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Preface

The last decade was marked by highly increased interest to the study of human brain
functioning. Understanding of the human brain has been recently claimed as one
of the greatest problems of 21st century science. An integrated brain understanding
would offer great benefits for computational mathematics, medicine, and intellectual
robotics dealing with creation of intelligent machines capable of thinking, learning,
and demonstrating human reactions.

Intentions to create a complex large-scale multilevel model of the human brain,
based on physiologically accurate imitations of brain structure performance,were de
clared repeatedly. In particular, in the frames of the famous interdisciplinary Blue
Brain Project, started in 2005, a physiologically detailed rat brain neocortical column
consisting of 1.2 × 106 neurons and 109 synapses was created in 2011. Another de
tailed large-scale model of a mammalian brain thalamocortical system, comprising1011 spiking neurons and almost 1015 synapses, was created in 2008 at the Neuro
science Institute, San Diego, CA, USA. These achievements in computer modeling of
the brain structures can naturally provide inspirations for new research in related ar
eas, such as neuroinformatics, communication theory, neuroscience, medicine, and
neurorobotics. Nowadays there is a variety of programs on creation of artificial brains
for intelligent “android” robots emulating the human brain. The performance of cre
ated artificial brains should be tested (and compared with the human brain perfor
mance) in a representative set of tasks. The task of image recognition belongs to the
simplest type of such tasks. The aspects of human consciousness should be tradition
ally expertized using the so-called Alan Turing test, initiated in the early 1950s. There
are claims, based particularly on quick growth trends of computer power, that the
whole brain emulation using conventional computers could be done by 2025.

Further extensive brain studies will definitely stimulate the development of new
brain-inspired parallel adaptive computational algorithms. Neuromorphicmethods of
image and signal processing based on the brain visual cortex performance and its ac
tivity-dependent plasticity are of particular interest. The scope of problems concern
ing the brain memory also remains a challenging and interesting topic. Although it
has been understood that the source of the brain memory consists in synaptic con
nections change, the character of memory data representation in the brain (memory
structure) continues to remain a big puzzle.

The information processing in the brain is realized via spatiotemporal dynam
ics of patterns of excitation in neuronal ensembles arising by means of neuron in
teractions. Learning processes, equipped with the brain memory and self-organizing
ability,modify the pattern structure and dynamics. A combination of analytical math
ematical tools (such as approaches from statistical physics and information geome
try) and the development of artificial neural networks (ANNs) models and associated
learning algorithms constitute the theoretical background for the investigation of the



�

�
Margarita Kuzmina, Eduard Manykin, Evgeny Grichuk: Oscillatory Neural

Networks — 2013/10/11 — 11:18 — page vi
�

�

�

�

�

�

vi | Preface

brain structures functioning. The design of oscillatory neural networks, a special kind
of ANNmodels, provides a valuable contribution into the elucidation of the basic prin
ciples of the brain performance, because they allow us to study capabilities and limi
tations of synchronization-based information processing.

The book is devoted to the description and analysis of various oscillatory neural
network models. Neuromorphic dynamical synchronization-based methods of infor
mation processing can be developed based on oscillatory network models with con
trollable synchronization. Besides, recurrent oscillatory networks of associativemem
ory can be designed. The oscillatory associative memory networks, closely related to
analogous networks of complex-valued neurons, possess better memory characteris
tics comparedwith those inherent to recurrent associativememory networks of formal
neurons, namely the higher memory storage capacity and poor extraneous memory.

The book consists of six chapters. The introductory material in the first chapter
briefly presents the necessary data on the human brain and outlines the basic types
of ANN models, the widely used classical and modern learning algorithms for ANN,
and the well-known models of oscillatory neural networks. A short overview of mod
ern branches of ANN theory, such as complicated small-world networks, multi-agent
systems, and cognitive dynamical systems, is given, and brief information about bio
logically accurate large-scale computer models of the brain structures is also included
into the first chapter.

The second chapter concerns oscillatory network versions of recurrent associative
memory networks (so-called attractor oscillatory networks). The computation proce
dure executed by this type of networks is realized via network state relaxation into
the vicinity of a stable attractor of network dynamics. The original result, obtained by
the authors, related to the construction and analysis of associative memory networks
of limit-cycle oscillators is presented. Chapter 2 also contains the most significant re
sults of the macrodynamical approach for large-scale recurrent neural networks of as
sociative memory, including the authors’ original results. A short review of the most
important results on complex-valued neural networks of associative memory, closely
related to oscillatory associative memory networks, is also included in the chapter.

A series of oscillatory network models with synchronization-based performance
are described in Chapter 3. In particular, the famous oscillatory network LEGION, the
three-dimensional biologically plausible network model by Li imitating the brain vi
sual cortex performance, and a three-dimensional oscillatory network model for im
age processing tasks developed by the authors are included. Besides, the oscillatory
networkmodels for the separation ofmixed sound fluxes and for odor recognition, ex
ploiting versions of dynamical binding principle, and twomodels includingmodeling
of visual attention are presented in the chapter.

Aneuromorphic oscillatorynetworkmodelwith controllable synchronizationand
self-organized performance, developed by the authors, for image processing tasks is
described in Chapter 4. It is a spatially distributed network of limit-cycle oscillators lo
calized at the nodes of a two-dimensional lattice isomorphicwith an imagepixel array.
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Single oscillator dynamics is tunable by the brightness value of the image pixel corre
sponding to the oscillator. A number of network coupling principles were constructed
for different image processing tasks. The model demonstrates a variety of capabili
ties, such as brightness segmentation of realmultipixel gray-level images, color image
segmentation, selective image segmentation, and the simplest version of visual scene
analysis – successive selection of spatially separated fragments of a visual scene.

Chapter 5 contains information on the photon echo effect that interestingly ad
joins to the dynamical binding phenomenon presumably exploited in the brain func
tioning. Photon echo is a nonlinear optical analog of the spin echo phenomenon that
accompanies nuclear and electronic magnetic resonance. The effect consists in a co
herent response of an optical resonant medium to ultrashort pulses of laser radiation.
In contrast tonuclear andelectronicmagnetic resonance, photonechoadmits a highly
parallel type of information processing in spatial domain (inside anonlinear crystal of
one cubical centimeter volume about 108 radiation rays can be used simultaneously)
and is characterized by high operation speed. The principles of optical computing
based on photon echo are nowadays well developed, and experimental prototypes
of various optoelectronic devices for parallel information processing, such as opti
cal filters and splitters, logical elements, vector–matrixmultipliers, and phase optical
memory have been implemented.

Chapter 6 contains some recent authors’ results related to an attempt to incorpo
rate a model of stochastic oscillators into the problems of optical computations. The
model of stochastic oscillators was used for simulation of the random electric field
of quasimonochromatic polarized light beams. The single stochastic oscillator is a
Ginzburg–Landau limit cycle oscillatorwith chaoticallymodulated limit cycle size and
frequency. The feedforward network of stochastic oscillators was designed for model
ing the evolution of the electric field of a composite light beam consisting of incoher
ent superposition of nonpolarized quasimonochromatic light beams. The oscillatory
network method allows us to see the temporal dynamics of the electric field of the
composite light beam in the setup, in which beam components undergo the external
optical device actions of typical optical devices (such as polarizer and compensator)
causing instantaneous transformation of the electrical field at discrete moments of
time. The calculation of the correlation matrix of a composite light beam permits us
to estimate the modifications of the correlation properties of the random electric field
and observe the emergence of coherence in the composite system.

We hope that the book will be interesting and helpful for researchers (both young
and proficient) who intend to deal with the problems in such areas as modeling dy
namical ANNs and creation of parallel adaptive neuromorphic algorithms.
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1 Introduction

1.1 Brain: structure and function principles

The brain is a complex, multilevel, hierarchically organized, adaptive system com
posed of a range of interconnected modules. The brain modules are multilayered
densely connected neural networks with complicated interconnection structure, con
taining a great variety of feedback loops. The total number of brain neurons is about1010–1011, and the total number of interneuronal connections is about 1015. There are
thousands of anatomically various biological neurons (see Figures 1.1 and 1.2). How
ever, general morphology allows us to classify all these cells as neurons (the cells of
star-like shape). Neurons are characterized by a central cell, or soma, that may be of
different shapes. Neurons can be viewed as having an input and output poles. The in
put pole consists of extensively branching tree-like extensions of the somamembrane
known as dendrites. The output pole, called the axon, arises as a single structure
from the soma. The length of the majority of dendrites is not greater than 1mm, and
the length of axons varies from parts of millimeter to meters. Neurons are capable of
generating electrochemical pulses (spikes) propagating through axons and activating
other neurons. The information transmission is realized through synapses (chemical
transmission). Thus, dendrites can be considered as receptive zones, axons act as
transmission lines, and synapses are elementary structural and functional units that
mediate interactions between neurons.

A brain neuron may have about 104 different inputs and may send its output up
to 2 × 105 other neurons. As a result of massive interconnections, the brain is an ex
clusively efficient informational structure. Although neurons are typically about five
to six orders of magnitude slower than silicon logic gates (about 10−3 s per operation),
the brain far exceeds modern computers in their capabilities and performance. In ad

Fig. 1.1. Real neurons of mammal brains: (a) neuron of cat auditory cortex; (b) neurons of urchin
olfactory bulb; (c) neurons of human visual cortex [49].
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Fig. 1.2. Three examples of human brain neuron shapes: (a) Purkinje cell from cerebellum; (b) pyra
midal cell from the visual cortex; (c) star cell from the cerebral cortex (drawings by Ramón y Cajal).

dition, the brain is energetically efficient: it consumes approximately 10−16 J per oper
ation per second, whereas the corresponding value for the best modern computers is
about 10−6 J per operation per second.

The brain possesses a number of striking features thatmake it beyond comparison
with modern computers. From the information processing point of view, the follow
ing features are acquired by the brain nervous systems in the process of biological
evolution during 600 millions of years: (a) self-organized style of functioning (with
decentralized information processing); (b) massive parallel performance; (c) capabil
ity of adaptation and learning; (d) reliability and fault tolerance; (e) capability to deal
with incomplete, noisy and redundant data.

Due to extreme brain complexity, the study of the brain functioning is one of the
most difficult problems. Intensive interdisciplinary research efforts to understandhow
thebrainworks arebeingactively continuednowadays. Recently, international collab
orative creation of large-scale computer models simulating functioning of real human
brain structures has begun.

Two of the most impressive research cycles aimed at the real brain study via a
detailed computer modeling are worth mentioning. The first one is the international
“Blue Brain” Project (BBP) started in 2005 and directed by H.Markram at the Brain
Mind Institute (EPFL, Switzerland). The project aims at computer simulation of the
human brain neocortical columnwith great biological accuracy. In 2011 a morpholog
ically detailed, electrically accurate and synaptically precise columnmodel consisting
of 106 neurons of 200 types and 109 synapses of 6 types was created. It is planned to
further increase the model biological accuracy and to create finally a complete and
accurate brain model capable of systematically reconstructing and eventually simu
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lating the humanbrain [15, 84, 91]. The secondmodel is a detailed large-scalemodel of
the brain thalamocortical system, created by Izhikevich and Edelman [52]. Themodel
based on the experimental brain measurements of several mammalian species con
tains 109 spiking neurons and almost 1015 synapses. It incorporates multiple cortical
regions, corticocortical connections, and synaptic plasticity of the mammalian thala
mocortical system. Themodel exhibited spontaneous activity, emergence of collective
waves and oscillations, alpha and gamma rhythms, functional connectivity at differ
ent scales and other interesting phenomena. The claimed final goal is to develop a
large-scale biologically accurate computer model of the whole human brain. In addi
tion to the created model of the thalamocortical system, later it is planned to add the
other subcortical structures, including hippocampus, cerebellum, basal ganglia, etc.

In the opinion of researchers, working in the field of adaptive control, the brain
modeling at microscopic level should be combined with modeling at the macro
scopic level, when the brain is viewed as a hierarchically-organized system of mod
ules [124]. It should also be added that we do not concern here such an extraordinary
phenomenon as consciousness that is not yet completely studied and understood.
There exist only separate preliminary attempts to elucidate the basic characteristic
attributes of consciousness [3] that could permit us to formulate the problem in terms
of neuroscience, information processing, cognition and control, and to start modeling
artificial consciousness. Regular international conferences onmachine consciousness
have been organized since 2001.

From the informational viewpoint, the brain can be considered as a highly dis
tributed self-organizing system, exploiting learning and adaptation as key principles
of its functioning. All the impressive cognitive and executive functions of the brain are
realized viamodifiable neuron interconnections. One of the natural and effectiveways
to study parallel distributed information processing, inherent to the brain, consists in
construction of simplified neural networkmodels and their analysis viamathematical
modeling tools.

Besides the dense interconnectivity structure of the brain neurons realized via
dendrites and axons, there exists so-called dynamical binding–temporal coherence,
realized in the form of synchronization of oscillatory neural activity. The dynamical
binding serves as an important organizing principle in the brain work [105]. Selective
extraction of certain neuron groups from spatially distributed neural networks via for
mation of dynamically coupled neural subensembles represents an additional quick,
efficient and flexible tool, helpful in the brain performance. As was experimentally
confirmed, synchronized oscillations of neural activity accompany information pro
cessing carried out by many brain neural structures. Various biologically motivated
oscillatory network models – networks of interconnected nonlinear oscillators with
synchronization-based performance – were designed to study the potential capabili
ties of dynamical binding used in olfactory, auditory and visual systems of the brain.
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1.2 Artificial neural networks

One of the main of research direction in the neural network theory is the study of
general capabilities of information systems realizing the parallel and distributive type
of information processing. Construction and computer simulation of artificial neural
networks, representing the simple versions of distributed information processing sys
tems, can be regarded as one of the possible ways to study the capabilities of these
systems.

ANN is a massively interconnected array of processing units (artificial neurons
or others) capable of information storage, processing and retrieval. The ANN mod
els should reflect the following features inherent to the brain neural structures: the
information is stored in a distributed form, being encoded in terms of network inter
connection architecture; new information is acquired by the brain neural networks
by means of learning. Depending on the posed problem, either artificial neurons or
neural oscillators usually figure as processing units of ANN.

1.2.1 Neuron models

An artificial neuron model most often figures as an information processing unit of a
neural network. The artificial neurons are truly primitive in comparison with those
found in the brain. However, the neuron model usually reflects three important char
acteristics of real neurons: the weighted values of synapses, the exploitation of a non
linear activation function, limiting the permissible amplitude of the neuron output
(see the block diagram of formal neuron, shown in Figure 1.3).

The model of an artificial neuron depicted in Figure 1.3 was suggested by McCul
loch and Pitts in 1943 [85]. For a neuron with 𝑛 inputs 𝑥1, . . . , 𝑥𝑛 and input synapse
weights 𝑤1, . . . , 𝑤𝑛, the neuron output 𝑦 is defined as

𝑦(𝑡 + 1) = 𝐺( 𝑛∑
𝑗=1

𝑤𝑗𝑥𝑗(𝑡) − ℎ𝑗) , (1.2-1)

where 𝑡 is the discrete time, 𝐺(𝑥) is an activation function of the neuron, and ℎ𝑗 is
a threshold. If 𝑥𝑗 ∈ {0, 1} are used, then the most simple 𝐺(𝑥) is the Heaviside step

Summing
block

Activation
function

y

x1 w1

w2

wn
x2

xn

n

j = 1
wj xj

Fig. 1.3. Formal neuron by McCulloch–Pitts.
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1.2 Artificial neural networks | 5

function, whereas at 𝑥𝑗 ∈ {−1, 1} the activation function 𝐺(𝑥) = sgn(𝑥) is naturally
used. Continuous sigmoid functions are used as well. A simple example of a sigmoid
activation function is the logistic function defined by

𝐺(𝑥) = 11 + 𝑒−𝛼𝑥 . (1.2-2)

Many features of real neurons (pulse character of neural activity, existence of re
fractory period, nonlinear character of input information summing) are not reflected
in the model of the formal neuron. However, the formal neuron was fruitfully used in
a great variety of ANN models. Spiking neurons and oscillators were used for mod
eling of more complicated ANNs. In particular, networks of bursting oscillators were
designed [50]. Two simplest types of ANN represent feedforward neural networks and
fully connected recurrent neural networks (RNNs).

1.2.2 Feedforward networks

An open (feedforward) single-layer neural network of 𝑛 identical formal neurons, not
interconnected with each other, each possessing 𝑛 inputs and a single output, is de
picted in Figure 1.4 (a). Let 𝐺(𝑥) be the activation function of a single neuron,𝑊𝑗𝑘 be
the connection weight of the input 𝑗 to the neuron 𝑘 and ℎ1, . . . , ℎ𝑛 be neuron thresh
olds. Then the outputs 𝑦1, . . . , 𝑦𝑚 of the feedforward network (also called a single-layer
perceptron) are defined as

𝑦𝑗 = 𝐺( 𝑛∑
𝑘=1

𝑊𝑗𝑘𝑥𝑘 − ℎ𝑗) , 𝑗 = 1, . . . , 𝑚, (1.2-3)

or, in the vector form
y = 𝐺(�̂�x − h) ≡ �̂�x, (1.2-4)

where x = (𝑥1, . . . , 𝑥𝑛)𝑇, y = (𝑦1, . . . , 𝑦𝑚)𝑇, h = (ℎ1, . . . , ℎ𝑛)𝑇 and �̂� = [𝑊𝑗𝑘] is an𝑚 × 𝑛-matrix.

(a) (b)
y1

y2

ym

x1

x2

xn

Wjk

x1

x2

xn

y1

y2

ym

Fig. 1.4. Perceptrons: (a) single-layer and (b) two-layer feedforward networks.
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6 | 1 Introduction

Let a series of single-layer perceptrons be connected into a cascade – a chain of
sequentially connected single-layer networks, so that the output of the previous net
work serves as the input of the subsequent network. Let 𝑛(𝑙) be the number of neurons
in the layer 𝑙. Then we have dim x(𝑙) = 𝑛(𝑙) and �̂�(𝑙) is an 𝑛(𝑙) × 𝑛(𝑙−1)-matrix. The exam
ple of a two-layer perceptron (a cascade of two single-layer feedforward networks) is
depicted in Figure 1.4 (b).

The perceptrons were the initial neural network models for which learning algo
rithms with a teacher (supervised learning) were applied [99]. At first, these simplest
networks were used in pattern classification problems. The simplest learning algo
rithm (algorithm of the weights𝑊𝑗𝑘 adjustment), the so-called least-mean-square al
gorithm, also known as the delta-rule, was initially implemented for perceptrons (see
Section 1.5.1).

Nowadays perceptrons are widely exploited for the development of various paral
lel-performing computational algorithms, which often prove to be more effective than
classical grid algorithms or finite element methods. Besides, multilayer perceptrons
can be used as universal function approximators providing the exact calculation of
complicated nonlinear functions ofmany variables. There exists the universal approx
imation theorem for a nonlinear input–output mapping, which is directly applicable
to a two-layer perceptron of neurons with a sigmoid activation function [41]. The theo
rem is based on the generalization of function approximations by finite Fourier series.
Therefore, in principle, two-layer perceptron is capable of approximating the arbitrary
continuous function of many variables. The mentioned universal approximation the
orem is an existence theorem: it provides the mathematical justification for the ap
proximation, but provides no recipe for the construction of neuron activation func
tions. In practice, in the case of fixed perceptron architecture more flexible learning
algorithms, admitting not only weight adjusting, but also activation function modifi
cation, are necessary. These algorithms have also been developed.

In training a multilayer perceptron by whatever method, it is necessary to create
a nonlinear model of the physical phenomenon responsible for the generation of in
put–output examples used to train the feedforward network. Moreover, it is necessary
to have an appropriate tradeoff between the reliability of training data for the network
and goodness of the model (see Section 1.6 on neural network learning). That is, the
network design is statistical in nature, and Tikhonov regularization of ill-posed prob
lems is often necessary to be attracted. (The essence of the regularization consists in
introduction of some additional statistical assumptions to get a stable solution.)

1.2.3 Recurrent neural networks

Recurrent (closed) neural networks (RNN) are characterized by the existence of feed
back connection loops in the network connectivity structure. This essentially modi
fies network dynamical behavior and has a significant impact both on network per
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formance and on its learning capabilities. Recurrent neural networks should be con
sidered as nonlinear dynamical systems.

The simplest type of a recurrent network can be obtained from a one-layer per
ceptron displayed in Figure 1.4 (a), if the network output y is fed back to the network
input x (under the natural condition dim y = dim x). The network of such connectivity
architecture can be called a one-layer fully recurrent network. When all network neu
rons work synchronously, the dynamics of the recurrent network is governed by the
dynamical system which can be written either in the discrete time form

x(𝑡 + 1) = 𝐺(�̂�x − h), (1.2-5)

or in the continuous time form (in the case of a continuous activation function):

𝑑x𝑑𝑡 = −x + 𝐺(�̂�x − h). (1.2-6)

The well-known Hopfield neural network model is an example of a fully connected
RNN. One can analogously construct a recurrent multilayer perceptron (in the case
when the dimension of perceptron output coincides with its input dimension). This
network could be viewed as a multilayer fully recurrent network – a recurrent percep
tron). The bidirectional associativememory (BAM) network model [60] can be viewed
as a two-layer recurrent perceptron. Of course, partially recurrent networkmodels can
also be designed.

Many different types of RNN with various connectivity architectures were con
structed and studied. Theywere used in various applications, such as sequence classi
fication, time-series prediction, feature extraction, modeling of input–output behav
ior of dynamical systems and many others. We focus our attention mainly on single
layer fully connected RNN of associative memory.

Dynamical systems theory can be used for the analysis of RNN dynamics in the
deterministic approach (deterministic neurodynamics). In the presence of noise (sta
tistical neurodynamics), the approaches based on the attraction of stochastic nonlin
ear dynamical systems are needed. In either case, the governing dynamical systems
for RNNs belong to the class of multivariable multiparametrical nonlinear dissipative
dynamical systems, which canhave a complicated set of attractor structures. Learning
algorithms can be formulated in terms of an additional dynamical system providing
control of attractor locations in the phase space of the main dynamical system gov
erning network dynamics.

1.3 Recurrent neural networks of associative memory

If a RNN with a rich set of stable attractors is designed, it can be used as an associa
tive memory network for information storage. The following characteristics of recur
rent associativememory are implied to be held: (a) distributed character of associative
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memory (information is stored in the form ofmulticomponent network state vectors –
stable attractors of network dynamics); (b) good “isolation” of memory vectors from
each other (large enough and well-separated attractor basins); (c) appropriate degree
of resilience to noise andnetwork damage (robustness with respect to network param
eter perturbation).

If the network with a set of stable fixed points is designed, the attractor basins of
fixed points will play a crucially important role in associative memory network per
formance. The attraction basin of a fixed point p can be defined as the largest neigh
borhood of p, such that any vector in this neighborhood is attracted by p. For low-
dimensional dynamical systems with continuous-time dynamics, the phase portrait
of a dynamical system provides the complete picture of phase space separation into
the collection attractor basins. In the case of large-scale recurrent networks with dis
crete-time dynamics the attractor basins usually have very complicated (fractal) form,
and statistical methods are often needed for their analysis.

Various recurrent associativememory network models were developed since 1972
(see Section 2.1.1). The well-known Hopfield model, which can be regarded as a recur
rent associative memory network with Hebbian learning, was suggested in 1982 (see
Section 1.4). As was clarified, recurrent associative memory neural networks suffer
from so-called spurious, or extraneous memory – the set of additional stable fixed
points arising in the phase space of a dynamical system together with fixed points
prescribed by network interconnection matrix construction. The Boltzmann machine
model was introduced as an extension of the Hopfield network by incorporating
stochastic neurons and using the so-called method of simulated annealing [1]. The
Boltzmannmachinewith the learning algorithm of adaptive association type [53] does
not suffer fromextraneous stable fixed points. However, exponential complexity (with
respect to the neuron number) is inherent to this model, restricting its applications.

1.4 Hopfield network model

TheHopfieldmodel [47, 48] is a fullyRNNwith symmetric connections. If network con
nections are trained via Hebbian learning, then the Hopfield network can be viewed
as an associative memory network with content-addressable memory. The network
memory turned out to be robust with respect to connection perturbance.

The dynamical system governing the Hopfield model can be written both in dis
crete and in continuous time, depending on the choice of the neuron activation func
tion. In the case of a continuous activation function, the network dynamics can be
written as 𝑑x𝑑𝑡 = −x + 𝐺(�̂�x − h). (1.4-1)
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The key advance for model analysis was introduction of energy

𝐻 = −12
𝑛∑

𝑗,𝑘=1

𝑊𝑗𝑘𝑥𝑗𝑥𝑘. (1.4-2)

The energy (1.4-2) can be interpreted as the Lyapunov function for the dynamical
system (1.4-1), decreasing in the process of network dynamics. The energy 𝐻 corre
sponds to a Hamiltonian in statistical mechanics, a cost function in optimization the
ory and a fitness function in evolution biology. The network memory vectors (stable
attractors of dynamics) are located in local minima of the energy surface.

If the stochastic version of the Hopfield network of formal McCullock–Pitts neu
rons is considered, there is a direct analogywith the statisticalmechanical Isingmodel
of a magnetic spin system. The Hamiltonian (1.4-2) is then identical to that of infinite-
range spin glasses – spatially distributed random spin systems with competing ferro
magnetic and antiferromagnetic interaction. Randomness and competition (or frus
tration) are intrinsic features of spin glasses [20]. The Hopfield model corresponds to
deterministic (zero temperature) dynamics of a spin system (where all spins are up
dated at the same time step). Asynchronous and block-sequential dynamics are also
possible for RNN.

The statistical mean-field approach was used to analyze the Hopfield model with
an infinite number of stable fixed points at nonzero temperature. The phase diagrams
were obtained, indicating phase transitions from theparamagnetic phase to the phase
of spin glass, and also from the retrieval phase (when the network is capable of per
forming as an associative memory) into the spin glass phase. The existence of a large
number of metastable states was established, and the general bounds for storage ca
pacity were found in the frames of the mean-field theory [28]. Much less information
was obtained concerning the sizes and the shapes of attraction basins. These proper
ties cannot be clarified without direct treatment of a nonequilibrium dynamical pro
cess. The Hopfield model with a small number of stored patterns was studied analyt
ically via the master equation approach. In that way, the existence of limit cycles for
the networks with asymmetric connections was shown.

1.5 Learning of neural networks

Learning algorithms are procedures that adapt the free parameters of a neural net
work to improve the network performance in a concrete task.Most learning algorithms
adapt the network parameters in such away that certain errormeasure (called the cost
function) is minimized.

The capability of learning is one of the most significant features of biological neu
ral networks. It ensures the modification of network functioning via learning from ex
amples rather than any complicated externally given rules. As a rule, the modification
of the connectivity matrix �̂� is realized during a special “learning phase.” However,
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learning processes “online” are also possible. Then network dynamics is governed by
a coupled system of equations for the network state x and the matrix �̂� that can be
written in the form 𝑑x𝑑𝑡 = −x + 𝐺(�̂�x − h),

𝑑�̂�𝑑𝑡 = 𝜂𝐹(x, �̂�), (1.5-1)

where 𝜂 ≪ 1 is the learning “intensity” (or the learning rate). So, the learning process
causes slow (compared to the relaxation time of the network state x) evolution of the
operator �̂�(x, �̂�) = −x + 𝐺(�̂�x − h), and slow (“adiabatic”) modification of �̂�(x, �̂�)
corresponds to the “online” learning.

The so-called supervised learning algorithms developed for feedforward multi
layer neural networks turned out to be directly related to approaches developed for
tasks of nonlinear global multidimensional optimization. Current components of ma
trix �̂� aremodified in terms of the proper cost function𝐸(y, v; �̂�) specifying ameasure
of discrepancy between actual y and desirable v network outputs:

𝛥𝑊𝑗𝑘 = −𝜂𝜕𝐸(y, v; �̂�)𝜕𝑊𝑗𝑘

. (1.5-2)

The unsupervised learning algorithms based on self-organized connectivity ma
trix modifications were developed mainly for recurrent networks (see Section 1.5.2).
The well-known biologically inspiredHebbian learning algorithm belongs to the class
of self-organized learning algorithms (Section 1.5.2 A). The reinforcement learning that
canbeviewedas learningvia interactingwithanenvironment alsobelongs to the class
of unsupervised learning algorithms (Section 1.8.2). At last, so-called genetic learning
algorithms based on modeling of the process of natural biological evolution can also
be considered as self-organized optimization algorithms (Section 1.5.2 B).

1.5.1 The simplest learning algorithms for feedforward networks

The majority of learning algorithms for feedforward networks are based on gradi
ent descent methods. We present two simplest supervised learning algorithms – the
“delta-rule” algorithm for a single-layer perceptron and the backpropagation learning
algorithm for a multilayer perceptron.

A. The learning algorithm “delta-rule”
Let us consider a single-layer perceptron with the input–output mapping y = 𝐺(�̂�x),
where dim x = 𝑚, dim y = 𝑛, �̂� is an 𝑛 × 𝑚-matrix and 𝐺(𝑥) is a continuous activation
function (e.g. 𝐺(𝑥) = tanh(𝛽𝑥)). Let the “training” sample, that is, the set of known
input–output pairs {u𝜇, v𝜇}𝑀𝜇=1 with dim u𝜇 = 𝑚, dim v𝜇 = 𝑛 be given.
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Starting from an arbitrary �̂�, it is necessary to construct successive approxima
tions to connectivity matrix, satisfying the condition: given the inputs u1, . . . , u𝑀,
the corresponding outputs y1, . . . , y𝑀 should be asymptotically close to the target set
v1, . . . , v𝑀. The solution can be obtained in the explicit form in the case of the simplest
cost function

𝐸(y, v; �̂�) = 12𝑀
𝑀∑
𝜇=1

|v𝜇 − y𝜇|2 = 12𝑀
𝑀∑
𝜇=1

𝑛∑
𝑗=1

(𝑣𝜇𝑗 − 𝑦𝜇𝑗 )2 . (1.5-3)

The weight corrections are calculated as

𝛥𝑊𝑗𝑘 = 𝜂 𝜕𝐸𝜕𝑊𝑗𝑘

, (1.5-4)

where 𝜕𝐸𝜕𝑊𝑗𝑘

= − 1𝑀
𝑀∑
𝜇=1

(𝑣𝜇𝑗 − 𝑦𝜇𝑗 ) 𝐺 ( 𝑚∑
𝑙=1

𝑊𝑗𝑙𝑢𝜇𝑙 )𝑢𝜇𝑘 , 𝐺(𝑥) ≡ 𝑑𝐺𝑑𝑥 . (1.5-5)

Finally, we can rewrite the result in the form

𝛥𝑊𝑗𝑘 = 𝜂𝑀
𝑀∑
𝜇=1

𝛿𝜇𝑗 𝑢𝜇𝑘 , 𝛿𝜇𝑗 = (𝑣𝜇𝑗 − 𝑦𝜇𝑗 ) 𝐺 ( 𝑚∑
𝑘=1

𝑊𝑗𝑘𝑢𝜇𝑘) . (1.5-6)

Formula (1.5-6) may also be written in the vector form

𝛥�̂� = 𝜂⟨𝛿𝜇(u𝜇)𝑇⟩, 𝛿𝜇 = (v𝜇 − 𝐺(�̂�u𝜇))𝐺(�̂�u𝜇), (1.5-7)

where ⟨u⟩ = 𝑀−1 ∑𝑀𝜇=1 u𝜇.
The generalization of the gradient-descent delta-rule algorithm to the case ofmul

tilayer perceptron gives the known backpropagation algorithm.

B. Backpropagation learning algorithm
The backpropagation algorithm, the main working algorithm that was used for feed
forward multilayer neural networks, was initiated in 1974 [11, 89, 100, 121]. It was in
dependently proposed by Bryson and Ho [11]. Werbos [121] proposed the algorithm as
a kind of nonlinear regression. Rummelhart with coauthors [100] used the algorithm
for neural network optimization. However, the algorithm was developed earlier by re
searchers working in the field of optimal control in the early 1960s. Later it was de
scribed as a multistage optimization method for dynamical systems [11], and further
summarized in the classical book on optimal control. The backpropagation algorithm,
being rediscovered by the AI community, was supplemented by the concept of func
tions as dynamical objects that have to be evaluated by a network.

Let a multilayer perceptron of 𝐿 layers be given with the numbers 𝑛1, . . . , 𝑛𝐿
of neurons in the layers, the activation functions 𝐺(𝑙) and the connectivity matri
ces𝑊(𝑙), 𝑙 = 1, . . . , 𝐿. Let {u𝜇, v𝜇}, 𝜇 = 1, . . . , 𝑀 be the learning sample, and the cost
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function 𝐸(v, y; �̂�) be defined by the same expression as in the delta-rule algorithm:

𝐸(y, v; �̂�) = 12𝑀
𝑀∑
𝜇=1

𝑛∑
𝑗=1

(𝑣𝜇𝑗 − 𝑦𝜇𝑗 )2 . (1.5-8)

Let us perform the following calculations:
(1) Calculate the outputs y(𝑙),𝜇, 𝑙 = 1, . . . , 𝐿, 𝜇 = 1, . . . ,𝑀 for all the layers:

y
(1),𝜇 = 𝐺(1) (�̂�(1)

u
𝜇) ≡ 𝑇(1)u𝜇,

⋅ ⋅ ⋅
y
(𝑙),𝜇 = 𝐺(𝑙) (�̂�(𝑙)

y
(𝑙−1),𝜇) ≡ 𝑇(𝑙)y(𝑙−1),𝜇,

⋅ ⋅ ⋅
y
(𝐿),𝜇 = 𝑇(𝐿) ⋅ ⋅ ⋅ 𝑇(1)u𝜇.

(1.5-9)

(2) Calculate the errors 𝛿(𝐿),𝜇 for the last layer 𝐿 according to the delta-rule, y(𝐿−1),𝜇

being the layer input:

𝛿
(𝐿),𝜇 = (v𝜇 − y(𝐿),𝜇) 𝐺(𝐿)(�̂�(𝐿)

y
(𝐿−1),𝜇). (1.5-10)

(3) Find the errors 𝛿(𝑙),𝜇 for layers 𝑙 = 𝐿 − 1, 𝐿 − 2, . . . , 1 (in the opposite order)
𝛿
(𝐿),𝜇 = 𝐺(𝑙) (�̂�(𝑙)

y
(𝑙−1),𝜇) [(�̂�(𝑙+1))𝑇𝛿(𝑙+1),𝜇]. (1.5-11)

(4) Using 𝛿(𝑙),𝜇, find the corrections 𝛥�̂�(𝑙) for all the layers

𝛥�̂�(𝑙) = 𝜂𝑀
𝑀∑
𝜇=1

𝛿
(𝑙),𝜇 (y(𝑙−1),𝜇)𝑇 . (1.5-12)

As one can see, it is possible to find the outputs for all the perceptron layers by car
rying out the calculations in the direction from the first layer to the last one, and after
that, to find the errors 𝛿(𝑙),𝜇 andmatrix corrections 𝛥�̂�(𝑙), carrying out the calculations
in the opposite direction.

The backpropagation algorithm can also be extended to the case of recurrent net
works. In this case, it is necessary to introduce a discrete time variable 𝑡. At the time 𝑡
one should recompute all the network outputs and transmit them to the time 𝑡 + 1.
The procedure should be continued in a step-by-step manner. This strategy converts
a recurrent network into a feedforward one, and this version of the backpropagation
algorithm for RNN is called backpropagation through time.

The following limitations of backpropagation as an iterative process are well
known: (a) the convergence of the algorithm is not guaranteed; (b) the convergence
can be very slow; (c) the algorithm can also converge to the local minima on error
surface.
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The computational complexity of an algorithm is usuallymeasured in terms of the
number of arithmetical operations involved in its implementation. A learning algo
rithm is said to be computationally efficient if its computational complexity is polyno
mial in the number of adjustable parameters that are to be updated from one iteration
to the next one. In the sense, the backpropagation algorithm is computationally effi
cient, and its computational complexity is linear in �̂�, i.e.O(�̂�). Also it is noteworthy
that backpropagation algorithm is equivalent to an optimal filter. The algorithm tends
to converge slowly and in a zigzag way about the true direction to a minimum on the
error surface. Another feature of the algorithm performance is related to the presence
of local minima in addition to global ones: there is a risk of being trapped in a local
minimum at every small change in �̂� [41].

1.5.2 Learning algorithms for recurrent networks

A. Hebbian learning
Hebb in the book The Organization of Behavior [44] postulated the first rule for self-or
ganized (unsupervised) learning motivated by neurobiological considerations. Hebb
proposed that the brain connectivity is continually changing as an organism learns
different functional tasks, and the brain neural assemblies are created by such con
nectivity changes. Hebb was the first who introduced the learning rule for synaptic
modification. The Hebbian learning law is often shortly formulated as “neurons that
fire together, wire together.” The Hebbian learning law further inspired the develop
ment of computational models of learning and adaptation.

The use of the Shannon information concept was relevant to deeper understand
ing of self-organized learning and information processing in self-organized neural
networks. The so-called maximum mutual information principle [79] provided the
proper mathematical formalism permitting us to understand that information pro
cessing is, in some sense, analogous to information transmission through communi
cation channels. The idea of a nonlinear adaptive filter proposed byGabor [27] allowed
us to consider learning as a stochastic process accomplished by feeding samples to
gether with the target function into a neural network.

The simplest form of Hebbian learning can bewritten as a discrete-time evolution
process for the connectivity matrix �̂� = [𝑊𝑗𝑘] :

𝑊𝑗𝑘(𝑡) = 𝑊𝑗𝑘(𝑡 − 1) + 𝛥𝑊𝑗𝑘(𝑡), 𝛥𝑊𝑗𝑘(𝑡) = 𝜂𝑦𝑗(𝑡)𝑥𝑘(𝑡), (1.5-13)

where 𝑥𝑘(𝑡) is the state of an input neuron, 𝑦𝑗(𝑡) is the state of an output neuron, and𝜂 (𝜂 ≥ 0) is the learning rate. The discrete-time process (1.5-13) can also be presented
in the continuous-time version: 𝑑�̂�𝑑𝑡 = 𝜂yx𝑇. (1.5-14)
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A series of natural modifications of the learning rule (1.5-13) was suggested to pre
vent the exponential growth of the postsynaptical state 𝑦𝑗(𝑡) due to the repeated learn
ing application to the input state 𝑥𝑘(𝑡). For example, the continuous-time version of
the learning algorithm by Oja [88] can be written as

𝑑�̂�𝑑𝑡 = 𝜂 (yx𝑇 − y𝑇y�̂�) . (1.5-15)

The competitive learning is a special type of Hebbian learning where output
neurons are said to be in competition for input neurons. During training, the output
neuron that provides the highest activation level is declared the winner, whereas
the rest neurons are left unchanged. This strategy is often called “winner-takes-all.”
The competitive learning algorithm suitable for multilayer recurrent networks can be
expressed by

𝛥𝑊𝑗𝑘(𝑡) = {{{
𝜂[𝑥𝑗(𝑡) − 𝑊𝑗𝑘(𝑡)] if the 𝑗th neuron wins the competition,
0 if the 𝑗th neuron loses the competition. (1.5-16)

There are many versions of the competitive learning [25, 26, 38, 39, 113]. A sim
ple modification of competitive learning gave rise to a new powerful class of neural
network models known as self-organizing maps (SOMs). These models were initiated
by Kohonen [57] and are also known as Kohonen maps. The SOMs are trained using a
special competitive learning algorithm (with neighborhood constraint for the output
neurons, which are arranged into a special lattice). As a result, the SOMnetworks form
a topology preservingmap. The SOM networks operate in the two stages: training and
mapping. The competitive learning algorithm for SOM is called a vector quantization.
The mapping corresponding to the competitive learning algorithm is capable of au
tomatically classifing new input states. In particular, as it turned out, this property
can be used for visualization of high-dimensional input data. The vector quantization
learning algorithm has a clear neurobiological inspiration based on the combination
of three processes: cooperation, competition and adaptation.

Differential Hebbian learning is connectivitymatrixmodification according to the
rule [60]: 𝑑𝑊𝑗𝑘𝑑𝑡 = 𝜂𝑥𝑗(𝑡)𝑑𝑦𝑘(𝑡)𝑑𝑡 . (1.5-17)

The motivation for the differential Hebbian learning algorithm was that the con
current change rather than concurrent activation more accurately captures synaptic
modifications in the brain nervous structures. The algorithm moved into the focus of
interest after 1997 in relation to the study of networks of spike-timing neurons.

The essential feature of any unsupervised learning (in particular, Hebbian learn
ing and its natural generalizations) is an automatic, self-organizing character of net
work connectivity structure modification. Classical Hebbian learning continues to be
popular and successfully applicable in a variety of problems. In particular, it ade
quately “works” in problems of extraction of regularities from statistical environment.
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B. Another self-organized learning algorithms
Three main categories of learning algorithms for RNN can be selected: determin
istic gradient-based algorithms, stochastic algorithms, and hybrid algorithms. The
probabilistic principles, information-theoretical approach, Bayesian inference ap
proach [10], structural risk minimization [41], and cross-entropy error measure are
widely used for learning algorithm construction and for estimation of their perfor
mance quality. Second-order algorithms, much more efficient than those based on
standard gradient descent, were also developed [10]. They require more calculations
but far less iterations.

The stochastic learning algorithms based on random updates of connectivity ma
trices and providing optimization of network connectivity structure were developed
as well. In particular, a powerful class of genetic algorithms belongs to the category of
stochastic learning algorithms. In hybrid learning algorithms a gradient approach is
combined with elements of stochastic algorithms. Sometimes hybrid algorithms use
switching of a gradient algorithm to a stochastic one (when the gradient algorithm
gets stuck in a local minimum) and switching back to gradient mode after some time.

Earlier Darwinian selective learningmodels [19]were relied on the presupposition
that nervous systems often operate in a manner similar to natural selection in evolu
tion. In the context of learning it means that the basic operational units of the nervous
system are not single neurons but rather local groups of strongly interconnected neu
rons, and local competition and cooperation among the neurons are responsible for
production of local order in the network.

Modern genetic algorithms belong to the wide research field of population-based
evolutionary computations operating by models of inheritance, mutation, selection
and crossover [22]. According to Neo-Darwinism (a universally accepted nowadays
paradigm of biological evolution containing classical Darwinism combined with ge
netics and selection rules) there are only a very few statistical processes acting on and
within populations and species. These processes are reproduction, mutation, compe
tition and selection. Evolution is the result of these fundamental interacting stochastic
processes as they act on population, generation after generation. The idea of amodel
ing of machine learning through simulated evolution has been proposed many times
since 1932 [22]. Genetic algorithms (GA) arose as one of the alternatives of simulated
evolution. These are the population-based optimization algorithms, inwhich the opti
mization process is capable of iteratively improving (via a selectionmodel) the quality
of the solution due to modeling the biological fitness (the ability to survive and repro
duce). They are constructed so as to asymptotically converge to globally optimal solu
tions by properly chosen variation and selection operators and population size. The
GA can be viewed as self-adaptive search procedures that are relatively insensitive to
the specific choice of internal parameters. This robustness allows many applications.

One of the sources of difficulties of evolutionary algorithms is related to compli
cated drifting landscapes caused by the dynamics of evolving community.
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1.5.3 Learning, function approximation, and support vector machines

Multivariable function approximation learning algorithms for feedforward networks
are equivalent to finding a surface in a multidimensional space that provides a best
fit to training data (with the fit criterion being understood in some statistical sense).
Generalization is then equivalent to the interpolation (in traditional strict sense) of
the test data with the help of a multidimensional surface. A multilayer feedforward
network performs a nonlinear mapping from the input space to the “hidden” space,
followed by a linear mapping from the hidden space to the output space. The con
struction of so-called radial-basis function networks (RBF-networks) is a special well-
developed topic in the field of artificial neural networks. The radial-basis functions
form a proper arbitrary basis for an input vector expansion in the “hidden” space.

The RBF networks usually have three layers. The input layer consists of units that
connect the network to its environment. The second (“hidden”) layer implements a
nonlinear transformation from the input space to the hidden space. In most applica
tions the hidden space is high dimensional. The output space realizes the response of
the network to a signal applied to the input layer. The hidden space is directly related
to the capacity of the network to approximate a smooth input–output mapping. Just
like multilayer perceptrons, the RBF-networks are universal approximators, demon
strating good approximation properties for continuous functions defined on compact
sets. However, realization of the interpolation procedure via training of RBF-networks
(mapping reconstruction task) usually proves to be the ill-posed problem (when large
data sets contain a small amount of information about the desired solution). In these
cases the Tikhonov regularization approach for ill-posed problems should be applied.
The corresponding RBF-networks are called regularization networks [41, 94].

