òî, âî�ïåðâûõ, òå÷åíèå îñåñèììåòðè÷íî è, âî�âòîðûõ, â ïîëîèäàëü-

íîé ïëîñêîñòè âåùåñòâî èìååò òîëüêî ðàäèàëüíóþ (â ñôåðè÷åñêèõ êîîð-

äèíàòàõ) êîìïîíåíòó ñêîðîñòè.

Ïîä àâòîìîäåëüíîñòüþ çäåñü ïîäðàçóìåâàåòñÿ âîçìîæíîñòü ñâåäåíèÿ

äâóìåðíîé íåñòàöèîíàðíîé çàäà÷è ê çàäà÷å ìåíüøåé ðàçìåðíîñòè, à èìåí-

íî äëÿ óðàâíåíèÿ Ãðýäà � Øàôðàíîâà äëÿ ôóíêöèè ìàãíèòíîãî ïîòîêà.

Óðàâíåíèå Ãðýäà � Øàôðàíîâà ñîäåðæèò íåêîòîðûå ïðîèçâîëüíûå ôóíê-

öèè, è ïðîöåäóðà ðåøåíèÿ çàäà÷ äëÿ ýòîãî óðàâíåíèÿ ñîñòîèò êàê â âûáîðå

ýòèõ ôóíêöèé, òàê è â îïðåäåëåíèè ðåøåíèÿ ïðè òåõ èëè èíûõ ãðàíè÷íûõ

óñëîâèÿõ.

Çàäà÷à ïîñòðîåíèÿ àâòîìîäåëüíûõ ðåøåíèé óðàâíåíèé èäåàëüíîé ÌÃÄ

ðàññìàòðèâàåòñÿ â ñâÿçè ñ àñòðîôèçè÷åñêèìè ïðèëîæåíèÿìè. Êàê ïðàâè-

ëî, èññëåäóþòñÿ áåññèëîâûå êîíôèãóðàöèè ìàãíèòíîãî ïîëÿ, òàê êàê â

ñèëüíîðàçðåæåííîé êîñìè÷åñêîé ïëàçìå ìàãíèòíûå íàïðÿæåíèÿ ÿâëÿþò-

ñÿ äîìèíèðóþùèìè. Â êà÷åñòâå ïðèìåðà ïðèâåäåì ðàáîòó [1], â êîòîðîé

ðàññìàòðèâàëàñü ýâîëþöèÿ áåññèëîâîãî ìàãíèòíîãî ïîëÿ, îñíîâàíèÿ ñèëî-

âûõ ëèíèé êîòîðîãî âìîðîæåíû â çâåçäó è âðàùàþòñÿ îòíîñèòåëüíî îñè

ñèììåòðèè ñ ðàçíûìè óãëîâûìè ñêîðîñòÿìè. Ãåíåðèðóþùàÿñÿ ïðè ýòîì

àçèìóòàëüíàÿ êîìïîíåíòà ìàãíèòíîãî ïîëÿ ïðèâîäèò ê äåôîðìàöèè ïî-

ëîèäàëüíûõ ñèëîâûõ ëèíèé, èõ ðàñêðûòèþ è îáðàçîâàíèþ òîêîâîãî ñëîÿ.

Ïîä÷åðêíåì, ÷òî õîòÿ óðàâíåíèå Ãðýäà � Øàôðàíîâà ñòàöèîíàðíî, òî åñòü

íå ñîäåðæèò ïðîèçâîäíûõ ïî âðåìåíè, îíî ïîçâîëÿåò îïèñàòü íåñòàöèî-

íàðíûé ïðîöåññ çà ñ÷åò òîãî, ÷òî âõîäÿùèå â íåãî ïðîèçâîëüíûå ôóíêöèè

ìîãóò çàâèñåòü îò âðåìåíè êàê îò ïàðàìåòðà.

Àíàëîãè÷íûé ïîäõîä èñïîëüçîâàëñÿ â [2] ïðè àíàëèçå ýâîëþöèè áåññè-

ëîâîãî ìàãíèòíîãî ïîëÿ, îñíîâàíèÿ ñèëîâûõ ëèíèé êîòîðîãî âìîðîæåíû

â äèôôåðåíöèàëüíî âðàùàþùèéñÿ äèñê. Â ðàáîòå [3] óðàâíåíèå Ãðýäà �
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Øàôðàíîâà èñïîëüçîâàëîñü äëÿ àíàëèçà ýâîëþöèè áåññèëîâîãî ìàãíèò-

íîãî ïîëÿ, ñâÿçûâàþùåãî âðàùàþùóþñÿ çâåçäó è äèñê. Â ðàáîòàõ [4], [5]

èññëåäîâàíû ïðîöåññû, ïðîòåêàþùèå â êîðîíàõ àêêðåöèîííûõ äèñêîâ, äëÿ

ñëó÷àåâ öèëèíäðè÷åñêîé èëè ñôåðè÷åñêîé ñèììåòðèè. Ðàáîòà [6] ïîñâÿùå-

íà ÷èñëåííîìó àíàëèçó òàêîé çàäà÷è. Â ðàáîòàõ [7], [8] ïðè ïîìîùè óðàâ-

íåíèÿ Ãðýäà � Øàôðàíîâà äëÿ ôóíêöèè ìàãíèòíîãî ïîòîêà îïèñûâàëèñü

ðàâíîâåñíûå êîíôèãóðàöèè èäåàëüíîïðîâîäÿùåé âðàùàþùåéñÿ ïëàçìû ñ

ó÷åòîì ãàçîêèíåòè÷åñêîãî äàâëåíèÿ è ãðàâèòàöèè.

Àâòîìîäåëüíûå (â óêàçàííîì âûøå ñìûñëå) ðåøåíèÿ íåñòàöèîíàðíûõ

óðàâíåíèé èäåàëüíîé ÌÃÄ áûëè ïîñòðîåíû â [9], [10]. Â ýòèõ ðàáîòàõ ïðè-

íèìàëîñü, ÷òî ïëàçìà ðàçëåòàåòñÿ ðàäèàëüíî è íå âðàùàåòñÿ, ó÷èòûâàëîñü

ãðàâèòàöèîííîå ïîëå öåíòðàëüíîãî èñòî÷íèêà. Âìîðîæåííîå â ïëàçìó ìàã-

íèòíîå ïîëå èìååò êàê ïîëîèäàëüíóþ, òàê è àçèìóòàëüíóþ ñîñòàâëÿþùèå.

