UMM um. M.B. Kenabiwa PAH . JneKTpoHHaa 6ubnuoTeka
MatemaTtuuyeckme Bonpocbl KWGEPHETUKU . Bbinyck 3

C. B. OwmMmaHosB,
B. 1. Yenow

OauH obwmii MeTop,
U3y4yeHUs MeTpUUYeCKUX
XapaKTepucTuk rpada,

CBA3aHHbIX C
SKCUEHTpUCcUTETOM

PekomeHpyemaas c¢opma 6ubnuorpauyeckoin  CCbUIKMU:
tOwmanos C. B., Yenon B. [. OagnH obwuii meton wu3y-
YEHMS METPUYECKMX XapaKTEPUCTMK rpada, CBA3AHHbIX C
3KCLEeHTpucuTeTOM // MaTematuyeckme BOMpOCbl Kubep-
HeTuku. Boin. 3. — M.: Hayka, 1991. — C. 217-232. URL:
http://library.keldysh.ru/mvk.asp?id=1991-217



http://keldysh.ru
http://library.keldysh.ru
http://library.keldysh.ru/mvk/
http://library.keldysh.ru/prep_qf.asp?acode=1&pqf_PublicationTypeID=11&pqf_from_pubYear=1991&pqf_to_pubYear=1991
http://library.keldysh.ru/mvk.asp?id=1991-217

O/INH OBIIWII METOJ] U3YUEHUA
METPUYECKIX XAPAKTEPUCTHUK T'PA®DA,
CBA3AHHBIX C YKCIHEHTPUCHUTETOM

C. B. IOLIMAHOB, B. ]]. YENIO}
(MOCKBA, KUNIWHEB)

§ 1. BBenenune

Ilonatus pgmamerpa, paguyca u meHTpa rpadga OpPeACTaBAAIOT He TOJIHKO
TeOpeTHUYeCKUil MHTEpeC, HO W BO3HUKAIOT eCTeCTBEHHBIM 06pasoM B IPHJIO-
JReHUAX, HANpHMep B 3aMadaX MPOEKTHPOBAHUA ceTell cBA3M W B 3a1aUax o
pasMemeHUn OYHKTOB ofciay:kuBanug. IlosToMy uX WN3yYeHWIO ITOCBAIMEHO
MHOro pa6or. B wacTHOCTH, mpeACTABIAIOT WMHTEpEC BONPOC O B3aMMOCBHA3H
MEKAY AUaMeTpOM M pagmycoM rpad)a m BOOpPOC O CTPYKType mentpa rpada.

UsBectHO, ur0o mnsa mpoussoabmoro rpaga r(G)<<d(G)< 2r(G), npmiem
B [20] mokaszaHo, uTO AJsa JIOGBIX HATYPAJIbHBIX I' W d, YAOBIETBOPAIONIUX
HepaBeHCTBY r < d<< 2r, cymectByer rpadp G ¢ r(G)=r u d(G)=d. Arano-
rAYHAA CUTyaIrua W AJA HeHTpoB. A mMenuo, masa awboro rpada H mHaiiger-
ca rpagp G, memrp xoroporo msomoppen H [1]. Ilosromy mpencraBmsercs
€CTECTBEHHBIM CY’KeHHe paccMaTPUBAeMBIX KjiaccoB rpados, W HA HTOM HYTH
ROCTUTHYTHI HEKOTOphle ycmexu. Tax, B [17] Gbumo moxasamo, 4TO A XOp-
AoBeix rpadoB d(G)=2r(G)— 3, a 8 [9, 3] monyuyena Gosee ToUHAA W YKe
Heyay4yniaemMaa onenka d(G)= 2r(G)— 2. B [3] maiimeso, 4to mis mTome-
meeBsix rpados d(G)= 2r(G)— 1. Xapaxrepusanua xopaoBsix rpados, obxa-
HAINUX TEeM CBOUCTBOM, 4TO KaK JIA HAX CAMHUX, TaK U AJA BceX HX MO-
possaennsix moprpagos d(G)= 2r(G)— 1, monydyena B [9, 5]. Jlocrarouno
MHOTO W3BECTHO U IPO I@HTPHl XOPHOBHIX I'padoB. YCTAHOBIEHO, UTO NEHTP
xopposoro rpada ceaszer [17], Gomee Toro, sBiamerca GaoxoMm [6], BRImyk:
n mMeer nuamerp He Goapmmmit Tpex [3]. U, makomem, B [4] momyvema xa-
paKTepu3anuA UEeHTPOB XOPAOBHIX rpagos. VsBecTHa Tawke XapaKTepuaamusa
IeHTPOB HEKOTOPHIX Y3KHmX KjaaccoB rpados (cM., mampmmep, [21—22]).

Ho B memoM gocTUrHYTOE B 9TMX BOIPOCAX MPOABUKEHHE HE CINIHIKOM
3HAYUTEIHHO. ITO OOBACHAETCA TeM, UTO OTCYTCTBUE OOIMMX METOHOB OINEHKHA
MeTPUYECKUX XAapaKTepucTHK rpada BBIHYKEAET paspabaTeBaTh AafA Kam-
[Oro OTHEABHOrO0 Kiacca rpadoB ¢BOil 0coOBIi MeTON, HPUMEHUMBIi, KaK mpa-
BUJIO, TOJIBKO K HTOMY KJaccy.

B [3] nna Texumueckux Ieiieil OBLIO BBEJEHO MeTpHUiecKoe CBOICTBO
rpada, HassIBaeMoe o-METPUKOH. 3jech MOKAa3hLIBaeTCA, IYTO MHOTHe MeTpH-
JecKHMe XAapaKTepUCTUKN U cBoiicTBa rpaa OmWCHIBAIOTCA B TEPMUHAX O~
METPUKA. JTO MO3BOJIAET CBECTHW 3aady WX ONpefieieHNA K 3ajade HaX0[e-
HUSA MUHHAMAJBHOrO i, IJiA Koroporo rpad obiamaer a-Mmerpukoil. B wacrmo-
CTH, TAK MOKHO MOJY4YUTH GOJBIIMHCTBO pe3yJbTAaTOB, yKa3aHHBIX BEIIIe.
ITexnto crarsu sBaAAeTca geMoHcTpamua 3(PPEKTHBHOCTH TAKOTO IOAXOAA.
Ws-3a orpanmuenHoct o0heMa paboTHI OCHOBHOe BHUMAaHWE YHAeJeHO pe-
3yJbTATaM, CBA3AHHBIM ¢ AUMAMeTPaMM, PaguycaMu M meHTpaMu rpados.
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Marepnan paGoTsl opranmsoBaH ciaepynomuM obpasom. B § 2 mpusopar-
c¢a ocHOBHHIe onpenenennsa. I'padsr ¢ op- m oy-MeTpukoil xXapakTepusynTca
B § 3. B wacrmocrm, TaM mokasamo, 4TO mTojNieMeeBHl TPadB 06IATAIOT Olo-
MeTPHKOH, a XopmoBble rpadsr — o;-MeTpukoii. B § 4 moxaswBaercs, uro maas
KOHeuHblX 1pagoB ¢ o,-MeTPUKOi cupasepiausa omnenka d(G)=2r(G)—i—1,
a JJiA HACcJe[ICTBeHHBIX IO PACCTOAHHI0 TPadoB M HEKOTOPHIX BAYKHBIX IOJI-
KIAaCcCOB Kjacca XOpAOBHIX TIpadoB cmpaBefgauwBa paxke omnenka d(G)=
=2r(G)—i. U, nakomen, B § 5 mccmenyoTcs HEKOTOPHle CBOHCTBA I[€HTPOB
ITOJIEMEeBBIX, XOPAOBHIX W HACHEACTBEHHBIX IO PacCTOSHUIO Trpados, T. e.
UCCIEeAYIOTCA HeKOTOPHIe CBOMCTBA IeHTPOB rpadoB ¢ a-MeTpPHUKOi, rae i << 2.

Yacts pesyasraTos paGoTs GbiTa amoHCEpoBana B [7].

§ 2. OcnoBubie onpenenenus

Berony B sroit paGore G(V, E) oGosnagaeT cBA3HBIA HEOPUEHTHPOBAH-
HBIA rpad Ge3 meTenb W KPaTHHIX pefep ¢ MHOKECTBOM BepmmH V W MHO-
smectBoM pebGep E, rme V, a, ciaemoBarenbHo, u E, He 06A3aTeIbEO0 KOHEYHO.
EnuacTBeHHBIM WCKIOUeHUWEM sABjsfeTca § 4, TAe paccMaTpuBAOTCHA TOIBKO
KOHEeUHBIe rpagsl.

Hsuna mpocroit memu rpada paBua uucay ee pebep. IIpocras mems ma-
3BIBaeTCA Kparualiuiell, ecIW He CYIIECTBYeT HOPOCTOI Iemu, coegmHsIOINei
9TH BepUIWHH W HMeoIneil Mewspmiyw nuuny. Paccroaumue dg(z, y) (uam
mpocro d(z, y), ecanm sicHO 0 KakoMm rpaje HmmeT pPeds) MEKAY BepIIAHAMHU
z, y rpadpa G paBHO [AiAWHEe KpaTdaimmeil mpoCTO# Iemu, cOeqUHAIONIENl 3TH
Bepmuubl. JIrcyenrpucurer e(v) sBepmuunt v rtpada G(V, E) pasen
max d(v, u) mo Bcem Bepummnam u< V. Paduycom r(G) u duamerpom d(G)
rpada G HA3BIBAIOTCA COOTBETCTBEHHO HAWMEHBINUI W HAUGOJBIIHHA M3 K-
neHTpucuTeToB BepmuHd G. VusiMu cioBamu,

d(G) = maxd (v, u), r(G)= minmaxd (v, u).
v,U v u

Bepmueb ¢ MUHUMANBHBIM SKCIEHTPUCUTETOM, T. €. BEDIINHBI, KCIEHT-
pUCUTET KOTOPHIX pPaBeH pajguycy, Ha3BIBAOTCA UYeEHTpasbHulmli. MHOMmKecTBO
BceX IEHTPAIbHBIX Beprmmu rpada G, a Tamme MOPOKAeHHBIN mMu moxrpad,
Ha3eBaerca yewrpom rpada u oGosmauaerca C(G).

