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IlpeaucioBue

Bo3nukHOBeHHE TYypOYJICHTHOCTH B OTKPBITBIX TEUEHHUAX YK€ TOUYTH
MOJITOPA CTOJIETHSI BBI3BIBACT HEOCIIA0CBAIONIUN MHTEPEC HMCCIIEIOBATEICH.
DTOT MHTEpeC 00yCIOBICH Kak (yHIAMEHTAILHOCTHIO CaMOi (hHU3UIECKOM
po0OJIeMbl BOSHUKHOBEHHS TYPOYJICHTHOCTH U Oojiee obmer punocodckoi
npoOsieMbl Tiepexoa OT JEeTePMHHHM3MA K XaocCy, TaK U HEOOXOJUMOCTHIO
pEIICHUST Pa3INYHbIX MPAKTUYCCKUX 3a7ad MEXAaHUKHU CIIOIIHOW CpEfbl, B
KOTOPBIX CYIIECTBEHHYIO POJIb UTPAET JJAMHUHAPHO-TYPOYJIICHTHBIN MTepeXo.

B xonme XIX Beka O. PeitHonpacom (O. Reynolds) u mopaom Paneem
(Lord Rayleigh) Ob10 BBICKa3aHO MPEANOIOKEHUE, YTO MEPEXO] TCUCHHS
U3 JJAMUHAPHOTO COCTOSIHMSI B TypOyJE€HTHOE BbI3BAH JIMHEWHOW HEYCTOM-
YUBOCTHIO JJAMHUHAPHOTO JABWKEHUS, IPUBOJALIEH K YCHIICHHIO MaJbIX BO3-
MYIIIEHUH, BCEI/la UMEIOIIMXCSA B MOTOKE. [IepBbIE TEOPETUUECKUE PE3YIIb-
TaThl MO JIMHEWHOW YCTOMYMBOCTH JIAMUHAPHBIX TEYCHHUM OBLIM MOTydYe-
HBI JUIs ockoro tedeHus Ilyaseins. Ouu npunaiexar B. Telizenoepry
(W. Heisenberg), koTopomy yaanoch k 1924 rogy ¢ moMoIIs0 aCUMIITOTAYE-
CKMX Pa3JIOKEHUU PACCUMTATh ISl 3TOrO TEYEHUsI YaCTh KPUBOM HEHUTpPAJlb-
Hoit yctoumBoctu. [lozxke LI.II. Jluas (C.C. Lin, 1944, 1945) 3aBepmmi
3Ty paboTy, NOATBEPAUB BbIBOABI [eli3eHOepra u JoKa3aB, UTO HEYCTOWYU-
BOCTb NOSIBIISIETCS MPU IPEBBILICHUN YUCIOM PeliHONIb/ICa ONpeaeIeHHOTO
KPUTUYECKOTO 3HAYCHHUSI.

Onnako BIUIOTH 10 koHIA 40-x rogoB XX Beka mpeobiiaano CKenTH-
YECKOE OTHOIIICHUE K JIMHEWHOW TEOPUH YCTOMYMBOCTH, TIOKa B JIabopaTop-
HeIx skcriepumenTax [.b. Hlybayspa u X.K. Cxkpamctana (G.B. Schubauer
& H.K. Skramstad, 1948) ne Obuta ycTaHOBIIEHA OMpeEsAtoNnias pojib BOJIH
HEYCTOMYMBOCTH MaJIbIX aMIUIUTYJ B Ipoliecce TypOylnu3aluu TEUEHUs B
MOTPAHUYHOM CJIO€. DTO MOCIYKUJIO TOJYKOM K JaJbHEUIIEMY pPa3BUTHUIO
TEOPETUYECKOTO U SKCIIEPUMEHTATIBLHOTO MCCIIEIOBAHUS a3P0- U TUIPOIUHA-
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IIpeoucnosue

MHYECKON HEYCTOMYMBOCTH, a TAKKE K MPAKTHYECKOMY TPUMEHEHUIO TTOITY-
YEHHBIX pe3yJIbTaTOB. bonbIok Bexoil Ha 3TOM myTH crana padora JI.X. To-
maca (L.H. Thomas, 1953), B koTopoil kputuueckoe 4ucio PeliHomnbaca
st mockoro tedeHust Ilyaseiins ObuIo BIIEpBBIE BBIUMCIECHO C MOMOIIBIO
KOMIIbIOTEpPA. DTO JaJ0 UMIIYJIbC Pa3BUTHIO YHMCIECHHBIX METOAOB pacuera
XapakTepucTuK ycroitumBocTtH. Tak, B pabore C.A. Opzara (S.A. Orszag,
1971) xputndeckoe yuciao PeliHonbpaca aisa miockoro TeueHus [lyazeins
ObLIO BIIEPBbIE BBIYUCICHO C BBICOKOM TOYHOCTBIO OJlaroiapsi COYeTaHUIO
CIIEKTPaJIbHOIO METO/IA MPOCTPAHCTBEHHOM allpOKCUMALMM Ha OCHOBE I10-
nuHoMoB YeoObimeBa u QR-anropurma.

Hecmotps Ha 6osbIIoe KOTUYECTBO TEOPETHUECCKUX U YHCIICHHBIX paboT
[0 YCTOMYMBOCTH IJIOCKOTO TeueHus llyasews, MoaATBEpAUTh CIPaBeIIn-
BOCTh OCHOBHBIX BBIBOJIOB JINHEHHOW TEOPUHM YCTOMYUBOCTH MPUMEHUTEIb-
HO K 3TOMY TE€YCHHUIO B (DH3NUECKOM IKCIIEPHUMEHTE YAaI0Ch TOIBKO K cepe-
nuHe 1970-x rogoB Onarogaps uccieaoBanusam M. Hummoka ¢ coaBropamu
(M. Nishioka et al., 1975) u B manpHeiimemM a1 Oojiee MHUPOKOTO JHara-
3oHa mapamerpoB — B.B. Kosznoa m M.II. Pamazanora (1981). B Gomnee
PaHHHUX DKCIEPUMEHTAIBHBIX pab0OTax MO YCTOMUUBOCTHU TJIOCKOTO TEUEHUS
[lya3zeiisis 0TMEUYaIOCh, YTO TEPEX0/ K TYpOYJICHTHOCTH MOXKET HAUUHATHCS
C «BHE3AITHOTOY» TOSBJICHHUS TypOYyJIEHTHBIX MATCH M HACTyNaTh MIPU 3HAYHU-
TEJIbHO MEHBIIUX Yuciaax PeliHonb/Cca, 4eM Te, MPU KOTOPBIX TEPSETCS JIM-
HelHasi yCTOWYMBOCTh. [IpennoskeHHoe 00bsICHEHHUE ITOTO SIBJICHUSI COCTOS-
JI0 B TOM, YTO H3-32 HECOBEPIIIEHCTBA UCIOIb3YEMBIX IKCIIEPUMEHTAIBHBIX
YCTAaHOBOK Ha BXOJI€ B KaHaJl MOIJIM BO3HUKATh HadyaJbHbIE BO3MYIICHUS
CO CJIMIIKOM OOJBIION aMIUIMUTYIOW M MEPEeXo] K TYpOYJIECHTHOCTH OBLI C
CaMOro Hayajia BbI3BaH JIMIIb HEJTUHEUHBIMU MEXaHU3MaMHU.

HHTepec K JOKPUTHYECKOMY CIICHAPHIO JIAMHHAPHO-TYpOYJICHTHOTO Tie-
pexona cymecTBeHHo ycunuicsa B 1990-x romgax Gmaromapsi OTKPBITHIO BO3-
MOKHOCTU 3HAUUTEJILHOTO POCTa MaJIbIX BO3MYIIICHUN B TOKPUTHUUECKOM 00-
JACTH MOTOKA 32 CYET TPAH3UTOPHOTO MEXaHU3Ma, KOTOPBIA MOXHO OMUCATh
B paMKax JUHEWHOTO MOAX0/a. BoJbITyio poib B pa3BUTHH ATOTO HaIlpaBJiie-
HUSI ChIrpajiu MHorouuciieHHbie padoThl JI. Xennunrcona (D. Henningson)
1 €T0 COABTOPOB, MOCBAIICHHBIC TaK HA3bIBAEMBIM ONTHUMAaJIbHBIM BO3MYIIIC-
HUSIM.

B 310 ke Bpems cTano MOSABIATHCS OONBIIOE YUCIO PabOT MO ympas-
JICHUIO YCTOMYMBOCTBIO TCUCHUH Pa3IMYHBIMHM CIIOCOOaMH, 9TO ObLIO 00y-
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IIpeoucnosue

CJIOBJICHO JaJIbHEUIIIUM Pa3BUTHUEM UMCICHHBIX U HKCIIEPUMEHTAJIbHBIX Me-
To0B. OHUM M3 TAaKUX CIIOCOOOB, MPUBIICKIIINUM, MTOXKaIyH, Hanboee Mpu-
CTaJbHOE BHUMAaHUE HCCIIEIOBATENCH, sSBIseTCS mpodrirpoBanne oOTeKa-
€MOM TOBEPXHOCTH, B YaCTHOCTH, e€¢ opeOpeHue. TunmmyHoe opeOpeHHe
MpEeNICTaBIsET CO00M crcTeMy MPOAOIBHBIX OOPO3I0K HA MOBEPXHOCTH TE-
na. Cama unies opeOpeHusi MOBEPXHOCTU MOSIBUIACH B paMKaxX OMOHUYECKO-
ro TOJXOJa B pe3yabTare HAOMIOACHHS BIMSHHS CTPYKTYPhI KOXKH PbhIO U
KUTOOOPa3HbIX Ha UX OBICTPOXOAHOCTh. B3pbIBHOI POCT KoIMYecTBa padoT
0 3TOM TeMe Hadvajcsi co BTOpoM monoBuHBI 1980-X romoB, Korjma puosie-
ThI CTaJIM MPUMEHATH Ha MPAKTHUKE JJIs OOKJICHKH MOABOIHON YacTH OBICT-
POXOIHBIX SXT C LETbI0 YMEHBIICHUSI TPEHUS, BRI3BAHHOTO TYPOYJIECHTHBIM
MOTPaHUYHBIM CIIOEM. BBUTO MoKa3aHo, 4TO PUOJIETHI BHICOTOW B JIOJIU TOJI-
IIUHBI BSA3KOTO TMOACIOS TypOyJIE€HTHOTO MOTPAHUYHOTO CJIOS YMEHBIIIAOT
WHTEHCUBHOCTDH Pa3JIMYHBIX HECTAIIMOHAPHBIX SIBICHWN, B YaCTHOCTH IIO-
JABJISIFOT Pa3BUTHE MPOJIOJILHBIX BUXPEBBIX CTPYKTYP B CAMOM IO/ICIIOE.

Eme B 1960-x rogax C.J[x. Knaiitnom ¢ coaBropamu (S.J. Kline et al.,
1967) O6bl1a OTMEUEHA CXOXKECTh CTPYKTYP, Pa3BUBAIOIIUXCS B BSI3KOM TOJ-
cj10€ TypOyJICHTHBIX TIPUCTEHHBIX CIBUTOBBIX TEUCHHH, U CTPYKTYP, BO3HHU-
KalIIMX Ha 3Tare mepexoja K TypOyJIeHTHOCTH B JJaMUHApHOM TOTpaHUY-
HOM cJioe. B nanpHedmeM 3Ta CXOXKECTh HEOAHOKPATHO OTMEYasaach B pa-
oorax P.®. bimksenaepa (R.F. Blackwelder, 1983), FO.C. Kauanosa (2003)
U JIpyrux uccienosareneil. [103ToMy modTd OJHOBPEMEHHO C HU3YyUYECHUEM
BIIMSIHUSL pUOJIET Ha TypOYJICHTHBIE IMOTOKH CTalld JIEJIAThCS TOIBITKU 10
VIIPABJICHUIO C MOMOIIBIO OPEOPEHUs TOBEPXHOCTH JJaAMUHAPHO-TYPOYJICHT-
HBIM [€PEXOJOM B Pa3JIMYHbBIX CABUIOBBIX TEUCHUSX. JKCIEPUMEHTAJIbHbBIC
pabotel B.B. KoznoBa ¢ coaBropamu, npoBeaenusie B UTIIM CO PAH
B 1990-e roapl, chirpajid 3/1€Ch KIOYEBYIO posib. OHM MOKa3ajid, 4TO HUC-
MOJIb30BAHUEM CIIEIUAIIBHOTO BUJA TOBEPXHOCTEN C HAHECEHHBIMU HAa HHUX
MEePUOANYECKUMHU TPOJOJIbHBIMU peOpaMu B JIOJIM TOJIIIWHBI JIAMUHAPHOTO
MOTPAHUYHOTO CJIOSI MOYKHO CYLIECTBEHHO YMEHBIIUTh POCT SHEPrUU MPO-
JOJIbHBIX BUXPEHN pazuyHOM Mpuposl. Bmecte ¢ Tem, opeOpeHue, UCoib-
30BaHHOE B JKCIEPUMEHTaX, MPUBOJUIIO K CYIIECTBEHHOMY YMEHBIIIECHUIO
KPUTUYECKOTO yncia PeliHonbaca TMHEHHOW YCTOMYMBOCTH. 3HAYUTEIBHOE
YBEIIMUCHUE UHKPEMEHTOB HapacTaHWs HEYCTOMYMBBIX BO3MYIIECHHI OBLIO
TaKkKe MPOJEMOHCTPUPOBaHO Jisa TeueHus [lyaseitna B kaHaie B pabote
V. Openmraitia (U. Ehrenstein, 1996), etnHCTBEHHOM Ha TO BpeMs pacueT-
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IIpeoucnosue

HOM paboTe M0 YCTONYMBOCTH TCUSHUM B OPEOPEHHBIX KaHaIaX.

