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RPATRUE COOBINEHNIA

O CJORHOCTH PEAJIN3AIINNA
HEROTOPBIX CIIEIWAJIBHBIX RJTACCOB MATPHI]
BEHTNJIBHBIMI CXEMAMMN I'JIYBNHBI HE BOJIEE 2

A. T'ATd
(MOCKBA)

Knace BeHTHABHBIX cXeM ABIAETCA OJHUM M3 CAMEIX IIPOCTHIX KJIACCOB
cxeM. BenTHIbHBIE KOHCTPYKIUM MOTYT OBITH MCIONb30BAHBL M IPH PEHICHUN
3afiad, CBA3AHHBIX ¢ ApyruMu Goiee ciaoxubiMu Kiaaccamm cxeM. O. B. Jlyna-
HOB [1] moayuma acMMOTOTHYECKYI0 OIEHKY CIOMKHOCTH pealHM3aluy KIacca
BceX (Pn, ¢o)-MaTpun (IpH yCnoBUU ¢./log p, = ) BEeHTHIBHBIMH CXeMaMH
ray6unsl me Goabmie yeM 2. Hak masecTHO, OYTH BCe MATPHIBL 9TOTO KIAC-
ca HMEIOT CJIOKHOCTh, SKBHBAJEHTHYIO CIOMKHOCTH Bcero Kiaacca. Iloatomy
BO3HHKAEeT BOIPOC O BHIICJNEHHHM ¥ pPEANTM3AMH CHENHANBHBIX KIACCOB, KO-
TOPHIE JONYCKAIT Gojdee MPOCTYIO peanmsanuio. B macrosimeit paGore omeHm-
BAIOTCA CJIOMKHOCTH PEANHM3aMUM HEKOTOPHIX CHENUATLHBIX KJIACCOB MAaTpHI|
BEeHTHJIBLHBIMA CXeMaMH TIyOHHB He 00JbIme deM 2.

IMyers M — (k, l)-Marpuna na myneit u eguuun, 4 — (n, n)-mMarpuna ua
rknacca U, Bcex (n, n)-marpum u3 Hydeir m equHEnn. BeegeM caemylomme
00603HAYEHHA.

M+ A — (kn, In)-maTpuna, onpegenennas caeaylomuM obpazoM. Bmecro
Bcex emumumi Marpunsl M Bcrasimema Marpuna A, BMecTo Bcex Hysei — HY-
aesad (n, n)-MarTpmnoa.

M =¥, — xmacc Bcex Marpung M # A, A=,

L(A)— MuanManbuoe umcio BeHTmiell B cxeMe (IO BCeM BEHTIIHHEIM
cxeMaM riayGuHB He GOJbINe YeM 2, pealmsyoImuM Marpuny A),

L(n) =max L(4), L(M,n)= max L(M=%,).

As¥, MracM*Y,,

L(k, I, n)=max L(M, n), makcumym Gepercs m0 BCEBO3MOKHBIM MaT-
punam M u3 myneit u egmamn pasmepos k X I.

Xy — MaKkcHMaJIbHOEe YHCI0 efMHHN MaTpumel M, Koropsie MOryT OHITH
BHIOpaHBI Tak, YTo6H B JI060M cTONOMe m aI060ii crpoxe marpunsl M crosia
He CoJbIe WeM OfHA BHIOpaHHAA €MHMNA. JTa K€ BeJUINHA DABHAETCA MH-
HAMAJBHOMY YHCIY CTPOK M CTOJXOIOB, NMOKPHBAKIINX BCe EJUHMIBI Mar-
punsr M [4].

0. B. JIynanos [1] nonyumn omenky

L(n)~ n*/log.n, n-—- oo,

(Jambme Bciogy B paGore BMecto log, n cromr log n.)
Teopema 1. Jua npoussoavnoii (k, l)-marpuyvr M, 2de k u 1 — npo-
Uu360abHbLe HUKCUPOBAKHbIE HATYDPAAbHbIE YUCAL,