Muo;xecTBo Bcex Bepmuu rpada, JesKaIUX Ha BceX KpaTdaifimmx mpo-
CTHIX IENAX, COeJUHAIIMUX BEPIINHHI Z, Y, HA3BIBAETCA UHTep8asom I, Y.
MuosecrBo Bepmma A<=V rpada G, a rarme moposkpeHHBI mM moxarpadg,
guinykaoe, ecau pas awbsix z, y 3 A <z, y> nemur B A. Tax Kak BO3-
MOKHBI U [pyTde oNpefeleHUs BBINYKIBIX MHOMKECTB B rpagax, To, 4To0BI
OTJIIMYUTH TAK ONpeJeJeHHble BHIMYKJIble MHOKECTBA OT JPYIUX THUIIOB BhI-
MYKJIBIX MHOJKECTB, B JIUTEpPaType MX YacTO HA3LIBAIOT MeTPUUECKU GbLNYK.Lbl-
MU, d-6bINYKAbLIMU WO g-6binyKavlMli MHo:kecTBamu. Ho B mameii pabore
HUKAKUX JAPYIUX BUMOB BBHINYKIBIX MHOKECTB BBOJUTHCA He OYHeT, I03TOMY
IJIA TPOCTOTH MBI Oy/ieM TOBOPUTH IPOCTO O BHIMYKJIBIX MHOKECTBaX.

Xopdoii menm (me obssarenbHO mpocroit) rpada G HaseBaercs peGpo
nenu, coefuHAIMIee BePINUHBI [lend, HO He lexamee B meil. I'pad G zopdo-
6blll UMM TPUAH2YAUPOBAHHBIY, ecad JNI060i ero mpocTOW NUKI AJUHHL HE
MenbIeit 4 umeer xopay. WueiMu ciaoBamu, rpad XOpPHOBHI, ecid OH He
COeP;KUT MOPORAEHHBIX MOATPagoB, W30MOPPHBIX mpocToMy Iukay C,, n=
= 4. B panpHelimieM HaM HDOHAZOOUTCA CIeRYIOMAs XapaKTepusamus XOPJO-
BBIX rpados.

Oxpecrnoctvio N(v) Bepmumubl v rpad)a G HaA3BIBAeTCA MHOKECTBO BCEX
BepmmE G, cuexwnvizr ¢ v. BepmuHa v rpaga G cumnauyuaavnas, ecau ee
okpectocts N(v) moposkpaer B G mommsnit moprpad. I'padp G donyckaer
pas3bopky no CuMRAUYUALLHBLM 6EDPULLHAM, €CIN CYIecTBYeT TaKoe yHops-
JoduBaHUe ero BEPIIMH Vi, V2, ..., Uiy ..., Up—1, Un, 9TO A NIOGOTO i Bep-
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MAHA 7; CUMILIMIUanbHaa B rpage G;, NOPOIKIEHHOM MHOMKECTBOM BepIINH
{Ui, Vigly o o oy Un—1, Uns.

Teopema 1 [10, 13]. Juas npouseoavrozo epaga G caedyrowue yc-
A08US, IKBUBALEHTHYL:

1. epap G zopdoeuiil;

2. epagp G OdonyckaeT pazbopry NO CUMRAUYUAALHBIM G€PULUHAM.

ITogrpad H rpada G HasbIBaeTCH WU30METPUYECKUM, €CIM JIaA JTIOOBIX
nByx BepuuH z, y<= H de(z, y)=du(z, y). I'padp G nacaedcreennviii no
paccrosnuo, ecam ai000# ero CBA3HBIA NOPOIK-
IeHHBIT moarpad maomerpuueckuii. OueBmEHO,
vTo rpad ABIAETCA HACIEJACTBEHHHIM II0 PAacCTOM-
HWIO TOTMAa W TOJNHBKO TOIZA, KOIY[a B HeM di06as
OecxopmoBas mpocTag Ienb SABIAETCA H30MeTPU- ¢ >
YecKoil, T. e. kparyaimeii. IlosroMy HacmeacrBeH- Pumc. 1
Hble 10 PACCTOAHHIO TpPadbl TaCTO OMPEAeNSAIT
Kak rpadbl, B KOTOPHIX Ji00as GecxXopmoBas HpoCTaA Iedb ABIAETCA KpaT-
waitmeii. Pag xapakrepmaanuit srux rpados gam B [15, 16, 8].

Fpadp G nrosemees, eciu ero mMarpumima paccTOAHUN YHOBJIETBOPAET He-
paBenctBy [ITomeMmes, T. e., ecam AJjia JOGBIX YeTHIpeX ero PasIWIHBIX Bep-
mud 2, Y, 2, U

d(z, y)d(z, v)<d(z, 2)d(y, v)+d(z, v)d(y, 3).

Cymectsylor u Gollee ymo6HBIe XapaKTepU3alWy ITOJeMeeBHIX rpados
[16, 8]. OrMerum caegyiomue XapakTepusamud, KOTOPHIMA Mbl HEOMHOKDPATHO
OymeM mMOJb30BaThCcA B HaTbHeIlIeM.

IlIpocras mens ai, Gg, ..., @, HA3HIBAGTCA J4O0KAAbHO EpaTuatiulell, eciu
miia go6oro i BemogaAeTCa d(a:, @ig2)= 2.

Teopema 2 [16]. Jasa npouseoavrozo epagpa G caedyowue ycaosus
IK8UBANEHTHbBL:

1. epagp G nroaemees;

2. 6 G kawdas A0KAABHO KPATHAUWLAS YeNb A64AeTCA KpaTuatiuel;

3. epagp G ropdosviii u HacaedcTeeHHbLE NO PACCTOSHUIO,

4, G zopdoswiii u me codepycur zpag na puc. 1 Kak nopoxrderHblll
nodzpag.

Has nwoboit Bepmumsl r rpaga G u awboro r, 1<r<d(G), wap
B(z, r) rpajpa G ompepensercsi KaK MHOMeCTBO Bcex Bepmmu v rpada G,
IJIsA KOTOPHIX BHIMONMHAeTcA d(z, V)<< .

Hparwaiimaa mpocras mens P, coequHAIOINAA BepUIMHBI Z, §J IPOCTOrO
mukia C, HaseiBaerca mocTom C, ecim ee NIUHA MEeHbINEe PACCTOAHUA MERIY
zuy s C [11]. Mocr P nuxaa C co6cTeéenHblii, ecIm OH HE COMEP:KUT
Bepmuua C, oTau4ubIX oT z, Y. flcHo, ato xopma C ects coGerBemnsblii Moct C
pausst 1. Iukx C rpada G xropowo samower, ecnim ANA KayKHoil BepHIMHBI
z nmurjga C uau CcymecTByeT MOCT W3 X B HEKOTOpPYI Bepmuuy C, miam ABe
cMme)kuble ¢ x Bepmuubl C cMmesxkHBL. I'pad G samowennwvlli, ecanm mioboi ero
MUKJ AJIVHB He MEHbIIe#d 4 mMeeT MOCT.

Teopema 3 [2, 11]. Bce waper zpaga G evinykavt T020a U TOABEO
T020a, Koeda 6ce ezo Yukabl 04UNHbL, OTAUUHOU OT MATU, ZOPOULO 3AMOULEHBL.

Bepmmuwt z, y, z, v rpada G yHOBIETBOPAIOT YC.LOBUID O, €CIIH W3 YCIO-
Bua z< <z, y>, y=<{z v> caeayer, uro d(z, v)=d(z, y)+d(y, v)—i.
I'pad obGaamaer a-merpuroli, ecim nwGas YeTBepKa €ro PA3IUYIHBIX BePIIAH
yIOBJIETBOPALT YCIAOBHIO o, JIerko BuUgeTh, UTO BHINOJHEHHE YCIOBUA O
TOCTAaTOUHO MPOBEPATHL TOABKO JJA TeX UYETBEPOK Z, Y, 2, v, 2 €Lz, Y2, y €
€ {(z, v>, maa woropeix d(z, y)=1. Ormerum Tawke, uro ecam rpadp G
obmamaer o-MeTpuroit, To G obinamaer u o;-MeTPUKOR mas Jwboro j, j=>i.

&
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§ 3. Onncanue rpadoB ¢ 3amanHOii O;-MeTpuKoii

Teopema 4 [3]. I'padp G seasnerca nroaemeesvim T020a U TOALEO
T020a, Koeda on o6aadaer og-MeTPUKOLL.

JloraszarteabcTBoO. Ilyers G mrosnemeeB. BriGepem B G mpom3soirb-
HYI0 9eTBEpPKy BepIuH Z, Y, Z, V TaKyio, ato z< {zx, y>, y=<z, v>. Ilpocras
Henb L, ..., 2, ..o, Y, ..+ U, COGNUHAIOMAA £ ¢ U U o0pasoBaHHAA 00BeguHe-

HUEM KpaTdyafimmwX mpOoCTHIX Teneill, coequHAIIX
¥ 2z czmyc v ABIAeTca JOKAIbHO Kpardaiimei
| u, ciefoBarejbHo (TeopeMa 2), Kparuaiimeii.
i Torma d(z, v)=d(x, y)+ d(y, v), 910 m TpeGoO-

3aJI0Ch.

’15/0 Ilycts Temepr G ob6mamaer op-merpukoir. ITo-
| KakeM, 9T0 B G Bce JOKaJbHO KpaTuaiimde Mend
| ABIAIOTCsT Kparsaimumu. IIpegmomomxum, 9ro aTo
! me Tak. Torga B G maiimerca JIOKaabHO KpaTdai-
yd Y  mas mems P==x, ..., 2, ..., Y, ..., U TAKas, 9TO
L BCce ee MofNeNu KparTdailmue, a OHA caMa Her.
ITo BuiGopy P mmeem z<=<{z, y>, y=<z, v>, HO
Prc. 2 TOTAa, B cWIy yciosua oo, d(z, v)=d(z, y)+
+d(y, v), 1. e. P rparuaitmana. Iloxyumiu mpo-
tuBopeyne. CiaefoBaTenbno, B G Ra)Kqaa JOKAIbHO KpaTwaiitiag Iemnb ABIA-

eTca Kparuaiimeii. TeopeMma morasana.

Teopema 5 [3]. Xopdosuiii epag ob6aadaer o-MeTpukKol.