Crnenyer OTMETHTH, YTO YIIOMSHYTBIC BBIIIE (PU3NUECKHE SKCTIEPUMEH-
ThI CTaJIM BO3MOXKHBIMU OJIarofiapsi peBOJIOIIMOHHOMY OOHOBJICEHUIO TEXHO-
JIOTUH KCIIEPUMEHTOB C KOHTPOJIHPYEMBIMH BO3MYIICHHSAMH, MPHBEIIIC-
My B T€ TOAbI K TOJIHOW aBTOMAaTH3allud W KOMITBIOTEPH3AIUA TAKUX WC-
cienoBaHuid. Pesymbrarhl 3THX paboT CyMMHpPOBaHBI B psjie MOHOTrpadwuit
(A.B.boiiko u np., 1999, 2006; A.V. Boiko et al., 2002, 2012). HanbHeitmiee
pPa3BUTHE TEXHOJIOTHMH (PU3NUYECKOTO JKCIEPUMEHTa OBIJIO BHI3BAHO BHE/I-
peHHuEeM OECKOHTAKTHBIX M3MEPUTENbHBIX TeXHOJOrui. OHO MO3BOIWIO B
MOCJICTHUE TOABI OTKPBITh PsiT HOBBIX A(D(PEKTOB, CBSI3aHHBIX C yCTOWYH-
BOCTBIO MPOCTPAHCTBEHHO-TIEPUOANYCCKUX TCUCHUM W UMEIOIIHNX OOJBIION
WHHOBAIIMOHHBIN IMOTEHIIMAJI B PA3JIMUHBIX MPUIOKCHUSAX, B TOM YHCIIE IS
COBEPIIICHCTBOBAHUS a’POJAMHAMUYCCKUX XapaKTEPUCTUK MaJIopa3MepHBIX
JIeTaTeNbHBIX allllapaToB TUIA OECHHJIOTHUKOB U JPOHOB, KaKk B paboTax
N./1. 3BeproBa ¢ coaBropamu (2003-2016).

Hamerunoch oTcraBaHue TEOPETUYECKUX M YHUCIEHHBIX HCCIEIOBAHUIM
OT JIKCIIEPUMEHTAJIbHBIX, BHI3BAHHOE 3HAYUTEIIHbHBIM YBEIUYCHUEM CIIOXK-
HOCTH paccMmarpuBaeMbIX 3anad. [Ipu paccMOTpeHUH yCTOMYMBOCTH KIac-
CHUYECKUX TEUEHUH, CKOPOCTh MOTOKA B KOTOPBIX 3aBUCHUT JIMIIb OT OJHOMN
MMPOCTPAHCTBEHHOW MEPEMEHHOM WJIA MPUBOJIUTCS K TAKOBOW, TAXKE B TOM
Cllyyae, €ClM BO3MYILUEHHUs MPEIIoJIaraloTcsi TPEXMEPHBIMU, aHalu3 (ak-
TUYECKU CBOAUTCS K MCCIIEOBAHUIO OJHOMEPHBIX BO3MYILEHUN CHEIUalb-
HOTO BH/JIA, 3aBUCSAIINX OT MapaMETPOB M SIBISIONIUXCS PEIICHUSMU JIMHEH-
HBIX OOBIKHOBEHHBIX AU (depeHINaNbHbIX ypaBHeHHH THIIa Oppa—30oMMep-
dempma (W.MLE. Orr, 1907; A. Sommerfeld, 1909). Takoe ncciemoBanue
BO MHOTHX CJIy4asiX YJaeTCsl BBITIOJHUTH aHAIIMTUYSCKU HA OCHOBE TEOPUU
HeBsi3Kkol HeycronunBoctu Panes (Lord Rayleigh, 1880-1913) u teopembi
Ckaaiipa (Squire, 1933), a a1t yTOUHSIONIUX TEOPHUIO YHUCICHHBIX pacue-
TOB JOCTAaTOYHO COBPEMEHHOIO MEPCOHATBLHOTO KOMITBIOTEPA U CTaHAAPTHO-
r0 YUCJIEHHOTO MPOrpaMMHOTO obecrnieueHusi. B ciyuyae npocTpaHCTBEHHOU
WM BPEMEHHOHN MEPUOAUYHOCTH OCHOBHOTO TEUCHUSI M3BECTHHIC aHATIHTH-
YEeCKHUE METOJbl OKA3bIBAIOTCA HEMPUMEHUMBIMH, & YHMCICHHBIM aHalu3, B
CUJIY CYIIIECTBEHHO OOJbIIEH alredpandeckon pa3MepHOCTH BOSHUKAIOIINX
BBIYHMCITUTENBHBIX 33]1a4, TPEOYEeT UCIOIB30BaHUS CYTIEPKOMITBIOTEPOB.

3a pyOekoM pacdeThl YCTOMYMBOCTH TAKOTO THIMA TEYCHUH aKTHBHO BbI-
nonHseT aBa nocneaaux aecsatunetus B. Teodumuc (V. Theofilis) ¢ coas-
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IIpeoucnosue

Topamu. OHAKO B 3TUX UCCJIEIOBAHUSX UCTIOIb3YIOTCSI CTaHIAPTHBIE aJro-
PUTMBI U MPOTPAMMBbl, YTO MPUBOJUT K 3HAYUTEJIBHBIM BBIYUCIUTEIbHBIM
3aTpaTaM ¥ HE TO3BOJIIET BBINONHATH B TOJHOM OOBEME BCE IPEACTaB-
JSIOIME MHTEpPeC MapamMeTpuyuecKue pacyeTbl. TakuMm o0pa3zoM, MMesach
Hacyl[Hass HEOOXOJIUMOCTh B CHEIUAJIbHBIX MATPUYHBIX aJIrOpPUTMax, IO-
CTPOCHHBIX C Y4eTOM (PU3UUYECKUX 0COOCHHOCTEH paccMaTpUBaeMbIX 3a/1ad.
JI1st cokpareHusi BBIYUCIUTENBHBIX 3aTpaT 3TH aJIrOPUTMBI JTOKHBI MaK-
CUMAJIbHO MCIOJIb30BaTh CTPYKTYPY HCCIEIYEMBIX YPAaBHEHUI, CYyIIECTBY-
IOIIME€ CUMMETPUU U JIPYTHUE MEHEE SIBHbIE 3aKOHOMEPHOCTH.

Bmiote 10 HacTosero BpEeMEHU MHOTHE TEOPETUUYECKUE BOIPOCHI O
BIIUSIHUM OpEeOpEHUs Ha YCTOWUNBOCTh CABUTOBBIX TEUECHUN OCTaBAJIUCh OT-
KpbIThiMU. [Ipennmaraemas MmoHorpadusi sSBISICTCS IO CYyTH MHEpBOM pabdo-
TOM, Aaromeil OTBETHl Ha 3TH BOMpochkl. OHA 0000IIaeT UCCIEeIOBAHUS aB-
TOPOB, BBHITIOJIHEHHBIEC B MOCJIEIHUE TOMAbI, U MO3BOJSET CAENATh PSJ Bax-
HbIX (YHIAMEHTAIBHBIX U MPAKTUYECKUX BBIBOJOB. 3HAYECHHWE KHUTHU 0€3-
YCJIOBHO BBIXOAMUT 32 PaMKH €€ Ha3BaHUsI, TAK KaK OMUCAHHbIE B HEH HO-
BbI€ TMOAXOJbI SIBJISIOTCS IOCTaTOYHO yYHUBEPCAIbHBIMU. VX MOXHO MpH-
MEHSTH JIJI YUCIICHHOTO MCCJIEAOBAaHUS YCTOMUYUBOCTH MHOTUX JPYTUX Te-
YeHUH, MEPUOANYECKUX B MPOCTPAHCTBE W/WIM BpeMEHHU. B »TOM cMEbIcie
JaHHasi MOHOTpa(us SABISIETCS MPSIMBIM IIPOJOJDKCHUEM KIIACCUYECKUX KHUT
I.IT. JIuas (C.C. Lin, 1955), P. betuoBa u B.O. Kpumunane (R. Betchov
& W.O. Criminale, 1967), JI.11. Jlxxozeda (D.D. Joseph, 1971) u ®.I". JIpa-
suHa U B.X. Peiina (P.G. Drazin & W.H. Reid, 1981), uznanue kaxmaou us
KOTOPBIX OTMEYaJ0 BaXKHBIM 1IAr B pa3BUTUU TEOPUH.

VBepeH, UYTO daHHAs KHWUTAa OyleT HMHTEPECHOW W I03HABAaTEIIbHOM
KaK JJIS ONBITHBIX HCCIE0oBaTelIed M IperofaBareieil By30B, Tak U IS
CTYICHTOB, U3YUaIOINX MPOOIEMBI a3p0- U TUIAPOANHAMHUKHU, YCTOUUNBOCTH
TEUEHUM U Tepexoaa K TypOyJICHTHOCTH, TTOMOXKET IMOJYYUTh IMPECTaBIIe-
HUE O TOCIEIHUX JOCTHKEHUAX B paccMaTpUBaeMoil 00JlacTM MEXaHUKU
KUIKOCTH U Ta3a.

IIpogeccop B.B.Koznos
3asedyrowuti rabopamopueti Aspoghuzuueckux ucciedo8anuli 0038YKO8bLX
meuenuti UTIIM CO PAH, Hosocubupck



BBenenue

C yBennueHueM yucina PeliHombIca pH MPEBBIIIEHUA UM KPUTHYECKO-
IO 3HAUEHUs, OMPEAEISAIONIETO TPAHUIy YCTOMYMBOCTH K OECKOHEUHO Ma-
JIBIM BO3MYILEHHSIM U Ha3bIBAEMOTO JIMHEMHBIM KPUTHYECKUM YUCIOM Peii-
HOJIbJICA, JIAMUHAPHOE TEUCHHE 3aBEAOMO TEpSAET YCTOMYUBOCTb, UTO OOBIY-
HO TMPHUBOIUT K ero TypOynuzauuu. Takoill JTaMUHApHO-TYpOYJIEHTHBIN Iie-
pPEXOJl HA3BIBAIOT €CTECTBEHHBIM. IIpy 3TOM OCHOBHYIO POJIb MI'PArOT OT-
JeJbHBIC, YCUJIMBAIOIIUECS BO BPEMEHH (BpeMEHHAas HEYCTOMYMBOCTD) JIU-
00 mpocTpaHCTBE (IIPOCTPAHCTBEHHAs] HEYCTOWYMBOCTH) MOJBI HIIM IaKe-
ThI TaKUX MOJ. JIJIsi CABUTOBBIX TEUEHHI B KaHalaX M MOTPAHUYHBIX CIOSX
3TU MOJIbI IPOSBIIAIOT C€0sl B AKCIIEPUMEHTAaX B BUJE OCOOBIX BOJIH 3aBUX-
PEHHOCTH, OOBIYHO Ha3bIBaeMbIX BoJdHamMu TomnmmuHa—Illnuxrtunra, koTopsie
BIIEpBbIe ObUIM Npejcka3anbl JlronBurom llpanarineM U JeTalbHO W3YYEHBI
TEOpPETUUYECKU ero yueHukamu Banerepom Tomummunom u ['epmanom Inux-
THUHTOM.