L(M,n)~XyL(n) npu n-— o,
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HNoraszarteanbcTBo. 1. Hmxnaa omemka ciexyeT mn3 yTBep:KeHHS
L(M, n)= XxL(n) pna mioGoro n m mioboit M. Jlna moxasarempcTBa 3TOrO
TmOKaXkeM, uro miag Jgioboit Marpunst A u3 U, cmpasemmmBo L (M + 4A)=
= XuL(A). B marpune M Beibepem Xy egmnuI Tak, 9TOGEI B J1000ii cTpOKE
n B a6oM crombme Marpumet M crogma MaKcHAMyM ofHa u3 BHIOpaHHEIX
enuann. O6ozmaunM uvepes M’ marpuiy, KOTOpas COOEPHHT TOIBKO 3TH Xu
eMHKI[, KpOMe HHX COCTOUT M3 HYJeil, 1 ee pasMepsl PaBHBI pazMepaM Mar-
punet M. Ouesugno, uto [uiA peanuzamum MaTpunsl M * A HyMHHO HEe MEHb-
me peGep, uem ansa peammsanumu Marpunsl M+ A. Jloxamem L(M = A)=
= XyL(A) munyknmein no Xu. B caywae Xy =1 310 OUeBHmAHO, TaK Kak
M+«A=A.

Ilpegnonosxum, uro npa Xy =i Bemoaueno L(M = A4)=iL(4),
u paccmorpuM cayuail Xa =i+ 1. BriGepem mi06ylo us emmumn Marpunsr M,
IIycrs oHa cromt B r-it cTpoke m s-m croiabme marpumsr M. Pacemorpmm
A00yI0 BeHTHIBHYIO cXeMy IIyOGMHBI, He IpPEBOCXOAAMENR 2, peannsylomylo
marpuny M’ # A. 3amyMepyeM BXOAHBIE M BBIXOJHBIE NOJIOCH CX€MBI: j-I
BXOJHOH IIOJIIOC COOTBETCTBYET j-il CTPOKe, j- BBHIXOMHON IIOJIOC COOTBETCTBY-
eT j-my croabny peammayemoit marpunmsl M’ # A. BriGpocmMm m3 cxeMsl Bce
pebpa, KOTOphle BBHIXONAT M3 BXOJHBIX II0MI0COB ¢ HOMepamu (r—1)n-+1,
(r—1)n+2, ..., rn, u Bce peGpa, KOTOpble NIPUXONAT K BHIXONHBIM IIOJNIOCAM
c somepamu (s—1)n+1, (s—1)n+2, ..., sn. llpn srom MH BEIGpPOCEM
e mMenee L(A) pebep, Tax Kak cxeMa, KOTOpPasdg COCTOHMT TOJBKO M3 DTHX
BeIGpomenHbx pebep, peaamayer Marpuny A, BCTaBIGHHYI0 BMecTO TOI
equAnsl Marpunkl M’, ®ortopas cromt B r-ii CTpoKe m B S-M croibme
marpunsr M'.

ITo nocrpoenmio Matpunsl M’ B r-it ¢cTpoKe W B S-M cToa6Ie HET APYTHX
epnnun. [loaroMy mocime BrIGpackBanis yKasaHHEIX pefep ocTaBImIafcA YacTh
CXeMbl peajmayeT HEeKoTopylo mMarpumy M *A, e M; comepuT i emuEmI,
IpHYeM Bce OHM CTOAT B PasHBIX CTPOKax ® croxdmax. Ilo mpenmonoxeHmio
HHAYKIOAA OTCIOA CJIeAyeT, YTO OCTABHIAACA YACTH CXEeMBI CONEP:KHT He Me-
mgee iL(A) pebep. Tem camsiM nOKazaHo, 4TO JI0O6asg cxeMa, peanusynmas
M’ = A, conepxur ne menee (i+ 1)L(A) pebep.

2. Bepxnaa onerka. [lna npoumssonbmoit Marpunsl M # A mocrpoum cxe-
My, gmcao pebep woropoit acumnrormyecknm Mensme XuL(n). Ilo ompeneme-
HH0 X, MOHO BHIOpaTh X CTPOK M cTONGHOB MaTpmmsl M, KoTophie CO-
mepsxar Bce eauuunnl u3 M. Marpuny M + A GymeM peanu30BBHIBATH [0 HOJ-
martpunaM pasmepoB knXn m nXlIn, cOOTBETCTBYIOIINM JaHHBIM CTPOKAM
n cron6mam marpunsl M. Hymxuo peammsoBats X Takumx nopgmarpun. Ham-
Ay0 M3 HAX peaxmayeM cXeMoii, cojep:Kameil acumnrorauecku Menbie L(n)
pebep (¢ mcmombzosanmeM romerpykmum O. B. JIynanosa [1]).