Jlas morasaTesNbcTBA HAM MOHAMOOGUTCA ciaefRylomias, MOITH OYEBHIHAA
JemMMma.

JJemma [17]. IIyers C ecrv npocroii yuka zopdoeozo epaga. Tozda
dus awbozo pebpa (z, y)=C natidercs sepwuna weC, cmennas Kak ¢ x,
TAK U ¢ Y.

JoraszateanbcTBo. BribepeM B G mpoW3BOIBHYI0 4eTBEPKY BepIIUH
z, Y, Z, v Taryw, uro z2< {z, y>, y'= <z, v>. He mapymasa oGIOIHOCTH, MOKHO
caurarb, uto d(z, y)=1. Ecam z=<z, v>, to 2, Y, 2, V yAOBIETBOPAIOT HE
TOJIBKO YCJOBHIO ¢, HO U YCIOBHUIO Q.

Iyers z & {z, v>. 3admKrcupyeM KpaTuailmue IHend

Po=z, ..., 20, .., 2, Y,
P,=z, 9y, ..., ..., 7,
P=.fl3, ceeg Ly viny 20y o .oy t, ... Yoy « « 4 Y,

rae Zo ecTh mocjenHsas o0mas Bepmuna meneir P, m P, y, ects mepBas 006-
mas Bepmmea nemeir P, m P (cM. puc. 2), m mens P BriOpaHa Tax, 94To0bI
9uCiio ee BepmouH, He neskamux Ha P, m P, 6bLI0 MEHEMAJIBHO.

Paccmorpum mukn C=zg, ..., 2, Y, ..+ Yo, ..., 20. Tar Kax rpad G
XOpHoBHIA, To mo JemMme B C Haiiferca BepmIMHA f, CMEXKHasg C Zz U C Y.
flewo, uro d(zo, t)t+d(t, y)=d(z, t)+1=d (2, y)=d(2, 2z)+1, 1. e.
d(z0, t)=d(20, z). Ho, Tak rar z & <z, v>, to d(20, 2)+ d(z, t)=d(20, 2)T+
+1>d(z0, t). Hosromy d(zo, z)= d (20, t). Anamoruuno d(y, yo)= d(¢, Yo).
Caeposareasno, d(z, v)=d(z, t)+ d(¢, v)=d(z, z)+ d(z0, t)+ d(t, yo)+
+d(yo, v)=d(z, 20)+ d(z0, 2)+d(y, yo)+d(ye, v)=d(z, 2)+d(y, v)=
=d(z, y)+d(y, v)— 1, T. e. BepuwuHH Z, Y, 2, UV YXOBIETBOPAIT YCJIOBHIO
o1, YT0 u TPeboBaIOCS.

Taxum o0pasoMm, MBI TMOKA3alM, 9TO XOPAOBEE rpadsl oONANAWT oL-MET-
puroit. Ho cymiecTBy0T rpadhl ¢ o-METPUKOH, KOTOPHIe He ABJIATCA XOp-
moseiMu. TaxoB, mampumep, mpocroit mukn Cs. Kar Oymer BugHO W3 [aiib-
Heilliero, MHOrMe MeTPHYECKHE CBOMCTBA XODAOBHIX IpadoB MEJWKOM Ompe-
NeNATCA TeM 00CTOATEeJLCTBOM, YTO OHH o6iaafaioT oi-Merpuikoii. IToaromy
rpadbl ¢ oj-METPUKOH IO CBOMM MeTPHYECKMM CBOMCTBAM OJM3KU K XOpHAO-
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BBIM rpadaM. ITo HeslaeT eCTeCTBEHHBIM ciexgylomee ompepenenme. I'pad ma-
3BIBACTCA NOYTU 20PpA06bIM, ecIu OH 00JafaeT oj-MeTPUKOMA.

Teopema 6. I'pap G ssasercs nouru zopldosvlm To2da U TOALEO
T020a, kK02d0a 6 G 6ce wapwl guinykavl u OH He codepicutr nodzpagos, uso-
MeTpuunblx epady Ha puc. 3.

JHoraszareabcTBo. Ecam rpadp ma pmec. 3 ecThb uU3OMETpUYECKU
noarpag rpaga G, 10 z=<x, y>, y=<z v, vo d(z, V)=3 <d(z, y)+
+d(y, v)— 1=4. Ilosromy rpad G He smBusercsa [mOYTH XOpHOBHIM. [lomy-
cTUM Temeps, 4T0 B G Heroropoiii map B(x, r) He ABIAETCA BBIIYKIBIM.
Torpma cymecTByoT BepmMHs 2z, U € B(x, r) m Bepmuna y'< <z, v?, cMexHaA
¢ y, no He Jesxamaa B B(z, r). Iociennee osmagaer, 4to d(z, y)=r+1 u
d(z, z)=r. T. e. z€lz, y, ys <z, v, vo d(z, V)< r<d(z, y)+d(y, v)—
— 1 =r+d(y, v). CiegoBareasno, 4eTBepKa z, y, z, v rpada G He ynoBieT-
BOPsIeT YCIOBUIO oL, 1 rpad G He ABIAAETCA MOYTH XOPHAOBEHIM.

Pnc. 3 Puc. 4

O6parHo, mycTs B G Bce mapsl BRIDYKJIBI, ofHaK0 C He ABIsAETCA MOYTHA
xoproBeiM. Ilokaskem, 4To B sToM cayuae G comep:kur moarpad, maomerpud-
HhIii Tpady Ha puc. 3. Cpegu Bcex 4eTBepokK z, Y, 2, U, AJA KOTOPHIX yCIOBHE
a1 He BBHINOJHeHO @ d(z, y)=1, T. e., cpeam BcexX 4eTBEepPOK Z, Y, Z, U, 2
ez, y>, y=<z, v?, aaa roropex d(z, y)=1 n d(z, v)<d(z, y)+
+d(y, v)— 1, BpiOepeM d"eTBepKU ¢ MUHAMAJBHBEIM mepuMerpoM p(Z, Y, 2,
v)=d(z, z)+ d(z y)+d(y, v)+d(z, v). A cpemu 9eTBepork ¢ MEHUMAIb-
HHIM TepuMeTpoM BhibepeM Ty, mia Kortopoit d(x, v) murmmansmo. [Jaa mpo-
cTOTHl 3anmen moxoxmMm d(z, z)=a, d(y, v)=>b, d(x, v)=c (cMm. puc. 4).
He mapymas o6IqHOCTH, MOYKHO CINTATh, 9TO @ == b.

PaccmorpuM Temeps mBa dacTHBIX caydaa: ¢=1, ¢c=2. Ecau ¢=1, T0
a=">b. Torga d(y, v)=d(y, z0)=a, d(y, x)=a+1, 1. e. 2o, vEB(y, a),
ogHako z ¥ B(y, a). Tockonsky map B(y, a) suimyrasni, To x & {xo, V.
CrnemoBaTenbHo, BepmuHbl 2o M U cMe:xkubl. Ho torma d(z, v)<<d(z, xo)+
+ d(zo, v)=a, 9T0 HEBO3MOKHO, TaK Kak d(z, v)=a+ 1.

Iycrs temeps ¢=2. B rarkoMm caydae b<<a<<b+1. Ecaiu a=0b, 10
zo, vEB(y, a) m 2« B(y, a). Tax xag map B(y, a¢) BHOyRas#i, 10 & &

{zo, V>, 1. e. d(x0, Vv)<<2. [lepumerp ueTBepKu 2¢, Y, %, UV MeHbIIe P,
nostoMy 2a>d(x, v)=2=d(x, v)=d(z, x0)+ d(y, v)=2a— 1, uro He-
Bo3moskHO. VI, makomen, nmycth a =b+ 1 W w ecTh CMe}XHaA ¢ £ M U BepINU-
ga. Torma z,, weB(y, a+1), x&€B(y, a+1) u n3 BEOyKmoctd mapa
B(y, a+1) caenyer, 9T0 2o m w cMe;kuHB. IlepuMeTp dWeTBepKUM Zo, Y, Z, U
Menbie p, moatoMy 2b + 1> d(x, v)=2=d(xo, v)=d(z, 20) T+ d(y, v)=2D,
1. ¢. b=1. B srom cayuae z, veEB(z, 2), y<= {z, v>, Ho, B OIpPOTUBOpeTHE
¢ BHOywIocThI0 mwapa B(z, 2), y&B(x, 2). Uraxk, caysam c¢=1, 2 He-
BO3MOJKHEL.

Pacemorpum caygait ¢ = 3. OrmeruM, 9YTO IO BHIOODY UeTBepK: Z, Y, 2,
v ansa aw6oit BepmuuH z’ €<z, v> —{z, y} BHmonTEAerca cooTHOmMeHUE
d(z’, z)=d(z’, y). HeficturesbHo, ecam 3TO He Tak, cRamem, d(z’, y)>
>d(z', z), To, KarR Jerk0 BWMeTh, /A YeTBepKA z’, Y, 2, U BHIIOJIHEHH
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coorHomenna z<<(z, y>, y=<z, v, d(z, y)=1 un d(z, v)<d(z, y)+
+d(y, v)— 1. Ilpn stom p(z, y, 2, vV)<p(z, Y, 2, V), HO, BOOPERH Hpef-
HONOMKeHANI0 0 MuHHManabHOCTH d(2, V), d(2', v)<d(z, v). IIycrp z; ects
OnmKaiillas K 2 BepmMuHA HHTEpBaNa <z, VY, CMEKHAA C Z.
Iyers d(z, z1)=d(y, z1)=a+ 1. OGo3HauMM dUepes w CMEKHYIO C I
Bepmuny nHTepBana {z), ¥»> (pmc. 4). Tar rak ¢= 3, to d(z, w)=d(y, w)=
= q. U3 Bemmyraocru mapa Bi(z, a) m coormomie-

1Y mnit x, v=B(z, a), 1% B(z, a) Brreraer, uTo
Z 1 w cMe:KHBL. VI3 BHIGOpa BepIIMHE! &) CHlefyer,
aro w & {z, v>. Urag, zi=<w, v, weslz, y.
Ilepumerp werBepruM 21, w, v, Yy pasen p—1,
noatoMy b =d(y, v)=d(w, y)+d(z;, v)=a+t
+c¢— 1. Tak rax a=b, To oTcioma modydaem,
z, qyro ¢ < 1. Ilpumau K nporusopevnso.