OpHako Ha MpakTUKE JaMUHAPHO-TYPOYJEHTHBIM MEPEeXo] 4acTo Mpo-
UCXOQUT MpU JOKPUTHUYECKUX uuciiax PeitHonbaca. OIHUM K3 OCHOBHBIX
BBI3BIBAIOIINX 3TO (DAKTOPOB SIBISIETCS BO3MOXKHOCTh CYIIIECTBEHHOTO POCTa
KMHETUYECKOW AHEPrUU BO3MYIIEHUM HA KOHEYHBIX BPEMEHHBIX (ITPOCTPaH-
CTBEHHBIX) WMHTEpBajaxX MPHU JOKPUTHYECKUX uuciiax PeiHombiaca [1, 2].
HwxHroro rpanuiy uncen PeiiHombica, Ipyu KOTOPBIX BO3MOXKEH POCT SHEP-
MY BO3MYULIEHUW, HA3bIBAIOT SHEPIETUUYECKUM KPUTHYECKUM 4MUCIOM Peni-
HonbAca. [Ipu uucne PeitHonbaca, O0NbIIEM SHEPTETUUECKOTO KPUTHUECKO-
ro uncia PeitHombaca, HO MEHBIIIEM JTUHEHHOTO, MAaKCUMAIbHYIO aMILTH(H-
Kaluio (POCT MO OTHOIIEHUIO K HAYaJIbHOMY MOMEHTY BPEMEHH JHOO Ha-
YaJbHOMY TOJOXEHHUIO B MPOCTPAHCTBE) SHEPIUU BO3MYILEHUN oOecreyu-
BAIOT TAK HA3bIBAEMBIC ONTHUMAJIbHBIE BO3MYIICHHUS, MPEACTABISIONINE CO-
0ol Ccyneprno3uiuu OOJIBIIOT0 YUCIa CYHIECTBEHHO HEOPTOTOHAJIBHBIX 3a-
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TyXaromux MoJ. Pa3BuTHe MajbIX ONTUMAJIBHBIX BO3MYILIEHUN MPHUBOJIUAT
B PE3yJIBTaT€ MX POCTa M IMOCIEAYIOIIETO HEJIMHEMHOIO B3aUMOAECHCTBUS
K IIEPEXOYy OCHOBHOI'O TE€UEHUS B KBA3HCTALMOHAPHOE JIMHEMHO HEYCTOM-
YUBOE COCTOSIHME (IOJ0ocuaTas CTPyKTypa, CM., Hanpumep, [3]), B KOTOpOM
HAUMHAET Pa3BUBAThCA BTOPUYHAS HEYCTOMYMBOCTb, IPUBOIALLIASA K JaMU-
HapHO-TypOYJICHTHOMY MEPEXOy.

OpHUM U3 U3BECTHBIX CIIOCOOOB BOCHPEMSATCTBOBATH 0OPa30BaHUIO MO-
JIOCYATBIX CTPYKTYp SBISIETCS HAHECEHUE MPOJOJbHBIX O0po3A0K (ope-
OpeHusi) Ha OOTEKaEMyI0 MOBEPXHOCTh, YTO OOBIYHO NMPUBOAUT K YBEJIH-
YEHUIO SHEPreTHYeCcKOro KpuTuyeckoro yucia PeliHonpaca. OpgHako, Kak
CUMTAJIOCh 10 HEJABHEIO BPEMEHU, YBEIWYMBAs JHEPrEeTUYECKOE KPUTH-
yeckoe umuciio PerHonbaca M OTHAIsA TEM CaMbIM JOKPUTHYECKHUM JIaMU-
HapHO-TYpOYyJICHTHBIN MEepexo]l, opeOpeHrue OJHOBPEMEHHO YMEHbIIIAET JIU-
HElHOe KpuTHudeckoe uncio PeliHonbaca u nmpuOiImKkaeT eCTeCTBEHHBIH J1a-
MHUHAPHO-TYPOYJIEHTHBIN mepexos [4, 5], 4To AenaeT 1eecoo0pa3HbIM HC-
M0JIb30BAaHUE OPEOPEHMS JIMIIb B CYLIECTBEHHO JOKPUTHYECKON (JIMHEHHO
YCTOWYMBOM) 00JaCTH pa3BUTHUS MOTOKA. HekoTophle pe3ynbTaTsl MOATBEP-
KJIAIOIIUX 3TO JKCIIEPUMEHTOB C IIJIOCKOM IUIACTUHOM W IUIACTUHOW C Ha-
HECEHHBIM Ha Hee MPOJOJIbHBIM OpeOpEeHUEM, BBITIOTHEHHBIX B MaOTYypOy-
JICHTHBIX a’pOAMHAMUYECKUX TpyOax, MpuBeneHbl B Tabmuie, rae Tu o3Ha-
YaeT CTENeHb TypOyJIeHTHOCTH HAOErarollero moToka B MPOLEHTAX, a € —
OTHOIIIEHHUE BBICOTHI pedep K TOJIIMHE MOTPAHUYHOTO CJI0s. AHAJIOTUYHbIE
pe3ynbTaThl OBUIA MONYYEHBl M JIJIA APYTuX KoHurypamuii [3]: Tena Bpa-
LIEHHUS 1I0J] PA3JIMYHBIMU YITIAMH aTaKH, CKOJB3SIIETO KPbUIA, BOJIHUCTOTO
KpbUla U T.I.

Ta6J'II/II_Ia. 9KCH€pI/IM€HTaJILHBI€ JaHHBIC O BJIMAHHUU Op€6p€HI/I$I Ha 1ICpCxon
K Typ6YJ'I€HTHOCTI/I W BO3MYUICHHA B IIOI'PAHUYHOM CJIOC Ha IJIOCKOM ILJIa-
CTHHC.

Hcrounux Tu € Crpykrypa Biusanue
BO3MYILICHU I
[6] 0.3 0.05-0.36 ciy4aiiHble BO3MYILIEHUSI  YCKOPEHHE Iepexoaa
[7] 0.6-3.0 > 0.55  ciuyyaliHble BO3MYIIEHUS 3aMeJICHUE Mepexo/ia
(8, 9] <0.04 0.63-1.25 IIPOJOJIBHBIE BUXPHU T0/IaBJICHNE BUXPEU
[10] < 0.04 1.15-1.35 Bosiabl T-I11 YCUJIEHHUE BOJH
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B kauecTBe MOSICHEHUS! 3aMETHUM, YTO B CJIy4ae BBICOKOW CTENEHU Typ-
oynenTHocTH Haberaromiero noroka (Tu = 0.6-3.0) B ciaydailHbIX BO3MYIIIE-
HUSIX TIOTPAHUYHOTO CJIOSI JOMUHUPYIOT MPOJOJIbHBIE BUXPHU, XapaKTepHbIE
JUIS TOKPUTHYECKOTO TIepexo/ia, a IPU MEHbIIEH CTENeHU TYpOyJICHTHOCTH
Haberaroiero noroka — BoyHbl TomnMuna-Illnuxtunra. B sxcnepumentax
C KOHTPOJIUPYEMBIMU BO3MYIICHUSIMHU MPOIOJIbHBIE BUXPU CO3AAIOT CIICLIH-
aNbHBIMA METOJJaMU W TIPU MaJIOW CTENeHU TypOyJleHTHOCTH. B 1enom B
Tabnuue obpamiaer Ha ce0s BHUMaHUE TOT (PakT, 4TO opeOpeHue 3ameis-
€T pa3BUTHE NPOJAOJIBHBIX BUXpEH (HOKPUTHUECKUN MEPEXOJ]) U YCKOpSET
pasButue BosiH TomnmmuHa-lllnuxTuHra (ecTeCTBEHHBIN Mepexoq K TypOy-
JICHTHOCTU B MOTPAHUYHOM CJIOE).

DKCIIEPUMEHTHI 110 JIAMHHAPHO-TYPyOICHTHOMY IEPEX0ly B MaJIOTypOy-
JICHTHBIX a3POJIMHAMUYECKUX TPYyOax Upe3BhIUAHHO IOPOTHE U TPYIOEMKHE,
Y WX yAAaeTCs BBITIONHATH JIUIIb 11 HEOOIbIIOoro Habopa mapameTpoB opeo-
penus. [Toatomy aiis 6osee OTHOTO MOHUMAHUS (PU3HUYECKUX MEXaHU3MOB
U pa3pabOTKH HOBBIX MOJXOJOB K BHIOOPY MapaMeTpoB opeOpeHus (Hampu-
Mep, JUTsl pelIeHus] YKa3aHHOW BBINIE 3aJa4d BOCIPEISATCTBOBATH 00pa30-
BaHUIO TOJIOCYATHIX CTPYKTYP) €CTECTBEHHO OOpPATUTHCS K MapaMeTpuye-
CKHM YHUCJICHHBIM HCCJIEI0BAaHUSAM, MTOTCHIIMAIBHO O3BOJISIOMIUM PACCMOT-
pPETh CYIIECTBEHHO OoJiee MUPOKHI Arara3oH napamMerpoB. OQHAKO MpOBe-
JCHUIO TaKUX MCCIICJOBAHUN MPEMSATCTBYET UX OIPOMHAs BBIYUCIUTEIbHAS
CJIIO)KHOCTD, €CITH XapaKTePUCTUKN YCTOWYMBOCTH PACCUYUTHIBATH TPaIHIIH-
OHHBIMU MeTojamu. [lo3ToMy 10 HEIaBHETO BPEMEHU STH HWCCIICIOBaHUS
Takke ObUIM MPOBEACHBI JUIIb IS JOBOJIBHO OrpaHWYeHHOro Habopa ma-
paMeTpOB OpeOpeHUS.

B 2010 romy aBTOopamu maHHO#l MoHorpaduu Obuia paspaboraHa HO-
Basg TEXHOJOTMs YMCICHHOTO aHajlu3a YCTOMYMBOCTU MONEPEYHO-TIEPUO-
IUYECKUX TEYeHUN Ha 0a3e OPUTMHAIBHBIX OBICTPHIX YHUCIECHHBIX METO-
JIOB PEYKIIMU U aHalin3a 00JbuX AuddepeHnaibHO-aIre0paniyecKkux cu-
creM [11]. Dta TexHomorus cyniecTBeHHO 3PPEKTUBHEE paHee HW3BECTHBIX
nonxoaoB. OgHaKko MEepBOHAYAIBHO OHa ObLIa peajdn3oBaHa B BUJE Koja
JUISI TIEPCOHAJIBHBIX KOMITBIOTEPOB, MOIIHOCTH KOTOPBIX OKa3ajoCh HENO-
CTaTOYHO I MPOBEAECHHUS BCEX MPEACTABISIONIMX UHTEPEC Mapamerpuye-
ckux pacuetoB. B 2012 romy Oblia npeajiokeHa U peaan3oBaHa Mmapaieiib-
Has Bepcusi 3TOM TexHosoruu [12], mo3BonMBIIas MPOBOAUTH PacyeThl B
IIUPOKOM JIMaria3oHe mapamMeTpoB OpeOpPEeHUsl ¢ UCTIOIB30BAHUEM BBIUMCIIHU-
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TEJIbHBIX KJIacTepoB. UMCIEHHBIE 3KCIIEPUMEHTHI, MPEACTABICHHBIE B MO-
Horpaduu, npoBoguinck Ha kinactepe MBC100K MexBe1oOMCTBEHHOTO Cy-
nepkommbioTepHoro 1eHTpa PAH, Ha xmactepe MudopmarmoHHo-BeIUKCTH-
TEIBHOTO LieHTpa HoBOCMOMPCKOTO rocynapCTBEHHOTO YHHUBEPCUTETA U Ha
Kiactepe «JIoMoHOCOB» MOCKOBCKOTO roCyAapCTBEHHOIO YHUBEPCUTETA.