New approaches in multivariable function estimation and statistical inference
were inspired by supervised learning theory for multilayer perceptrons. In the way a
new class of feedforward networks – the support vector machines (SVM) – were de
signed [110]. Based on the concept of algorithmic complexity, the essential concepts
of visual cortex (VC) dimension andVC entropy (Vapnic–Chervonenkis dimension (VC
dimension) and entropy [111]) were introduced and exploited in pattern recognition
problems, solvable via training of feedforward networks. The characteristic features
of the learning algorithm for SVM networks consist of the special choice of a proper
subset of training samples and the use of a more appropriate minimization criterion
than the mean-square error criterion used in the backpropagation algorithm. Usually
the learning of SVM-networks can be reduced to a quadratic programming problems.
This is attractive for two reasons: a global extremum of the error surface can always
be found and the computations can be performed efficiently.

The important advantage of SVM-networks is that they provide control of net
work generalization ability while dealing with classification tasks. It was also recog
nized [41] that the performance of the learning algorithms for SVM-networks can be
improved by incorporating prior knowledge about the task to be performed.
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1.5.4 Statistical theory of learning

Statistical theory of learning elucidates the features of supervised learning algorithms
for stochastic multilayer feedforward networks.

Consider the network with input–output mapping

y = 𝐺(�̂�x − h) ≡ �̂�(x;w), (1.5-18)

where vectorw defines the full collection of internal network parameters (connectivity
matrices �̂� components and thresholds h).

The components of the input vector x are considered as random variables speci
fied by the conditional probability function 𝑃(y|x;w). The teacher provides the desir
able response z for every input x in accordance with the distribution function 𝐹(x|z)
that is fixed and unknown. We can present the response as

z = �̂�(x; 𝜉), (1.5-19)

where 𝜉 is some noise. The problemof supervised learning consists in selecting �̂�(x;w)
that optimally approximates (in some statistical sense) the desirable response z. The
selection of �̂�(x;w) is based on a training sample 𝛺 = {x(𝑘), z(𝑘)}𝑀𝑘=1 – a set of𝑀 inde
pendent identically distributed training examples. That is, the leaningproblem canbe
viewed as an approximation problem: to find the function �̂�(x;w) that would be the
best possible approximation to the desired function �̂�(x; 𝜉). The important question is
whether a training sample 𝛺 contains sufficient information to construct a network
capable of good generalization performance. The tools suggested in [111] permit us to
answer this fundamental question.

To solve the approximation problem, a measure of discrepancy between the de
sired response z and the actual response y = �̂�(x;w) should be introduced. Usually
a quadratic loss function 𝐿(z, �̂�(x;w)) defined as the squared distance between z and
the approximation of y is introduced, and the ensemble-averaged of 𝐿(z, �̂�(x;w)) (the
risk functional) should be minimized.

Due to mathematical difficulties related to the computation of 𝐿(z, �̂�(x;w)) in the
case of a large number𝑀 of training samples, the minimization of the so-called em
pirical risk functional can be used instead of the minimization the actual risk func
tional [110]. The theory of uniform convergence of the empirical risk functional to the
actual one is based on the concept of VC dimension. As turned out, the VC dimension
is ameasure of the capacity of a learning neural network. In some cases the VC dimen
sion is defined by the set of free parameters of a neural network. However, in most of
practical cases it is difficult to estimate the VC dimension analytically. The following
two important results have been obtained:
(1) Let the activation function𝐺(𝑥) of the feedforward network be the Heaviside func

tion. Then theVCdimension of the neural network isO(𝑊 log𝑊)with𝑊being the
total number of network free parameters.
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(2) If the network activation function 𝐺(𝑥) is a sigmoid continuous function, the VC
dimension of the neural network is O(𝑊2).
It should also be noted that multilayer feedforward networks have a finite VC di

mension. Thus, the VC dimension can be regarded as a central parameter of the sta
tistical learning theory.

Another important characteristic of learning algorithms is their computational
complexity. It concerns the computational effectiveness of a learning algorithm that
can be estimated by the worst-case “running time” needed to train a neural network
given a training sample of finite size 𝑀. The algorithm is said to be efficient if the
running time is O(𝑛), where 𝑛 = dim x (a polynomial time algorithm). Learning tasks
performed by a polynomial time algorithm are usually regarded as “easy.”

At last, one of the most informative characteristics of the learning algorithm is
the so-called learning curve that shows how a neural network performance is im
proved as the number of training examples increases. The asymptotical properties of
learning curves were analyzed in the frames of statistical approach via a stochastic
descent method [4, 86]. Two learning curves were analyzed as functions of M (the size
of the training sample): one concerning predictive (or generalization) loss and other
the training loss. Besides, a natural definition of the complexity of the neural network
was given. It was found that the asymptotical expression for the statistical mean of
predictive loss can be written as

𝐸[𝐿(w)] = 𝐿(w∗) + 𝐶0𝑀 + 𝜂𝐶1, (1.5-20)

where the constant 𝐶0, which can be directly calculated for a concrete network, may
be interpreted as an effective complexity of the network, w∗ is an optimal set of net
work internal parameters,𝑀 is the number of pairs in the training sample and 𝜂 is the
learning rate. The value

𝑁𝐼𝐶(w) = 𝐿(w∗) + 𝐶0𝑀 (1.5-21)

can be considered as the network informational criterion for the selection of an opti
mal networkmodel (the network with smaller𝑁𝐼𝐶 can be regarded as a better model).

1.6 Oscillatory neural networks and synchronization

1.6.1 Synchronous oscillations of neural activity in the brain and neural oscillators

The brain is a highly distributed system in which numerous operations are executed
in parallel. One of the important question is how the computations occurring simulta
neously in spatially segregated processing areas are coordinated. Dynamical binding
via synchronization of neuronal activity could play the role of a coordinating mech
anism. The synchronization was experimentally found in various brain structures,
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such as olfactory bulb and cortex, visual cortex, hippocampus, neocortex, thalamo
cortical system, and hypothesis about its functional significance in brain information
processing was induced since 1980 [23, 114]. Experimental discovery of synchronous
oscillations in the range of 40Hz in the brain VC in 1988–1989 [18, 33] reinforced the
attention to oscillatory aspects of visual information processing. As was clarified, the
synchronization that accompanies the visual cortex performance in image process
ing possesses the following features: (a) the synchronization is a stimulus-dependent
phenomenon; (b) the synchronization is achieved via neuronal interactions; (c) long-
distance neuronal connections are responsible for binding via synchronization.

The desire to elucidate the role of synchronization and the dynamical binding ca
pabilities in visual information processing stimulated the design of oscillatory net
work models with various types of oscillators as processing units and synchroniza
tion-based performance [30, 59, 98, 102–104, 106, 115, 117]. The discussions ondynam
ical binding via synchronization and elaboration of neuromorphic oscillatory network
models, providing dynamical algorithms for image processing with synchronization-
based performance, are actively continued nowadays [12, 13, 32, 34–37, 62, 66–77, 116]
(see Sections 3.3–3.5).

First of all, a proper model of a neural oscillator was necessary for oscillatory net
workmodeling. Neural oscillators in the brain are typically formed by a pair of excita
tory and inhibitory neurons. More concretely, the following pairs of neurons can form
an oscillator in various brain structures: pyramidal cell and interneuron in the visual
cortex, mitral cell and granule cells in olfactory bulb and cortex, pyramidal cell and
thalamic interneuron in thalamocortical system; pyramidal cell and basket cell in hip
pocampus,motoneuron, andRenshaw interneuron in the spinal cord. The first oscilla
tormodelwas suggested by Freeman [23], when the prominent 40–60Hz synchronous
oscillations were reported in the rat and rabbit olfactory bulb and cortex. Following
Freeman, Li, andHopfield suggested the oscillatormodel closely imitating a real corti
cal neural oscillator, and further used it formodeling the olfactory brain systemwhere
oscillations and synchronization play a key role in odor recognition task [78].

We present three typical models of the neural oscillator that were successfully
used in neuromorphic oscillatory network models. The first model used in series of
papers by Wang et al. [12, 13, 116–118] is a relaxation oscillator representing a version
of the Van der Pol oscillator. The oscillator dynamics is defined by two coupled units𝑥 and 𝑦 and is governed by the two-dimensional dynamical system

�̇� = 𝑓(𝑥, 𝑦) + 𝑆 + 𝐼 + 𝜂, 𝑓(𝑥, 𝑦) = 3𝑥 − 𝑥3 + 2 − 𝑦,̇𝑦 = 𝜖𝑔(𝑥, 𝑦), 𝑔(𝑥, 𝑦) = 𝛼(1 + tanh(𝑥/𝛽)) − 𝑦, (1.6-1)

where 𝑆 defines the total contribution from the network oscillator coupling, 𝐼 is an
external input (defined by local image characteristics), 𝜂 is a Gaussian noise, and 𝜖, 𝛼
and 𝛽 are positive parameters controlling the form of the oscillator limit cycle.

A biologically motivated model of a limit cycle oscillator formed by an excitatory
pyramidal neuron and inhibitory interneuron of the visual cortex was designed by Li
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and used in a series of oscillatory network models for visual image segmentation [74–
78]. The governing dynamical system of the oscillator model reflecting orientation-
selective response of simple cells of the brain visual cortex can be written as

�̇� = −𝑢 + 𝛼ℎ(𝑢) − 𝑔(𝑣) + 𝐼+,
�̇� = −𝑣 + 𝛽ℎ(𝑢) + 𝐼−, (1.6-2)

where 𝑢 and 𝑣 are the membrane potentials of the excitatory and inhibitory neurons,ℎ(𝑢) is an activation function of the excitatory neuron (of sigmoid form), 𝑔(𝑣) is an ac
tivation function of the inhibitory neuron (monotonic nondecreasing function), and𝐼± are external inputs on excitatory and inhibitory neurons, respectively. The dynami
cal system possesses stable limit cycle existing under the condition that the values 𝐼±
belong to some finite interval. Otherwise the limit cycle bifurcates into a stable focus.

The features of the dynamical behavior of a biologically motivated neural oscil
lator designed by Li were accounted for in the oscillator model based on a modified
version of the Ginzburg–Landau oscillator. The improved versions of the oscillator
were further used in series of oscillatory network models providing a synchroniza
tion-based algorithm for image processing tasks [34–37, 66–68, 71–73]. The oscillator
state is defined by a pair of real variables (𝑢1, 𝑢2), and a two-dimensional governing
dynamical system can be written in the form of a single equation for the complex-
valued variable 𝑢 = 𝑢1 + 𝑖𝑢2

�̇� = 𝑓(𝑢) + 𝑔(𝐼), 𝑓(𝑢) = (𝜌20 + 𝑖𝜔 − |𝑢 − 𝑐|2) (𝑢 − 𝑐), (1.6-3)

where 𝜌0 and 𝑐 = 𝑐𝑥 + 𝑖𝑐𝑦 are constants, defining the parameters of the oscillator limit
cycle at 𝑔(𝐼) = 0 (the limit cycle is the circle of radius𝜌0 located at the point of the com
plex plane (𝑢1, 𝑢2) with coordinates (𝑐𝑥, 𝑐𝑦) at 𝑔(𝐼) = 0), and 𝜔 is the natural oscillator
frequency). The function 𝑔(𝐼), which dependends on local image characteristics, con
trols the limit cycle size and the cycle location in the complex plane (𝑢1, 𝑢2). The cycle
size is sufficiently large if the brightness 𝐼 of the pixel that corresponds to the oscilla
tor is greater than some predetermined threshold value 𝐼∗ (in the case the oscillator
state is considered as “active”). Otherwise the limit cycle bifurcates into a stable focus
(“passive” oscillator state). A monotonic dependence of the limit cycle size on pixel
brightness 𝐼 at 𝐼 ≥ 𝐼∗ can be provided via special construction of the function 𝑔(𝐼)
(see Section 4.2).

1.6.2 Synchronizable oscillatory networks

The first biologically motivated oscillatory network model was developed by Li
[74–78]. It represents a spatially three-dimensional oscillatory network, modeling
the columnar architecture of the primary VC. Although the network was composed
of neural oscillators, the system of excitatory and inhibitory connections for network
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oscillators was constructed separately, based on experimental neurobiological data
on horizontal intracortical connections in the VC. The model was tested in problems
of preattentive image processing including contour integration and texture segmen
tation tasks. It demonstrated successful synchronization-based performance.

The second remarkable oscillatory network model for visual image segmentation
was the oscillatory network LEGION, whose initial version was designed in 1995 [117,
118]. The model was not intended for a direct imitation of the brain visual process
ing. Nevertheless, the most perfect model version [13] provided an effective dynamical
image segmentation method based on the synchronization of an oscillatory network.
The active network unit is a relaxation oscillator with internal dynamics dependent
on image pixel brightness. Network oscillators are located in a two-dimensional spa
tial lattice being in one-to-one correspondence with the image pixel array. In addition
to stationary local excitatory connections and global network inhibition, a kind of dy
namical oscillator coupling in the network was designed. An algorithm of dynamical
coupling adaptation that allowedus to significantly improve the network performance
was developed. As a result, the final model version [13] provided successful segmen
tation of real gray-level images containingmore than 400 000 pixels. The comparison
of the dynamical oscillatory network algorithm with several modern traditional algo
rithms of image processing demonstrated real advantages of the former.

The first version of our oscillatory network model of VC [66–68, 71–73] was in fact
inspired by themodel by Li. However, in contrast with thatmodel, the pure oscillatory
networkmodelwith completely dynamical interaction (without any persistent oscilla
tor connections) was designed. The attempt to imitate image processing typical to the
low (preattentive) level of the brain vision system performance was undertaken via
the network architecture and performance. Namely, only a single step of bottom-up
VC performance in the task of image reconstruction (without recognition) was simu
lated. The network oscillators are located in a three-dimensional spatial lattice placed
inside of a parallelepiped. The two-dimensional lattice of𝑀 × 𝑁 nodes is located in
the parallelepided base corresponding to the rectangle containing an𝑀 × 𝑁 image
pixel array. The three-dimensional lattice is considered as consisting of𝑀 × 𝑁 one-
dimensional columns, each of 𝐾 oscillators, oriented normally to the parallelepiped
base. The total number of the nodes of 3D lattice is 𝑀 × 𝑁 × 𝐾, and the lattice im
itates the columnar architecture of the VC. There is the one-to-one correspondence
between the image pixel array and oscillator columns: one oscillator column repre
sents a single pixel. The limit-cycle oscillator (1.6-3) is chosen as a network processing
unit. The proper oscillator response on pixel brightness was designed by taking into
account the main features of cortical neural oscillator dynamics constructed in [74].
The parametrical dependence of oscillator dynamics on two image characteristics –
a pixel brightness and an elementary bar orientation – was designed. The elemen
tary bar orientation corresponding to a pixel characterizes the inhomogeneity of its
brightness and is specified by a unit vector orthogonal to the direction of local bright
ness gradient. Nonlocal self-organized dynamical connections of the oscillatory net
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work are constructed based on the presumable properties of the dynamical binding.
The dynamical connection of each oscillator pair depends on: (a) closeness of pixel
brightness levels corresponding to the oscillator pair and (b) closeness of oscillator
receptive field orientation (which is an internal oscillator parameter prescribed to the
lattice node where the oscillator is located) to the corresponding pixel bar orientation
of each oscillator. The reduced oscillatory network located in the two-dimensional lat
tice of𝑀 × 𝑁 nodes being in one-to-one correspondence with the image pixel array
was extracted from the initial three-dimensional network model. The reduced model
turned out to be capable of brightness image segmentation and, in addition, of texture
image segmentation in the cases of simplest texture types admitting a representation
by a collection of oriented bars.

The initial version of the 2D oscillatory network model was further significantly
improved via the construction of more convenient single oscillator dynamics and in
troduction of more flexible principles of oscillator coupling [34–37]. The improved
model allowed us to includemore complicated tasks of image processing such as (see
Chapter 4) (a) brightness segmentation of real gray-level images, (b) selective image
segmentation, (c) color image segmentation and (d) object selection in a visual scene.

On the whole, the dynamical image processing approach via the design of syn
chronizable oscillatorynetworks canprovidenew insights into features of information
processing in spatially distributed oscillatory networks. In particular, it seems plau
sible that the effects of the versatile synchronization phenomenon could be exploited
in information coding, different from dynamical binding [105]. Synchronization could
be used as a mechanism of acceleration of signal propagation through spatially dis
tributed networks, and the dynamical binding strategy could help to discover various
flexible mechanisms of network processor coordination.

1.6.3 Networks of pulsed neurons

During the last decade a new generation of artificial neural network models – net
works of spiking neurons communicating through pulses – has been designed [29, 51,
82]. The first model of spiking neuron was proposed by Hodgkin and Huxsley [46]. It
was suggested that networks of spiking neurons can provide more powerful computa
tional tools than traditional neural networks [81]. Due to their more realistic proper
ties, the networks of pulsed neurons can be used to study so-called biological neural
circuits. From the informational viewpoint, it would be interesting to propose models
explaining how information can be encoded and decoded by a series of pulse trains.
A number of complex computational models were created to simulate biologically re
alistic neural networks.

From the dynamical viewpoint, pulsed (spiking) neurons belong to a class of so-
called excitable systems that possess coexisting limit cycles and stable equilibrium
points as independent attractors of dynamics. Oscillators demonstrating bursting os
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cillations were used for modeling pulsed neuron dynamics. The bursting oscillations
represent a dynamical regime of the periodically repeated transition from a rest state
to a state of fast, almost periodical oscillations. A dynamical system demonstrating
bursting oscillations can be written in the form

ẋ = 𝑓(x, y),
ẏ = 𝜇𝑔(x, y), (1.6-4)

where x is a “fast” variable, y is a “slow” variable, and 𝜇 is a small parameter. The
function 𝑓(x, y) specifies the fast oscillatory process, whereas 𝑔(x, y) describes a slow
modulation of the fast oscillations. A detailed analysis of several classes of dynami
cal systems demonstrating bursting oscillations and classification of bursting oscilla
tory regimes is given in [50]. From the viewpoint of synchronizable systems, the im
portant feature of networks of bursting oscillators is that a complete synchronization
of fast oscillations contained in burster packets can be much harder achievable than
the synchronization of burster packets themselves. Hence, the synchronization of the
bursting oscillators is harder than the synchronization of oscillators demonstrating
strongly periodical (even complicated) oscillations [50]. Nevertheless, as theoretical
studies show, various types of complicated synchronized regimes that characterize
networks of limit cycle oscillators (partial and generalized synchronization, rich va
riety of complex spatio-temporal types of dynamics) are inherent also to networks of
pulsed neurons [120]. It means that attractors of different types anddynamic complex
ity can coexist for dynamical systems governing networks of spiking neurons.

1.6.4 Signal processing and communication via chaos synchronization

The discovery of chaotic dynamics in simple dynamical systems was one of most im
portant events in the field of nonlinear dynamical systems. The idea that deterministic
nonlinear systems canbehave in a chaoticmannerwas first noticed byHenri Poincaré.
At present, the phenomenon is investigated in detail, and chaos is now a multidis
ciplinary field of research ranging from pure mathematical topics to chaos control.
In the phase space of a dynamical system demonstrating chaotic behavior there ex
ists a complicated manifold named stochastic attractor. One of the simplest discrete-
time two-dimensional dynamical systems that exhibits chaotic behavior is the Hénon
map – the map of the plane R2 into itself [45]

𝑥 → 𝑥 = 1 − 𝑎𝑥2 + 𝑦,
𝑦 → 𝑦 = 𝑏𝑥, (1.6-5)

where 𝑎 and 𝑏 are two real-valued parameters.
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Fig. 1.5. The examples of fractal stochastic attractor in phase space of discrete map (1.6-6) (a version
of Hénon map): (a) 𝑎 = 0.766, 𝑏 = 0.4; (b) 𝑎 = 0.8, 𝑏 = −0.995; (c) a fragment of fractal boundary of
stochastic attractor at 𝑎 = 0.8, 𝑏 = −0.9455.

In Figure 1.5, the examples of chaotic dynamics that exhibit a version of Hénon
map with cubic nonlinearity,

𝑥 → 𝑥 = 𝑎 − 𝑥 − 𝑏𝑥3 + 𝑦,
𝑦 → 𝑦 = −𝑥, (1.6-6)

are presented.
The fractal stochastic attractors in the plane (𝑥, 𝑦) (phase space of the discrete

dynamical system) are shown in Figure 1.5 (a) and (b) at different values of parame
ters 𝑎 and 𝑏; the fragment of fractal boundary of the stochastic attractor is depicted in
Figure 1.5 (c).

The well-known Lorentz system [80] is an example of a three-dimensional con
tinuous-time dynamical system possessing a stochastic attractor and demonstrating
chaotic auto-oscillations. At appropriately chosen variables, the trajectory of the
Lorentz system in the phase space looks like a blurred limit cycle, and temporal de
pendences of variables resemble periodic oscillations with variable amplitude and
period [92]. The synchronization of chaotic oscillations may occur when two or more
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systems demonstrating chaotic dynamics are coupled. Both phase and complete syn
chronization of chaotic oscillations are possible. This phenomenon has been studied
for a long time, and is now well understood theoretically [2, 24, 90, 93]. Many of pre
dicted theoretical results were further well established in computational experiments.

The capability of chaotic systems to be synchronized can be used in problems of
signal processing and communication. Application of chaos synchronization in com
munication is aimed at providing the security of information transmission through
telecommunication channels. Since 1990, when communication via chaotic system
synchronizationwas first suggested [90], a great variety of different approaches to sig
nal transmission via chaos synchronizationhave been proposed [6, 8, 9, 14, 16, 17, 40].

To implement chaos communication, two chaotic systems are required as a trans
mitter and a receiver. At the transmitter, a message signal is added to a chaotic sig
nal, called the chaotic carrier. The undisturbed chaotic signal should be known to the
response system (receiver). Via the synchronization of both chaotic systems (trans
mitter and receiver) the message can be decoded, and the message signal can be re
trieved. This communication scheme is known as chaotic masking. There are a num
ber of another communication schemes based on various ideas related to chaotic sys
tem synchronization: switching over chaotic regimes, using chaos pass filters, chaos
frequency modulation, dual nonlinear transformation, advanced chaos control and
many others. Chaos control is implied as stabilization by means of small system per
turbations. The perturbations should be tiny, to avoid significantmodifications of sys
tem natural dynamics [112].

Thus, the communication via chaos synchronization is a promising field of re
search with applications in cryptography. The isochronal synchronization of two
chaotic systems provides information transmission with a small bit error rate by
using chaos pass filters. The information transmission can be even error free if the
chaosmodulation approach is used. The introduction of the bidirectional coupling of
transmitter and receiver chaotic systems allows additional promising advantages [55].

The following potential advantages of information transmission via chaos syn
chronization can be noted: chaos transmitter and receiver are easy to realize; chaos
transmission provides lower interference with other kinds of transmission; privacy of
the communication can be achieved via exploitation of chaos synchronization in in
formation transmission.

The growing number of publications on the topic reflects permanent interest to
the development of chaotic communication systems and their application in modern
information technologies. New models provide realization of new methods of com
munication channel separation and a variety of facilities for transmitted information
protection. Some of the research directions that are marked by experts as prospective
are the following: elaboration of chaos generators, creation of fiber optic and cable
networks, exploiting the features of chaotic systems, and development of computa
tional methods of chaos generation.
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1.7 Complicated networks

ANNs are currently used in a growing variety of research fields. The need to design
the networks composed of processing units with more complicated internal dynam
ics than that of formal neurons often arises in applications. Interconnection architec
tures different from the extreme architecture types – completely regular or completely
random – are also required. Such networks are regarded as complicated (or complex)
ANN. There are the following sources of network complexity: complexity of network
connectivity architecture (nonhomogeneity of network connections), dynamical com
plexity (complicated internal dynamics of network processing units and diversity of
processing unit types) and gradual network evolution as a whole (under the learning
procedure, a model of Darwinian evolution, or other prescribed evolution processes).

From themathematical viewpoint it is interesting to understand the real evolution
of a dynamical system governing network state dynamics. The subject of special inter
est concerns the types of network collective dynamics, the ways of information spread
through the network and the influence of the network interconnectivity architecture
on network functioning. Mathematical analysis of complicated networks started only
recently, and a number of useful exactly solvable models were suggested.

As we saw above, RNNs tend to relax into stable static equilibria states if the dy
namical system of single network processing unit has no other attractors besides sta
ble fixed points. Many of such equilibrium network states can coexist. If the network
dynamical systempossesses stable attractors, different fromfixed points, the attractor
associativememory networks canbedesigned aswell. For oscillatory networks, where
processing units display stable attractors in the form of limit cycles, stable attractors
of network dynamics are complicated stationary dynamical regimes. So, oscillatory
networks can be referred to as a class of complicated networks. Depending on spa
tial dimension and symmetry properties, oscillatory networks can demonstrate syn
chronization and various inhomogeneous spatiotemporal dynamical regimes: travel
ing waves, rotating spiral waves, scroll waves, cluster states. Important strict results
were obtained for oscillatory networks of special connectivity architectures: one-di
mensional oscillatory chains, networks localized in spatial lattices of different dimen
sionality, networks with homogeneous all-to-all coupling. The features of collective
dynamics types inherent to some of these oscillatory networks were studied analyti
cally.

The phenomenon of the synchronization of large-scale oscillatory systems stands
on the boundary between nonlinear dynamics and statistical physics. The analysis of
synchronization as a phase transition was first given in the papers by Kuramoto with
coauthors for oscillatory systemswith global (all-to-all) homogeneous oscillator inter
action [63–65, 101]. The macrovariable, admitting the interpretation of the self-con
sistent mean field, acting on each oscillator of an oscillatory system, was introduced,
and dynamical equations governing microscopic dynamics of oscillatory system were
rewritten in terms of the mean field variable. It was shown analytically that the transi
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tion into the synchronization state occurs at some critical value of interaction strength
in the oscillatory network. The bifurcation corresponding to synchronization onset re
sembles the phase transition of second kind in statistical mechanics.

Another class of oscillatory systems is represented by networks of locally coupled
oscillators localized in 𝑑-dimensional spatial lattices. In the case of homogeneously
coupled oscillatory chains (𝑑 = 1), the critical value 𝜅𝑐 of interaction strength 𝜅 at
which synchronization arises essentially depends on the form of the oscillator fre
quency distribution function. In the case of the Gaussian frequency distribution, the
asymptotical dependence of 𝜅𝑐 on the number 𝑁 of oscillators in the system was
shown to be 𝜅𝑐 = O(√𝑁), whereas in the case of a deterministic frequency distribu
tion with linear gradient (that is, when 𝜔𝑗+1 −𝜔𝑗 = 𝛥, 𝑗 = 1, . . . , 𝑁 − 1) the dependence
is transformed into 𝜅𝑐 = O(𝑁). Therefore, locally homogeneously coupled oscillatory
chains with oscillator frequencies monotonically growing along the chain belong to
oscillatory systems that are most difficult to synchronize [107].

Strict results concerning synchronization features of locally homogeneously con
nected oscillatory networks localized in 𝑑-dimensional cubic lattices were obtained
for the case of random oscillator frequency distribution [107]. Formation and spatial
dynamics of synchronized clusters were studied at the fixed interaction strength 𝜅 and
a growing number𝑁 of oscillators in the system. It was shown that synchronized clus
ters of oscillators in a partially synchronized state possess a sponge (fractal) form.

The synchronization of oscillatory networks with special random graphs of con
nections was also studied. Namely, the random graphs with𝑚 connections, outgoing
each graph node, were considered. It was found that at small 𝑚 the network is in the
state of partial synchronization, being fragmented into a collection of small synchro
nized clusters. As 𝑚 grows, the bifurcation occurs at 𝑚 = 𝑁/2: the set of separated
clusters joins into a single giant cluster which size grows as O(𝑁) at𝑁 → ∞ [21].

The analytical results helped to construct a new class of networks admitting an
alytical study – networks with regular local and sparse global random connections.
This class of networkswasnamed“small-world”networks [87, 119]. The “small-world”
networks allowed us to elucidate the role of long-range interaction for information
processing in large-scale networks. As was found, the connectivity architecture of
“small-world” networks is dynamically advantageous: the networks demonstrate
better synchronization capabilities and facilities of fast information processing com
pared to analogous networks with pure local coupling. Besides, “small-world” net
works possess better noise resistance. As a result, it is possible to say that long-range
connections (even sparse) provide a global coordination of information stream in the
system.

The “small-world” network models were developed and exploited in a variety of
research areas ranging from neurodynamics and modeling of self-organization pro
cesses to the analysis of algorithms complexity. As it turned out, many graph topol
ogy types associated with some difficult problems are similar to the graph topology of
“small-world” networks. The “small-world” connectivity architecture ensures fast sig
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nal propagation in the network, which cannot be achieved both for networks with reg
ular pure deterministic connectivity and for thosewith pure random interconnections.
Thus, “small-world” networks permitted us tomake a step toward the interconnection
architecture analysis of complicated large-scale networks and to study the influence
of the network architecture on the set of possible dynamical regimes [122].

1.8 Multi-agent systems

1.8.1 Multi-agent modeling

Multi-agent modeling is a relatively new area of research dealing with modeling of
interacting agent communities as dynamical systems. Themulti-agent systems (MAS)
canbe viewed as natural extension of cellular automatamodels [123]. They represent a
community of processors (finite automata) that function in common environment and
work together at solving a common problem. Each processor may be a complicated
system capable of changing its own state and internal dynamics to learn and to plan
the strategy of cooperationwith the other processors. The environment is also usually
considered as dynamical. Cooperative solution is achieved due to various agent inter
actions, such as coordination, cooperation, learning, andplanning ofmutual problem
solution. To obtain a cooperative solution, it is necessary to operate by several inde
pendent criterions: effectiveness of resource consumption, restriction of admissible
time, safety demands, possibility of unforeseen situations, etc. The abilities to nego
tiate with each other, to cooperate and coordinate efforts are strongly necessary for
successful work of MAS. Memory capabilities are needed to store knowledge about
the environment and the information on members of agent society.

TheMASapproachprovidesdirect computational representationof thewhole sys
tem through simulating dynamical behavior of individual agents and their interaction
and studying the system evolution. Macroscopic dynamics of the whole system then
will give information on emergent society behavior. The difference between mathe
matical modeling in terms of the system of ordinary differential equations and di
rect modeling via MAS can be outlined through the example of dynamics of a simple
two-population predator–prey system. The two-dimensional Lotka–Volterra dynami
cal system describes an oscillatory behavior of the overall predator–prey population
(undamped oscillations of constant amplitude for each subpopulation). Modeling the
same system in the frames ofMAS allowsus to capture fluctuations: the corresponding
subpopulations demonstrate oscillations with fluctuating amplitudes.

Nowadays highly flexible MAS models are successfully used in a diversity of re
search fields. MAS models are exploited in problems of artificial population evolu
tion (artificial life), in modeling distributed intellectual systems (collectives of au
tonomous mobile robots), in monitoring problems (search for resources, study of re
source distribution, modeling extreme situations), in bio-robotics (control of intelli
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gent robots, microrobotics), and in industry (planning, automation of plants, creation
of control systems). InmedicineMAS are used for tumor detection (redundant data are
eliminated via genetic and immune algorithms). InmathematicsMAS are attracted for
the creation of self-organized adaptive parallel computational algorithms.

1.8.2 Reinforcement learning for multi-agent systems

Reinforcement learning [108] is the learning without a teacher. It is inspired by be
havioral features of biological systems and can be viewed as a learning via interacting
with an environment. Animals and artificial systems face similar problems in learn
ing: how to optimize the behavior in the light of rewards or punishments. The perfor
mance of reinforcement learning algorithms is estimated with the help of the fitness
(or reward) function. Reinforcement learning can be used in a variety of areas, such as
optimal control theory, game theory, information theory, simulation-based optimiza
tion, and machine learning.

Being used in the frames of multi-agent systems, the learning deals with states,
values of actions, etc. The agent performance is compared to that of an agent that acts
optimally. There exist several ways to determine the optimal value function and the
optimal strategy, whichhave their origins in the field of dynamic programming [7]. Re
inforcement learning often focuses on an online performance and requires attraction
of exploration mechanisms. Random selection strategy is known to give rise to poor
performance. A deterministic stationary strategy exploits deterministic selection ac
tions based on information about a current state. The strategy can be identified with
a mapping from the set of states to the set of actions, the expectations being approx
imated by averaging over samples. The Monte Carlo methods are sometimes used to
model strategy iterations, the recursive Bellman equation being attracted for the esti
mation of variance. Themethods of stochastic optimization are used as an alternative
method of good strategy search.

Currently the reinforcement learning is an actively studied topic in the area of arti
ficial intelligence. This kind of learning is attractive because of its generality. It can be
viewed as an extension of classical dynamic programming. Unlike supervised learn
ing, the reinforcement learning does not require explicit train samples. By combining
dynamicprogrammingwith theneural network approachmanypreviouslyunsolvable
problems can be solved.

1.9 Wireless networks and cognitive dynamical systems

During the last several years the Internet has evolved from a wired infrastructure to
a hybrid of wired and wireless domains by spreading worldwide interaction for mi
crowave access (WiMAX), Wi-Fi, and cellular networks. Therefore, there is a growing
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need to facilitate a reliable content delivery over such heterogeneous networks. The
following obvious advantages of wireless communication can be noted: (a) communi
cationhasbeenenhanced to convey the informationquickly to the consumers; (b) pro
fessionals can access Internet anywhere without cables; (c) urgent situations can be
alerted through wireless communication; (d) wireless networks are cheaper to install
and maintain.

The proposed multiinput multioutput (MIMO) systems and networking technolo
gies introduced a revolution in recent times, especially in the wireless and wired
multicast (multipoint-to-multipoint) transmission field. MIMO networks and wired
multicast transmission systems have a considerable influence on many applications
such as teleconferencing and information dissemination services. Numerous research
projects were carried out to explore how to support multicast in various networking
environments. Design and analysis of wireless networks are on the agenda. In par
ticular, such topics as the dependence of wireless network performance on network
topology and multicast flow control using feedback mechanisms [83] are of interest.

Wireless sensor networks consisting of a number of distributed sensor nodes have
received much attention in recent years as well. The nodes cooperate with each other
to transmit the sensed data to an external base station. Due to their distributed char
acter, a collaborative organization for robust communication is required. Innovative
techniques are used for reliable communication organization. For example, an artifi
cial bee colony algorithm, simulating the intelligent foraging behavior of honey bee
swarms, was suggested for the routing protocol of wireless sensor networks [54].

The cognitive radio networks are complexmultiuser wireless communication sys
tems capable of emergent behavior. They are designed based on the concept of dy
namic and intelligentnetworkmanagement andprovide suchcapabilities as spectrum
sensing, dynamic spectrummanagement, robust transmit power control self-configu
ration, self-learning, and emergent behavior. The primary goals of these wireless net
works are: (a) to provide highly reliable communication for all users of the network;
(b) to facilitate efficient utilization of the radio spectrum in a fair-minded way. The
cognitive radio networks can be viewed as brain-inspired wireless communications.
Many novel architectures, protocols and algorithms have been proposed and imple
mented. These networks can learn from the adaptations and allow the efficient uti
lization of radio spectrum and dynamic spectrum sharing [109]. Analyzing the prop
erties of broadcasting in wireless networks, it was shown that asymptotically optimal
broadcast capacity and latency canbe achieved inmobilewireless networks [96]. Het
erogeneous wireless systems are characterized by the coexistence of a variety of radio
technologies, and a key aspect is then the implementation of efficient joint radio re
source management mechanisms. The multimedia scenarios of politics on distribu
tion decisions are developed [31].

The diversity of problems, arising in the field of wireless networking is related
to such research areas as cognitive information processing, signal processing, com
munication and control. On the whole, the area of wireless networks stimulated the
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emergence of a new discipline, called cognitive dynamic systems [43]. It is based on
the ideas developed in statistical signal processing, stochastic control and informa
tion theory. It also uses the ideas drawn from neuroscience, statistical learning theory
and game theory. This discipline promises to provide principal tools for further de
velopment of a new generation of wireless dynamic systems including cognitive radio
and cognitive radar. The approaches elaborated in the fields of Kalman filtering and
dynamic programming by Bellman for classical dynamical systems can be extended
to problems of signal processing, communicationand control. It is noteworthy that ac
cording to a neurobiological evidence, the Kalman-like filtering is used in the visual
and motor brain cortices, and (plausible) also in the brain auditory system. On the
other hand, as it is known, the reinforcement learning, which can be viewed as mini
mally supervised form of learning, is exploited by animals. Animals are not told what
actions to perform, rather, they work out the actions themselves based on reinforce
ment received from the environment. A special form of reinforcement learning known
as temporal-difference (TD) learning can be viewed as a combination of Monte Carlo
methods with ideas contained in dynamic programming. Based on the animal brain
features and on the ideas of Kalman-like filtering, a new approachwas developed that
led to the creation of new research area – cognitive dynamical systems [43].

Cognitive dynamical systems are built up based on the rules of behavior over time
through learning from continuous experimental interactions with the environment.
For instance, the cognitive radio system would be able to identify subbands of radio
spectrum that are currently unemployed and assign them to unserviced users. A per
fect example of cognitive radar can be constructed based the echolocation system of
the bat. The bats store information concerning their habitat that was accumulated
through their lifetime experience. With this information the bats are capable of locat
ing their preywith accuracy and resolution that would be the envy for radar and sonar
engineers. Although the intended applications of cognitive radio and cognitive radar
are different, they do share two common features: scene analysis and operating by a
feedback channel (connecting the receiver to the transmitter and providing the infor
mational transmitter adaptation to the environment). Thus, both cognitive radio and
cognitive radar represent examples of wireless control systems, and the feedback can
be considered as the facilitator of intelligent information processing.

To complete the presentation of cognitive dynamical systems, it is worth adding
that, in the expert opinion, the following research areas stand under the umbrella of
cognitive dynamical systems: signal processing, communication theory, control the
ory, radar systems, neural networks and learning machines [42].
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1.10 Quantum and classical quantum-inspired parallel
computational algorithms

Nowadays there is a growing area of research dealing with the construction of quan
tum and quantum-inspired artificial neural networks and evolutionary algorithms.
Qubit-inspired neuron models are used as processing units of these artificial neural
networks, and concepts and principles of quantum computing are exploited in the de
sign of network performance. Some quantum-inspired network models demonstrate
more powerful computational capabilities in various complex tasks solvable with arti
ficial neural networks, including data classification tasks, various problems of global
search and others.

Quantum entanglement, a characteristic feature of quantum systems, is consid
ered nowadays as the main physical resource of quantum information processing and
quantum computing. Qualitative theory of quantum entanglement is one of modern
directions in quantum information processing, and methods of entanglement mea
sure calculation are currently under extensive development. Despite the ubiquitous
nature of entangled states, many features of these states remain unusual and even
mysterious from the viewpoint of classical physics.

1.10.1 Photonic one-way quantum computations

In photonic (optical) quantum computing photons figure as qubits (which are usu
ally called polarization qubits). Photons are ideal carriers for quantum information,
carrying it in the polarization degree of freedom. Photons are easily available, do not
interact with the environment and therefore exhibit negligible decoherence. Their ex
cellent manipulability allows the precise execution of single-qubit operations. Pho
tons can be manipulated in an extremely fast and accurate manner and can easily be
transmitted over long distances using optical glass fibers. Thus, a possibility of mak
ing a quantum computer that uses light seems very appealing.

However, the absence of photon-photon interactions makes two-qubit operations
required for universal quantum computing very difficult to realize, and two-qubit
gates for polarization qubits cannot be constructed. The construction of probabilistic
optical two-qubit gates was suggested by Knill, Laflamme, and Milburn in 2000. This
approach is now known as the KLM scheme [56]. Various experimental versions of the
probabilistic gates were suggested later, and a number of experimental groups have
already demonstrated all-optical probabilistic quantum gates [58].

An alternative approach to the usual circuit model of quantum computing was
introduced by Raussendorf and Briegel [95]. It is the so-called one-way (or the clus
ter state) scheme of quantum computing, which is based on the creation of a cluster
of entangled qubits as a computational resource. The computations are then proceed
as a series of single-qubit measurements, the basis and order of measurements be
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ing defined by the computational algorithm itself. Since the entangled cluster can be
prepared “off-line,” the one-way scheme seems to be a promising quantum comput
ing scheme. Currently all-optical implementation of the one-way computation scheme
with four, six and ten qubit clusters has been experimentally realized. The underly
ing resource for the computations – entangled cluster states of different topological
architectures – can be generated using the nonlinear optical process known as spon
taneous parametric down-conversion.

1.10.2 Quantum-inspired neural networks and evolutionary algorithms

A number of novel classical parallel evolutionary algorithms, inspired by quantum
computation algorithms, were developed based on the concepts and principles of
quantum computing such as linear superposition of states. Quantum and quantum-
inspired artificial neural networks (with qubit-inspired neurons as processing units)
were designed and in many cases demonstrated more powerful computational ca
pabilities than classical neural networks [5, 61, 97]. They are learnable and capable
of solving complex tasks of data classification and problems of binary mapping. At
traction of quantum information processing principles into the problem of designing
associative memory networks provided an exponential increase of network storage
capacity [97]. Genetic quantum-inspired algorithms (stochastic, population-based
optimization algorithms combining many principles in a global search) were also
developed. The algorithms often incorporate operations of state superposition and
reinforcement learning. In some problems they demonstrated rapid convergence and
good global search capability.
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2 Neural and oscillatory networks of associative
memory

2.1 Neural networks of associative memory

2.1.1 Types of associative memory networks

Design of artificial neural network models with simple architectures of connections
is a necessary step to the elucidation of basic principles of parallel information pro
cessing. It allows us to understand the capabilities and limitations of these network
models and obtain well-established mathematical results.

Various neural networkmodels of correlation-type associativememory have been
developed since 1972. The first models were proposed in [12, 29, 46]. There is a number
of different types of associativememory networks, among which are cross-correlation
associativememorynetworks (or networks of heteroassociativememory), autocorrela
tion associative memory networks, sequence recalling associative memory networks,
bilateral associative memory (BAM) networks and others. In this section, we present
the most important results of a qualitative analysis of the main properties of associa
tive memory networks: their memory storage capacity and dynamical behavior.

Networks of heteroassociative memory
Networks of heteroassociativememory canbedesigned based onmultilayered percep
trons. The simplest type of an associativememory network is provided by one-layered
perceptron. Let the set of𝑀 input–output vector pairs (p1 , q1), . . . , (p𝑀, q𝑀) be given.
The network is required to emit the outputs q1, . . . , q𝑀 provided p1, . . . , p𝑀 are given
as the inputs. The problem is equivalent to the construction of the matrix �̂� for one-
layered perceptron, satisfying the condition

�̂�p𝑚 = q𝑚, 𝑚 = 1, . . . , 𝑀, (2.1-1)

where

�̂�x = 𝐺( 𝑛∑
𝑗=1

�̂�x − h) , (2.1-2)

and h = (ℎ1, . . . , ℎ𝑁) is the vector of thresholds, whichwe further put equal to zero, for
simplicity.

Obviously, the matrix, defined in the form of the sum of outer products,

�̂� = 1𝑀
𝑀∑
𝑚=1

q
𝑚(p𝑚)𝑇, 𝑊𝑗𝑘 = 1𝑀

𝑀∑
𝑚=1

𝑞𝑚𝑗 𝑝𝑚𝑘 (2.1-3)
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40 | 2 Neural and oscillatory networks of associative memory

provides the solution. The one-layered perceptron with the matrix of connections
(2.1-3) can be interpreted as a network of heteroassociative memory that stores the
“memory” vectors q1, . . . , q𝑀 and recalls them when vectors p1, . . . , p𝑀, associatively
related to memory vectors q1, . . . , q𝑀, are provided as network inputs.

The associative memory problem for a multilayer perceptron (a cascade 𝑁(1),. . . , 𝑁(𝐿) of 𝐿 feedforward networks) is formulated as a natural generalization of that
for one-layer perceptron. Let 𝐿 + 1 sequences 𝑆(1), . . . , 𝑆(𝐿+1) of network state vectors,
each containing𝑀 vectors, be given:

𝑆(𝑘) = {p1,(𝑘), . . . , p𝑀,(𝑘)}, 𝑘 = 1, . . . , 𝐿 + 1. (2.1-4)

The sequence of matrices �̂�(𝑙), 𝑙 = 1, . . . , 𝐿, for the 𝐿-layer perceptron should be
constructed so that the perceptron recalls the sequence 𝑆(𝑙) by emittingp𝑚,(𝑙+1) from the
layer𝑁(𝑙), the p𝑚,(1) being the input of the first perceptron layer. That is, the following
relations should be fulfilled:

�̂�(𝑙)p𝑚,(𝑙) = p𝑚,(𝑙+1) , 𝑚 = 1, . . . , 𝑀, 𝑙 = 1, . . . , 𝐿. (2.1-5)

The sequence of matrices for perceptron layers

�̂�(𝑙) = 1𝑀
𝑀∑
𝑚=1

p
𝑚,(𝑙+1) ⋅ (p𝑚,(𝑙))𝑇 (2.1-6)

provides the solution to the problem. It is natural to call this multilayered perceptron
a network of cascade associative memory.