q CaemoBarensno, d(z,z1)=d(y,r:)=a (puc.
9). M3 BemyxraocTu mapa B (y, a) caeayer, 4To Zo
cMeskHA ¢ ;. IlepuMerp werBepKRH 2, Y, Zo, U

MeHbOIe p, moatoMy d(zo,v)=d(z,20)+ d(y,v)=
Puc. 5 =a+b— 1. C apyroit cropomsi, d(zy, V)<c <

<a-+b. Orcoga saxiiouaeM, uro d(Z, v)=c,
T. e. 21€ {xo, V7, xo = {1, 2z>. [lepuMeTp weTBepru 2z, 2o, 21, U paBen p — 1,
mostomy b+1=d(z, v)=d(z, )+ d(zo, v)=a+c—2. Tax rax c¢=>3,
atb>c=a+b—1, a=b, To orcloga moxyuaeM, uTo a=b=2 ¢=3.
ITycts x, 1, vy, v ecTh HeKoTOpag Kparwaiiiag Iemb Me;RAy z m v. Ilo-
croabKy d(ro, v)=3 u 21, v1 = {x, V>, TO U3 BHOYKIoCTE mapa B(y, 2)
caeayer, uro d(y, vi)= 2. Kpome toro, zo, y = B(vy, 2), z< {(xo, y>, m03TO-
My d(z, v1)=2. U3 seimykinoctm mapa B(z, a) u cooTHOmeHHii z, ve&
€ B(z, a), 1 € B(z, 2) BHTeKaer, 9To Up U U; cMe;RHHL. VTak,

d(z, z)=d(y, v)=d(y, v)=d(z, 21)=d(y, z1)=d(z, v1)=4d(y, v)=2,
d(z, v)=4d(y, v)=d(x0, v)=d(vo, )=d(z, v)=3.

Z Z, Z

Iycrs 1, w, y ecTs HekoTOpas KparTuailmas menb Mexay z; 4 y. U3
BHIIYKIOoCcTH mapos B(x, 2), B(x, 1) m coornomenmit z, w= B (z, 2), y&
& B(z, 2) BoiTeKkaer, 9TO W CMeKHA C Z W Zo. Bcaum w CMeKHA ¢ OMHOM
M3 BepOIMH Vo WIH V), TO OHA obGa3arelbHo cMe;xHa m ¢ apyroi. Ho rtorma
noxarpad), MOPOMKAEHHLI BepriuHaMu z, Y, L, U, To, Vo, Ti, V1, W H30MeTpH-
geHn rpady mHa puc. 3.

IIycrs Temeps w He cMekHa HU ¢ Vg HEM ¢ ;. llockounbry w = <y, x>,
Yy, x1=B(v, 2), o we B(v, 2). U3 paBencrsa d(xo, v)= 3 BHITeKaeT, 4To
d{w, v)=2. Myers w' &<v, w>. B cany semywkmroctm mapos B(z, 2),
B(y, 1) Bepmuna w’ cmesxua ¢ vp 1 y. Tar wak d(z, v1)=2=d(z, w’), 10
A3 BHIOyKJIocTH mapa B(z, 2) u pasencrBa d(z, v)=3 BeITeKaer, uro w’
cMekHa ¢ vy. Tak wak map B(x;, 1) BuInmywnbli, To w’' cMeKHAa M ¢ ).
Torna d(z, w')=d(z, )=2. U3 semykaoctm mapa B(z, 2) u coorHome-
Hua y < B(z, 2) caemyer, uto w’ cmemma ¢ z. Ho sTo mporusopeunr pa-
BeHCTBY d (2, v)=3. Teopema morasama.

Ucnonbays mammyio B TeopeMe 3 Xapakrepusamuio rpaoB, B KOTOPHIX
BCe THapHl BHIIYKJIBI, HEMEJIEHHO IMONYTIAM

CaegcrBue 1. I'padp G ssasercs noutu zxopdoselm To20a U TOALKO
To2da, kKoeda éce e20 YuKabl OAUHBL, OTAUUHOL OT RATU, TOPOULO 3AMOULEHBL
U on He codepacur nodepagos, usomerpuunvlr epady Ha puc. 3.

Teopema 6 mo3BOMAET yCTAaHOBUTH COOTHOLIIEHHMA MEKAY KlIaccaMu Xop-
JOBBIX W MOYTH XOPHOBHIX rpados.

Konecom W, maspiBaerca rpad, moayueHusii m3 mpocroro mukna Cn—i
nobaBjieHHEeM HOBOW BEPIIMHBI, CMEKHOH €O BCeMW BepOIMHAMH MHUKIA (CM.
puc. 6, na KoTopoM m3oGpaxkeno xomeco Ws).
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Teopema 7. I'pag G seasercsa xopdosvim T020a U TOAbKO To20a, K02da
ONn nouTu xopdoswlil u He codepawurT nopoxdeHHLIx nodzpagos, U3omopPHBLIL
npocromy yuray Cs u xoaecy W,, n=5.

HorazatTeaxbcTBo. OueBHRHO, IYTO XOPHOBHIA rpad ABIAETCA ITOYTH
XOPAOBBIM W He COAEDKHT MOPOKAEHHBIX MOATrpagoB, H30MOPPHBIX IMPOCTOMY
mukay Cs m xonecy W,, n= 5. Ilpegmonoskum Temeps,

9TO CymecTByeT IOYTH XOpAOBHi rpad G, ymoBIeTBO-
pPAIIAN yCJIOBUAM TEOPEMBI, HO He ABJIAIIMAACA XOp-
noBbiM. Torna B G Haiimerca XOTh ONEH 6GecXOPAOBHIi
WK AANHH He Menbmen 4. Cpemu Bcex TaKHX IMKIOB
BeIOepeM muka C MuUEEManbHOH AauHHL W3 yeaosuit
TeopeMsl u ciaefcTBuas 1 K Teopeme 6 BhITekaer, UTO
gmmHa C Gonplle mATH WM OH HE SBJIAETCA M30METpUYE-
ckuM. CaenoBarensHo, 8 C ecTb XOTh OUMH MOCT, NpH-

geM cobcrBennsiii. Ilyers P=x, a1, as, ..., Gy, Y €cThb
co6erBennsiit Moct C, a Pi=z, vy, Vg, ..., U, Y B Po= Puc. 6
=z, W), W2y +.., Wm, Y cyTh menu B C, coequHAIOINNE

z u y. [{nuna xaxmoro u3 murios Cy =P U Py, Co=P U P; menpme gauust C.
IHosromy mukrast C; u Co pasbmBaioTca XopAaMu Ha TpeyroabHHKW. B wacrHO-
ctu, Tak Kak menu P, Py u P; moposknenusle, BepUInEA ) CMeMKHA C U U W).
Temeps 3aMeT¥iM, YTO €CIM @) CME;KHA C BepIIdHAMM V;, U; (AiId w;, w;), TO
OHA CME)KHA W cO BceM: BepmmHaMmu memn P; (memu Pi), jexamumu Me;Rmy

gumu. UTar, mycTh a; cMeKHA ¢ Vi, Vg, ..., Ur U C Wy, W3, ..., Ws. I]OCKOIB-
Ky @) He CMEKHA C Ury] U C Wsry, TO Uy M W, CMEKHBL C @2 (WIH C Y, eciHd
k=1). CnegoBaTebHO, BePIUUHBI X, V], U3, ..., U, A2, W1, W2, ..., Ws 0]

TIOPOKIAIOT KOJIeco, 4eT0 GBITH He MOJKeT.

Teopema 8. Hacaedcreennwili no paccroswuro 2pag obaadaer o=
MeTPUKOL.

JlokasarteabcTBO. IlycTh HEeKOTODHI HACIENCTBEHHBIR MO PaCCTOM-
HII0 Tpad He YAOBJIETBOPAET YCIOBHIO 0. 10rja MHOMKECTBO YeTBEPOK I, Y,
z, v Tarux, 410 z€ {2, y>, y =<z, v’, vo d(z, v)<d(z, y)+d(y, v)— 2,
HemycTo. 3auKcupyeM TPOU3BONBHYIO TAKYyI0 YeTBEPKY Z, Y, 2, U C MUHH-

MaldpubIM d(z, v) u mpoctyio memb P =ag, ai, ..., @m, Amyl, ..., Qn, TJIO
QW=2, Qn=272, Omy1 =Y, Q=" WU NOPOCTHIe LENHu dy, A1, ..., Am, Amyl A Gm,
msty ..., Qn Kpargaitmme. Ilo BwiGOpPY z, Yy, 2, v nens P He MoeT GBHITH

kparqaiimeir. CaemoBarensno, P umeer xopay. Bee xopasl P HomHBI HMETHh
Bug (@, @), k<m, l>m-+1. OGo3mauum depes i U j COOTBETCTBEHHO
MunuManbuoe k tawoe, uro P umeer xopay(ax, ai), k<<l, u mMaxcuMaibHOe
! rakoe, uro P mmeer xopuy (a:;, a). Lens ao, ay, ..., ai a;, ..., a, Gecxop-
[OBaA u, claeoBaTelbHO, KpaTdalimmasn.

TlosToMy uweTBepka ai, 2z, Y, @; YOOBJETBOPAET YCIOBUIO O MJA HEKOTO-

poro i Torga W TOJABKO TOIJia, KOTHA eMy VAOBIETBOPAET U ao, 2, Y, @n.
B cuny swmiGopa ay, z, ¥y, a, 3170 o3mauaer, a0 d(ao, a,)= d(a:, a;)= 1. Tornga,
CPABHUBAA TENH @g, A1, «+.y Ame1 U G0y ..y Ony On—y ««.y Omyl, TMOIYIAM, ITO
d(ao, @m) < d(@m+1, @,). C APYroil CTOPOHSI, U3 CPABHEHUA Temedl ., Gn-1, - ..
cevy Qmily, Qm B Ay, Qo, A1, ..., Am clIegyeT, 910 d(Amy1, @,)<d(ao, am), OT-
kyma noaydaeM, uto d(@o, am)=d(@m.1, a.). CiegoBarensHO, IENb daop, ...
cey Qny Gpneiy «.. Q(my) KpATIAHATIAA, @ TEOb AQ, ..., Ony Gnly -+, Gmil, Om
y:Ke HeT. JTO 03HAYAET, UTO OHA MMeeT XOPAY W 3Ta XopAa ecTh (do, am).
Paccy:xmas aHamor#umo, mOJyYMM, UTO TeOb Ay, Ao, @1, -.., @my Gms.1 BEMeEET
X0pAy (@n, @my1).

