RUSSIAN ACADEMY OF SCIENCE
KELDYSH INSTITUTE OF APPLIED MATHEMATICS

I. L. SOFRONOQV, O. V. PODGORNOVA

SPECTRAL NONLOCAL BOUNDARY CONDITIONS FOR THE
WAVE EQUATION IN MOVING MEDIA

Moscow, 2004



N.JI. Codponos u O. B. [loaroprosa. HesiokanbHbIe cIeKTPaJIbHbIE
rpaHMYHbIE YCJOBHA /IS BOJJHOBOIO YPAaBHEHUsI B IBU:KYIIelics cpee

Annoramus. Ilpennaraercs cnekTpajabHBIE METOJI KOHCTPYHMPOBaHHS clabo-
OTpaXaIOIMX TPAHUYHBIX YCJIOBUH Jii BOJHOBOTO YpPaBHEHHS B JIBHKYIICHCS
cpene. M3HayallbHO BBIMIMCHIBAETCA OIEPATOpP TOUYHBIX T'PAHUYHBIX YCIOBHM IS
JTUCKPETU30BAHHOM 3aJ]auM, KOTOPBIM 3aT€M alpOKCUMUPYETCS TaK, 4TO 3aTpaThl
Ha €ro peaju3alliio HeBeJIWKH. B kaduecTBe 0a30BOro ajlropuTMa HCIONb3YeTCs
MIPEJCTABIICHHE SIpa OllepaTopa B BUJIE CYMMbI SKCIIOHEHT.

Ivan L. Sofronov and Olga V. Podgornova. Spectral nonlocal boundary
conditions for the wave equation in moving media

Abstract. A spectral approach of generating low-reflecting boundary conditions
for the wave equation in the moving media is proposed. Operator of boundary
conditions is firstly derived in exact form for discrete equations, and then
necessary approximation modifications are developed to obtain reasonable
computational costs. The sum-of-exponentials representation of occurring temporal
kernels is used as a key approach for such modifications.
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Introduction

The considered wave equation for the moving media occurs after the formal
change of variables

X'=x+at (1.1)

in the wave equation
Uy —C*(Uy + Uy, +U,)=0 (1.2)

where a is a given constant speed, c¢ is the speed of sound, 0<a<c. It reads
Uy + 28Uy, +8°U,.,. —C* (U, +U,, +U,,)=0. (1.3)

Here xis the axis looked to the right in the global (rest) coordinate system, and x'
Is the similar axis in the local system of coordinates uniformly moving to the left.
The latter system is usually associated with the body (wing) immersed in the
uniform flow.

Equation (1.3) describes propagation of the perturbations of the pressure or the
velocity potential and can be immediately obtained from the Euler equations
linearised about the uniform flow, cf. [Sofronov-JIMAA] .

In order to numerically simulate acoustic waves governed by (1.3) high-order finite
volume or finite difference methods are used. These methods require “non-
reflecting” boundary conditions on open boundaries such that they could have
really small reflections®. At least the error arising because of spurious reflections
should not be greater than the approximation error in the interior. One of the best
choices is exact (transparent) boundary conditions. The correspondent operators
have been obtained and implemented for the wave equation in case of a=0,
spherical boundary, see [Sofronov-DAN] , [Sofronov-EJAM] , [Grote-Keller
SIAM] , [Hagstrom-AN] , and in case of a>0, channel, see [BBS-AIAA] . In
both cases a spectral approach is used to derive analytically the desired operators
of the boundary conditions. Namely the Fourier method on the open boundaries:
spherical functions or imaginary exponentials for 3D or 2D spherical boundary,
and cosines for inflow/outflow cross-sections of the channel, respectively. The
larger number of the basis functions being taken into account the higher accuracy
of a discrete counterpart (i.e. smaller amount of reflections). Each Fourier
coefficient — which is a function of time and the normal spatial variable — is treated
separately by recurrence formulae with respect to time.

* The term “non-reflecting boundary conditions” is an ideal used often in the literature for majority of proposed
boundary conditions that do have reflections, in fact. In this sense the term “low-reflecting boundary conditions”
clarified in the next sentence seems to be more relevant.