JlanHas MmoHOTpadus MOCBSIICHA OITMCAHUIO U 000CHOBAHUIO 3TON TEX-
HOJIOTHMH U JAETaJbHOMY YMCIEHHOMY aHAJIU3Yy C €€ MOMOILBIO BIUSIHUSA MPO-
JO0JBHOTO TOIEPEUHO-TIEPUOTUYECKOTO BOJTHUCTOIO OpeOpeHusi Ha dHepre-
TUYECKOE W JIMHEWHOE KPUTHUYECKUE Yuciia PeliHONb/ICa 1 MAKCUMAIBHYIO
aMIUTU(UKAIUIO CpEIHEN TIIOTHOCTU KUHETUYECKON YHEPIrUuu BO3MYILICHHI
Ha npuMepe TedeHus [lyaszeins B kaHaje, OECKOHEYHOM B MPOJIOJILHOM U
MOTIEPEYHOM HampaBlieHUsX. B kauecTBe pedepeHTHOM CKOPOCTH HCHOJb-
30BJIOCh CPEHEE 3HAYCHUE CKOPOCTH OCHOBHOIO TEYEHUsS, YTO IO3BO-
JIUJIO UCCJIENOBaTh BIUSHUE OpEeOpEHUsI MPH COXPAHEHUM PacxXoja >KHJIKO-
cTu. B pamkax BbINOJHEHHON pabOThI ObLIO BHEPBBIE MMOKA3aHO, YTO OpEO-
PEHHE MOMKET HE TOJIBKO YBEIIMYHUTH HYHEPIETHUYECKOE KPUTUUECKOE YHUCIIO
PeriHONIBACA ¥ OMHOBPEMEHHO YMEHBIIWUTh JJUHEWHOE, OTAANSAS TEM CaAMbIM
JOKPUTHUYECKUI JTAMUHAPHO-TYpPOYJIEHTHBIN nepexon W mpuliamxas ecre-
CTBEHHBII, HO MOXET YBEIMUUTh 00a KpUTHUECKUX 4ucia PeitHombaca, OT-
Jajsisi TeM CaMbIM M €CTECTBEHHBIN, U IOKPUTUUYECKUN JTAMUHAPHO-TYpOY-
JICHTHBIE MEPEXO/bl, a TAKKE MOXKET YMEHBIIUTh 002 KPUTUUYECKUX YHUCIa
PeitHonbica, mpubamxKass TeM CaMbIM M €CTCCTBCHHBIN, M JTOKPHUTHYICCKUN
JJAMUHAPHO-TYPOYJIEHTHBIE MEPEX0/ibl, KAK U YMEHBIIUTb YHEPreTUYECKOE
KPUTUYECKOE YMCIIO PeilHoMbaca U yBEIWYUTh JIMHEWMHOE, TpUOIMKas 10-
KPUTUYECKUN U OTHANSIST €CTECTBEHHBIN JJAMUHAPHO-TYPOYJICHTHBIC MTEPEX0-
abl. [ToHumMaHue Takoil BapraOEIbHOCTH BIMSHUS OpeOpeHus: o0TeKaemoil
MOBEPXHOCTH HA XapPaKTEPUCTUKU YCTOMYMBOCTH TEUCHUS B 3aBUCUMOCTH
OT MapaMeTpoB OpeOpeHUs OTKPHIBAET HOBBIE BO3MOXKHOCTH [IJISl €T0 MPH-
MEHEHHSI B KaY€CTBE CIIOCO0a yIPABICHUS MEPEXOAOM K TYpOYJIEHTHOCTH.

MoHorpagus cocTout U3 Tpex mas. B nepBoii raBe onuchBalOTCs TE€O-
pPETUYECKHE OCHOBBI MCIOJIb3YEMOM [IJIsl UCCIIENOBAHUS YCTOMYUBOCTU BBbI-
YUCJIUTEIBHOW TEXHOJIOTHH. BBOAUTCS TEPMHUHOJIOTHUS, JAKOTCSA MOCTAHOB-
KM 3a71a4 YCTOMYMBOCTH, 000CHOBBIBAETCS CBEACHUE aHATN3a yCTOMUNBOCTH
HCCIIEyEMOTO TEYEHHUSI K aHAJIU3Y €r0 YCTOMYHUBOCTH K JIEMEHTAPHBIM BO3-
MYLIEHHSM C MCIOJIb30BaHUEM npeacTtasiieHus Pnoke. Kparko npusogsrcs
W3BECTHBIC PE3YJIbTAThl 110 YCTOWYMBOCTU TeueHus [lyazensist B IIOCKOM
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kaHane. B tom uducne oOcyxnaercs Teopema CkBaiipa, KOTOpasi FTOBOPUT O
TOM, YTO HauOOJee HEYyCTOMUYHUBBIE MOJIbI UMEIOT HYJIEBOE MONEPEUHOE BOJI-
HOBOE YHCJIO, YTO MO3BOJISIET IIPU UCCIEA0BAHUNA MOJIOBOU HEYCTOWYHUBOCTHU
HE pacCcMaTpuBarh JPYrue 3HAYCHUS 3TOrO MapaMmeTpa.

Bo BTOpOM MIaBe ONMUCHIBAIOTCS METOABI pacueTa XapaKTepUCTUK YCTOM-
yuBocTU. [latoTcs ciabble MOCTAaHOBKM 3aj1a4, ONMMCHIBAETCS MX AIIPOKCH-
Malusi METOIOM | ajepKuHa-KOJUIOKAIMK, a TAKKE PEAYKUHUs MOTYyYECHHBIX
B pe3yJbTare anipoKCUMalld MaTPUYHBIX 3aJad K 3a7adaM C MaTpULIaMH
MIPUMEPHO BJIBOE MEHBILIETO Mopsiaka. ONUCHIBAIOTCSA aJTOPUTMBbI pacyera
KpUTUYECKUX uncen PeliHonmbpica M MakCcUMalbHOW aMIUIM(UKALNUN dHEP-
MW BO3MYIICHUN C 33JITAHHOW TOYHOCTBIO.

Tperpss mIaBa MOCBAIIEHA AHAIU3Y PE3YJIbTAaTOB YMCICHHBIX 3KCIIEpHU-
MEHTOB C TPEXIapaMeTPUUYECKUM MONEPEYHO-IIEPUOTUYECKUM BOJIHUCTHIM
MPOJOJILHBIM OpeOpEeHNEM, HAHECEHHBIM Ha HIDKHIOIO CTEHKY KaHana. Ha-
pSAy C OMHMCAHHBIM BBIIIE BIUSHUEM OpeOpEHUsI Ha XapaKTEPUCTUKHU YCTOM-
YUBOCTH, B 3TOM IVIaBE Mbl JEMOHCTPUPYEM €IE J1Ba HOBBIX PE3yJbTaTa,
MPEACTABIISIIOIINX CAMOCTOATEIIBHBIN HHTEPEC.

M3BECTHO, 4TO MHOKECTBO MOJI JIMHEAPU30BAHHBIX YPABHEHUH pacHlpo-
CTpaHEHUsSI BO3MYILECHUM g TeueHus [lyaseisia B IUIOCKOM KaHale MOXK-
HO pa30UTh HA /IBa HEMEPECEKAIOUIMXCS MOJAMHOXKECTBA: BOJHBI ToIMHU-
Ha-lllnuxTHHra U Tak Ha3piBaeMble BOJIHBI CKBaiipa. JIMHeHOE KpUTHYE-
CKoe yucio PeliHonbpaca onpenenseTcss BO3MOKHOW HEYCTOMYHUBOCTHIO BOJIH
Tonnmuna—Inuxtrara. Boianel CkBaiipa sSIBISIOTCS YCTOMYUBBIMU B ILIOC-
KOM KaHaJje Ipu JIroooMm ducie PeitHonbaca. Mbl poaeMOHCTpUPYEM, Kak
opeOpeHue CTEHOK KaHalla BIMAET Ha MOBEJACHUE PEUICHUM 3TUX JBYX Kiac-
COB, U MOKa)X€M, YTO HaYMHasi ¢ HEKOTOPOTO 3HAYEHUs Mepuoja opeOpeHus
3a JIMHEWMHYI0 HEYCTOMYMBOCTb TE€UEHHUS B OpPEOPEHHOM KaHajieé OTBEYAIOT
BOJIHBI, KOTOPBIM COOTBETCTBYET BOIHA CKBailpa MJIOCKOTO KaHala.

B opeOpeHHOM KaHasie aHaJOTOM MOINEPEYHOr0 BOJIHOBOTO YHMCHIA SIBJIS-
eTcs mapaMmeTp pacctpoiiku dnoke. Mbl MOKa)keM YHCIEHHO, YTO IJIsl Opeo-
PEHHOTO KaHaJla CIIPAaBEJIMBO yTBEPKICHHE, aHAIOTMYHOE TeopeMme CKBai-
pa, a UMEHHO, YTO HamOoJiee HEyCTOMYMBBIE MOJABI UMEIOT HYJIEBOU Mapa-
METp paccTpouku PIIoKe, TO €CTh OHU IIEPUOAUYHBI B IIONIEPEYHOM HAIPaB-
JIEHUH C TIEPUOJIOM, PaBHBIM IEPUOTY OPEOPEHHUS.

Crnengyer OTMETUTh, YTO MPOJEMOHCTPUPOBAHHOE B TPETHEH IVIaBE BIIU-
SIHHUE, KOTOPOE OKa3bIBAaeT OpeOpeHHe Ha BEJIMYMHBI KPUTHUECKUX YHCEIl
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PeitHonb/ica 1 MaKCUMAJIPHYIO aMILIU(DHUKALMIO CPEIHEH MJIOTHOCTH KUHE-
TUYECKOW YHEPrUUd BO3MYIIECHHUM, COCTABIISIET HECKOJIBKO IMPOIIEHTOB M HA
MEePBBINA B3IVISA MOXKET MOKa3aThbCsl HE3HAUYUTEIbHBIM. OHO JEHCTBUTEIb-
HO HEBEJIHMKO 0 CPABHEHHUIO CO MHOTHUMU JPYTUMHU U3BECTHBIMU METOJIAMU
YIPaBJICHUS YCTOMYMBOCTHIO TEUCHUI THITA TTOJIUMEPHBIX J00ABOK B IPH-
CTEHHOE T€YEHHE, OTCOCA MOTPAHUYHOTIO ¢J10s1 U T.I. OJIHAKO MIPEUMYIIECTBO
OopeOpeHHs MO CPaBHEHUIO C APYTMMH METOJaMU yIPaBICHUS YCTOWYHBO-
CTBIO 3aKJIFOUaeTCsl B TOM, YTO OHO HE TpeOyeT HUKAKUX JOTIOTHUTEIHHBIX
3aTpar.

DT0 npeumyniecTBo opedpeHus: (pudiaeT) ObUIO B CBOE BpPEMsI HUCIOJb-
30BaHO JJis1 3(Q(PEKTUBHOTO peUIeHUs 3aJ1aud YMEHBIICHHUS] COMPOTUBIICHUS
TpeHus B TypOyJE€HTHOM MOTPaHUYHOM cioe. OntuMuzanuu pudieT ObUIO
yaeneHo OoJibllIoe BHUMAaHUE MCCIEN0BaTeNel, TaK KaK ObLJIO YCTaHOBJIEHO
Ha MPAKTUKE, YTO OHHM TMO3BOJISIOT YBEIUYUTH MPEIETbHYI0 CKOPOCTh BO/I-
HBIX CPECTB IMEPEABIKCHUS B PEalIbHBIX YCIOBUSX. BrusHue opebpenus
Ha XapaKTePUCTUKU YCTOWYMBOCTH JIAMUHAPHOTO TEYEHUSI CPABHUMO T10 Be-
JUYUHE C BIUSHUEM OpEOpEeHHs Ha CONPOTHUBIICHUE TPEHUS B TypOyJIeHT-
HOM MOTPaHUYHOM CJIO€. DTO TO3BOJISIET HAAEATHCA, YTO U MPEACTaBIICH-
HbI€ B JaHHOW MOHOTIpa(UH Ka4yeCTBEHHbIE U KOJIMYECTBEHHBIE PE3YIIbTAThI
TaK)Xe HAWIyT MPAKTUIECKOE MPUMEHEHHE, B TOM YUCJIe TIPH TPOSKTUPOBa-
HUU U ONITUMU3AIIHN PA3JIUYHBIX 00TEKaeMbIX KOHCTPYKIIUH, U CTUMYIIHUPY-
10T JTaJbHEeHIIINE MCCIICIOBAHUSA 10 BIUSHUIO OPeOpEeHUs] HA yCTOWYHUBOCTD
Pa3JIMYHBIX CABUTOBBIX TCUCHUI.

MoHorpadus coaepKUT 3aKJIIOYEHUE U ABa MpUIoKeHHs. B 3axmroue-
HUY CYMMHUPOBAaHBI OCHOBHBIE KaU€CTBEHHBIE M KOJIMUECTBEHHBIE BHIBOJIHI. B
MPHIOKEHUU A KpaTKO OMHMCaHa MpOoTrpaMMHasi peain3aiysi TEXHOJIOTHH BbI-
YUCJICHUS XapaKTEPUCTUK YCTOMYMBOCTH, PACCMOTPEHHOM BO BTOPOM ITIaBe
M UCIIOJB3yeMOU B TpeThel. B mpuioxenuu B obOcyxmaercs cXOIUMOCTh
Mo mary ceTku. M3-3a O0NbIINUX BBIYUCIUTENBHBIX 3aTPaT BHITOJIHEHHOTO
apaMeTpUYECKOro MCCIEAOBAHUS OCTPO BCTaBaj BOMPOC O MUHUMAJIbHO
JOCTATOYHOM MPOCTPAHCTBEHHOM pa3pelieHu. BriOopy pa3MepoB ceTok
MBI YISIWIN 3HAYUTEITFHOE BHUMAHHUE MPHU TOJATOTOBKE MACCOBBIX PACUETOB.
B sTom npunoxxeHun NpuBOASTCA U 00CYKAAIOTCA HEKOTOPBIE Pe3yibTaThl,
00O0CHOBBIBAIOIINE HAIll BHIOOD.