B cuny rparuaiimectm meme#t ao, @i, ..., Gm A Amil, Ami2y ..y Gn ITO
osHauaer, uto m=1, n=3 u d(ay, a,)=d(ao, ams1)+ d(ams1, ax)— 2, 9TO
NPOTUBOPEUUT BBHIOOPY UETBEPKA Ao =L, Gm =3, Gmi1 = Y, an = V. Ilonyuen-
HOE MPOTHBOpeYne AOKA3BIBAET TeopeMy.
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§ 4. uamerpsr u pammycnt rpadon

HamomunMm, 4ro B aTOM maparpade rpadsl mpemmoiaraioTca KOHETHHIMIL
Teopema 9. Ecau 2pagp G o6aadaer o-MeTpuroii, To
2r(G)=d(G)=2r(G)—i— 1. (4.1)

JHoraszareaxbcTBo. B pmoxasaTembcTBe HYys®gaeTca TOJABKO IIPaBoOe
HepasercTBo. [locrarouno paccMorpers caydait r(G)>1. OGosmaumm depes
S(u) muomecrso {vld(u, v)=r(G)} u BrbepeM B G NeHTPAILHYI0 BEPIIRHY
Yy takum ob6pazoMm, uToOBI MIA N1060# APYro#l NeHTPaibHOH BepmuHH Y  u3
yeaosusa S(y')=S(y) cmeposamo 6wr, uto S(y’)=S(y). 3agurcupyem Bep-
muby z € S(y) u Bepmuny z, z<<y, z7, d(z, y)=1, n nokaxem, uto B G
HaijeTcA BepIIMHA U TaKas, uro y €<z, v> u d(y, v)=r(G)— 1.

JleficTBUTENbHO, ecaWM TaKoil BepIIMHBI UV HET, To Mia Jwboro weV
an6o d(y, w)<r(G)— 1 u, cregosareasno, d(z, w)<r(G), aubo d(z, w)<
<d(y, w)<r(G). A sr0 o3HaYaer, 4TO BepUINHA Z HEHTpaJbHas u S(z,
r(G))=S(y, r(G)), npuyeM, Bonpexu BHIGOPY Y, BKJIIYEHHe 374eCh CTPOTOE,
Tark Kak r = S(y, r(G)), vo 2 & S(z, r(G)).

CirenosarensHO, B (G Halluach UeTBepKa , Y, z, V Takad, 4to z< <z, I,
yelz, », dz, y)=r(G), d(y, v)=r(G)— 1. B cuny ycaosua o; 3TO
osnadaer, uro d(z, v)=2r(G)—i—1, oTKyma m caegyeT YyTBep:KAeHUe
TEeOpPEMBI.

Orcioga, yuuThIBasg pe3yibTaTsl § 3, MOAy4YaeM CAefyIOIIde OIeHKH.

Canemcreue 1 [3]. Jaa nroremeesa zpaga G

d(G)=2r(G)—1.

Caemgcrsume 2. [as nouru xopdosozo epaga G

d(G)=2r(G)—2.

Caneacrsme 3 [9, 3]. Jas xzopdosozo epaga G

d(G)=2r(G)— 2.
CnepgcrBue 4. Jas nacaedcreennozo no paccrosnuro zpaa G
d(G)=2r(G)— 3.

TakuMm oOpasoMm, A OIeHKM AuamMerpa rpada dYepe3 ero paguyc mocTa-
TOYHO HAITU MUHUMAJIBHOE i, MJA KOTOpPOro rpad o6aagaer o-MeTPHKOIL,
mpudeM B PAfe cIy9aeB, UCIOJb3YA MOMOJHATEIbHYI WHPOPMAMUIO O pac-
cMaTpuBaeMoM Kjacce rpadoB, ygaeTca mOKasaTh, YTO HepaBeHCTBO B (4.1)
cTporoe.

Hodcoanyzxom S, Ha3BIBaeTCA XOPHOBHIA rpad) ¢ MHOMKECTBOM BepIIMH
{vi, vo, ..., Un, Wy, Ug, ..., Uy} TaKoH, UTO BEPIOWHH Uy, Vg, ..., U, 06pa-
3YIOT OPOCTOA IUKJI AJWHHEL 7, BepPIIWHBI Uy, U2, ..., U, TONAPHO HECMEKHHI,
I BepmmHA U; g JI000T0 i CMEMHA TOJBKRO ¢ U; U U;, The j=1i— 1(mod n).
ITonconnyx S3 m3obpasken ma puc. 7. Jlerko Bmmers, uto d(S3)= 2r(S3)— 2,
rak 4T0 omeska d(G)=2r(G)— 2 pas XOpAOBHIX W HOYTH XOPHOBEIX Ipa-
¢oB Heyiyumaema, HO UMeeT MecTO CIeqyIomas TeopeMa.

Teopema 10. IIycro nouru zopdosviii zpagh G He codepacur nopoi-
dennvix nodepagos, usomopgpuuvix npocromy yuray Cs u nodcoanyzry Ss.

Toz0a
ad(G)=2r(G)—1. (4.2)

JorazarenbcTBo. BriGepeM B G mpou3BONbHYI0 IEHTPAIBHYIO Bep-
muEy y, mas kotopoir Muomectso S(y)={vld(y, v)=r(G)} mumaumansHO
00 MOIMHOCTH, M 3aduKcupyeM mpousBoabHY BepmmrEy Z ES(y). Mdusa Bcex
BepmuE 2z, 2 (x, y> u d(z, y)=1, onpegenruMm muoxecrso W (z)={wld(y,
w)<r(G)—1 mnm d(z, w)<d(y, w)} u BeIGepeM BepmUHY Z TAKUM 00-
pasom, uToObl gyia moGoi mpyroit Bepmumsl z', z''< {z, y>, d(z’, y)=1, us
yeaouss W (z)= W (z') caemosano 6v1, aro W (z')= W (z). Paccy:nana Kak
IpH moKa3aTedbcTBe TeopeMsl 9, moxyumM, 9To B G Haliflercs BepmmuHA U
Takas, uro y =<z, v> u d(y, v)=r(G)— 1.
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llpuMenss ¥ z, Yy, 2, U ycioBue <o, moiyumM, uro d(z, v)=2r(G)—2.
Eciu d(z, v)=2r(G)—1, To (3.2) smmoxmesno. Ilycrs d(r, v)=2r(G)— 2.
3adurcupyeM KpaTuaiilime memm

P.=z, ..., ag, ..., Qm,
Pv:am, Amily o ooy Cnyly
P=zx, ..., @, C1, -.cy Cmy +-y Cn=ly Gnyl,

T€ Am =3, Ams1 =Y, Go €CTh HMocaeqHsAs o0mas BepmuHa nemeit P, u P, @nq1
ecrh mepBas obmas sepmmua neneir P, u P (cm. puc. 8), m mems P BHIGpa-
HA TaK, 9To0B 9WCIO ee BepmuH, He Je;xamux HA P, m P, Obl10 MuHH-
mambro. Ogesmano, ato d(z, cm)= d(z, 2)=r(G)— 1.

?U
]
|
|
U |
an+l
c,_
n-1 a,
7/
// |an—7
03 Uy Cmo |
) |
s |
7/
// /afml-f-y
« ————— e ———————
Uz U, U, a, ap=z
Pue. 7 Puc. 8

IToxaskeM, 9T0 BEPIINHA Cpmyi CMEKHA C Y, Cm CMEMKHA C Y U Z, U Cm—y
CMEKHA C 2.

Ecia d(ao, @ns1)=2, To n=2, m=1, ¢m-1==C0, Cmn=~=C1, Cmiy1=as,
z2=a,, Y =Gy ¥ BEPIINHSBI Ci, G, @1, A2, a3 obpasyor muka C mauast 5. Ho
L0 ycJAOBHIO TeopeMbl B G Her GecXOpHOBBIX ITUKJIOB [JUHEI 9, a TAaK KakK
BepIIMHEI JII060r0 6ecXOpHoBOro MUKIA IJINHHL 4 YHXOBIETBOPAIOT YCIOBUIO O,
HO He Y/ OBJIETBOPAIOT YCIOBHUIO a1, T0 B G He MOKeT OBITH W GecXOpHOBHIX
nmukaoB pgaueasl 4. Ciemosarenbmo, C [OJKeH cofep:XaTh He MeHee MABYX
xopa. IMu moryt GeITh TOABKO pebpa (ci1, z) m (c1, ¥), 9To um TpeGOBANMOCH.

Ilycts temeps d(ao, a@ny1)=3. fcmo, dt0 d(Cn-1, @u-1)<3. B cany
MuHuUMaabHocTu P mens a, ..., Gm, Amyl, ..., G, KpaTuaiimiaa. ITosTomy, ecan
d(cn=1, @n—1)=3, TO BEPIIUHBI Ap; An—1, Qpn, Cn—] YHAOBIETBOPAIT YCIOBHIO O3,
HO He YMOBJETBOPAIT YCIOBHIO ¢, 4ero ObTs He Moxer. Ilyers d(Ca-,
an—1)=2. Ecim mpu »1OM (Cn-1, @n)=E, TO BepHOIAHBI @9, Gn-1, @n, Cn—1
YIOBJIETBOPAIOT YCIOBHUIO Clg, HO HE YTOBIETBODAIOT YCJIOBHIO CL|, 4TO TOKe
HeBo3MO;kHO. CienoBaTedabno, (Cn-1, a@n)¥EE ™ cymecTByer BepmmHa W,
CMEKHAA C Cp] U @n—y. VI3 kpaTuaiimectn P, m P cuepyer, uto w& P, n
w&P, Ecan e we P, 1. e. wW=_Cn—2, TO BePIIUHBL Cp—2, Cn—1, Ansly Any An—i
06pasyoT MUK AJWHBI D, KOTOPHIA MOJKEH WMeTh [Be XOPAHI, 9ero OHITh
He MoxkeT. Ilosromy w & (P, UP,U P} u MUKA @n_1, W, Ca—1, Gpy1, Gn, TOJMIKEH
comep:xaTth He MeHee NBYX XopA. VImu-moryr Guith ToabKo pebpa (w, @ay1)
z (w, a,). Ho torma mems P,’, monydennas us P, samenoil a, ma w, sBid-
eTca KpaTdaiime#d H, CJIe[OBATeJIbHO, BePIIMHBI @0, dn—1, W, Cn—1 YHAOBIETBO-
PAIOT YCIOBUIO O, HO HE YAOBJIETBOPAIT YCIOBHUIO O, HEBO3MOMKHO.