Pazo6rem Marpumy A mo crombmam Ha [n/t] memepecexalomuxca moioc,
KaykAas M3 KOTOPHIX MMeeT N CTPOK M He Goxbmie geM I croxbmoB. Mmosxe-
CTBO CTPOK Ka’sKJ0il IOJOCHI pa3o0beM Ha IPYNNH ONMHAKOBBEIX, NJIA KaMHoH
moxocsl moayunrtca He Oonbme wem 2° rpynn. Ilpomssomsmyio (n, In)-mop-
marpuny Marpunsl M # A, cooTBeTCTBYIOIIYI0 HEROTOPOH cTpoKe Marpumsr M,
peanmayeM ciaenymoomeil cxeMoii. BxomHble momiOcH cxeMBI IIepeHyMepyeM
or 1 mo n. Brrxogusie momiocs paso6neM Ha [ rpynm, B KasKmoil rpynne n mo-
a0coB. B Kaskpmoit rpymme mepenmyMepyem Iomoca or 4 70 n, a rpynmel —
or 1 mo l. Hammoit cTpoke comocraBAM pe0po, BBHIXOAAINEE M3 BXOJZHOTO IIO-
J0ca, MMeloIero HoMep RaHHON crpoku. Bcee pebpa, comocraBieHHble CTpO-
KaM ofHOW rpynnsl, 06'beANHAM B OJAWH y3el. Te Ipynnsl BBIXOAHBIX HOJIO-
COB, IO[] HOMEPOM KOTOPHIX B COOTBETCTBYIOIIEil cTpoke Marpunel M croumr O,
He COeJMHNM HHU Y3JaMM, HE BbIXOgaMu. JIJIS OCTANBHEIX IPYII KaMAbIH y3en
COeIIHAM C BHIXONHBIMH IIONIOCaMHU, MMEIOIAMU HOMEpa CTOJOIOB, B KOTO-
PHIX PACHOJNOKEHEl eWHANBI COOTBETCTBYIOMHNX cTpok Matpumsr A. Mz wam-
noro ysma BeixoauT He Oomee It pe6ep. B momyuermnoit cxeme me Gouee
In/t[(n + 2'lt) pebep.
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ITonoxnm t = [log n — 2log log n]. Torga
Jr/t[n ~n*logn ~ L(n),
1n/t[ 2!t = o (n*/log n).

Bce (kn, n)-nogMarpmmer Matpunst M # A, cooTBercTByOIEe CTOXOmAM
marpunsl M, peanmayem amamormumo. Teopema 1 moxasama.
Teopema 2. Jas npouszeoavnbiz gukcuposannblz yucea k u 1

L(k, 1, n)~min(k, l)L(n) npu n—-oo,

HDoxasarteaxscrso. 1. Hmwraaa omenxa. [asa upomsBoasHbix k£ u [
cymecrsyor (k, l)-marpmmet M, pas xoropsix X = min(k, 7). dromy yciao-
BHIO Y/IOBIETBOPAIOT, HanpuMep, Bce (K, [)-MarTpumel, y KOTOPHIX €CTh TaKad
noxMarpuria pasMepa min(k, )X min (%, ), uro ma gumaromamm sTOH mogMar-
punsl crosar epumaENNH. IloaroMy m3 Teopemsr 1 ciaegyer HIKHAA OIEHKA.

2. Bepxmas omenra. [{nsa mw6oit (k, ly-marpunst M cupasemanBo Xy <
< min(k, 7). Ilostomy m3 Teopemsr 1 caenyer, ato L(m, n)< min(k, I)L(n)
mas moboii (k, I)-marpumsr M. Teopema 2 mokasana.

3ameuganne. Teopems 1 m 2 Bepusl m upm k, [—- o nupm ycrosun
max (k, I)=o(logn).

3aKII0UeHHe aBTOp BhIpakaer riayGoryn Gmaromapmocts O. B. Jlyma-
HOBY 3a IIOMOINb, OKa3aHHYIO Ipm pabore.
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