Panee otnenbHbIe YacTH JTaHHON MOHOTrpaduu ObUIU OJIOKEHBI HA Psi-
e koHpepeHUIUd ¥ OomyOJIMKOBaHBI B BEAYLIMX HAYYHBIX >KypHajax IO
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Beeoenue

npodUIbHBIM HampaBiieHHsM. B dacTtHocTH, paboThl [13-22] mocBsieHbI
OMHMCAHUI0O U OOOCHOBAaHMIO MPEAJaraéMoOd TEXHOJOTHH M HCIOJIb30BaH-
HBIX B HEW aJlrOpUTMOB. Pe3ynbTaThl pacyeToB U UX aHAJIN3 MPEACTABICHbI

B [23-31].
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Crnucok OCHOBHBIX 0003HAYCHHUH

Real f

Imag f

A*

(L‘, y?z

MHOKECTBO IEIBIX YHCEIT
MHOXKECTBO TOJIOKUTEIBHBIX IEJIBIX YHUCETT
MHOKECTBO BEIIIECTBEHHBIX YHCEI
MHOKECTBO KOMIUICKCHBIX YHCEIT

MHHMas eUHUIIA

BEJIMYMHA, KOMIUICKCHO CONpsDKCHHAs f
JIEHCTBUTENIbHAS YacTh f

MHHMasl 9acThb f

3HAK TPAHCIIOHHPOBAHUS

BHYTpEHHEE MPOU3BEIACHUE BEKTOPOB a U b
orepaTop, CONMPsDKEHHBIN orepatopy A

ACKApPTOBLI IIPOCTPAHCTBCHHLIC KOOPAHWHATLI B
IMpOJOJbHOM, BCPTUKAJILHOM H IIOIICPCHYHOM Ha-
MMpaBJICHHUAX COOTBCTCTBCHHO

omneparopsl Habma u Jlamnaca B J€KapTOBBIX KO-
OopJvHaTax

HOPMHPOBAHHBIN MOTYNEpUO OpeOpeHuUs

17



Cnucok 0cHO8HBIX 0003HAYEHU

m, 12

Q/

v, 0

(GYHKIIH, OTPEICIITIONINE COOTBETCTBEHHO HUK-
HIOKO YW BEPXHIOK TPAaHUIBI CEUCHUS HOPMHUPO-
BAaHHOT'O KaHaja

BHYTPEHHsSI 00J1aCTh HOPMHUPOBAHHOTO KaHaa

HOPMHPOBAHHBIC IIOJIYIICPUOABLI  JOIIYCTHUMBIX
BOBM}’HIGHHﬁ OCHOBHOTI'O TCYCHHA B IIPOJOJIbHOM
H IIOIICPCUYHOM HAIIPABJICHUAX COOTBECTCTBCHHO

BHYTPEHHSS M010071aCTh HOPMUPOBAHHOTO KaHa-
Ja, COOTBETCTBYIOIIAS] OJHOMY IE€pUOAY JOMY-
CTUMOT'0 BO3MYUIEHUS B IPOJOJIBHOM U NOTIIEPEY-
HOM HaIlpaBJICHUSAX

00J1aCTh TTOTICPEYHOTO CEUCHHSI HOPMHUPOBAHHOTO
KaHalla, OTBEUaloIasl OJHOMY TEpHOAy opebpe-
HUS

KOO (PUIIMEHT KUHEMAaTUYEeCKON BSI3KOCTH H
MJIOTHOCTh

BCKTOP CKOPOCTH ITOJIHOI'O TCUCHHA U CI'0 KOMIIO-
HCHTBI

JaBJICHUC ITOJIHOT'O TCUCHMU

npo@uiib OCHOBHOIO T€UEHHMs (IIPOJOJIbHAS KOM-
NOHEHTA CKOPOCTH)

quciio PertHombaCa

BO3MYIIICHNC BCKTOPAa CKOPOCTHU OCHOBHOI'O TCUC-
HHUA U €TI0 KOMIIOHCHTHI

BO3MYIICHUC JAaBJICHHA OCHOBHOI'O TCUCHUA

CpelHee 10 BHYTPEHHEH 00JacTH KaHaya 3Have-
Hue QyHKIUN f

18



Cnucok ocHO8HBIX 0003HAYEHUT

EWV)=(-¥)/2

ReE, ReL

[hax(Re)

Jaa Laﬁ: Gaﬁ: Faﬁ

Regﬁ ) Regﬂ

QE, BE
ar, /BL

' (Re)

max

amax s Bmax

CpeHss UIOTHOCTh KHHETUYECKOM DHEPIUU BO3-
MYyIIEHUS V'

BpeMs

100abHbIE PHEPTeTHYECKOe M JIMHEWMHOE KpH-
TAUYECKUE yncia PeliHoibaca

ro0anbHas ~ MakCMMallbHasl — amIUTHUKAIIS
CpPeIHEH IUIOTHOCTH KHHETHYECKOW SHEpPruu
BO3MYyLIEHUI npu yucie PeliHonbaca Re

AMIUIUTYAbI CKOPOCTHU U OABJICHUS 2JICMCHTAPHO-
T'O BOSMYIIICHUA

MPOAOJBHOE BOJIHOBOE YHCJIO W MapaMeTp pac-
cTporiku DIIOKE AIEMEHTAPHOTO BO3MYILICHUS

ONEpaTophl, BXOJAIINE B YPAaBHEHHE 3BOJIIOLUH
DJIEMEHTAPHBIX BO3MYILICHUI

SHEPreTUYECKOE U JINHEHHOE KPUTUUECKUE YHC-
na PeitHonbACa, OTBEHarolIue 3JIEMEHTAPHBIM
BO3MYIIICHUSAM C TPOAOIBHBIM BOJIHOBBIM YHC-
JIOM (v ¥ TITapaMeTpoM paccTpoiiku dioke (5

3HaYeHHs o ¥ (3, IPU KOTOPBIX Re%ﬂ =Reg

3HaYeHHs o ¥ (3, IPU KOTOPBIX Reiﬁ =Rer,

MaKCHUMaJIbHasl aMITH(DUKAIMS CpeTHEN TIIIOTHO-
CTU KUHETUYECKOW PHEPTUU AJIIEMEHTAPHBIX BO3-
MYILIEHUNA C MPOJOJIBHBIM BOJHOBBIM YHCIOM (¥
U mapameTpoM paccrpoiiku doke S npu 4gucie
Peitnonbaca Re

sHavenus o u (3, mpu kotopeix 1'% (Re) =
[hnax(Re)
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Cnucox 0CcHOBHbIX 0003HAYEHUL

ReE, ReL

Chax(Re)

" 1

——af ——ay

ReE ) ReL

OE, VE
a1, YL

I (Re)

max

O‘maXa 'ymax

100abHbIE PHEPreTUYECKOE U JIMHEMHOE KpH-
THYECKHE 4ynciia PeiiHonbaca Il IIOCKOro Ka-
Hala

robanbHass ~ MakKCUMajbHas — aMIUTMUKAIUS
CpEIHEN TIUIOTHOCTH KUHETUYECKOM DSHEPruu
BO3MYIIEHUN JJIs1 TUIOCKOTO KaHajla MpU YHUCIe
Petinonbaca Re

AMILIUTYAbI CKOPOCTHU U OABJICHUS 2JICMCHTAPHO-
T'O BOSMYIICHUA I IINIOCKOI'0 KaHalia

MMONICpEYHOC BOJIHOBOC HYHCIIO J3JICMCHTAPHOI'O
BO3MYIICHUA JIA INIOCKOI'O KaHalla

OIICPATOPbI, BXOOAIIUE B YPABHCHHC SBOJIFOIIUHU
SJICMCHTAPHBIX BOBMYIHGHI/Iﬁ JJIs1 IINTOCKOI'O Ka-
Halaa

SHEPreTUYECKOE U JINHEMHOE KPUTUYECKHUE YHC-
na PelHoOnbACa, OTBEHAOIIME AIIEMEHTAPHBIM
BO3MYLIEHUSM C IMPOJOJBHBIM BOJIHOBBIM YHC-
JIOM (v ¥ TIOTIEPEYHBIM BOJIHOBBIM YMCIJIOM 7Y JUJIA
IIJIOCKOTO KaHaya

3HaYeHUs o U 7y, Ipu KOTopsIX Rep =Reg

3HAYEHUs v U 7y, IPU KOTOPBIX P%?:P%L
MaKCUMaJIbHasi aMITu(UKaIUs CpeaHEN TII0THO-
CTU KMHETHUYECKOW SHEPrUM 3JIEMEHTAPHBIX BO3-
MYILIEHUN ¢ TPOAOIBHBIM BOJIHOBBIM YHCIOM (v U
MOTIEPEYHBIM BOJIHOBBIM YUCJIOM 7Y JJIS ILIOCKOTO
KaHasia ipu yucie PeiiHonbpaca Re

3HAYEHUS! v U 7y, MPHU KOTOPBIX f%”ax(Re) =
[Mnax(Re)

BCKTOP CKOPOCTH M €ro KOMIIOHCHTLI B HpO6J'I€-
MaX COOCTBCHHBIX 3HAUCHHM
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Cnucok ocHO8HBIX 0003HAYEHUT

=

fs A

g, p, L =2l

hmin<5n p)a hmax(& p)

Ny, N

A,B,C,D,E,F,G

JIaBJICHHUE B MPoOJIeMax COOCTBEHHBIX 3HAUCHUI

CIIEKTpaJibHBIE TapaMeTphl B Tpoliemax coO-
CTBEHHBIX 3HAYEHUM, K KOTOPHIM IPUBOJSIT BbI-
YUCIICHUS SHEPTETUUECKOTO U JINHEWHOTO KPUTH-
YeCKHUX uMcell PeiiHobIca COOTBETCTBEHHO

KOMILUIEKCHAs YyacToTa
CHUMMETpPHH, BBEJCHHBIE B pazjeie 3

YHCJIO Y3JI0B IIPOCTPAHCTBCHHLIX CCTOK B BEPTHU-
KaJIbHOM U ITOIICPCYHOM HAIIPABJICHHAX COOTBCT-
CTBCHHO

BBICOTA, 320CTPEHHOCTD U MEPUOJl OpEOPEHHUS CO-
OTBETCTBEHHO (IMapaMeTpbl OpeOpeHusl)

MUHHUMAJIbHasi ¥ MAaKCHMaJIbHas TIOJYBBICOTHI
OpeOpEHHOTO KaHala COOTBETCTBEHHO

YHCJIO Y3JIOB CETKH I10 MapaMeTpam « U [3 COOT-
BETCTBEHHO

0003HaUeHNE MTAaHHBIX, OTBEUANOIINX TLIOCKOMY
KaHaIy

0003Ha4YeHUsI JAHHBIX, OTBEYAIOIINX OPEOPEHHO-
My KaHaly ¢ HEKOTOPHIMH KOHKPETHBIMHU 3Haue-
HUSMH TIEpuoJia OpeOpeHus
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I1aBsal

TeopeTrnyeckue 0CHOBBI

B manHOM m1aBe BBOIUTCA OCHOBHASI TEPMUHOJOTHS, B TOM YHUCIIE OMpe-
JICIISIFOTCSL SHEPTETUUECKOE U JIMHEWMHOE KpUTHUYECKUE uncia PeriHonbaca u
MakcuMaJibHasi aMIUTM(UKAILIUAS CPEAHEN TIIIOTHOCTA KHHETUYECKON SHEPruun
BO3MYIIEHU, 1 000CHOBBIBAETCS CBEICHUE aHANIN3a YCTOMYMBOCTH TCUCHUS
[lyaseiins B TpexMepHOM KaHajle, 0ECKOHEYHOM B IPOJOJILHOM M MOMEPey-
HOM HAaIIPaBJICHUSIX C MPOJOJIbHBIM MONEPEUHO-NIEPUOJUUECKUM OpEOpPEHU-
€M CTEHOK, K aHaJIu3y €ro yCTOMYMBOCTH K DJIEMEHTAPHBIM BO3MYILECHUAM
C aMIUIUTYAOM, MEPUOANYECKON B MOMEPEYHOM HAIPABICHUH C NIEPUOIOM,
paBHBIM TMepuoay opeOpeHusi, u pacctporkoil droke. ITO MO3BONISIET Cy-
LIECTBEHHO YIPOCTUTH 3a/1a4M BBIYUCIIEHUS XaPAKTEPUCTUK YCTOMYUBOCTH.
KpaTko HanmoMuHarOTCs U3BECTHBIE PE3YJBTAThl O YCTOMUYUBOCTU TCUCHUS
[lya3zeiisia B TJIIOCKOM KaHajle, KOTOPbIE MBI OyJiIeM HCTIOJb30BaTh B JabHEH-
meM. B Tom ducie o6cyxmaerca Teopema CkBaiipa U BBOASITCS B PACCMOT-
penue BosHbl TommmuHa-Lnuxtunra u Cksaiipa.