Networks of cyclic associative memory
If we introduce a feedback connection loop by closing the output of cascade associa
tive memory network to its input, we obtain a network of cyclic associative memory.
A network consisting of 𝐿 layers connected into a ring is often called 𝐿-AM.

Let 𝑆(1), . . . , 𝑆(𝐿) be 𝐿 sequences of vectors and let the connection matrix �̂�(𝑙) for
the layer𝑁(𝑙) of the ring be given by

�̂�(𝑙) = 1𝑀
𝑀∑
𝑚=1

p
𝑚,(𝑙+1)(p𝑚,(𝑙))𝑇. (2.1-7)

Then relations

p
𝑚,(𝑙+1) = �̂�(𝑙)p𝑚,(𝑙), 𝑚 = 1, . . . , 𝑀, 𝑙 = 1, . . . , 𝐿, 𝐿 + 1 ≡ 1 (2.1-8)

hold for the𝐿-AMassociativememorynetwork.When𝐿 = 2, the 2-AMnetwork is called
a BAM [30]. As it turned out, the dynamical behavior of BAM is slightly different from
that of 𝐿-AM networks with 𝐿 ≥ 3.
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Networks of autoassociative memory
The one-layered recurrent network (of Hopfield type) can be regarded as a 1-AM. As we
saw, its dynamics is governed by the dynamic equation

x(𝑡 + 1) = �̂�x(𝑡) ≡ 𝐺(�̂�x(𝑡) − h), (2.1-9)

where x(𝑡) is the network state vector at time 𝑡.
If the vectors p1, . . . , p𝑀 are given, the recurrent network of associative memory is

obtained if we put

�̂� = 1𝑀
𝑀∑
𝑚=1

p
𝑚(p𝑚)𝑇. (2.1-10)

All the vectors p1, . . . , p𝑀 are the equilibria of network dynamics and satisfy the
equation

p
𝑚 = �̂�p𝑚, 𝑚 = 1, . . . ,𝑀. (2.1-11)

The main question of interest for autoassociative memory networks is the estima
tion of the admissible number𝑀 of memory vectors that can be stored by an autoas
sociativememory network with𝑁 network neurons and then retrieved as stable equi
libria with guaranteed attraction basins. It was analyzed by many researchers since
the 1980s (see, for instance, [10, 35, 48]).

General analysis of dynamics of nonlinear, highly multicomponent and densely
interconnected neural networks is a very challenging problem. Therefore, special
asymptotical methods for elucidation of “typical” neural network dynamics were
required to be derived. A statistical macrodynamics approach, developed by Amari
and colleagues [6–8], provided one of the asymptotical methods. Key ideas of this
approach are close to those used by Khinchin for the development of a statistical
approach to the problems of classical statistical mechanics [27]. An important step in
establishing the theoretical background of the statistical macrodynamics approach is
also contained in the papers [50–52]. Rigorous mathematical foundations of statisti
cal neurodynamics are given in [11]. We outline here the most essential results on the
macrodynamical approach.

2.1.2 Random neural networks and the statistical macrodynamics approach

In order to elucidate a typical behavior of large-scale neural networks it is necessary to
know somemacroscopic characteristics of the network dynamics. To this end, macro
scopic state equations derived frommicroscopic network dynamics are required. They
canbe obtained by the study of an ensemble of randomnetworks – networks inwhich
parameters (interconnection matrices elements and neuron thresholds) are randomly
generated according to some probability law and then kept fixed. The presence of cor
relations among microscopic states introduces certain theoretical difficulties into the
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derivation of macroscopic state equations. The situation is quite similar to that en
countered in deriving theBoltzmann equation in statisticalmechanics of gases. A kind
of statistical postulate related to the restriction on possible correlations between neu
ral network states (analogous to the assumption of “molecular chaos” [50–52]) must
also be formulated for randomneural networks in themacrodynamical consideration.
It should be noted, however, that the correlation properties of ensembles of random
neural networks are different from those of statistical physics.

The statistical macrodynamics approach is aimed at the analysis of ensembles
of neural networks of randomly interconnected idealized neurons [6–8]. Let x(𝑡) =[𝑥𝑡(1), . . . , 𝑥𝑁(𝑡)]𝑇 be the state vector of neural network of𝑁 neurons, and the dynam
ical system governing network microstate dynamics be written in the form

x(𝑡 + 1) = �̂�x(𝑡) ≡ 𝐺(�̂�x(𝑡) − h) (2.1-12)

Denote by 𝜔 the set of network parameters: 𝑁2 components of 𝑁 × 𝑁 matrix �̂�
and𝑁 components of threshold vector h:

𝜔 = {𝑊11, . . . ,𝑊𝑁𝑁; ℎ1, . . . , ℎ𝑁}. (2.1-13)

Introduce the ensemble 𝐸𝑁 of random networks where all 𝑊𝑗𝑘 and ℎ𝑘 are inde
pendently and identically distributed random variables with the probability distri
bution 𝑃𝑁(𝜔), statistical means 𝑊, ℎ and variances 𝜎𝑊, 𝜎ℎ. Then the dynamical sys
tem (2.1-12) can be rewritten as

x(𝑡 + 1) = �̂�𝜔x(𝑡). (2.1-14)

The goal is to determine the macroscopic variableX(x) = [𝑋1(x), . . . , 𝑋𝐾(x)]𝑇 that
describes the macroscopic features of the microstate x and to find amacroscopic state
transition equation in the form

X(𝑡 + 1) = �̂�(X(𝑡)). (2.1-15)

The network mean activity level

𝑋(x) = 1𝑁
𝑁∑
𝑗=1

𝑥𝑗 (2.1-16)

is a typical exampleof a scalarmacrovariable. Another typical example is the so-called
overlap, which arises in the analysis of memory recall process in associative memory
networks. Theoverlap, characterizing similarity of current state vector x andanetwork
memory vector p𝑘, is defined by the inner product

𝑎(𝑘) = 1𝑁(p𝑘)𝑇x = 1𝑁
𝑁∑
𝑗=1

𝑝𝑘𝑗𝑥𝑗. (2.1-17)

A detailed analysis of macrovariable properties andmacrostate dynamics is given
in [8, 11]. The following important results established should be mentioned:
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(1) A dynamical variable X(x) = (𝑋1(x), . . . , 𝑋𝐾(x))𝑇 is a macrovariable if it satisfies
the macroscopic equation (2.1-15) that holds in a weak sense, that is

lim
𝑁→∞

𝐸[|X(�̂�𝜔x) − �̂�(X)|2] = 0. (2.1-18)

The weak convergence (2.1-18) is transformed (under appropriate exact condi
tions) into the strong convergence (uniform convergence in time) only in the case
of macrovariables for the so-called sparsely connected networks (a special class
of random networks).

(2) Let𝑋1 be a scalarmacrovariable. Then there existmacrovariables𝑋2, . . . , 𝑋𝐾 such
that X(x) = (𝑋1(x), . . . , 𝑋𝐾(x))𝑇 is the macrovariable satisfying a macrostate dy
namical system

X(𝑡 + 1) = �̂�(X(𝑡)), or Ẋ = −X + �̂�(X). (2.1-19)

It means that, as a rule, a scalar macrovariable is not a macrovariable by itself,
but is contained as a component in some vector macrovariable.

The macrodynamical equation for scalar macrovariable𝑋 defined by (2.1-16) was
obtained in [11]. This equation can be written as

𝑋(𝑡 + 1) = 𝐹(𝑊𝑋(𝑡) − 𝐻), or �̇� = −𝑋 + 𝐹(𝑊𝑋 − 𝐻), (2.1-20)

where

𝐹(𝑢) = 2√2𝜋
𝑢∫
0

𝑒−𝑡2/2𝑑𝑡 = erf ( 𝑢√2) , (2.1-21)

𝑊 = 𝑁𝑊𝜎 , 𝐻 = ℎ𝜎 , 𝜎 = √𝑁𝜎2𝑊 + 𝜎2
ℎ
. (2.1-22)

The structural portrait of the macrodynamical equation (2.1-20) was also ob
tained in [8]. In the parametrical plane (𝑊,𝐻) there exist three qualitatively different
regimes: monostability regime I, when only single stable equilibrium exists; bista
bility regime II, when three equilibria exist (two stable and one unstable); the limit
cycle regime III, when a limit cycle of period two is inherent to network dynamics.
The bifurcation of “limit cycle birth” occurs when the curve that defines a change of
network parameters crosses the boundary separating the regions I and III, whereas
the bifurcation “the catastrophe gather” occurs when this curve crosses the boundary
between regions I and II. Thus, the macrodynamical system provides full information
about all the types of the network dynamics.

Another example of macrodynamical analysis can be demonstrated using the
scalar variable of the Hamming distance between two network microstates

𝑑 = 12𝜋
𝑁∑
𝑗=1

|𝑥𝑗 − 𝑦𝑗|. (2.1-23)
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As was clarified in [8], the variable 𝑑 is not a macrovariable by itself and should
be included into some three-dimensional vector macrovariable X = (𝑑, 𝑍1, 𝑍2)𝑇. The
macrodynamical system for X can be written in the form

Ẋ = −X + �̂�(X;𝑊,𝐻, 𝛼), (2.1-24)

where

𝑊 = 𝑁𝑊𝛼 , 𝐻 = ℎ𝛼 , 𝛼 = (1 + 𝜎2ℎ𝑁𝜎2𝑊)−1 , (2.1-25)

and the matrix-valued function �̂�, defining the macrostate transition law, can be ob
tained via proper statistical averaging over random network parameters.

Only in the limit situation of 𝑊 = 0, 𝐻 = 0 the variable 𝑋 = 𝑑 is the scalar
macrovariable that satisfies the equation

�̇� = −𝑋 + 𝑓(𝑋; 𝛼), 𝑓(𝑋; 𝛼) = 2𝜋 arcsin √𝛼𝑋. (2.1-26)

This equation also admits simple structural analysis. The details can be found
in [8].

Thus, the statistical neurodynamics approach is proved to be useful for the anal
ysis of essential properties of associativememory networks. It has helped to elucidate
the set of network dynamical regimes and has provided the estimation of the network
storage capacity.

2.1.3 Macrodynamical approach for associative memory networks

Noise reduction by one-layer perceptron
The noise reduction property inherent to the simplest one-layered heteroassociative
memory networks can be demonstrated based on the results obtained in [9].

Consider a one-layer perceptron with memory vectors p1, . . . , p𝑀, output vec
tors q1, . . . , q𝑀 and let us study the problem of recalling a vector q1 from a noisy
version of p1. The similarity between an input x and p1 can be measured by the over
lap

𝑎 = 1𝑁(p1)𝑇x = 1𝑁
𝑁∑
𝑗=1

𝑝1𝑗𝑥𝑗. (2.1-27)

We write the network dynamical system in the form

y(𝑡 + 1) = sgn(�̂�x) (2.1-28)

(for simplicity we put h = 0 and𝐺(x) = sgn(x)), and calculate the overlap 𝑎∗ of the out
put y = �̂�x with one of the memory vectors, for instance, with q = q1: 𝑎∗ = 𝑁−1(q1)𝑇y.

The calculation of the 𝑗th component of the output y gives

𝑦𝑗 = sgn( 1𝑁
𝑁∑
𝑘=1

𝑞1𝑗𝑝1𝑘𝑥𝑘) = 𝑞1𝑗 sgn (𝑎 + 𝑞1𝑗𝑁𝑗) , (2.1-29)



�

�
Margarita Kuzmina, Eduard Manykin, Evgeny Grichuk: Oscillatory Neural

Networks — 2013/10/11 — 11:18 — page 45
�

�

�

�

�

�

2.1 Neural networks of associative memory | 45

0
0

0.5

1

0.0
001

0.01

0.04
0.09

0.16
0.25

0.25 0.5
a

a*

0.75 1

Fig. 2.1. Noise reduction by heteroassociative memory network: The curves 𝑎∗ = 𝐹(𝑎/√𝑟) at differ
ent 𝑟.

where

𝑁𝑗 = 1𝑁
𝑀∑
𝑚=1

𝑁∑
𝑘=1

𝑞𝑚𝑗 𝑝𝑚𝑘 𝑥𝑘. (2.1-30)

The term 𝑁𝑗 can be regarded as interference noise from superposed vector pairs
in �̂� other than (p1, q1). The case 𝑁𝑗 = 0 and 𝑎 > 0 would correspond to the exact
retrieval of q1, that is y = q1. The term𝑁𝑗 is a sum of𝑁(𝑀 − 1) random variables. Ac
cording to the central limit theorem, at large𝑁 the random variables𝑁𝑗 are normally
distributed with mean 0 and variance 𝜎2 = (𝑀 − 1)/𝑁 ≈ 𝑀/𝑁 = 𝑟, where 𝑟 is the ra
tio of the number of memorized vectors to the number of neurons in the network (𝑟 is
called the network storage capacity). Carrying out the calculation of the probability of𝑦𝑗 = 𝑞1𝑗 using the law of large numbers, the following limit expression for 𝑎∗ can be
obtained [9]:

lim
𝑁→∞

𝑎∗ = 𝐹( 𝑎√𝑟) , (2.1-31)

where 𝐹(𝑢) is defined by expression (2.1-21). The curves shown in Figure 2.1 demon
strate the noise reduction by one-layer heteroassociative memory for recalling of as
sociative vector pairs.

Macrodynamical system for the retrieval process
We consider a network composed 𝑁 formal neurons each taking two states ±1, x =(𝑥1, . . . , 𝑥𝑁)𝑇 being a column vector of current network state, �̂� = [𝑊𝑗𝑘] being an𝑁 × 𝑁 matrix on network connections. We put vector of thresholds h = 0 again and
consider the network dynamical system in the form (2.1-28).

For a recurrent associative network of Hopfield-type𝑀memory vectors {p𝑚},𝑚 =1, . . . ,𝑀, are constructed as equilibria of the network dynamics. It can be achieved by
construction of the matrix �̂� in the form of the sum of outer product over memory
vectors,

�̂� = 1𝑀
𝑀∑
𝑚=1

p
𝑚(p𝑚)𝑇, 𝑊𝑗𝑘 = 1𝑀

𝑀∑
𝑚=1

𝑝𝑚𝑗 𝑝𝑚𝑘 . (2.1-32)
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In the case of recurrent heteroassociativememory network, arranged as a cascade
of 𝐿 layers with𝑁 neurons in each, the full set of memory vectors is

{p(𝑙),𝑚}, 𝑚 = 1, . . . ,𝑀, 𝑙 = 1, . . . , 𝐿; p(𝑙),𝑚 = (𝑝(𝑙),𝑚1 , . . . , 𝑝(𝑙),𝑚𝑁 )𝑇 . (2.1-33)

The memory construction can be achieved via defining the matrix of connec
tions �̂�(𝑙) of the layer 𝑙 in the form

�̂�(𝑙) = 1𝑀
𝑀∑
𝑚=1

p
(𝑙+1),𝑚(p(𝑙),𝑚)𝑇, 𝑊(𝑙)

𝑗𝑘 = 1𝑀
𝑀∑
𝑚=1

𝑝(𝑙+1),𝑚𝑗 𝑝(𝑙),𝑚𝑘 . (2.1-34)

If components of vectors p𝑚 and p(𝑙),𝑚 are chosen as random identically dis
tributed variables, taking values ±1, the statistical neurodynamics method can be
applied. The signal-to-noise analysis can be employed to obtain the following expres
sion for the 𝑗th component of x(𝑡 + 1):

𝑥(𝑡 + 1) = 𝑝1𝑗 sgn(𝑎(𝑡) + 𝑝1𝑗𝑁𝑗(𝑡)), (2.1-35)

where

𝑁𝑗(𝑡) = 1𝑁
𝑀∑
𝑚=2

𝑁∑
𝑘 ̸=𝑗

𝑝𝑚𝑗 𝑝𝑚𝑘 𝑥𝑘(𝑡). (2.1-36)

For 𝑡 = 0 the interference noise term 𝑁𝑗(𝑡) is a sum of 𝑁𝑀 independent random
variables 𝑝𝑚𝑗 𝑝𝑚𝑘 𝑥𝑘(0) which take the values ±1 with equal probability. Therefore, ac
cording to the central limit theorem 𝑁𝑗(0) is the random variable obeying a Gaussian
distribution with the mean zero and the variance 𝑎 in the limit of large 𝑁. This is no
longer the case for𝑁𝑗(𝑡) at arbitrary 𝑡 (since 𝑥𝑘(𝑡) depends on the set {p𝑚} through the
dynamical system). The careful analysis, carried out in [10], shows that it is possible
to consider𝑁𝑗(𝑡) as random variables subject to Gaussian distribution with vanishing
mean and time-dependent variance 𝜎2(𝑡). Moreover, as it turned out, the self-averag
ing property is inherent to the overlap macrovariable 𝑎(𝑡). As a result, the two-dimen
sional discrete timemacrodynamical systemwas derived for the vector macrovariable
with components 𝑋 (the mean of overlap 𝑎(𝑡)) and 𝑌 (the square of variance of inter
ference noise𝑁𝑗(𝑡)):

𝑋 = 𝐸[𝑎(𝑡)] ≡ 𝑎, 𝑎(𝑡) = 1𝑁x𝑇p1 = 1𝑁
𝑁∑
𝑗=1

𝑥𝑗(𝑡)𝑝1𝑗 ,
𝑌 = 𝐸[[

𝑁∑
𝑗=1

(𝑁𝑗(𝑡) − 𝑁𝑗)2]] .
(2.1-37)

The macrodynamical system derived in [10] can be written in the form

𝑋(𝑡 + 1) = 𝐹(𝑢(𝑡)), 𝑢(𝑡) = 𝑋(𝑡)/√𝑌(𝑡),
𝑌(𝑡 + 1) = 𝑟 + 4𝑓2(𝑢(𝑡)) + 4𝑟𝑢(𝑡)𝑓(𝑢(𝑡))𝐹(𝑢(𝑡)), (2.1-38)
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where

𝑓(𝑢) = 1√2𝜋𝑒−𝑢
2/2, 𝐹(𝑢) = 𝑢∫

−𝑢

𝑓(𝑧)𝑑𝑧. (2.1-39)

The extension of the statistical macrodynamical approach [10] to finite tempera
ture dynamics was performed in [48].

2.1.4 Macrodynamical analysis of the memory retrieval process

In this section we present some results of macrodynamical analysis of the retrieval
process for two different types of associative memory networks – recurrent autoas
sociative memory network and multilayered feedforward heteroassociative memory
network. As we saw earlier, the macrodynamical approach allows us to describe the
network dynamics asymptotically in the limit when the number of neurons 𝑁 and
the number of memory vectors 𝑀 both tend to infinity under the condition that the
ratio 𝑟 = 𝑀/𝑁 remains finite (𝑟 < ∞). The situation is similar to the so-called ther
modynamical limit in the kinetic theory of gases, and the macrodynamical approach
itself in fact is equivalent to accounting of correlations in the multicomponent system
in frames of mean field approximation of statistical physics.

Continuous time analog of themacrodynamical systemderived in [10] canbewrit
ten as [35]

�̇� = −𝑋 + 𝐹(𝑢),
�̇� = −𝑌 + 𝑟 + 𝑓2(𝑢) + 2𝑟𝛽𝑓(𝑢)𝐹(𝑢), (2.1-40)

where the functions 𝑓(𝑢) and 𝐹(𝑢) are defined in (2.1-39), and the parameter 𝛽 is equal
to 1 in the case of a Hopfield network (a network of autoassociative memory) and to 0
in the case of a layered feedforward network (a network of heteroassociativememory).

Study of the phase portrait of the dynamical system (2.1-40) and its bifurcations
at changing of the parameter 𝑟 permits us to elucidate the features of the memory re
trieval process and to find the critical value 𝑟𝑐 of the network storage capacity, above
which thememory retrieval is impossible. The phase portrait is defined by the number
of fixed points of dynamics and their mutual locations in dependence of the parame
ter 𝑟. The analysis of fixed points of the dynamical system (2.1-40) can be reduced to
studying the roots of the nonlinear transcendent equation [35]

𝑅(𝑢, 𝑟) ≡ 𝐹2(𝑢) − 𝑢2{4𝑓2(𝑢) + 𝑟[1 + 4𝛽𝑢𝑓(𝑢)𝐹(𝑢)]} = 0. (2.1-41)

As a result, at 𝛽 = 1 (Hopfield network) the phase portrait demonstrates the follow
ing behavior. At 𝑟 ∈ [0, 1] there exist exactly three fixed points of dynamics: stable
nodes z0 = (0, 𝑌0), z∗ = (𝑋∗, 𝑌∗) and saddle point z̃ = (�̃�, �̃�). The attraction basins of
the nodes z∗ and z0 are separated by the separatrix passing through the saddle z̃. The
node z∗ corresponds to network capability of retrieving the memory vector p1 (since
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Fig. 2.2. Phase portrait of the dynamical system (2.1-40) at 𝑟 = 0.03.
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Fig. 2.3. Bifurcation of phase portrait of the dynamical system (2.1-40): (a) 𝑟 = 0.156, (b) 𝑟 = 0.161.

0 < 𝑋∗ < 1), whereas the node z0 corresponds to the incapability of retrieving (since𝑋0 = 0).
At small 𝑟 the node z∗ is located in close vicinity of the point z = (1, 0), and the

attraction basin of the node z0 is very narrow (see Figure 2.2). When 𝑟 grows, the basin
size of the node z∗ gradually decreases, and the node itself approaches to the basin
boundary and to the saddle point z̃. At 𝑟 = 𝑟𝑐 the bifurcation saddle–node takes place:
the point z∗merges with the approaching saddle point z̃, and then both disappear (see
Figure 2.3). The disappearance of the stable node z∗ at 𝑟 > 𝑟𝑐 means that the retrieval
of memory vectors is impossible if𝑀 > 𝑟𝑐𝑁.
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Fig. 2.4. The basins of attraction of stable nodes (a) z∗1 (at 𝛽 = 1) and (b) z∗2 (at 𝛽 = 0) at 𝑟 = 0.15.

The behavior of the phase portrait of the dynamical system (2.1-40) at 𝛽 = 0 is
qualitatively similar to that at 𝛽 = 1. The only difference is that now the saddle-node
bifurcation takes place at larger value of 𝑟𝑐. For example, the comparison of attraction
basins of the nodes z∗1 (at 𝛽 = 1) and z∗2 (at 𝛽 = 0) in the case of 𝑟 = 0.15 is presented
in Figure 2.4, where only the trajectories belonging the basin of care are shown.

The critical values 𝑟1𝑐 and 𝑟2𝑐 of the parameter 𝑟 at the moment of bifurcation and
the corresponding locations of the nodes z∗1 and z

∗
2 were obtained:

𝛽 = 1 : 𝑟1𝑐 = 0.16, z∗1 = (𝑋∗1 , 𝑌∗1 ) = (0.912, 0.286),𝛽 = 0 : 𝑟2𝑐 = 0.269, z∗2 = (𝑋∗2 , 𝑌∗2 ) = (0.841, 0.357). (2.1-42)

The bifurcation diagrams for the dynamical system (2.1-40) at 𝛽 = 0 and 𝛽 = 1 are
depicted in Figure 2.5. It should be noted that the bifurcation curve 2 and the bifurca
tion value 𝑟2𝑐 are in excellent agreement with those obtained in [45], where the exact
solution to the problem was found. This fact could be regarded as the evidence of ap
plicability of the macrodynamical approach to the problem.

Anexampleof timedependenceof𝑋 and𝑌 near bifurcation is shown inFigure 2.6.
The feature of these curves𝑋(𝑡) and 𝑌(𝑡) is that at any fixed 𝑌(0) there exists a thresh
old 𝑋 (dependent on 𝑌(0)) so that 𝑋(𝑡) → 𝑋∗ at 𝑡 → ∞ for 𝑋(0) ≥ 𝑋 (that is, the
retrieval is possible), whereas𝑋(𝑡) → 0 at 𝑡 → ∞ for𝑋(0) < 𝑋 (the retrieval is impos
sible). This behavior is a direct consequence of the bounded size and the special form
(triangle like) of the attraction basin of the stable node z∗ in the vicinity of bifurcation.
We recall that the existence of the critical value 𝑟𝑐 for the network storage capacity
is caused by network “overloading” – the appearance of a great number of extrane
ous (“spurious”) fixed points of network dynamics, drastically growing as 𝑁 → ∞
and𝑀→∞ [17].
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Fig. 2.5. The bifurcation diagram of the macrodynamical system (2.1-40): 𝛽 = 1 (curve 1) and 𝛽 = 0
(curve 2).
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Fig. 2.6. The retrieval dynamics of autoassociative memory network in terms of𝑋(𝑡) and 𝑌(𝑡) near
bifurcation (𝑟 < 𝑟(1)𝑐 , 𝑟(1)𝑐 − 𝑟 ≪ 0.1).

Concluding the macrodynamical analysis of associative memory networks, it is
important to stress on the essential role of the dynamical equation for the variance 𝑌
(the second equation in the system (2.1-40)). Indeed, themacrodynamical systemused
in [28],

�̇� = −𝑋 + 𝐹( 𝑋√𝛼) , 𝑌(𝑡) ≡ 𝛼 (2.1-43)

provides more rough approximation for critical storage capacity: 𝑟1𝑐 = 2/𝜋.
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2.2 Oscillatory networks of associative memory

2.2.1 Problem of the design of oscillatory associative memory networks

As discussed in Section 2.1, a low-memory storage capacity is inherent to associative
memory networks of formal neurons. The attempts to design artificial neural-like net
works of distributed associative memory consisting of other types of network proces
sors seem natural. The network processing units, alternative to two-state formal neu
rons, were considered since 1980s. These were so-called phasors – the units in which
state is defined by a continuous variable ranging over the unit circle. Recurrent as
sociative memory phasor networks of both continuous-variable phasors and phasors
with discrete 𝑞-state variable were designed and studied [19, 49]. The performance of
associativememory phasor networks with continuous- and discrete-state phasor vari
able and sparse asymmetric network interconnection architecture admitted analytical
analysis [49]. For fully connected phasor networks phase diagrams and estimations
of network storage capacity were obtained in the frames of mean-field theory using a
replica method [19].

The networks of continuous-variable phasors (so-called clock neural networks)
are closely related to ensembles of limit cycle oscillators, arising in a wide variety of
research areas, and being used to analyze different types of collective dynamics of var
ious multicomponent systems. So, it seems reasonable to use oscillators (processors
capable to perform stable undamped oscillations) as processing units for neural-like
networks of the associative memory.

It should also be noted that the phasor networks are related to complex-valued
neural networks (CVNN), which have been extensively developed over the last decade
and have applications in various research areas. In the CVNN the artificial neurons
with complex-valued states and complex-valued activation function are used as pro
cessing units, and interconnectionmatrices with complex-valued connection weights
specify the neuron connections (a short outline is given in Section 2.2.4).

In the design of oscillatory neural-like networks of associative memory simple
nonlinear limit cycle oscillators demonstrating sustained harmonic auto-oscillations
are used as network processing units. Single oscillator dynamics is governed by a
two-dimensional dynamical system that is traditionally written in the form of a sin
gle equation for the complex-valued variable 𝑧 = 𝑥 + 𝑖𝑦 = 𝑟𝑒𝑖𝜃:

�̇� = (𝜌2 − |𝑧|2 + 𝑖𝜔)𝑧. (2.2-1)

The stable limit cycle of the system (2.2-1) is the circle of radius 𝜌 (|𝑧| = 𝜌), and𝜔 is the natural oscillator frequency on the limit cycle. The system (2.2-1) is the normal
form of a dynamical system undergoing a supercritical Hopf bifurcation (the bifurca
tion of limit cycle birth or disappearance). The phase trajectory corresponding to the
limit cycle and the curves of temporal behavior of the variables 𝑥 and 𝑦 are shown in
Figure 2.7.
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Fig. 2.7. A Ginzburg–Landau limit cycle oscillator.

The oscillator with dynamics (2.2-1) is known as a Ginzburg–Landau oscillator. In
variables 𝑟, 𝜃 it reduces to the system of following two independent equations:

̇𝑟 = 𝑟(𝜌2 − 𝑟2),̇𝜃 = 𝜔. (2.2-2)

For modeling of recurrent associative memory networks composed of oscillators,
we use a system of𝑁 limit cycle oscillators (2.2-1) with 𝜌 = 1 and symmetric nonhomo
geneous linear all-to-all oscillator coupling. The dynamical system of the oscillatory
network can be written as

�̇�𝑗 = (1 + 𝑖𝜔𝑗 − |𝑧𝑗|2) 𝑧𝑗 + 𝜅 𝑁∑
𝑘=1

𝑊𝑗𝑘(𝑧𝑘 − 𝑧𝑗). (2.2-3)

Here 𝑧𝑗 = 𝑟𝑗𝑒𝑖𝜃𝑗 is the state of the 𝑗th oscillator and 𝜔𝑗 is its natural frequency.
The elements of the Hermitian matrix �̂� = [𝑊𝑗𝑘] specify the coupling of 𝑗th and 𝑘th
oscillators. This matrix satisfies the natural restrictions

|𝑊𝑗𝑘| ≤ 1 and
𝑁∑
𝑘=1

|𝑊𝑗𝑘| ≤ 1. (2.2-4)

The real-valued parameter 𝜅 characterizes the absolute value and the sign of in
teraction strength in the system.

The system (2.2-3) can be written in the vector form

ż = (�̂�(z) + 𝜅�̂�)z, (2.2-5)

where z = (𝑧1, . . . , 𝑧𝑁)𝑇 is the state vector of the oscillatory system and �̂�(z) is the
diagonal matrix

�̂�(z) = diag(𝐷1(z), . . . , 𝐷𝑁(z)), 𝐷𝑗(z) = 1 + 𝑖𝜔𝑗 − |𝑧𝑗|2. (2.2-6)
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For arbitrary set of parameters {𝜔𝑗}, 𝜅, and �̂� the system (2.2-3) demonstrates a
great variety of complicated dynamical regimes, including synchronization and dy
namical chaos (see Section 2.2.2). It is the synchronization regime that is used in as
sociative memory modeling. If the condition ∑𝑁𝑗=1 𝜔𝑗 = 0 is fulfilled (this restriction
on the frequencies can be always satisfied by a proper rescaling of the dynamical sys
tem), the synchronization process in fact represents network relaxation into a stable
equilibrium state. The problemof design of an oscillatory associativememory network
can be formulated as a combination of two (independent) subproblems for governing
dynamical system: (1) an inverse problem for the dynamical system: the design of a
dynamical system of type (2.2-3) possessing the prescribed set of stable attractors with
large enough attraction basins; (2) a control problem for the designed dynamical sys
tem: the selection of dynamical system parameters providing any prescribed subset
of the system attractors from the full admissible attractor set. Here wemainly concen
trate on the first subproblem.

Let {U𝑚},𝑚 = 1, . . . ,𝑀 be a given set of state vectors of the oscillatory dynamical
system (2.2-3). Our aim is to clarify the following questions:
(1) under what conditions parameters {𝜔𝑗}, 𝜅, and �̂� the set {U𝑚} can belong to the

set of stable attractors of the dynamical system (2.2-3);
(2) given 𝑁, what maximal number 𝑀 of stable attractors from the set {U𝑚} can si

multaneously exist (what the memory storage capacity of associativememory os
cillatory network is);

(3) whether the dynamical system possesses another stable attractors of dynamics
different from {U𝑚} (“extraneous memory” of the network).

Obviously, the study of general properties of the dynamical system (2.2-3) is re
quired for the elucidation of the posed questions. The dynamical system with homo
geneous all-to all coupling (when 𝑊𝑗𝑘 = (1 − 𝛿𝑗𝑘)/𝑁) was extensively studied both
analytically and via computer simulations. The most essential results are presented
in the following section.

2.2.2 Systems of globally homogeneously coupled limit cycle oscillators

Types of collective dynamics of large-scaled systems of limit cycle oscillators
Here we consider systems of limit cycle oscillators with homogeneous all-to-all cou
pling and random frequency distribution governed by the equations

�̇�𝑗 = (1 − |𝑧𝑗|2 + 𝑖𝜔𝑗) 𝑧𝑗 + 𝜅𝑁
𝑁∑
𝑘=1

(𝑧𝑘 − 𝑧𝑗), 𝑗 = 1, . . . , 𝑁. (2.2-7)

Let the oscillator frequency distribution {𝜔𝑗} be characterized by a frequency distribu
tion function 𝑔(𝜔) with the effective width 𝛥. The oscillatory system demonstrates a
rich variety of dynamical regimes for various interaction strengths 𝜅 and widths 𝛥. A
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Fig. 2.8. The structural portrait of the dynamical system (2.2-7) in the parametrical plane (𝛥, 𝜅) [43].

kind of macrovariable is usually introduced to study collective dynamics. In the case
of large-scale oscillatory system themacrovariable𝑍 (known as an “order parameter,”
or an order function for oscillatory systems)

𝑍 = 1𝑁
𝑁∑
𝑗=1

𝑧𝑗 = 𝑅𝑒𝑖𝜙 (2.2-8)

turns out to be adequate. Different types of collective dynamics inherent to the dy
namical system (2.2-7) were studied based on the analysis of a self-consistent equa
tion for 𝑍 and computer modeling [43, 44]. The complete information about all types
of dynamics is contained in the so-called structural portrait of dynamical system –
the decomposition of parametrical space of the system into the set of domains, cor
responding to qualitatively different dynamical regimes. The structural portrait of the
dynamical system (2.2-7) in the parametrical plane (𝛥, 𝜅), was obtained in [43, 44] and
is presented in Figure 2.8.

We qualitatively describe the regimes of collective dynamics in each parametrical
domain. On the one hand, it should be noted that the variable𝑍 defined in (2.2-8) can
be viewed as a centroid coordinate of an oscillator “cloud” in the complex plane 𝑧.
On the other hand, 𝑍 defines a measure of coherence degree of oscillatory dynam
ics. Both stationary and nonstationary regimes of collective dynamics are possible,
manifesting themselves in different 𝑍 behavior. However, in the case of stationary dy
namical regimes, the variable 𝑅 = |𝑍| either relaxes to some constant, or undergoes
random fluctuations of order 1/√𝑁 about zero. However in the case of nonstationary
states, 𝑍 oscillates. There are the following domains in the plane (𝛥, 𝜅) corresponding
to different types of dynamics:
(1) The domain of incoherent collective dynamics.

The domain is located in the region 𝜅 < 𝐶𝛥 (𝐶 is a constant, 0 < 𝐶 < 1). In
this domain the interaction is too small to synchronize the system. As a result, all
oscillators perform independent oscillations with slightly perturbed amplitudes
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and frequencies. At finite 𝑁 the variable 𝑅 undergoes statistical fluctuations of
order 1/√𝑁 about zero.

(2) The domain of synchronization (frequency locking).
The domain is located in the region 𝜅 ≥ 𝐶𝛥. The synchronization to a common
frequency 𝜔 emerges spontaneously. The variable𝑅 relaxes to a constant. Oscilla
tions of each oscillator correspond to a limit cycle of radius 𝜌 = √1 − 𝜅. The system
is strongly ordered geometrically over the oscillation amplitudes. Oscillators form
a stationary arc in the complex plane 𝑧, inwhich oscillators with themost extreme
frequencies possess the lowest amplitudes.

(3) The domain of oscillation suppression (“amplitude death”).
The domain is located in the region 𝜅 ≥ 1 + 𝐶(𝛥 − 1). In this case oscillations
are impossible. Oscillators pull each other off their limit cycles and collapse into
the origin as 𝑡 → ∞. The origin 𝑧𝑗 = 0, 𝑗 = 1, . . . , 𝑁 is a stable fixed point of
the dynamical system (2.2-7). The function 𝑅(𝑡) approaches a constant value as𝑡 → ∞. Since the amplitudes of all oscillators are zero, this state is often referred
to as “amplitude death”.

(4) The domain of unsteady collective dynamics.
This domain is located in the vicinity 𝜅 = 𝛥 and is comparatively narrow. It con
tains a collection of different regimes (see [43, 44] for details). First, there exists a
thin subdomain, located in the vicinity of the line 𝜅 = 𝛥, corresponding to a par
tial synchronization. In this state the oscillator system splits into two subsystems
with qualitatively different dynamics. The first subpopulation that contains oscil
lators having frequencies with absolute value less than some critical value is in a
synchronization state. The second subsystem, formed by drifting oscillations, is
characterized by oscillating 𝑅(𝑡). Both the states of partial synchronization and
the incoherent state belong to statistically steady states. A thin domain bordering
the synchronization domain corresponds to Hopf oscillations – small quasisinu
soidal oscillations about the synchronization state. This nonstationary dynamical
regime arises as a result of stability loss by synchronization state. The correspond
ing 𝑅(𝑡) is an asymptotically oscillating function with a small amplitude.
A wider domain adjacent to the domain of Hopf oscillations is a domain of so-
called large amplitude oscillations. This regime is qualitatively different from
Hopf oscillations. These are slow nonsinusoidal oscillations of a partially syn
chronized state. The frequency of large oscillations is typically lower than the
width 𝛥 of oscillator frequency distribution. The oscillations arise from the syn
chronization state as a result of a saddle-node bifurcation. In this case the func
tion 𝑅(𝑡) undergoes slow nonsinusoidal oscillations of a large amplitude.
At last, there exists a regime of dynamical chaos, in which oscillators evolve in an
irregular manner in the complex plane, and 𝑅(𝑡) undergoes chaotic oscillations.
The “diagnostics” of a dynamic chaos state demands the estimation of Lyapunov
exponents, which characterize an exponential divergence of dynamical system
trajectories, and also the estimation of the spectrum of 𝑅(𝑡). The chaotic state
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is characterized by “power spectrum” of 𝑅(𝑡), containing all the frequencies and
demonstrating a typical decreasing at frequency growing.

A self-consistent method of the mean-field theory was used in [43] for calculation
of all region boundaries in the plane (𝛥, 𝜅) and for stability analysis of all dynamical
regimes. At small 𝜅 and 𝛥 < 2/3 there exist at least three formally permitted synchro
nization regimes, but only one of them is stable.

Analysis of critical phenomena for oscillatory systems in the frames of phase
approximation of dynamics
The system of equations of phase approximation can be derived for small𝛥 and 𝜅 via a
simple transformation of the of oscillator dynamical system (2.2-7). The phase system
can be written in the form

𝑑𝜃𝑗𝑑 ̃𝑡 = �̃�𝑗 + �̃�𝑁
𝑁∑
𝑘=1

sin(𝜃𝑘 − 𝜃𝑗), (2.2-9)

where 𝜃𝑗 = arg(𝑧𝑗), �̃� = 𝜅𝛥 , �̃�𝑗 = 𝜔𝑗𝛥 , ̃𝑡 = 𝑡𝛥. (2.2-10)

The phase approximation is valid when all oscillator limit cycles are only slightly
perturbed by the oscillator interaction. Hence, this phase approximation, which is at
tractive due to the simplicity of the system (2.2-9), is admissiblewhen frequency distri
bution is narrow and oscillator interaction is sufficiently weak. In the frames of phase
approximation a number of interesting analytical results, confirmed further by com
puter experiments, were obtained. These results mainly concern collective dynamics
of oscillator systemswithall-to-all homogeneous coupling. Sometimes it is convenient
to rewrite the phase oscillatory dynamical system in more general form

𝑑𝜃𝑗𝑑 ̃𝑡 = �̃�𝑗 + �̃�𝑁
𝑁∑
𝑘=1

ℎ(𝜃𝑘 − 𝜃𝑗). (2.2-11)

where ℎ(𝜃) is a periodic coupling function [20]. Then, besides the order function 𝑍
defined by (2.2-8), a more general order function 𝐻, related to the system of equa
tions (2.2-11), can be used to study the synchronization as a type of the phase transi
tion [20–22, 31, 32, 55]. Statistical macrodynamics approach for large-scale oscillator
systems was developed in [33].

In terms of the order function 𝑍 = 𝑅𝑒𝑖𝜓 the dynamical system (2.2-9) can be pre
sented in the form of the system of the uncoupled equations

̇𝜃𝑗 = 𝜔𝑗 + 𝜅𝑅 𝑁∑
𝑘=1

sin(𝜃𝑘 − 𝜓). (2.2-12)

The function𝑍(𝑡) canbe interpreted as the mean field of the oscillatory ensemble.
The appearance of the mean field can be described as self-consistent process that can
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be studied via deriving and analysis of the evolution equation for𝑍. To derive the self-
consistency equation, it is convenient to present the function 𝑍 in the form

𝑍(𝑡) = 2𝜋∫
0

𝑔(𝜓, 𝑡)𝑒𝑖𝜓𝑑𝜓, (2.2-13)

where 𝑔(𝜓, 𝑡) is the density function for oscillators with phase 𝜓 at time 𝑡. The follow
ing self-consistency equation corresponding to dynamical system (2.2-12) can then be
derived:

𝑍 = 2 1∫
0

𝜅𝑍𝑔(𝜅|𝑍|𝑥)√1 − 𝑥2𝑑𝑥. (2.2-14)

For the frequency distribution given by a Lorentzian,

𝑔(𝜔) = 𝛾𝜋 1(𝜔 − 𝜔0)2 + 𝛾2 , (2.2-15)

the analytical expression for the function 𝑅 = 𝑅(𝜂), 𝜂 = 2𝛾/𝜅 was obtained [33]. The
behavior of the function𝑅 in a small vicinity of the synchronization threshold 𝜅𝑐 char
acterizes the type of phase transition into the synchronization state. As it turned out,
this phase transition is of the second type, demonstrating the behavior𝑅 = O(√𝜅 − 𝜅𝑐)
at small 𝜅 − 𝜅𝑐. It was further named as Kuramoto phase transition.

In a more general situation, the order function 𝐻 corresponding to the dynami
cal system (2.2-11) satisfies the functional equation dependent on 𝜅, 𝑔(𝜔) and ℎ(𝜃). In
the following, the synchronization threshold (in the subcritical regime) the oscillatory
system is in the incoherent state, and the order function is identically zero. In the su
percritical regime, at𝜅 ≥ 𝜅𝑐, theorder function is essentially nonzero. Theonset of syn
chronization canbe viewed as a bifurcation of appearance of nontrivial order function
in functional space. Computer simulations demonstrated excellent agreement with
analytical results, obtained for function𝐻 in the vicinity of synchronization using the
standard methods of bifurcation theory [20].

Another class of oscillatory systems studied in computer experiments was locally
coupled spatially distributed oscillatory systems, localized in 𝑑-dimensional lattices
(𝑑 = 1, 2) [53, 54, 56]. The main attention was focused on the cluster formation in the
process of phase transition into the synchronization state (the cluster formation was
studied in the frames of phase approximation of oscillator dynamics and the mean
field theory). An interesting analytical result was obtained for one-dimensional os
cillator chains: the critical value 𝜅𝑐 defining the synchronization onset behaves as𝜅𝑐 = O(√𝑁) at large 𝑁 [56]. Hence, a linear oscillator chain with any fixed coupling
strength 𝜅 cannot be synchronized when the number of oscillators in the chain in
creases. For oscillator systems localized in lattices with 𝑑 ≥ 2 clusters of synchronized
oscillators in an intermediate state of partial synchronization were demonstrated to
possess the fractal structure.
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Important results were also obtained for large-scale oscillator systems with ho
mogeneous and nonhomogeneous global coupling in the presence of external noise.
It required the consideration of infinite systems of stochastic differential equations
coupled via mean-field interaction. The approach was based on the analysis of stable
time-dependent solutions of a nonlinear Fokker–Planck equation [13–16]. It allowed
us to give an analytical self-consistent description of the phase transition into the syn
chronization state. The phase transitionwas studied as a Hopf bifurcation for time-pe
riodic probability density satisfying the Fokker–Planck equation. It was shown that
the phase-transition-type depends on the shape of the frequency distribution func
tion 𝑔(𝜔): both “soft” (subcritical) and “hard” (supercritical) bifurcation are possible.
Oscillatory systems with a special type of random inhomogeneous oscillator coupling
(the van Hemmen coupling) were also studied. In this case it was necessary to intro
duce three order functions instead of the single function 𝑍. This allowed us to obtain
amore detailed phase diagram for the oscillatory system. The phase diagram contains
parametric domains corresponding to the “paramagnetic” state (the incoherent state
of oscillatory system), “ferromagnetic” state (synchronized state), “spin glass” state
(global synchronization is absent, but oscillators are synchronized with random dis
order) and “mixed” state (a state of partial synchronization). The bifurcation analysis
(transitions from the incoherent phase to the others) was performed. The results were
confirmed by experiments on Brownian simulation [16].