Òå÷åíèå ïðåäïîëàãàëîñü îñåñèììåòðè÷íûì. Ñåìåéñòâî àâòîìîäåëüíûõ ðå-

øåíèé, â êîòîðûõ ôóíêöèÿ ìàãíèòíîãî ïîòîêà çàâèñèò îò ðàäèàëüíîé êî-

îðäèíàòû è âðåìåíè â êîìáèíàöèè r/a(t) , ïîñòðîåíî ïðè ïîêàçàòåëå àäèà-

áàòû γ = 4/3.

Â íàñòîÿùåé ðàáîòå àâòîìîäåëüíûå ðåøåíèÿ óêàçàííîãî âûøå òèïà

ñòðîÿòñÿ äëÿ óðàâíåíèé èäåàëüíîé ÌÃÄ, íî ñ ó÷åòîì âðàùåíèÿ ïëàçìû.

Ïîêàçàíî, ÷òî â ñëó÷àå èçîðîòàöèè ìàãíèòíûõ ñèëîâûõ ëèíèé ñåìåéñòâî

àâòîìîäåëüíûõ ðåøåíèé ðàñïàäàåòñÿ íà äâà òèïà â çàâèñèìîñòè îò âå-

ëè÷èíû ïîêàçàòåëÿ àäèàáàòû. Ïðè γ = 4/3 èç óñëîâèé àâòîìîäåëüíîñòè

ñëåäóåò, ÷òî ïëàçìà íå âðàùàåòñÿ. Òàêèì îáðàçîì, ýòîò ñëó÷àé ñâîäèòñÿ ê

ïðîàíàëèçèðîâàííîìó â [11]. Ïðè γ = 5/3 èç óñëîâèé àâòîìîäåëüíîñòè ñëå-

äóåò, ÷òî ðåøåíèå âîçìîæíî â îòñóòñòâèè ãðàâèòàöèè. Ïðè ýòîì ìàãíèòíîå

ïîëå ÿâëÿåòñÿ áåññèëîâûì â êàæäûé ìîìåíò âðåìåíè.

Ðàáîòà âûïîëíåíà ïðè ÷àñòè÷íîé ôèíàíñîâîé ïîääåðæêå Ðîññèéñêîãî

ôîíäà ôóíäàìåíòàëüíûõ èññëåäîâàíèé (ãðàíò ÐÔÔÈ �06-02-16608).

Àâòîðû áëàãîäàðíû À.Â. Êîëäîáå, Ã.Â. Óñòþãîâîé è Â.Ì. ×å÷åòêèíó çà
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ìíîãî÷èñëåííûå ïîëåçíûå îáñóæäåíèÿ è ïîñòîÿííóþ ïîìîùü â ðàáîòå.

2 Ïîñòàíîâêà çàäà÷è

Ðàññìîòðèì îñåñèììåòðè÷íîå äâèæåíèå èäåàëüíîïðîâîäÿùåé ïëàçìû, â

êîòîðîì â ñôåðè÷åñêèõ êîîðäèíàòàõ (r, θ, ϕ) ñêîðîñòü èìååò íåíóëåâûìè

òîëüêî ðàäèàëüíóþ è àçèìóòàëüíóþ êîìïîíåíòû v = (u, 0, v), ìàãíèòíîå

ïîëå èìååò âñå òðè êîìïîíåíòû B = (Br, Bθ, Bϕ). Â ñôåðè÷åñêîé ñèñòåìå

êîîðäèíàò òàêîå ÌÃÄ � òå÷åíèå îïèñûâàåòñÿ ñèñòåìîé óðàâíåíèé



∂ρ

∂t
+

1

r2

∂

∂r
r2ρu = 0,

ρ

(
∂u

∂t
+ u

∂u

∂r

)
− ρv2

r
+
∂p

∂r
= Fr − ρ

∂Φ

∂r
,

ρ

(
∂v

∂t
+ u

∂v

∂r

)
+
ρuv

r
= Fϕ,

1

r

∂p

∂θ
− ρv2 ctg θ

r
= Fθ,

∂Br

∂t
− 1

r sin θ

∂

∂θ
(sin θuBθ) = 0,

∂Bϕ

∂t
+

1

r

∂

∂r
r(uBϕ − vBr)−

1

r

∂

∂θ
vBθ = 0,

∂Bθ

∂t
+

1

r

∂

∂r
ruBθ = 0,

∂

∂t

p

ργ
+ u

∂

∂r

p

ργ
= 0,

(2.1)

ãäå F =
1

4π
[rotB,B] � ñèëà Àìïåðà, p � äàâëåíèå ïëàçìû, ρ � ïëîòíîñòü

ïëàçìû, Φ = −GM
r

� ãðàâèòàöèîííûé ïîòåíöèàë öåíòðàëüíîãî ãðàâèòè-
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ðóþùåãî òåëà.

Ïîëîèäàëüíûå êîìïîíåíòû ìàãíèòíîãî ïîëÿ óäîáíî ïðåäñòàâèòü ÷åðåç

ôóíêöèþ ìàãíèòíîãî ïîòîêà Ψ

Br =
1

r2 sin θ

∂Ψ

∂θ
,

Bθ = − 1

r sin θ

∂Ψ

∂r
.

Ôóíêöèÿ Ψ óäîâëåòâîðÿåò óðàâíåíèþ ïåðåíîñà

∂Ψ

∂t
+ (vp,∇)Ψ =

∂Ψ

∂t
+ u

∂Ψ

∂r
= 0, (2.2)

âûðàæàþùåìó âìîðîæåííîñòü ïîëîèäàëüíûõ ñèëîâûõ ëèíèé Ψ = const â

ïëàçìó.

Àçèìóòàëüíûå êîìïîíåíòû óðàâíåíèÿ äâèæåíèÿ è èíäóêöèè ïðåäñòà-

âèìû â âèäå
∂l

∂t
+ u

∂l

∂r
=

1

4πρ
(Bp,∇)j, (2.3)

∂j

∂t
+
∂uj

∂r
= (r sin θ)2(Bp,∇)ω, (2.4)

ãäå l = v r sin θ � óäåëüíûé ìîìåíò âðàùåíèÿ îòíîñèòåëüíî îñè ñèììåòðèè,

ω =
v

r sin θ
� óãëîâàÿ ñêîðîñòü, j = Bϕ r sin θ � ôóíêöèÿ ïîëîèäàëüíîãî

òîêà. Ïîëîèäàëüíûé òîê òå÷åò âäîëü ëèíèé j = const.