Ocranca mociegmuit ciayqait: d(cn,—1, a.—1)=1. Torga BepmuEH a@,-1,
Qn, OQnil, Cn—y OOPA3YOT MHUKJI JIAHBI 4, KOTOPHIA NoikeH umMerh xopay. Eio
Moxker OBITH TOJIBKO Pe6po (Ca—1, @.). CremoBaTeIbHO, BEPIINHA C,—) CMEKHA
C a, X Apyt.
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Paccmorpnm temeps BMecto P n P, kparuaiimie menn

!

Py=an, amiy ... Ap-1v Cn—1,
7
P'=ay ¢ ..ciCnogy Cn_q,

H, paccy:maa, Kak Bbillle, MONYYUM, YTO C,-3 CMEKHA C Qn-g M dn_;. I1OBTO-
PAA 9TU PacCy;K[JeHWA CTOJIBKO pas, CKOJBKO HAMO0, MOJIYYNM, YTO Cpy] CMEK-
HA C Gmi2 M Ayl =Y, & Cpn CMEIKHA C Ay =2 U Oy = Y.

CMe:RHOCTH BEPIINHBI Cm—| C Qm =2 MOKA3bIBaeTCA AHAJOTHYHO, ¢ TOM
TOJbKO pas3HUIlel, YTO Temepb MBI MpocMaTpuBaeM nens P, ABHTraAch mo Heit
OT BepIIUHHI €| MO0 Cm—1.

Taxum obpasom, ¢, =<z, y> u d(cm, y)=1. IosTomy MHO:ecTBO W (Cp)
onpepeneno. [Toxasem, ato W (z)= W (c,). IIyers aro me Tax. Torma naii-

37 aerca w e W(z) raxoe, 910 w ¥

I & W (cw). U3 mociemuero ycao-
BUA clefnyer, 4To d(c., w)> d(y,
w) n d(y, w)y=r(G)—1. B cu-
Iy CMEKHOCTH Cm M Y 3TO O3HA-
q9aeT, 4T0 d(cm, w)=d(y, w)+
+1. Ecan d(y, w)>r(G)—1,
TO, IPUMEHAA K Z, Cm, Y, W yCIO-
Blle o, HOJIYy4YuM, 410 d(z, W)=
= 2r(G)— 1 u Teopema pnoxasa-
ga. Ilyers d(y, w)=r(G)—1.
Torga u3z ycaosua we W(z) no-
ayymM, uto d(z, w)<d(y, w)=
=r(G)— 1. C gpyroit cTOPOHEI,
d(cm, w)y=d(z, w)+1=r(G)n
(2, cn) € E, oTKyaa mosydaeM, 9To
d(y, w)=r(G)— 1. CnenoBarensn-
HO, d(2, w)=d(y, w)=r(G)—
—1 u (2, yy€ E. Torga maiiger-
CA CMeJKHAA ¢ Z U ¢ Y BeplImHA ¢ Takas, 910 d(¢, w)=r(G)— 2.

JleficTBuTenbHO, WycTh 3TO He Tak. 3aduKcupyeM KpaTdaifnime I(enu
Zy 21y 22y .., WA Y, Y1, Y2, ..., W, COGAUHEAIOINNE Z U Y ¢ W. B cuay uamero
OpefnoNoKeHNss 0 HecyIlecTBOBAHUU ¢ Y17 21 B (Y1, 2)EE n (2, y)EE.
fleno, ut0 d(z1, y1)< 3. Ecau d(z, y1)=3, To Bepumusl zy, ¥y, Y, W yAOB-
JeTBOPAIOT YCIOBUIO O, HO HE YMOBJIETBOPAIOT YCAOBUIO ap; a eciaum d(z,
y1)=1, To BepmmEH 2, 2, Y, Y1 YAOBIETBOPAIOT YCIOBUIO oz, HO HE YHOBJIET-
BOpPAIOT yciaoBmio o;. Iloatomy d(z;, ¥1)=2 m cymecTByer BepiumuHa p &
&{y, 2z}, cMemnBas u ¢ ¥y, u ¢ z. Torga BepmwmHH 2j, 7, Y1, p 0OpasylT
IpOCTON UUKJI AAuHbl O. Hak mokasaHo Beime, B G Jd000# TPOCTOH ITMRI
OJIUHBL O [OJIKEeH WMeTh He MeHee fBYX xopx. Caepmosatensuo, (p, z)€E n
(p, y)€E. Eciu d(w, p)=r(G)— 2, To BepmuEa p u ectb uckomas. Ilo-
aroMmy d(w, p)=r(G)— 1. Ho Torga Bepmmub W, 2, p, Y1 YAOBIETBOPAOT
VCJIOBUIO 02, HO HE YIOBIETBOPAIOT yciaoBuio ;. CiaemoBareabHo, HAIIe Mpes-
1I0JIO}KEHNe HEBEPHO M HAWAETCA CMEKHAA C Z W C J BepIIMHA ¢ TaKas, 9TO
d(q, w)=r(G)— 2. flcuo, at0 (¢, cwm)¥ E, Tak KaK B NPOTUBHOM cJyuae
d(em, w)<r(G)— 1, uero 6uiTh He MoOmeT. Paccmorpum Temepnr moprpad G,
MOPOKAEHHBIH BEPUTUHAMU Cm—1, Cm, Cmyl, 2, Y, ¢ (cM. puc. 9). U3 xparuaii-
mectn neueit P, P,, P caemyer, 4TO Cm—1] HECMEMKHO C Cmyl M Y, @ Cmyl
HecMeskHO ¢ z. Ecau sxe B G ectb pedpo (Cmi1, q) (pe6po (Cm-1, q)), TO
BePIINHBL Cmy1, {, Cm, 2 (BEPIIMHBL Cmil, ¢, Cm, 2) OOPA3YIOT GecXOPHOBHIN
OUKI JJIUHBL 4, HO, KAaK MBI y/Ke OTMeTWIW BHINIe, G He MOKeT COjep;KaTh
TAKIX HUKIOB. JTO o3HadaeT, 4To G’ m3omopden S3, 9ero GHITH He MOKeT.
Cunenosareasno, W (z)= W(t). Ho, rax xerxo Bupmers, v W(t) n v&
& W (z), otkyma cienyer, Bompeku BuIGopY 2z, uTo W (z)= W (t). Teopema
AOKa3aHa.

Puc. 9
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Cremcrsue 1 [17, 5]. Caedyrowue yreeprdenus skeuUBANCHTHYL:

1. epap G aeaserca zopdoévim u He codeprur nROpPoNHDeHH020 NOO-
epaga, usomopgprozo Ss;

2. dua ar06020 nopowdennozo nodepaga G’ epaga G

d(G’)= 2r(G')— 1.

HoraszarenbcrBo. Jlo6Goii mopoxmeHHEIH moArpad XoppoBOro rpa-
¢da xopmossii. ITooromy mMmumranua 1= 2 caegyer us teopemsl. [Lasa mo-
KazaTeabcTBa jKe uMmmimkanuum 2= 1 gocraroyno samerurs, urto ecan G
COMEeP:KUT TOPOKAeHHBI moarpad G’, msomopdusi noaconuyxy S; uam
mpocroMy muray C,, n=4, 1o d(G')<2r(G')— 2.

CaexmcrBue 2. Caedyowue yreeprxdenus 3K8UBANEHTHYL:

1. epadp G seanerca samoujenHuiM u 1Le cOOepiucUT nopoxcdennozo nod-
epagpa, usomopgnoeo Ss;

2. duaa ar0b6020 nopoxdennozo nodepaga G’ epaga G

d(G')= 2r(G')— 1;

3. epafp G He codepicur HU USOMETPUUECKUX YUKAOE OalUHbL 6oablLe
Tpex, HU nopoxdennvlx nodepaghos, usomopproir Ss.

JlorazareabcTBo. UMmuukamuu 2= 3, 3 = 1 oueBmgHEHL

1= 2. Ilyctp G’ ecThs HEKOTOPHI M3oMeTpuueckuin moxrpad rpada G.
Torga G’ Toske ABJsAETCA 3aMOIIEHHBIM M HE CONEPIKUT TOPOMKIAEHHBIX IMOJ-
rpagoB, mzomopdubix Ss. Ho B 3amomennsix rpadax Bce IIapsl BBEIOTYKJIBI
(reopema 3). ITockonbKky G He cOmep:KUT NOPOKEEHHHBIX moArpados, u3so-
MoppuEIX S3, To G He CONEP!KUT U MMOPOKIAEHHBIX moxrpador, M30MOpPPHBIX
rpady ma pumc. 3. ITo reopeme 6 rpad G’ aBaserca mourm xopmoBbiM. Ho
torga mo teopeme 10 d(G')= 2r(G’)— 1.

U3 reopemsr 1 ciexgyer, uTo mrojeMeesbl rpadbl ABIAIOTCA XODPHOBHIMU
H He cofiepykaT MoposmeHHoro moprpada, maobpaxkenuoro na puc. 1. Caemo-
BaTeJIbHO, OHU HE MOTYT cofepykaTh W S3 KaK NOPOKIAEHHBIA moarpad, 4To
maer mia mrojemeeBa rpada ouenky d(G)= 2r(G)— 1, noaydenHyio BHIIIe
(cnegcrBue 1 kK Teopeme 9) mpyrum crocoGom.