3



Possibility of use of the Fourier method is a key feature in the construction of the
abovementioned operators of boundary conditions. Evidently this spectral
approach permits to tune the accuracy of required discretization to the
approximation error in the interior. In both spherical and plain cases the Fourier
method was used owing to the fact that the governing equations have uniform
coefficients on the transversal coordinate surfaces: spherical or polar coordinates
for Eq. (1.2) outside 3D/2D sphere, and Cartesian coordinates for Eq. (1.3) in the
channel to the left from the inflow cross-section and to the right from the outflow
cross-section, see Figure 1, shaded regions extended to infinity (white regions
correspond to computational domains).
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Figure 1: Spherical (left) and plain-channel (right) geometries

Unfortunately an immediate treatment of Eq. (1.3) with a>0 in the spherical
geometry, see Figure 1 left, by the spectral approach similar to the case of a=0 —
what is very desirable for the aeroacoustics in open domains — is not possible
because of variable coefficients with respect to the azimuth angle: the Fourier
method does not work. In this paper, we propose a way to find an approximate
solution to this challenge. Idea consists of using a discrete counterpart of the
problem from the beginning with successive derivation and efficient approximation
of the “spectral” boundary operator in terms of a discrete Fourier basis.

The outline of the paper is as follows. In Section 1 we formulate the problem, the
two-dimensional case is considered for simplicity (polar coordinates). Section 2
describes main steps of the algorithm of generating boundary conditions
correspondent to the homogeneous case of zero velocity a=0, a bridge to the
inhomogeneous case a>0 is made. The latter is considered in Section 3.
Numerical examples demonstrating accuracy of the approach are given in Section
4. Section 5 contains several conclusions.

Note that idea to use discrete governing equations outside domain of interest was
proposed by V. S. Ryaben’kii and it has been explored, in particular in [RTT-JCP]
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to construct non-local ABCs for 3D wave equation. A principal discrimination of
this and our approaches consists of ways of approximations of obtained operators
that originally require too large computational resource.

The method [RTT-JCP] is based on the property of 3D wave equation to have
lacuna, while our approach develops approximation of boundary operator by sum-
of-exponentials. The latter is more generic from the view of applications; at least
we can treat 2D wave equation where the method [RTT-JCP] does not work.

1. Problem formulation and governing equations

We omit the prime in Eq. (1.3) hereafter for a convenience, and restrict ourselves
by the two-dimensional case; the approach is generalized straightforwardly for the
three-dimensional case as well.

Let us consider Cauchy problem for the equation

U, +2au, —(c*—a’)u, —cu, =f,  (xy)eR’
Ulio =Up (2.1)
U, |t:0 =U;

supposing that exciting data functions are concentrated inside a finite domain D :

supp f (t,x,y)c D, Wt
suppu,(x,y) < D,
suppu,(x,y) = D.

The original problem consists of constructing artificial boundary conditions ABCs
on 0D such that waves propagate through oD without reflection.
A disk with a radius R, is taken here as the domainD :

D={(r.60),r<R,}.

Remark. As usual in formulation of problem of generating ABCs one needs to
point exactly the governing equations outside D only. Consequently the aim is to
replace these governing equations by proposed ABCs. No concretization of
equations inside D is required as a rule.
We introduce the polar coordinates

X=rcosd, y=rsing (2.2)

and rewrite (2.1) in the form:



r

sing
u, + Za(cos Ou, — —uwj ~(c*-a’cos’O)u,
r

: Uy, U sin26
—(cz—a23|n29)(%+7rj—a2 > (U —U,)=0

(2.3)

Equation (2.3) or more precisely some its difference counterpart outside the disk
D will be the main equation in our analysis. The desired “low-reflecting”
boundary conditions will be generated numerically.