3 Ïåðåõîä ê àâòîìîäåëüíûì ïåðåìåííûì

Áóäåì èñêàòü àâòîìîäåëüíûå ðåøåíèÿ, â êîòîðûõ ôóíêöèÿ ìàãíèòíîãî

ïîòîêà Ψ çàâèñèò îò ðàäèóñà è âðåìåíè â êîìáèíàöèè ξ = r/a(t), ãäå a(t)

íåêîòîðàÿ ôóíêöèÿ. Ïîäñòàíîâêà Ψ = Ψ(ξ, θ) â (2.2) äàåò

− ȧr
a2

∂Ψ

∂ξ
+
u

a

∂Ψ

∂ξ
= 0,

îòêóäà â ïðåäïîëîæåíèè, ÷òî ∂Ψ/∂ξ ∼ Bθ 6= 0, ïîëó÷àåì

u =
ȧr

a
= ȧξ.
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Çàìåòèì, ÷òî äèôôåðåíöèðîâàíèå ïî t ïðè ôèêñèðîâàííûõ θ, Ψ åñòü

ëàãðàíæåâà ïðîèçâîäíàÿ (
∂f

∂t

)
θ,Ψ

=
∂f

∂t
+ u

∂f

∂r
.

Äåéñòâèòåëüíî, â ïîëîèäàëüíîé ïëîñêîñòè ÷àñòèöû äâèæóòñÿ òîëüêî â ðà-

äèàëüíîì íàïðàâëåíèè, à ñèëîâûå ëèíèè ïîëîèäàëüíîãî ìàãíèòíîãî ïîëÿ

Ψ = const âìîðîæåíû â âåùåñòâî. Òàêèì îáðàçîì, êîîðäèíàòû (θ,Ψ) ÿâëÿ-

þòñÿ ëàãðàíæåâûìè êîîðäèíàòàìè. Êðîìå òîãî, òàê êàê ðàññìàòðèâàþòñÿ

òå÷åíèÿ òàêèå, ÷òî Ψ = Ψ(ξ, θ), òî ïàðå (θ,Ψ) ñîîòâåòñòâóåò ïàðà (ξ,Ψ), êî-

òîðàÿ òàêæå ÿâëÿåòñÿ ëàãðàíæåâûìè êîîðäèíàòàìè. Ñëåäîâàòåëüíî, äèô-

ôåðåíöèðîâàíèå ïðè ôèêñèðîâàííûõ ξ, Ψ òàêæå ÿâëÿþòñÿ ëàãðàíæåâîé

ïðîèçâîäíîé (
∂f

∂t

)
ξ,Ψ

=
∂f

∂t
+ u

∂f

∂r
.

Òàêèì îáðàçîì, óðàâíåíèå íåðàçðûâíîñòè

∂ρ

∂t
+

1

r2

∂r2ρu

∂r
= 0

ñ ó÷åòîì u = ȧr/a äàåò

ρ =
D(ξ,Ψ)

a3
.

Êàê îòìå÷àëîñü âûøå, ëàãðàíæåâà ïðîèçâîäíàÿ
∂

∂t
+ u

∂

∂r
ïðåäñòàâëÿåò

ñîáîé äèôôåðåíöèðîâàíèå ïðè ôèêñèðîâàííûõ ξ, Ψ, ïîýòîìó óðàâíåíèå

áàëàíñà ýíòðîïèè (
∂

∂t
+ u

∂

∂r

)
p

ργ
= 0

äàåò
p

ργ
= S(ξ,Ψ).

Òàê êàê ρ ∼ a−3(t), òî p = a−3γP (ξ,Ψ).

Ââåäåì îïåðàòîð

L = a3(Bp,∇),
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ïðîïîðöèîíàëüíûé ïðîèçâîäíîé âäîëü ïîëîèäàëüíîãî ìàãíèòíîãî ïîëÿ è

íå ñîäåðæàùèé âðåìåíè â ÿâíîì âèäå

L =
1

ξ2 sin θ

(
∂Ψ

∂θ

∂

∂ξ
− ∂Ψ

∂ξ

∂

∂θ

)
.

Îãðàíè÷èìñÿ ðàññìîòðåíèåì òîëüêî òàêèõ ôóíêöèé ω è j, â êîòîðûå çà-

âèñèìîñòü îò âðåìåíè âõîäèò â âèäå ìíîæèòåëÿ

ω = b(t)Ω(Ψ, ξ), (3.1)

j = c(t)J(Ψ, ξ). (3.2)

Òîãäà àçèìóòàëüíûå êîìïîíåíòû óðàâíåíèé äâèæåíèÿ è èíäóêöèè äîïóñ-

êàþò ðàçäåëåíèå ïåðåìåííûõ. Ïåðåïèñûâàåì, â ñîîòâåòñòâèè ñ (3.1) àçè-

ìóòàëüíûå óðàâíåíèÿ äâèæåíèÿ è èíäóêöèè â âèäå

(ξ sin θ)2Ω
d(a2b)

dt
=

c

4πD
LJ,

J

(
ċ+

cȧ

a

)
=
b

a
(ξ sin θ)2LΩ,

îòêóäà çàêëþ÷àåì, ÷òî

1

c

d(a2b)

dt
= λ = const, (3.3)

1

b

d(ac)

dt
= µ = const, (3.4)

LJ
4πD(ξ sin θ)2Ω

= λ = const, (3.5)

(ξ sin θ)2LΩ

J
= µ = const. (3.6)

4 Âûâîä óðàâíåíèÿ äâèæåíèÿ âäîëü ñèëîâîé ëèíèè

Ðàññìîòðèì òåïåðü óðàâíåíèÿ äâèæåíèÿ â ïîëîèäàëüíîé ïëîñêîñòè

∂u

∂t
+ u

∂u

∂r
+

1

ρ

∂p

∂r
=
v2

r
+

1

4πρ
[rotB,B]r −

∂Φ

∂r
, (4.1)

1

ρr

∂p

∂θ
=
v2 ctg θ

r
+

1

4πρ
[rotB,B]θ. (4.2)
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Óìíîæàÿ (4.1) íà Br, à (4.2) íà Bθ è ñóììèðóÿ, ïîëó÷àåì

Br

(
∂u

∂t
+ u

∂u

∂r

)
+

1

ρ
(Bp,∇)p+ (Bp,∇)Φ =

v2

r sin θ
(Br sin θ +Bθ cos θ)− 1

4πρ

(
BrBϕ

r

∂rBϕ

∂r
+
BθBϕ

r sin θ

∂ sin θBϕ

∂θ

)
.