2.2.3 Associative memory networks of limit-cycle oscillators

Oscillatory dynamical system, phase approximation of dynamics, and eigen-basis
of coupling matrix.
In the regime of synchronization oscillatory systems have the capability to store infor
mation, just in the same manner as recurrent neural networks, and the dynamics of
the oscillatory systemhas a resemblancewith relaxation dynamics of recurrent neural
networks into stable equilibrium states.

Weconsider oscillatorynetworks of limit cycle oscillatorswithdynamics governed
by the dynamical system (2.2-3). It can be rewritten in the polar form

̇𝑟𝑗 = (1 − 𝑟2𝑗 − 𝜅𝑎𝑗) 𝑟𝑗 + 𝜅 𝑁∑
𝑘=1

𝑊𝑗𝑘𝑟𝑘 cos(𝜃𝑘 − 𝜃𝑗 + 𝛽𝑗𝑘),
̇𝜃𝑗 = 𝜔𝑗 − 𝜅𝑏𝑗 + 𝜅𝑟𝑗

𝑁∑
𝑘=1

𝑊𝑗𝑘𝑟𝑘 sin(𝜃𝑘 − 𝜃𝑗 + 𝛽𝑗𝑘),
(2.2-16)

where 𝑊𝑗𝑘 = |𝑊𝑗𝑘|𝑒𝑖𝛽𝑗𝑘 = W𝑗𝑘𝑒𝑖𝛽𝑗𝑘 ,
𝑎𝑗 = 𝑁∑

𝑘=1

W𝑗𝑘 cos 𝛽𝑗𝑘, 𝑏𝑗 = 𝑁∑
𝑘=1

W𝑗𝑘 sin 𝛽𝑗𝑘. (2.2-17)
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In the general case we have the system of coupled equations for 𝑟𝑗 and 𝜃𝑗, but in
the special situation, when all 𝑟𝑗 are close to the limit cycle |𝑟| = 1, it is possible to sep
arate the independent pure phase system from the complete dynamical system (2.2-16)
(as a phase approximation of dynamics). Given the frequency distribution {𝜔𝑗} and the
interaction strength 𝜅, the parameter 𝛾 = 𝛺/𝜅with 𝛺 = max𝑗|𝜔𝑗| can be introduced as
the essential parameter of the oscillatory dynamics (the parameter 𝛺 can be consid
ered as a measure of the frequency distribution width). As the analysis shows, phase
approximation is admissible for sufficiently small 𝛺 and sufficiently small 𝜅. Then,
one can obtain the phase approximation of oscillatory dynamics (2.2-16) in the form

̇𝜃𝑗 = 𝜔𝑗 + 𝜅 𝑁∑
𝑘=1

W𝑗𝑘𝑟𝑘 sin(𝜃𝑘 − 𝜃𝑗 + 𝛽𝑗𝑘). (2.2-18)

Initial attempts to design an oscillatory associative memory network were based
on the dynamical system (2.2-18). It was clarified later that the exact dynamical sys
tem (2.2-1) is muchmore suitable for this task. Nevertheless, information on the prop
erties of the phase system (2.2-18) was proved to be useful and instructive for elucida
tion of the behavior of attractors of full dynamical system (2.2-1) [36]. To present here
some simple results on attractors of phase system (2.2-18), we introduce the eigenbasis
of the matrix �̂�.

Let 𝜆𝑚, 𝑚 = 1, . . . ,𝑀 (𝑀 = rank �̂�,𝑀 ≤ 𝑁) be real nonzero eigenvalues of the
Hermitian matrix �̂� and U𝑚 = (𝑈𝑚1 , . . . , 𝑈𝑚𝑁)𝑇 be the corresponding mutually orthog
onal 𝑁-dimensional eigenvectors vectors with complex-valued components, and U†

be the Hermitian conjugate to U. The one has

�̂�U𝑚 = 𝜆𝑚U𝑚, (U𝑘)†U𝑚 = 𝛿𝑘𝑚, 𝑚 = 1, . . . , 𝑀. (2.2-19)

Let the matrix �̂� be presented in the form of the outer-product expansion

�̂� = 𝑀∑
𝑚=1

𝜆𝑚U𝑚(U𝑚)†. (2.2-20)

Obviously, the expansion (2.2-20) is nothing but a representation of the linear
operator �̂� in the form of the sum of one-dimensional orthogonal projective oper
ators U𝑚(U𝑚)† onto the subspaces corresponding to the eigenvalues 𝜆𝑚. The vector
space X of state vectors z = (𝑧1, . . . , 𝑧𝑁)𝑇 of full amplitude-phase dynamical system
can be expanded into the set sum

X = X
1 ∪ X

2, (2.2-21)

where
X
1 = imX = {x | x = �̂�z}, X

2 = kerX = {x | �̂�x = 0}. (2.2-22)

It is clear that X = X1 when𝑀 = rank �̂� = 𝑁. In the general case (𝑀 < 𝑁) any
z ∈ X1 can be presented by its expansion in the orthogonal basis {U𝑚}:

z = 𝑀∑
𝑚=1

𝑍𝑚U𝑚, 𝑍𝑚 = (U𝑚)†z. (2.2-23)
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It is easy to see that the state vectors of the phase approximation (2.2-18) belongs
to the hypersphere 𝑆 of radius √𝑁, 𝑆 = {z | z ∈ X, ‖z‖ = √𝑁}. It is also convenient to
introduce the set of vectors {V𝑚} related to {U𝑚} by

V
𝑚 = √𝑁U𝑚, 𝑉𝑚𝑗 = 𝑒𝑖𝛽𝑚𝑗 , ‖V𝑚‖ = 𝑁. (2.2-24)

Then, instead of (2.2-20) we obtain a more convenient decomposition

�̂� = 1𝑁
𝑀∑
𝑚=1

𝜆𝑚V𝑚(V𝑚)†. (2.2-25)

Now one can recognize the variables 𝑍𝑚 as the “overlaps” that were used for
asymptotical analysis of the retrieval process in the case of neural networks of associa
tive memory (see Section 2.1). When the oscillator number𝑁 is large, the variables𝑍𝑚
are macrovariables. They can be considered as “order functions” governing the phase
transition into the synchronization state of oscillatory networks with inhomogeneous
all-to-all coupling.

In terms of the macrovariables 𝑍𝑚, the phase system (2.2-18) can be rewritten in
the form of𝑁 uncoupled equations

̇𝜃𝑗 = 𝜔𝑗 + 𝜅 𝑁∑
𝑘=1

𝜆𝑚𝑅𝑚 sin (𝜓𝑚 + 𝛽𝑚𝑗 − 𝜃𝑗) . (2.2-26)

The advantage of representation of phase system (2.2-18) in the form (2.2-26) is that
it provides the description of the phase dynamical system in terms of acting “mean
field.” In some simple situations it allows us to derive the self-consistency equations
in a closed form and to clarify completely the question on the number of stable attrac
tors of an oscillatory network and their bifurcations under network parameter varia
tions [42]. The coupling matrix of homogeneously coupled oscillatory network can be
defined as �̂� = UU†,U = 𝑁−1/2(1, . . . , 1)𝑇, and the unique, already known to us, order
function

𝑍 = 1𝑁
𝑁∑
𝑗=1

𝑒𝑖𝜃𝑗 (2.2-27)

exists in the case. The following self-consistency equation for 𝑅 = Re𝑍 can then be
obtained:

𝛾 = 𝑢 𝑁∑
𝑘=1

√1 − 𝛾2𝑗𝑢2, 𝛾 = 𝛺𝜅 , 𝑢 = 𝛾𝑅 , 𝛾𝑗 = 𝜔𝑗𝛺 . (2.2-28)

Based on the self-consistency equation (2.2-28), the behavior of stable attractors
of network dynamics under variation of the parameter 𝛾 for the network composed of
three homogeneously all-to-all coupled oscillators was elucidated [42] (see Figure 2.9)
with the following results. The value 𝛾 = 𝛾 = 0.588 corresponds to synchronization
threshold: the network is not synchronized at 𝛾 > 𝛾 (small interaction strength 𝜅);
synchronization arises at 𝛾 = 𝛾, and a pair node–saddle equilibria of the dynamical
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Fig. 2.9. Stable attractors of phase dynamical system in dependence on parameter 𝛾 = 𝛺/𝜅.

system (2.2-26) appears. The single stable attractor (the stable node 𝑁1) exists in the
interval 𝛾1 < 𝛾 ≤ 𝛾 (with 0 < 𝛾1 < 𝛾). Further, the second node–saddle pair appears
at 𝛾 = 𝛾2 (with 0 < 𝛾2 < 𝛾1), and the two stable attractors (nodes 𝑁1 and 𝑁2) coex
ist at 𝛾2 < 𝛾 ≤ 𝛾1. The third node–saddle pair appears at 𝛾 = 𝛾2, and three stable
attractors (the nodes 𝑁1, 𝑁2 and 𝑁3) coexist at 0 ≤ 𝛾 ≤ 𝛾2. If, on the contrary, 𝛾 in
creases starting from 𝛾 = 0 (strong interaction), at first three stable nodes coexist at
small 𝛾 (0 ≤ 𝛾 ≤ 𝛾2). Then, the stable nodes 𝑁2 and 𝑁3 disappear via a saddle–node
bifurcation at 𝛾 = 𝛾2 and 𝛾 = 𝛾1, and the single stable node 𝑁1 remains in the in
terval 𝛾1 < 𝛾 ≤ 𝛾. It should be noted that when the network with the coupling ma
trix �̂� = UU†, U = 𝑁−1/2(1, . . . , 1)𝑇 is considered as an associative memory network,
the stable attractors 𝑁2 and 𝑁3 should be referred to attractors belonging to the “ex
traneous”memory (that arise in addition to the “scheduled” attractors). The question
on extraneous memory will be discussed in more detail in Section 2.2.3.

Oscillatory associative memory networks, the admissible set of memory vectors,
and phasor networks
We now return to the dynamical system (2.2-3) and to the problem of the oscillatory
associative memory design. The dynamical system governing oscillatory network dy
namics is given by (2.2-5) with the coupling matrix �̂� satisfying the conditions (2.2-4).
The stable equilibria are defined by the following system of linear equations with con
stant coefficients: (�̃�(z) + 𝜅�̂�)z = 0, (2.2-29)
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where �̃�(z) = diag(�̃�1(z), . . . , �̃�𝑁(z)),
�̃�𝑗(z) = 1 + 𝑖𝜔𝑗 − |𝑧𝑗|2 − 𝜅 𝑁∑

𝑘=1

𝑊𝑗𝑘. (2.2-30)

The stability of equilibria is defined by eigenvalues of the Jacobian

̂𝐽(z) = (�̃�(z) + 𝜅�̂�). (2.2-31)

As we saw in Section 2.2.1, the state vectors that can figure as stable attractors of
the dynamical system (2.2-29) (the memory vectors that can be imposed into the oscil
latory network memory) are not arbitrary but must be chosen from a special set {V𝑚}
of mutually orthogonal vectors in C

𝑁 – the eigenvectors of matrix �̂�. This set can be
naturally called the “phase” basis:

B = {V𝑚 | 𝑉𝑚𝑗 = 𝑒𝑖𝛽𝑚𝑗 , (V𝑘)†V𝑚 = 𝑁𝛿𝑘𝑚, 𝑘, 𝑚 = 1, . . . , 𝑁}. (2.2-32)

The basis B is cyclical because equation (2.2-29) admits the cyclical𝑁-polygonal
pyramid group. Hence, all the vectors of B can be generated from the single unit vec
tor V0 = (1, . . . , 1)𝑇 by application of recurrent action of the group representation op
erator 𝑇𝑔 = diag(1, 𝑒𝑖𝜙, . . . , 𝑒𝑖(𝑁−1)𝜙), 𝜙 = 2𝜋𝑁 . (2.2-33)

An arbitrary𝑁 ×𝑁matrix �̂� satisfying the conditions (2.2-4) can be represented
in the form

�̂� = 1𝑁
𝑁∑
𝑚=1

𝜆𝑚V𝑚(V𝑚)†, (2.2-34)

where 𝜆𝑚 are some real numbers. The matrix �̂�𝐻 of rank𝑀,

�̂�𝐻 = 1𝑁
𝑀∑
𝑚=1

𝜆𝑚V𝑚(V𝑚)†, 𝑀 = rank �̂�𝐻 (2.2-35)

is the matrix of the projection operator onto the 𝑀-dimensional subspace of C𝑁

spanned by V1, . . . ,V𝑀. Similarly to vectors of the basis B, the matrices �̂� and �̂�𝐻

are cyclic.
Let us denote oscillatory network with arbitrary frequency distribution {𝜔𝑗} satis

fying the condition ∑𝑁𝑗=1 𝜔𝑗 = 0, and coupling matrix �̂�𝐻 as ON({𝜔𝑗}, 𝜅�̂�). Introduce
the special type of oscillatory network with zero frequencies: PN(𝜅�̂�) ≡ ON({0}, 𝜅�̂�).
These networks, which can be regarded as phasor networks, are closely related to so-
called clock neural networks (that, in tern, are related to systems of continuous-state
magnetic spins in a plane) [19]. The phasor networks are also closely related to CVNN,
which are now actively applied (see Section 2.2.5). On the other hand, the phasor net
works PN(𝜅�̂�) can be considered as the limit case of networks of coupled oscillators
with extremely strong oscillator interaction (since 𝛾 = 𝛺/𝜅 → 0 as 𝜅 → ∞). In the
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problem of oscillatory associative memory design the phasor networks PN({0}, 𝜅�̂�)
play a role of a key model, attaining the maximum storage capacity at special choice
of network parameters.

Class of networks with guaranteed memory characteristics and poor extraneous
memory
Stable attractors of dynamics of oscillatory networkON({𝜔𝑗}, 𝜅�̂�) and the correspond
ing PN(𝜅�̂�) are proved to be closely related. Namely, the following proposition is
valid.

Let V1, . . . ,V𝑀 be the stable attractors of network dynamics of the phasor net
work PN(𝜅�̂�), and the value of interaction strength �̃� for the network
ON({𝜔𝑗}, �̃��̂�) satisfies the condition 𝛾 = 𝛺/�̃� ≪ 1, where 𝛺 = max𝑗|𝜔𝑗|. Then, the
the memory vectors Ṽ1, . . . , Ṽ𝑀of the networkON({𝜔𝑗}, 𝜅�̂�) represent small perturba
tions of the corresponding V1, . . . ,V𝑀.

The proof of this statement can be obtained by the estimation of the norm‖Ṽ𝑘 − V𝑘‖ with the help of a perturbation method on the small parameter 𝛾. The
proximity of V1, . . . ,V𝑀 and Ṽ1, . . . , Ṽ𝑀 was also confirmed in computer study of
phase portraits of oscillatory dynamical systems at small𝑁 [37, 38].

The matrix �̂�𝐻, defined according to (2.2-35) is known as the Hebbian matrix of
connections (due to its direct relation to theHebbian learning). However, in contrast to
neural networks of associativememory,memory vectors of oscillatory network cannot
be arbitrarily chosen. Instead, they have to be chosen from the special set of mutually
orthogonal vectors ofC𝑁 – the “phase” basisB defined according to (2.2-32). Besides,
only the special choice of the number 𝑁 of network processing units (oscillators or
phasors) provides the networks with guaranteed (completely controllable) memory
characteristics. Thus, a special class of oscillatory associative memory networks can
be selected [37, 38]. Namely, if the number 𝑁 of oscillators is a prime number, the
memory storage capacity up to 𝑟 = 𝑀/𝑁 = 0.5 can be achieved for the the phasor
associative memory network. These networks are characterized by the following fea
tures: (a) any subset of𝑀 (𝑀 < [𝑁/2]) vectors from the phase basisB can be chosen
as the set of the network memory vectors; (b) the network possesses a poor and easily
diagnosed “extraneous” memory.

If the number𝑁 is not prime, the network memory is not completely controllable:
only special odd numbers𝑀 of memory vectors from B can be chosen as the sets of
network memory vectors.

The extraneousmemory – an additional set of stable equilibria of network dynam
ics that arises in the phase space of the governing dynamical system simultaneously
with the scheduledmemory vectors – crucially influences on the performance of asso
ciative memory network via decreasing the sizes of memory vector attraction basins.
As a result, the network retrieval performance degrades. The extraneous memory of
Hopfield networks was shown to grow exponentially under some conditions [17]. For
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oscillatory networks with composite numbers𝑁 the extraneousmemory definitely ex
ists, but its features havenot been completely studied. It is computationally confirmed
that if some extraneous vector P belongs to the phasor network memory, the number𝑀 = 𝑁 − 1 of another extraneous vectors different from P also exists in the network
memory. (This fact is a direct consequence of cyclicity of �̂�.) There is one more no
table property of extraneous memory of the phasor networks: unlike the memory vec
tors V1, . . . ,V𝑀 from the phase basis B, the components 𝑃𝑗 of extraneous vectors are
characterized by different |𝑃𝑗| for different 𝑗. In addition to isolated extraneous mem
ory vectors, a complicated degenerated stable equilibria can exist. These arise due
to the peculiar phase space of the governing dynamical system (an 𝑁-dimensional
torus). The detection of the degenerated extraneous equilibria is not a simple task.
As was revealed in the computer study, a vast extraneous memory, which can exist
for the oscillatory networks at composite numbers𝑁, results in drastic degradation of
network retrieval capabilities [37, 38].

Some analytical results on networks of limit cycle oscillators: Structural portrait of
a two-oscillatory dynamical system
In the case of the system of two coupled oscillators

�̇�1 = (1 + 𝑖𝜔1 − |𝑧1|2)𝑧1 + 𝜅𝑒𝑖𝛽(𝑧2 − 𝑧1),
�̇�2 = (1 + 𝑖𝜔2 − |𝑧2|2)𝑧2 + 𝜅𝑒𝑖𝛽(𝑧1 − 𝑧2), (2.2-36)

the parametrical space of the dynamical system is {𝜔, 𝜅, 𝛽}where 𝜔 = 𝜔1 = −𝜔2,𝑊12 =𝑒𝑖𝛽with thedomains−∞ < 𝜔 < ∞, 0 < 𝜅 < ∞and−𝜋/2 < 𝛽 < 𝜋/2. As one can see from
the form of equation (2.2-5), the whole set of equilibria of the oscillatory dynamical
system consists of two subsets: z = 0 and {z ̸= 0, (�̂�(z) + 𝜅�̂�)z = 0}.

LetDdenote the subdomain of the parametrical spacewhere the equilibrium z = 0
is stable and S denotes the subdomain where the equilibria {z ̸= 0, (�̂�(z) + 𝜅�̂�)z = 0}
are stable. The following results can be analytically obtained for the two-oscillatory
system [39]:
(1) There exist from one up to four fixed points of (2.2-36) in different domains of the

parametrical space, and only one of these points (the fixedpointU1 ∈ S) is a stable
node, whereas the others are saddles.

(2) The structural portrait of the system (2.2-36) contains the following domains:
(a) the domain S:

𝜔 > 0 : 𝜅 ≥ 𝑓1(𝜔, 𝛽) at 0 < 𝜔 < 𝜔1; 𝜅 ≥ 𝑓2(𝜔, 𝛽) at 𝜔 > 𝜔1,𝜔 < 0 : 𝜅 ≥ 𝑓3(𝜔, 𝛽) at 0 < |𝜔| < 𝜔2; 𝜅 ≥ 𝑓4(𝜔, 𝛽) at |𝜔| > 𝜔2,
(b) the domain D:

𝜔 > 0 : 𝑓3(𝜔, 𝛽) ≤ 𝜅 ≤ 𝑓2(𝜔, 𝛽) at 𝜔 ≥ 𝜔1,𝜔 < 0 : 𝑓5(𝜔, 𝛽) ≤ 𝜅 ≤ 𝑓4(𝜔, 𝛽) at |𝜔| ≥ 𝜔2,
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(c) the domainO:

𝜔 > 0 : 𝜅 < 𝑓1(𝜔, 𝛽) at 0 < 𝜔 < 𝜔1; 𝜅 < 𝑓2(𝜔, 𝛽) at 𝜔 > 𝜔1,𝜔 < 0 : 𝜅 < 𝑓3(𝜔, 𝛽) at 0 < |𝜔| < 𝜔2; 𝜅 < 𝑓4(𝜔, 𝛽) at |𝜔| > 𝜔2,
where

𝑓1(𝜔, 𝛽) = 𝜔1 + sin 𝛽 , 𝑓2(𝜔, 𝛽) = 𝜔2 + 12(𝜔 sin 𝛽 + cos 𝛽) ,
𝑓3(𝜔, 𝛽) = 𝜔1 − sin 𝛽 , 𝑓4(𝜔, 𝛽) = 𝑓2(−|𝜔|, 𝛽),

𝜔1 = 1 + sin 𝛽cos 𝛽 , 𝜔2 = 1 − sin 𝛽cos 𝛽 .

The projection of the structural portrait onto the quadrant (𝜔, 𝜅, 0), 𝜔 ≥ 0 is shown
in Figure 2.10. The domains S (the synchronization domain), D (the domain of un
steadymultifrequency oscillations) andO (the domain of oscillation suppression) can
be written analytically in the following form:

S = {𝑎 ≥ 𝜔, 𝜔 ≤ 1} ∪ {𝑎 ≥ (𝜔2 + 1)/2, 𝜔 > 1},
O = {𝑎 < 𝜔, 𝜔 ≤ 1} ∪ {𝑎 < 1, 𝜔 > 1},
D = {1 ≤ 𝑎 ≤ (𝜔2 + 1)/2}.

(2.2-37)

The structural portrait is symmetrical with respect to the 𝜅-axis at real-valued 𝜅
(Im 𝜅 = 0) in the upper half-plane 𝜅 > 0. The symmetry is absent if Im 𝜅 ̸= 0. The
simplicity of the structural portrait is a consequence of coupling symmetry. In the case
of nonsymmetrical coupling, a narrow domain corresponding to more complicated
oscillatory dynamics arises in the vicinity of the line 𝜅 = 𝜔, 𝜔 ∈ [0, 1]. However, in the

3
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S                            D
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Fig. 2.10. Structural portrait of dynamical system of two coupled oscillators at Im 𝜅 = 0 (the projec
tion of full structural portrait of the system (2.2-36) onto the quadrant (𝜔, 𝜅, 0), 𝜔 ≥ 0).
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Fig. 2.11. Phase trajectories and temporal dynamics 𝑥1(𝑡) and 𝑥2(𝑡) of system of two coupled oscilla
tors in parametric domains (a) O, (b) D, and (c) S.

caseof the two-oscillatory system thisnarrowdomaindoesnot contain the subdomain
corresponding to chaotic dynamics.

The examples of the dynamical regimes in the domains O, D, and S are given in
Figure 2.11.

Some analytical results on networks of limit cycle oscillators: number of stable
attractors for small oscillatory chains
A class of closed chains of limit cycle oscillators represents an important special ex
ample of globally coupled oscillatory systems and possesses some attractive features.
These networks can be considered as building blocks in the problem of design of os
cillatory associativememory networks with general interconnection architecture. Ho
mogeneously coupled closed oscillatory chains are governed by the dynamical sys
tem (2.2-3) with𝑊𝑗𝑘 = 𝑤𝛿𝑗+1,𝑘, where 𝑤 = 𝑏 + 𝑖𝑐 ≡ 𝑢𝑒𝑖𝛽. At small𝑁 (𝑁 = 3, 4, 5, 6) the
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Fig. 2.12. The structural portrait of dynamical system governing the dynamics of the oscillatory
chain of six oscillators. The numbers in the picture denote the numbers of stable attractors in de
pendence of coupling strength𝑤 = 𝑏 + 𝑖𝑐.

chains were analyzed analytically, and the obtained results were further confirmed in
computer experiments.

The structural portrait of the dynamical system governing the dynamics of the
oscillatory chain that comprises six oscillators in parametrical plane (𝑏, 𝑐) is shown
in Figure 2.12. It contains the domains of existence of one, two and three stable fixed
points of the dynamical system. All fixed points correspond to memory vectors from
the phase basis B. The stability of the domains when 𝑁 grows was estimated. For
example, the domain of stability of the memory vector V0 = (1, . . . , 1)𝑇 increases as𝑁 grows, whereas the domains of stability of the other vectors from B decreases [41].
An interesting feature of closed oscillator chains is that they provide an example of
coupling architecture of oscillatory associative memory networks that lacks extrane
ous memory.

An asymptotical estimation ofmemory storage capacity of oscillatory chains gives
the value 𝑟𝑎𝑠 = 0.27.

2.2.4 Oscillatory media related to networks of limit cycle oscillators

In this section, we consider a class of oscillatory networks consisting of locally cou
pled limit cycle oscillators. In spatially continuous limit these networks canbe viewed
as oscillatory media governed by a nonlinear diffusion equation – the so-called re
action–diffusion equation (RDE). Spatiotemporal regimes in nonlinear media (wave
trains, standing waves, spiral waves, stripe patterns, and cluster states) has been
studied since 70s and arewidely known as dissipative structures. Belousov–Zhabotin
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Fig. 2.13. The examples of spatiotemporal regimes (dissipative structures) in nonlinear media, gov
erned by 2D CGL: spiral defect chaos near threshold of Rayleigh–Benard convection (left); coexis
tence of spirals and defect chaos (right).

sky oscillating chemical reaction in a thin layer of fluid and oscillatory media of
Ginzburg–Landau oscillators belong to the most familiar examples of nonlinear ac
tive media. A considerable scope of oscillatory media studies exists, including strict
mathematical results, physical level results and computer modeling [18, 23, 24]. The
examples of dissipative structures arising in two-dimensional nonlinear media gov
erned by the complex Ginzburg–Landau equation are shown in Figure 2.13.

Depending on the local coupling template (the number of closest neighbors cou
pled with each network unit), the networks can be considered as 1D, 2D, or 𝑛D spa
tially distributed arrays of processors. Similarly to locally connected neural networks
known as cellular neural networks [57], the locally coupled oscillator arrays may be
naturally regarded as cellular oscillatory networks. The two-dimensional oscillator ar
rays canbe successfully used tomodel collective oscillatoryneural activity.Wepresent
here some results of analytical study of possible dynamical regimes in one-dimen
sional oscillatory media corresponding to closed and open oscillator chains.

For locally coupled Ginzburg–Landau oscillator arrays it is convenient to rewrite
the governing dynamical system (2.2-3) in the form

�̇�𝑗 = (1 + 𝑖𝜔𝑗 − |𝑢𝑗|2)𝑢𝑗 + 𝜅 𝑁∑
𝑘=1

𝑊𝑗𝑘(𝑢𝑘 − 𝑢𝑗), (2.2-38)

where 𝑢𝑗 = 𝑟𝑗𝑒𝑖𝜃𝑗 , 𝑊𝑗𝑘 = 𝑊∗
𝑘𝑗. (2.2-39)

In the case of homogeneously locally coupled oscillatory chains, the couplingma
trix elements can be written as

𝑊𝑗𝑘 = 𝑑 𝛿𝑗−1,𝑘𝛿𝑗+1,𝑘, 𝑑 = 𝜅𝑒𝑖𝜒 ≡ 𝑑1 + 𝑖𝑑2, (2.2-40)

where 𝑑 is the coupling strength in the chain. To transform the dynamical sys
tem (2.2-38) into its spatially continuous analog, one should introduce the spatial
coordinate 𝑥 (𝑥 ∈ [0, 𝑙]), and the complex-valued function 𝑢(𝑥, 𝑡) instead of 𝑢𝑗(𝑡).
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Then, the RDE can be easily derived:

�̇� = (1 + 𝑖𝜔(𝑥) − |𝑢|2)𝑢 + 𝑑 𝑢𝑥𝑥, (2.2-41)

where 𝑢(𝑥, 𝑡) = 𝑢1(𝑥, 𝑡) + 𝑖𝑢2(𝑥, 𝑡), and the second derivative 𝑢𝑥𝑥 ≡ 𝜕2𝑢/𝜕𝑥2 plays the
role of Laplacian 𝛥𝑢 in 1D case. Equation (2.2-41) can be rewritten in terms of the two-
component real-valued vector-function u(𝑥, 𝑡) = (𝑢1, 𝑢2)𝑇:

u̇ = �̂�(u)u + �̂�u𝑥𝑥 (2.2-42)

where

�̂�(u) = (1 − 𝑢21 − 𝑢22 −𝜔𝜔 1 − 𝑢21 − 𝑢22) , �̂� = (𝑑1 −𝑑2𝑑2 𝑑1) . (2.2-43)

Oscillatory media governed by the RDE (2.2-41) represent a special type of Ginz-
burg–Landau oscillatory media governed by the widely known equation

�̇� = [1 + 𝑖𝜔 − (1 + 𝑖𝛽)|𝑤|2]𝑤 + (1 + 𝑖𝜖)𝛥𝑤. (2.2-44)

However, the diffusion operator in (2.2-41) is of more general type than that in
equation (2.2-44).

The following properties are inherent to the RDE (2.2-41).
(1) If𝜔(𝑥) = 𝜔 = const, the function𝑤(𝑥, 𝑡) = 𝑢(𝑥, 𝑡)𝑒−𝑖𝜔𝑡 satisfies the RDE (2.2-41) with𝜔 = 0. So, it is sufficient to analyze only an RDE with 𝜔 = 0.
(2) The function 𝑢0(𝑥, 𝑡) = 𝑒𝑖𝜃0 is a spatially homogeneous solution of the RDE (2.2-41)

with 𝜔 = 0.
(3) If 𝜔 = 0, the complex-valued vector-function w(𝑥, 𝑡) = (𝑢, 𝑣)𝑇 = 2−1/2(𝑢1 + 𝑖𝑢2, 𝑢1 −𝑖𝑢2)𝑇 satisfies the RDE with a diagonal diffusion operator:

[�̇̇�𝑣] = (1 − |𝑢|2 − |𝑣|2) (1 00 1)[𝑢𝑣] + 𝜅(𝑒
𝑖𝜒 00 𝑒−𝑖𝜒)[𝑢𝑥𝑥𝑣𝑥𝑥] . (2.2-45)

(4) To further analyze the properties of the nonlinear RDE it is helpful to use an
expansion of the solution into the series of orthonormalized system of eigen
functions {𝑋𝑚(𝑥)} of the corresponding linear scalar diffusion operator. For the
RDE (2.2-41) with 𝜔 = 0 these series can be written in the form

𝑢1(𝑥, 𝑡) = ∞∑
𝑚=1

𝑋𝑚(𝑥)𝑃𝑚(𝑡), 𝑢2(𝑥, 𝑡) = ∞∑
𝑚=1

𝑋𝑚(𝑥)𝑄𝑚(𝑡), (2.2-46)

where 𝑋𝑚(𝑥) are simple periodic functions of 𝑥 (for open chain 𝑋𝑚(𝑥) =cos(𝜋𝑚𝑥/𝑙)), and {𝑃𝑚(𝑥), 𝑄𝑚(𝑥)} can be obtained from the solution of the system
of coupled ODE – the “moment system” [40].

By analyzing the series (2.2-46) it is possible to elucidate the main features of the
RDE (2.2-41) solutions [40]. We mention of the most important of them.



�

�
Margarita Kuzmina, Eduard Manykin, Evgeny Grichuk: Oscillatory Neural

Networks — 2013/10/11 — 11:18 — page 70
�

�

�

�

�

�

70 | 2 Neural and oscillatory networks of associative memory

(1) The diffusion instability of 1D oscillatory media corresponding to closed oscilla
tory chains occurs in some parametrical domain of (𝜅, 𝜒).

(2) The regimeof planewave trains (theRDE solutions of the form 𝑢(𝑥, 𝑡) = 𝑈(𝜔𝑡−𝑘𝑥))
can exist. It can arise as a result of a bifurcation from a spatially homogeneous
dynamical state.

(3) In the case of oscillatory media corresponding to open oscillator chains, the
regime of modulated standing waves (special RDE solutions with separated vari
ables 𝑥 and 𝑡) can also exist. Its existence was established by analyzing the
series (2.2-46).

(4) Cluster states – the RDE solution with separated variables 𝑥 and 𝑡 of another type
than standingwaves – can exist aswell. The cluster states correspond to the oscil
latory medium decomposition into synchronously oscillating subdomains (clus
ters), where each cluster oscillates with its own frequency, amplitude and phase
shift. The regimes of cluster synchronization are of special interest from the view
point of dynamical neuromorphic methods of image processing.

2.2.5 Associative memory networks of complex-valued neurons

The processing units of CVNN are neurons with complex-valued states and discrete-
valued activation functions. Accordingly, network coupling is specified by matrices
with complex-valued elements.

As was clarified, complex-valued neurons are more functional than real-valued
ones. Themultivalued activation functionmakes single network neuronmore flexible
and adaptive. As a result, the CVNN are capable to learn faster and generalize better.
In particular, they permit us to overcome the Minsky–Papert limitation and to extend
the solvable class of nonlinearly separable problems. The CVNNmodels with continu
ous-valued activation functionswere successfully developed aswell. Itwas possible to
generalize the perceptron learning rule to construct the complex-valued back propa
gation algorithm. In addition, the learning algorithms for CVNNwere constructed that
do not suffer from the local minima phenomenon. A significant advantage is inher
ent to CVNN in signal and image processing problems due to the proper exploitation
of phase information. Single-layer and multilayer CVNN of feedforward architecture
are capable to analyze the phases of the Fourier spectral coefficients and to achieve
successful recognition and restoration of blurred and corrupted images. The CVNN
also permit us to naturally exploit a multivalued logic over the field of complex num
bers [1–5, 25].

Recurrent complex-valued neural networks of associative memory were also de
signed and studied [26, 32]. They consist of𝑁 fully connected multistate neurons, the
output of each neuron being determined by the equation

𝑥𝑗 = 𝜙( 𝑁∑
𝑛=1

𝑆𝑗𝑛𝑥𝑛) , (2.2-47)
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where ̂𝑆 = [𝑆𝑗𝑛] is the complex𝑁×𝑁matrix, and 𝜙(𝑥) is the complexmultivalued sign
function. The recurrent associative memory CVNN is capable to store complex-valued
vectors

X
𝑘, X𝑘 = (𝑥𝑘1 , . . . , 𝑥𝑘𝑁)𝑇 , X𝑘 ∈ C

𝑁 (2.2-48)

as a set of stable attractors of neural network dynamics. The components of X𝑘 may
be both continuous valued and quantized, that is, defined as

𝑥𝑘𝑗 ∈ {𝑒2𝜋𝑖𝑛/𝐾}𝐾−1𝑛=1
, 𝑗 = 1, . . . , 𝑁, (2.2-49)

where the resolution factor𝐾 divides the complexunit circle into𝐾quantization levels
(separate sectors). Similarly to the case of real-valued neural networks, the energy
function can be introduced for CVNN, providing the analysis of CVNN dynamics in
terms of local energy minima. If the matrix ̂𝑆 is chosen in the form of the sum of outer-
products over the memory vectors (the generalized Hebb rule),

̂𝑆 = 1𝑁
𝑀∑
𝑚=1

X
𝑚(X𝑚)†, (2.2-50)

the set (2.2-48) of𝑀 memory vectors can be stored by a complex-valued autocorrela
tion associative memory network. In the case of CVNN each memory vector is not an
isolated equilibrium point but an equilibrium subset of the network (a closed curve
in the complex space). The asymptotic behavior of a dynamical system trajectory near
memory vectors was analyzed, and conditions assuring the correct recall of a memory
vector were discussed [34].

The temporal evolution of the overlap during thememory retrieval phasewas also
studied in computer experiments. It was found that in the case of unsuccessful mem
ory vector recall, the variable overlap demonstrates a kind of oscillatory dynamics. It
reflects the behavior of the trajectory of the network dynamical system in the vicinity
of the stable attractor corresponding to the memory vector (which is similar to trajec
tory behavior near very slowly damping stable focus). The network storage capacity𝑟 = 𝑀/𝑁 achieves the value 𝑟∗ = 0.5 for CVNN of autoassociative memory [47].

On the whole, a great number of publications is devoted to various aspects of cur
rently popular CVNN topic, including their numerous applications.

Concluding the section, we note a close resemblance between complex-valued as
sociativememory neural networks and recurrent phasor networks of associativemem
ory discussed in Section 2.2.3.
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3 Oscillatory networks for modeling the brain
structures performance

3.1 Motivations for oscillatory network modeling

Coherent oscillations and synchronization of the neural activity was observed in dif
ferent areas of the brain of mammals, amphibians and insects. Synchronization was
discovered in monkey’s motor cortex and in the visual cortices of cats. Synchronous
oscillations in the antennal lobe of insects appear to enhance the animal ability to
distinguish between two closely related odors. The exhibition of synchronized neu
ral activity in a wide range of brain areas of a diversity of organisms indicates that
synchronization presumably plays a fundamental role in the brain information pro
cessing. In particular, synchronization and resonance are used in many human brain
neural structures: olfactory and auditory systems, thalamocortical system, hippocam
pus, and neocortex.

All this induced large interest to theoretical studies of oscillatory networks and
stimulated the development of oscillatory network models for various information
processing tasks. As a result, a series of oscillatory neural network models, exploiting
principle of dynamical binding via synchronization, was created. Besides the models
developed for image processing [5, 6, 11–14, 17–19, 23–27, 31–34, 45, 46, 49, 50], oscil
latory network model for processing of mixed sound streams [43, 47, 48] for olfactory
information processing and odor recognition [30, 37, 38]was designed. It was clarified
that the oscillatory dynamical methods of image processing demonstrate some ad
vantages over traditional computational methods, mainly due to their self-organized,
distributed and automatic style of performance.

3.2 Oscillatory network models for the olfactory and auditory
brain systems

3.2.1 System of two coupled oscillatory networks for modeling the olfactory brain
system functioning

The olfactory brain system consists of a pair of coupled modules – the olfactory bulb
and the olfactory cortex. The main feature of this system is that the olfactory bulb
transforms any input odor into the oscillatory neural activity. Further, all kinds of in
formation processing are performed by cooperative work of the olfactory bulb and ol
factory cortex using resonance, selective cortical response and odor-specific feedback
suppression of olfactory bulb response. In addition, oscillatory associativememory is
exploited by the olfactory system to successfully perform odor detection, recognition
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and segmentation. Mechanism of odor-specific feedback provides adaptive function
ing that can be viewed as the simplest example of cognitive neural computation.

The model of two coupled neural networks each consisting of excitatory and in
hibitory neurons and capable of oscillatory dynamics was designed by Li, Hopfield,
and Hertz [30, 37, 38] for modeling the olfactory bulb and olfactory cortex joint per
formance.

Before describing the model, it is necessary to say a few words about neuron
types and interconnectivity architecture of the brain olfactory system. The main neu
ron types of the olfactory bulb are the excitatorymitral cells and the inhibitory granule
cells. Themitral cells receive odor inputs and excite the granule cells, which in turn in
hibit the mitral cells. The outputs of the bulb are carried to the olfactory cortex. Odors
induce theoscillatory bulbar activity. Theseoscillations are an intrinsic property of the
bulb, and upon repeated presentation of the odor they weaken. The primary olfactory
cortex receives bulbar outputs. The signals are conveyed to the excitatory pyramidal
cells of the cortex, both directly and via feedforward inhibitory cells of the cortex.
The pyramidal cells are connected with each other and with feedback interneurons
(which inhibit them). Thus, there is some excitatory–inhibitory circuitry both in the
bulb and in the cortex. The cortex differs from the bulb in much greater spatial range
of the excitatory connections and in presence of excitatory–excitatory connections.
Cortical output (including the feedback to the bulb) starts from pyramidal cells. It is
important to note that the oscillations in the cortex do not arise spontaneously and
require an input from the bulb. This anatomical structure has led some researchers to
model the olfactory cortex as an associative memory for odors.

In the model [38] only basic features of the olfactory system were retained to il
lustrate the basic operation of the system. The model consists of two modules, a bulb
anda cortex,with forwardand feedback connectionsbetween them. Thebulb encodes
odor inputs as patterns of oscillations entering into the cortex. The cortex, represent
ing an oscillatory associative memory network, recognizes them via oscillatory reso
nance when the input from the bulb matches one of the stored odor memory patterns.
The resonant activity pattern is transformed into a feedback control signal to the bulb,
leading to approximate canceling the odor input that generated it. The system is then
able to respond to a newly arrived odor (which can be superposed with the previous
one). In this way, the system segments temporally different odors.

Damping limit cycle oscillators figure in the model of two coupled neural net
works as functional units of both the bulb and the cortex networks, although local
populations of excitatory and inhibitory neurons figure as the structural units of both
networks. Single network oscillator is formed by these coupled local neuron subpop
ulations (of excitatory mitral cells and inhibitory granule cells). The first version of
bulb oscillator model was created by Li and Hopfield [38]. Dynamical equations for
the neural oscillator were written in terms of membrane potential of the mitral neu
ron (the variable 𝑥) and the granule cell (the variable 𝑦), averaged over local neuron
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populations:

̇𝑥𝑗 = −𝛼𝑥𝑗 −∑
𝑘

𝐻𝑗𝑘𝑔𝑦(𝑦𝑘) + 𝐼𝑗,
̇𝑦𝑗 = −𝛼𝑦𝑗 +∑

𝑘

𝑊𝑗𝑘𝑔𝑥(𝑥𝑘) + 𝐼𝑐𝑗 . (3.2-1)

Here 𝐼𝑗 is the odor input to mitral neuron, 𝐼𝑐𝑗 is the external input from the cortex
(containing the feedback signal), 𝐻𝑗𝑘 is the (nonnegative) weight of inhibitory con
nection from the granule neuron 𝑘 to the mitral neuron 𝑗,𝑊𝑗𝑘 is the weight of corre
spondingmitral-to-granule connection, 𝑔𝑦(𝑦) is the sigmoid activation function of the
granule neuron, 𝑔𝑥(𝑥) is the similar activation function of mitral neuron and 1/𝛼 is the
membrane time constant.

In fact, the network model represents a two-layered feedforward neural network
with two external entries – the external input and the input from olfactory network
(for realization of feedback control). When the odor intensity exceeds some thresh
old value, the bulb network demonstrates bursting oscillatory dynamics in the form
of oscillatory packets of finite duration. There exists a finite discrete collection of os
cillatory eigenpatterns of the bulb network defined by the network parameters. Non
linear feedback from olfactory network permits to gradually change the parameters of
bulb eigenoscillations and to control the response of the bulb to external input odor
mixtures.

The model of the olfactory cortex is structurally similar to the bulb network. Its
functional unit – a single oscillator – is formed by the (averaged) excitatory pyramidal
neuron and the inhibitory interneuron. The difference between both networks mainly
concerns the connection architecture. Namely, the cortex network receives oscillatory
inputs from the bulb network and there exist internal excitatory-to-excitatory connec
tions in the cortex network in contrast to the bulb network. Therefore, the cortex net
work can be represented as a two-layer recurrent network of associativememory. A set
of stable focuses (that correspond to packets of damping oscillations of appropriate
mean frequency) form a collection of network memory templates. The cortex network
demonstrates a resonant response to the oscillatory input from the bulb network in
the case when the frequency of the input is close to one of the mean eigenfrequencies
of the cortex network (then it is in the corresponding eigenoscillatory state). Other
wise, the cortex network is in the “silence” state. The resonant oscillatory cortex net
work response is interpreted as “odor recognition.” The cortex network feedback to
the bulb is empirically designed but biologically motivated. It is not negligible only
in the case when own network response does not vanish. The system of governing
dynamical equations can be written as

�̇�𝑗 = −𝛼𝑢𝑗 − 𝛽𝑔𝑢(𝑢𝑗) + ∑
𝑘

𝐽𝑗𝑘𝑔𝑣(𝑣𝑘) − ∑
𝑘

𝐻𝑗𝑘𝑔𝑣(𝑣𝑘) + 𝐼𝑏𝑗 ,
�̇�𝑗 = −𝛼𝑣𝑗 + 𝛾𝑔𝑢(𝑢𝑗) + ∑

𝑘

𝑊𝑗𝑘𝑔𝑢(𝑢𝑘). (3.2-2)
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Here 𝑢𝑗 is the average membrane potential of local population of pyramidal neu
rons and 𝑣𝑗 is that one of interneuron population, ̂𝐽 = [𝐽𝑗𝑘] is the matrix of excitatory-
to-excitatory connections, �̂� = [𝐻𝑗𝑘] is the matrix of inhibitory-to-excitatory connec
tions and �̂� = [𝑊𝑗𝑘] is the matrix of excitatory-to-inhibitory connections.

