On designs in compact metric spaces and a universal bound on their size

Vladimir Levenshtein^� Keldysh Institute for Applied Mathematics, Russian Academy of Sciences, Miusskaya Sq.4, 125047, Moscow, Russia

Abstract

For finite and compact infinite metric spaces, a concept of a (weighted) ø - design is introduced which depends on a choice of a substitution function. To estimate the minimum size of a ø -design a system of orthogonal polynomials is defined using the average measure of metric balls and the substitution function. A universal lower bound on the size of ø -designs is obtained with the help of the solution of the known extremum problem for systems of orthogonal polynomials. The concept of a ø -design and the bound considered coincide with those in the case of polynomial association schemes of Delsarte and the Euclidean sphere for the proper choices of the substitution functions. This bound is also calculated for some other spaces.

1. Introduction

Compact metric spaces X = (X, d(x, y), μ) with a measure μ defined on metric balls are considered. All finite metric spaces (in particular, all graphs with the path metric) with the ordinary counting measure are included in the consideration. The compactness condition implies that, for any d > 0, any set A ⊆ X, for which the open metric balls of (packing) radius d/2 with centers at points of A do not intersect, is finite and, for any ρ > 0, there exists a finite set C ⊆ X such that the closed metric balls of (covering) radius ρ with centers at all points of C cover the whole space X. This gives rise to the classical packing and covering problems for compact metric spaces: for any d > 0, find a finite set (code) C ⊆ X of the maximum size with the packing radius d/2 (or with distance at least d between its distinct points) and, for any ρ > 0, find a finite set (code) C ⊆ X of the minimum size with the covering radius ρ. The covering problem can be treated as an approximation of the whole space X by a code

�The research was partially supported by the Russian Foundation for Basic Research under grant 96-01-00931 and by the Civilian Research and Development Foundation under grant RM1-346.

C ⊆ X of the minimum size, and the covering radius ρ of C characterizes a degree of the approximation.

One of the most important and fruitful results of Delsarte theory [11] is a concept of a design C of strength τ (or τ-design) in an association scheme X with s classes. A chain of certain subspaces W_0 ⊂ W_1 ⊂ ... ⊂ W_s of functions f(z), z ∈ X, is considered and a code C ⊆ X is called a τ-design (τ = 1, 2, . . . , s) if for any f(z) ∈ W_τ the mean values of f(z) over X and over C are the same. Thus, any code C ⊆ X can be also considered as an approximation of the whole space X in another sense, and the strength τ of the design C characterizes a degree of the approximation. This gave rise to a new design problem: for any τ, τ = 1, 2, . . . , s, find a τ-design C ⊆ X of the minimum size. Later the definition of a τ-design based on subspaces of functions of one variable was extended to the Euclidean sphere, the projective spaces and some other spaces (see [13], [12], [14], [26], [27], [28], [18], [38], [21], [9]). The concept of design allowed to understand the unified nature of such different notions as the tactical configurations, orthogonal arrays, sets of nodes of cubature formulas, and to apply general methods for their investigation and for obtaining universal bounds on their size. Furthermore, it turns out to be that a number of extremum problems of significant interest in factorial experiments, cryptology, complexity theory, and calculation theory are reduced to the design problem for some spaces (see [7], [30], [17], [40], [1], [19], [34], [10]).

The purpose of the paper is to extend the notion of a τ-design to an arbitrary compact metric space X = (X, d(x, y), μ) and obtain an universal bound on the size of τ-designs. In Section 2 a concept of a (weighted) τ-design in X is presented, which depends on a fixed monotone substitution function σ(d) and is defined as follows: a (weighted) finite set C ⊆ X is called τ-design (τ = 1, 2, . . .) if for any polynomial f(z) of degree at most τ, the mean value of f(σ(d(x, y))) over X×X with the given measure and over C × C coincide. For certain choices of σ(d) this concept includes τ-designs of Delsarte in P - and Q-polynomial association schemes and their generalizations mentioned above. To study (weighted) τ-designs and obtain a universal (valid for all X, σ(d) and τ) lower bound on their size in Section 3, for an arbitrary compact metric space X = (X, d(x, y), μ), a system Q of orthogonal polynomials on interval [−1, 1] is introduced. This system is defined using the substitution function σ(d) and the function μ(d) being equal to the mean measure of metric balls in X of the radius d. One can expect that the system Q might be useful not only for the design and packing problems. In Section 3 we also find the systems Q for different spaces as examples. The desirable universal bound on the size of (weighted) τ-designs is given in Section 4. As in the case of Delsarte designs it is obtained with the help of the solution of the known extremum problem for systems Q of orthogonal polynomials. This bound includes the known bounds on the size of τ-designs in P - and Q-polynomial association schemes and of spherical τ-designs. It was calculated for some other metric spaces, for example, for the n-dimensional torus and cube with natural substitution functions. Necessary and sufficient conditions for attainability of this bound are found. In particular, the necessary conditions show that although this bound is valid for weighted τ-designs, it may be attained only for simple designs (i.e., when all weights are equal). In Section 5 we introduce the classes of so-called FDNDF-polynomial and polynomial compact metric spaces. For such spaces the definition of a τ-design given above is equivalent to that of Delsarte. Moreover, some additional possibilities to improve the universal bound for τ-designs are appeared and an extremum problem for the system Q can be used for obtaining universal (upper) bounds on the size of codes with given packing radius. An universal bound on the size of codes in FDNDF-polynomial spaces, which is, in a sense, dual to the universal bound for τ-designs, is given. More general results on the packing problem can be found in [24], [25].

It should be noted that in the paper we put some restrictions which are useful for the consideration of the packing and design problems simultaneously. Some of them, in particular, the triangle axiom for d(x, y) and the monotony of σ(d), can be omitted for the consideration of the design problem.

2. Designs in compact metric spaces

We consider compact metric spaces X with distance d(x, y) including all finite metric spaces. In particular, we consider arbitrary connected undirected graphs Γ, since the set X = X(Γ) of vertices of Γ may be considered as a finite metric space with the path metric d(x, y) equal to the minimum number of edges in a path connecting the vertices x and y. Any finite set (code) C, C ⊆ X, is characterized by its minimal distance d(C) = min x,y∈C,x≠y d(x, y) when |C| ≥ 2 and by its covering radius ρ(C) = max_{x∈X} d(x, C), where d(x, C) denotes the minimal distance between x and points of C. The classical packing and covering problems consist in finding a code C ⊆ X of the maximum size with given minimum distance and a code C ⊆ X of the minimum size with given covering radius.

We assume that X is endowed with a normalized measure μ, μ (X) = 1, such that for any ρ (ρ ≥ 0) and any x ∈ X the metric ball S_ρ(x, X) = {y : y ∈ X, d(x, y) ≤ ρ} is measurable and

μ(x, ρ) = μ(S_ρ(x, X)) > 0 if ρ > 0. (2.1)

In the infinite case for simplicity we also will assume that μ^′_ρ(x, ρ) =^{∂μ(x,ρ)}_{∂ρ} is continuous as a function in two variables. In the case of finite X we assume that μ is the normalized counting measure, that is, μ (A) = |A| |X| for any A ⊆ X.

The space X is called distance invariant if μ(x, ρ) does not depend on x ∈ X for any ρ. In the general case the function

μ (ρ) = ∫ X μ(x, ρ)dμ (x) (2.2)

characterizes the mean measure of a metric ball of radius ρ. Thus, for distance invariant spaces μ (ρ) = μ(x, ρ) for any x ∈ X.