(4.3)

Âû÷èñëåíèÿ äàþò

∂u

∂t
+ u

∂u

∂r
=
är

a
= äξ,

Br

(
∂u

∂t
+ u

∂u

∂r

)
= Br

är

a
= (Bp,∇)

är2

2a
,

Br sin θ +Bθ cos θ = (Bp,∇)r sin θ,

BrBϕ

r

∂rBϕ

∂r
+
BθBϕ

r sin θ

∂ sin θBϕ

∂θ
=

1

(r sin θ)2
(Bp,∇)

j2

2
.

(4.4)

Äàëåå óäîáíî áóäåò ðàññìàòðèâàòü âåëè÷èíû, âõîäÿùèå â óðàâíåíèÿ (3.1),

(3.2) êàê ôóíêöèè àðãóìåíòîâ t, r, Ψ âìåñòî t, r, θ â ïðåäïîëîæåíèè, ÷òî

∂Ψ/∂θ 6= 0. Ðàññìîòðèì ïëîòíîñòü ρ è äàâëåíèå p êàê ôóíêöèè àðãóìåíòîâ

t, r, Ψ. Ââåäåì

w(t, r,Ψ) =

∫
Ψ=const

dp

ρ
=

∫
Ψ=const

1

ρ

(
∂p

∂r′

)
Ψ

dr′,

ãäå èíòåãðèðîâàíèå ïðîâîäèòñÿ îò íåêîòîðîãî ôèêñèðîâàííîãî ðàäèóñà,

çàâèñÿùåãî îò t. Èìååì

∇w =

(
∂w

∂r

)
Ψ

∇r +

(
∂w

∂Ψ

)
r

∇Ψ =
1

ρ

(
∂p

∂r

)
Ψ

∇r +

(
∂w

∂Ψ

)
r

∇Ψ,

∇p =

(
∂p

∂r

)
Ψ

∇r +

(
∂p

∂Ψ

)
r

∇Ψ.

Óìíîæàÿ ýòè ñîîòíîøåíèÿ ñêàëÿðíî íà ïîëîèäàëüíîå ìàãíèòíîå ïîëå Bp,

ïîëó÷àåì

(Bp,∇w) =
1

ρ

(
∂p

∂r

)
Ψ

(Bp,∇r),
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(Bp,∇p) =

(
∂p

∂r

)
Ψ

(Bp,∇r),

îòñþäà

(Bp,∇w) =
1

ρ
(Bp,∇p). (4.5)

Ïîäñòàâëÿÿ ñîîòíîøåíèÿ (4.4), (4.5) â (4.3), ïîëó÷àåì

(Bp,∇)

 är2

2a
+ w + Φ−

(ωr sin θ)2

2

 =

−ω2(Bp,∇)
(r sin θ)2

2
−

1

4πρ(r sin θ)2
(Bp,∇)

j2

2
.

(4.6)

5 Âûâîä óðàâíåíèÿ Ãðýäà�Øàôðàíîâà

Ðàññìàòðèâàÿ p è w êàê ôóíêöèè ïåðåìåííûõ (t, r,Ψ) âìåñòî (t, r, θ) íàé-

äåì
∂p

∂r
=

(
∂p

∂r

)
Ψ

+

(
∂p

∂Ψ

)
r

∂Ψ

∂r
,

∂w

∂r
=

(
∂w

∂r

)
Ψ

+

(
∂w

∂Ψ

)
r

∂Ψ

∂r
=

1

ρ

(
∂p

∂r

)
Ψ

+

(
∂w

∂Ψ

)
r

∂Ψ

∂r
,

îòêóäà
1

ρ

∂p

∂r
=
∂w

∂r
+

[
1

ρ

(
∂p

∂Ψ

)
r

−
(
∂w

∂Ψ

)
r

]
∂Ψ

∂r
.

Ñ ó÷åòîì ýòèõ ñîîòíîøåíèé ðàäèàëüíàÿ êîìïîíåíòà óðàâíåíèÿ äâèæå-

íèÿ ïðèíèìàåò âèä

är

a
+
∂w

∂r
+

[
1

ρ

(
∂p

∂Ψ

)
r

−
(
∂w

∂Ψ

)
r

]
∂Ψ

∂r
=

= ω2r sin2 θ − ∂Φ

∂r
+

1

4πρ

[
−Bϕ

r

∂rBϕ

∂r
− Bθ

r

(
∂rBθ

∂r
− ∂Br

∂θ

)]
è ìîæåò áûòü ïðåîáðàçîâàíà ê ôîðìàì

∂

∂r

(
är2

2a

)
+
∂w

∂r
+
∂Φ

∂r
− ω2 sin2 θ

∂r2/2

∂r
+

[
1

ρ

(
∂p

∂Ψ

)
r

−
(
∂w

∂Ψ

)
r

]
∂Ψ

∂r
+

+
1

4πρr2 sin2 θ

∂(rBϕ sin θ)2/2

∂r
=

1

4πρr2 sin θ

∂Ψ

∂r

(
∂rBθ

∂r
− ∂Br

∂θ

)
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èëè

∂

∂r

(
är2

2a

)
+
∂w

∂r
+
∂Φ

∂r
− ∂

∂r

(
r2 sin2 θω2

2

)
+ ωr2 sin2 θ

∂ω

∂r
+

+
j

4πρr2 sin2 θ

∂j

∂r
+

[
1

ρ

(
∂p

∂Ψ

)
r

−
(
∂w

∂Ψ

)
r

]
∂Ψ

∂r
=

= − 1

4πρr2 sin θ

(
∂

∂r

1

sin θ

∂Ψ

∂r
+

1

r2

∂

∂θ

1

sin θ

∂Ψ

∂θ

)
∂Ψ

∂r
.

Çàìåòèì, ÷òî â óðàâíåíèè (3.6) îïåðàòîð (Bp,∇) ìîæíî çàìåíèòü äèôôå-

ðåíöèðîâàíèåì ïî r ïðè ïîñòîÿííîì Ψ. Îáîçíà÷èì

E =
är2

2a
+ w + Φ− ω2r2 sin2 θ

2
,

ïðè÷åì
∂E

∂r
=

(
∂E

∂r

)
Ψ

+

(
∂E

∂Ψ

)
r

∂Ψ

∂r
,

òàê æå êàê
∂j

∂r
=

(
∂j

∂r

)
Ψ

+

(
∂j

∂Ψ

)
r

∂Ψ

∂r
,

∂ω

∂r
=

(
∂ω

∂r

)
Ψ

+

(
∂ω

∂Ψ

)
r

∂Ψ

∂r
.