Detection and recognition of an input odor by the system is carried out in two
steps: (1) if the odor of sufficient intensity has been recognized by cortex network as
a familiar one, the bulb network response to the subsequent odor is “blocked” by the
feedback from cortex network (the blocking is realized via shifting the location of bulb
network attractor corresponding to the received odor); (2) at subsequent odor mixture
the bulb network does not react to already diagnosed odor (as if it was excluded from
the odor mixture), and so the bulb network is able to respond to the subsequent odor.

Computer simulations were performed with networks consisting of 50 excitatory
and 50 inhibitory neurons. The Hebbianmatrices ̂𝐽 and �̂�were designed so as to pro
vide storing of three stable oscillatory attractors in the cortex network. Thus, the de
signed two-network model of olfactory brain system is capable to detect, recognize
and segment (via exclusion from the unknown mixture) odors. The three tasks car
ried out by the system – detection, recognition and segmentation – are computation
ally linked. The designed systemperformswhatmight be called the simplest cognitive
computation. It is natural to suppose that the flexible adaptation of the biological ol
factory system was elaborated by biological evolution.

3.2.2 Oscillatory network approach to segmentation of mixed interfering acoustic
streams

The acoustic streams reaching our ears are composed of sound energy from multiple
environmental sources. Consequently, a fundamental task of auditory perception is
to disentangle this acoustic mixture in order to retrieve its separate components. The
problem can be categorized as auditory scene analysis. Human ear exhibits a remark
able ability to segregate thevoiceof a single speaker fromamixture of other interfering
sounds. So, the creation of neuromorphic computational models capable to imitate
neurobiological process of decomposition of mixed sound stream is always of inter
est. As usual, suchmodels are also capable of robust and automatic performance. The
auditory scene analysis is related to the problem of blind source separation, which
was developed independently [43, 52].

The appeal to oscillatory approaches to auditory scene analysis was related to the
fact that synchronized oscillations with frequency of about 40Hz were experimen
tally discovered in the brain auditory cortex similarly and in the visual and olfactory
brain systems. So, the application of the idea of temporal dynamical binding to audi
tory grouping problems was initiated in the early 1980s [44]. In particular, oscillatory
binding via synchronization seemed to be relevant in problems of auditory scene anal
ysis. Oscillatory network model with synchronization-based performance, capable to
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segregate sound stream from a variety of interfering sound sources, was suggested by
Wang and Brown [47]. It is a combination of two interactively performing networks of
relaxation oscillators with local excitatory and global inhibitory network connections.
The preliminary calculation of sound stream characteristics should be fulfilled to find
the full set of frequency-temporal stream parameters (“segmentation”). In the frames
of the model it was done via stream transmission through etalon filter system imitat
ing the transfer function of cochlear filtering. At the first stage the full set of frequency-
temporal stream characteristics including correlogram, integral correlogram and full
cross-channel correlationmap of sound stream is found. At the second stage the basic
processing of auditory stream is carried out with the help of the two-layered oscilla
tory network. The first layer represents the network composed of relaxation oscillators
located at a 2D gridwith local excitatory and global inhibitory oscillator coupling. Sin
gle network oscillator is defined by excitatory variable 𝑥𝑗𝑘 and inhibitory variable 𝑦𝑗𝑘.
The dynamical equations are written in the form

�̇�𝑗𝑘 = 3𝑥𝑗𝑘 − 𝑥3𝑗𝑘 + 2 − 𝑦𝑗𝑘 + 𝐼𝑗𝑘 + 𝑆𝑗𝑘 + 𝜌,
̇𝑦𝑗𝑘 = 𝜖 [𝛾 (1 + tanh 𝑥𝑗𝑘𝛽 )] − 𝑦𝑗𝑘. (3.2-3)

Here 𝐼𝑗𝑘 represents the external stimulation, 𝑆𝑗𝑘 denotes the overall coupling
from other network oscillators, and 𝜌 is the amplitude of Gaussian noise. The equa
tions (3.2-3) define a relaxation oscillator with stable limit cycle and two time scales
(the oscillator is similar to the Van der Pol oscillator). In the problem of sound stream
processing, the weights of oscillator connections were derived from cross-correlation
information found at previous stage. Under the network dynamics, the synchronized
clusters of oscillators (segments) are formed in this oscillatory network layer in cor
respondence with connected regions of acoustic energy in the time–frequency plane.
Different synchronized oscillatory clusters are desynchronized, and thus, the first
layer provides the decomposition of acoustic mixture into a collection of sensory
elements. It corresponds to auditory scene decomposition into the set of primary
structure elements.

In the next stage, oscillatory network of the second layer realizes further process
ing of the auditory stream – grouping of different sensory elements into components.
Two types of connections were designed in the network of the second layer: internal
connections depending on correlation information of the stream and external (verti
cal) connections from the network of the first layer. The network of the second layer is
capable to reconstruct the acoustic stream components from previously obtained sen
sory elements. The reconstruction includes: (1) the reconstructionof the basic acoustic
component, (2) the reconstruction of peripheral components and (3) the reconstruc
tion of the “middle” area. All these steps are achieved via cluster synchronization of
oscillatory network. The acoustic stream is represented in the form of the network de
composition into the set of internally synchronized andmutually desynchronized os
cillatory clusters encoding proximity in frequency and time (special methods of filtra
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tion were also used at the first stage). Therefore, it is possible to interpret the acoustic
stream reconstruction realized by the oscillatory network method as auditory scene
synthesis from its elementary constituents.

The two-layer oscillatory network performance was tested on several stream ex
amples with voiced speech perturbed by interfering sounds of the telephone mixture.
Good network performance was demonstrated. As was stressed by the authors, the
designed model includes only bottom-up processing corresponding to primitive seg
regation. But it is known that auditory scene analysis is notably influenced by the prior
knowledge (the so-called schema-based organization). The model was further elabo
rated based on statistical analysis of general signal properties (in particular, via ac
counting for the uncorrelatedness of speech and noise), but without using oscillatory
networks for acoustic stream decomposition and reconstruction. In this way, the ap
proach to solution of speech segregation problem based on the analysis of perceptual
and speech properties and speech enhancement was developed [48].

3.3 Oscillatory network models for visual image processing tasks

Networks of nonlinear coupled oscillatorswith controllable connectivity architectures
were successfully exploited in various problems of image processing, such as bright
ness image segmentation, image contour extraction and object selection in a visual
scene. A great diversity of problems related to image processing stimulated the de
velopment of complicated traditional computational methods of image analysis and
transformation. The most simple brightness image segmentation tasks are computa
tionally complicated ones, being related to processing of great amount of information.
These tasks still remain a crucial problem in machine vision. Although the human
brain performs image analysis efficiently and with apparent ease, it is still a major
challenge for computer vision systems. Dynamical approaches to image processing
based on construction of oscillatory network models and exploiting principles of dy
namical binding via synchronization represent a promising alternative to traditional
computational methods of image processing. Most of such approaches were devel
oped based on neuromorphic models imitating various aspects of functioning of the
brain neural structures. They provide self-organized adaptive algorithms with auto
matic performance. Several of the most valuable oscillatory network models based on
systems of limit cycle oscillators are presented and shortly described in the section.

3.3.1 Oscillatory model by Malsburg and Buhmann

The oscillatory network model suggested by Malsburg and Buhmann [45] was one of
the first models for solving the problem of object separation in a visual scene. The net
work consists of a collection of identical 2D subnetworks. The oscillators of each sub
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network are localized in the 2D grid, so that one oscillator corresponds to each image
pixel. The subnetworks correspond to different image objects that need to be selected.
The internal oscillator connections in each layer are designed to provide the synchro
nization of oscillator groups corresponding to the same image segment, the desyn
chronization between oscillator groups corresponding to different image segments
and the damping of activity of other oscillators that do not correspond to some image
segment. To this end three types of oscillator connections were designed: (1) global
(one-to-one) connections between the oscillators in each layer (horizontal connec
tions); (2) local connections between the layers; (3) connections with inhibitor units
preventing global correlations. It proved possible to achieve internal synchronization
of the oscillatory ensembles corresponding to each object andmutual desynchroniza
tion of ensembles corresponding to different objects. The performance of the model
was demonstrated in the problem of segmentation of synthetic (36 × 36 pixels) im
ages. Furthermodel development allowedus to extend it to the processing of real gray-
scaled multipixel images, however, at the price of appropriate image preprocessing.

3.3.2 Model LEGION by Wang and Terman

The remarkable oscillatory network model for visual image segmentation is the os
cillatory network Locally Excitatory Globally Inhibitory Oscillator Network (LEGION)
designed first in 1995 [5, 6, 46, 49, 50]. Themodel is not directly related tomodeling the
brain visual processing. But nevertheless, its most perfect version [6] delivers highly
effective dynamical image segmentation algorithm based on the synchronization in
oscillatory networks. Active network unit is a relaxation (limit cycle) oscillator (of the
Van der Pol oscillator type). The internal dynamics of a single oscillator is dependent
on the external input defined by image pixel brightness, the local stationary excita
tory connections with closest neighbors, the action of global inhibitor and Gaussian
noise. Network oscillators are located in 2D spatial lattice that is in one-to-one corre
spondencewith the imagepixel array. In addition to stationary connections andglobal
inhibitor, a dynamical coupling was designed in the network. Besides, a method of
dynamical coupling adaptationwas developed that allowed us to essentially improve
the quality of network performance.

The governing dynamical system for the LEGION network can be written as
(cf. (3.2-3)):

̇𝑥𝑗𝑘 = 3𝑥𝑗𝑘 − 𝑥3𝑗𝑘 + 2 − 𝑦𝑗𝑘 + 𝐼𝑗𝑘𝐻(𝑝𝑗𝑘 − 𝜃) + 𝑆𝑗𝑘 + 𝜌,
̇𝑦𝑗𝑘 = 𝜖 [𝛾 (1 + tanh 𝑥𝑗𝑘𝛽 )] − 𝑦𝑗𝑘, (3.3-1)

where𝐻(𝑥) is theHeaviside step function,𝑝𝑗𝑘 is the lateral potential of oscillator (𝑗, 𝑘),𝜃 is the threshold defining a specific character of oscillator role in the network dynam
ics (whether the oscillator is a leader), 𝜌 is the amplitude of the Gaussian noise and
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the parameter 𝜖 (0 < 𝜖 ≤ 1) is chosen to ensure standard relaxation oscillations in
the absence of noise. The oscillator is capable to demonstrate the active phase (stable
steady oscillations) at 𝐼 > 0 and the silent phase (the absence of oscillations) at 𝐼 < 0.
The function𝐻(𝑥) is introduced to provide amechanism to distinguish between object
and noise fragments. The coupling term 𝑆𝑗𝑘 in (3.3-1) is defined by the total coupling
term 𝑆𝑎𝑗𝑘 with active neighboring oscillators and the weight𝑊𝑧 of inhibition from the
global inhibitor activity 𝑧: 𝑆𝑗𝑘 = 𝑆𝑎𝑗𝑘 − 𝑊𝑧𝐻(𝑧 − 𝜃𝑧), (3.3-2)

where the threshold 𝜃𝑧 defines the condition of action of global inhibitor on each net
work oscillator (the action of inhibitor is triggered when the oscillator is in the active
phase). If the activity of every network oscillator is below the threshold 𝜃𝑧, the global
inhibitor does not receive any input, and 𝑧 → 0. In this case all network oscillators do
not receive any inhibition. Thus, the LEGION dynamics can be qualitatively presented
as a competition between excitative action of network oscillator interaction causing
synchronization, and desynchronizing action of global inhibitor.

The dynamical adaptation of network connection weights is aimed at noise re
moval and image features preservation. It just allowed us to extend the network ap
proach to real gray-level image segmentation tasks. The fixed oscillator connections
are directly determined by the image structure. Qualitatively, the dynamical contri
bution to the stationary connection weight has a small value if two oscillators corre
spond to two neighboring pixels in an image region with homogeneous brightness.
The dynamical coupling design requires the detailed analysis of possible brightness
discontinuities across the whole image brightness structure. The features of the con
structed dynamical weight adaptation scheme were empirically analyzed, and it was
found that it is similar to that used in some nonlinear smoothing algorithm [6].

The LEGION network was thoroughly tested in different problems of image seg
mentation: noisy synthetic images, real satellite images, andmagnetic resonance im
ages. It was illustrated that the LEGIONwith dynamical coupling adaptation definitely
demonstrate much better performance, providing high quality in the reproduction of
sharp boundaries between image fragments. The oscillatory network with dynami
cally adapted connections can also provide correct segmentation of images that are
highly corrupted bynoise. Segmentation of satellite images is a difficult task due to the
additional inhomogeneity of image subregions that are actually homogeneous, and
most of traditional approaches have had only limited success. The simulations were
carried out at solving of the following tasks: (a) entire image segmentation; (b) ex
traction of hydrographic objects in the image; (c) extraction of the topographicalmap.
Solution of the task of hydrographic objects extraction requires the grouping together
the pixels corresponding to water body and putting other objects into the background.
WhenLEGIONwas applied to the problem, the hydrographic objectswere identified as
leaders, and a special set of parameters controlling dynamical oscillator connections
was used. The objects were separated precisely, including noisy bank of the compli
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cated form. The problem of extraction of topographical map was also qualitatively
solved. The satisfactory results were also obtained in the problems of entire segmen
tation of images highly corrupted by noise andmagnetic resonance images segmenta
tion. There was a series of images of humanbrain containing 43 regions (including the
cerebral cortex, the cerebellum, the corpus callosum and fornix area). All the signif
icant regions were segregated. Hence, the effectiveness of the LEGION algorithm was
demonstrated.

It is possible to say that the LEGION model version [6] with dynamical network
coupling adaptation provides good segmentation of real gray-level images contain
ingmore than 400000 pixels. The LEGION approachwas compared with the adaptive
multiscale method of image segmentation [4] and with the adaptive smoothing algo
rithms [40, 41] that are widely used in noisy image segmentation tasks. As computa
tion results showed, the oscillatory network LEGIONwith adaptive dynamical oscilla
tor coupling adjustment considerably more precise image segmentation.

3.3.3 Three-dimensional columnar neural network model by Li

Biologically motivated neural model of the brain visual cortex was designed and de
veloped by Li in the series of papers [31–34]. It is a recurrent three-dimensional neu
ral network model with oscillatory dynamics imitating information processing in the
brain primary visual cortex (VC) at solving contour separation and contour integra
tion tasks in visual images. Functional network unit is a neural oscillator formed by a
pair of interconnected cortical neurons – an excitatory pyramidal neuron and an in
hibitory interneuron. Similar model of neural oscillator was previously proposed by
Freeman [8], when prominent synchronous oscillations of 40–60Hz were discovered
in the rat and rabbit olfactory bulb and cortex. Following Freeman, Li and Hopfield
suggested oscillator model closely imitating a real cortical neural oscillator, and used
it inmodeling the olfactory brain system where oscillations and synchronization play
a key role in odor recognition [38] (see Section 3.2.1). A cortical oscillator of the VC
model, proposed further in [31], reflects orientation-selective response of simple cells
of the primary visual cortex. The dynamical system governing single oscillator dynam
ics can be written in terms of membrane potentials of excitatory and inhibitory neu
rons, 𝑥 and 𝑦, that form the neural oscillators:

̇𝑥 = −𝑥 − 𝑔𝑦(𝑦) + 𝐽0𝑔𝑥(𝑥) + 𝐼,̇𝑦 = −𝑦 + 𝑔𝑥(𝑥) + 𝐼𝑐. (3.3-3)

Here 𝑔𝑥(𝑥) and 𝑔𝑦(𝑦) are the threshold sigmoid nondecreasing functions defining
the outputs of excitatory and inhibitory neurons (neuron activation functions), 𝐽0 is
the weight of the back-loop connection to the excitatory neuron, and 𝐼 and 𝐼𝑐 are the
external inputs to the excitatory and inhibitory neurons, respectively. The neural os
cillator dynamical system possesses a limit cycle in which size decreases smoothly
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under gradual decrease of input value 𝐼. It converts into a stable focus at some thresh
old value 𝐼 = 𝐼∗.

The spatially 3D neural network model was designed in [31] based on known ex
perimental data on VC interconnection architecture and functioning. Themost impor
tant features of VC internal structure – orientation selective cells, local cortical circuits
and horizontal intracortical connections – were reflected in the model construction.
The orientation selective neurons respond to input edges only within their classical
receptive fields (RFs), the local small regions in the visual field. The direction of the
preferred orientation is presented by a bar in the RF center. The brain visual cortex
transforms visual inputs received by the retina into VC responses in the form of dy
namical regimes of neural activity. The simple edge detection mechanism probably
“works” just in the primary visual cortex [39]. Contour integration is likely completed
byhigher visual centers. TheVCneural networkdynamicsdemonstrates synchronized
oscillations in the process performance of contour enhancement tasks.

Structurally the VC is composed of a great number of excitatory and inhibitory
neurons. Visual input is received mainly by the excitatory neurons. In addition to
almost local connections in VC, there exist long-range horizontal connections from
upper visual cortex layers. Probably, they are responsible for synchronization of the
40–60Hz oscillations [7, 10]. Usually the degree of synchronization decreases as the
distance between neurons increases. Both the synchronization and the enhancement
of responses were postulated as mechanisms underlying feature linking [9, 42].

The designed three-dimensional neural network of columnar architecture is as
sociated with a 3D spatial lattice consisting of 𝑀 vertical columns, each containing𝐾 sites. The column bases are located at the sites of some two-dimensional lattice in
a plane, the column direction being normal to the plane (𝑀 is the number of 2D lat
tice sites). The 2D lattice can be chosen either as square or as the hexagonal one. The
pair (𝑗, 𝑘), 𝑗 = 1, . . . ,𝑀, 𝑘 = 1, . . . , 𝐾, of interconnected excitatory and inhibitory neu
rons is prescribed to each site of the 3D lattice, and the angle 𝜃 = 𝑘𝜋/𝐾 of the RF
orientation is prescribed to the (𝑗, 𝑘) neuron pair. It is suggested that the excitatory
neuron of each pair receives the visual input 𝐼𝑗𝑘 modeling the response of orientation
selective cells of VC hypercolumn. The input received by excitatory neuron depends
on the difference between the direction 𝜃 of the RF-orientation corresponding to the
site 𝑘 and the direction 𝛽 of preferred orientation of the incoming visual image input.
The received input is maximal when the visual input orientation coincides with the
RF orientation prescribed to the site (𝑗, 𝑘). In the model it is realized via some func
tion 𝜙(𝜃 −𝛽) quickly decreasing at increased values of difference 𝜃 −𝛽. The dynamical
system, governing by the neural network dynamics, is written as

�̇�𝑗𝑘 = −𝛼𝑥𝑥𝑗𝑘 −∑
𝑘

𝑐𝑘𝑘𝑔𝑦(𝑦𝑗𝑘 ) + 𝐽0𝑔𝑥(𝑥𝑗𝑘) + ∑
𝑗 ̸=𝑗,𝑘

𝐽𝑗𝑘𝑗𝑘𝑔𝑥(𝑥𝑗𝑘) + 𝐼𝑗𝑘 + 𝐼0,
̇𝑦𝑗𝑘 = −𝛼𝑦𝑦𝑗𝑘 + 𝑔𝑥(𝑥𝑗𝑘) + ∑

𝑗 ̸=𝑗,𝑘

𝑊𝑗𝑘𝑗𝑘𝑔𝑥(𝑥𝑗𝑘 ) + 𝐼𝑐, (3.3-4)
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where 𝐽𝑗𝑘𝑗𝑘 are the excitatory-to-excitatory connections,𝑊𝑗𝑘𝑗𝑘 are the inhibitory-to-
excitatory connections, and 𝛼𝑥, 𝛼𝑦 are the constants.

Stationary excitatory and inhibitory connections of neurons of cortical circuits
forming neural oscillator were constructed based on experimental neurobiological
data concerning horizontal intracortical connections in VC. As one can see from dy
namical system (3.3-4), the network connections are organized so that each excitatory
neuron of a column is connected with all excitatory and all inhibitory neurons of all
the other columns (the connections are inhomogeneous, the connection weights de
crease at increasing the spatial distance between the network oscillators) and each
excitatory neuron is connected with all inhibitory neurons of the same column (the
connections are also inhomogeneous). There also exist some additional controlling
feedback coupling (from higher visual cortex areas) for all excitatory neurons.

The model was tested in problems of preattentive image processing including
contour segmentation, contour integration, texture segmentation and figure-ground
segmentation tasks. It demonstrated quite successful synchronization-based perfor
mance in these image processing tasks for synthetic images and for small number
of real gray-level ones. Some further developments of the described network model
version were suggested in [32–36].

3.4 Pure oscillatory network model for image processing tasks

An oscillatory network of columnar architecture located in 3D spatial lattice was de
signed by the authors as an oscillatory network model of the brain visual cortex. It
was designed to simulate a synchronization-based performance of a single preatten
tive bottom-up step of visual image reconstruction. A pure oscillatory level of mod
eling was of our particular interest. The model is entirely formulated in terms of a
system of oscillators and their mutual interaction. Self-organized dynamical network
coupling was constructed, and the idea of dynamical binding on the proximity of os
cillator activity levels and their RF orientations was reflected in the designed network
connectivity principle. The network performance consisted in relaxation into a sta
ble stationary state of clusterized synchronization. Internally synchronized network
ensembles (clusters) corresponding to image brightness fragments were expected to
be formed. The three-dimensional network model was considered further as a basic
model for the creation of a number of spatially two-dimensional models for different
image processing tasks.

A single network oscillator is a relaxation (limit cycle) oscillator with internal dy
namics tunable by visual image characteristics – local brightness and local image el
ementary bar orientation. It is able to demonstrate either the active state (stable un
dampedoscillations) or the “silent” state (quicklydampedoscillations). Nonlocal self-
organized dynamical connections of network oscillators depend on oscillator activity
levels and orientations of RFs prescribed to the sites of a spatial lattice. The network
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performance consists in network state transfer into a state of clusterized synchro
nization. The reduced spatially two-dimensional oscillatory network was extracted
as a simplified limiting version of the three-dimensional source network model. As
it turned out, the initial version of the reduced network model is capable to perform
a number of gray-level image segmentation tasks via supplemented gradual network
coupling strength adjustment. As a result, satisfactory synchronization-based bright
ness image segmentation of synthetic low-pixel images was achieved. Simple tasks
of texture segmentation and contour integration were also performed in the frames
of the 2D oscillatory network approach in the case of low-pixel synthetic images. The
2D network model was developed later to provide solution of various segmentation
problems for real multipixel gray-level and color images (see Chapter 4).

3.4.1 Known data on the brain visual cortex taken into account in the oscillatory
network model

Designing the network model, we focused our attention on the performance of the
primary visual cortex in tasks of preattentive image reconstruction. The initial step in
visual perception consists in focusing of a visual image on the retina. The external in
put stimulus received by the retina is further transferred through the so-called visual
path – the sequential cascade of the brain neural structures, each being sufficiently
complicated both structurally and functionally. It includes the retina itself, the visual
nerve, the chiasma, the lateral geniculate body, the visual radiation, the primary vi
sual cortex and the higher cortex zones. The function of the primary visual cortex con
sists in extracting of all visual information (forms, color, texture, and movement). Al
though the VC is the most studied brain structure, only a small part of answers to the
question how the VC realizes the visual information processing, is known nowadays.
The main visual processing occurs in the primary visual cortex. The most important
feature of neurons of the brain visual system is the existence of the so-called RF for
each neuron. The RF can be viewed as the total set of neurons of the previous neural
structure of the visual path, from which visual stimulation provides the response of
the given neuron. The RFs of both the retina and the visual cortex possess the internal
spatial structure – the internal and the peripheral spatial zones. Moreover, there exist
so-called “on”- and “off”-centers. For “on”-centers the internal RF zone is excitatory,
and the external RF zone is inhibitory, and vice versa for “off”-centers [15, 39].

Visual image processing is fulfilled by the VC via several stages and is carried out
by neurons of three types, namely, simple, complex and hypercomplex cells. Recep
tive fields of complex cells respond only to moving stimulus, those of hypercomplex
cells – only to area boundaries and line ends. Their RFs possess central symmetry: the
internal circular zone is encompassed by a ring-shaped external zone. The existence
of complex and hypercomplex cells in the VC is not accounted in our network model,
and at first we restrict ourselves to the processing of still images. Vision stereoscopy,
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forwhich so-called eye-dominance columns are responsible, was also ignored. Hence,
only the subset of simple cells (about one-fourth of total number of VC cells), respon
sible for processing of motionless images, was taken into account in the model. The
orientation selectivity of a simple cell response is the most important feature of these
neurons. It is realized due to strong anisotropy of their RFs: the form of the excitatory
RF zone is similar to a narrow bar intersecting the RF center. The simple cell response
ismaximalwhen visual stimulus also possesses the formof a narrowbar, and the stim
ulus bar orientation is close to the orientation of the RF internal zone. The response of
a simple cell is also absent if the stimulus bar is located completely in the inhibitory
zone of the RF, but the stimulus and RF bars orientations coincide [15]. Further, we
always assume the orientation of the internal excitatory bar zone of the RF of a simple
cell to be the RF orientation.

As for VC spatial architecture, so-called orientation hypercolumns (the neuron
columns) represent functional modules of the VC. At simplified consideration, one
can imagine the hypercolumns as oriented orthogonally to the visual cortex surface.
So, a flat approximation – the plane retina and the VC in the form of parallelepiped –
is acceptable. At last, the key feature is that the visual cortex is composed of excitatory
and inhibitory neurons coupled by short internal connections. Excitatory neurons re
ceive inputs from the retina. They “send” their outputs into higher zones of the visual
cortex and receive feedback loop connections from there. In addition, there exists the
coupling of VC neurons with close RF orientations. It is believed that these connec
tions provide the experimentally discovered synchronized oscillationswith frequency
of 40–60Hz in the VC. The existence of coupled pairs of excitatory and inhibitory neu
rons allows to say about neural oscillators in the VC. Therefore, the designed network
models where oscillators figure as processing units represent a natural step in model
ing the brain structures, which exploit oscillations and synchronization in their func
tioning.

3.4.2 Three-dimensional oscillatory network of columnar architecture

Wedesigned oscillatory network consisting of neural oscillators localized at the nodes
of three-dimensional spatial lattice being in one-to-one correspondence with a two-
dimensional image pixel array located in a two-dimensional plane. The oscillatory
network can be interpreted as an oscillatory model of the primary visual cortex (more
exactly, the subset of VC simple cells). Let a 2D square lattice be related with the image
pixel array of𝑀×𝑁 pixels, which centers are located at the nodes of the lattice𝐺(im)𝑀×𝑁.
We then design the oscillatory network consisting𝑀 × 𝑁 oscillator columns each of𝐾 oscillators, so that the bases of the columns are located at the nodes of the 2D lat
tice 𝐺(net)𝑀×𝑁 identical to 𝐺(im)𝑀×𝑁, whereas oscillators of each column are located at the
nodes of the 1D lattice 𝐿(net)𝐾 oriented normally to the plane that contains 𝐺(net)𝑀×𝑁. Thus,
theoscillators of thewholenetwork, containing𝑀×𝑁×𝐾 oscillators, are located at the
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nodes of the 3D spatial lattice 𝐺(net)𝑀×𝑁 × 𝐿(net)𝐾 , and each oscillator column corresponds
to some image pixel.

Weprescribe to eachnetwork oscillator an internal parameter – theRF orientation
specified by two-dimensional vector n𝑘𝑗𝑚 ≡ (cos 𝜓𝑘𝑗𝑚, sin 𝜓𝑘𝑗𝑚) located in the plane or
thogonal to the column direction. According to neurobiological data [15], vectors n𝑘𝑗𝑚
are uniformly distributed over each column, that is

𝜓𝑘𝑗𝑚 = 𝜓0𝑗𝑚 + 𝑘𝜋𝐾 , 𝑘 = 1, . . . , 𝐾. (3.4-1)

Further, the additional set of image characteristics is included into considera
tion – the set of unit vectors s𝑗𝑚 defining pixel elementary bar orientations. These pa
rameters can be interpreted as a measure of pixel brightness 𝐼𝑗𝑚 inhomogeneity (the
s𝑗𝑚 are orthogonal to the direction of pixel brightness gradient). We proposed that the
set of s𝑗𝑚 can be extracted via proper image preprocessing, and so the array [𝐼𝑗𝑚, s𝑗𝑚]
of image characteristics can be defined. The array [𝐼𝑗𝑚, s𝑗𝑚] figures in the model as the
set of tuning parameters controlling oscillatory network dynamics.

3.4.3 Biologically inspired model of single network oscillator

In the design of network oscillator internal dynamics, we took into account and pre
served the main features of dynamics of cortical neural oscillator (3.3-3) introduced
in [31]. Preliminary analysis of dynamics of oscillator (3.3-3) shows that the dynami
cal system possesses a stable limit cycle when the value of external input 𝐼 belongs
to some finite interval. The limit cycle size monotonically depends on 𝐼: it decreases
smoothly when the value 𝐼 is gradually decreased. The limit cycle converts into a sta
ble focus at some threshold value 𝐼 = 𝐼𝑚𝑖𝑛 = 𝐼∗.

After clarifying the dynamical features inherent to biologically motivated neural
oscillator (3.3-3), we designed single network oscillator dynamics of our model based
on proper modification of Ginzburg–Landau oscillator and preserving qualitatively
the features of the oscillator dynamics (3.3-3), including the dependence of single os
cillator dynamics on two image characteristics–pixel brightness andpixel elementary
bar orientation.

Defining the oscillator state by a pair of variables (𝑢1, 𝑢2), it is possible to write the
system of two coupled ODE, governing the oscillator dynamics, in the form of a single
equation for the complex-valued variable 𝑢 = 𝑢1 + 𝑖𝑢2:

�̇� = 𝑓(𝑢, 𝜇), 𝑓(𝑢, 𝜇) = (𝜌20 + 𝑖𝜔 − |𝑢 − 𝑐|2)(𝑢 − 𝑐) + 𝜇,𝜇 = 𝑔(𝐼, s, n) = 𝑝(𝐼) + 𝑞(s, n). (3.4-2)

Here 𝜌0, 𝑐 and 𝜔 are the constants defining the parameters of the limit cycle of the
the dynamical system (3.4-2): the limit cycle of the dynamical system (3.4-2) is the circle
of radius 𝜌0 with center located at the point (𝑐1 , 𝑐2), 𝑐 = 𝑐1 + 𝑖𝑐2, in the plane (𝑢1, 𝑢2),
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𝜔 being cycle frequency. At 𝜇 > 0 the size and the location of the limit cycle can be
controlled by parameters 𝐼 and s via properly designed functions 𝑝(𝐼) and 𝑞(s, n) =𝑞(|𝛽 − 𝜓|), where 𝜙 = 𝛽 − 𝜓 is the angle between the elementary bar orientation s =(cos 𝛽, sin 𝛽) and the RF orientation n = (cos 𝜓, sin 𝜓). The convenient functions for
limit cycle control are:

𝑝(𝐼) = 1 − 𝐻(𝐼 − ℎ0), 𝐻(𝑥) = 11 + 𝑒−𝜈𝑥 , 𝜈 ≫ 1,
𝑞(|𝜙|) = 1 − 𝛤(|𝜙|), 𝛤(|𝜙|) = 2𝑒𝜎|𝜙|1 + 𝑒−2𝜎|𝜙| , 𝜎 ≫ 1. (3.4-3)

The parameter 𝜇 is a bifurcation parameter of dynamical system (3.4-2): the limit
cycle radius 𝜌 = 𝜌(𝜇) (the oscillation amplitude) is maximal at 𝜇 = 0 (𝜌(0) = 𝜌0). It
monotonically decreases at 𝜇 decreasing and bifurcates into a stable focus at some𝜇 = 𝜇∗, 𝜇∗ ∈ (0, 1). Due to the designed dependence 𝜇 on 𝐼 and s, the limit cycle size
is sufficiently large if two following conditions are satisfied simultaneously: (a) 𝐼 es
sentially exceeds the threshold value ℎ0; (b) the angle between s and n is sufficiently
small. Otherwise, either the cycle size is very small or it degenerates into a stable focus
(that corresponds to quickly damping oscillations). The bifurcation character of sin
gle oscillator dynamics is essentially exploited in image processing tasks performed
by the oscillatory network. The response of a single network oscillator to variation of

It

u 2

u 2
ρ

u 1

u1

I

Fig. 3.1. The “response” of single network oscillator to variation of pixel brightness: temporal be
havior of both oscillator state variables 𝑢1 and 𝑢2 (left); the trajectory of dynamical system (upper
right); the limit cycle size dependence on 𝐼 (lower right).
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pixel brightness is shown in Figure 3.1. As one can see, the oscillator demonstrates al
most instantaneous response to a sudden decrease of pixel brightness via oscillation
amplitude reduction.

3.4.4 Self-organized dynamical network coupling

The principle of oscillatory network coupling has a key influence on the network dy
namical behavior. We design self-organized dynamical coupling that nonlinearly de
pends on oscillatory activity levels (amplitudes of oscillation of network oscillators)
and differences between s and RF orientations. The dynamical system governing the
network dynamics can be written in the form

�̇�𝑘𝑗𝑚 = 𝑓 (𝑢𝑘𝑗𝑚, 𝜇𝑘𝑗𝑚) + 𝑆𝑘𝑗𝑚,
𝑗 = 1, . . . ,𝑀, 𝑚 = 1, . . . , 𝑁, 𝑘 = 1, . . . , 𝐾. (3.4-4)

Here 𝑓(𝑢, 𝜇) is defined according to (3.4-2) and 𝜇𝑘𝑗𝑚 = 𝑝(𝐼𝑘𝑗𝑚) + 𝑞(s𝑘𝑗𝑚, n𝑘𝑗𝑚). The
term 𝑆𝑘𝑗𝑚, specifying the interaction between network oscillators, is chosen in the form

𝑆𝑘𝑗𝑚 = ∑
𝑗𝑚𝑘

𝑊𝑘𝑘

𝑗𝑚𝑗𝑚 (𝑢𝑘𝑗𝑚 − 𝑢𝑘𝑗𝑚) . (3.4-5)

The weights 𝑊𝑘𝑘

𝑗𝑚𝑗𝑚 , defining the connection strength of network oscillators(𝑗, 𝑚, 𝑘) and (𝑗, 𝑚, 𝑘), are specified by nonlinear functions that depend on state of
the oscillator pair. The form of the functional dependence influences crucially both
network dynamics and performance.

We constructed the functions𝑊𝑘𝑘

𝑗𝑚𝑗𝑚 based on results of our previousmathemati
cal study of synchronization in oscillatory networks, governed bymore simple version
of dynamical equations (3.4-4) and (3.4-5) (at 𝑐 = 0, 𝜇𝑘𝑗𝑚 = 0,𝑊 = const) [20–22]. The
following expressions for the matrix �̂� elements were chosen:

𝑊𝑘𝑘

𝑗𝑚𝑗𝑚 = 𝑃 (𝜌𝑘𝑗𝑚, 𝜌𝑘𝑗𝑚)𝑄 (n𝑘𝑗𝑚, n𝑘𝑗𝑚)𝐷 (r𝑘𝑗𝑚, r𝑘𝑗𝑚) , (3.4-6)

where 𝜌𝑘𝑗𝑚 and 𝜌𝑘𝑗𝑚 are the limit cycle radii for oscillators defined by indices (𝑗, 𝑚, 𝑘)
and (𝑗, 𝑚, 𝑘), n𝑘𝑗𝑚 and n𝑘𝑗𝑚 are the RF orientations for these oscillators, r𝑘𝑗𝑚 and r𝑘



𝑗𝑚

are the radius vectors defining their spatial locations in the network lattice. The cofac
tors 𝑃(𝜌, 𝜌), providing the connectivity principle dependence on oscillator activities,
are chosen in the form 𝑃(𝜌, 𝜌) = 𝑤0𝐻(𝜌𝜌 − ℎ), (3.4-7)

where𝐻(𝑥) is the sigmoid function dependent on the threshold ℎ, 𝑤0 is the constant
defining the total strength of network interaction. As it is clear from (3.4-7), the connec
tion weight (3.4-6) is negligible if at least one of interacting oscillators is in the state of
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low activity. The cofactors 𝑄(n, n), providing dependence on RF orientations, are de
fined in terms of a delta-shaped function 𝛤 that depends on the orientation difference
between n and n: 𝑄(n, n) = 𝛤(|n − n|). (3.4-8)

So,𝑄(n, n) is nonzero only if the orientations n and n are sufficiently close. The con
struction of𝑄(n, n) reflects the neurobiologically confirmed fact of preferable connec
tivity of VC neurons with close RF orientations.

At last, the cofactors 𝐷(r, r), permitting to control spatial radius of oscillator in
teraction, canbe defined by any function vanishing at some finite spatial distance. For
example,𝐷(r, r) can be chosen in the form

𝐷(r, r) = 1 − 𝐻(|r − r| − 𝑟0), (3.4-9)

where 𝑟0 is the given radius of spatial interaction. In particular, one can define local
interaction (with closest neighboringoscillators), or theglobal oscillator coupling (all-
to-all).

As a result, according to the connectivity rule (3.4-6), any two network oscillators
are proved to be sufficiently strongly dynamically coupled if they both are active, pos
sess close RF orientations and are located at the distance not exceeding the prescribed
radius of spatial interaction.

3.4.5 Reduced two-dimensional oscillatory network

The3Doscillatorynetwork canbenaturally reduced to its limitingversion– the 2Dnet
work in which oscillators are located in the nodes of the lattice 𝐺(net)𝑀×𝑁 and can be in
terpreted as idealized oscillator columns. The reduced network can be obtained in the
following way. Let us fix parameters 𝐼 ≥ ℎ and s of some pixel of sufficient bright
ness and consider the response of the oscillator column corresponding to that pixel.
Obviously, only several neighboring oscillators in the column will be active, i.e. those
that possess RF orientations close to s. Let the number of oscillators in the column
be gradually increased and at the same time the width of the function 𝛤 be reduced.
Then the number of active oscillators in the column will be gradually decreased, and
in the limit of an infinitely long column and an infinitely narrow 𝛤, we would get the
single active oscillator in each column, namely, the one for which the RF orientation
coincides with s.

Hence the response of an infinitely long idealized column is reduced to the re
sponse of a single oscillator in this column. Its dynamics is governed by the sys
tem (3.4-2), where the function 𝑔(𝐼, s, n) is reduced to 𝑔(𝐼, s, n) = 1 − 𝐻(𝐼 − ℎ0) = 𝐺(𝐼).
The 2D reduced network of these oscillator-columns is located in the 𝐺(net)𝑀×𝑁 lattice,
which is in one-to-one correspondence with the retina lattice 𝐺(im)𝑀×𝑁. Therefore, one
oscillator of the reduced network now corresponds to one image pixel (see Figure 3.2).
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Fig. 3.2. Spatial architecture of the reduced two-dimensional oscillatory network. A fragment of
image pixel array and the corresponding fragment of the oscillatory network are shown. The circle,
defining the subset of network oscillators that will be dynamically coupled with a selected one, is
marked by gray color.

The reduced network state is defined by the𝑀×𝑁matrix �̂� = [𝑢𝑗𝑚], and network
dynamical equations are:

�̇�𝑗𝑚 = (𝜌20 + 𝑖𝜔𝑗𝑚 − |𝑢𝑗𝑚 − 𝑐|2) (𝑢𝑗𝑚 − 𝑐) + 𝐺(𝐼𝑗𝑚) ++ ∑
𝑗𝑚

𝑊𝑗𝑚𝑗𝑚 (𝑢𝑗𝑚 − 𝑢𝑗𝑚), (3.4-10)

where 𝑊𝑗𝑚𝑗𝑚 = 𝑃(𝜌𝑗𝑚, 𝜌𝑗𝑚 )𝑄(s𝑗𝑚 , s𝑗𝑚 )𝐷(r𝑗𝑚, r𝑗𝑚 ). (3.4-11)

The cofactors 𝑃 and𝑄 in (3.4-11) are calculated in the same manner as in the case
of 3D network, but the cofactor 𝑄 now depends only on image bar orientations. As it
turned out, the presence of the cofactor 𝑄 in network connections provides the net
work with the capability to perform some texture segmentation tasks.

3.4.6 Brightness image segmentation via the reduced oscillatory network

The reduced network is capable to provide segmentation of pure brightness images,
for which information on elementary bar orientations is absent. For simplicity we can
suppose that for brightness images the bar orientations are the same for all the pixels
andput s𝑗𝑚 = const. Then,𝑄(s𝑗𝑚, s𝑗𝑚 ) = 1 in (3.4-11), and thedependenceonbar orien
tations disappears. Due to the one-to-one correspondence between image pixels and
the oscillators of the 2D network, in the initial network state the distribution of oscilla
tor activities exactly corresponds to the pixel brightness distribution. The grouping of
pixels into a whole image fragment will be achieved via synchronization of oscillators
with close activities.

To improve the network performance in brightness image segmentation tasks (in
particular, to achieve accurate detection of image fragment boundaries), we included
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an additional procedure of synchronization control. It is a simple algorithm of gradual
increasingoftotalnetworkcouplingstrength,anditpermitstorealizesuccessiveselection
of synchronized assemblies (clusters) corresponding to image fragments of different
brightness levels. To this aim a matrix �̂� = [𝛾𝑗𝑚] of additional control parameters is
introduced, and we put at first 𝛾𝑗𝑚 = 0. A modified matrix �̂� of network connections
dependingon𝛾𝑗𝑚 is furtherconsideredinsteadof�̂�:�̃�𝑗𝑚𝑗𝑚 = 𝑊𝑗𝑚𝑗𝑚𝛤(|𝛾𝑗𝑚−𝛾𝑗𝑚 |).At
thebeginningoftheinteractionstrengthcontrolstagewespecifytheinitialinteractionto
be so weak that the network is completely desynchronized. This is realized by a choice
of a sufficiently high initial threshold value ℎ in equation (3.4-7) for the cofactor 𝑃.
Further we gradually increase the �̃� elements via decreasing ℎ up to the moment of
synchronizationof thefirst network cluster. It happensat some ℎ = ℎ1. Thefirst cluster,
formedbyoscillatorsofmaximalactivity,correspondstoanimagefragmentwithmaximal
brightness. Under further decreasing ℎ inside some interval (ℎ2, ℎ1), the first cluster
remains as the single synchronized cluster of the network. Such oscillatory network
behavior is a consequenceofmonotonicdependenceof theoscillator limit cycle sizeon
the pixel brightness 𝐼.When the first cluster is synchronized,whereas the rest network
is desynchronized, we separate the cluster via excluding it from the interaction with
all other network oscillators. It is achieved bymeans of the matrix �̂�modification: we
prescribe some nonzero value 𝛾1 to those components of �̂� that correspond to spatial
locations of oscillators belonging to the synchronized cluster. Further we continue the
aboveprocessofinteractionstrengtheninguntil thesecondclusterissynchronized,and
after that it is excluded. Finally, all the clusters will be sequentially synchronized and
separated. Thus, thenetworkwill bedecomposed into a set of internally synchronized,
but mutually desynchronized clusters, corresponding to image fragments of different
brightness levels.Moreover, in thefinalstate thedesynchronizedclustersoscillatewith
slightly different frequencies, which provides an additional tool for the analysis of the
segmentation result. The described procedure of interaction control has been fulfilled
manually. However, an automatic interaction control performance could be realized.
In a series of computer experiments on segmentation of synthetic brightness images
a satisfactory network performance was demonstrated. The example of processing of
the synthetic image containing 2460 pixels is given in Figure 3.3.

The network state during image processing is represented in the form of the array
of all the oscillator states (what exactly reproduces the current state of image pixel ar
ray), thebrightness of each screenpixel being correspondent to |𝑢𝑗𝑚 (𝑡)|. Sincedifferent
brightness fragments oscillate with slightly different frequencies, all image fragments
are clearly distinguishable. A large number of different “versions” of segmented im
age is contained in the full set of oscillatory network states, which is quite helpful in
the situations when some ambiguous image fragments exist (for instance, contours of
low contrast). Several typical examples of such instantaneous image versions are pre
sented in Figure 3.4. Some simple postprocessing is needed to extract the final image
segmentation result from the collection of instantaneous images contained in the full
set of the oscillatory network states arising in the oscillatory segmentation procedure.
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Fig. 3.3. Brightness segmentation of synthetic image of 2460 pixels. Three typical states of oscil
latory network in the process of interaction strengthening: (a) total desynchronization (ℎ = 1.25);
(b) partial synchronization (ℎ = 0.5); (c) almost complete synchronization (ℎ = 0.01). The examples
of instantaneous network states (left) and the temporal dependence of all oscillator variables (right)
are shown (𝑟𝑗𝑚 = |𝑢𝑗𝑚|, 𝜃𝑗𝑚 = arg 𝑢𝑗𝑚).