We also consider some other parameters of codes connected with their metric properties. For any W, W ⊆ X, let Δ(W ) denote the set of values of d(x, y) when x, y ∈ W and let Δ_0(W ) be Δ(W )\{0}. For any finite set (code) C, C ⊆ X, the parameter s(C) = |Δ_0(C)| (2.3)

characterizes the number of (distinct) distances between distinct points of C. In particular, s(X) is defined in the case of a finite metric space X. In the case of compact infinite metric spaces X, we put s(X) = ∞ since then the set Δ(X) is infinite. Clearly, for any code C,

d(C) = min Δ_0(C). (2.4)

Together with the diameter D(X) = max Δ_0(X) of the whole space X, we define the diameter of a code C by D(C) = max Δ_0(C).

We also consider the following auxiliary parameter of a code C: β(C) = { 1 if D(C) = D(X), 0 otherwise. (2.5)

Note that for any code C ⊆ X, x ∈ X and ρ, the set S_ρ(x, C) = {y : y ∈ C, d(x, y) = ρ} is finite and one can define B_ρ(x, C) = |S_ρ(x, C)|. (2.6) Now we introduce one more fundamental parameter of a code C and the concept of a τ-design (τ = 1, 2, . . .) . For some applications it is useful to consider a finite set C as a weighted set C = (C, m) where m is a certain positive-valued function on C (for example, multiplicity or probability). It is convenient to normalize weights m(x) of elements x ∈ C such that

∑ x∈C m (x) = |C| , (2.7)

where |C| as always is the number of distinct elements (the size) of a weighted set C = (C, m). Hereafter we consider a code C as a special case of a weighted set when m (x) ≡ 1 for all x ∈ C. The concept of a (weighted) τ-design depends on a continuous strictly monotone real function (substitution) σ (d) defined on the interval [0, D(X)] (for example, σ(d) = d, d^2 or e^d). A weighted set C = (C, m) will be referred to as a weighted τ-design (in X with respect to the substitution σ (d)) if for any polynomial f (t) in a real t of degree at most τ, ∫ X ∫ X f(σ(d(x, y)))dμ (x) dμ(y) = 1 |C|^2 ∑ x,y∈C f(σ(d(x, y)))m (x) m(y). (2.8) A τ-design is a special case of a weighted τ-design when m (x) ≡ 1 for all x ∈ C. Such τ-designs are also called simple. The maximum integer τ (τ ≤ s(X)) such that a (weighted) set C is a (weighted) τ-design is called the strength of C and denoted by τ(C). The value d^′(C) = τ(C) + 1 (2.9) is referred to as the dual distance of C. These definitions of a τ-design and of the dual distance are natural extensions to compact metric spaces of the corresponding definitions of Delsarte for association schemes [11] and Delsarte, Goethals and Seidel for the Euclidean sphere [13]. We shall see in Section 5 that they coincide with the classical definitions for corresponding substitutions (linear for Hamming and Johnson spaces and quadratic for the Euclidean sphere).

The equality (2.8) shows that in a definite sense a (weighted) τ-design C is a good approximation to the whole space X, and the parameter (2.9) characterizes the degree of such an approximation. The design problem consists in finding a (weighted) τ-design C ⊆ X of the minimum size.

3. A system Q of orthogonal polynomials for a compact metric space. Examples

We endow a compact metric space X = (X, d(x, y), μ) and a given substitution σ(d) with a system of orthogonal polynomials Q_i(t) of degree i, i = 0, 1, ..., s(X). This system Q = {Q_i(t)} is in fact defined by the substitution σ(d) and the mean measure μ(d) of closed metric balls of radius d. Considering some properties of the system Q we obtain universal bounds on the sizes of designs and codes in compact metric spaces. Notice that the definition of a (weighted) τ-design (with respect to substitution σ(d)) is invariant under any linear transformation of σ(d). This allows us to assume without additional loss of generality that σ(d) is a continuous strictly decreasing function on [0, D(X)] such that σ(D(X)) = −1 ≤ σ(d) ≤ σ(0) = 1. (3.1)

Such a substitution function σ(d) is referred to as standard. The inverse function of the standard function σ(d) is denoted by σ^{−1}( ), i.e., for any t, −1 ≤ t ≤ 1, σ^{−1}(t) = d when σ(d) = t.

Consider the following inner product for continuous functions f(t) and g(t) in a real t on the interval [−1, 1] : f · g = ∫ X ∫ X f(σ(d(x, y)))g(σ(d(x, y)))dμ(x)dμ(y). (3.2)

We verify that the integral on the right-hand side of (3.2) can be rewritten as the Rimann-Stieltjes integral on [−1, 1]. To this end we consider the function ν(t) in a real t on the interval [−1, 1] defined by

ν(t) = 1 − μ(σ^{−1}(t)), (3.3)

which increases with t from ν(−1) = 0 up to ν(1) = 1 − μ(0). When X is finite and Δ(X) = {d_0 = 0, d_1, ..., d_s} where s = s(X), ν(t) is left continuous (i.e., ν(t − 0) = ν(t)) and has s + 1 steps at points t_i = σ(d_i) with positive step sizes

w_i = ν(t_i + 0) − ν(t_i) = μ(d_i) − μ(d_i − 0) = 1 |X|^2 ∑ x∈X B_{di} (x, X), (3.4)

i = 0, 1, ..., s,^s ∑ i=0 w_i = 1 (see (2.6)). In the infinite case we assumed that μ^′_ρ(x, ρ) is

continuous and hence μ^′(ρ) = ∫ X μ^′_ρ(x, ρ)dμ(x). Therefore, for some natural additional

assumptions on σ(d), ν(t) is differentiable and w(t) = ν^′(t) = −^μ

0_{(d)} σ0_{(d)} is continuous on [−1, 1] and positive inside the interval. An arbitrary left continuous function ν(t) on [−1, 1] generates the Lebesgue-Stieltjes measure ν on the same interval by ν[a, b] = ν(b + 0) − ν(a), ν(a, b) = ν(b) − ν(a + 0), (3.5) ν(a, b] = ν(b + 0) − ν(a + 0), ν[a, b) = ν(b) − ν(a). (3.6) In our case the measure ν is normalized (ν[−1, 1] = 1),

ν[a, b] = μ(d_a) − μ(d_b − 0) where a = σ(d_a), b = σ(d_b),

and we can rewrite (3.2) as

f · g = 1∫ −1 f(t)g(t)dν(t). (3.7)

Since |Δ_0(X)| = s(X), the polynomials t^i, i = 0, ..., s(X), for t = σ(d), d ∈ Δ(X), are linearly independent, and using them in the orthogonalization process with respect to (3.7) we obtain the following statement.

Theorem 3.1. For a compact metric space X = (X, d(x, y), μ) with a fixed standard substitution σ(d) there exists a unique system Q of orthogonal polynomials Q_i(t) of degree i on the interval [−1, 1] and a unique system of positive constants r_i (i = 0, 1, ..., s(X)) such that r_i 1∫ −1 Q_i(t)Q_j (t)dν(t) = δ_{i,j} , (3.8)

Q_i(1) = 1, i = 0, 1, ..., s(X), (3.9)

where ν(t) is defined by (3.3).