Ñ ó÷åòîì ýòîãî ïîñëåäíåå óðàâíåíèå ïðèíèìàåò âèä(
∂E

∂Ψ

)
r

∂Ψ

∂r
+ (r sin θ)2ω

(
∂ω

∂Ψ

)
r

∂Ψ

∂r
+

[
1

ρ

(
∂p

∂Ψ

)
r

−
(
∂w

∂Ψ

)
r

]
∂Ψ

∂r
+

j

4πρr2 sin2 θ

(
∂j

∂Ψ

)
r

∂Ψ

∂r
+

1

4πρr2 sin2 θ

(
∂2Ψ

∂r2
+

sin θ

r2

∂

∂θ

1

sin θ

∂Ψ

∂θ

)
∂Ψ

∂r
= 0.

Ñîêðàùàÿ ýòî óðàâíåíèå íà ∂Ψ/∂r è óìíîæàÿ íà 4πρr2 sin2 θ, ïîëó÷àåì

óðàâíåíèå Ãðýäà � Øàôðàíîâà äëÿ ôóíêöèè ìàãíèòíîãî ïîòîêà Ψ

∂2Ψ

∂r2
+

sin θ

r2

∂

∂θ

1

sin θ

∂Ψ

∂θ
+ j

(
∂j

∂Ψ

)
r

+ 4πρr2 sin2 θ

[
1

ρ

(
∂p

∂Ψ

)
r

−
(
∂w

∂Ψ

)
r

]
+

+4πρ(r sin θ)4ω

(
∂ω

∂Ψ

)
r

+ 4πρ(r sin θ)2

(
∂E

∂Ψ

)
r

= 0.
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6 Óñëîâèÿ àâòîìîäåëüíîñòè

Â ïðåäïîëîæåíèè (3.1) è (3.2) îòíîñèòåëüíî çàâèñèìîñòè ω è j îò âðåìåíè

è ñ ó÷åòîì (3.5), (3.6) óðàâíåíèå (4.6) ïðèíèìàåò âèä

L

(
äξ2

2
+ a2−3γW − a−2GM

ξ
− b2a

(Ωξ sin θ)2

2

)
= (µb2a− λc2)JΩ. (6.1)

Óðàâíåíèå Ãðýäà�Øàôðàíîâà ñ ó÷åòîì ñîîòíîøåíèé (3.1), (3.2) ïðèîáðå-

òàåò âèä

∆∗Ψ + c2a2J
∂J

∂Ψ
+ a4−3γ4πD(ξ sin θ)2

(
1

D

∂P

∂Ψ
− ∂W

∂Ψ

)
+

+a3b24πD(ξ sin θ)4Ω
∂Ω

∂Ψ
+ a4πD(ξ sin θ)2∂E

∂Ψ
= 0,

(6.2)

ãäå ∆∗ =
∂2

∂ξ2
+

sin θ

ξ2

∂

∂θ

1

sin θ

∂

∂θ
. Äëÿ ïîñòðîåíèÿ àâòîìîäåëüíîãî ðåøåíèÿ

óðàâíåíèÿ (6.1) è (6.2) ñëåäóåò ðåøàòü ñîâìåñòíî ñ óðàâíåíèÿìè (3.6), (3.5),

(3.4) è (3.3).

6.1 Ðåøåíèÿ áåç ãåíåðàöèè àçèìóòàëüíîãî ìàãíèòíîãî ïîëÿ

Ðåøåíèÿ áåç ãåíåðàöèè àçèìóòàëüíîãî ìàãíèòíîãî ïîëÿ ñîîòâåòñòâóþò çíà-

÷åíèÿì λ = µ = 0. Â ýòîì ñëó÷àå èç óðàâíåíèé (3.5), (3.6), (3.3) è (3.4)

ñëåäóåò, ÷òî Ω = Ω(Ψ), J = J(Ψ) (ïîñêîëüêó LΨ = 0), b ∼ a−2, c ∼ a−1.

Ýòî îçíà÷àåò, âñå òî÷êè îäíîé ñèëîâîé ëèíèè âðàùàþòñÿ ñ îäíîé óãëîâîé

ñêîðîñòüþ, òàê ÷òî íå ïðîèñõîäèò "íàìàòûâàíèÿ"ñèëîâîé ëèíèè íà îñü

âðàùåíèÿ ñèñòåìû. Ïîëîèäàëüíûé òîê òå÷åò âäîëü ñèëîâûõ ëèíèé, òàê,

÷òî îòñóòñòâóåò àçèìóòàëüíàÿ ñîñòàâëÿþùàÿ ñèëû Àìïåðà.

Óðàâíåíèå (6.1) äàåò

L

(
äξ2

2a
+ a2−3γW − a−2GM

ξ
− a−1 (Ωξ sin θ)2

2

)
= 0.

Ýòî îçíà÷àåò, ÷òî âåëè÷èíà (áóäåì íàçûâàòü åå èíòåãðàëîì Áåðíóëëè)

E(t,Ψ) =
äaξ2

2
+ a4−3γW (Ψ, ξ)− a−1GM

ξ
− a−2 (Ωξ sin θ)2

2

ïîñòîÿííà âäîëü ñèëîâîé ëèíèè â êàæäûé ìîìåíò âðåìåíè.
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Ïîäñòàâëÿÿ â óðàâíåíèå Ãðýäà � Øàôðàíîâà çàâèñèìîñòè âñåõ ïåðåìåí-

íûõ îò t: r = aξ, ρ = a−3D, p = a3γP , j = J/a, ω = Ω/a2, w = a3(1−γ)W ,

ïîëó÷àåì

∆∗Ψ + J
dJ

dΨ
+ a4−3γ · 4πD(ξ sin θ)2

[
1

D

∂P

∂Ψ
− ∂W

∂Ψ

]
+

+a−1 · 4πD(ξ sin θ)4Ω
dΩ

dΨ
+ a · 4πD(ξ sin θ)2∂E

∂Ψ
= 0.

Ïîëó÷åííîå óðàâíåíèå ñîäåðæèò ñëàãàåìûå, êîòîðûå íå çàâèñÿò îò t ÿâíî:

ïåðâûå äâà ñëàãàåìûõ è çàâèñÿò îò t ÷åðåç a(t): a4−3γ, a−1 è a∂E(t,Ψ)/∂Ψ.