We will need also a simple local boundary condition for (2.3) on oD . To generate
it let us take the well-known condition

1 1
—u,+u, +—u=0
C 2r

for the 2D wave equation and make the change of variables (1.1). After some
algebra, putting t=0 in the time-dependent coefficients, we obtain the desired
local condition:

u, +(—acosd+c)u, +aﬁu9+ziu:0. (2.4)
r r

2. Case a=0

We reproduce here main elements of the approach [Sofronov-EJAM] of generating
analytical transparent boundary conditions for the Eq. (2.3), a=0. This will be a
background to make a generalization for the case a > 0.

Let us consider first the following auxiliary extended IBVP for a function
E™(r,0,t) on R*\D
0,E" —C’AE" =0 inR*\D

gm‘tzo - 0’ atgm‘ho - O (31)
e, =51e"(©)

oD

E™ >0asr — oo

Here {¢"(6) =e™,m=0,1...| is the basis of imaginary exponentials on oD, 5(t)

1s the Dirac’s delta function.



The problem has analytical solution expressed in the form

m _,.m . 1 K (rS)
EN(r,0,t) =¢"(0) K{K (R )}( t) (3.2)

where K is the modified Bessel function (see for example [A-S] ), £ denotes
the inverse Laplace transform £ :g(s) — f(t).

Evidently, the solution u(r,8,t) of the IBVP with arbitrary Dirichlect boundary
data u., (t,0),

o,u —Au =0inR*\D
u ‘t:O =0, ou ‘t:O =

(3.3)
u LD =Uy(t,0)
u >0asr—-ow
IS written down as
u(r,0,t)=> " *ul, (3.4)

where * denotes convolution with respect to the time variable, and {ug“D} are the
Fourier coefficients defined from the decomposition of

aD t‘9 Zuao(t) @" (0)
on the boundary oD.

Notice that the convolution kernel £™(r,8,t) is written in the factorization from
EN(r,0,t)=E™°(r,1)- 0" (0) (3.5)
with

K, (Rys)
Coming back to the interior IBVP we propose to use (and we do use) the formula
(3.4) to calculate function on the open boundary while developing a numerical
algorithm for solving the reduced problem in D. Let us clarify this on the example
of an explicit difference scheme. Denote by (r ,,1,,1), r, <r,=R, <1, last three r -

grid points of the polar mesh in D. Suppose the solution is already known for the
time-layers with t, <t . Then using a second-order finite-difference scheme one

can update the solution on the t_ time layer for all r points except the boundary

sm-O(r,t):f{ K, (1) }( 1),

p+1

point r,. The solution at point (rl,tp) is calculated by (3.4) taking Dirichlet data at

I, as U, (t,@). Figure 2 schematically represents the algorithm. Thus we obtain
the transition operator from the layer t tothe t
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It is important to emphasize that the convolution kernel £™°(t) is handled by the
sum-of-exponentials approximations:
» L
EmM) ~ &M (1) = a"exp(ly"t), Reb <O0.

1=1

This representation allows the recursive evaluation of the convolution operator in
(3.4) and dramatically reduces computational costs; see details in [Sofronov-
EJAM] .

/J\ l t ‘ - Points with already known

7 7 p+1 values,
- Points with values updated by a

‘ ‘ ‘ ' O finite-difference scheme in the
interior,

‘ . ‘ t - Points with values updated by

ud p-1 using the boundary condition.
r, L=R 1

Figure 2. Schematic representation of the update algorithm.

3. Case a>0

Now consider the equation (2.3) for a> 0. Similarly to (3.1) we have the following
auxiliary IBVP

0, —AE"=0inR?*/D
E" =0, £" =0

t=0 t=0
£ =5()e"(6)

E"—>0asr—ow
where 0, — A, denotes the wave operator (2.3) in moving media.

(4.1)

Auxiliary “elementary” kernels

Evidently there is no simple analytical formula for the solution in this case.
Therefore let us consider the discrete counterpart for (4.1):

(DfEM —APEM =0inR?\D
&' =0, D& =0

t=0 t=0 (42)
& o %P

&' —>0asr— oo




l.e. we introduce the polar grid in R*\ D
L=R,<r<..<r<..