1. OcHoBHOe TeyeHHe M J0NMYCTHUMbIE BO3MYIICHUSA

PaCCMOTpI/IM B ACKAPTOBLIX KOOpAWHATAX T, Yy U Z TCUYCHHC BSI3KOM
HECKMMaeMoM KHUIKOCTH B OCCKOHEYHOM IO T KaHaJIe

{(z,y,2): —o0 <z <00, —(1(2) <y < ((2), —00< z< o0}, (L.1)
IOCTOSIHHOTO CEUCHUSI
{(y7 Z) : _Cl(z) <y< C2(2)7 -0 <z< OO}, (12)
22



OcHosHoe meuenue u donycmwwbze 6O3MYUWEHUA

OCCKOHEYHOTO M TEPUOJNYECKOTO B HAIpaBICHUU 2, T1e (1 U (3 — HEKO-
TOpBIE TOJOXKUTEIIbHBIE TEPHUOANUECKUE AOCTATOYHO TIAgKue (QPYHKIHUH C
nosyniepuoom a > (, 3amaroniue opebpeHue BEpXHEH M HIDKHEW CTEHOK
KaHana. HampaBneHus BIOib x, y U 2 OyeM Ha3bIBaTh NPOOOIbHBIM, GEPMUL-
KabHbIM U NONepeunbiM COOTBETCTBEHHO. O603HauMM yepe3 v = (u, v, w) '
BEKTOP CKOPOCTH TEUCHHUs C KOMIIOHEHTaMH BIOJb =, Yy U 2, a 4epe3 p, U
U ¢ — napieHue, Kod(pPUIMEHT KHHEMATHUYEeCKON BS3KOCTH M IUIOTHOCTH
KUAKOCTU COOTBETCTBEHHO.

JIBUKEHHE KUJIKOCTH OTNPEAEISAETCS CIEAYIOIMMU TPEXMEPHBIMH YPaB-

HenusiMu HaBbe—CTOKCa M ypaBHEHUEM HEPA3PBbIBHOCTH:

ov 1

— =—(v-V)V4+rvAv—--Vp, V-v=0, (1.3)
ot 0

C YCIIOBHEM IPWIMIIAHUS JJIs V Ha BEPXHEW M HUKHEH CTEHKaxX KaHaja

(1.1), toe

o 0 0\ 2 92 02
v (833’ dy’ 82) ’ o2+ dy? T

Opnum u3 pemieHnid ypaBHeHu# (1.3) sBisieTcs CTalMOHAPHOE TEYEHUE
u=U, v=0, w=0, p=-—7z,

C 3aJIaHHBIM MOCTOSIHHBIM T > (0, Ha3bIBaeMoe TeueHnueM llyazeiins, rne U =
U(y, z) — npoduiab Te4eHUs, YAOBICTBOPSIONINI ypaBHeHHO [IyaccoHa
0’U  0*U T

oy? T 022 wp
C HYJICBBIMU TPAHUYHBIMU YCIIOBUSIMU Ha BEPXHEH M HIDKHEH TpaHHUIIaX ce-
yeHus (1.2) 1 2a-1epruoANIHOCTHIO 110 2. DTO TEUCHHUE MBI Jajiee Oy/ieM Ha-
3BIBATH OCHOGHbIM. Hac OyleT nHTepecoBaTh BIHSHIE OPEOPEHUs HA YCTOM-
YUBOCTH OCHOBHOTO TEUCHHS K MajbIM BO3MYIICHHSM MOJICH CKOPOCTH H
JIABJICHUSI [IPU COXPAHEHUH PACXo/a KHUIAKOCTH.
JIJist 3TOTO B Ka4eCTBE HOPMHUPOBKH JJIHHBI BEIOEPEM CPEIHIO0 TTOTYBbI-
cory kaHana h = S/(4a), tae S — momiaap obnactu

S ={(y,2): —G(z) <y<@(z), —a<z<al,
23



Teopemuqecmte OCHO6bl

TO €CTh OJJHOTO TepHoJia CeUeHUs MCXoaHoro kanamna (1.1), B kauecTBe HOp-
MHUPOBKH CKOPOCTH — CPEIHIOI CKOPOCTh OCHOBHOTO TCUCHMSI:

1
Uef = E/U(y, 2)dydz.
&

Hucno PeriHonbaca onpeaeinM Kak

refh
Re:Uf )
v

[Ipyr TakoM HOPMHUPOBKE B KaHAJIaX C OJAMHAKOBBIMM 4MCIaMu PelHonbpaca
4epe3 CPEAHION IUIONIaAb CEYEHUS, MPUXOAAUIYIOCS Ha €UHULLY JUTMHBI 110
2, 38 €AMHUILY BpEMEHHU OyAeT MPOTEKATh OJHO U TO K€ KOIUYECTBO HKHUIKO-
CTH.

Hopmupyem ckopocts v 1 ipoguib TeueHus Ilyaszeins U Ha U, npo-
CTPAaHCTBEHHBIC KOOPAWHATHI T, Yy, 2 Ha h, Bpems t Ha h/U,.s, naBieHue p
Ha oU2; u 7 Ha oU2;/h. Beenem Taxxke mapamerp | = a/h — nonosuny
0e3pa3mMepHOro mnepuona opedpeHus. B HOpMUPOBaHHBIX MEPEMEHHBIX, 32
KOTOPBIMH MBI COXpPaHHUM CTapble 0003Ha4YeHUs, ypaBHeHus (1.3) mpumyTt
BU/I

ov 1
E Re

u 6YILYT OIMMCBhIBATh ABMXXCHHEC B KaHAJIC

—(v-V)v+—Av—-Vp, V. .-v=0, (1.4)

Q={(z,y,2): —00 < x < 00,
—m(z) <y <m(z), —00 < z < 00}, (1.5)

rae 1;(2) = (j(hz)/h — nepuoguueckue QyHKIMH ¢ nomynepronom [ > 0.
CooTBeTCTBYIOLINNA HOPMUPOBaHHBIN Mpoduiib TeueHus [lyaseiins He Oymer
3aBUCETH OT ynciia PeiiHosbaca, v 11 €ro BBIYUCICHUS JOCTAaTOYHO PELIUTD
ypaBHeHue llyaccona

0’U  0*U
8—y2 + e —1 (1.6)
B oOJlacTu
E={(y,2): —m(z) <y <m(z), -l<z<l} (1.7)
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OcHosHoe meuenue u donycmwwbze 6O3MYUWEHUA

C 'paHNYHBIMHA YCIIOBHUAMHA

U(—m(z),z) = U(ma(z),2) =0,
oU oU (1.8)

U(yv _l) = U<y7 l)? g(yv _l) - %(ya l)a

1 HOPMHUPOBATh MOJYYCHHOE PEIICHUE HAa €r0 CpeHee 3HAUYCHHE.

B kauecTBe Ha4abHBIX BO3MYIIICHHUN OCHOBHOTO TE€UEHHUS MBI Oynem
paccMmarpuBaTh O€3qUBEPTreHTHBIC JOCTATOYHO TJMAJAKUE BO3MYIICHUS, YIO-
BJICTBOPSAIONINE YCIOBUIO NMPUJIUIIAHUS HAa BEPXHEW M HUIXKHEM CTEHKaxX Ka-
HaJjla, IEPUOIMYECKUE MO T C MPOU3BOJBHBIM moiynepuonroM X > 0 u
MepUOANYECKUE 110 z C TMoJyrepuogoM /Z > (), KpaTHBIM IONYTIEPHOTY [
OCHOBHOTO TeueHHUs. Takue HadalbHbIE BO3MYIIECHHUS Mbl OyJdeM Ha3bIBaTh
O00NYCMUMbBIMU.

JI71s1 BBIBOJIA YPABHEHU 3800YUU 803MYUeHULl 3ATTUIIIEM TTPOU3BOJIBHOE
pemenue cuctemsl (1.4), 6muskoe k Teuenuto [lyaseiins, B Bume

v=(U,0,00+Vv, p=-1r+p, (1.9)

rne v/ = (u/,v',w')". Toncrasnss (1.9) B (1.4) u y4uTHIBas, 4TO B HOPMHU-
POBAHHEIX ITEPEMEHHBIX

82_U_|_82_U—_Re
2 a2

IIOCJIE HECIIOKHBIX YIPOILICHUHN MOJYYUM CIEAYIOLIME YPABHEHHUS:

ov' . / / / 1 / / r_
e
Ud/0x 0U/oy 0U/0z
J=— 0 Ud/0x 0
0 0 Ud/ox

Hapsiny ¢ (1.10) mb1 OyiemM UCTIONB30BATh IUHEAPUI0BAHHbIE YPABHEHUSL IO~
JIIOYUU B03MYUeHUU

ov’ 1
_V:JV/+_

I / v —
5 ReAv Vp, V.-v =0, (1.11)

noydeHabie u3 (1.10) orOpackiBaHMEeM HETMHEHHOTO YJICHA.
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Teopemuqecmte OCHO6bl

Vpapuenus (1.10) u (1.11) mocrarouHo paccMarpuBaTh Ha OJHOM IIEPH-
0JIc HA4YaJIbHOTO BO3MYIIIEHHUS, TO €CTh B 00JIaCTH

Q' ={(z,y,2): —X <z <X,

rac = %l, aXumx— 3aJaHHBIC ITOJIOKUTCIIBHOC U ITOJTOXHUTCIIBHOC IICJIOC
quciia, ¢ rpaHU4YHbIMHA YCJIOBUAMU

vi(z, —m(2), 2,t) = V'(z,m2(2), 2, 1) = 0,

1)
V'( Xy,zt): (X, y,2,1),
a /
( Xy, 2t) = 5-(X,y,2,1), (1.13)
V,(x7 y) ) = ('r y? Z t)
\% ov’
— — Z,t).
az (’CC7 y7 ) a ('r7y7 ) )
2. XapakTepuCTHKH YCTONYHUBOCTH
O6o3HaunMM yepes
Z m(2) X
(f) = lim lim —/ / /f x,y, z)drdydz
X —00 Z—00 8
—Z —mi(z) =X

cpenHee 3HaueHue GyHKIMH f, 3amaHHOi B oOmactu (1.5) (cpemuss momy-
BBICOTA ATOM 00JIaCTH paBHA enuHMIE). Bennunny

OyzieM Ha3bIBaTh CpeoHell NIOMHOCMbIO KUHEMUYeCKoU IHep2uy BO3MYIIIEe-
aust v'. I BO3MYIIEHHS, TEPUOAMYECKOTO MO0 L U 2 C IONYIEPHOIAMH
cooTBeTCTBEHHO X > 0 m Z > 0, umeeM

! Z m(z) X
EWV') = m/ / /V r,y,2) V' (x,y, 2)dedydz.
—Z —m(z) =X
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Xapakmepucmuxu ycmoudugocmu

Cpennsis MIOTHOCTh KUHETUYECKOM PHEPTUU TAKOTO BO3MYIIEHHUS, YIOBIIE-
TBOpstomiero ypasuenusim (1.10) nubo (1.11) B obmactu (1.12) u rpanuy-
HbIM ycioBusiM (1.13), ynoBneTBopsieT ypaBHEHHIO

0E (V') 1

5 = (Jv' V') +§<AV/-V'>, (2.1)

Ha3bIBaeMOMY ypasuenuem Petinonvoca—Oppa [1].

VYpaBHenue PeitHonbpaca—Oppa Uil NOJHBIX YPaBHEHUN HBOJIFOLUU BO3-
mytieHu# (1.10) MOXHO BBIBECTHU, YMHOXKUB (B CMBICIIE BHYTPEHHETO MPO-
U3BEJICHUS BEKTOPOB) MEPBOE YpaBHEHUE HA V', OCPEIHUB MOJTYYECHHOE pa-
BEHCTBO 110 oOmacTu (1.12) u BoCmonb30BaBIIUMCH (DOPMYIION MHTETPHUPOBA-
HUS TI0 YaCTsIM C YY€TOM IpaHUYHbIX yciioBui (1.13) 1 BTOpbIM ypaBHEHUEM
B (1.10) (ypaBHEHHEM HEPaA3pBHIBHOCTH). JleHCTBUTEIBHO, TOCIE YMHOXKEHUS
nepsoro ypaBsuenus B (1.10) Ha v’ u ocpequenus mo oomactu (1.12) momy-
YUM CJIEYIOUIEE PABEHCTBO:

ov' no_ / . o
<W-v>——((v V)Vv) 4+ (JV V) +

1 / / / !

JleBas yacTp 3TOro paBEHCTBA COBIIAJAET C JIEBOM YaCTbIO ypaBHEHUs Peli-
Hobaca—-Oppa:

/ /
ov' ., 10,, , 0EW)
&y =2 vy = 2V,
ot 20t ot
WHTerpupys 10 YacTIM ¢ Y4ETOM IPAHUYHBIX YCIOBHMH HEPBOE M MOCIE-
Hee cliaraeMble MMPaBOM YacTH DTOTO PAaBEHCTBA, HETPYAHO YOEAUTHCS, YTO

KaXJI0€ U3 HUX PAaBHO HYJIIO B CHJIY YPaBHEHHS HEPa3PbIBHOCTH:

—(Vp' V) = 'V V) =0,
1 1

(V- VIV V) = o (V- V)V V) = = (V- VO(V V) = 0.

