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The systems of symmetrically coupled limit cycle oscillators admit the design of re-
current associative memory networks with Hebbian matriz of connections. Unlike
the similar neural networks this matrix proved to be the complex-valued Hermitian
one with nonzero diagonal. In the case of strong interaction in oscillatory system the
memory vectors of the network are slightly perturbed properly normalized eigenvec-
tors of matrix of connections. They can be calculated by perturbation method on the
appropriate small parameter. The self-consistent analysis of dynamical system fized
points in the case of homogeneously all-to-all connected oscillators is presented. [t
is proved that for positive values of connection strength only a single memory vector
can be stored. Some questions concerning the "extraneous 7 memory of the networks

are discussed.

1 Introduction

Large systems of coupled oscillators [1-4] in the regime of synchronization (phase locking)
have an ability to memorize information [5-8]. So the problem of neural oscillatory system of
associative memory design arises. The design includes determination of matrix of connections
and proper choice of other modifiable parameters of the corresponding dynamical system to
provide effective retrieval characteristics of the network.

One of the most attractive features of oscillatory models is undoubtedly possible numerous
physical implementations. In contradiction with well known optoelectronic and nonlinear op-
tical implementations based on the idea of vector-matrix multiplier oscillatory models promise
direct - and by this reason much more effective - implementations. When one analyzes neural
network implementations based on photon-echo effect [9], it becomes clear that the potentiali-
ties of this effect that have been used so far are exceedingly greater than those already used in
the known schemes.



As for theoretical study of oscillatory systems from the viewpoint of associative memory
modeling there is a number of various ways of the modeling based on systems of coupled oscil-
lators. One of them is the encoding of memory patterns by two subpopulations of oscillatory
system in the vicinity of phase transition into synchronized state - subpopulations of synchro-
nized and unsynchronized states - that has been developed in a number of works (see, for
instance, [5]).

The modeling of recurrent associative memory oscillatory network in the state of synchro-
nization is still at the very beginning [6-8]. Up to now only the special kind of oscillatory system
with the simplest kind of interaction - limit-cycle interacting oscillators with linear interactions
of pairs - have been studied.

It has been found out that such special oscillatory systems are closely related to the systems
of magnetic spins on the plane (clock spin glasses or phasor systems). The associative memory
networks with Hebbian matrix of connections have been designed for the clock spin systems and
the phase transition of memory ”overloading”, permitting to obtain the retrieval characteristics
of the network, has been analyzed [10]. However, the important problem of ”extraneous”
memory for clock spin networks is not studied at all.

An attempt has been done to study phasor networks with asymmetrical complex-valued
matrix of connections and non-zero thresholds (clearly, the Hopfield model is imbedded into
it). This model is the natural generalization of the phasor network model studied in [14]. The
further study of this model would be quite desirable.

As far as we know, the present work is the first attempt to design and to begin study of
recurrent associative memory oscillatory network with Hebbian matrix of connections.

2 The Dynamical Equations of the Model of Phase Os-
cillators.

We consider the system of N limit-cycle oscillators on the plane with symmetrical nonhomo-
geneous coupling, the state of each being defined as a complex-value a point z; = rjexp(if;)
of complex plane. In appropriate parametric domain the dynamical system governing the dy-
namics of oscillatory system can be reduced to "phase” dynamical system

N
(9]‘ :wj+[&72ij3in(9k—9j+ﬁjk), ] = 1,...,N. (1)
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where w;, j =1,...N, are the natural frequencies on the cycles and complex-valued Hermitian
N x N matrix W = [Wii] = Wirexp(iGix)], W = WT = W specifies the weights of
connections of oscillators in the network, the real value K defines the absolute value and the
sign of interaction strengths in the system [10].

The dynamical system (1) defines the model of system of ”"phase oscillators” which corre-
sponds to the approximation that interaction of network oscillators does not influence on the
amplitudes of oscillations, the last being constant. So, the state vector of the network of phase
model is

2= (z1,.,28) ", z; = exp(ib;),

Note that the matrix W in (1) should not have the zero diagonal in difference with the case
of neural networks. This is just the consequence of the form of representation of "operator” of
interaction of amplitude-phase dynamical system that is reduced to phase system (1).