Âîçìîæíû âàðèàíòû γ = 4/3 è γ = 5/3. Â ïåðâîì ñëó÷àå òðåòüå ñëàãà-

åìîå íå çàâèñèò îò t. Âî âòîðîì � òðåòüå ñëàãàåìîå ïðîïîðöèîíàëüíî a−1,

òî åñòü èìååò òàêóþ æå çàâèñèìîñòü îò t, ÷òî è ÷åòâåðòîå. Äëÿ òîãî, ÷òî-

áû êîíñòðóêöèÿ a(t)E(t,Ψ) èìåëà àíàëîãè÷íóþ çàâèñèìîñòü îò t, ñëåäóåò

ïîëîæèòü

E(t,Ψ) =
E1(Ψ)

a(t)
+
E2(Ψ)

a2(t)
.

Â ïðèíöèïå ê ôóíêöèè E(t,Ψ) ìîæåò áûòü äîáàâëåíà ïðîèçâîëüíàÿ ôóíê-

öèÿ îò t, íî â äàëüíåéøåì âûÿñíèòñÿ, ÷òî îíà äîëæíà áûòü ðàâíà íóëþ.

Ïîñëå âûäåëåíèÿ ÿâíîé çàâèñèìîñòè âñåõ ïåðåìåííûõ îò t èíòåãðàë

Áåðíóëëè ïðèíèìàåò âèä

äξ2

2
+ a2−3γW (ξ,Ψ)− GM

a2ξ
− (Ωξ sin θ)2

2a3
=
E

a
. (6.3)

Ïðè γ = 4/3 âòîðîå ñëàãàåìîå ïðîïîðöèîíàëüíî a−2, ïðè γ = 5/3 � a−3.

Åñëè ïîëîæèòü

ä =
α

a2
+
β

a3
,

ãäå α, β = const, òî â (6.3) çàâèñèìîñòü îò t áóäåò ñîäåðæàòüñÿ â âèäå

ìíîæèòåëåé a−2 è a−3 ïðè âåëè÷èíàõ, êîòîðûå íå çàâèñÿò îò t ÿâíî.

Ðàññìîòðèì ñëó÷àè γ = 4/3 è γ = 5/3 ïî îòäåëüíîñòè. Â êàæäîì ñëó÷àå

â óðàâíåíèè Ãðýäà � Øàôðàíîâà è èíòåãðàëå Áåðíóëëè ïðèðàâíÿåì íóëþ

ìíîæèòåëè ïðè a−2 è a−3, ÷òî äàñò íåêîòîðûå ñîîòíîøåíèÿ, íå ñîäåðæàùèå

ÿâíîé çàâèñèìîñòè îò t. Ïîëàãàåì, ÷òî E = E1/a+ E2/a
2.
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1. Â ñëó÷àå γ = 4/3 èìååì

∆∗Ψ + J
dJ

dΨ
+ 4πD(ξ sin θ)2

[
1

D

∂P

∂Ψ
− ∂W

∂Ψ

]
+ 4πD(ξ sin θ)2dE1

dΨ
= 0, (6.4)

(ξ sin θ)2Ω
dΩ

dΨ
+
dE2

dΨ
= 0, (6.5)

αξ2

2
+W − GM

ξ
= E1(Ψ), (6.6)

βξ2

2
− (Ωξ sin θ)2

2
= E2(Ψ). (6.7)

Äèôôåðåíöèðóÿ (6.7) ïî Ψ ïðè ôèêñèðîâàííîì ξ, ïîëó÷àåì

−(ξ sin θ)2Ω
dΩ

dΨ
− Ω2ξ2 sin θ

∂ sin θ

∂Ψ
=
dE2

dΨ
.

Ñðàâíèâàÿ ýòî ñîîòíîøåíèå ñ (6.5), çàêëþ÷àåì, ÷òî ëèáî Ω = 0, ëèáî

∂(sin θ)/∂Ψ = 0. Ïîñëåäíåå ñîîòíîøåíèå îçíà÷àëî áû, ÷òî Br ∼ ∂Ψ/∂θ =

∞, òàê ÷òî äëÿ âûïîëíåíèÿ (6.5), (6.7) ñëåäóåò ïîëîæèòü Ω = 0, E2 = 0,

β = 0.

Äèôôåðåíöèðîâàíèå (6.6) ïî Ψ ïðè ôèêñèðîâàííîì ξ è ïî ξ ïðè ôèê-

ñèðîâàííîì Ψ äàåò

∂W

∂Ψ
=
dE1

dΨ
, αξ +

∂W

∂ξ
+
GM

ξ2
= 0.

Ïîäñòàâëÿÿ ïåðâîå ñîîòíîøåíèå â óðàâíåíèå Ãðýäà � Øàôðàíîâà (6.4),

ïîëó÷àåì

∆∗Ψ + J
dJ

dΨ
+ 4π(ξ sin θ)2∂P

∂Ψ
= 0.

Âòîðîå ñîîòíîøåíèå ñ ó÷åòîì

∂W

∂ξ
=

1

D

∂P

∂ξ
(6.8)

ïðèíèìàåò âèä (
αξ +

GM

ξ2

)
D +

∂P

∂ξ
= 0. (6.9)

Óðàâíåíèÿ (6.3), (6.9) ñîâïàäàþò ñ ïîëó÷åííûìè â [11] ïðè èñõîäíîì

ïðåäïîëîæåíèè v = 0.



�15�

2. Â ñëó÷àå γ = 5/3 èìååì

∆∗Ψ + J
dJ

dΨ
+ 4πD(ξ sin θ)2dE1

dΨ
= 0, (6.10)

1

D

∂P

∂Ψ
− ∂W

∂Ψ
+ (ξ sin θ)2Ω

dΩ

dΨ
+
dE2

dΨ
= 0, (6.11)

αξ2

2
− GM

ξ
= E1(Ψ), (6.12)

βξ2

2
+W − (Ωξ sin θ)2

2
= E2(Ψ). (6.13)

Èç (6.12) ñëåäóåò, ÷òî ëèáî Ψ = Ψ(ξ) è â ñèëó óñëîâèé íà îñè ñèììåòðèè

Ψ = 0, ëèáî α = 0, GM = 0, E1 = 0.

Ðàññìîòðèì âòîðîé ñëó÷àé. Óðàâíåíèå (6.10) ïðèíèìàåò âèä

∆∗Ψ + J
dJ

dΨ
= 0, (6.14)

÷òî îçíà÷àåò áåññèëîâóþ êîíôèãóðàöèþ ìàãíèòíîãî ïîëÿ â êàæäûé ìî-

ìåíò âðåìåíè. Îòìåòèì, ÷òî ãàçîäèíàìè÷åñêèå òå÷åíèÿ, â êîòîðûõ ðàäè-

àëüíàÿ ñêîðîñòü ëèíåéíî çàâèñèò îò ðàäèóñà, èññëåäîâàíû â ðàáîòå [13].