To ecTh mpaBasi yacTh paBeHCTBa (2.2) cOBNaJacT ¢ MPaBOM YaCThIO ypaB-
HeHus PentHonbaca—Oppa. ToT ke pe3ysbTar O4EBUAHO MOJTYYHUM U IS JIW-
HEAPU30BAHHBIX YPABHEHMI 3BOJOIMU Bo3MyIeHuit (1.11).

['OBOpAT, YTO OCHOBHOE T€YEHUE MOHOMOHHO YCMOUYUBO, €CIIA CPENHSIS
IUIOTHOCTh KMHETHYECKOH AHEpruu Jto0oro gomyctumoro npu t = 0 BO3-
MYILIEHUS. MOHOTOHHO YOBIBaeT MpH t — 00, U JUHEUHO YCMOUYUBO, €CIIU
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CPEIHsIsI TJIOTHOCTh KMHETHYECKOM SHEpPTHH JH000r0 JOCTATOYHO MAajoro
JOIyCTUMOro npu ¢ = ( BO3MYILIEHHUS CTPEMUTCS K HYIIO NpH { — OQ.
MoOHOTOHHAs yCTOWYMBOCTH MpEAIIoNaracT JUHenHy. [Ipn ManbIx uncmax
PeitHonbaca B mpaBoid yactu ypaBHeHUs PeitHonbaca—Oppa TOMHHUPYET
BTOPOE ClaraéMoe, KOTOpoe B CHIIy OTPULIATEIBHOU ONPEIEICHHOCTH OIle-
paropa Jlamaca oGecriednBaeT MOHOTOHHYIO ycTo4MBOCTh. C yBenuue-
HUEM yucia PeiiHoib/ica OCHOBHOE TE€UEHUE CHAayajla TePSAET MOHOTOHHYIO
YCTOMYUBOCTb, 3aTE€M, KaK IIPABUJIO, TUHEWHYI0. TOUHBIE HUKHUE TPAHU YH-
cen PeliHonbAcCa, TP KOTOPBIX OCHOBHOE TEYEHUE HE SIBIIETCS MOHOTOHHO
YCTOMYUBBIM U JIMHEMHO YCTOMYMBBIM, HA3BIBAKOT SHEP2eMuyecKum W Jiu-
HeuHbIM Kpumuyeckumu yuciamu Petinonboca cooTBeTcTBEHHO. MBI fanee
OyneM obo3Havarh ux 4yepe3 Rep u Rer, coorBercTBeHHO. MHTEpec Takxke
IIPEACTABIISIIOT BO3MYILIEHHUSI, HA KOTOPBIX JOCTUTAIOTCSA KPUTUYECKUE YNCIIA
PertHonbaca. KOHCTpYKTHBHBIE ONPEEIEHHUSI TAKUX BO3MYILICHUM, HA3bIBA-
€MBIX KpUmuyeckumu, Mbl TaJldM B CIEAYIOIEM pa3Jelie.

CrnenyeT OTMETUTH, YTO HEKOTOPBIE CIIBUTOBBIE TEUEHHs, HampuMep,
miockoe Teuenne Kysrra u teuenue Ilyaszeiins B kpyrioi TpyOe, HE TEpAIOT
JUHEHHYIO0 YCTOWYUBOCTD TIPH JIt0O00M uunciie PeitHonbica, TO €CTh AT HUX
Rer, = oo. [Ipy 3TOM MOHOTOHHYIO YCTOMYMBOCTH TaKH€ TEUEHHUS COXpa-
HSIOT JIMUIb 10 HEKOTOPOrO CPaBHUTENBHO HEOOJbIIOro yucia PeitHomba-
ca. Hampumep, m1s nByX ynomsiHyThIX Bbllie TeueHuid Regp = 20.7 [32] u
81.49 [33] cOOTBETCTBEHHO B HOPMUPOBKAX, UCIOIb3YEMBIX B IUTUPYEMBIX
pabotax. [{ns paccmarpuBaemoro teueHus [lyaseiins B opeOpeHHOM KaHauie
Rer, < co u Reg < Rer, ipu Bcex paccmaTpuBaeMbIX OpeOpEHUSX.

[Mockonbky BermuuyuHa OE /Ol B COOTBETCTBUHM C YypaBHEHHEM Peii-
Houbzica—Oppa (2.1) He 3aBUCUT OT HENMHENHON YaCTH yPaBHEHUU JBOJIIO-
MM BO3MYILEHHUM, SHEpreTHYecKrue KpuTuueckue uucia PeliHonbaca mis
nonHbIX (1.10) u nuaeapuzoBanHbX (1.11) ypaBHEHMIT 3BOIOIIUKM BO3MYIIIE-
HUN COBMNAMAIOT. JIMHEWHBIE KPUTUYECKHUE YKClIa PelHONIbaACa A1 TOJTHBIX
Y JINHEApU30BaHHBIX YpaBHEHUMN 3BOJIOLMHU BO3MYILEHUM TaK)Xe COBIIAJa-
10T, YTO MOXKHO JIOKa3aTh 10 aHAJIOTHUHU C JIOKAa3aTEIbCTBOM, IPEAJIOKEHHBIM
B [34] mns orpaHMYEHHON OO0JIACTH C YCIOBHEM IPHUJIMIIAHHMS Ha BCEH Tpa-
HULE.

B cuny ypaBHenms (2.1) sHepreThdeckoe KPUTHUYECKOE YHCIIO Peii-
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HOJIBJICA

Reg = }(ng Reg(X,Z), X >0, Z=xl, »x € Z,, (2.3)

rne Reg(X, Z) — 310 TOuHas HMKHSS rpaHb TaKuX 3Ha4YeHWU Re, mpu Ko-
TOPBIX BEJIMYUHA

(JY - %) +é<m-e>

MOJIOKUTENIbHAS TIPU KaKOM-JIMOO HEHYJICBOM JOMYCTHMOM BO3MYIICHUHU V
¢ nonynepuogamMu X W 7. YuutbeiBasg, 4To oneparop A B odmactu (1.12) ¢
I'PAaHUYHBIMU YCIIOBUSIMHU

‘N,(x7 —771(2)7 Z) — ‘N’(x7 772(Z)’ Z) =0,

. _ ov ov
V(—X,y,Z) :V(X7y7 Z)a %(_Xayvz) = %(X,y,Z), (24)
ov ov
V(z,y,—2) = (0,9, 2), —(1,y,~7) = —(2,y,2
V(@,y,=2)=v(,y,2), o (2.y,-2)=5-(2,y,2),
ABICTCA OTPHULATCIIBHO OIIPCACICHHBIM, MOJKHO IIOKAa3aTb, 4YTO
1 (JV - V)
R B M 2.5
Rep(X,2) T —(AV-v) ()

IJe CylpeMyM OepeTcsl MO0 BCEM HEHYJIEBBIM JIOMYCTUMBIM BO3MYILIECHUSAM
v ¢ nonynepuogamu X u Z. OTMeTHM, 4TO npaBas 4yacTh B (2.5) 3aBeno-
MO HEOTpHIIaTeIbHas, HOCKOIbKY JV = 0, Hampumep, npu v = (U,0,0)7,
SIBIISIFOIIMMCS JIOITYCTUMBIM BO3MYIIIEHUEM.

VYpaBHeHusiMu Jiisiepa Uil 3aa4d  MakcuMu3anuu (2.5) sABisieTcs
(cM. [35]) caenyromast 3pMUTOBA TTpobOIeMa COOCTBEHHBIX 3HAUYCHHI

1
§(J+J*)\7+MA\7—V]5:O, V.-v=0, (2.6)

paccmarpuBaeMasi B obmactu (1.12) ¢ rpanuunbiMu ycioBusimu (2.4), roe
p — MHOXUTENb Jlarpanka, CBsI3aHHBIM ¢ orpaHndeHueM V - v = 0, a J*
O3HAYaeT OIepaTop, COMPsLKeHHbIH oneparopy J: (Ja - b) = (a- J*b). Ta-
KuM o0pasom, Reg(X, Z) sBiseTcs BeIMUUHOM, 00OpaTHOI MaKCUMaIbHOMY
COOCTBEHHOMY 3HAYEHHIO TIPOOIeMBI (2.6).

BenuunHy NTMHEWMHOTO KPUTHYECKOTO 4yucia PelHObACa MOKHO HAWTH
KakK

Rep, = inf Rew(X,2), X >0, Z =, x € Ly, 2.7)

29



Teopemuueckue ocHOBbI

rie Rep (X, Z) — 3710 Takoe MHHUMaJbHOE TONOKHUTEILHOE 3HaYCHUE Re,
IPH KOTOPOM CIEKTpP MpOOIIeMbl COOCTBEHHBIX 3HAUCHUH

1
N = JV 4+ =AYV -V, V-V =0, (2.8)

paccMarpuBaeMoit B oonactu (1.12) ¢ rpaHnyHbIME yciioBUsiMU (2.4), uMeeT
HEITyCTOE MEePECEUEHNE C MHUMOU OCBIO.
Cpenu pemenuii cuctemsl (1.11) BBIAETSIOT penieHus BUaa

v'(t) = vexp{t}, p'(t) = pexp{At}, (2.9)

rme A — coOcTBeHHOe 3HadeHue npobiemsl (2.8), (V,p)’ — oTBeuaro-
masi eMy CcoOCTBEeHHass (PYHKIIHMS. DTH PEIICHUS HA3bIBAIOT MOOAMU CH-
crembl (1.11). Cnextp npobnembl (2.8) COCTOMT W3 BEIIECTBEHHBIX COO-
CTBEHHBIX 3HAUECHUN ¥ B3aUMHO COMPSHKEHHBIX Map KOMIUIEKCHBIX COOCTBEH-
HBIX 3HaueHuil. B ciyuae, korma A\ sIBIS€TCS KOMIUIEKCHBIM YUCIOM, (u-
3UYECKUNM CMBICI UMEIOT HE CaMU MOJbl, @ UX JICUCTBUTEIbHBIE U MHU-
MbI€ YaCTH, KOTOPbIE OYEBUAHO TAKXKE YHAOBIETBOPSAIOT CHUCTEME ypaBHE-
Huii (1.11). Cnegyer oTMETUTD, YTO B MEXaHUKE BMECTO COOCTBEHHOI'O 3Ha-
YEeHHs A\ Yallle UCTIONIb3YIOT KOMIUIEKCHYIO 4acToTy w = i\. Ecnu BennunHa
Real(\) = Imag(w) MeHbllle Hy/s, paBHAa HYIIO JIHOO OOJBIIEC HYJS, TO
rOBOPAT, YTO Moza (2.9) COOTBETCTBEHHO yCTOWYMBAs, HEUTPaAIbHO YCTOM-
yuBasi JIn0o HeycTonunBasi. CpeHss MJIOTHOCTh KUHETUYECKOM SHEPTUH Be-
HIECTBEHHOM (MHUMOM) 4aCTH YCTOMUYMBOM MOJIbI SKCTIOHEHIIUATIBHO YObIBa-
€T, HEUTPAIBHO YCTOMYMBOM — OCTAETCS OTPAHUYECHHOM, a HEYyCTOMYMBON —
3KCHOHEHIMAIBHO Bo3pacrtaet npu t — 0o. [Ipu Re < Rep, (X, Z) Bce Mmombl
ycroiuussie. [Ipu Re = Rep (X, Z) cymiectByer xoTst Obl OlHA HEHTPAILHO
ycroitunBas mona. Ilpu Re > Rep, (X, Z) MoryT cyliecTBoBaTh HEHTPaIbHO
YCTOMYMBBIC W HEYCTOMYMBBIE MOJBI, HO HE 00s3aTeIbHO. MOXKeT OKa3aTh-
Csl, YTO MPU HEKOTOPOM JOCTATOYHO OO0JbIIOM yucie PeliHonbaca Bce MOJIbI
OISITh CTAHYT YCTOMYUBBIMHU.