0=6,<6,<...<0, ,<06, =2x

t,=0<t <...<t, <....
and suppose that we are able to calculate solution of (4.2) — grid function
& =(&")" with i=0,..1;1=0,..,M -1, p=01,.... The details of the finite-
difference écheme will be discussed below.
Evidently we have M discrete problems (4.2) since the discrete basis on oD
consists of M discrete functions ¢ :((p,:“)l, m=0,...M -1 1=0,..,M -1.

First, similarly to (3.3) we consider the discrete problem
Diu, —Alu, =0 inR*\D

_ h _
Uy, = 0; D, uhL:O =0 (4.3)
uh |[7‘D = uaD (t’ 0)

u,—>0asr—ow

with arbitrary Dirichlet data ul, (t,8). Its solution can be expressed in terms of the
solution &":

(uh )iF?I - Z(ghm ):| >l<(ah )g,m’ (4.4)

m

where (4, ), are the Fourier-coefficients of (u,);, in the basis {go;"}:__ol i.e.

(Un)gy =220 )on (),

m

and * denotes the discrete convolution operator defined by the following rule
p ’ ’
(Exf) =D &"-fr7.
p'=0
Next we introduce the “elementary” kernels (Ehm’k)ip which are the Fourier-

components of (&" _p in the basis {@" " numerated so that
P h i 2N

<
iR

(&), =2 (&), (ar), (45)

n

Il
o

here k =n—m can have the values k=0,£1,...,4(M -1).

The following matrix notation clarifies the formula (4.5)



RN g gz e[ ]

& g g S |

gl g2 g g0 Logmell g | @8)
_ghM—l_ ghM—l,—(M—l) ghM—l,—(M—Z) ghM—l,—(M—3) ghM—l,O _q)rl]\/l—l_

Remark. In case a=0 owing to the separation of variables the matrix in (4.6) is
diagonal, i.e. £ =0 if k =0, cf. (3.5).

Each elementary kernel (Shm"‘)ip depends now on temporal index p only (at fixed
radial index i).

Thus (4.4) can be rewritten in the form

)= 3 () @), ()} @

m=0 {_ k=—m

Formula (4.7) will serve us to generate low-reflecting boundary conditions, cf.
(3.5).

Numerical aspects of the algorithm

At first we say some words about the finite-difference scheme for (2.3). All
derivatives are approximated by central second order finite differences. The
scheme is implicit in time because of the mixed derivatives and at each time step

we have to solve the linear system APUP =FP, where U" is a solution on the
current time step p. Matrix AP has the form AP =1+ A° + A>, where | is the

identical matrix, A" corresponds to the r derivatives, A’ corresponds to the @
derivatives. To inverse the matrix AP we use the simple iterations in form

k+1 k
Bl =Y | Aryk—F
T

with BP=(1+A?)(1+AP), y* is k" approximation of UP, r is an iterative

parameter. On each iteration step we have to inverse two three-diagonal matrices
that are handled by the sweep method.

We define the basis {gp,:"}:; by imaginary exponentials on the equidistant grid:

o =exp(2zm/M), m'=0,...,M -1 .
Discrete delta function &, is given simply by

ar-foese

0, otherwise.
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According to (4.7) we must calculate the kernels £™ for all time steps p such
that t, <T, where T is a calculation time. However, similarly to the update

algorithm shown in Figure 2, it is enough to keep functions (a:”* )ip only for single
value of i =1. Nevertheless these calculations of “elementary” kernels in (4.6) are
very expensive. It requires also large memory resources to keep (5;"*)1" as well as
large computational costs to calculate the convolution in (4.7).

That is why we have developed set of modifications to (4.7) in order to sharply
reduce the computational costs. First we subdivide the passing waves onto low and
high frequencies (with respect to spatial grid size). Therefore we decrease the
summation limits in (4.7). Only low-frequency harmonics with m=0,...M'<M
are treated accurately with the non-local discrete boundary condition. For high-
frequency harmonics, discretization of the local boundary condition (2.4) is used.
The new limits correspond to the truncation of the matrix &, i.e. instead of

M x M matrix we consider M'x M matrix.

Next we introduce restriction on the summation index k: let k belong to the
interval k =—K’,...,K’ simply throwing away any others k.