Notice that Q_0(t) ≡ 1 and r_0 = 1 (3.10)

since the measure is normalized. Under our assumption, the orthogonality condition (3.8) for a finite and infinite X takes respectively the following forms: r_i s∑ k=0 Q_i(σ(d_k ))Q_j (σ(d_k ))w_k = δ_{i,j} , i, j = 0, 1, ..., s = s(X), (3.11)

r_i 1∫ −1 Q_i(t)Q_j (t)w(t)dt = δ_{i,j} , i, j = 0, 1, ... . (3.12)

Example 3.2. The Hamming space X = H^n_v (n, v = 2, 3, ...) consists of vectors x = (x_1, ..., x_n) where x_i ∈ {0, 1, ..., v − 1} with the distance d(x, y) being equal to the number of coordinates in which x and y differ. In this case Δ(X) = {0, 1, ..., n} and hence s(X) = n, D(X) = n. The Hamming space is distance invariant and μ(d) = v^{−n} ∑ 0≤i≤d ( n i ) (v − 1)^i.

For X = H^n_v with the standard substitution σ(d) = 1 −^{2d}_n we have s = n, d_i = i, w_i = v^{−n} (_n i ) (v−1)^i, i = 0, 1, ..., n, and conditions (3.11) and (3.9) uniquely determine constants r_i = w_iv^n and polynomials Q_i(t) which are connected with the Krawtchouk polynomials K^{n,v}_i (z) = i∑ j=0 (−1)^j (v − 1)^{i−j} ( z j )( n − z i − j )

as follows Q_i(t) = (r_i)^{−1}K^{n,v}_i ( n(1 − t) 2 ).

Example 3.3. The Johnson space J^n_w (n = 2, 3, ... ; w = 1, ..., ⌊^n_2 ⌋) is the set of all w-subsets of the n-set {1, ..., n} , where the distance between two elements x, y ∈ J^n_w is defined by w − |x ∩ y|. In this case Δ(X) = {0, 1, ..., w} and hence s(X) = w, D(X) = w. The Johnson space is distance invariant and μ(d) = ( n w )_{−1} ∑ 0≤i≤d ( w i )( n − w i ) .

J^n_w can also be considered as the subset of the binary Hamming space H^n_2 consisting of vectors which have w non-zero coordinates, with distance being equal to half of the Hamming distance. For the Johnson space J^n_w (w ≤ n/2) with the standard substitution σ(d) = 1−^{2d}_w we have s = w, d_i = i, w_i = (_n w )_{−1}(_w i )(_{n−w} i ) , i = 0, 1, ..., w, and conditions (3.11) and (3.9) uniquely determine constants r_i = (_n i ) − (_n i−1 ) and polynomials Q_i(t) which are connected with the Hahn polynomials

J_i(z) = i∑ j=0 (−1)^j (_i j )(_{n+1−i} j ) (_w j )(_{n−w} j ) ( z j )

as follows Q_i(t) = J_i( w(1 − t) 2 ). Example 3.4. The unit Euclidean sphere in R^n

S^{n−1} = { x = (x_1, ..., x_n) ∈ Rn, n∑ i=1 x^2_i = 1 }

with the Euclidean distance d(x, y) = √∑_n i=1(x_i − y_i)^2 is a compact metric space.

In this case Δ(X) = [0, 2] and, hence, D(S^{n−1}) = 2, s(X) = ∞. We can also measure the distance between x, y ∈ S^{n−1} by the angle φ(x, y) where

cos φ(x, y) = n∑ i=1 x_iy_i = 1 − 1 2 d^2(x, y).

The following facts are well-known [32]. The isometry group G of S^{n−1} consists of all orthogonal matrices of order n and acts transitively on S^{n−1}. There exists the unique normalized measure μ on S^{n−1} which is invariant (i.e., μ(gA) = μ(A) for any measurable A ⊆ S^{n−1} and any g ∈ G). This measure μ coincides with the normalized Lebesgue measure on S^{n−1} (the normalized surface area). The metric space S^{n−1} is distance invariant and for any d, 0 ≤ d ≤ 2, μ(d) = σ_{n−1}(φ) σ_{n−1} if cos φ = 1 − d^2/2, (3.13) where σ_{n−1}(φ) is the surface area of a spherical cap on S^{n−1} of radial radius φ (i.e., of the set { y : y ∈ S^{n−1}, φ(x, y) ≤ φ } with x ∈ S^{n−1}) and σ_{n−1} = 2σ_{n−1}(^π_2 ) is the surface area of S^{n−1}. It is also known that σ_{n−1}(φ) σ_{n−1} = Γ(^n_2 ) Γ(^{n−1}_2 )Γ(^1_2 ) 1∫ cos φ

(1 − z^2)^n

�3_2

dz (3.14)

and σ_{n−1} = 2π^{n2} /Γ(^n_2 ), where Γ(x) is the gamma function (Γ(x) = ∞∫ 0 v^{x−1}e^{−v}dv). For the Euclidean sphere X = S^{n−1} with the standard substitution σ(d) = 1 −^{d2}_2 we have s = ∞ and w(t) = ν^′(t) =^{Γ( n2 )}_{Γ( n}�_{12 )Γ( 12 )} (1 − t^2)^n

�3_2

(see (3.3), (3.13) and (3.14)).

It is known [5] that the Jacobi polynomials P^{α,β}_i (t) = 1 2^i (_{i+α} α ) i∑ j=0 ( i + α j )( i + β i − j ) (t − 1)^{i−j} (t + 1)^j , (3.15)

(α ≥ −^1_2 , β ≥ −^1_2 ), normalized by P^{α,β}_i (1) = 1, satisfy the following orthogonality condition:

2i + α + β + 1 i + α + β + 1 ( i + α + β + 1 i ) (_{i+α} i ) (_{i+β} i ) c^{α,β} 1∫ −1 P^{α,β}_i (t)P^{α,β}_j (t)(1 − t)^α(1 + t)^β dt = δ_{i,j} , (3.16) where the constant c^{α,β} = Γ(α + β + 2) 2^{α+β+1}Γ(α + 1)Γ(β + 1)

normalizes the measure, i.e., c^{α,β} 1∫ −1 (1 − t)^α(1 + t)^β d(t) = 1. Therefore, in the case

S^{n−1}, n = 2, 3, ... , we have r_i =^{2i+n−2}_{i+n−2} (_{i+n−2} i ) and Q_i(t) = P^n

�3_{2 ,} n�3_2 i (t). Example 3.5. The real, complex, and quaternionic projective spaces. For m = 1, 2, and 4, consider T^n_m = {u = (u_1, ..., u_n); u_i ∈ T_m} , where T_1 = R is the real number field, T_2 = C is the complex number field, and T_4 = H is the associative (but noncommutative) quaternionic algebra. In H there is the basis 1 (the unity), i, j, k, such that i^2 = j^2 = k^2 = −1, ij = −ji = k, and any u ∈ H can be represented in the form u = x_0 + x_1i + x_2j + x_3k, where x_0, x_1, x_2, x_3 ∈ R. Thus R ⊂ C ⊂ H and m is the dimension of T_m over R. For any u ∈ H there is defined the conjugate element u^∗ = x_0 − x_1i − x_2j − x_3k. Since uu^∗ = u^∗u = x^2_0 + x^2_1 + x^2 + x^2_3, one can define a norm |u| of u ∈ T_m by means of |u| = √ uu^∗ and verify that (uv)^∗ = v^∗u^∗ and |uv| = |u| · |v| for any u, v ∈ T_m. For any vectors (or points) u = (u_1, ..., u_n) ∈ T^n_m and v = (v_1, ..., v_n) ∈ T^n_m, define the inner product as follows:

(u, v) = n∑ i=1 u_iv^∗_i . Points u = (u_1, ..., u_n) ∈ T^n_m and v = (v_1, ..., v_n) ∈ T^n_m are said to be equivalent if there exists a non-vanishing λ ∈ T_m such that v_i = λu_i for each i = 1..., n. Elements of projective spaces T_mP^{n−1} are defined as equivalence classes of non-zero points of T^n_m and called lines (through the origin in T^n_m). For any U, V ∈ T_mP^{n−1}, one can define the angle φ = φ(U, V ), 0 ≤ φ ≤^π_2 , between lines U and V by means of

cos φ(U, V ) = |(u, v)| √ (u, u)(v, v) for any u ∈ U, v ∈ V , (3.17)

since the right-hand side of (3.17) does not depend on a choice of points u, v on these lines, and the distance d(U, V ) = √ 1 − cos φ(U, V ) = √ 2 sin φ(U, V ) 2 . For the metric space X = T_mP^{n−1} we have Δ(X) = [0, 1] and D(X) = 1. The following facts are well-known (see [16], [20]). The isometry group of T_mP^{n−1} for m = 1, 2, and 4, respectively, consists of all orthogonal, unitary, and symplectic matrices of order n and acts transitively. As in the case of S^{n−1}, on T_mP^{n−1} there exists the unique normalized invariant measure μ. The metric space T_mP^{n−1} is distance invariant and for any d = √ 2 sin^φ_2 , 0 ≤ φ ≤^π_2 ,

μ(d) = Γ(^m_2 n) Γ(^m_2 (n − 1))Γ(^m_2 ) 1∫ cos2 φ

(1 − z)^{m2 (n−1)−1}z^{m2 −1}dz.

Therefore, for the projective spaces X = T_mP^{n−1} with the standard substitution

σ(d) = 2 ( 1 − d^2

)_2 − 1 (or σ(d) = cos 2φ if d = √ 2 sin φ 2 ), using (3.3) and the change of variable 2z = t + 1 we have s = ∞ and w(t) = ν^′(t) =^{Γ( m2 n)}

2^m2^n�1Γ(^m2 (n−1))Γ(^m2 ) (1−t) m 2 (n−1)−1 (1+t)^m2 −1 . Hence, in the case TmP n−1,

m = 1, 2, and 4, n = 3, 4, ... , with this substitution, Q_i(t) = P^{m2 (n−1)−1, m2 −1} i (t).

Example 3.6. Consider the n-dimensional torus T^n = ([0, 1)^n, d(x, y), μ) with met- ric d(x, y) = max_{1≤i≤n} min(|x_i − y_i|, 1 − |x_i − y_i|)

and the n-dimensional cube I^n = ([0, 1]^n, d(x, y), μ) with metric d(x, y) = max_{1≤i≤n} |x_i − y_i|. In both cases μ is the normalized n-dimensional volume. It is clear that T^n is a distance invariant space while I^n is not, and D(T^n) =^1_2 , D(I^n) = 1. In the case of the n-dimensional torus T^n we have μ(x, ρ) = (2ρ)^n for any x ∈ T^n and any ρ, 0 ≤ ρ ≤ D(T^n) =^1_2 . The linear substitution σ(d) = 1 − 4d is standard and by (3.3) ν(t) = 1 − (_{1−t} 2 )_n and, hence, w(t) = ν^′(t) = n2^{−n}(1 − t)^{n−1}. According to Theorem 3.1 and (3.16) in this case r_i =^{n+2i}_n (_{n−1+i} i )_2 and Q_i(t) = P^{n−1,0}_i (t).

For the n-dimensional cube I^n, μ(x,ρ) in general depends on x ∈ I^n. However, it is possible to calculate that μ(ρ) = ∫ I^n μ(x,ρ)dμ(x) = (2ρ − ρ^2)^n for any ρ, 0 ≤ ρ ≤

D(I^n) = 1. The substitution σ(d) = 1 − 2(2d − d^2) is standard and by (3.3) ν(t) also equals 1 − (_{1−t} 2 )_n . Hence, the polynomials Q_i(t) and constants r_i coincide with those for the torus T^n but under the latter standard substitution.

4. An universal bound on the size of ø-designs

We formulate an extremum problem for a system of orthogonal polynomials. This problem has a unique optimal solution. An application to the system Q introduced above gives a universal bound on the size of weighted τ-designs in a compact metric space X.

Let F [t] be the set of polynomials in a real t. Any f ∈ F [t] of degree at most

s = s(X) can be uniquely represented in the form^s ∑ i=0 f_iQ_i(t) where

f_i = f_i(Q) = r_i 1∫ −1 f(t)Q_i(t)dν(t). (4.1)

We also introduce the notation

Ω(f) = Ω_Q(f) = f(1) f_0 when f_0 ≠ 0. (4.2)

Remark 4.1. We can extend definitions (4.1) and (4.2) to polynomials f(t) of degree more than s when s = s(X) (and X) are finite. It is correct because in this case the polynomials f(t) and^s ∑ i=0 f_iQ_i(t), where f_i are defined in (4.1), coincide at all t = σ(d) when d ∈ Δ(X).

Notice that by (3.2), (3.7)-(3.10) and (4.1)

f_0 = ∫ X ∫ X f(σ(d(x, y)))dμ(x)dμ(y)

and f_0 is equal to zero when f(t) = Q_i(t), i = 1, ..., s(X). This gives the following corollary.

Corollary 4.2. A weighted set C = (C, m) is a weighted τ-design if and only if ∑ x∈C ∑ y∈C Q_i(σ(d(x, y)))m(x)m(y) = 0, i = 1, ..., τ.

Consider an arbitrary weighted set C = (C, m). A polynomial f ∈ F [t] is called annihilating for C if f(σ(d(x, y))) = 0 for any x, y ∈ C, x ≠ y. A polynomial, annihilating for C, of minimal degree (i.e., s(C)), is called minimal. Let f_C (t) denote the minimal polynomial for C such that f_C (1) = 1. Let Δ^′(C) = {i : i ∈ {0, 1, ..., s(X)}, B^′_i(C) ≠ 0}. where

B^′_i(C) = r_i |C| ∑ x,y∈C Q_i(σ(d(x, y)))m(x)m(y), i = 0, 1, ..., s(X) (4.3) (the normalization (2.7) is used). Notice that B^′_0(C) = |C| (4.4) and hence 0 ∈ Δ^′(C). Let Δ^′_0(C) = Δ^′(C)\{0}. From the definition (2.9) of the dual distance d^′(C) and Corollary 4.2 it follows (cf. (2.4)) that d^′(C) = min Δ^′_0(C) when the set Δ^′_0(C) is not void.

For arbitrary weighted set C = (C, m) and f ∈ F [t], by (4.3) we have ∑ x,y∈C f(σ(d(x, y)))m(x)m(y) = |C| s(X)∑

i=0 f_i(Q) r_i B^′_i(C). (4.5)

Theorem 4.3. For any weighted τ-design C = (C, m) and any polynomial f ∈ F [t] of degree at most τ such that f_0(Q) > 0 and f(t) ≥ 0 for −1 ≤ t ≤ 1, |C| = ∑ x∈C m(x) ≥ Ω_Q(f) (4.6)

with equality if and only if C is a simple (i.e., m(x) ≡ 1 for all x ∈ C) τ-design and f(t) is annihilating for C.