Xopmossiit rpad maseiBaercs cuavho zropdosvim [12], ecim B mem mnr0boi
OPOCTON MUKJI YeTHOH NJIMHBI MMeeT XODPAY, COeJUHAIIIYI0 BePIIUHBI, pac-
CTOAHNE MeJAY KOTopHIME B IukKige Heuerno. B [12] Gwmimo mowkasano, 4To
XOpHOBBIA rpad ABIgeTcA CUJIBHO XOPAOBBIM TOrJA M TOJBKO TOTAA, KOTAA
OH HEe COMlep;KUT HOpOKAEHHOro noxgrpada, usomopduoro S,, n =3, orcoaa
moJryuaem

CneagcrBue 3. Jua cuavro xopdosozo epagpa G

d(G)= 2r(G)— 1.

I'pad maswiBaerca zpagom unrepea.nos, ecim oH sriserca rpagoM mepe-
ceueHuil, cemeiicTBa WMHTEPBAJOB BemecTBeHHO# 1mipaMmoii. Tpoiika BepImuH
rpada acrepoudasvnas, ecium MiA JOOBIX JABYX BepIIMH TPONKH HaigeTcH
UX COeRMHAION[AsA POCTAA I[elh, HE NMPOXOAANaA vePe3 TPeThI0 BepIINHY U
cMmeskubie ¢ Heil. Vssectno [19], uro rpad sBaserca rpadoM uHTEPBAIOB
TOTA M TOJBKO TOrJA, KOTHAA OH XODJAOBBIA M HE COMEPIKUT acTepOMAaIbHBIX
tpoek. Ho mo6oit momcoanyx S, comep:kut acTepommainHyio Tpoiiky. Ilo-
3TOMY rpad WHTEPBAJIOB HE MOKET cojepmkaTs S,, U, cIefoBaTeIbHO, ABIA-
eTcsi CHJIBHO XOPHOBBIM.

CnepmcrBue 4. /Jas epaga unrepsanos G

d(G)= 2r(G)— 1.

OrmernM eme, 9To BBefeHHEIe coorBercTBerrno B [14] m [18] Tpusm-
aJbHO cOBepIIeHHBIE Tpadsl W XOpHoBHE coBepmeHHBIe rpadbl OKpecTHOCTel
ABIAOTCA XOPHOBBIMH M He cofep:kar S3 B KauecTBe IOPOKIEHHOTO IOJ-
rpada, 4To maer emme ABa CIECTBHUSA.
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CregcrBue 3. Hua Tpusuarvho cosepuenndble 2pagos
d(G)=2r(G)— 1.

Cunegcrume 6. [ua xopdoswix cosepwenuvlz epagos okpecrnocrel
d(G)=2r(G)—1.

U, uaxomern, B03BpaTACh K HACIEICTBEHHBLIM [0 PAaCCTOAHUIO rpadam,
OTMETHM, 410 fAJa HEX OueHRY d(G)=2r(G)—3 (u3s caexcteua 4 K Teope-
Me 9) MOMKHO YJIYYIOHATS.

Teopema 11. Jusa HacaedcT-
8€HHO20 MO PACCTOAHUIO 2pada

d(G)= 2r(G)— 2.

Jlna moxasarTeibcTBa HaM IOHAMO-
OouTcA cjaemylomasa JieMMma.

JJemma 2. ITycrv sepwunwt z,
Y, ', y’ nacaedcréennoeo no paccros-
Huw epaga G Taroevl, uToO

Puc. 10 zely, w, ysiz, v,
' =Lz, w, y'=Lly, v,
d(z’, z)=d(z, y)=d(y, y')=1.

Tozda eepwunvt ' u Yy’ cmexnvt 6 TOM U TOALKO TOM cayuae, Ko2da
d(u, v)<d(u, z)+d(z, y)+ d(y, v).

JoraszarteabcTBO. B ofny cropony yrBepsxnenme odesupno. Ilycrh
P, ects KpaTuaiiliaa Imenb w3 X B U, OPOXOJAIIaa dYepe3 BepmwmHy z', a P
ecTs Kparuaiimas Nemp M3 Yy B v, HPOXORAmas depes sepmmuuy Yy’ (cM.
puc. 10). Ecnm d(u, v)<d(u, z)+ d(y, v)+ 1, 1o mens P =P, U(z, y)U P,
He gABlIAeTcA Kparyaiimieil, a, ClemoBaTeJbHO, WMEeT XOTh OfHY XOPAY BHUIA
(u’, v'), rme u’ € Py, v’ = Py. Jlerko BumeTs, 9T0 B HACHEICTBEHHOM IO pac-
croanrmio rpade ai000e pPe6pPo TPOCTOro IUKIA NPHHANIEKUT HEKOTOPOMY
OUKIy AOUHEB He 6OJbIle dYeThIpeX, Bce BEPIIMHBI KOTOPOr0 NPUHAMNJIEHKAT
ncxogHoMy nukay. CiemosarenbHo, pebpo (z, y) murkaa C=z, z’, ..., u’,
v, ..., ¥, Yy, T OPUHAIEKAT HEKOTOPOMY INKIY MIUHH He GOJbIIe TeTHIPEX
¢ Bepmuaaamu u3 C. Iockonbry x = <u’, y>, y =<z, v'>, To gauma 3TOrO
NUKIA PaBHA YeThIpeM, U OH MMe- o z 2, Y
ersun z, Y,y ,x',x (r.e.xzmy ®
CMEKHBI, UTO U TPeGOBaNIOCH).

JokxasaTeaxbCcTBO Teo-
pems 1. Jlaa mpomsBosibHOI
BEPHIMHEI 2 MONOMKAM

E(z)={veV:d(z, v)=
=r(G)— 1}, Eo(z)=
— e V:d(, v)=r(G) Y Y

2

n BeiGepeM B G BepHIMHY Z, [iIA Pue. 11

Kotopoit Eo(z) Mumumansro. O6o-

sHauuM gepe3 Uo(T) MHOKeCTBO Beex BEPHINH, CMEKHHIX ¢ £ H OPEHAIEIRA-
mux muoskectsy Uiz, yd :ve Eo(z)}. llyers E(z)={y1, ys, ..., yu}. B Uo(z)
BhI0epeM BepImMHY Z, DPHHAIEKAMYI0 MAKCHMATBHOMY UHCIy HETEPBAIOB
{z, y». Uyers =<z, y> N...N<x, y,>, mpuvem, me Hapymas OGIIHOCTH,
MOKHO CIHTaTh, 9T0 Yi € <z, yo>. Torma, B cuay BriGopa z, cymecryer Bep-
muHa y TaKasg, 4r0 y < Eo(Z)\Eo(z), 1. e. 2=, y> (puc. 11). Ouenma-
BO, ur0 y = E(z). Ecnm Bepmmums! z u 2z, mecmesxmsr (pue. 11), To mo jem-
Me 2 d(y, yu)=d(y, z)+1+d(T, ys)=2r(G)— 1, orkyna m ciemyer yr-
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Bep:KIeHNe TeopeMbl. I103TOMY MOKHO CUMTATh, UTO Zo W 2y CMEKHEI, T. €.
20 € Ug(z). Ecim 20 cMesKHA W €O BCEMH OCTAJILHBIMA BePIIOHAME Y1, Yo, ...
««+ Yr-1, TO, BOOPER: BBIGOPY X, 20 =Xz, y?> N <z, y1> N...N <z, y,>. Crego-
BaTeJIbHO, NS HEKOTOpOro i <<k BepummHBI Zo W 2; HecMexkubl. Ho Torma, mo
coitcTBy 2, d(y, yi))=d(y, z)+1+d(Z, y)=r(G)—1+1+r(G)—2=
= 2r(G)— 2. Teopema noxasasna.

IIpumep mpocroro nukia C, MOKa3bBaeT, 4TO AOKA3aHHAA B BTOH TEope-
Me onerka d(G)= 2r(G)— 2 HeynyumaeMa.

§ 5. denrps rpagon

Teopema 1.2. IIyere ¢ 2page G ece wapwvl evinyravi. Tozda yenrp
C(G) epagpa G evinyra u cessen.

HoxasareanbcTBoOo. Ilenrp aoGoro rpada MOMKHO HPEICTABUTH KaK
TepecedeHNe BceX €ro IMapoB paguyca r, T. e.

C(G)=MB(z, r(G)):z = V).

Ho mepeceuenme BBITyKJBIX MHOKECTB CAMO ABIAETCA BBIOYKIBIM MHO-
mecTBoM. IToaToMy, eciim B G Bce MIaphl BHIMYKJBL, TO W €r0 IEHTDP TOMKe BBI-
nyka. Jlaa 3aBeplIeHNA JOKa3aTelbCTBA OCTAeTCA 3aMeTHTh, YTO JI060e BHI-
NyKJI0e MHOMKECTBO COMEPIKHT Bce KpaTuailimme Ienu, COCAMHAIOIIME Bce Ia-
pHI eT0 BEPHIMH M, CIEJ0BATEJHHO, CBA3HO.

Cunegcrsue 1. Lenrp nouru zopdogozo epaa eévinyka u ces3en.

CunepgcrBue 2 [17]. Lenrp xopdosozo epaga cesser.

duamerp d(X) momMuoskectBa X Bepmma rpadga G mo ompejeieHnio
paBex max {d(z, y): z, y = X}.

B pansHeiimeM HaM mOHAgOOHUTCA ciegylomas JieMMa, HemoCpeJACTBEHHO
BBHITEKAOIAA U3 OOpeJielieHusa XOpPAOBoro rpada.

Jemma 1. Ecau dasn sepwun z, y, z xopdosozo zpaga

d(z, y)=1, d(z, 2)=d(y, z)= k,
TO cyujecTéyer eepuluHa vV, cMexHas ¢ r U Yy, Taras, yro d(v, z)=k—1.

Teopema 13. [asa nrosemeesa epaga

d(C(G))< 2.