Any Hermitian matrix W can be represented in a form

M
W =N A"VTHV™t, M =rankW, (2)
m=1
where {V"™} is the set of mutually orthogonal eigenvectors of W corresponding to the set of its
nonzero eigenvalues [12]:

WV™ =X "V (V)PV™ = Né,,, m=1,..N. (3)

where §,,; denotes the Kronecker symbol. With the help of expansion (2) the dynamical system
(1) can be rewritten in the form

0; = w; + (K/N) 3. S Amsin([0x — 87'] — [0, — B7). (4)

One more form of system (1) can be obtained if one uses the expansion of state vector z in
eigenbasis {V"} of matrix W

M N
z = ZZme, 7™ = N"H V™)t = N_IZexp(i[Gj — ﬁjm]) = R™exp(iyp™), (5)
m=1 j=1
The variables Z™, the inner products of current state vector z and the basis vectors V'™ are
the macrovariables (in the case of high dimension N of the dynamical system). They are just
the 7overlaps” which are usually used in asymptotical analysis of retrieval characteristics of
associative memory neural networks. For the case of oscillatory networks the "overlaps” have
the additional sense: the ”order parameters”, governing the phase transition of oscillatory
system into synchronized state.
Being rewritten in terms of macrovariables Z,, R™ exp(i11)™), the system (1) has the form of
N independent equations.

M
0, =w; + K> AN"R"sin(¢™ + B —10;), (6)
m=1
System (3) provides the "self-consistent field” description of oscillatory network. It proved to
be very convenient for the analysis of fixed points of the phase dynamical system.

3 The ”Hebbian” Solution to Associative Memory Net-
work Design Problem

As it is very well known from the theory of associative memory neural networks, the matrix of
connections that is the sum of outer products by orthogonal set of memory vectors just provides
the simplest solution to network design problem. The outer-product matrices of connections
themselves are usually regarded as "Hebbian” because of the relation to Hebbian learning
algorithm.

As it follows from (2),(3), the "Hebbian” solution to the associative memory design problem
exists for the model of system of ”phase oscillators”. More exactly, we have the following result.



[. The case w; = 0 (phasor networks).

Let the set of M, M < N, of linearly independent vectors {V™} is given as V" = exp(137")
is given. Then the "Hebbian” solution to the problem can be realized in the following steps:

e I'ind the orthogonal system of vectors {V™}, corresponding to the set {V"}.

e Define the matrix W by formulas (2),(3), where A are some real values.

Then vectors V™ are just the stable fixed points of phase dynamical system (4). Thus, the
memory vectors of oscillatory network coincide exactly with V™ .

The question of proper choice of {A™} should be the subject of special analysis. It’s worth
to recall from the theory of neural networks with Hebbian matrix of connections that there is
serious disadvantage in the choice of equal {A™}. Such a choice just leads to drastically great
extraneous memory (this is quite natural from the viewpoint of linear algebra). So the choice
of close, but different {A™} seems to be preferable.

The existence of "extraneous” memory should be also a subject of special analysis. In any
case, it is very plausible that the "extraneous” memory exists in the subspace kerW of complex
unitary space of network state vectors [12].

II. The case w; # 0, Z;V:le = 0. It can be shown that at arbitrary w; in
the case of "strong” interaction in the oscillatory network there exist the set V™, close to V™,
which is the set of memory vectors of oscillatory network with the matrix of connections defined
by formulas (2),(3).

To formulate the result more exactly, first of all note that the parameter v = Q/ K, where
Q) = max;|wj|, is the essential parameter of the system. For instance, the simple sufficient
condition of synchronization of oscillatory network is v < 1. The case of w; = 0 can be
considered as the limit case of infinitely strong interaction of oscillators in the network ( K — oo
). When K is great, but finite value, v is the small parameter, and the perturbation method
for the system of equation defining the fixed points of network dynamics can be derived. It is
just the system (6) that proved to be the most convenient for this purpose. The perturbation
method provides the following result.

At sufficiently small ¢ = v = Q/K the memory vectors V™ of oscillatory network belong to
small vicinities of vectors V™ and the following estimations take place:

\N/jm = V" + c(A")lw; +0(®),m=1,..M,5=1,...N. (7)

These facts permit to conclude that the retrieval characteristics of clock spin networks
(phasor networks) obtained in [10] (storage capacity o ~ 0.037, the limit value of "overlap”
equals to ~ 0.9) are simultaneously the retrieval characteristics of oscillatory networks in the
case of strong interaction.

The fact that the memory vectors of the network under strong interaction are slightly
perturbed eigenvectors of matrix W is confirmed in computer experiments. The last ones also
show that in the process of further gradual increase of v the stable fixed points V™ disappear
one after another. This process stops at v = 4" where " is the threshold of synchronization. In
small vicinity of v* the dynamical system (4) has a single stable fixed point. So, in principle, the
parameter v can be used as the parameter controlling the memory storage abilities of oscillatory
networks.