Proof. By Corollary 4.2 and (4.3), B^′_i(C) = 0 for i = 1, ..., τ and hence (4.5), (4.4), (3.1) and (2.7) imply the following inequalities

f_0 ≥ f(σ(0)) ∑ x∈C m^2(x) ( ∑ x∈C m(x) )_2 ≥ f(1) |C|

with the above mentioned conditions of attainability.

This theorem extends Delsarte’s results [11] to the case of weighted designs in compact metric spaces and also gives rise to the following extremum problem for the system Q of orthogonal polynomials whose solution ensures the best bound in (4.6).

A restricted^1 τ-design problem: In the class of polynomials f ∈ F [t] of degree at most τ such that f_0(Q) > 0 and f(t) ≥ 0 for −1 ≤ t ≤ 1 find a polynomial which maximizes Ω_Q(f).

Note that any polynomial f from this class implies the bound (4.6). Delsarte [11] used a certain polynomial f = g^{(τ )} defined below for τ-designs (τ even) in polynomial association schemes. Later Dunkl [15] gave the definition of g^{(τ )} for odd τ, calculated Ω_Q(g^{(τ )}) for some systems Q of a discrete variable, and remarked that by the result of Schoenberg and Szegö [33] for all τ the polynomial f = g^{(τ )} is a unique (up to a constant factor) solution of the restricted τ-design problem. Proofs of these results can also be found in [24], [25] as special cases of the solution of the restricted σ-packing problem for systems of orthogonal polynomials.

To describe the optimal polynomial g^{(τ )} and calculate Ω_Q(g^{(τ )}) for some compact metric spaces we define systems Q^{a,b}, a, b ∈ {0, 1, ... }, of orthogonal polynomials which in a certain sense are adjacent to an arbitrary system Q satisfying the conditions (3.8) and (3.9). As before we assume that ν(t) is a left continuous step function or continuously differentiable, and hence (3.11) or (3.12) holds. First we choose a function ν^{a,b}(t) and constants c^{a,b} as follows. If ν(t) is continuously differentiable and ν^′(t) = w(t), then so is ν^{a,b}(t) and (ν^{a,b}(t))^′ = c^{a,b}(1 − t)^a(1 + t)^bw(t). If ν(t) is a step function, then so is ν^{a,b}(t˙) and it is produced from ν(t) by multiplying its steps w_i at points t_i = σ(d_i) (i = 0, 1, ..., s) by c^{a,b}(1 − σ(d_i))^a(1 + σ(d_i))^b (thus the number s^{a,b} + 1 of steps of ν^{a,b}(t) will be s − 1 + δ_{a,0} + δ_{b,0} since σ(d_0) = 1 and

1The term ”restricted” means that we only consider polynomials of degree at most τ; later we remove the restriction for polynomial metric spaces.

σ(d_s) = −1; we put s^{a,b} = ∞ in the continuous case). Constants c^{a,b} are chosen so that the Lebesgue-Stieltjes measure ν^{a,b} on [−1, 1] generated by the function ν^{a,b}(t) (similar to (3.5)-(3.6)) would be also normalized, i.e., 1∫ −1 dν^{a,b}(t) = c^{a,b} 1∫ −1 (1 − t)^a(1 + t)^bdν(t) = 1. (4.7)

Similar arguments as in Theorem 3.1 show that there exists a unique system Q^{a,b} of orthogonal polynomials Q^{a,b}_i (t) of degree i on interval [−1, 1] and a unique system of positive constants r^{a,b}_i (i = 0, 1, ..., s^{a,b}) such that r^{a,b}_i 1∫ −1 Q^{a,b}_i (t)Q^{a,b}_j (t)dν^{a,b}(t) = δ_{i,j} , (4.8)

Q^{a,b}_i (1) = 1, i = 0, 1, ..., s^{a,b}. (4.9) It is easily seen that Q^{a,b}_0 (t) = 1, r^{a,b}_0 = 1, Q^{0,0}_i (t) = Q_i(t), r^{0,0}_i = r_i, c^{0,0} = 1. Sometimes we shall omit the indices a, b if they both equal 0. Let T^{a,b}_i (x, y) = i∑ j=0 r^{a,b}_j Q^{a,b}_j (x)Q^{a,b}_j (y), i = 0, 1, ..., s^{a,b}. (4.10) By Christoffel-Darboux formula (see [5]), Q^{a,b+1} i (t) = T^{a,b}_i (t, −1) T^{a,b}_i (1, −1) , Q^{a+1,b}_i (t) = T^{a,b}_i (t, 1) T^{a,b}_i (1, 1)

. (4.11)

Let t^{a,b}_i denote the largest root of polynomial Q^{a,b}_i (t) and put d^{a,b}_i = σ^{−1}(t^{a,b}_i ). (4.12) To define g^{(τ )} we represent τ as an odd or even integer in the form τ = 2l − θ where l = l(τ) ∈ {1, 2, ... } and θ = θ(τ) ∈ {0, 1} . It is clear that l = ⌊^{τ +1}_2 ⌋ and θ = 2⌊^{τ +1}_2 ⌋ − τ. Let

g^{(τ )}(t) = (1 + t)^θ l−θ∑ j=0 r^{0,θ}_j Q^{0,θ}_j (t) 2 . (4.13)

In accord with (4.8) r^{0,θ}_i c^{0,θ} 1∫ −1 Q^{0,θ}_i (t)Q^{0,θ}_j (t)(1 + t)^θdν(t) = δ_{i,j} , and, hence, by (4.1) and (4.7)

g^{(τ )}_0 (Q) = 1∫ −1 g^{(τ )}(t)dν(t) = (c^{0,θ})^{−1} l−θ∑ i=0 r^{0,θ}_i ,

where c^{0,0} = 1 and

(c^{0,1})^{−1} = 1∫ −1 (1 + t)dν(t) =

−2Q_1(−1) 1 − Q_1(−1) ,

since 1 + t = 2^{Q1(t)−Q1(−1)}

1−Q1(−1) . Using the polynomial g

(τ ) in Theorem 4.3 and taking

(4.9)-(4.11) into account, we get the following theorem.

Theorem 4.4. For any weighted τ-design C = (C, m) in a compact metric space X,

|C| ≥ Ω_Q(g^{(τ )}) = ( 1 − 1 Q_1(−1) )_{θ l−θ}∑ i=0 r^{0,θ}_i , (4.14)

where l = ⌊^{τ +1}_2 ⌋ and θ = 2l − τ with equality in (4.14) holding if and only if C is a simple τ-design and (1 + t)^θQ^{1,θ}_{l−θ}(t) is annihilating for C.

A τ-design C for which the bound (4.14) is attained is called a tight design. The following two statements of Delsarte [11] are also valid for codes in compact metric spaces.

Lemma 4.5. For any code C in a compact metric space X τ(C) ≤ 2s(C) − β(C). (4.15) Proof. For any code C there exists a polynomial g(t) of degree s − β where s = s(C) and β = β(C), such that the polynomial f(t) = (1 − t)(1 + t)^β (g(t))^2 is annihilating for C and, moreover, the left-hand side of (4.5) equals zero. The polynomial f(t) is nonnegative for −1 ≤ t ≤ 1 and by (4.1), f_0(Q) > 0 (if its degree 2s − β + 1 does not exceed s(X) in the case of finite spaces X). Therefore, the inequalities s(X) ≥ τ(C) ≥ 2s(C) − β(C) + 1 imply that B^′_i(C) = 0, i = 1, ..., 2s − β + 1, and contradict the equality (4.5) for the polynomial f(t) of degree 2s − β + 1 ≤ s(X).