HorazateanbctBo. Ilycrs sto me tak. Torga, B cuity BBIIYKIOCTH
C(G), maiigyrca Bepummunl z, y =C(G) takme, uro d(z, y)=3. Ilycrs
P = v, vy, U3, vy, TIE T =V, Y = V4, €CTH HEKOTOpAA KpaTIAMIIAA e MeKIy
z n y. llockonsry vs € {z, y> < C(G), To cyllecTByeT BeplINHA U, JIAS KO-
Topoii d(v, v2)=r(G). Tar kax Bce Bepmuun P aemxar 8 C(G), 10 d(v, v3) <
<r(G). Ecau d(v, v3)<r(G), 10 vs= vy, v>, u mo Teopeme 9 mOIyuUM
d(x, v)=r(G)+ 1, uro umeBo3moxuo. Urax, d(v, vs)=r(G). Ilo memme 1
cymecTByeT BepminHa u < vy, v> N vs, V>, cMemHaag ¢ V2 U v3. ITOCKOIBKY
d(z, y)=3, T0 xoTA Gbl OfiHA W3 BepHIWH I, §, HAPHMED &, He CMeKHA C U.
B atoMm cayuae vy =<z, u>, us vy, v> u, B cuany ycaosusa oy, d(z, V)=
=r(G)+ 1. Ho aro mporusopeuur sriwueHunwo r < C(G). CaegosaTejibHO,
d(C(G))< 2.

Teopema 1.4. [as zopdosozo epaga

d(C(G))< 3.

HoraszaTteabcTBo. Ilycts 310 me tak. Torma, B Cuiy BHIDYRIOCTH
C(G), Haiigyrca BepmmHH z, y = C(G) rtakume, uro d(z, y)=4. Ilyers P =
= py, Vg, U3, U4, Us, TTle T =V1, Y =Us, €cTh HEKOTOpag Kpardaiilmag Ienb
Mesxny z u y. Ilockonsry vze=<z, y> =C(G), T0 cylmecTByeT BepIIMHA U,
ns roropoit d(v, vs)=r(G). Tak kax Bce BepmmuHs P jnexar B C(G) n G
yoBlieTBOpAeT ycaoBuio o, To d(v, v;)=r(G) pis scex i=1, ..., 5. Co-
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rmacHo JeMMe 1 maiimyTes BepmuHB U € {v;, v> N vy, v2, i=1, ..., 4,
CMeIKHBIE C U;, Uip1. ILOCKOIBRY Uy, Us € Vg, U, Ug, UsE V3, V), U3, W4 E
e vy, v>, TO BepIIEAL DTUX nap aAuGo cMexxHHI, aAu6o cosmagamwT. Ilo mem-
Me 1 maiigyres Bepmuubl w; € {ui, v> N<uiy, v, i=1, ..., 3, CMeKHbIe
¢ Wi, Uip1. B nurne C = vq, w1, wi, W, Ws, U4, V4, U3, V2 MOTYT COBIOAAATH
TONBKO Wi ¢ Wy U Wy € W3, & OCTATbHBIE BePIIMHBI MOMAPHO pa3imdHbl. Tak
kak d(v, w)=r(G)—2 paa Bcex i, To0 B C MOryr GHITH TOJBKO XOPAHI
(vs, u1), (vs, ua), (ve, us), (vs, w1), (v, w1), (v4, u1). Opmako, nanuuue B C
XOTh OJHON M3 TUX XOpj IpuBeieT K Tomy, 4To d(x, y)<4, dero GHITH He
mosxer. Cueposartensuo, d(C(G)) =< 3.
Teopema 15. Jlaa nacaedcreennozo no paccroanuio zpaga

d(C(G))< 3.

HNoxazareabctso. Ilyers ato me tak. Torma maiigyTrca Bepmmmsr
z, y = C(G) raxne, yro d(x, y)=k+1=4. llycts P ==z, xy, :.., 2, Y ecTh
HEeKOTOpasa KpaTdaiimas memns Me:kay x u y. [as x, cymecTByer BeplliumHA 2
Taxas, 4ro d(z, z;) = r(G). Boamoxusl gsa cayuas: d(y, z)<r(G), d(y, z)=
=r(G). B nepsom cayyae y = {x, 27, 2 €<z, Yy?, U B CHWIy CBOHCTBA O,
BonpeKu BHIGOPY z, moayunm d(z, z)=d(z, y)+d(y, z)—2=r(G)+ 1. Cae-
nosatensHo, d(y, z)=r(G). Torpa xobaa sepumua 2o = {2, y>, CMemxHas

20 21
>4)]
6
2 Tp-7 Tk C) Tk-2 Ly-1 Xk
G, 6>
Puc. 12

c Y, cMekHA U ¢ Z. VI, HaoGopor, aobas BepmimHa oTpe3ka (X, 27, CMeKHAM
C Z, cMekua U ¢ Y. Ecin z, € <z, 297, To 20 = {x, 37 U B CUIY CBOMCTBa O,
d(z, z)=d(z, z,)+1+r(G)—2=r(G)+ 1. Caegosarembno, vz, Y,
T. €. BepIINHBI I, U Z9 PABHOYIAJEeHH OT z. Torga zp CMesKHA € Zp—1, TAK Kak

B NPOTUBHOM clydae menb &, i, ..., Lu—1, Ln, 20 OECXOPHOBasg, HO He KpaT-
yaiimmasa. [nwna nemu P =z, zy, ..., Zr—1, %0, 31, ..., 21, %, OOPA3OBAHHOM
o0benuHeHweM Ienu Z, Ii, ..., Lx—1, Lx U Kparuaimeii menu zo, Z1, ... 21, 3,

COeIUHSIOEeN BePIUNHBL 2o, U 2, Goablle r(G), MOITOMY OHA HE MOMKET OBITH
kparuaitmeii. CiegoBaTensHO, B Heil qo/DKHA OBITH xopAa (i, 2;), COeMMHAIO-

1asg HEKOTOPYI0 BepUIMHY Z; MOANENH I, L1, ..., &Ly-1, Lx ¢ HEKOTOPOH BepImu-
HOH z; moAmena Zo, Zi, ..., %1, 2. lorga B obpasoBaBIIeMCA LUKIE ZXi, Zj, .
. 21, 20, Tn—1, Tu-2, - . ., i PEOPO (Zr-1, 20) OymeT MpUHALIERATH HEKOTOPO-

My IHUKJIY [JAUHB He GojbIlle dYeTsipeX. JIerko BuAETh, 4TO 3TO BO3MOIKHO
TOJIBKO TOT/Q, KOT[A OJHA W3 BEPIINH Xy_i, Ty—g CMEKHA C 2. B mepBoMm ciay-
qae G co/lepKUT KaK mopokmeHHBIH moarpad rpad G, Ha pme. 12, a Bo BTO-
poMm cayuae G cofepsKUT Kak mMOpokAeHHBI moarpad rpad Ge ma pme. 12.
O6a cay4ag HEeBO3MOKHBI, TaKk Kak HU G, Hu Gg He ABIAIOTCA HACIEJCTBEH-
HBIMH TI0 PACCTOAHUIO, & J060il mopoKAeHHbIN moArpad HaACIENACTBEHHOTO IIO
paccrogunio rpada caM ABIASETCA HACHEACTBEHHBIM IO PACCTOAHUIO TrpadoM.
Teopema goraszana.
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§ 6. 3akawuenne

PesyabraTsl HaHHO# PaGOTHI MOKA3BLIBAIOT, YTO o-METPHKA HPeCTABIA-
€T co6oif M0CTaTOYHO MPOCTOit W YMOGHBI MHCTPYMEHT HAJA MCCIeTOBAHHA
MeTPHYeCKHMX XapaKTepUCTUK U cBoiictB rpagos. Ho ocraercs pag mepemen-
HBIX TIP06JIeM, CBA3AHHHX B OCHOBHOM €O CBoiicTBaMu rpadioB, 06Iafaiomx
ai-MeTpuroi, rae i = 2. ChopMynupyeM HeKoTOpHle U3 HHX

1. lats xapaxrepusanuio rpad)oB ¢ o-MeTPUKON IJIA KajKaoro i = 2.

2. Jlars xapakrepusanmio rpagos ¢ Glo-MeTPHKOMH, A Kotopeix d(G)=
=2r(G)— 2.

3. Bepuo nm, 4r0o mus rpada ¢ a-merpukoit d(C(G))<i—+ 2?

Xorsa paccMarpuBaembie B paboTe rpadsl MOryT WMeTh IPOU3BOJILHOE
qicjo BepmuH, B § 4 rpadsr mpenmomaraioTcA KOHEYHBIMU.

Heno B ToM, aro omeHra d(G)=2r(G)—i— 1 B obmem cirydae HCBep-
Ha. Yrodnr yGemursca B atoM, pacemorpuMm rpadp G(V, E) ¢ MHoMecTBOM
Bepuina X =iz, 22, ...), Y=Ayi, y2, ...}, rae X nu Y — cueTHBle MHOKeCT-
Ba, moposkpalonne B G cOOTBeTCTBeHHO NOJNHBIL W mycroir moarpad. Bepmm-
BB I; U Y; cMesRHBI B G Torma W TONBKO Torjga, Korga i>j. flcmo, uro G
xopposeiii. Tak kax B G mobas GecxoppgoBaa mpocras Xemb HMeeT IJINHY
rBa, To G mromemees, u d(G)=2. Bepmuns z; ¥ Y; HECME}KHbI, II0ITOMY
r(G)=2 un d(G)=2r(G)— 2 (1. e. 1151 GeCKOHEUHHIX IITOJEeMeeBHIX TpadoB
HepaseHcTBo d(G)=2r(G)— i — 1, BooGme rosopsi, ne uMeer Mecta). B [4]
MOKa3aHo, YTO eCIN XOPAOBHIL rpad He comep;KuT MOJHHIX moxprpados ¢ Gec-
KOHEeYHBIM uucjioM BepumnH, To d(G)=2r(G)— 2. B c¢BA3®m ¢ 3THM BO3HUKA-
eT caeayoIuil BOIpoc:

4. Bepno am, uto ecau rpad c O,-METPUKOA He COTePHUT GeCKOHEeTHBIX
nonHex noarpados, to d(G)=2r(G)—i—1?

B 3akaouenne OTMETHM, YTO XOTA NOHATHE O,-METPUKU BBEJEHO AJA rpa-
0B, ero MOKHO pacCMATPHUBAThH [JiA IIPOM3BOJIbHBLIX, B TOM UHWCIe ¥ KOHEU-
HBIX, MeTpHuecKnx npoctpancts. HanmpuMmep, eBKIum0oBH IPOCTPaHCTBA 06ia-
AT oo-MeTpuKoil. B ciydae ofImx MeTpUMYECKNX IPOCTPAHCTB BMECTO Ife-
JIOTO THCIa i MOYKHO PaccMarTpuBaTh J06oe HeOTpPHUIIaTelbHOE YHCJIO.
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