Äèôôåðåíöèðóÿ (6.13) ïî Ψ è ñêëàäûâàÿ ñ (6.11), ïîëó÷àåì

1

D

∂P

∂Ψ
− Ω2ξ2 sin θ

∂ sin θ

∂Ψ
= 0. (6.15)

Äèôôåðåíöèðîâàíèå (6.13) ïî ξ ïðè ôèêñèðîâàííîì Ψ äàåò ñ ó÷åòîì (6.8)

βξ +
1

D

∂P

∂ξ
− Ω2ξ sin2 θ = 0. (6.16)

Ñîîòíîøåíèÿ (6.15), (6.16) ýêâèâàëåíòíû (6.11), (6.13), íî íå ñîäåðæàò ïðî-

èçâîëüíûõ ôóíêöèé W (ξ,Ψ) è E2(Ψ).

Äëÿ ïîñòðîåíèÿ àâòîìîäåëüíîãî ðåøåíèÿ ñëåäóåò íàéòè ôóíêöèè J(Ψ),

Ω(Ψ), P (ξ,Ψ), D(ξ,Ψ) òàêèå, ÷òî ñèñòåìà óðàâíåíèé (6.3), (6.15), (6.16)

ñîâìåñòíà, è ñàìó ôóíêöèþ Ψ = Ψ(ξ, θ).

Ïóñòü Ψ = Ψ(ξ, θ) � ðåøåíèå óðàâíåíèÿ Ãðýäà � Øàôðàíîâà ñ íåêîòî-

ðîé ôóíêöèåé J(Ψ). Ðàçðåøèâ ýòî ñîîòíîøåíèå îòíîñèòåëüíî θ (åñëè ýòî

âîçìîæíî), ïîëó÷èì θ = θ(ξ,Ψ).
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Îáðàçóåì ôóíêöèþ f(ξ,Ψ) =
ξ2 sin2 θ(ξ,Ψ)

2
. Óðàâíåíèÿ (6.15) è (6.16)

ïðèìóò âèä 
1

D

∂P

∂Ψ
− Ω2 ∂f

∂Ψ
= 0,

1

D

∂P

∂ξ
− Ω2∂f

∂ξ
+ βξ = 0.

(6.17)

Âîïðîñ î ñîâìåñòíîñòè ñèñòåìû (6.17) ìû îñòàâëÿåì îòêðûòûì.

Ðàçáåðåì òîëüêî îäèí ÷àñòíûé ñëó÷àé. Çàìåòèì, ÷òî åñëè ôóíêöèè

P (ξ,Ψ) è D(ξ,Ψ) çàâèñèìû, òî

1

D
dP = dW.

Äèôôåðåíöèðóÿ ïåðâîå óðàâíåíèå (6.17) ïî ξ, âòîðîå � ïî Ψ è âû÷èòàÿ

ïåðâîå èç âòîðîãî, ïîëó÷èì

Ω
dΩ

dΨ

∂f

∂ξ
= 0,

îòêóäà (â ïðåäïîëîæåíèè ∂f/∂ξ 6= 0) âûòåêàåò, ÷òî Ω = const. Óðàâíåíèÿ

(6.17) â ýòîì ñëó÷àå èíòåãðèðóþòñÿ, ÷òî äàåò

W − Ω2f +
βξ2

2
= const.

Ïðåäïîëàãàÿ äàëåå êàêóþ�ëèáî çàâèñèìîñòü W (P ), íàõîäèì P (ξ,Ψ) è

D(ξ,Ψ) =

(
dW

dP

)−1

. Ïî ñâîåìó ñìûñëó ôóíêöèè P è D äîëæíû áûòü ïî-

ëîæèòåëüíû.

6.2 Ðåøåíèÿ ñ ãåíåðàöèåé àçèìóòàëüíîãî ìàãíèòíîãî ïîëÿ

Ðàññìîòðèì ñëó÷àé, êîãäà µ 6= 0 è λ 6= 0. Óñëîâèÿ àâòîìîäåëüíîñòè íàêëà-

äûâàþò íåêîòîðûå îãðàíè÷åíèÿ íà âèä ôóíêöèé b(t) è c(t). Â óðàâíåíèÿõ

(6.2) è (6.1) ñëàãàåìûå, ñîäåðæàùèå ω è j äîëæíû èìåòü çàâèñèìîñòü îò

âðåìåíè, ñõîæóþ ñ êàêèìè ëèáî äðóãèìè ñëàãàåìûìè, èëè äîëæíû áûòü

ñõîæèìè â ýòîì îòíîøåíèè ìåæäó ñîáîé. Áóäåì èñêàòü ðåøåíèÿ (3.3), (3.4)
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âèäà: b ∼ am, c ∼ an. Ïîäñòàâëÿÿ òàêèå a è b â (3.3), (3.4), ïîëó÷àåì äâà

âûðàæåíèÿ äëÿ ȧ, è, ïðèðàâíèâàÿ èõ, íàõîäèì ÷òî

n = m+ 1/2,

c2

b2
=

µ(m+ 2)

λ(m+ 3/2)
a,

ȧ =

√
λµ√

(m+ 2)(m+ 3/2)
a−1/2.

Äèôôåðåíöèðóÿ ïîñëåäíåå ñîîòíîøåíèå ïî âðåìåíè è ñíîâà çàìåíÿÿ ȧ åãî

ïðàâîé ÷àñòüþ, ïîëó÷àåì ä = −{a−2, ãäå { =
1

2

λµ

(m+ 2)(m+ 3/2)
.

Â ïðåäïîëîæåíèè, ÷òî 2m+ 1 6= 2− 3γ è 2m+ 1 6= −2 óðàâíåíèå (6.1),

äëÿ ñëó÷àÿ γ = 4/3, â ñèëó óñëîâèé àâòîìîäåëüíîñòè ðàñïàäàåòñÿ íà äâå

÷àñòè, îäíà èç íèõ

L

(
−{ξ

2

2
+W − GM

ξ

)
= 0,

îòêóäà îïðåäåëÿåì ôóíêöèþ W (Ψ, ξ)

W (Ψ, ξ) = E1(Ψ) +
{ξ2

2
+
GM

ξ
. (6.18)

Âòîðàÿ ÷àñòü äàåò

L
(Ωξ sin θ)2

2
=
µ

2

1

m+ 3/2
JΩ

èëè, ñ ó÷åòîì (3.6)

L(Ωξ sin θ)2 =
(Ωξ sin θ)2

m+ 3/2
LΩ

ðåøåíèå ýòîãî óðàâíåíèÿ

Ω = Ω1(Ψ)(ξ sin θ)−δ, (6.19)

ãäå Ω1(Ψ) � íåêîòîðàÿ ïðîèçâîëüíàÿ ôóíêöèÿ, à δ =
m+ 3/2

m+ 1
.