4 The Oscillatory Networks Containing a Single Mem-
ory Vector

The oscillatory networks with homogeneous all-to-all connections can be regarded as the net-
works containing a single memory vector. Indeed, their matrices of connections [W;;] = N—1
contain only the single term of the expansion (2):

W=N'WVT  V=(,.1)7, (8)
and the dynamical system in the form (6), which one is especially simple, can be written as:
0; = &5 + Rsin(y — 0), (9)
where
Z=N1<zV>=N~ IZ e:z;p (10;) = Reap(iv)), (10)

and @; = w;/Q. Note that in this case the single macrovariable 7 coincides with well known
order parameter which was elsewhere used for investigation of phase transition into synchronized
state for the systems of uniformly all-to-all coupled phase oscillators [1-4]. The functional self-
consistent equation for Z in closed form, which together with the equations for fixed points

yw; + Rsin(¢ —6;) =0 (11)

delivers the self-consistent analysis of network equilibria, can be obtained. The self-consistent
analysis shows that the phase ¢ can be chosen arbitrary (the consequence of rotational sym-
metry of the system) and the self-consistency equation for R can be written in the forms:

-1 2 27\1/2
NI (B ), (12)
or

v=N uZ 1—o%)'Y?, u=~/R. (13)

The analysis of fixed points of phase dynamlcal system on the base of (11), (12) and (13)
gives the following results ( for K’ >0 ):

1. There exists the single stable fixed point of the network z = V. At v =0 V=V,
at w; # 0 V is slightly perturbed V at small 4 in accordance with (7). Gradual increase of
leads to greater deviations of V from V. The point V exists up to v = v* being the threshold
of synchronization. The later can be calculated exactly from (13) and in the case of three
oscillator network is equal to .588.

2. The condition R = 0 defines NV unstable fixed points of the network that are symmetrical
ones and can be complicated equilibrium states of the dynamical system.

5 Concluding Remarks

The following results have been obtained.

e The associative memory oscillatory network with Hebbian Matrix of connections is de-
signed. In the case of strong oscillatory interaction (v = Q/K is small) the memory
vectors of the oscillatory network are slightly perturbed properly normalized eigenvectors
of matrix of connections. The retrieval characteristics (in the same case) coincide with
those ones of a clock spin network [10]



o An example of self-consistent analysis of total fixed points of the network is given in the
case of the network, containing a single memory vector (of the network with uniform
all-to-all connections).

Acknowledgment
The research was supported by Russian fund of fundamental investigations, grant number

94-01-00406.

References
1. Y. Kuramoto, I. Nishakawa, Statistical macrodynamics of large dyamical systems. Case of
phase transition in oscillator communities - J. Stat. Phys., Vol. 9, No. 3/4, pp. 569-605,

7.
2. H. Sakaguchi, S. Shinomoto, Y. Kuramoto, Phase transitions and their bifurcation analysis
in a large population of active rotators with mean field coupling - Progr. Teor. Phys.,

Vol. 79, No. 3, pp. 600-607, 1988.
3. S. H. Strogatz, R. E. Mirollo, Phase-locking and critical phenomena in lattices of coupled

nonlinear oscillators with random intrinsic frequencies - Phys. D, Vol.31, No.2., pp. 143-

168, 1988.
4. L. L. Bonilla, C. J. Perez Vicente, J. M. Rubi, Glassy synchronization in a population of

coupled oscillators - J.Stat. Phys., Vol.70, No. 3/4, pp. 921-937, 1993.
5. Sompolinsky H.,Tsodyks M., Processing of sensory information by a network of oscillators

with memory - Intern. J. Neur.Syst. Vol. 3, Supp., p.51-56, 1992.
6. A. Y. Plakhov, O. I. Fisun, An oscillatory model of neuron networks - Matematicheskoe

modelirovanie, Vol. 3, No.3, pp. 48-54, 1991 (in Russian).

7. Kuzmina M.G., Manykin E.A. Surina I.I., Problem of Associative Memory in Systems
of Coupled Oscillators - Second Furopean Congress on Intelligent Techniques and Soft
Computing. Aachen, Germany, September 20-23, 1994, Proceedings, Vol. 3, EUFIT 94,

pp. 1398 - 1402, 1994.
8. Kuzmina M.G., Surina L.I., Macrodynamical approach for oscillatory networks - Proceed-

ings of the SPIFE. Optical Neural Networks, Vol. 2430 pp. 227-233, 1994.
9. Belov M.N., Manykin E.A. Photon-echo effect in optical implementation of neural net-

work models. - In: Neurocomputers and Attention, eds. Holden A.V. and Kryukov V.L.,

Manchester Universilty Press, Vol. 2, p.459-466, 1991.
10. J. Cook, The mean-field theory of a Q-state neural network model - J. Phys. Math. Gen.,

Vol.22, pp. 2057-2067, 1989.
11. A. J. Noest, Associative memory in sparse phasor neural networks - Furophys. Lelt., Vol.6,

No. 6 pp. 469-474, 1988.
12. Kuzmina M.G., Surina L.I., Oscillatory Networks of Associative Memory, submitted to

IWANN’95.