Lemma 4.6. A code C in a compact metric space X is a tight design if and only if τ(C) = 2s(C) − β(C) and f_C (t) = (^{1+t}_2 )^{β(C)}Q^{1,β(C)}_{s(C)−β(C)}(t).

Proof. If the polynomial (1 + t)^θQ^{1,θ}_{l−θ}(t) where θ ∈ {0, 1} is annihilating for a code C, then s(C) − β(C) ≤ l − θ, and β(C) ≤ θ since σ(D(X)) = −1 and Q^{1,0}_l (−1) ≠ 0. Therefore for a tight (2l − θ)-design C, τ(C) ≥ 2l − θ ≥ 2s(C) − 2β(C) + θ ≥ 2s(C) − β(C) and hence by Theorem 4.4 and Lemma 4.5 τ(C) = 2s(C) − β(C), l = s(C), θ = β(C). On the other hand, if the conditions of the lemma are satisfied, then using f(t) = f_C (t) in (4.5) shows that |C| = Ω(f_C ). However, taking (4.9)-(4.11) into account again, it is easy to verify that Ω(f_C ) = Ω(g^{(τ (C))}), and we have equality in (4.14).

The systems Q^{0,1} for the Hamming space H^n_v and for the Johnson space J^n_w coincide with systems Q for spaces H^{n−1}_v and J^{n−1}_{w−1} respectively (see, for example, [24]). For the Euclidean sphere S^{n−1}, the projective spaces T_mP^{n−1}, the torus T^n, and the cube I^n, the polynomials Q_i(t) are equal to Jacobi polynomials P^{α,β}_i (t) with some α and β ; hence, Q^{0,1}_i (t) = P^{α,β+1}_i (t) in these cases. It is known (see, for example, [5]) that for normalized Jacobi polynomials P^{α,β}_i (t) (see (3.15)-(3.16)), i∑ j=0 r^{α,β}_j = ( i + α + β + 1 i )( i + α + 1 i ) / ( i + β i ) (4.16) and 1 − 1 P^{α,β}_1 (−1) = α + β + 2 β + 1

. (4.17)

Therefore, for Q_i(t) = P^{α,β}_i (t) the right-hand side of (4.14) equals ( l + α + β + 1 l )( l + α + 1 − θ l − θ ) / ( l + β l ) (4.18)

We can use Examples considered and Theorem 4.4 to obtain the lower bounds on the size of a weighted (2l − θ)-design given in Table 4.1. In the connection with these bounds for the projective spaces the following references are relevant: [11], [12], [13], [22], [26], [21], and [3].

5. Designs and codes in polynomial spaces

Now we put a restriction on the system Q and, hence, on the compact metric space X = (X, d(x, y), μ) which the system corresponds to. This allows us to simplify the definition (2.8) of a τ-design and apply the system Q for obtaining a universal bound on the size of codes with a given minimum distance.

For a compact metric space X = (X, d(x, y), μ) we discuss real- and complexvalued functions F (x, y) in two variables x, y ∈ X. In the case of a finite X, F (x, y) might be considered as an element of a matrix of order |X| × |X| in row x ∈ X and column y ∈ X. A function F (x, y) is called Hermitian if F (x, y) = F (y, x) for

Space Standard substitution Lower bound on the References

X σ(d) size of a (2l − θ)-design H^n_v 1 −^{2d}_n v^{θ l−θ} ∑ j=0 (_{n−θ} j ) (v − 1)^j [30]

J^n_w 1 −^{2d}_w (_n w )_θ(_{n−θ} l−θ ) [31] when θ = 0

[15] when θ = 1

S^{n−1} 1 −^{d2}_2 (_{n+l−2} l−1 ) + (_{n+l−1−θ} l−θ ) [13]

RP^{n−1} 2 ( 1 − d^2

)_2 − 1 (_{n+2l−1−θ} 2l−θ )

CP^{n−1} 2 ( 1 − d^2

)_2 − 1 (_{n+l−1} l )(_{n+l−1−θ} l−θ )

HP^{n−1} 2 ( 1 − d^2

)_2 − 1^1_{l+1} (_{2n+l−1} l )(_{2n+l−2−θ} l−θ )

T^n 1 − 4d (_{n+l} l )(_{n+l−θ} l−θ )

I^n 1 − 2d(2 − d) (_{n+l} l )(_{n+l−θ} l−θ )

Table 4.1: Lower Bounds on the Size of (2l − θ)-Designs any x, y ∈ X where a is the conjugate of a. A Hermitian function F (x, y) is called nonnegative definite on X if for any finite set (code) C ⊆ X and any complex function v(x), x ∈ X: ∑ x,y∈C F (x, y)v(x)v(y) ≥ 0 (5.1)

(since F (x, y) is Hermitian, the left-hand side of (5.1) is real). For a finite X, a matrix F (x, y), x, y ∈ X, is nonnegative definite if and only if there exists some number h of functions w_1(x), ..., w_h(x) on X such that F (x, y) = h∑ j=1 w_j (x)w_j (y). (5.2)

For our purposes in the case of infinite metric spaces it is also sufficient to consider only nonnegative definite functions of this type. We shall call a function which can be represented in the form (5.2) with continuous nonzero functions w_j (x), j = 1, ..., h (h ≥ 1), a finite dimensional^2 nonnegative definite function (FDNDF) on X. The most significant example of a FDNDF on the Euclidean complex space C^n is the usual inner product (x, y) = ∑_n i=1 x_iy_i of vectors x = (x_1, ..., x_n) and y = (y_1, ..., y_n).

To discuss simultaneously FDNDFs on finite and compact infinite metric spaces X with normalized measure μ we consider the (possibly, finite dimensional) Hilbert space L_2(X, μ) of complex-valued functions u on X satisfying

‖u‖ 2 = ∫ X |u(x)|2dμ (x) < ∞ with the inner product ⟨u, v⟩ = ∫ X u(x)v(x)dμ (x) (5.3)

(Functions are equivalent if they differ on a set A with μ(A) = 0, and hence equivalent continuous functions coincide by our assumption (2.1).) We associate with every FDNDF F (x, y) a linear operator F which transforms u ∈ L_2(X, μ) to the function

F u = ∫ X F (x, y) u (y) dμ (y) = h∑ j=1 w_j (x) ∫ X w_j (y)u(y)dμ (y) (5.4)

of a subspace V (F ) of continuous functions generated by w_1 (x) , . . . , w_h (x). This finite dimensional operator F is self-conjugate, since ⟨F u, v⟩ =⟨u,F v⟩ = h∑ j=1 ⟨u, w_j ⟩⟨v,w_j ⟩. (5.5)

2Below we consider the function F (x, y) as the kernel of a linear finite dimensional operator on L2(X, μ).