Note that there is an evidence of a sequential type of image processing performed
by the brain visual cortex, i.e. image fragments of different brightness are not pro
cessed simultaneously. Instead, there is some time delay in fragment reproduction:
themost bright fragments are reproduced faster than the less bright ones [51]. Probably
such a behavior is achieved via additional image processing fulfilled in high cortical
areas.
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Fig. 3.4. The examples of instantaneous image “versions,” arising during the oscillatory procedure
of brightness image segmentation, carried out by the oscillatory network. The initial state of desyn
chronized network is shown in the left upper picture.

3.4.7 Texture segmentation and contour integration

The processing of texture visual images is usually regarded as a special class of prob
lems in the field of traditional computer vision. In particular, there exist specialmeth
ods of texture representation and synthesizing. In the frames of our approach it is
possible to include into consideration only the simplest texture types that can be rep
resented as collections of oriented bars.

The 2D reduced network is capable to process texture images due to the depen
dence on bar orientations preserved in the connectivity rule (3.4-11). In the general
case of texture image segmentation problems, one has to deal with brightness–tex
ture image fragments instead of pure brightness ones. In the first series of computer
experiments on texture image segmentation we processed images with monodirected
textures and concentrated our attention on texture images with homogeneous mean
brightness. The network performance is based on desynchronization of clusters corre
sponding to different texture fragments. Unlike the case of pure brightness image seg
mentation, network coupling control is unnecessaryhere. Twoexamples of the texture
image segmentation are shown in Figure 3.5. The source texture images are presented
in the left panels, being defined in the form of the oscillator phase distribution at the
initial network state. Two instantaneous states of synchronized network are shown in
the middle and the right panels. Desynchronized clusters, corresponding to different
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Fig. 3.5. Texture segmentation and contour integration via the 2D oscillatory network: (a) segmen
tation of a contour selected solely by monodirected texture; (b) segmentation of a double contour
selected solely by a texture of continuously varied orientation.

texture fragments, are in different phases of oscillation and therefore are accurately
segmented. For the processed texture-marked contour shown in Figure 3.5 (a) with the
complicated, “fractal”-like form it was necessary to choose a sufficiently large spatial
radius of network coupling. A solutionof a simple contour integration task, fulfilledby
the reduced oscillatory network, is demonstrated in Figure 3.5 (b). The image shown
in the left panel contains two closed contours marked solely by texture, which is de
fined by oriented bars of continuously varied direction (approximating local contour
tangent). As one can see, the network provides accurate segmentation of the double
contour via its desynchronization with respect to the background.

3.4.8 Comparison of the model with other oscillatory network models

There are two oscillatory network models for image segmentation that are closely re
lated to ours. The first one is the model by Li developed in the series of papers [31–34].
The following distinctions of our model from the model by Li should be marked:
(1) Two features of single oscillator dynamics designed in our model – the bifurca

tion character of oscillator dynamics and the monotonic dependence of oscilla
tion amplitude on pixel brightness – were actively exploited in various tasks of
image processing, demonstrating good performance of the reduced 2D oscillatory
network extracted from the 3D oscillatory network model of the visual cortex.

(2) Self-organized dynamical network coupling is employed in our model: the net
work connections automatically emerge after tuning of single oscillator dynam
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ics by image characteristics (𝐼𝑗𝑚, s𝑗𝑚) (in contrast, stationary excitatory and in
hibitory connections, designed in the model by Li, cannot be considered as self-
organized ones).

(3) The reduced oscillatory network supplemented by the method of interaction ad
justment demonstrated a capability of detailed brightness image segmentation
(whereas the model by Li is designed mainly for contour integration and texture
segmentation tasks).

The following remarks are also necessary concerning the relation of our 2D re
duced network model to the oscillatory network model LEGION. The initial model de
scribed in Sections 3.4.5–3.4.7 required a considerable improvement to be used in real
image segmentation problems. The LEGION was successfully used in various tasks of
real gray-level image processing (see Section 3.3.2). Our 2D model was essentially im
proved and developed, including creation of new approaches, to provide successful
processing of real gray-level and color images. However, some advantages of the de
scribed initial 2D model over the LEGION model should be mentioned:
(1) There exist only dynamical connections in our model (stationary connections are

absent as unnecessary); this ensures the model simplicity and provides a flexibil
ity of its performance.

(2) The network coupling principle constructed in our model leads to automatic ori
gin of self-organized dynamical connections in oscillatory network and ensures
flexibly controlled synchronization (in contrast, special sophisticated calcula
tions are necessary for LEGION model to determine, for each network oscillator,
the proper set of oscillators that should be coupled with it in a concrete image
processing task; our method of interaction strength adjustment is definitely more
simple as compared to algorithm of interaction adaptation developed in the last
version of the LEGION model [6].

The described 2D oscillatory network model was further developed in the follow
ing directions:
(1) a new version of single oscillator dynamics was designed, providing more conve

nient and flexibly controlled oscillator response to pixel characteristics;
(2) several new principles of self-organized network coupling were developed and

tested in various image processing tasks.

It allowed us to qualitatively solve a number of image processing tasks, including
real (multipixel) gray level and color image segmentation, selective image segmenta
tion and object selection in a visual scene (see Chapter 4).



�

�
Margarita Kuzmina, Eduard Manykin, Evgeny Grichuk: Oscillatory Neural

Networks — 2013/10/11 — 11:18 — page 98
�

�

�

�

�

�

98 | 3 Oscillatory networks for modeling the brain structures performance

3.5 Oscillatory network models including visual attention

The brain has to process large amounts of information. But it can carry out only a
limited number of tasks at a time, and so it needs a capability to select the most rele
vant information. Attention is the cognitive process of selective concentration on one
aspect of the environmentwhile ignoring the others. Visual attention is believed to op
erate as a two-stage process. At the first stage attention is distributed uniformly over
the visual scene, and information processing is performed in parallel. At the second
stage attention is concentrated to a specific area of the visual scene, and information
processing is performed in a serial manner. So, attention can be viewed as a kind of
filtration. The attention is often related to the visual search process (active scan of a
visual scene). In visual search attention is usually directed to the itemwith the highest
priority.

In computationmodeling of visual attention the prevailed approaches are related
to reducing the amount of information to be processed. The approaches are concerned
with the branches of active vision and selective attention. As a whole these areas stay
out of our interests. So we present here only two oscillatory network models for visual
image processing, supplemented by attention-like algorithm of visual information fil
tering. In the model by Labbi et al. [28, 29] a special network layer was introduced,
named attention map, that realizes additional image processing via oscillator cluster
desynchronization. It can be interpreted as “automatic attention focusing.” In the se
ries of oscillatorynetworkmodelswith central oscillator element [1, 2, 16] the attention
is imitated via different states of partial synchronization for oscillatory network of pe
ripheral oscillators (what is provided via synchronization of appropriate subensem
bles of the network of peripheral oscillators with the central oscillator). The central
element, which consists of one or two neurons, reflects a hypothesis on existence of
central element of the brain attention system, localized in the brain prefrontal cortex.

3.5.1 Oscillatory model by Labbi, Milanese, and Bosch

The oscillatory network model was designed for gray-level image segmentation based
on the imitation of the visual cortex processing [28, 29]. It contains an array of
FitzHugh–Nagumo oscillators governed by the dynamical system

�̇� = 𝑢 − 𝑢33 − 𝑣 + 𝐼,
�̇� = 𝜖(𝑎 + 𝑏𝑢 − 𝑣). (3.5-1)

Depending on the parameters 𝑎, 𝑏, 𝜖, and 𝐼, the oscillator demonstrates either the
active state (relaxation auto-oscillations) or the passive state (the absence of oscilla
tions).
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The oscillatory network of three-layered architecture was designed. The first (in
put) layer contains the pixel array of an image to be processed. The second layer con
sists of locally coupled FitzHugh–Nagumo oscillators being in one-to-one correspon
dence with the image pixel array. The external input for each oscillator of the second
layer depends on the brightness of the corresponding pixel located in the first layer.
The oscillation amplitude of the oscillators increases monotonically as a function of
the input. The local connections designed in the second layer provide cluster synchro
nization of the oscillatory network (each cluster is supposed to correspond to the ap
propriate image segment). The third layer (named the attention map) is designed to
introduce the desynchronization between the clusters corresponding to different spa
tially separated imageobjects. The connectionsof networkoscillators of the third layer
are organized in such a way as to provide detection of synchronized oscillator groups
in which amplitudes strongly differ from oscillator amplitudes of the background.

The model demonstrated satisfactory performance for simple gray-level images
(with 128 × 128 pixel array) containing several clearly separated objects. As was clari
fied in computer experiments, only large groups of neighboring oscillators that receive
similar inputs are capable to synchronize.

3.5.2 Oscillatory neural network model by Borisyuk and Kazanovich

An oscillatory neural network model with imitation of selective visual attention was
developed by Borisyuk and Kazanovich [1, 2, 16]. The model was designed as a net
work of locally coupled oscillators (peripheral oscillators) located in a two-dimen
sional spatial lattice. These oscillators are controlled by a central oscillator located
outside the lattice and coupled with all the peripheral oscillators by feedforward and
feedback connections. The peripheral oscillators imitate functioning of hypercolumns
of the primary visual cortex, and the central oscillator plays a role of an attention con
trol center, which is located in the brain septum–hippocampus neural structure. The
state of a network oscillator is specified by the amplitude and the phase of oscilla
tions, both dependent on the phase of the central oscillator. The dynamical system,
governing network dynamics, iswritten in the formof three coupled ordinary differen
tial equations. A single oscillator demonstrates periodical auto-oscillations. The pure
phase interaction of network oscillators was designed. The attention is modeled via
the synchronization of the central oscillator with the appropriate subensemble of pe
ripheral network oscillators. In the frames of the model it was possible to model the
phenomenon of the visual perception ambiguity [3].

As a further progress, a new version of the model was designed as a two-layer
network of spiking peripheral neurons of the Hodgkin–Huxley type, containing exci
tatory and inhibitory connections, controlled by a central neuron [1]. The neurons of
the first layer (peripheral neurons) are located in a 2D square lattice identical to that of
the image pixel array, and coupled both via excitatory internal connections and with
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the central element. The dynamics of a single neuron is written in the form

�̇� = −𝐼ion + 𝐼ext − 𝐼syn,
�̇� = 𝐴𝑥(𝑣)(1 − 𝑥) − 𝐵𝑥(𝑣)𝑥, 𝑥 ∈ {𝑚, ℎ, 𝑛}, (3.5-2)

where 𝑣 is the membrane potential of the neuron, 𝑥 is the variable defining the con
ductance of an ion channel (𝑚, 𝑛, and ℎ are the gating variables of the ionic chan
nels, related to possible different colors of image objects), 𝐼ion is the total ionic current,𝐼ext is the combination of constant current component and Gaussian noise, 𝐴𝑥(𝑣) and𝐵𝑥(𝑣) characterize the dependence of membrane current on 𝑣. The value 𝐼syn defines
the synaptic current, provided by coupling with the neighboring network neurons.
The conductance-based equations are used to determine the value of 𝐼syn.

The central element consisting of two neurons is used for simplified imitation of
the brain attention system. The image object in a visual scene is represented by an
appropriate subensemble of peripheral neurons. The subensemble is capable to gen
erate spikes synchronously with the central element, whereas the activity of the rest
peripheral neurons is suppressed. Such regime of partial synchronization imitates the
attention focusing. The network performs three different image processing tasks – se
lective attention, raw contour extraction and object separation. At the contour extrac
tion stage, standard computational algorithms of contour extraction were attracted
(the method of gradient calculation combined with Gabor filtering approach). At ob
ject separation stage, peripheral neurons “work” in the regime of partial synchroniza
tion with the central oscillator. The results of the model performance were demon
strated in the task of sequential object selection by a robot camera in a simple visual
scene, containing four balls of different colors. As was found, local network excitatory
connections facilitated synchronizationwith the central element. Pattern recognition
considerations were not attracted in the frames of the model.
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4 Image processing based on the oscillatory
network model

4.1 Problems of image segmentation and traditional methods of
their solution

4.1.1 Digital images and methods of image analysis

Computational methods of image processing, image analysis, andmachine vision be
long to a research subarea of cognitive and computer science that exists about a half
of the century and continues to be extensively developed nowadays [8, 23, 24]. Algo
rithms for a wide variety of sophisticated image processing applications required by
software engineers and developers, advanced programmers, graphics programmers,
scientists, and related specialists have been developed. Various tasks of image pro
cessing such as image segmentation (i.e. identification of homogeneous regions in
the image), image reconstruction, spectral analysis, coding, compression, filtering,
recognition, and quality enhancement are currently of great interest. Neural network
architectures, which help to get the output in the real time due to their parallel pro
cessing ability, have also been used for image processing, demonstrating good results
even when the noise level is very high.

A great variety and high complexity of computational problems related to image
processing led to the development of theoretical background, which allowed us to
investigate general properties of discretized images, their transformations and to con
struct effective computational algorithms for real color image processing. The area of
computational image processing was significantly enlarged owing to computer tech
nology modernization, and currently it involves science, technology, industry, agri
culture, space monitoring, medicine, and arts. For example, in the field of cosmic re
search the tasks of automatic object revealingduring information transfer from cosmic
satellites require processing of great flows of numerical information in the real time.
Powerful systems of image forming, transformation, visualization, and documenta
tion are required in medicine. Automatic image processing systems are necessary in
numerical problems of Earth state monitoring. Therefore, the necessity of automatic
processing of great information flows looks like a characteristic feature of modern im
age processing tasks, and therefore it stimulates the development of new special ap
proaches and alternative ways for sophisticated analysis of great amount of visual
information.

In this section, we shortly outline the most important mathematical approaches
and computational algorithms developed and mention some important results in the
field of computational processing of digital images.

Digital image processing consists in the use of computational algorithms to per
form processing of discretized images. An analog image is defined by a continuous
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function 𝐼(𝑥, 𝑦) giving the intensity at position (𝑥, 𝑦). The function 𝐼(𝑥, 𝑦), dependent
on two spatial coordinates is defined in a rectangle. A discretized form of an image,
or a digital image (2D array of numbers), is obtained by sampling and quantizing an
analog image. The digital image can be considered as defined over a grid, each grid
site being called a pixel. The image transformation into the digital form is the transfer
from the continuous function 𝐼(𝑥, 𝑦) to some piecewise function. It is realized via com
bination of two operations: (a) discretization – replacement of continuous domain of
the function 𝐼(𝑥, 𝑦) by some 2D discrete spatial grid; (b) quantization– replacement of
continuous interval of the function 𝐼(𝑥, 𝑦) values by a discrete fixed number of func
tion values {𝐼𝑞} – the given scale of intensity levels, or the scale of brightness levels.
It is sometimes convenient to carry out the image discretization via multiplication of
the continuous function 𝐼(𝑥, 𝑦) by a discretization function that is represented as a
sum of 𝛿-functions defined at the nodes of a 2D lattice with the cell (𝛥𝑥, 𝛥𝑦). In this
case, the discretization operation and other function transformation can be fulfilled
analytically.

The quantization error 𝐼− 𝐼𝑞 and its variance are important image characteristics,
providing optimal choice of quantization for various image types. For instance, in the
case of rather homogeneous image brightness distribution, a homogeneous quanti
zation is optimal. The optimal quantization choice for noisy images was a subject of
special investigations. As a result, a proper family of brightness scaleswas constructed
for adequate choice of quantization type in dependence of noise character. The errors
in image processing due to quantization type figure in the form of image spurious con
tours that appear in the image regions with smooth brightness variation.

The information on the frequency spectrum 𝐹(𝜔𝑥, 𝜔𝑦) is essentially used in image
processing. The spectrum is obtained via direct two-dimensional Fourier transforma
tion of the function 𝐼(𝑥, 𝑦). As is well known from the Fourier analysis, the spectrum of
discretized image is obtained as a convolution of the spectrum of the continuous func
tion 𝐼(𝑥, 𝑦) and the spectrum of the discretizing function. It gives the important result:
if the initial continuous imagepossesses a finite frequency spectrumwidth (that is, the
spectrum vanishes outside the rectangle |𝜔𝑥| ≤ 𝛺𝑥, |𝜔𝑦| ≤ 𝛺𝑦 with 𝛺𝑥 = 2𝜋/𝛥𝑥 and𝛺𝑦 = 2𝜋/𝛥𝑦), then the spectrum of the discretized image can be obtained via infi
nite repetition of the continuous image spectrum by its shifting over 2𝜋𝑘/𝛥𝑥, 2𝜋𝑚/𝛥𝑦,𝑘, 𝑚 = 1, . . . ,∞. Therefore, the neighboring spectrum fragments will be overlapped
if 𝛥𝑥 and 𝛥𝑦 are chosen too large. This feature permits to understand the restrictions
on conditions of reconstruction of the continuous image spectrum from that of the
discretized image (via linear interpolation or spatial filtration of discretized image
spectrum). In the case of filtration, the filter is required to reproduce the main spec
trum component and to completely suppress all additional parasitic components. As
the analysis shows, this condition can be fulfilled when discretization interval is not
greater than spatial half-period corresponding to the smallest image fragments (Kotel
nikov frequency). According to the Kotelnikov–Nyquist–Shannon theorem, only un
der this condition the initial continuous image can be reconstructed from the dis
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cretized one via spatial filtration with any given accuracy. The function that deter
mines the spatial characteristics of the ideal reconstructing filter (called impulse re
sponse) and is defined in the infinite interval attains a maximum value at the origin
and demonstrates quickly damping oscillations away from the origin. In practice, the
special types of low-pass filters are used. They are constructed based on the principle
of maximal similarity of filter frequency characteristics to those of the ideal low-pass
filter.

For visualization quality enhancement elementwise transformations are often
carried out. They can include linear contrast enhancement, transformation of bright
ness in a given range, and nonlinear brightness transformation. Besides, the elemen
twise transformations of the probability density function related to the image can
also be carried out. The transformation is then realized based on preliminary ob
tained brightness histogram and the subsequent probability density function trans
formation (as a rule, the density function transformation corresponds to histogram
equalization).

Probabilisticmodels are also widely used for image description and analysis. The
brightness function 𝐼(𝑥, 𝑦) is considered as a stationary random function of coordi
nates. The first and the second moments, the autocorrelation function and its spec
trum comprise the essential information on function 𝐼(𝑥, 𝑦) behavior, allowing us to
estimate such image characteristics as quality, spatial distortions, color rendering, etc.

Image filtering is applied for the purpose of attenuation of various disturbances,
such as noise and complicated background. The filtering is based on neighborhood
operations (taking a filter mask from point to point and performing operations on pix
els inside the mask), and can be realized both in spatial and in frequency domains.
Filtering in frequency domain consists in transformation of the preliminary obtained
frequency spectrum. Filteringwith thehelpof filtermasks iswidelyused in the tasks of
digital image processing. Two-dimensional spatial filtering based on filters with finite
spatial spectrum is one of popular filtering operations (a 3 × 3 square neighborhood
andhomogeneous mask being usually applied). The shortcoming of image processing
via linear smoothing is that the noise suppression, inherent to the linear smoothing,
is usually accompanied by boundary blurring. This is the reason why the methods of
nonlinear filtering have been also developed. They are based on nonlinear brightness
function transformation in a neighborhood specified by the filter mask. Good results
are often provided by the so-calledmedianfiltering, inwhich action consists in reduc
tion of both minimal and maximal local brightness “escapes.” The median filtering
better preserves image boundaries compared to linear filtering of any kind. The fre
quency filtering allows us to select filter frequency characteristics via discrete image
Fourier transformation. As a result, high frequencies are suppressed in the filter fre
quency spectrum in the case of low-pass filter application, whereas low frequencies
are reduces in the case of high-pass filter applications.

The necessity to process huge amount of information stimulated the development
of approaches on image compressions. At the end of the 1960s the coding methods
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for gray-level images were created, providing compression factors up to 5. In the
1980s the compression methods of the second generation were developed, includ
ing those based on wavelet approaches. These gave much more compression degree
and ensured optimal compromise between spatial and frequency resolution. In the
1980s–1990s fractal coding methods were also developed, providing 50–2000 times
compression. The compression methods can be divided into two classes of methods:
compression without information loss and that with information loss. Some features
of the brain visual systems performance related to the dependence of visual acuity on
image brightness and contrast were attracted in the process of development of some
image compression methods admitting the information loss.

4.1.2 Image segmentation problems and the examples of their solution via
traditional methods of computer vision

Image segmentation is a partitioning of an image into a collection of homogeneous
regions (image segments, or fragments). The homogeneity can be defined in terms of
some feature characteristics (or a parameter, possiblymultidimensional) suchas gray-
level value, color, shape, texture, and motion. The proper formulation of conditions
for specification of the set of feature matching characteristics should naturally pre
cede the segmentation problem solving. The following types of feature characteristics
frequently figure in partitioning principles of image segmentation: brightness charac
teristics (such as brightness distribution over an image segment), geometrical charac
teristics (such as conditions of specification of fragment boundary form or appropri
ate information on proper reference points), and texture characteristics. The choice
of parameters providing texture specification usually depends on concrete approach
applied for texture description – structural, statistical or fractal.

It is worth to outline typical difficulties arising in the solution to the image seg
mentation problem via traditional computational methods. The extraction of the set
of connected image regions is a typical task of image segmentation. The connected
fragments of a digital image are the subregions of image pixel array in which for each
pixel there exists at least one neighboring pixel belonging to the given subregion.
Three main ways of segmentation of connected fragments via traditional approaches
are reduced to iteration methods, recursive methods, and methods of boundary de
tection. The iteration methods are based on scanning of the whole image pixel array.
The recursive methods of region-based segmentation are basically reduced to some
algorithms of region growing, edge detection, region splitting, and merging. Edge de
tection is one of the important and difficult operations in image processing. It is an
important step in the process of image partitioning into constituent objects. Mathe
matically the existence of edge is reflected by a sudden jump of intensity, which can
be expressed in terms of first and second derivatives of 𝐼(𝑥, 𝑦): 𝑑𝐼/𝑑𝑥 is maximal and𝑑2𝐼/𝑑𝑥2 crosses zero at the edge point. In two-dimensional case the edge is indicated
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by the maximum value of gradient, and gradient-based edge detection methods are
applied, the Laplacian being used as the second derivative. A variety of boundary de
tection methods is based on versions of high-pass filtering. The main shortcoming of
the iteration methods in the problems of real image segmentation is large running
time and large volume of required computer memory. The slow running is also inher
ent to recursive methods, being related to the necessary enumeration of all segment
pixels at the final stage of segment formation. The shortcomings of the methods based
on boundary detection are related to insufficient accuracy of boundary identification
and also to restrictions on segment boundary form. Various ways to overcome these
problems were suggested. One of natural ways consists in the construction of parallel
computational algorithms.

The image segmentation based on segment growing is usually accompanied by si
multaneous detection of the boundaries between the growing segments. For instance,
the task arises in image partitioning into a collection of macroscopic brightness frag
ments with a given brightness level between the fragments. In a number of situa
tions, the fragment boundary detection can be successively fulfilled by histogram-
based methods. These approaches are based on the use of functionals characterizing
statistical properties of brightness field and often permit us to evaluate a probability of
brightness variation at a given point of the processed image. An iteration histogram-
based algorithm for spatial separation of image points can be then constructed. Such
approaches can provide satisfactory boundary detection between image fragments in
the case of image fragments with sharp brightness variation between the fragments,
but fail in the cases when fragments with continuous brightness gradient exist.

For separation of contour boundaries in a segmented image the methods of con
tour filtering are used. They are based on the calculation of the first and the second
derivatives of the brightness function 𝐼(𝑥, 𝑦). As it turned out, the linear filtration ap
proaches lead to a number of systematic errors in segmentation task solution, for in
stance, to the appearance of spurious contours in the regions with continuous bright
ness gradient. Better results are provided by methods of quadratic filtering. And the
best results demonstrate the improved methods of nonlinear filtering, permitting the
construction of controllable adaptive oriented filters [2, 27]. In image segmentation
problems where the exact calculations of fragment boundaries and thin contours are
required, the so-called methods of contour tracing proved to be adequate.

At last, an interesting approach based on the application of a weighted graph as
sociatedwith the image should bementioned [26]. The graph vertexes were associated
with image pixels, whereas the weights of graph edges specified the proximity degree
of pixels. In dependence on concrete image segmentation task, the weights can be
dependent on pixel brightness, pixel mutual spatial distance, color components, or
proper filter parameters. Image segmentation problem is solved via the graph cutting
into two components, the principle of maximizing internal connectivity of subgraphs
andminimizing of mutual subgraph connectivity being exploited. The problem of the
initial graph cutting was reduced to the problem of analysis of discrete spectrum of
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a linear operator corresponding to the graph. The calculation of minimal (by mod
ule) eigenvalue of the operator was necessary to specify the first graph cutting. The
graph cutting itself is related to image separation into two maximally independent
partitions. Further the whole process was recurrently repeated with a complete seg
mentation of the processed image as a final result. This approach is in some sense
similar to visual image processing that is realized by the brain visual system in the
process of natural image perception.

It should be added that the principle of the graphweight construction used in [26]
has a resemblance with the principle of construction of dynamical connections in the
oscillatory network model designed for brightness image segmentation [10–13] that
will be described below (see Section 4.2).

4.1.3 Neuromorphic methods of image processing

Neuromorphic methods of image processing imitating performance of the brain neu
ral structures and representing a significant interest are considered as an alternative to
traditional computational methods developed in the field of computer vision. In par
ticular, the neuromorphic methods imitating the principle of dynamical binding via
synchronization that is presumably exploited by the brain visual system are of special
interest [7, 9, 28]. The brain visual system capability of self-organized functioning is
especially attractive to use in the visual image processing tasks where it is necessary
to exploit selective attention and an ability to exclude unessential information. The
problems of image understanding, recognition, and selection of objects in a visual
scene require using of these capabilities. The development of artificial visual systems
of autonomous robots has led to clear understanding that robotic vision should be ac
tive, that is, be dynamically reconfigurable depending on a concrete visual processing
task. So, themethods of flexible, adaptive visual informationprocessing are necessary
to be developed for artificial vision systems.

A dynamical oscillatory networkmethod of visual informationprocessingwas de
veloped based on the design of neural-like oscillatory network model of limit-cycle
oscillators with controllable internal oscillator dynamics and controllable dynamical
oscillator coupling [10–13]. The designed network coupling, being self-organized and
tunable by a processed image, is capable to be quickly and adaptively reconfigurable.
As a result, the neuromorphic dynamical synchronization-based oscillatory network
method of image processing proved to be flexible and adaptive. The final oscillatory
networkmodel versionpossesses anumber of useful features that are indispensable in
the problems of active image processing. Besides the capability of qualitative bright
ness segmentation of real gray-level and color images, the oscillatory network per
forms selective image segmentation, and object separation in visual scenes in simple
situations. The model is described in detail in Sections 4.2 and 4.3.
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4.2 Oscillatory network model description

Themodelwas developed based on the reduced 2Doscillatory networkmodel thatwas
obtained via reduction of previously designed biologically motivated 3D oscillatory
network model (see Sections 3.4.2–3.4.5). New improvements of the 2D-reduced net
work model concern internal single oscillator dynamics and the principle of network
oscillator coupling.Due to theadvancedversionof single oscillator dynamics, it is pos
sible to specify the dependence of the oscillation amplitude on the pixel brightness via
arbitrary continuous monotonic function. It gives a notable increase in segmentation
quality. Several new versions of the network coupling principle were also constructed
and tested. In particular, the filtration type version of the coupling principle was de
signed. It provided the network with the capability of selective image segmentation –
the extraction of brightness fragment subset with brightness levels belonging to an a
priori chosen interval of brightness. On the whole, the model improvements allowed
us to significantly raise image segmentation accuracy and to control network noise
suppression.

The oscillatory network model performance consists in network relaxation into
the state of clusterized synchronization encoded by a segmented image. The set of
internally synchronized but mutually desynchronized network ensembles (clusters)
arising at the final synchronization state corresponds to the image decomposition into
the set of brightness fragments specified by the choice of brightness levels.

4.2.1 Network architecture and governing dynamical system

Oscillators of a 2D-reduced network are located at the nodes of a 2D spatial lattice be
ing in one-to-one correspondence with the pixel array of a segmented image (see Sec
tion 3.4.5 and Figure 3.2). Active network processing unit is the limit-cycle oscillator
with the bifurcation dynamics. The stable attractor of single-oscillator dynamical sys
tem is either the stable limit cycle, of a stable focus. Image segmentation is performed
by the oscillatory network via synchronization of network assemblies corresponding
to image fragments of various brightness levels.

Let the image to be segmented be defined by the𝑀×𝑁matrix [𝐼𝑗𝑚] of pixel bright
ness values. The state of a single oscillator is defined by a pair (𝑢1, 𝑢2) of real-valued
variables. The network state is defined by the𝑀×𝑁matrix �̂� = [𝑢𝑗𝑚] of complex-val
ued variables 𝑢𝑗𝑚 = 𝑢1𝑗𝑚 + 𝑖𝑢2𝑗𝑚 defining the states of all network oscillators. System
of ODE governing oscillatory network dynamics can be written as

�̇�𝑗𝑚 = 𝑓(𝑢𝑗𝑚, 𝐼𝑗𝑚) + 𝑀∑
𝑗=1

𝑁∑
𝑚=1

𝑊𝑗𝑚𝑗𝑚 (𝑢𝑗𝑚 − 𝑢𝑗𝑚). (4.2-1)

Here functions 𝑓(𝑢, 𝐼) define internal dynamics of isolated network oscillators,
whereas the second term defines contribution into the dynamics via oscillator cou
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pling. In the first version of the model the values𝑊𝑗𝑚𝑗𝑚 , defining coupling strength
of network oscillators (𝑗, 𝑚) and (𝑗, 𝑚), were designed so as to realize the principle
of dynamical coupling based on brightness. The principle should provide self-orga
nized emergence of synchronization in the oscillatory network, so that synchronized
network ensembles correspond to image fragments of different brightness levels. The
matrix elements 𝑊𝑗𝑚𝑗𝑚 were designed in the form of the product of two nonlinear
functions dependent on oscillation amplitudes (limit cycle radii) of oscillator pair and
spatial distance between the oscillators in the network:

𝑊𝑗𝑚𝑗𝑚 = 𝑃(𝜌𝑗𝑚, 𝜌𝑗𝑚)𝐷(r𝑗𝑚 , r𝑗𝑚 ). (4.2-2)

The cofactors 𝑃(𝜌, 𝜌), providing the network coupling dependence on oscillation
amplitudes, were constructed as

𝑃(𝜌, 𝜌) = 𝑤0𝐻(𝜌𝜌 − ℎ), (4.2-3)

where 𝐻(𝑥) is a continuous step function, 𝑤0 is a constant defining total strength of
network interaction. The cofactors𝐷(r, r), providing “cut off” of spatial oscillator cou
pling, can be specified by any function of |r− r| vanishing at some finite distance. For
instance, it is convenient to choose𝐷(r, r) in the form

𝐷(r, r) = 1 − 𝐻(|r − r| − 𝑟0), (4.2-4)

where 𝑟0 is the chosen radius of spatial interaction. According to the coupling rule
(4.2-2), any two network oscillators are coupled if they possess sufficiently great oscil
lation amplitudes and are separated by a distance not exceeding the prescribed radius
of spatial interaction. Otherwise the coupling is absent.

4.2.2 Modified model of network oscillator

The new version of single oscillator dynamics was designed with preserving the main
qualitative features of dynamics of biologically motivated model of neural oscillator
designed in [18]. The modified version of dynamics allows us to specify the depen
dence of oscillation amplitude on pixel brightness by several types of simple mono
tone continuous functions, providing an additional tool of brightness segmentation
accuracy rise. The new version of the dynamical system (3.4-2) can be written in the
form [17] �̇� = 𝑓(𝑢, 𝐼), 𝑓(𝑢, 𝐼) = [𝜌2 + 𝑖𝜔 − |𝑢 − 𝑐|2 + 𝑔(𝐼)] (𝑢 − 𝑐), (4.2-5)

where 𝑐 = 𝜌(1 + 𝑖) and 𝑔(𝐼) is the continuous function of pixel brightness 𝐼.
If we choose 𝑔(𝐼) in the form of a step-function dependent on a threshold ℎ0,

𝑔(𝐼) = 𝛼[1 − 𝐻(𝜌)], (4.2-6)
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then the following features of isolated oscillator dynamicswill be ensured: (1) at 𝐼 ≤ ℎ0
a stable focus is the only stable attractor of the dynamical system (4.2-5) (the oscillator
demonstrates quickly damping oscillations); (2) at 𝐼 > ℎ0 the limit cycle of radius𝜌(𝐼) is the only stable attractor of the system (4.2-5) (the oscillator demonstrates stable
auto-oscillations of theamplitude𝜌(𝐼) < 𝜌0, where𝜌(𝐼) canbe specifiedbyanarbitrary
monotonically increasing function of 𝐼). The collection of limit cycles at different 𝐼 (in
the case of 𝜌(𝐼) = 𝐼 and ℎ0 = 0.25) is shown in Figure 4.1 (a). The limit cycle centers are
located at the pointswith coordinates (𝜌, 𝜌) of the phase plane. The bifurcationof limit
cycle into stable focus occurs at 𝐼 = ℎ0. The oscillator “response” to pixel brightness
variation is depicted in Figure 4.1 (b).
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(a)

(b)

Fig. 4.1. New version of single oscillator dynamics: limit cycles and focuses of dynamical sys
tem (4.2-5) for various values of pixel brightness 𝐼 and the oscillator “response” to the pixel bright
ness variation.
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4.2.3 Modified principles of network coupling

In addition to the new version of single oscillator dynamics, providing an analog
type of oscillator “response” on pixel brightness, the modified versions of network
coupling principles were introduced. The aim was to provide acceptable brightness
segmentation accuracy without application of the method of sequential segmen
tation, which was exploited previously in segmentation of synthetic images (see
Section 3.4.6).

According to the coupling rule (4.2-2)–(4.2-4), any oscillator pair is coupled if both
oscillators possess sufficiently large oscillation amplitude and the spatial distance be
tween the oscillators does not exceed a given radius of spatial interaction. To raise the
segmentation accuracy, more flexible connectivity rules were designed and tested.
One of the coupling modifications, which demonstrated the segmentation accuracy
improvement in processing of real gray-level images, was a coupling principle based
on restriction for each oscillator of the set of other network oscillators to which this
oscillator is coupled. The restriction canbe realized via some “mask.”Analytically the
coupling principle canbe defined bymatrix (4.2-2)with themodified co-factor �̃�(𝜌, 𝜌),

�̃�(𝜌, 𝜌) = 𝐻 (𝜌 − 𝜌 + 𝛥(𝜌))𝐻 (𝜌 − 𝜌 + 𝛥(𝜌)) . (4.2-7)

The function 𝛥(𝜌) specifies the “mask,” restricting the size of interaction vicinity of a
network oscillator (see Figure 4.2).

If 𝛥(𝜌) = 2𝛥0, then according to coupling rule defined by matrix (4.2-2) with𝑃(𝜌, 𝜌) = �̃�(𝜌, 𝜌), any pair of network oscillators is coupled only in the case when the
oscillator intervals of interaction [𝜌 − 𝛥0, 𝜌 + 𝛥0] and [𝜌 − 𝛥0, 𝜌 + 𝛥0] intersect. Com
puter experiments on brightness image segmentation demonstrate the segmentation
accuracy improvement in the case of application of the coupling rule (4.2-2) with the
modified cofactor �̃�.

ρρ

(a) (b)

ρ'ρ'

Fig. 4.2. The principle of network coupling with using of masks: (a) 𝛥(𝜌) = const, (b) 𝛥(𝜌) is chosen
as a monotonic function of 𝜌.
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4.2.4 Network performance and model capabilities

Brightness image segmentation is realized by the oscillatory network via two steps:
(1) preliminary tuning of oscillator dynamics by pixel brightness values (after the tun
ingoperation theproper limit cycle size is specified for eachnetworkoscillator); (2) the
network relaxation into the state of cluster synchronization (which results in oscilla
tory network decomposition into a set of internally synchronized andmutually desyn
chronized oscillator ensembles, so that each ensemble corresponds to a fragment of
appropriate brightness). The combination of gradual (analog type) oscillator response
to pixel brightness and the more flexible (filtration type) network coupling rule pro
vides significantly higher segmentation quality of real brightness images.

Brightness segmentation of gray-level images
For computer experiments on real gray-level brightness image segmentation the in
teractive computer code was created that provided a large series of experiments on
testing of model capabilities. Some results of real gray-level image segmentation are
presented in Figures 4.3 and 4.4.

In the frames of the oscillatory network model, the segmented image is “repro
duced” by the network in the oscillatory form: each ensemble of oscillators corre
sponding to a definite image fragment demonstrates internally synchronized oscil
lations, being at the same time desynchronized with the oscillators of all other oscil
latory ensembles corresponding to different brightness fragments. To extract the cor
rect stable version of reconstructed image from its oscillatory version provided by the
network, some simplemethods of postprocessingwere used. One of the simplest post
processing method was based on the extraction of the image via incorporation of its
instantaneous versions at the points of the maximal values of all the 𝑟𝑗𝑚(𝑡) = |𝑢𝑗𝑚(𝑡)|.

Fig. 4.3. Brightness segmentation of a gray-level photograph (657 × 432 pixels): (a) segmented
image; (b) the final result of segmentation.
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Fig. 4.4. Brightness segmentation of a map fragment (492 × 475 pixels): (a) segmented image; (b) the
final result of segmentation.

Color image segmentation
Color image segmentation was realized via pixel array decomposition into three sub
arrays corresponding to red, blue, and green components of pixel colors. These three
subarrays were processed by the oscillatory network independently. Final visualiza
tion of the segmentation result after accomplishment of network performancewas re
alized via reverse joining up of three subarrays into the single array. The example of
color image segmentation is presented in Figure 4.5.

Fig. 4.5. Color image segmentation (524 × 374 pixels): (a) segmented image; (b) the final result of
segmentation.
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Another way of color image segmentation is also possible. Namely, one can use
the vector parameter I = (𝐼1, 𝐼2, 𝐼3) with components equal to red, green, and blue
pixel brightness components, respectively, and represent scalar pixel brightness 𝐼 in
the form

𝐼 = 3∑
𝑘=1

𝑐𝑘𝐼𝑘, 𝑐𝑘 > 0, 3∑
𝑘=1

𝑐𝑘 = 1. (4.2-8)

Then the coupling principle (4.2-2) with 𝑃(𝜌, 𝜌) = 𝑃𝑐(𝜌, 𝜌),
𝑃𝑐 = 3∏

𝑘=1

𝐻(2𝛥 − |𝐼𝑘 − 𝐼𝑘|), (4.2-9)

can be used for segmentation of color images (𝛥 is a constant parameter).

Selective image segmentation
Selective image segmentation consists in the extraction of a desirable image fragment
subset with brightness values contained in some a priori chosen interval of bright
ness levels. Selective segmentation can be viewed as a simplest type of active image
processing. As it is intuitively clear, the selective segmentation can often be more in
formative compared to usual complete segmentation, because it allows us to exclude
unnecessary information.

The modified version of oscillator dynamics (4.2-5) provides a natural way of se
lective segmentation realization. It is sufficient to introduce a new function ̃𝜌(𝐼) in
equation (4.2-5) instead of 𝜌(𝐼) via introducing of a “mask” function 𝐹(𝐼) by putting

̃𝜌(𝐼) = 𝜌(𝐼)𝐹(𝐼). (4.2-10)

If it is required to select only image fragments of brightness values 𝐼 ∈ [𝐼1, 𝐼2],
we choose 𝐹(𝐼) to be equal to 1 inside the interval [𝐼1, 𝐼2] and vanishing outside the
interval. It can be done analytically via the mask of a rectangle form

𝐹(1)(𝐼) = 𝐻(𝐼 − 𝐼1)𝐻(𝐼2 − 𝐼). (4.2-11)

In this case, obviously, only the oscillators corresponding to image fragmentswith
brightness values 𝐼 ∈ [𝐼1, 𝐼2]will possess nonzero oscillation amplitudes, whereas the
rest network oscillatorswill drop out of network interaction because of vanishing limit
cycle sizes. To select a collection of brightness fragments with a discrete brightness
values 𝐼(1), 𝐼(2), . . . , 𝐼(𝑚), the mask in the form of the sum of delta-like functions 𝛤(𝑥)
can be used:

𝐹(2) = 𝑚∑
𝑘=1

𝛤(|𝐼 − 𝐼(𝑘)|). (4.2-12)
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Fig. 4.6. Selective image segmentation 1: (a) original image; (b) complete image segmentation;
(c) extraction of several the most bright image fragments; (d) extraction of a set of fragments of
middle brightness; (e) extraction of several the least bright fragments.

The examples of selective brightness segmentation of a cross-sectional tomogram
are given in Figures 4.6 and 4.7.

The capability to focus attention and exclude unnecessary information is the
known significant feature inherent to the mammalian brain visual systems. In hu
manoid robotics the problems of active vision are particularly important, because the
capability to concentrate attention on a single aspect is necessary for any animate
vision system. It is of special importance in navigation of autonomous robots in un
known surroundings. The artificial neural network approaches, offering the analog
with the brain neural systems working, represent the attempts to elucidate various
principles of the brain functioning and to use them in robotics. In particular,modeling
of principles of visual information reduction is helpful for developments of artificial
vision systems. Thus, modeling of selective brightness image segmentation (simple
exclusion of unnecessary visual information) could be considered as an initial step
toward the creation of artificial active vision systems.

An example of the visual illusion shown in Figure 4.8 illustrates the informative
character of selective image segmentation.
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Fig. 4.7. Selective image segmentation 2: (a) original image; (b) complete image segmentation;
(c) extraction of several the most bright image fragments; (d) extraction of a set of fragments of
middle brightness; (e) extraction of several the least bright fragments.

Fig. 4.8. The visual illusion (related to selective brightness image segmentation). The squares A and
B are of the same gray level of brightness. It is demonstrated (right) via separation of the squares
and the exclusion of the rest of the details from the picture. Picture by Edward H. Adelson.
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4.2.5 Image fragment separation from a visual scene

Problems of visual scene analysis
The problem of object selection in a visual scene belongs to the class of higher level
image processing tasks and demands additional methods of image analysis (such as
filtering or pattern recognition), dependent on the problem statement. Visual scene
interpretation consists in partitioning of the scene image into constituent subregions
and in assigning of an appropriate label to each subregion.

In the mammalian visual systems the problems of scene analysis are solved via
parallel distributed ways of visual information processing. Surprisingly, human vi
sual system can recognize a gist of novel image in a single glance, independently
on image complexity. So, it is natural to expect that in the frames of oscillatory net
work approach some methods of visual scene analysis based on temporal correla
tion can be suggested. Developing an example of such synchronization-based solu
tion, we restricted ourselves at the first step to a simple problem of visual scene seg
mentation, which does not require additional computational tools (besides the devel
oped network model). It is the problem of successive image fragment selection from
some finite set of spatially separated image patches of almost equal, weakly inhomo
geneous brightness. The condition of brightness homogeneity of the patches should
be stressed, because in the case of patches of different brightness they could be easily
separated by the improved version of the oscillatory network without any additional
efforts. In the case of homogeneous patch brightness the problem can be solved in the
frames of the oscillatory network approach by a proper model extension.

We now shortly outline the main traditional computational algorithms that were
used in visual scene segmentation tasks.

Visual scene segmentation via traditional computational methods
Various traditional computational methods were proposed for visual scene analysis
and segmentation, basedon image representation in the formof a two-dimensional ar
ray where some brightness, color, and texture information is prescribed to each pixel.
The first group of approaches contains region-based methods relied on generation of
fixation point and finding the enclosing contour. A kind of attention mechanism is
usually attracted in such approaches [21, 22]. This segmentation strategy, developed
mainly for extraction of “simple” objects (presented by some connected image do
mains) from a visual scene, can be applied in problems for robots with cameras. The
approach allows us to model a combination of top-down and bottom-up visual atten
tion processes.

The second group of methods is based on the concept of graph cuts [26]. The
graph-based algorithms exploit image representation in the form of hierarchical col
lection of salient segments. A graph is associated with an image so that each image
pixel corresponds to the graph node, and the weight of graph edge, connecting two
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nodes, is specifiedaccording to somepixels features. The contour-based segmentation
strategy then involves two consecutive steps. At the first step a probabilistic boundary
map is generated (in which the weight of each boundary pixel is proportional to the
probability for the pixel to be at the region boundary). At the second step a fixation
point and a closed boundary contour containing the fixation point are selected in the
visual scene. This allows us to define a path that optimally cuts the boundary map
into two halves [25]. Discrete layered models based on a sequence of ordered Markov
random fields and on extended graph-cut methods have also been developed [29].
The approaches dealing with the normalized graph cuts admit estimation of image
motion and can provide segmentation of moving scenes. Region-based segmentation
approaches incorporating syntactic visual features (formulated in terms of shape and
spatial configuration of image regions) can also sometimes provide satisfactory seg
mentation results.