We will see in the examples of numerical simulation that such approximations of
the full matrix in (4.6) do have a sense: it is sufficient to take small enough
K’ and M’ to produce accurate results.

Thus we really need only a band submatrix &, in (4.6):

&gt £ 0 0

groog0 ge 0 :

: gt .0

g 0

Eh: h .

0

: o gvr ognt g L grmeiem
0 0

0 0

Finally, and this is the most valuable modification to reduce computational costs,
we use a technique developed in [AES-CMS] and approximate each discrete
convolution kernel by sum of exponentials:

. Lk
(&MY, ~(&m ), =D a*(ar)", with [g"*| <1, (4.8)
1=1
here p is the power in the last term.
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This representation allows for the recursive evaluation of the convolutions in (4.7).

In practice we use L, ~30 for large enough computational time and therefore we
need calculate in advance and keep only about 2L, complex numbers to

represent each “elementary” kernel. So the cost of our approximation to (4.7) is not
too large: more exactly the requirements on memory are estimated by O(LMK’)

of real values and the computational cost is estimated by O(LMK') operations per
time step, L =max(L,,,).

Incorporation of the modified formula (4.7) into a difference scheme for interior
problem in order to update solution at the external open boundary is made in the
same manner as described in the previous section. The only discrimination is that
we must treat a band matrix of “elementary” kernels (width=2K'+1) instead of
simply diagonal one (the parameter K'=0 fora=0)

According to the algorithm described in [AES-CMS] the approximation (4.8) can
be obtained by knowledge of (&, )f at p=0,1,...,2L. Thus the extended auxiliary
problems are computed only for several first time steps.

4. Numerical examples

In order to avoid singularities in the origin we consider the annular domain
1<r <2. We impose homogeneous Dirichlet boundary conditions at r =1 and our
discrete non-local boundary conditions at r =2. The velocity a=0.2 and c=1.

Two equidistant meshes are used: coarse one with
hr =0.05, hd =27/64, ht =0.03, and fine one with

hr =0.025, h6 =27/128, ht =0.015.

In the simulations we consider the equation (2.3). The initial data is taken to zero
and the source is introduced as a right-hand side in equation (2.3) having the form

f(r,0,0)=h(®)g(r -r))p().
Here h(t) is so-called Ricker signal with the central frequency f, =2, see Figure 3
(left)
h(t) = (27(f,t —1)* —1)e 4",
the source distribution is on Figure 3 (central) with
e rl<d, d=0.4
g(r) = . d
0, otherwise

and the frequency dependence of the source is on Figure 3 (right)
p(&)=sin@+sin 26 +sin360 +sin50 +sin 76.
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Figure 3: time dependency, Ricker function (left); distribution on r variable
(central); @-distribution (right).

We compare calculated solutions with the reference solution S . obtained on the

extended area 1< r <10 and on the very fine mesh so that this discrete solution can
be identified with the exact.

Below we represent the results in continuous norm C measured over our annular
domain 1<r<2. Note that the errors for L,-norm have the same orders and

behavior.

In Figure 4 (top) we represent the relative errors of the solutions S. obtained on

the extended areas, i.e. the errors that are due to the approximations of the
difference scheme on our grids.

Then in Figure 4 (bottom) we represent the relative error of the solutions S,z

with low-reflecting boundary conditions in form (4.7) compared with the solution
computed on the extended domain on the same mesh. We set M'=22, K'=2 for

the coarse mesh and M'=32, K'=2 for the fine one. The results are pretty well:

“boundary” errors are much less than the approximation errors (20 to 30 times) and
don’t affect the resulting error.

Note that if we use the local boundary condition (2.4) at r =2 then the errors have
the values compared with the solution, i.e. the errors are about 100%.