From (5.4), (5.5) it follows that all eigenvalues of F are nonnegative, all eigenfunctions with positive eigenvalues belong to V (F ) , and all eigenfunctions with zero eigenvalue are orthogonal to V (F ) . It follows that for any FDNDF F (x, y) on X, there exists in V (F ) an orthonormal basis of m = dim V (F ) continuous eigenfunctions e_1(x), . . . , e_m(x) with positive eigenvalues λ_1, . . . , λ_m (i.e., ⟨e_i, e_j ⟩ = δ_{ij} , F e_i=λ_ie_i) such that (5.2) can be reduced to the following diagonal form: F (x, y) = m∑ i=1 λ_ie_i(x)e_i(y). (5.6)

We shall call a compact metric space X FDNDF-polynomial (with respect to a standard substitution σ(d)) if Q_i(σ(d(x, y))) is a FDNDF on X for any i = 0, 1, ..., s(X). For a FDNDF-polynomial space X (which, in general, is not distance invariant) let F_i(x, y) = Q_i(σ(d(x, y))), V_i = V (F_i), m_i = dim V_i, and F_i(x, y) has the following diagonal form (5.6): F_i(x, y) = Q_i(σ(d(x, y))) = m_i∑

j=1 λ_{i,j} e_{i,j} (x)e_{i,j} (y). (5.7)

The functions e_{i,j} (x), i = 0, 1, ..., s(X), j = 1, ..., m_i, form an orthonormal system with respect to the inner product (5.3), since by (3.8), (3.7) and (3.2),

r_i 1∫ −1 Q_i(t)Q_j (t)dν(t) = r_i m_i∑

k=1 m_j∑

l=1 λ_{i,k} λ_{j,l}|⟨e_{i,k}, e_{j,l}⟩|^2 = δ_{i,j} . (5.8)

Note that by (3.9) and (5.7) for any x ∈ X,

1 = Q_i(σ(d(x, x))) = m_i∑

j=1 λ_{i,j} |e_{i,j} (x)|^2 (5.9)

and hence^{mi} ∑ j=1 λ_{i,j} = 1. (We used that ⟨e_{i,j} , e_{i,j} ⟩ = 1.) Furthermore, from (5.8) it

follows that r_i^{mi} ∑ j=1 λ^2_{i,j} = 1. Since

1 = r_i m_i∑

j=1 λ^2_{i,j} = m_i∑

j=1 λ_{i,j} 2 ≤ m_i m_i∑

j=1 λ^2_{i,j} ,

then r_i ≤ m_i with equality if and only if all λ_{i,j} , j = 1, ..., m_i, are equal and, hence, equal to^1_{ri} . In this important case, when for any i, i = 0, 1, .., s(X), all eigenvalues λ_{i,j} , j = 1, ..., m_i, are equal, we shall call a FDNDF-polynomial space X polynomial

(cf. [26], [18]). Thus, for polynomial spaces the constants r_i in (3.8) are integers and equal to the dimensions of the subspaces V_i, and (5.7) takes the form Q_i(σ(d(x, y))) = 1 r_i r_i∑

j=1 e_{i,j} (x)e_{i,j} (y). (5.10)

Fortunately, some metric spaces of significant interest in coding theory, in particular, the Hamming space, the Johnson space, the unit Euclidean sphere, and the projective spaces (with the standard substitutions given above) turn out to be polynomial. Moreover, the theory of group representation applied to the isometry groups of the spaces gives the explicit description of the subspaces V_i and the basis functions e_{i,j} (x) (see [11], [13], [22], [23], [37], [39]).

The representation (5.7) (and (5.10)) allows us to extend some results of Delsarte [11] on codes in Q-polynomial association schemes to the general case.

Theorem 5.1. For any weighted set C = (C, m) in a FDNDF-polynomial space X with the standard substitution σ(d) and any i = 0, 1, ..., s(X),

B^′_i(C) = r_i |C| ∑ x,y∈C Q_i(σ(d(x, y)))m(x)m(y)

= r_i |C| m_i∑

j=1 λ_{i,j} | ∑ x∈C e_{i,j} (x)m(x)|^2 ≥ 0. (5.11)

Corollary 5.2. A weighted set C = (C, m) in a FDNDF-polynomial space X is a weighted τ-design if and only if ∑ x∈C e_{i,j} (x)m(x) = 0 for any i and j, i = 1, ..., τ, j = 1, ..., m_i, (5.12)

or, equivalently, if and only if for any u(x) ∈ ⋃_τ i=0 V_i, ∫ X u(x)dμ (x) = 1 |C| ∑ x∈C u(x)m (x) . (5.13)

In particular, in the case of X = S^{n−1} with σ(d) = 1−d^2/2 the set ⋃_τ i=0 V_i consists of all functions u(x), which are polynomials in coordinates of x = (x_1, ..., x_n) ∈ S^{n−1} of the total degree at most τ, and (5.13) coincides with the classical definition of a spherical τ-design (see [13]). In the case of Hamming space X = H^n_v and Johnson space X = J^n_w (with linear substitutions) Delsarte [11] proved that for a code C (i.e., m(x) ≡ 1) the conditions (5.12) are satisfied if and only if C is an orthogonal array OA_λ(τ, n, v) with λ = |C|v^{−τ} or a block design S_λ(τ, w, n) with λ = |C| (_w τ )(_n τ )_{−1} , respectively.

For any weighted set C = (C, m) and any polynomial f(t) consider (4.5). Taking into account that B^′_0(C) = |C|, B^′_i(C) ≥ 0 for i = 1, ..., s(X), and that f(σ(d(x, y))) = f(1) if d(x, y) = 0 and σ(d(x, y)) ≤ σ(d) if d(x, y) ≥ d, we obtain the following statements.

Theorem 5.3. For any weighted τ-design C = (C, m) in a FDNDF-polynomial space X and any polynomial f(t) such that f_0(Q) > 0, f_i(Q) ≤ 0 for i = τ + 1, ..., s(X) and f(t) ≥ 0 for −1 ≤ t ≤ 1, |C| = ∑ x∈C m (x) ≥ Ω_Q(f) = f(1) f_0(Q)

(5.14)

with equality if and only if C is a simple τ-design, the polynomial f(t) is annihilating for C and f_i(Q)B^′_i(C) = 0 for i = τ + 1, ..., s(X). (5.15)

Theorem 5.4. For any code C with minimal distance d(C) = d in a FDNDFpolynomial space X and any polynomial f(t) such that f_0(Q) > 0, f_i(Q) ≥ 0 for i = 1, ..., s(X) and f(t) ≤ 0 for −1 ≤ t ≤ σ = σ(d), |C| ≤ Ω_Q(f) = f(1) f_0(Q)

(5.16)

with equality if and only if the polynomial f(t) is annihilating for C and

f_i(Q)B^′_i(C) = 0 for i = 1, ..., s(X). (5.17)

The comparison of Theorem 5.3 with Theorem 4.3 shows that one can use polynomials of degree more than τ to obtain a lower bound on the size of τ-designs in FDNDF-polynomial spaces. This was really used to improve the bound (4.14) for sufficiency large τ (see [25] and [41]). Moreover, for FDNDF-polynomial spaces the condition τ(C) = 2s(C) − β(C) is already sufficient for C to be a tight design (cf. Lemma 4.6).

At the same time Theorem 5.4 allows us to use the system Q for obtaining universal (upper) bounds on the size of codes with given minimum distance d in compact metric spaces, which are FDNDF-polynomial. A review of the known results in this direction can be found in [24], [25]. Now we only give an universal bound for codes, which is, in a sense, dual to the bound of Theorem 4.4. For any positive integer l and θ ∈ {0, 1} put σ = t^{1,θ}_{l−θ} = σ(d^{1,θ}_{l−θ} ) (see (4.12)) and τ = 2l − θ and consider the polynomial

f^{(σ)}(t) = t + 1 t − σ g^{(τ )}(t)

where g^{(τ )} is defined in (4.13). It is possible to show (see [24] or [25]) that this polynomial f(t) = f^{(σ)}(t) satisfies all conditions of Theorem 5.4 and Ω_Q(g^{(τ )}) = Ω_Q(f^{(σ)}). This implies the following universal bound.