Visual scene segmentation via oscillatory network approaches
The attempts to design neural network models reflecting the existence of so-called
neural circuits and exploiting synchronization and desynchronization of neural as
semblies were undertaken for scene segmentation problems [6]. A visual scene seg
mentation via synchronization in a two-layer network of Wilson–Cowan oscillators
located in 50 × 50 spatial lattice was carried out with the help of image contours de
tection approach [30]. For solving the problem of texture patch selection in the frames
of oscillatory network model it was necessary to use collections of filters and spectral
histograms [19]. One more approach to the problem of sequential selection of objects
from a visual scene can be formulated in terms of selective visual attention. Then the
visual scene segmentation task can be solved based on partial synchronization in a
neural network of spiking neurons using synchronization with a central element [1].

Image fragment separation based on in-phase synchronization of oscillatory
network ensembles
The oscillatory network model described in Sections 4.2.1–4.2.4 was used for solving
a simple visual scene segmentation task. A simple problem of visual scene segmen
tation, which does not require additional computational tools besides the developed
oscillatory network model with controlled synchronization, was considered. It is the
problem of successive fragment selection from some finite set of spatially separated
image patches of weakly inhomogeneous (almost equal) brightness.

We introduce two identical independent (mutually uncoupled) oscillatory sub
networks denoted as the 𝑥-layer and the 𝑦-layer. The initial distributions of oscillator
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phases of networks of the 𝑥-layer and the 𝑦-layer are defined as
𝜑(𝑥)𝑗𝑘 (0) = 2𝜋𝑗𝑀 , 𝑗 = 1, . . . ,𝑀,
𝜑(𝑦)𝑗𝑘 (0) = 2𝜋𝑘𝑀 , 𝑘 = 1, . . . , 𝑁, (4.2-13)

where𝑀 is the image width and 𝑁 is its height. As one can see from (4.2-13), the ini
tial phases of network oscillators of the 𝑥-layer are chosen to be proportional to the𝑥-coordinates of the image pixels, whereas the initial phases of network oscillators
of the 𝑦-layer are proportional to the pixel 𝑦-coordinates. After the relaxation of both
subnetworks into the synchronization state, one will obtain the following relations
for phase shifts: (1) in the 𝑥-layer the phase shift between two in-phase synchronized
oscillator ensembles corresponding to two different image fragments is proportional
to the difference of the 𝑥-coordinates of fragment “centers of mass” and (2) in the𝑦-layer the phase shift between the same two oscillator ensembles is proportional to
the difference of the 𝑦-coordinates of the fragment “centers of mass.” So, the finite
phase shifts arise between the oscillator ensembles, corresponding to different spa
tially separated fragments. Therefore, all spatially separated fragments (despite their
equal brightness) canbe clearly distinguishedand successively selected. Thedifficulty
in fragment separation can arise only in the rare situation when there exists a com
bination of two spatially separated fragments, located one inside another, so that the
coordinates of both fragment centers coincide. The example of solvable problem of
fragment separation is presented in Figure 4.9. A fragment of the Earth surface ob

Fig. 4.9. Selection of spatially separated fragments of visual scene: (a) original image; (b) succes
sive selection each of four fragments.
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Fig. 4.10. Functions 𝜑𝑗𝑘(𝑡) = 𝜃𝑗𝑘(𝑡) − 𝜔𝑡 corresponding to patch selection, shown in Figure 4.9.

tained via satellite observation is presented in Figure 4.9 (a). The visual scene con
tains four spatially separated patches of almost equal brightness. The two-network
approach allows us to successfully select all the fragments. The temporal behavior
of the oscillator phases for oscillators of the 𝑥-layer is shown in Figure 4.10. Similar
behavior of oscillator phases occurs for oscillators of the 𝑦-layer.

4.3 Relation of the oscillatory network method to other
approaches

4.3.1 Relation of the model to controllable dynamical systems

The theory of dynamical system control is a well-developed research field existing
during more than 30-year period. The purpose of the control theory is to design the
control methods for complicated dynamical systems, that would allow to achieve the
desirable dynamical system behavior without a detailed information on the system
dynamics. A great variety of control methods has been developed: methods of a di
rect control, program control, control methods via feedback connections, adaptive
control, methods of auto-tuning and self-tuning, optimizationmethods, dynamic pro
gramming methods, etc. The theory of adaptive control is related to the construction
of strategies providing desirable dynamical behavior of the controlled systemwithout
the complete knowledge of the system. The control can be applied to systems of ordi
nary differential equations, stochastic differential equations, and stationary random
processes. There exist close relations between adaptive control theory and appropriate
aspects of signal processing theory, expert systems, fault-tolerant control, intelligent
control, filtering algorithms, and learnable neural networks. In many situations the
arising changes in controllable dynamics are so large that simple linear feedback con
troller will not work satisfactory (for instance, this is the case in problems of flight
control). Adaptive control includes the possibility of control law modifications in sit
uations when the parameters of controllable system are slowly time varying or uncer
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tain. Adaptive control does not need a priori information about the bounds of the un
certain or time-varying parameters. The design of an optimal strategy of autonomous
robot behavior can serve an example of application of adaptive control methods. Self-
organized (unsupervised) learning algorithms for recurrent neural networks can also
be viewed as application adaptive control to network dynamical systems.

The oscillatory network model described in Section 4.2 is mathematically equiva
lent to a high-dimensional nonlinear controllable dynamical system. The control con
sists in preliminary tuning of internal parameters of the oscillatory dynamical sys
tem by the array of image pixel brightness. The tunable parameters are the oscillation
amplitudes of single network oscillators (limit cycle radii) and the network coupling
matrix, which depends on oscillation amplitudes. The type of control should be re
ferred to as a kind of direct adaptive parametrical control. In fact, the control consists
in self-consistent tuning of dynamics of the governing dynamical system. The control
ling process itself is realized in discrete time and in a off-line manner.

4.3.2 Relation of the model to multi-agent systems

Theprinciple of oscillatory networkmodel design and the character of its performance
is closely related to self-consistent performance of multi-agent systems (MAS) that are
widely exploited in a great variety of research fields and applications (see Section 1.8).
MAS applications cover such fields as computer vision, robotic control, computer-
aided design, enterprise modeling, network monitoring, societies simulation, office
and home automation, telecommunication, and traffic management.

MAS can be viewed as distributed controllable systems, providing modeling
highly complicated nonlinear processes (more complicated than those formulated
in terms of usual dynamical systems) admitting adaptive behavior. Robotic mobile
intelligent MAS admit hierarchical programmable interconnection architectures. Dis
tributed self-organizing algorithms for complicated program solving are currently
under development. The application spheres include a great variety of new modern
directions such as creation of distributed algorithms for planning and rational de
cision making, modeling of artificial social systems, argumentation and preferences
modeling, mobile agent-based data mining for diagnosis support, remote control
multi-agent systems for healthcare service, adaptive intelligent algorithms for various
networks service, agent-based negotiation algorithms for cooperative decision mak
ing, agent-based dynamic data storage, intelligent solutions to problems of resource
allocation, and agent-based WEB applications. Active development of reinforcement
learning algorithms and the other adaptive algorithms for various multi-agent dis
tributed systems is in progress. Also, it seems plausible that many complicated prob
lems that are nowadays solved based on problem-oriented computation algorithms
in future will be solved via MAS-based approaches.
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Returning to the oscillatory network model discussed in Section 4.2, we note that
network oscillators, located at the nodes of spatially distributed lattice andpossessing
image controllable internal dynamics, could be considered as a community of proces
sors (agents). Cooperative solution to the problem – image processing – is performed
by the community via a self-organized interaction of all processors. The interaction of
the processors is easily and adaptively reconfigurable dependent on the concrete task
to be solved.

Thus, the dynamical oscillatory method of image processing, developed on the
base of neuromorphic oscillatory network model with synchronization-based perfor
mance, demonstrates flexible, inherently parallel, and automatic self-organized per
formance in various tasks of image processing.

4.4 Hardware implementation of oscillatory networks

The algorithms for imageprocessing based onoscillatory network approach are highly
parallel in essence. Hence, the desire to implement such networks as a standalone in
tegrated circuit chip rather than to emulate them on a serial computer seems quite
natural. Self-sustained oscillation systems either of Van der Pol type or Ginzburg–
Landau type can be easily created using conventional discrete components such as
bipolar and field effect transistors, resistors, and capacitors. Packing of these elec
tronic oscillators into a single chip is well within current technological capabilities.
We nowbriefly describe two implementations of the LEGIONmodel (see Section 3.3.2).

The series of papers [3–5, 20] represents an ongoing work toward the designing
the BIOSEG system – a bioinspired VLSI (very-large-scale integration) analog system
for image segmentation. The prototype chips contain an array of 16×16 and 32×32 os
cillators and are manufactures using 0.8 μm and 0.35 μm complementary metal-oxide
semiconductor (CMOS) technologies, respectively. Experiments gave satisfactory re
sults and demonstrated that the proposed network can properly segment small im
ages, including noisy ones. The time required for the segmentation process is deter
mined by the operating frequency of the device and in the present case is about 150 μs.

In the papers [14–16], the authors designed a VLSI chip using 0.35 μm CMOS tech
nology. The chip contained about 100 000 transistors to create amatrix of 32×32 oscil
lators. It was demonstrated to be capable to perform fast segmentation of real biomed
ical binary images (magnetic resonance image of rat liver with pancreatic islets was
used). Comparison with computer simulation of the same network revealed the ad
vantage of its hardware implementation from the viewpoint of operation speed. The
segmentationof 32×32 fragment tookabout 1 μs, and this shouldbe comparedwith the
simulation time of 0.24 s on a desktop computer operating at 4.3 GHz. The matrix size
seems to be too small for real applications, but the authors claim that similar approach
canbeused to createmuch largermatrices containing, for example, 256×256 elements.
This can be done usingmodern analog technology, like 65 nmCMOS process. The chip
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requires further testing and much work still has to be done to significantly enhance
its design. Nevertheless, the obtained results represent an important step toward the
hardware implementation of neuromorphic image segmentation approach (with real-
life applications) based on oscillatory networks.

It should be noted that in contrast to the LEGION model, our oscillatory network
model described in Chapters 3 and 4 has only self-organized dynamical connections
and no static ones. This feature could hamper the design of the corresponding inte
grated circuit, but the implementation still seems to be feasible. Finally we remark
that it would be of particular interest to design an optoelectronic device with direct
pure optical image input (CCD-like), that could be exploited for image processing in
real time, for example, in video tracking tasks.

4.5 Code providing computer experiments on image processing

The collection of computer codes ONN was created for computer experiments on the
oscillatory networkmethod testing in different image segmentation tasks. The current
version of the ONN code allows us
(1) to integrate the dynamical system governing the oscillatory network dynamics by

specifying the image to be processed from the external graphical file and themain
controlling parameters (the strength 𝑤0 of oscillator interaction, the radius 𝑟0 of
spatial interaction in the oscillatory network, the “mask” 𝛥 restricting the set of
network oscillators that are coupled with each given oscillator and the level of
network artificial noise);

(2) to display the functions |𝑢𝑗𝑚(𝑡)|, arg 𝑢𝑗𝑚(𝑡), Re 𝑢𝑗𝑚(𝑡), Im 𝑢𝑗𝑚(𝑡), phase trajectories
of individual oscillators, the oscillatory network state at any moment of time (in
the form of an instantaneous state of the segmented image), the pixel brightness
values being defined by either |𝑢𝑗𝑚(𝑡)| or arg 𝑢𝑗𝑚(𝑡).
The maximal size of pixel array of segmented image is restricted by the operating

memory size and the computation procedure running time. A typical image segmen
tation task with image pixel array of 50 000 pixels takes about 10min for complete
problem solving using a desktop computer.

The ONN code provided a great variety of computer experiments on brightness
segmentation of real gray level and color images with multipixel arrays and experi
ments on solving simple versions of vision scene segmentation task with the help of
the oscillatory network of the two-layer architecture. The following directions of fur
ther model development are possible: the design of new principles of the oscillatory
network coupling (in particular, for incorporation of more complicated visual scene
segmentation problems), the development of new approaches for active image pro
cessing and the development of approaches for moving images processing.



�

�
Margarita Kuzmina, Eduard Manykin, Evgeny Grichuk: Oscillatory Neural

Networks — 2013/10/11 — 11:18 — page 125
�

�

�

�

�

�

Bibliography | 125

Bibliography

[1] R. Borisyuk, Y. Kazanovich, D. Chik, V. Tikhanoff and A. Cangelosi. A neural model of selective
attention and objecy segmentation in the visual scene: An approach based on partial synchro
nization and star-like architecture of connections. Neural Networks, 22:707, 2009.

[2] D. Comaniciu and P. Meer. Mean shift analysis and applications. In Proc. ICCV’99, volume 2,
page 1197, 1999.

[3] J. Cosp and J. Madrenas. A microelectronic implementation of a bioinspired analog matrix for
object segmentation of a visual scene. In Proc. ESANN’01, page 69, 2001.

[4] J. Cosp and J. Madrenas. Scene segmentation using neuromorphic oscillatory networks. IEEE T.
Neural Networ., 14:1278, 2003.

[5] J. Cosp, J. Madrenas and D. Fernández. Design and basic blocks of a neuromorphic VLSI ana
logue vision system. Neurocomputing, 69:1962, 2004.

[6] R. Eckhorn. Neural mechanisms of scene segmentation: recordings from the visual cortex sug
gest basic circuits for linking field models. IEEE T. Neural Networ., 10:464, 1999.

[7] R. Eckhorn, R. Bauer, W. Jordan, M. Brosch, W. Kruse, M. Munk and H. J. Reitboek. Coherent
oscillations: a mechanism of feature linking in the visual cortex? multiple electrode and corre
lation analyses in the cat. Biol. Cybern., 60:121, 1988.

[8] R. C. Gonzalez and R. E. Woods. Digital Image Processing Processing. Prentice Hall, 2007.
[9] C. M. Gray and W. Singer. Stimulus-specific neuronal oscillations in orientation columns of cat

visual cortex. Proc. Natl. Acad. Sci. USA, 86:1698, 1989.
[10] E. Grichuk, M. Kuzmina and E. Manykin. Oscillatory network for synchronization-based adap

tive image segmentation. In Proc. IJCNN’06, page 4529, 2006.
[11] E. Grichuk, M. Kuzmina and E. Manykin. Image processing via synchronization in self-organiz

ing oscillatory network. In Proc. ECC’07, Vol. 1, volume 27 of Lecture Notes in Electrical Engi
neering, page 97, 2009.

[12] E. S. Grichuk, M. G. Kuzmina and E. A. Manykin. Oscillatory network for synchronization-based
adaptive image segmentation. Opt. Mem. Neural Networks, 15:57, 2006.

[13] E. S. Grichuk, M. G. Kuzmina and E. A. Manykin. Object selection in visual scene via oscilla
tory network with controllable coupling and self-organized performance. Opt. Mem. Neural
Networks, 20:113, 2011.

[14] J. Kowalski and M. Strzelecki. 32 × 32 oscillator network chip for binary image segmentation. In
Proc. ICSES’08, page 227, 2008.

[15] J. Kowalski, M. Strzelecki and H. Kim. Implementation of a synchronized oscillator circuit for
fast sensing and labeling of image objects. Sensors, 11:3401, 2011.

[16] J. Kowalski, M. Strzelecki and P. Majewski. CMOS VLSI chip of network of synchronised oscil
lators: Functional tests results. In Proc. IEEE Workshop on Signal Processing 2006, page 71,
2006.

[17] M. G. Kuzmina and E. A. Manykin. Oscillatory neural network for adaptive dynamical image
processing. In Proc. CIMCA’05, page 301, 2005.

[18] Z. Li. A neural model of contour integration in the primary visual cortex. Neural Comput.,
10:903, 1998.

[19] X. Liu and D. L. Wang. Image and texture segmentation using local spectral histograms. IEEE T.
Image Process., 15:3066, 2006.

[20] J. Madrenas, J. Cosp, O. Lucas, E. Alarcón, E. Vidal and G. Villar. BIOSEG: A bioinspired VLSI
analog system for image segmentation. In Proc. ESANN’04, page 411, 2004.

[21] A. K. Mishra and Y. Aloimonos. Active segmentation. Int. J. Hum. Robot., 6:361, 2009.
[22] A. K. Mishra, Y. Aloimonos, L.-F. Cheong and A. A. Kassim. Active visual segmentation. IEEE T.

Pattern Anal., 34:639, 2012.



�

�
Margarita Kuzmina, Eduard Manykin, Evgeny Grichuk: Oscillatory Neural

Networks — 2013/10/11 — 11:18 — page 126
�

�

�

�

�

�

126 | 4 Image processing based on the oscillatory network model

[23] W. K. Pratt. Digital Image Processing. Wiley-Interscience, 2007.
[24] P. Rosenfeld and A. C. Kak. Digital picture processing. Academic Press, 1982.
[25] E. Sharon, M. Galun, D. Sharon, R. Basri and A. Brandt. Hierarchy and adaptivity in segmenting

visual scenes. Nature, 442:810, 2006.
[26] J. Shi and J. Malik. Normalized cuts and image segmentation. IEEE T. Pattern Anal., 22:888,

2000.
[27] E. P. Simoncelli and W. T. Freeman. The steerable pyramid: a flexible architecture for multi-scale

derivative computation. In Proc. ICIP’95, volume 3, page 444, 1995.
[28] W. Singer and C. M. Gray. Visual feature integration and the temporal correlation hypothesis.

Annu. Rev. Neurosci., 18:555, 1995.
[29] D. Sun, E. Sudderth and M. Black. Layered image motion with explicit occlusions, temporal

consistency, and depth ordering. In J. Lafferty, C. K. I. Williams, J. Shawe-Taylor, R. S. Zemel
and Culotta. A., editors, Advances in Neural Information Processing Systems, volume 23, page
2226. MIT Press, 2010.

[30] M. Ursino, G.-E. La Cara and A. Sarti. Binding and segmentation of multiple objects through
neural oscillators inhibited by contour information. Biol. Cybern., 89:56, 2003.



�

�
Margarita Kuzmina, Eduard Manykin, Evgeny Grichuk: Oscillatory Neural

Networks — 2013/10/11 — 11:18 — page 127
�

�

�

�

�

�

5 Parallel information processing and photon echo

5.1 Properties of the photon echo effect

The photon echo effect (or time domain four wavemixing effect) was predicted in 1962
by Kopvillem and Nagibarov [6], and was experimentally observed two years later by
Kurnit, Abella, and Hartmann in a ruby crystal [7]. This is a nonlinear optical phe
nomenon, analogous to a spin echo effect, that consists in the coherent response of
optical inhomogeneously broadened mediums (gases, plasma, and crystals) to ultra
short optical pulses. It is widely utilized for studying, for example, processes of relax
ation of elementary excitations. Investigations devoted to dynamic spatial and tem
poral properties of signals of coherent spontaneous emission have formed a separate
direction in physics of photon echo. As a consequence, several practical applications
of these properties in optical-memory and data-processing systems were proposed.
Physically, various manifestations of the specific features of the formation of the tem
poral and spatial structure of optical echo responses are associated, on the one hand,
with the sensitivity of quantum resonant systems to Fourier-transforming properties
of incident light pulses and, on the other hand, with the sensitivity of such systems
to spatial structure of the wave front of radiation. Optical processors that use pho
ton echo may implement all the basis operations inherent in optical data-processing
methods, such as spectral filtration of conventional and spatial frequencies and cor
relation comparison of optical signals and time-dependent images.

The physical essence of the photon echo phenomenon is as follows. Suppose we
have a source of ultrashort laser pulses and some resonant medium. For example, we
can use a dye laser that operates in a pulsed mode, and a ruby crystal (a corundum
crystal Al2O3 with implanted chromium ions Cr3+). The carrier frequency of laser ra
diation is adjusted to be resonant to some atomic transition of a chromium ion. In the
first experiments the wavelength 𝜆 = 0.635 μm was used, which corresponds the pho
ton energy 𝐸 = 1.9 eV. An absorption of a photon excites a chromium ion. The typical
duration of single laser pulse is 15–20 ns, whereas the lifetime of an ion excited state
is about 20 μs, i.e. 1000 times longer than the pulse duration. Hence, an excited ion
can interact with laser field a large number of times before it recombines.

If a ruby crystal is subjected to two laser pulses with an interval 𝜏 between them, a
coherent excited state of chromium ions is formed. Upon its decay, an optical coherent
pulse is emitted – a two-pulsed photon echo signal (see Figure 5.1).

The three-pulsed photon echo phenomena aremuchmore important for scientific
and practical applications. Suppose now a crystal is subjected to three pulses. Now an
additional echo signal appears as a third pulse with a delay 𝜏, which is equal to the
interval 𝜏 separating first two pulses (see Figure 5.1).

The damping of an echo signal does not significantly depend on the moment 𝑇 of
the third pulse appearance. The value of 𝑇 can bemuch larger than 𝜏. More rigorously,
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Fig. 5.1. A schematic of the two-pulse and three-pulse (stimulated) photon echo effect.

relaxation processes in resonant media can be characterized (in the simplest cases)
by three main time scales: 𝑇1 – longitudinal nonreversible relaxation time that deter
mines the life-time of an excited state, 𝑇2 – transverse nonreversible relaxation time,
also known as phasememory time, and𝑇∗2 – transverse reversible relaxation time that
is determined by the width of inhomogeneously broadened line. For the photon echo
it is important that the conditions 𝛿𝑖 < 𝑇1,2 and 𝜏 < 𝑇1,2 are fulfilled, where 𝛿𝑖 are
the durations of excitation pulses. These conditions are natural: the photon echo is a
coherent optical phenomenon and all its characteristic time scales should be smaller
than nonreversible relaxation time of the medium. In three-pulsed photon echo the
time interval 𝑇 between second and third pulses also has an upper bound: 𝑇 < 𝑇1.
There are no strict limiting relations between 𝛿𝑖, 𝜏, 𝑇 and 𝑇∗2 . Different ratios of these
quantities determine different regimes of the photon echo effect.

The typicalwavelength of laser field (of the order of 1μm) ismuch smaller than the
typical crystal size. Hence, in contrast to a spin echo, the photon echo is characterized
by a spatial directionality: if all laser pulses are plain waves and k1, k2 and k3 (k𝑖 =2𝜋n̂𝑖/𝜆with n̂𝑖 the direction of propagation of a laser beam) are the wavevectors of the
first, the second and the third laser pulses, respectively, then the wavevector of the
echo signal is k = k3 + k2 − k1. This condition is known as a spatial wave-matching
condition. If k3 + k2 = 0 then the echo signal propagates in the direction opposite to
the first pulse direction. Moreover, if the first pulse is a divergent spherical wave, then
the echo signal will be a convergent spherical wave. Therefore, the photon echo effect
shares some spatial properties of the holography phenomenon.

As was demonstrated in numerous works, the photon echo effect can be used for
various tasks of information processing. In such optoelectronic devices input informa
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tion is encoded in optical pulses, and the echo signal generated by a nonlinear crystal
figures as the output. We will refer to these devices as echo processors.

5.2 Time processing of optical signals in photon echo processors

We now briefly review main methods to form various echo signals, and describe how
these method can be used to implement some types of neural networks. Here we con
centrate only on the final results, omitting theirmicroscopic quantummechanical jus
tification. The details can be found, for example in [8].

Let 𝐸1(𝑡) and 𝐸2(𝑡) denote the envelopes of the electric field of excitation pulses in
a two-pulsed photon echo. Then the echo signal 𝐹(𝑡) has the following form:

𝐹(𝑡) ∼ ∫𝐺(𝑡1)𝐸2(𝑡2)𝐸2(𝑡3)𝐸∗1 (𝑡1 + 𝑡2 + 𝑡3 + 𝑡1 − 𝑡 + 𝜏𝑒)𝑑𝑡1𝑑𝑡2𝑑𝑡3, (5.2-1)

where 𝜏𝑒 = 2𝜏 is the time of an echo signal emission and 𝐺(𝑡) is the Fourier transform
of the frequency distribution function 𝑔(𝜔) of the resonant medium.

An analogous expression is obtained for a three-pulsed photon echo:

𝐹(𝑡) ∼ ∫𝐺(𝑡1 − 𝑡2 − 𝑡3 + 𝑡 − 𝜏𝑒)𝐸3(𝑡2)𝐸2(𝑡3)𝐸∗1 (𝑡1)𝑑𝑡1𝑑𝑡2𝑑𝑡3, (5.2-2)

where now 𝜏𝑒 = 𝑇 + 𝜏.
These expressions, involving triple integrals, can be significantly simplified under

certain conditions. For example, if the excitation pulses have a broad spectrum, i.e.
their duration𝛿𝑖 ismuch lower than the relaxation time𝑇∗2 , 𝛿𝑖 ≪ 𝑇∗2 , then the functions𝐸𝑖(𝑡) can be approximated with delta-functions. The echo signal is then proportional
to the 𝐺(𝑡 − 𝜏𝑒), and its duration is characterized by 𝑇∗2 . On the other hand, if 𝛿𝑖 ≫ 𝑇∗2
(this condition is typical for real experiments), then delta function approximation can
be used for 𝐺(𝑡). Introducing the Fourier transform of the electric fields amplitudes

𝐸𝑖(𝜖) = ∫𝐸𝑖(𝑡)𝑒𝑖𝜖𝑡𝑑𝑡, (5.2-3)

the output of the resonant medium for a stimulated echo is described by the expres
sion 𝐹(𝑡) ∼ ∫𝐸3(𝜖)𝐸2(𝜖)𝐸∗1 (𝜖)𝑒−𝑖𝜖(𝑡−𝜏𝑒 ) 𝑑𝜖2𝜋 . (5.2-4)

Suppose that one of the input signals 𝐸1(𝑡) (which we will call the coding pulse)
has an arbitrary temporal formwith the duration 𝛿1, whereas other signals havemuch
smaller duration, 𝛿𝑖 ≪ 𝛿1 (andhence,much greater spectralwidth). Then all functions
in (5.2-1), except 𝐸1(𝑡), can be approximated with delta functions, and for the echo
response we get 𝐹(𝑡) ∼ 𝐸∗1 (𝜏𝑒 − 𝑡). (5.2-5)

Hence, in this case the echo signal is just the time reversal of the input optical
pulse. Similar situation is observed in a three-pulsed photon echo. Here, along with
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time reversal of an optical pulse, it is also possible to introduce a time delay into its
propagation without changing its form. It was shown [5, 9, 10] that the role of the
coding pulse canbeplayed by any of three excitation pulses. If the coding pulse comes
first, the echo signal is time reversed, and if it comes second of third, only the time
delay is introduced. For example, if 𝐸2(𝑡) in (5.2-2) represents the coding pulse and
two other pulses are much shorter, 𝛿1,3 ≪ 𝛿2, from (5.2-2) we obtain

𝐹(𝑡) ∼ 𝐸2(𝑡 − 𝜏𝑒). (5.2-6)

The first experimental observation of this effect was performed in ruby crystal
with implanted Cr3+ ions [12]. These experiments were later confirmedwith numerous
other nonlinear media, including crystal with paramagnetic impurities and gases. It
is important to note, that the time delays in some experiments were as large as a few
hours (see, e.g. [2]).

Similarly, if the spectral width of one of the functions involved in the product in
expression (5.2-4) is considerably greater than the widths of other two functions, this
function canbe factored out outside the integral. Then, the envelope of the echo signal
is proportional to

𝐹corr(𝑡) ∼ ∫𝐸2(𝑡1)𝐸∗1 (𝑡1 − 𝑡 + 𝜏𝑒)𝑑𝑡1,
𝐹conv(𝑡) ∼ ∫𝐸3(𝑡 − 𝜏𝑒 − 𝑡1)𝐸2(𝑡1)𝑑𝑡1 , (5.2-7)

i.e. the correlation and convolution functions of the excitation pulses amplitudes.

5.3 Implementation of vector–matrix multiplier based on photon
echo

Photon echo can be used for implementations of optical data-processing methods. In
particular, a vector–matrix multiplier (VMM) can be built based on this effect [1, 11].

Since under certain conditions a photon echo signal can represent correlation and
convolution functions of excitatory pulses, it can be employed for implementation
of multiplication using an algorithm of digital multiplication by analog convolution
(DMAC) [4]. Suppose, we want to multiply numbers 𝐴 = 22 and 𝐵 = 9. Their binary
representations 𝐴 = 101102 and 𝐵 = 010012 should correspond to waveforms of light
pulses (see Figure 5.2 (a)). The calculation of a product of two numbers 𝐴 and 𝐵 using
the formula of convolution (5.2-7) yieldswaveforms shown in Figure 5.2 (b), which cor
respond to a number 𝐴𝐵 written in a mixed representation, 𝐴𝐵 = 10120110𝑚. An easy
postprocessing is required to obtain a standard binary representation. It can be done
using a shift-and-addalgorithm [4]: the amplitude of the 𝑘th pulse of the output signal
should be converted into binary representation, shifted by 𝑘 digits, and then all the re
sulting values should be summed up. This process is demonstrated in Figure 5.2 (c).
Its outcome is the result of multiplication: 𝐴𝐵 = 110001102 = 198.
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Fig. 5.2. DMAC algorithm in the time domain: (a) waveform of pumping light pulses (binary coding);
(b) the result of the multiplication of two numbers in a mixed representation; (c) postprocessing
with a shift-and-add algorithm.

A photon echo also makes it possible to produce optical images. In this case, a
resonant medium plays the role of a spectral-selective hologram that is also sensitive
to spatial frequencies. In particular, if a resonant medium coincides with the plane
of spatial frequencies, photon-echo signals produce optical images that represent the
correlation or the convolution of initial images in spatial coordinates,

𝐹corr(r) ∼ ∫𝐸2(r1)𝐸∗1 (r + r1)𝑑3𝑟1,
𝐹conv(r) ∼ ∫𝐸3(−r − r1)𝐸2(r1)𝑑3𝑟1. (5.3-1)

Thus, the DMAC algorithm can also be implemented for multiplied numbers in a
parallel spatial coding on the basis of optical image processing. Generally, a photon
echo provides an opportunity of spatial-temporal correlation analysis of time-depen
dent images. These opportunities are associated with the following fact: if a resonant
medium is employed as a spectral-selective hologram that displays selective proper
ties with respect to spatial frequencies, then the spatial and temporal frequencies en
ter into the total Fourier transform of electric field amplitude independently of each
other. This allows us to perform correlation processing of time-dependent images.

Photon echo is a phenomenon that is determined by a coherent interaction of op
tical pulses with a resonant medium. Consequently, in implementing the DMAC algo
rithm with the use of the photon echo, we perform correlation processing or compar
ison of slowly varying amplitudes of optical pulses represented in the form of convo
lution integrals either in temporal or in spatial domain. At the same time, photodetec
tors can register a signal proportional to the intensity of incident light. In other words,
the detected signal is quadratic in the amplitude. Therefore, a procedure of addition
or integration in time, when a signal proportional to number digits in a mixed repre
sentation is accumulated in time, loses its meaning in echo processors. Integration or
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amplitude addition in space is possible due to the use of coherent optical schemes.
In this case, to produce optical images with a complex spatial structure of the wave
front, one can employ schemes with the expansion of the laser beam and subsequent
application of a spatial-temporal opticalmodulator (STOM). From the viewpoint of the
DMAC algorithm implementation, two approaches are appropriate in echo processors
with correlation comparison being implemented either in time or in space.

5.3.1 Photon echo vector–matrix multiplier with spatial integration

The pixel modification of an echo processor employs a binary representation of the
elements of both a matrix �̂� and a vector B in the form of a time-sequential code. Pro
cessing that corresponds to the calculation of the product of the two numbers 𝐴 𝑖𝑘𝐵𝑘
is performed in independent spatially structured areas (pixels). The number of pixels
in an STOM is equal to the number of pixels in a resonant medium (see Figure 5.3 (a)).
Thus, each pixel of a resonant medium calculates the convolution or the correlation
function of signals that correspond to a pair of light pulses in time domain (in the
case of a two-pulse photon echo, the numbers being multiplied within various time
intervals are related only to the second light pulse).

1
(a)

(b)

2

3

4

5

6

1
1 2 k

Aik

N 1 2 k N
B1 B2

B1 B2 Bk BN

Bk BN

Bk BNB1 B2

2

i

M

Fig. 5.3. A photon echo vector–matrix multiplier with spatial integration: (a) a simplified schematic:
1 – laser, 2 – former of light pulses and lenses that shape waves with a plane wave front, 3 – STOM,
4 – resonant medium, 5 – cylindrical lens that implements spatial integration, 6 – array of photode
tectors; (b) images produced by a STOM in the form of two pumping light pulses for calculating a
vector–matrix product.
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The dimensions𝑀×𝑁 of an image produced by the modulator correspond to the
numbers of rows and columns of the matrix �̂� or to the number𝑀 of identically ar
ranged vectors B with elements 𝐵1, 𝐵2, . . . , 𝐵𝑁. (see Figure 5.3 (b)). During the action
of one of the pumping light pulses, the STOM should form different images. The num
ber of such images is equal to the number of digits in the employed representation.
Therefore, an STOM operating in this regime requires an electrically independent ad
dressing of working elements (cells) of the modulator. Addition of different elements
of the matrix �̂� with the elements of the vector B is performed by a cylindrical lens. If
coherent light is used, an STOM performs addition of the field amplitudes.

Eventually, an array of𝑀 photodetectors should register a signal proportional to(∑𝑘 𝐴 𝑖𝑘𝐵𝑘)2 in amixed representation in the formof a sequential code. Transformation
of this code into a binary representation with subsequent element-by-element digiti
zation and addition with a shift should involve conventional electronic means.

5.3.2 A holographic photon echo VMM scheme with spatial integration

In the situation considered in the previous section, the role of the STOM was reduced
to the formation of a series of two-dimensional imageswithin the time equal to the du
ration of light pulses encoded with the number of digits of the employed representa
tion. Thus, the DMAC algorithmwas implemented in the time domain.A schemeof the
holographic type operates with numbers in a parallel code, and the DMAC algorithm
is implemented in space. Similarly to the above-considered scheme, each of the im
ages produced by an STOM in the case under study represents a space-pixel structure
of domains that either transmit or do not transmit light (in accordance with encoding
in the binary representation). At a definitemoment in time, the image forms a vectorA
with𝑁 elements and the number of digits involved in the binary representation equal
to𝑅 (see Figure 5.4 (b)). If a time-dependent image features change during the time in
terval corresponding to the action of one of the incident light pulses, then the above-
specified procedure defines a matrix of elements consisting of 𝑀 vectors (𝑀 rows).
A complex optical system shown in Figure 5.4 (a) performs one-dimensional Fourier
transformation in the 𝑥-coordinate, forms an optical image and compensates for the
phase difference in the 𝑦-coordinate. Thus, a resonant medium represents a plane of
a multichannel dynamic hologramwith one-dimensional filtration of spatial frequen
cies.

The distribution of the field in the plane of the hologram can be written as

𝐸𝑗(𝑥, 𝑦) = ∫𝐸𝑗(𝑥, −𝑦) exp (−𝑖𝑘𝑥𝑥𝐹 )𝑑𝑥, 𝑗 = 1, 2, (5.3-2)

where 𝑘 is the wave number, and 𝐹 is the focal length of spherical and cylindrical
lenses. Then, a signal arising in the observation plane (𝑥𝛼, 𝑦𝛼) is proportional to the
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Fig. 5.4. Holographic VMM scheme based on photon echo: (a) 1–6 – components similar to those
shown in Figure 5.3, 7, 9 – combinations of spherical and cylindrical thin lenses that implement im
age formation in the 𝑦-coordinate and one-dimensional Fourier transformation with respect to the
𝑥-coordinate, 8, 10 – cylindrical lenses that implement phase compensation; (b) data representa
tion in parallel coding for a holographic device.

correlation function or the convolution-type function,

𝐹corr(𝑥𝛼, 𝑦𝛼) ∼ ∫𝐸∗1 (𝑥, −𝑦𝛼)𝐸2(𝑥, −𝑦𝛼) exp (− 𝑖𝑘𝑥𝑥𝐹 )𝑑𝑥,
𝐹corr(𝑥𝛼, 𝑦𝛼) ∼ ∫𝐸2(𝑥, −𝑦𝛼)𝐸3(𝑥, −𝑦𝛼) exp (−𝑖𝑘𝑥𝑥𝐹 )𝑑𝑥, (5.3-3)

or

𝐹conv(𝑥𝛼, 𝑦𝛼) ∼ ∫𝐸∗1 (𝑥, 𝑦𝛼)𝐸2(𝑥 − 𝑥𝛼, 𝑦𝛼)𝑑𝑥,
𝐹conv(𝑥𝛼, 𝑦𝛼) ∼ ∫𝐸2(𝑥, 𝑦𝛼)𝐸3(−𝑥 − 𝑥𝛼, 𝑦𝛼)𝑑𝑥. (5.3-4)

Thus, a set of products 𝐴 𝑖𝐵𝑖, 𝑖 = 1, . . . , 𝑁 in a mixed representation is produced in
the (𝑥𝛼, 𝑦𝛼) plane, and a cylindrical lens placed in front of an array of photodetectors
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performs the operation of addition
𝑁∑
𝑖=1

𝐴 𝑖𝐵𝑖.
The array of photodetectors produces a signal that is proportional to the square

of the scalar product (AB)2 of the vectors A and B.
Provided that the STOM forms a set of 𝑀 images during the time interval corre

sponding to the action of one of the light pulses (which corresponds to the definition
of 𝑀 vectors or a data matrix), then we can obtain a set of M signals proportional
to (𝐴 𝑖B)2, 𝑖 = 1, 2, . . . , 𝑀 at the output of the resonant medium. The signal of a two-
pulse photon echo can be considered as a particular case of degenerated stimulated
photon echo when 𝐸2 = 𝐸3. Then, similarly to time-domain coding, the image that
corresponds to the second pumping light pulse in two-pulse photon echo should con
tain various regions of the spatial coding of the numbers being multiplied. Thus, in
contrast to an optical echo processor considered in the previous section (which rep
resented a pixel structure with spectral filtration in conventional frequency domain),
in the case analyzed in this section, a resonant medium plays the role of a dynamic
multichannel hologram with spectral filtration in one-dimensional spatial frequency
domain.

5.3.3 Estimates of the main technical characteristics of digital echo processors

The most important characteristics of echo processors are: (a) the speed, which de
termines, to a great extent, the performance of the system as a whole; (b) energy con
sumption per one data bit processed, and (c) the capability to operate in a conveyer
(continuous) mode.

The speed of a processor is determined by the minimum time that is required to
complete a single operating cycle of vector–matrixmultiplication. If a stimulated pho
ton echo is employed as a functional method of data processing, this time is deter
mined by the durations 𝛿𝑖 of three incident light pulses and the duration of the pho
ton echo signal, which can be assumed to be greater than all the 𝛿𝑖 and all the time
intervals between the pumping light pulses and the photon echo signal itself. In the
regime, when the system calculates the correlation function or the convolution, the
duration of one of the pumping pulses should be less than the durations of other two
pulses. Therefore, to estimate the minimum time of the working cycle, we can use the
expression 𝑡min = 3𝛿 + 3𝜏 + 𝜏∗, where 𝜏∗ ≥ 𝑇1 is the time required for the resonant
medium to return to the ground state. The value 𝑡min ∼ 100 ns can be attained experi
mentally.

Let us estimate the feasible performance of an echo processor. Since a VMM oper
ates with𝑀𝑁 numbers, the implementation of vector–matrix multiplication requires2𝑀𝑁 operations of multiplication and addition. The characteristic time that is re
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quired to perform these operations ismainly determined by the time intervals between
pumping light pulses. Choosing𝑀 ∼ 𝑁 ∼ 20, we can estimate the performance of the
system as 2𝑀𝑁/𝑡min ∼ 1010 operations of multiplication and addition per second. To
estimate the speed (in bits per second) of binary data processing, we should multiply
the above result by the number of digits in the employed numbers.

5.4 Optical implementation of neural networks based on photon
echo

Presently, optical implementation of associative memory network models (see Sec
tion 1.4) is an important subarea of optical computing and data processing. Successful
realizationsof associativememorynetworks, using theproperties of Fourier transform
holography, photorefractive crystals, and spatial lightmodulators have been reported.
These elements are necessary to ensure the large number of interconnections of opti
cal neural networks.

The photon echo effect allows the realization of an optically controlled matrix of
interconnections. This matrix can operate during a time interval less than the popu
lation relaxation time of an optical medium. Moreover, all pulses in the photon echo
effect are separated in time, and this can improve the architecture of optical neural
networks in some cases.

5.4.1 Outer product scheme for optical neural networks

The properties of the photon echo effect can be used to realize an optical neural net
work [3]. Figure 5.5 presents the implementation principles of the Hopfield network
basedon the echophenomenon. This systemconsists of input andoutput linear arrays
(𝑁 elements) and an𝑁 × 𝑁 storage matrix which is an inhomogeneously broadened
medium interacting with a sequence of resonant optical pulses.

To store a network interconnection matrix, two 1D spatial light modulators (SLM)
oriented along orthogonal directions (see Figure 5.5 (a)) can be used. These modula
tors allow the generation of the pulse train illustrated in Figure 5.5 (c), where𝐸(𝑚)𝑖 is the
light amplitude of the 𝑖th element of the input array, corresponding to the 𝑚th mem
ory image. The optical pulses interact with the inhomogeneously broadenedmedium,
which ensures the storage of the outer productmatrix𝐸(𝑚)∗𝑖 𝐸(𝑚)𝑗 . This implies that each
pulse 𝐸(𝑚)𝑖 is the first pulse and each pulse 𝐸(𝑚)𝑗 is the second pulse of the excitation
echo sequence in Figure 5.1 (c). These data pulses for each value of the index 𝑚 are
separated by a time interval 𝑇. The optics required to increase the dimensions of the
input signals is omitted in the figures for simplicity.

The recognition stage is shown in Figure 5.5 (b). The image 𝐸(𝑖𝑛)𝑖 is supposed to be
processed by the optical neural network. This 1D signal is generated with the help of a
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Fig. 5.5. Outer product scheme of the optical implementation of a Hopfield network based on the
properties of the photon echo: (a) storage of the outer product scheme; (b) the recognition stage,
1 – the array of light emitters, 2 – resonant medium, 3 – the array of photodetectors.

horizontally oriented input SLM and then is spread in the vertical direction by means
of the appropriate optics. A pulse with such an amplitude distribution causes a great
number of echo responses corresponding to the pulse sequence that is preliminarily
stored in themedium. It is seen that within a time interval 𝜏 after the recognition stage
has begun the stimulated photon echo signal appears in the output plane,

𝐹𝑗 ∼ 𝑁∑
𝑖=1

( 𝑀∑
𝑚=1

𝐸(𝑚)∗𝑖 𝐸(𝑚)𝑗 )𝐸(𝑖𝑛)𝑖 , (5.4-1)

where𝑀 is the number of stored images. The summation over the index 𝑖 in (5.4-1) is
carried out by anamorphicoptics, which yields this 1D vertically oriented distribution.
The output stimulated echo should be detected at the time 𝑡 = 𝑇 + 𝜏, where 𝑇 corre
sponds to the beginning of the recognition stage. To separate the useful echo signal
from the noise, an optical shutter can be placed before the photodetector array plane.
The noise echoes arise at the times𝑇+𝑡0,𝑇+𝑡0+𝜏,𝑇+𝑡0+2𝜏 and so on. Consequently,
if the time interval between adjacent data pulse pairs of the stored sequence in Fig
ure 5.5 (c) is sufficiently longer than 𝜏, the useful echo signal with the amplitude given
by (5.4-1) can be selected by means of an optical shutter. If a threshold operation and
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feedback are realized, as shown in Figure 5.5 (a), this system can be considered as an
optical implementation of a Hopfield neural network.

5.4.2 Inner product scheme for optical neural networks

It is meaningful to investigate the optical implementation of an associative memory
network with access to the correlation domain. This approach allows us to use non
linearities in the correlation plane to considerably improve the network information
capacity. The inner product scheme shown in Figure 5.6 is an example of an optical
scheme with access to the correlation domain. Themain idea is to change the order of
the summations in (5.4-1). First, inner products of the input vector and memory vec
tors, which are stored in the𝑁 ×𝑀matrix columns, are calculated. Then these inner
products weigh the corresponding memory vectors in the second matrix. Finally, the
summation over the index 𝑚 is carried out by means of anamorphic optics, yielding
theoutput column. The realizationof suchoptical scheme is possibleusing thephoton
echo effect. In this case, the storage matrix is a resonant inhomogeneously broadened
optical medium. To store information, the first pulse should be a reference wave with
amplitude 𝐸𝑖 = 1 (𝑖 = 1, 2, . . . , 𝑁) for all𝑀 columns. The second pulse presents mem
ory images that are stored in the columns of the first𝑁×𝑀matrix. The second matrix
in Figure 5.6 is prepared in the same manner.