The demonstrated results confirm that K’ can be small enough compared to K. In
Figure 5 L, - norm of (Shm"‘ ): in logarithm scale is shown. We take here m=4, L,-

norm is calculated with respect to p=0,...,R , correspondent to 5 seconds. One
can observe a sharp peak near k =0.
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Figure 4: relative errors of the solution calculated on extended domain, dashed line
Is for the coarse mesh (hé =27/64), solid line is for the fine mesh (hd =27/128).
Top figure corresponds to the reference discrete solution on the extended region:

|SE - SE,R|C /|SE|C, bottom to the solution with our boundary condition at r=2:
|SE _SLRBC|c/|SE|c

We summarize the influence of the parameters M',K’ on relative errors in the
tables below. Table 1 results correspond to the coarse mesh, Table 2 to the fine
one.
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The reader can compare these values with those on the Figure 4, right: 2.8-10
coarse and 7.5-10™ fine grids, respectively.

M'=8 M'=16 M'=24 M'=32
K'=1 5.5E-02 2.7E-02 2.2E-03 1.9E-03
K'=2 5.5E-02 2.8E-02 1.2E-03 3.5E-04
Table 1: Relative errors for the coarse mesh for the different sizes of the matrix &,
band.
M'=8 M'=16 M'=32 M'=64
K'=1 5.6E-02 2.9E-02 2.4E-03 2.4E-03
K'=2 5.6E-02 3.0E-02 7.6E-04 6.3E-04
Table 2: Relative errors for the fine mesh for the different sizes of the matrix &,
band.

It is important to notice that we use the approximation representation (4.8) to
reconstruct the kernels (Ehm*k)p for p=0,1...,P. where P. is large enough.

According to the algorithm for finding coefficients a™,q™ in (4.8) we need

function £™ on a short time interval only, i.e. p=0,1,...,P, where P, =2L ~60.

Of course such construction is not correct for arbitrary medium. For example it is
obvious that we cannot apply such procedure for the medium with some
inhomogeneous in some distance from the external boundary. But our medium has
no obstacles and we don’t expect some impulse arrived from outside.

Another difficulty with usage of (4.8) occurs while considering large values of K.
If \k\ is small enough the kernel looks like one presented in Figure 6 (top.). Such

kernels are approximated very well by the sum-of-exponentials (4.8). But if |k|

increases the kernel becomes like one from Figure 6 (bottom). It is impossible here
to construct the approximation (4.8) with decaying exponentials at short time.
Notice that amplitude of these kernels decreases at t goes to infinity. Fortunately
for the case of our coarse and fine meshes we don’t need to deal with such
“abnormal” kernels. Pretty well accuracy is achieved without considering kernels
of these types.

If we need finer meshes we must consider “abnormal” kernels as well. Let us
discuss two possible ways how to avoid the difficulties with the approximation.

Evidently the nature of this oscillation behavior is owing to the delta-function
Dirichlet boundary data while calculating the elementary kernels, see (4.2).
Therefore the first way is to work with submeshes. l.e. we can try to find the
kernels on finer sub meshes with smooth “delta” function o, originated from the

main grid. Thus the kernels will be smoother and could permit desired
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approximations. The second way consists in using more sophisticated finite-
difference scheme in (4.2) that gives smaller oscillations for discontinuous initial
data.

magnitude of kernal

2 0 2 4 6 8 10 12 14
k
-0.51
D]
< |
BT -15-
= _
'U i
£ :
& -2
o ]
=
2.5
2 0 2 4 6 8 10 12 14
k

Figure 5: L,- norm of (& )lp , m=4, versus distance k. Velocity a=0.2 (top) and
a=0.7 (bottom).
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Figure 6: Amplitude of “elementary” kernels (5;" . )1p for m=4; k=0 (top) and
k =4 (bottom).
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5. Conclusions

In this paper we have introduced the novel approach of constructing discrete
transparent boundary condition for the wave equation in the moving media.
Necessary approximation modifications of exact formula leading to low-reflecting
boundary conditions are proposed. These modifications permit to rapidly calculate
the boundary operator. Numerical examples show that the error due to reflections
Is much less than the error due to finite-difference scheme.

Also the described algorithm may be considered as a generic method to construct
low-reflecting boundary conditions for the different kind of equations and
boundary shapes. We already have some results concerning the wave equation in
the layered media and we think about another applications.

As mentioned above there are some open questions while approximating the
kernels. They required more detailed investigation and this will be a part of our
future work.
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