Theorem 5.5. For any code C in a FDNDF-polynomial space X such that d(C) ≥ d^{1,θ}_{l−θ} for some positive integer l and θ ∈ {0, 1},

|C| ≤ Ω_Q(g^{(τ )}) = ( 1 − 1 Q_1(−1) )_{θ l−θ}∑ i=0 r^{0,θ}_i , (5.18)

where τ = 2l − θ, with equality in (5.18) holding if and only if d(C) = d^{1,θ}_{l−θ} and C is a tight τ-design.

In conclusion we should note that in the paper the problems of the existence of (tight) τ-designs were not considered, although numerous examples are known for association schemes, the Euclidean sphere, and the projective spaces (see [11], [13], [12], [21], [35], [2], [6], [8], [4]). It is also interesting to consider connections of this concept of a design with the calculation theory, in particular, with codes for Monte Carlo method (see [36], [29]).

References

[1] N. Alon, O. Goldreich, J. Hastad, R. Peralta, “Simple construction of almost k-wise independent random variables,” Random Structures and Algorithms, 3, no. 3 (1992), 289-304.

[2] E. Bannai, T. Ito, “Algebraic combinatorics. I. Association schemes”, Benjamin/Cummings, London, 1984.

[3] E. Bannai and S. G. Hoggar, ”On tight t-designs in compact symmetric spaces of rank one”, Proc. Japan Acad., 61, Ser. A (1985), 78-82.

[4] E. Bannai, ”Orthogonal polynomials in coding theory and algebraic combinatorics”, in ”Orthogonal Polynomials” , P.Nevai (ed), Kluwer Acad.Publ., 1990, 25-53.

[5] H. Batemann, A. Erdelyi, “Higher transcendental functions”, Vol. 2, McGraw- Hill Book C., Inc., New York, 1953.

[6] Th. Beth, D. Jungnickel, and H. Lenz, Design Theory, Bibl. Institut- Wissenschaftsverlag, Manheim, 1985.

[7] R.C. Bose, “Mathematical theory of the symmetrical factorial design”, Sankhya 8 (1947), 107–166.

[8] A.E. Brouwer, A. M. Cohen, A. Neumaier, “Distance-regular graphs”, Springer- Verlag, Berlin, 1989.

[9] R. Calderbank, P. Delsarte, “Extending the t-design concept”, Trans. of the Amer. Math. Soc. 338 (1993), 941–952.

[10] J. H. Conway and N. J. A. Sloane, “Sphere Packing, Lattices and Groups”. New York: Springer-Verlag, 2nd ed., 1993.

[11] Ph. Delsarte, “An algebraic approach to the association schemes of coding theory”, Philips Res. Reports, Suppl. 10 (1973).

[12] Ph. Delsarte, J.M. Goethals, J.J. Seidel, Bounds for systems of lines, and Jacobi polynomials, Philips Res. Reports, 30 (1975), 91*-105*.

[13] Ph. Delsarte, J.M. Goethals, J.J. Seidel, ”Spherical codes and designs”, Geometriae Dedicata, 6 (1977), 363-388.

[14] Ph. Delsarte and J.J. Seidel, ”Fisher-type inequalities for Euclidean t-designs”, Lin. Algebra Appl. 114/115 (1989), 213-230.

[15] C. F. Dunkl, “Discrete quadrature and bounds on t-design”, Mich. Math. J. 26 (1979), 81-102.

[16] R. Gangolli, ”Positive definite kernels on homogeneous spaces and certain stochastic processes related to Levy’s Brownian motion of several parameters”, Ann. Inst. Henri Poincare, 3 (1967), 121-226.

[17] E. N. Gilbert, F. J. MacWilliams and N. J. A. Sloane, “Codes which detect deception”, Bell Syst. Techn. J. 53 (1974), 405-424.

[18] C.D.Godsil, ”Polynomial spaces”, Discrete Mathematics 73 (1988-89), 71-88.

[19] J.M. Goethals and J.J. Seidel, “Cubature formulae, polytopes, and spherical designs”, in The Geometric Vein, The Coxeter Festschrift (C. Davis, B. Grunbaum, and F.A. Sherk, Eds.), Springer, Berlin, 1982, pp. 203-218.

[20] S. G. Hoggar, Bounds for quaternionic line systems and reflection groups, Math.

Scand. 43 (1978), 241-249.

[21] S. G. Hoggar, T-designs in projective spaces, Europ. J. Comb., 3 (1982), 233-254.

[22] G. A. Kabatianskii, V. I. Levenshtein, “Bounds for packings on a sphere and in space”, Problems of Information Transmission 14: (1) (1978), 1–17.

[23] T. Koornwinder, “The addition formula for Jacobi polynomials and spherical harmonics”, SIAM J. Appl. Math. 25 (1973), 236–246.

[24] V. I. Levenshtein, “Designs as maximum codes in polynomial metric spaces”, Acta Applicandae Mathematicae 29 (1992), 1–82.

[25] V. I. Levenshtein, ”Universal bounds for codes and designs”, in Handbook of Coding Theory, R.A. Brualdi, C.W. Huffman, and V. Pless, Eds. Amsterdam: Elsevier, to appear.

[26] A. Neumaier, “Combinatorial configurations in terms of distances”, Memorandum 81-09 (Wiskunde), Eindhoven Univ. Technol., 1981.

[27] A. Neumaier and J.J. Seidel, ”Discrete measures for spherical designs, eutactic stars, and lattices”, Indag. Math. 50 (1988), 321-334.

[28] A. Neumaier and J.J. Seidel, ”Measures of strength 2e and optimal designs of degree e”, Sankhyã 54 (1992), 299-309.

[29] H. Niederreiter, ”Points sets and sequences with small discrepancy”, Monatsh.

Math., 104 (1987), 273-337.

[30] C. R. Rao, “Factorial experiments derivable from combinatorial arrangements of arrays”, J. R. Stat. Soc. 89 (1947), 128–139.

[31] D.K. Ray-Chaudhuri and R.M. Wilson, ”On t-designs”, Osaka J. Math., 12 (1975), 737-744.

[32] I. J. Schoenberg, ”Positive definite functions on spheres”, Duke Math. J., 9 (1942), 96-107.

[33] I. Schoenberg and G. Szegö, “An extremum problem for polynomials”, Composito Math. 14 (1960), 260–268.

[34] J.J. Seidel, ”Isometric embeddings and geometric designs”, Discrete Mathematics, 136 (1994), 281-293.

[35] P.D. Seymour and T. Zaslavsky, ”Averaging sets”, Advances Math., 52 (1984), 213-240.

[36] I.M. Sobol, ”On the distribution of points in a cube and the approximate evaluation of integrals”, USSR Comput. Math. and Math. Phys., 7 (1967), 86-112.

[37] D. Stanton, ”Some q-Krawtchouk polynomials on Chevalley groups”, Am. J.

Math., 102 (1980), 625-662.

[38] D. Stanton, ”t-designs in classical association schemes”, Graphs Combin., 2 (1986), 283-286.

[39] D. Stanton, ”An introduction to group representations and orthogonal polynomials”, in Orthogonal Polynomials, Kluwer Acad. Publ., 1990, 419-433.

[40] D. R. Stinson, ”Combinatorial designs and cryptography”. In Surveys in Combinatorics, 1993 (K. Walker, ed.), Cambridge University Press, 1993, 257-287.

[41] V.A. Yudin, ”Lower bounds for spherical designs”, Izvestiya: Mathematics 61:3 (1997), 673-683.