Upon arrivalof the input image𝐸(𝑖𝑛)𝑖 , the stimulated photon echo signal appears in
the output plane. The echo amplitude determines the output image and has the form

𝐹𝑗 ∼ 𝑀∑
𝑚=1

( 𝑁∑
𝑖=1

𝐸(𝑚)𝑖 𝐸(𝑖𝑛)𝑖 )𝐸(𝑚)𝑗 . (5.4-2)

threshold device
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2'

1

3

E (m)

Fig. 5.6. Inner product scheme of the optical implementation of a Hopfield network based on the
properties of the photon echo effect, 1 – array of light emitters, 2, 2’ – resonant medium, 3 – array
of photodetectors.
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The considered system can store and retrieve only 1D optical arrays, because one
transverse coordinate is needed for spatial separation of the memory vectors. In the
next section we show how the properties of the photon echo effect allow us to process
2D optical arrays by replacing the spatial separation with a temporal one.

5.4.3 Inner product scheme for 2D array processing

Amodified optical associativememory scheme, similar to that described in the previ
ous section, can be introduced. The 2D optical arrays can be processed with conser
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Fig. 5.7. a) Inner product scheme of the optical implementation of a Hopfield network for 2D array
processing, 1 – the 2D array of light emitters, 2, 2’ – resonant medium, 3 – the 2D array of photode
tectors; (b) data pulse sequence for memory storage in the left matrix 2; (c) the same for the right
matrix 2’; (d) optical pulse sequence during the recognition phase.
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vation of parallelism, as shown in Figure 5.7 (a). Optical pulses with the 2D-amplitude
distributions of the data canbe generatedwith the help of a 2DSLMplaced in the input
plane. Then, these signals interact with the 2D storage matrix, which is an inhomoge
neously broadened medium. Figure 5.7 (b) and (c) shows the data pulse sequence re
quired to store memory images in the first and second matrices, respectively. The first
pulse of each sequence is a reference wave and has an amplitude equal to unity for all
2D array elements. The time condition 𝑡0 > 𝜏(𝑀 − 1) should be satisfied. It should be
stressed that the overall durations of the data pulse train is limited by the dephasing
time 𝑇2.

Uponarrival of the input image𝐸(𝑖𝑛)𝑖𝑗 , the temporal sequenceof the stimulated echo
signals appears in the correlation domain, as shown in Figure 5.7 (d). After summation
in the transverse plane, their amplitudes are the inner products of the input andmem
ory images, 𝑆(𝑚) ∼ ∑

𝑖𝑗

𝐸(𝑚)𝑖𝑗 𝐸(𝑖𝑛)𝑖𝑗 , (5.4-3)

where 𝑚 = 1, 2, . . . ,𝑀 and the corresponding times are 𝑡𝑚 = 𝑇 + 𝑡0 + (𝑚 − 1)𝜏. Then,
these pulses weigh the memory images preliminarily stored in the second matrix and
induce a set of stimulated echo responses that propagate into the output plane. The
useful signal should be detected at the time 𝑇 + 2𝑡0 + (𝑀 − 1)𝜏. The 2D amplitude
distribution of the signal is

𝐹𝑘𝑙 ∼ ∑
𝑚

𝑆(𝑚)𝐸(𝑚)𝑘𝑙 = ∑
𝑚

𝐸(𝑚)𝑘𝑙 ∑
𝑖𝑘

𝐸(𝑚)𝑖𝑗 𝐸(𝑖𝑛)𝑖𝑗 . (5.4-4)

The nearest noise stimulated echoes are separated from this echo pulse by the
time interval 𝜏. Therefore, in this case an optical shutter can also be used to select the
output signal with the amplitude given by (5.4-4). For this purpose, the delay 𝜏 in the
data pulse sequence is chosen according to the operating time of the optical shutter.

The above-considered scheme, together with the threshold device and feedback,
represent the optical implementation of a Hopfield neural network. One can see that
the presence of the time coordinate in the echo phenomenon permits us to increase
the dimensions of the optical arrayprocessed by the network. The temporal properties
of the photon echo effect are also important for implementation of some other neural
networks models. These are higher order neural networks and a neural network for
storage and retrieval of a complex temporal sequence of images.
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6 Stochastic oscillators for modeling polarized light
beams

6.1 Polarization analysis of quasimonochromatic light beams

6.1.1 Classical description of plane electromagnetic wave

Free classical electromagnetic field in the empty space satisfieshomogeneousMaxwell
equations [4]

∇ × E(r, 𝑡) = −1𝑐 𝜕H(r, 𝑡)𝜕𝑡 , ∇ ⋅ E(r, 𝑡) = 0,
∇ ×H(r, 𝑡) = 1𝑐 𝜕E(r, 𝑡)𝜕𝑡 , ∇ ⋅H(r, 𝑡) = 0,

(6.1-1)

where E(r, 𝑡) andH(r, 𝑡) are the electric andmagnetic field vectors, respectively, at the
space–time point (r, 𝑡). Here and in what follows we use cgs units.

The vector potential A(r, 𝑡), related to E(r, 𝑡) andH(r, 𝑡) by the expressions
E(r, 𝑡) = −1𝑐 𝜕A(r, 𝑡)𝜕𝑡 , H(r, 𝑡) = ∇ × A(r, 𝑡), (6.1-2)

satisfies the homogeneous wave equation, which can be obtained from (6.1-1),

∇2A(r, 𝑡) − 1𝑐2 𝜕
2A(r, 𝑡)𝜕𝑡2 = 0. (6.1-3)

The solution of the wave equation specifies a plane transversal electromagnetic
wave, forwhichboth thevector potentialA(r, 𝑡), and electric andmagnetic fieldsE(r, 𝑡)
and H(r, 𝑡) undergo oscillations in the plane orthogonal to the direction of the wave
vector k. Thus, in some real orthonormal basis B = {e𝑥, e𝑦, e𝑧}, satisfying the condi
tions

e𝑥 ⋅ e𝑥 = e𝑦 ⋅ e𝑦 = 1, e𝑥 ⋅ e𝑦 = 0, e𝑧 = k|k| = e𝑥 × e𝑦, (6.1-4)

the electric field of a planemonochromatic electromagnetic wave canbewritten in the
form

E(r, 𝑡) = 2∑
𝑠=1

𝑎𝑠 Re[𝑒𝑖(k⋅r−𝜔𝑡−𝛼𝑠 )]e𝑠, (6.1-5)

where the real amplitudes 𝑎𝑠 and phases 𝛼𝑠 determine the amplitude and polarization
of the wave. For example, if 𝑎𝑥 = 0, then the vector E(r, 𝑡) is always parallel or antipar
allel to the fixed vector e𝑦, i.e. the wave is linearly polarized. In contrast, if 𝑎𝑥 = 𝑎𝑦
and |𝛼𝑥 − 𝛼𝑦| = 𝜋/2, then the end of the vector E(r, 𝑡) traces our a circle (in every fixed
point r), and the wave is circularly polarized.

In the general case, the end of vector E(r, 𝑡) traces out a spiral line in the space,
whichprojection onto the plane (e1 , e2) is an ellipse, knownas polarization ellipse (see
Figure 6.1).
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Fig. 6.1. Polarization ellipse.

Everymonochromaticwave always has certain polarization. Realwaves, however,
are not monochromatic and contain components with frequencies in some narrow
interval 𝛥𝜔:

E(r, 𝑡) = E0(r, 𝑡)𝑒−𝑖𝜔𝑡, (6.1-6)

where E0(r, 𝑡) is a slow-varying function of time. Hence, polarization of the wave in
every fixed point r varies in time. For adequate description of polarization plane elec
tromagnetic wave the electric field vector E(r, 𝑡) should be considered as a random
vector function of time, or random process, because in practice we always deal with
fluctuating electromagnetic fields. Then Figure 6.1 displays the behavior of E(r, 𝑡), the
statistical mean of E(r, 𝑡). The analysis of polarization of fluctuating electromagnetic
waves can be carried out in the frames second-order correlation effects of two-dimen
sional vector random processes.

6.1.2 Polarization analysis in terms of coherence matrix

We consider well collimated, uniform beams of quasimonochromatic light of mean
frequency 𝜔. The complex amplitudes 𝐸𝑥(𝑡) = 𝑎𝑥(𝑡)𝑒−𝑖𝛼𝑥 (𝑡) and 𝐸𝑦(𝑡) = 𝑎𝑦(𝑡)𝑒−𝑖𝛼𝑦 (𝑡) in
the expression (6.1-5) can be considered as slowly varying functions (in comparison
with cos 𝜔𝑡 and sin 𝜔𝑡). We suppose them to be stationary random processes (random
functions of 𝑡), so that E(𝑡) = [𝐸𝑥(𝑡), 𝐸𝑦(𝑡)]𝑇 is a stationary two-dimensional vector
random process. Let E(𝑡) be the mean of E(𝑡). For stationary random processes the
statistical mean coincides with the mean over time (the ergodicity [8, 9]), that is

E(𝑡) = ⟨E(𝑡)⟩ = lim
𝑇→∞

12𝑇
𝑇∫
−𝑇

E(𝑡)𝑑𝑡. (6.1-7)

It is known from the classical optics that second-order correlation characteristics
of fluctuating electric field E(r, 𝑡) are responsible for various interference phenomena.
The properties of a partially polarized quasimonochromatic beam are determined by
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the coherence matrix ̂𝐽:
̂𝐽 = ⟨E(𝑡)E†(𝑡)⟩ = (𝐽𝑥𝑥 𝐽𝑥𝑦𝐽𝑦𝑥 𝐽𝑦𝑦) = (⟨𝐸𝑥𝐸∗𝑥⟩ ⟨𝐸𝑥𝐸∗𝑦⟩⟨𝐸𝑦𝐸∗𝑥⟩ ⟨𝐸𝑦𝐸∗𝑦⟩) . (6.1-8)

The diagonal elements of ̂𝐽 define the intensities (average electric energy densi
ties) of electromagnetic wave components with electric field 𝐸𝑥 and 𝐸𝑦, whereas the
element 𝐽𝑥𝑦 defines correlation between the components. Other quadratic combina
tions of the electric field, such as𝐸𝑥(𝑡)𝐸𝑥(𝑡)or𝐸𝑥(𝑡)𝐸𝑦(𝑡), correspond to fast-oscillating
factors 𝑒±2𝑖𝜔𝑡 in (6.1-5) and vanish upon averaging.

There is the following relation between this matrix and covariationmatrix �̂�(𝜏) of
the random process E(𝑡):

𝐷𝑖𝑗(𝜏) = ⟨𝐸𝑖(𝑡)𝐸∗𝑗 (𝑡 + 𝜏)⟩, 𝐽𝑚𝑛 = 𝐷𝑚𝑛(0). (6.1-9)

The trace of the coherence matrix is proportional to the average electric energy
density 𝑊𝑒 of the light beam, that is, to the light beam intensity 𝐼: tr ̂𝐽 = ⟨𝐸𝑥𝐸∗𝑥⟩ +⟨𝐸𝑦𝐸∗𝑦⟩ = 4𝜋𝑊𝑒 = 𝐼. Factoring out the light beam intensity, we get the normalized
coherence matrix ̂𝑗, ̂𝑗 = 1tr ̂𝐽 ̂𝐽 = 1𝐼 ̂𝐽. (6.1-10)

The matrix ̂𝑗 describes the polarization properties of the light beam, and its off-
diagonal element

𝑗𝑥𝑦 = |𝑗𝑥𝑦|𝑒𝑖𝛾𝑥𝑦 = 𝐽𝑥𝑦𝐽𝑥𝑥 + 𝐽𝑦𝑦 (6.1-11)

defines statistical correlation between 𝐸𝑥(𝑡) and 𝐸𝑦(𝑡). The value |𝑗𝑥𝑦| is a measure of
correlation between the components 𝐸𝑥(𝑡) and 𝐸𝑦(𝑡), and the value 𝛾𝑥𝑦 is the effective
phase difference between them.

In optics the Stokes parameters 𝐼, 𝑄, 𝑈 and 𝑉, which represent the real-valued
linear combinations of 𝐽𝑚𝑛, are frequently used for characterization of polarization
state of a light beam. The Stokes parameters are related with 𝐽𝑚𝑛 as follows:

𝐼 = 𝐽𝑥𝑥 + 𝐽𝑦𝑦 = ⟨𝑎2𝑥⟩ + ⟨𝑎2𝑦⟩,
𝑄 = 𝐽𝑥𝑥 − 𝐽𝑦𝑦 = ⟨𝑎2𝑥⟩ − ⟨𝑎2𝑦⟩,
𝑈 = 𝐽𝑥𝑦 + 𝐽𝑦𝑥 = 2⟨𝑎𝑥𝑎𝑦 cos(𝛼𝑥 − 𝛼𝑦)⟩,
𝑉 = 𝑖(𝐽𝑥𝑦 − 𝐽𝑦𝑥) = 2⟨𝑎𝑥𝑎𝑦 sin(𝛼𝑥 − 𝛼𝑦)⟩.

(6.1-12)

or, equivalently,

̂𝐽 = 12 ( 𝐼 + 𝑄 𝑈 − 𝑖𝑉𝑈 + 𝑖𝑉 𝐼 − 𝑄 ) = 12 (𝐼𝜎0 + 𝑈𝜎1 + 𝑉𝜎2 + 𝑄𝜎3), (6.1-13)

where 𝜎0 is the 2 × 2 identity matrix and 𝜎1, 𝜎2, 𝜎3 are the Pauli matrices.
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Any coherence matrix can be uniquely expressed as the sum of two matrices, one
of which corresponds to completely polarized light and the other – to completely un
polarized light:

̂𝐽 = ̂𝐽pol + ̂𝐽unpol, ̂𝐽pol = (𝐴 𝐵𝐵∗ 𝐶) , ̂𝐽unpol = 𝜆(1 00 1) ,
𝐴 = 12 [(𝐽𝑥𝑥 − 𝐽𝑦𝑦) + √𝐼2 − 4 det ̂𝐽] , 𝐵 = 𝐽𝑥𝑦,

𝐶 = 12 [(𝐽𝑦𝑦 − 𝐽𝑥𝑥) + √𝐼2 − 4 det ̂𝐽] , 𝜆 = 12 [𝐼 ± √𝐼2 − 4 det ̂𝐽] .
(6.1-14)

The value
𝑃 = tr ̂𝐽pol𝐼 (0 ≤ 𝑃 ≤ 1) (6.1-15)

is called the degree of polarization. It defines the portion of completely polarized com
ponent of light in the total light beam. At 𝑃 = 1 the light is completely polarized,
at 𝑃 = 0 – completely unpolarized, at 0 ≤ 𝑃 ≤ 1 – partially polarized. The degree
of polarization can be expressed in terms of eigenvalues 𝜆1 and 𝜆2 of the coherence
matrix ̂𝐽:

𝑃 = |𝜆1 − 𝜆2|𝜆1 + 𝜆2 = √1 − 4 det ̂𝐽𝐼2 (6.1-16)

and in terms of Stokes parameters is

𝑃 = √𝑄2 + 𝑈2 + 𝑉2𝐼 . (6.1-17)

For completely polarized beam the Stokes parameters define the form and the ori
entation of polarization ellipse shown in Figure 6.1:

tan(2𝜒) = 𝑈𝑄, sin(2𝛽) = − 𝑉√𝑄2 + 𝑈2 + 𝑉2 . (6.1-18)

For unpolarized light beam the coherence matrix ̂𝐽 is proportional to the unit ma
trix and does not depend on the choice of the polarization basis. This means that the𝑥- and 𝑦-components of the electric field vector are uncorrelated for all pairs of direc
tions, and the average ⟨𝐸𝑖𝐸∗𝑖 ⟩ has the same value for every direction i that is perpen
dicular to the direction k of beam propagation.

For completely polarized light beam the coherence matrix has the form

̂𝐽pol = ( 𝐽𝑥𝑥 √𝐽𝑥𝑥𝐽𝑦𝑦𝑒𝑖𝛼
√𝐽𝑥𝑥𝐽𝑦𝑦𝑒−𝑖𝛼 𝐽𝑦𝑦 ) . (6.1-19)

It coincides with the coherence matrix of a plane monochromatic (deterministic)
electromagnetic wave with complex amplitude E(𝑡) = (√𝐽𝑥𝑥𝑒𝑖𝛽1 , √𝐽𝑦𝑦𝑒𝑖𝛽2 )𝑇, where 𝛽1
and 𝛽2 are arbitrary constants with 𝛽1 − 𝛽2 = 𝛼. A quasimonochromatic wave with
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the coherence matrix ̂𝐽 = ̂𝐽pol cannot be distinguished from a strictly deterministic
monochromaticwave in canonical optical experiments, which include only polarizers
and compensators.

6.1.3 Classical and quantum correlations in optics

Theory of classical electromagnetic field successfully describes all the phenomena re
lated towavepropagation, interference, anddiffraction. But in the situationswith very
few photons, the quantum optical description is necessary, because the very idea of
an oscillatory field with definite phase becomes meaningless. Surprisingly, classical
optics proceeds to correctly work even at extremely low light intensity levels. For in
stance, such nonclassical optical effects as photoelectric bunching and photoelectric
counting statistics can be described in the frames of classical electromagnetic field
theory. However, there are some optical phenomena for which electromagnetic field
needs to be treated at quantum level of description.

Photons canbedefinedasquanta of thenormalmodesof the electromagnetic field
and are associated with plane waves of definite wave vector and definite polarization.
The concept of the photon as a localized particle traveling with the velocity 𝑐 can be
inappropriate and even misleading in some situations. There are several significant
differences between the predictions of classical field theory and those of quantized
field theory. An interesting nonclassical result can be obtained in the case of two cor
related photon beams. Calculating the joint probability of detecting a photon at each
of twooutputports of a beamsplitterwith thehelpof general classical formula for joint
probability, one can find that the probability can be equal to zero for special cases of
one-photon states. This result has no analogy in the classical electromagnetic field.
This is an example of quantum interference of the probability amplitude for a photon
pair [5].

Another example is provided by the famous paradox, demonstrated by the
so-called Bell state or, Einstein–Podolsky–Rosen state known as an EPR-pair [2].
In optics it can be illustrated by a two-photon state with zero total angular momen
tum 𝐽. Such state might be created in a cascade decay of an atom making a two-stage
transition of the type 𝛥𝐽 = 0 when two photons and, being in the states with orthog
onal linear polarizations, leave the atom in the opposite directions. The results of the
experiment with these two photons, using two polarizers and two photodetectors,
were analyzed in detail. The joint probability that both photons are simultaneously
detected by the photodetectors when both polarizers are oriented at angles 𝜃1 and 𝜃2,
can be calculated both in frames quantum optics and as classical joint probability.
A version of Bell inequalities can be written for classical joint probability, and it can
be shown that the inequalities are violated for quantum mechanical expression. Sev
eral optical experiments confirming the Bell inequality violation have been carried
out [1, 3, 6, 7].
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6.2 Modeling superpositions of polarized light beams

In this section, we present a system of stochastic oscillators for modeling the electric
fields of quasimonochromatic light beams and their superpositions. A single stochas
tic oscillator model imitates the electric field of a plane quasimonochromatic circu
larly polarized electromagnetic wave. A pair of properly parameterized stochastic os
cillators simulates the electric field of a light beam at arbitrary polarization state. A
superposition of 2𝑁 stochastic oscillators then simulates the electric field of the light
beam obtained as a result of superposition of𝑁 light beams propagating in the same
direction. The correlationmatrix (or Stokesparameters) is used for estimation the state
of polarization of the composed light beam.

6.2.1 Oscillatory model of polarized light beam

The model of stochastic oscillator is designed based on the simplest limit cycle oscil
lator named Ginzburg–Landau oscillator (see Section 2.2.1). The circle of radius 𝜌 in
the planeR2 is the limit cycle of the oscillator dynamics. The dynamical equation can
be written as �̇� = (𝜌2 + 𝑖𝜔 − |𝑧|2)𝑧, (6.2-1)

where 𝑧 = 𝑥 + 𝑖𝑦, 𝜌 is the limit cycle radius and 𝜔 is the oscillator frequency (see
Figure 2.7). A pair of uncoupled Ginzgurg–Landau oscillators with chaotically modu
lated dynamics is necessary formodeling quasimonochromatic polarized light beams.
In our model we use the oscillators with chaotically fluctuating limit cycle radii ̃𝜌1, ̃𝜌2
and oscillator frequencies �̃�1, �̃�2. The modulated dynamical equations are written in
the form �̇�𝑖 = ( ̃𝜌2𝑖 (𝑡) + 𝑖�̃�𝑖(𝑡) − |𝑧𝑖|2) 𝑧𝑖, 𝑖 = 1, 2, (6.2-2)

where

̃𝜌𝑖(𝑡) = 𝜌𝑖 + 𝜉𝑖(𝑡),�̃�𝑖(𝑡) = 𝜔𝑖 + 𝜂𝑖(𝑡), (6.2-3)

and 𝜉𝑖(𝑡), 𝜂𝑖(𝑡) are the stationary random functions of time (stationary random pro
cesses) with zero mean: ⟨𝜉𝑖(𝑡)⟩ = 0, ⟨𝜂𝑖(𝑡)⟩ = 0. Due to ergodicity of stationary random
processes all stochastic means are equal to the correspondingmeans over a large time
period, that is ⟨𝜉𝑖(𝑡)⟩ = 𝜉𝑖(𝑡), ⟨𝜂𝑖(𝑡)⟩ = 𝜂𝑖(𝑡).

The oscillator pair with 𝜌1 = 𝜌2 = 𝜌, 𝜔 = −𝜔2 = −𝜔 corresponds to a pair of cir
cularly polarized light beams in mutually orthogonal states of right and left circular
polarization. To be convinced that dynamical equations (6.2-2)really specify a stochas
tic dynamics, one can rewrite each of two-dimensional equations (6.2-2) in the form of
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two equivalent uncoupled equations for variables 𝑟 = |𝑧| and 𝜃 = arg 𝑧:
̇𝑟 = [(𝜌 + 𝜉)2 − 𝑟2]𝑟,̇𝜃 = 𝜔 + 𝜂. (6.2-4)

Then each of dynamic equation (6.2-2) can be represented in the form of two inde
pendent Langevin stochastic equations

̇𝑟𝑖 = [𝜌2𝑖 − 𝑟2]𝑟 + �̃�𝑖(𝑡),̇𝜃𝑖 = 𝜔𝑖 + ̃𝑞𝑖(𝑡), (6.2-5)

where �̃�𝑖(𝑡) = 𝜉(𝑡)[𝜉(𝑡) + 2𝜌𝑖]𝑟, ⟨�̃�𝑖(𝑟, 𝑡)⟩ = 0,̃𝑞𝑖 = 𝜂𝑖(𝑡), ⟨ ̃𝑞𝑖(𝑡)⟩ = 0. (6.2-6)

The Langevin equations (6.2-5) and (6.2-6) describe dynamics of a “particle” under
the action of fluctuating external force (Brownian wandering).

If we assume the real-valued electric field components 𝐸𝑥(r, 𝑡) and 𝐸𝑦(r, 𝑡) to be
proportional to 𝑥 = Re 𝑧 and 𝑦 = Im 𝑧, respectively, the trajectory of dynamical sys
tem (6.2-2) imitates the electric field behavior of plane quasimonochromatic circular
polarized wave. As we saw earlier, a general fully polarized state of a plane electro
magnetic wave is the state of elliptic polarization: the end of electric field vector E(r, 𝑡)
traces out a spiral line in the space, which projection onto a plane, orthogonal to the
direction of wave propagation depicts an ellipse. To determine the form and orienta
tion of the polarization ellipse, one should decompose the electric field into the sum
of two mutually orthogonal components and find their amplitudes and a phase dif
ferences between them. This corresponds to the decomposition of the complex ampli
tude E of vector E(𝑡) in some orthogonal basis. In particular, the states of right and left
circular polarizations, denoted by the vectors e(±) = (1/√2)(e𝑥 ± 𝑖e𝑦), are often used
as the basis states for representation of arbitrary elliptic polarization and polarization
analysis. Obviously, the oscillator pair with parameters 𝜌 = 𝜌0, 𝜔 = 𝜔0 and 𝜌 = 𝜌0,𝜔 = −𝜔0 and vanishing random fluctuations 𝜉1,2(𝑡) = 0, 𝜂1,2(𝑡) = 0 corresponds to
circular polarization basis states e(+) and e(−), respectively.

The examples of the electric field E(𝑡) behavior corresponding to the light beam
in the state of horizontal linear polarization are shown in Figure 6.2, where the vari
ables 𝑧1 = 𝑥 + 𝑖𝑦 and 𝑧2 = 𝑧 + 𝑖𝑢 correspond to oscillators forming the total electric
field 𝑧1 + 𝑧2 = 𝑣 + 𝑖𝑤. In terms of these variables the dynamical equations are

�̇� = 𝑓1(𝑥, 𝑦), 𝑓1(𝑥, 𝑦) = ( ̃𝜌21 − 𝑥2 − 𝑦2)𝑥 − �̃�1𝑦,̇𝑦 = 𝑓2(𝑥, 𝑦), 𝑓2(𝑥, 𝑦) = �̃�1𝑥 + ( ̃𝜌21 − 𝑥2 − 𝑦2)𝑦,�̇� = 𝑓3(𝑧, 𝑢), 𝑓3(𝑧, 𝑢) = ( ̃𝜌22 − 𝑧2 − 𝑢2)𝑧 − �̃�2𝑢,�̇� = 𝑓4(𝑧, 𝑢), 𝑓4(𝑧, 𝑢) = �̃�2𝑧 + ( ̃𝜌22 − 𝑧2 − 𝑢2)𝑢,
(6.2-7)

and
�̇� = 𝑓1 + 𝑓3,�̇� = 𝑓2 + 𝑓4. (6.2-8)
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Fig. 6.2. Stochastic oscillator imitating electric field of light beam in the state of linear polarization:
(a) 𝜉1,2(𝑡) = 0, 𝜂1,2(𝑡) = 0; (b) 𝜉1,2(𝑡) ̸= 0, 𝜂1,2(𝑡) = 0; (c) 𝜉1,2(𝑡) = 0, 𝜂1,2(𝑡) ̸= 0; (d) 𝜉1,2(𝑡) ̸= 0, 𝜂1,2(𝑡) ̸= 0.
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The polarization state is controlled via the set of parameters: 𝜌1, 𝜌2, 𝜔1, 𝜔2, 𝑥(0),𝑦(0), 𝑧(0), 𝑢(0), 𝜉1,2(𝑡), and 𝜂1,2(𝑡). The examples of the field of horizontally polarized
wave are presented in the panel (𝑣, 𝑤) of Figure 6.2. The field of deterministic horizon
tally linearly polarized electromagnetic wave (no amplitude and frequency chaotic
fluctuations) is depicted in the panel (𝑣, 𝑤) of Figure 6.2 (a). In this case the determin
istic polarization ellipse is reduced to a horizontally oriented line segment. In Fig
ure 6.2 (b) simulated electric field of fluctuating linearly polarized electromagnetic
wave is shown in the case of chaotic modulation of the wave amplitude at constant
frequency. As one can see, at solely amplitude chaotic modulation only polarization
ellipse form fluctuates, whereas the polarization plane remains unperturbed (hori
zontal). Different situation occurs in the case of chaotic modulation of electric field
frequency at constant amplitude: fluctuations of the polarization plane orientation
arise (with zero mean) (see Figure 6.2 (c)). In general case of fluctuating both field am
plitude and frequency, the electric field behavior is presented in Figure 6.2 (d). Both
the polarization ellipse form and the polarization plane orientation now fluctuate.

In the above consideration, the random processes 𝜉1,2(𝑡) and 𝜂1,2(𝑡) are assumed
to be slow-varying functions of time, i.e. their mean frequencies 𝛺𝜉 and 𝛺𝜂 are small
comparedwith themean frequency𝜔. Then, the state of the Ginzburg–Landau oscilla
tor (6.2-2) never deviates from the limit cycle significantly, and its dynamics can be ap
proximated with just a perturbed harmonic oscillator. In other words, equation (6.2-5)
can be reduced to

̇𝑟1,2 = �̃�1,2(𝑡),̇𝜃1,2 = 𝜔1,2 + ̃𝑞1,2(𝑡). (6.2-9)

In the absence of fluctuations, that is when �̃�1,2(𝑡) = ̃𝑞1,2(𝑡) = 0, these equations
correspond to the exact harmonic solution (6.1-5) of the Maxwell equations (6.1-1).

6.2.2 Modeling the action of a polarizer

A polarizer is one of widely used optical devices that transforms light polarization,
converting a beam of arbitrarily polarized light into the beam with well-defined po
larization (for instance, linear polarization). Let E be the vector of complex ampli
tude of the electrical field of quasimonochromatic light wave of incident beam. The
electric field vector E of the light beam transmitted through optical device is defined
as E = �̂�E, where �̂� is the so-called Jones operator (or a Jonesmatrix) of the device. In
the Cartesian basis {e𝑥, e𝑦} the Jones matrix of an ideal linear polarizer, can be written
as

�̂�𝑃 = 𝐶( cos2 𝜃0 cos 𝜃0 sin 𝜃0cos 𝜃0 sin 𝜃0 sin2 𝜃0 ) , (6.2-10)

where 𝜃0 is the angle between e𝑥 and the plane of transmitted polarization and the
constant 𝐶 depends on the thickness and refractive index of the polarizer. The Jones
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matrix of an optical compensator is diagonal in the basis {e(+), e(−)}. In the basis {e𝑥, e𝑦}
it has the form

�̂�𝐶 = ( cos(𝛿/2) ± sin(𝛿/2)∓ sin(𝛿/2) cos(𝛿/2) ) , (6.2-11)

where 𝛿 is the additional phase difference between the field components, provided by
the compensator.

In the frames of our model of stochastic oscillators, the action of any Jones oper
ator on the beam is realized by adding the properly constructed free term F = (𝐹𝑥, 𝐹𝑦)
into the dynamical equations written in the basis {e𝑥, e𝑦}. The function F describes the
“switching on” of the action of an optical device in the dynamical equations at desir
able given moment of time. The result of the action of an ideal linear polarizer on the
electric field with horizontal elliptical polarization is presented in Figure 6.3.

In the panel (𝑣, 𝑤) of Figure 6.3, the large axis of stochastically modulated po
larization ellipse was initially horizontally oriented. After the transmission through
a linear polarizer with polarization angle 𝜃0 = 60∘ the ellipse transforms into a line
segment with orientation angle 60∘ with respect to e𝑥.

y
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u x
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Fig. 6.3. Polarization state change of elliptically polarized qubit after transmission through ideal
linear polarizer with polarization angle 𝜃0 = 60

∘.
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6.2.3 Construction of superpositions of quasimonochromatic light beams

We now consider a classical superposition of two beams. First, we will give a simple
analytical analysis of some general properties of this superposition. It is convenient to
study the features of dynamical behavior of the electric field in terms of the dynamical
system (6.2-5) written in variables 𝑟 = |𝑧| and 𝜃 = arg 𝑧. If the mean frequencies𝛺𝜉 and𝛺𝜂 of processes 𝜉1,2(𝑡) and 𝜂1,2(𝑡) are small compared with wave frequency 𝜔 (this is
always fulfilled for quasimonochromatic waves), the dynamical system (6.2-5) can be
exactly integrated to give the explicit expressions for amplitudeandphase of electrical
field:

̃𝑟(𝑡) ≡ ̃𝑎(𝑡) = ̃𝜌√1 + 𝑐𝑒−2 ̃𝜌2𝑡 , ̃𝜌 = 𝜌 + 𝜉(𝑡),
̃𝜃(𝑡) = 𝜃0 + �̃�𝑡, �̃� = 𝜔 + 𝜂(𝑡), (6.2-12)

where 𝑐 = 𝜉(0)[2𝜌 + 𝜉(0)]/𝜌2.
The expressions (6.2-12) allow us to clarify the dependence of the amplitude and

phase fluctuations onproperties of processes 𝜉1,2(𝑡) and 𝜂1,2(𝑡) and to analyze the prop
erties of the correlation matrix. We can use the following expression for the electric
field of the beam with arbitrary linear polarization:

�̃� = �̃�𝑒𝑖�̃� = ̃𝑎+𝑒𝑖 ̃𝜃+ + ̃𝑎−𝑒𝑖 ̃𝜃− , (6.2-13)

where

𝐴2 = ( ̃𝑎+)2 − 2 ̃𝑎+ ̃𝑎− + 4 ̃𝑎+ ̃𝑎− cos2 (�̃�𝑡 + ̃𝛿+ + ̃𝛿−2 ) ,
tan �̃� = ̃𝑎+ sin ̃𝜃+ − ̃𝑎− sin ̃𝜃−̃𝑎+ sin ̃𝜃+ + ̃𝑎− sin ̃𝜃− .

(6.2-14)

Due to ergodicity of 𝜉1,2(𝑡) and 𝜂1,2(𝑡), the means ⟨𝐴2⟩ and ⟨�̃�⟩ can be calculated as
⟨𝐴2⟩ = 𝐴2 = 4𝜌2 cos2 (�̃�𝑡 + ̃𝛿+ + ̃𝛿−2 ) + 𝛥2𝜉+ + 𝛥2𝜉− ,
⟨�̃�⟩ = ̃𝛿+ + ̃𝛿−2 , 𝛥2𝜉 ≡ 𝐷2𝜉 = ⟨𝜉2⟩.

(6.2-15)

In particular, from (6.2-14) and (6.2-15), we obtain for the state with horizontal lin
ear polarization (𝛿+ = 𝛿− = 0):

�̃�2𝐻 = ( ̃𝑎+)2 − 2 ̃𝑎+ ̃𝑎− + 4 ̃𝑎+ ̃𝑎− cos2(�̃�𝑡),
tan �̃�𝐻 = 𝜉+ − 𝜉−2𝜌 + 𝜉+ + 𝜉− tan(�̃�𝑡),
⟨𝐴2𝐻⟩ = 4𝜌2 cos2(�̃�𝑡) + 𝛥2𝜉+ + 𝛥2𝜉− ,⟨�̃�𝐻⟩ = 0

(6.2-16)
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and for the state with vertical linear polarization (𝛿+ = 𝜋/2, 𝛿− = −𝜋/2):
�̃�𝑉 = �̃�𝐻, tan �̃�𝑉 = −2𝜌 + 𝜉+ + 𝜉−𝜉+ − 𝜉− cot(�̃�𝑡),
⟨�̃�𝑉⟩ = 𝜋2 .

(6.2-17)

The correlation matrix ̂𝐽 for the superposition of these states can be calculated
using (6.2-16) and (6.2-17). The most essential fact is that in the case of equal mean
frequencies ⟨�̃�𝐻⟩ = ⟨�̃�𝑉⟩ of the waves, one finds for the matrix ̂𝐽 the expression

̂𝐽 = 12 (1 11 1) , (6.2-18)

which correspond to the completely linearly polarized wavewith the angle of orienta
tion of polarization plane 𝜒 = 𝜋/4. Thus, we obtained the following important result:
two quasimonochromaticwaves in the states of mutually orthogonal polarization can
be considered as completely noncorrelated (independent) only under the fulfillment
of the condition ⟨�̃�𝐻⟩ ̸= ⟨�̃�𝑉⟩. If the condition is fulfilled, the superposition of two
quasimonochromatic completely polarized electromagnetic waves gives unpolarized
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v1 + v2
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Fig. 6.4. Simulated electric field of light beam obtained as a result of a incoherent superposition of
two light beams in the states of full horizontal (a) and vertical (b) polarization. The electric field of
the incoherent two beam superposition is shown in (c).
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quasimonochromatic wave, for which the coherence matrix ̂𝐽 is proportional to the
unit matrix.

The study of the simulated electric field confirmed the results of preliminary anal
ysis, given earlier. The first example of electric field behavior corresponds the field of
light beam obtained as a result of superposition of two light beams in the states of
mutually orthogonal full linear polarization. The simulated electrical field is shown in
Figure 6.4. Here the projection of phase trajectory of the dynamical system (6.2-7) onto
the plane (𝑥, 𝑦) displays the behavior of the random electric field vector E𝐻(𝑡) in the
state of horizontal linear polarization, the trajectory projection into the plane (𝑧, 𝑢) –
the behavior of the electric field vector E𝑉(𝑡) in the state of vertical linear polarization,
and the trajectory projection into the plane (𝑣, 𝑤) – the behavior of the electric field
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Fig. 6.5. Simulated electric field, corresponding to the superposition of four fully polarized light
beams: (1), (4) the electric fields of fully horizontally polarized light beams; (2), (3) the electric fields
of fully vertically polarized light beams; (a) the electric field of the superposition of light beams (1)
and (2); (b) the electric field of the superposition of light beams (3) and (4); (c) the electric field of
symmetrized superposition of four light beams.
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vector E𝐵(𝑡) = E𝐻(𝑡) +E𝑉(𝑡) that represents their superposition. Themean frequencies
of E𝐻(𝑡) and E𝑉(𝑡) were chosen close, but different (�̃�𝐻 ̸= �̃�𝑉).

The characteristics of the random vector E𝐵(𝑡) were estimated via calculation of
the correlation matrix ̂𝐽𝐵 according to (6.1-8). The correlation coefficient |𝐽𝑥𝑦|/√𝐽𝑥𝑥𝐽𝑦𝑦
for the components of the electric field E𝐵(𝑡) was found to be less than 10−2. Hence,
the behavior of E𝐵(𝑡) properly imitates the behavior of the electrical field vector of
unpolarized quasimonochromatic electromagnetic wave.

The second example of simulated electric field is a four beam superposition. It is
presented in Figure 6.5. The random electric fields of light beams in the states of full
linear polarization, are depicted in the panels (1)–(4); the electric fields of light beams,
representing the superpositions of two beams in the states of mutually orthogonal lin
ear polarization, are displayed in Figure 6.5 (a) and (b); the electric field of light beam,
obtained as a result of superposition of four fully polarized light beams, is presented
in Figure 6.5 (c).

6.3 Outline of the design of feedforward network of stochastic
oscillators

Themodel of system of stochastic oscillators, described in Section 6.2 is currently un
der development. It can be used for modeling transformations of coherent and inco
herent superpositions polarized light beams that can be adequately described in the
frames of classical stochastic electrodynamics. In the case of modeling the classical
random electric field of a polarized light beam via the system of stochastic oscillators,
the level of fluctuations of the simulated electric field, and the random electric field
symmetry figure as the free parameters of the system. The beam electric field change
caused by the beam transformations, modeled as optical measurements, can be used
for organization of some computational process, similar to usual optical computing.

We design the feedforward oscillatory network model consisting of𝑁 processing
units. Thenetwork processingunitmodeling classical randomelectrical of a polarized
light beam is formed by a superposition of two stochastic oscillators with internal dy
namics defined by (6.2-2). A quasimonochromatic unpolarized light beam can be com
posed of 𝑁 independent unpolarized sub-beams, in which mean frequencies belong
to a collection of nonintersecting narrow frequency intervals. A network consisting of𝑁 uncoupled units can be related to the total composite light beam. The evolution of
the initially uncoupled feedforward network can be studied. If the state of separate
beam components are changed at some discrete time moments as a result of exter
nal optical device (e.g. a polarizer) actions modifying the polarization degree of light
beam, the state of the whole network will be changed in a discretemanner in response
to these external actions. The coherence degree change of the total light beam during
the network evolution can be accurately estimated through the network correlation
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(coherence) matrix calculation. The coherence degree of the network state will grad
ually increase, reflecting the incoherence degree destruction of the initial completely
incoherent composite light beam. This increase in the total light beam coherence can
be interpreted as gradual emergence of effective dynamical coupling in the stochastic
oscillatory network.

It would be also interesting to analyze the nonlinear optical effect in the language
of the oscillatory model. Nonlinear effects in optics arise when the intensity of light
beams become sufficiently high (the electric field should be comparable to an atomic
electric field). They cause the effective interaction of light beam,which do not interact
in the linear case, and lead to a plethora of optical phenomena: harmonics genera
tion, sum and difference frequency generation, self-focusing, photon echo and many
others. Some of these phenomena can be described by the introduction of intraoscil
lator coupling in the network. Much work is still to be done in this area before some
of the results could be stated.
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Summary and some perspectives

A series of oscillatory neural network models aimed at the elucidation of some as
pects of the brain modules functioning and design of neuromorphic dynamical al
gorithms, realizing parallel distributed information processing, are presented in the
book. Highly parallel, distributed, adaptive, self-organized manner of functioning is
inherent to the brain. Oscillatory neural activity, synchronization, and resonance ac
company the work of many brain neural structures, providing fast rearrangement of
their work. Therefore, oscillatory network models, reflecting the features of the brain
functioning, can be regarded as a relevant tool for construction of neuromorphic os
cillatory computational algorithms with synchronization-based performance.

In Chapter 2, the recurrent associative memory networks of limit cycle oscillators
and the related phasor networks, designed by the authors, are presented and dis
cussed. The phasor networks appear to be closely related to artificial neural networks
of complex-valued neurons. The choice of network parameters providing associative
memory networks with guaranteed memory characteristic was specified. As was no
ticed earlier, symmetry properties of the phasor networks cardinally affect their as
sociative memory structure. So, a more detailed analysis of these properties would
be quite desirable. The macrodynamical analysis of a memory retrieval process for
large scale feedforward and recurrent neural networks of associative memory as well
as some their other features (such as noise reduction ability) are also presented in
Chapter 2.

A series of oscillatory network models for modeling the brain structures perfor
mance is described in Chapter 3. Among them there are the famous oscillatory net
work model LEGION, the three-dimensional biologically inspired network model by
Li imitating the brain visual cortex performance and a three-dimensional oscillatory
networkmodelwith synchronization-based performance developed by the authors. In
the latter two models the orientation selectivity, inherent to the subset of simple cells
of the brain visual cortex, was reflected inmodel performance. It provided thenetwork
with the capability of segmentation of images containing the texture fragments and
contour integration.

A spatially two-dimensional oscillatory networkmodelwith controllable synchro
nization and self-organized synchronization-based performance, developed by the
authors for image processing tasks, is presented in Chapter 4. The network oscillators
are localized in two-dimensional spatial lattice isomorphicwith imagepixel array. The
internal dynamics of single network oscillator reflects the main features of dynamics
of neural oscillator of the brain visual cortex. The amplitude of oscillation of single
oscillator monotonically depends on the brightness of the image pixel corresponding
to the oscillator. Several network coupling principles were constructed for different
image processing tasks. As a result the model demonstrates a variety of capabilities,
such as brightness segmentation of real gray-level and color images, selective image
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segmentation and a simplest version of visual scene analysis – successive selection of
spatially separated fragments of a visual scene. The further model development could
allow us to encompass additional image processing tasks, including the selection of
moving objects in a visual scene and other tasks of active vision.

The information on photon echo, a nonlinear optical phenomenon, that adjoins
the phenomenon of dynamical binding in the brain structures, is given in Chapter 5.
The photon echo is remarkable from the viewpoint of its capabilities of massive paral
lel information processing. In contrast to usual optical computing, which nowadays
receives great attention of researchers, this effect allows us to use the temporal di
mension in additional to the spatial one. In the chapter, the information on optical
vector–matrix multipliers, and optical implementation of artificial neural networks is
given.

Chapter 6 presents the initial results of using a model of stochastic oscillators
for the simulation of the electric field of quasimonochromatic polarized light beams.
Single stochastic oscillator is a Ginzburg–Landau limit cycle oscillator with chaot
ically modulated limit cycle size and frequency. Random electromagnetic field of a
light beam in an arbitrary polarization state is modeled by a superposition of a pair
of the stochastic oscillators. The electric field of a composite light beam consisting
of 𝑁 components is modeled by a proper superposition of 2𝑁 stochastic oscillators.
The evolution of the electric field can be studied via evolution of the state of feedfor
ward stochastic oscillatory network. The change of correlation characteristics of elec
tric field of the total light beam can be estimated by calculating the coherence matrix
of the composite light beam. It permits to observe the emergence of coherence in the
composite system.

As we hope, the models of oscillatory neural networks, presented in the book and
applied in various image processing tasks, will appear to be of interest for researchers
dealing with the development of brain-inspired oscillatory network models with syn
chronization-based performance and related algorithms of parallel information pro
cessing.
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