Óðàâíåíèå Ãðýäà � Øàôðàíîâà, ñ ó÷åòîì çàâèñèìîñòè îò âðåìåíè âñåõ

ñëàãàåìûõ, òàêæå ðàñïàäàåòñÿ íà äâå ÷àñòè

µ

λ

m+ 2

m+ 3/2
J
∂J

∂Ψ
− 4πD(ξ sin θ)2Ω2 ∂

∂Ψ

(ξ sin θ)2

2
= 0, (6.20)
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∆∗Ψ + 4π(ξ sin θ)2∂P

∂Ψ
= 0. (6.21)

Íàéäåì J èç (3.6) â ñîîòâåòñòâèè ñ (6.19)

J = µ−1 δ

δ + 2
Ω1(Ψ)L(ξ sin θ)δ+2 (6.22)

(â ñëó÷àå δ 6= 2). Îáîçíà÷èì äëÿ êðàòêîñòè (ξ sin θ)δ+2 = g(Ψ, ξ), òîãäà èç

óðàâíåíèÿ (3.5) íàéäåì

4πD =
1

µλ

δ

δ + 2

L2g

g
. (6.23)

Ïîäñòàâëÿÿ òàêèå Ω, J è D â ïåðâóþ ÷àñòü óðàâíåíèÿ Ãðýäà�Øàôðàíîâà

(6.20) ïîëó÷èì óðàâíåíèå

m+ 2

m+ 3/2

∂

∂Ψ
(Ω1Lg)2 − Ω2

1L
2g
∂g

∂Ψ
= 0. (6.24)

Ïîñêîëüêó g � èçâåñòíàÿ ôóíêöèÿ ïåðåìåííûõ (ξ, θ), à Ω1 � ïðîçâîëüíà, òî

ïîñëåäíåå óðàâíåíèå íåÿâíî îïðåäåëÿåò Ψ êàê ôóíêöèþ ïåðåìåííûõ (ξ, θ).

Äëÿ òîãî, ÷òîáû ïîñòðîèòü àâòîìîäåëüíîå ðåøåíèå íåîáõîäèìî ðåøèòü

ñîâìåñòíî óðàâíåíèÿ (6.21) è (6.24).

7 Âûâîäû

Â ðàáîòå èññëåäîâàíà âîçìîæíîñòü ïîñòðîåíèÿ àâòîìîäåëüíûõ ðåøåíèé

óðàâíåíèé íåñòàöèîíàðíîé èäåàëüíîé ìàãíèòíîé ãèäðîäèíàìèêè â ñëó÷àå

îñåâîé ñèììåòðèè ñ ó÷åòîì âðàùåíèÿ ïëàçìû è ãðàâèòàöèè. Ðàáîòà ÿâ-

ëÿåòñÿ íåïîñðåäñòâåííûì ïðîäîëæåíèåì [14]. Ïîêàçàíî, ÷òî â îñòóòñòâèå

ìåðèäèàíàëüíîé ñîñòàâëÿþùåé ñêîðîñòè è â ïðåäïîëîæåíèè, ÷òî ôóíêöèÿ

ìàãíèòíîãî ïîòîêà çàâèñèò îò ñôåðè÷åñêîãî ðàäèóñà è âðåìåíè â êîìáèíà-

öèè ξ = r/a(t), çàäà÷à ñâîäèòñÿ ê ðåøåíèþ óðàâíåíèÿ Ãðýäà �Øàôðàíîâà,

äîïîëíåíîìó óðàâíåíèåì Áåðíóëëè è äâóì óðàâíåíèÿì ñîîòâåòñòâåííî íà

ôóíêöèþ ïîëîèäàëüíîãî òîêà è óãëîâóþ ñêîðîñòü âðàùåíèÿ. Âñå ýòè óðàâ-

íåíèÿ ïî ñâîåé ñòðóêòóðå ñòàöèîíàðíû è ñîäåðæàò âðåìÿ ëèøü êàê ïàðà-

ìåòð. Óðàâíåíèå Ãðýäà � Øàôðàíîâà ñîäåðæèò íåêîòîðûå ïðîèçâîëüíûå
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ôóíêöèè, è ïðîöåäóðà ðåøåíèÿ çàäà÷ äëÿ ýòîãî óðàâíåíèÿ ñîñòîèò êàê â

âûáîðå ýòèõ ôóíêöèé, òàê è â îïðåäåëåíèè ðåøåíèÿ ïðè òåõ èëè èíûõ

ãðàíè÷íûõ óñëîâèÿõ. Â îòëè÷èå îò [9], [10], [12] çàäà÷à ñâåäåíà ê ðåøåíèþ

óðàâíåíèÿ Ãðýäà � Øàôðàíîâà, â ïðèñóòñòâèè àçèìóòàëüíîé ñîñòàâëÿþ-

ùåé ñêîðîñòè. Â ïðåäïîëîæåíèè îá èçîðîòàöèè ìàãíèòíûõ ñèëîâûõ ëèíèé

èç óñëîâèé àâòîìîäåëüíîñòè äëÿ γ = 4/3 ñëåäóåò, ÷òî ïëàçìà íå âðàùà-

åòñÿ, è ýòîò ñëó÷àé ñâîäèòñÿ ê ïðîàíàëèçèðîâàííîìó â [9], [10]. Â ñëó÷àå

γ = 5/3 ðåøåíèå âîçìîæíî â îòñóòñòâèè ãðàâèòàöèè. Ïîëó÷åíî ðåøåíèå,

â êîòîðîì âðàùåíèå òâåðäîòåëüíî, à ìàãíèòíîå ïîëå îñòàåòñÿ áåññèëîâûì

â êàæäûé ìîìåíò âðåìåíè. Ïðîàíàëèçèðîâàí ñëó÷àé äèôôåðåíöèàëüíîãî

âðàùåíèÿ ìàãíèòíûõ ñèëîâûõ ëèíèé.
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