C yBenuuenueM uucia PeitHonbica pu NPEeBBIILIEHUN UM KPUTHYECKOTO
3HaueHus Rep, onpenenstonero rpanuily yCTOWYMBOCTH K OECKOHEYHO Ma-
JIBIM BO3MYILEHUSIM, JJAaMUHAPHOE TEUCHHE 3aBEJIOMO TEPSIET YCTONYUBOCTb,
YTO, KaK MPaBUJIO, MPUBOJUT K ero TypOynusanuu. [Ipu 3TOM OCHOBHYIO
pOJIb UTPAOT HEYCTONUYMBBIE MO/IBI. OJTHAKO M3-3a HAJIUYUA B pEaJIbHBIX Te-
YEHUSIX MaJIbIX KOHEUHBIX BO3MYILIEHU JIAMUHAPHO-TYpOYJICHTHBIN IIEpPEX0

30
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Ha MPAKTUKE YaCTO MPOUCXOAMUT IIPU TOKPUTHUUYECKUX yuciax PeliHonbaca
(moxkputnueckue cueHapuu nepexoaa). OJHUM U3 OCHOBHBIX ()aKTOPOB, BbI-
3BIBAIOIIUX JTIOKPUTHUECKUHN JIAMUHAPHO-TYpOYJICHTHBIA NEPEXO/, SBISETCA
BO3MOYKHOCTh CYUIECTBEHHOIO pOCTa YHEPIMU BO3MYIIEHUS HAa KOHEYHBIX
BPEMEHHBIX MHTEpBajax. IJTOT POCT 00OECHEUYMBAIOT BO3MYILEHHUS, MpPE.-
CTaBJISIFOLIME COOO0M Cynepno3UIK OONBIIOTO YHUCIa CYIIECTBEHHO HEOPTO-
TOHAJIBHBIX YCTOMYUBBIX MOJ. Pa3BUTHE TAKOTO MAJIOrO BO3MYUIEHUS MOYKET
IIPUBECTU K IEPEXOAYy OCHOBHOIO TEUYEHHUS B KBAa3UCTALIMOHAPHOE JIMHEH-
HO HEyCTOWYMBOE COCTOSIHHME, B KOTOPOM HAYMHAET Pa3BUBATHCSI BTOPUYHAS
HEYCTOWYUBOCTb, IPUBOJAILIAS K JIAMUHAPHO-TYpOYJI€HTHOMY HEPEXOAY.
MakcumanbHO BO3MOXHBIN IPU JaHHOM uucie PeitHonmbpraca Re < Rey,

EW'(1))
£(v'(0))
CpelIHEN IJIOTHOCTA KMHETUYECKOW SHEPruy BO3MYUIIEHUS, TAE CYyHIpeMyM
OepeTcsi Mo BCEM JONMYyCTUMBIM HEHYJIEBBIM Ha4yaJbHBIM BO3MYILICHUSIM M

KIIOOJCKOK»

[ax(Re) = sup (2.10)

BceM ¢t > (), Ha3BIBAIOT MAKCUMANbHOU amnaugurxayuel cpeonell niomHo-
cmu Kunemudeckou snepeuu 8o3mywenuii. Hauaapaoe Bosmytnenue v'(0),
pH KOTOpoM jgocturaercs .. (Re), Ha3bIBAOT onmumanvhsim 6o3myuje-
HUeM.

3agada omnpeeneHus MaKCUMaJIbHOW aMITU(PUKAITUN CPEIHEH TIOTHO-
CTU KUHETUYECKOW SHEPruM BO3MYIIEHUM B paMKax MOJIHBIX ypaBHEHUI
HBOJIIOIIMY BO3MYILEHUM MPEJCTABISAET 3HAUUTEIBbHYIO CIIOXKHOCTh, M B Ha-
CTOSIIIICE BpPEMs HE M3BECTHO KAKUX-JIUOO alropuTMoB ee pemieHus. Oji-
HaKoO JJIsi MOJEIMPOBAHUS M aHalM3a JOKPUTHUUYECKUX CIIEHAPUEB JaMU-
HapHO-TYpOYJIEHTHOTO NEpexo/ia JOCTATOYHO pacCMaTpUBaTh BO3MYILICHHS,
ONTUMAaJbHBIE B PaMKax JIMHEAPU30BaHHbIX ypaBHeHuu [36, 37]. [losTomy
MBI OTPAaHUYUMCS BBIUMCIICHHEM MaKCUMaJIbHOW aMIUTH(UKAIIUKA U COOTBET-
CTBYIOIIMX ONTHUMAJIbHBIX BO3MYILCHHUH JIJIs1 JINHEAPHU30BAHHBIX YPAaBHEHUH.
[TockonbKy Jyisi IMHEAPU30BaHHBIX YPaBHEHUN MaKCUMalbHas amIUIuduka-
I[Ms HE 3aBUCUT OT BEJIMYHMHBI MEPBOHAYAIBHOTO BO3MYIICHUS, MBI Oynem
B (2.10) s onpenenennoctu nonarars £(v/(0)) = 1.

Takum obpaszom, manee,

Fhax(Re) =sup Tpax(Re; X, Z), X >0, Z =3, € Z,, (2.11)
X,z

e ['nax(Re; X, Z) — 310 MakcuManbHasi aMiuinUKanus CpeIHel MI0THO-
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CTH KMHETHYECKON AHEPruu BO3MYIIECHUU mJia ypaBHeHu (1.11), paccmar-
puBaeMbix B obmact (1.12) ¢ rpannuynbiMu ycinoBusimu (1.13). Tlockoms-
Ky [max(Re) = 1 npu Re < Rep, MakcuManbHy0 aMIUTUQUKAIIAIO HMEET
cMbICT BRIUHCIIATE TIpH Rep < Re < Rey.

3. OnpexaesieHne XapaKTEePUCTUK YCTONYUBOCTH
yepe3 3J1eMeHTapHbIe BO3MYIIEHHS

Paccmotrpum pemienne cucremsl (1.11) Buna

V'(@,y,2,t) = V'(y, 2,t) exp{i(az + 82)}, G3.0)

P'(a,y, 2 t) = p(y, 2, t) expli(az + B2)}, '
Ile « — BENECTBEHHbIM ImapaMeTp (IPOJOJILHOE BOJHOBOE YHCIIO),
v'(y,z,t), p"(y,z,t) — QyHKIMH, TIEPHOAUIECKUE TIO 2 C MOTYIIEPUOTIOM
l,a € [0,7/l) — napamerp paccrpoiiku ®noke. Takue pelieHus: Mbl Ja-
jiee Oy/ieM Has3bIBaTh JIeMEHMAPHbIMU 603MYUeHusMU. Beanunny

— 1

EWV)==(v-Vv)= g/v”(y,z) vy, 2)dydz = E(V"), (3.2)

D)

1
2

rae Y. o3HadaeT obnacth (1.7), Oymem Has3bIBaTh CPEIHEH IJIOTHOCTHIO KH-
HETUYECKON SHEPTHH JIEMEHTAPHOIO BO3MYyIIEHUs (3.1) U aMIuIUTyabl €ro
ckopoctu v,

OTMeTuM, 4YTO 3JEMEHTapHble Bo3MylleHus: Buaa (3.1) sABiAOTCA, BO-
o01ie TOBOps, KOMIUIEKCHBIMH U CaMOCTOATENbHBIN (U3MUECKHIl CMBICIT
UMEIOT UX JEUCTBUTEIbHBIE U MHMMBIE YAaCTH, KOTOPHIE, OYEBHJIHO, TAKXKE
yaoBietBopsAroT cucreme (1.11). PaccMoTpum, Haripumep, 1€HCTBUTENIBHYIO
gacTh Bo3mymieHus (3.1). Ee MoxkHO 3amucath B BUJIE

Real v’ = |u”| cos(p, + ax + B2),

Real v’ = |v"| cos(p, + ax + B2), (3.3)
Real w' = |w"| cos(py, + ax + B2), .

Realp’ = [p"| cos(p, + ax + B2),

" w"” Bekropa v" u daza

TIE Pys Pu, Puw U pp — (assl KommoHeHT u”, v
P COOTBETCTBEHHO, TO €CTh BELIECTBEHHbIC OYHKIMH Y, 2 U t, TAKWE, YTO

" =|f"| exp{ipy}. Pa3bl onpeneneHbl HCOJHO3HAYHO, U X BHIOMPAIOT 3
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Onpedenenue xapakmepucmux YCmouyugocmu . . .

cooOpakeHmit ynooctBa dusndeckoit mareprperanuu. [Ipeacrasnenue (3.3)
MOKA3bIBAET, YTO KOMIIOHEHTHI CKOPOCTH U JABJICHHE JCHCTBUTEIBHON YacTU
aIIeMEHTapHOTo Bo3MyIieHus Buaa (3.1) B 0o0mem ciaydae sSIBISIOTCS BOJHA-
MU, HUCIIBITHIBAIOIIUMH TIPH (PUKCUPOBAHHOM { TApMOHUYECKHE KoJeOaHuUs
0 = C, BOOOIIE TOBOPSI, Pa3IMYHBIMU aMIUTUTYaMHU U (pazaMu B pa3THIHBIX
TOYKax cedeHms KaHana. [lpumenss memmy 4.3 (cMm. paszmen 4), HECITOXKHO
M0Ka3aTh, YTO CPEIHs IUIOTHOCTh KuHeTHuecko suepruu & (Realv’) meii-
CTBUTENLHOM yacTu Realv’ = (v/+V’) /2 Bosmymienns (3.1) pasna £(v”) /2,
ecmn o # 0 mubo o« = 0, Ho B # 0 m 7 /(2]). B ocranpHbIX clly4asx OHa
pasHa E(v' +V’e)/4, tne e = 1, eciu o = 3 = 0, u e = exp(irz/l), ecnu
a=0up=mr/(2l).
[ToactaBnss (3.1) B (1.11), mpuaem Kk cucremMe ypaBHEHUN

av” /! 1 ! /! /!
B = J, v + ﬁLagv +Gopp’, Fupv =0, 3.4)
YIS
iaU 0U/dy 0U/0z —i
Jo = — 0 iaU 0 , Gop = —0/0y :
0 0 iaU —0/0z —ip

F.5 = [ia,0/0y,0/0z +ifB], Lag = —a*+0*/0y*+0°/02°+2i80/0z— .

VYpaBHenus (3.4), KoTopbie MBI fajee OyaeM Ha3bIBaTh (1UHEaApU308aAHHBIMIL)
VPABHEHUAMU IBONIOYULU ITIEMEHMAPHBIX BO3MYUjeHULl, PACCMATPUBAIOTCS B
obmactu Y, onpeneneHHo B (1.7), ¢ rpaHUYHBIMU YCIOBUSIMHU

V//(_nl(z)a Z7t) - V”(772(Z)7 2 t) =0,
" " 3.5
V/,(ya _lvt) — V//(yulut)7 a@i(y’ _lvt) — al(iy?l?t) ( )
z 2
OmnpenenvM KpUTHYECKHE 4mcia PeliHonbica Regﬁ u Reﬁﬁ COOTBET-
CTBEHHO KaK TOUYHBIC HWIKHUE TPaHM TAaKUX MOJOXKHUTEIBHBIX Re, mpu Ko-
TOPBIX CYIIECTBYIOT PEIICHUSI CHUCTeMbl ypaBHeHUH (3.4) B obmactu X C
IpaHUYHBIMU yCIOBUSAMH (3.5), cpeaHsisi MIOTHOCTh KMHETHYECKOM SHEp-
ruu (3.2) KOTOPBIX HE CTPEMUTCSI K HYJIIO CTPOTO MOHOTOHHO U MPOCTO HE
cTpeMuTcs K Hy/o Tpu t — oo. Uepes ['Y? (Re) 0603Ha4UM MaKkCUMAllb-

max
HYIO0 aMIDTU(DHUKALAIO CPEIHEH MNTOTHOCTH KHHETHYECKON YHEPTHH PEIICHUN
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3TOM cucteMbl. HeTpyaHO 1mokasark 1o aHaJIOTUH C ONPEACSIEHUEM XapaKTe-
PUCTUK ycTOWUMBOCTH cucTeMsbl (1.11) yepe3 npobieMbl COOCTBEHHBIX 3HA-
yeHu#t (2.6) u (2.8), uto Re%ﬂ — 3TO BEIWYWHA, OOpaTHas MaKCUMaJIbHOMY
COOCTBEHHOMY 3HAYEHHUIO 3PMUTOBOM MPOOJIEMbl COOCTBEHHBIX 3HAUCHMI

1
5(Ja + )V + pLag¥ + Gasp = 0, Fog¥ =0, (3.6)

paccMarpuBaeMoit B obnactu (1.7) ¢ rpaHUYHBIMU YCIOBUSMHU

‘7(_771(2)7 ZN) - ‘7(772(2)7 f) =0, (3 7)
V) =D D) = o), |

rie J* o3Hauaer omeparop, conpsokenusiit J: (Ja - b) = (a- J*b), a Regﬁ
O3Ha4YaeT Takoe MUHUMalIbHOE Re, mpu KOTOPOM CHEKTp MpoOiIeMbl COO-
CTBEHHBIX 3HAYCHUU

1
NV = Jo¥ o+ - Log¥ + Gaah, Fas¥ =0, (3.8)

paccMarpuBaeMoit B obnactu (1.7) ¢ rpanuyHbiME ycaoBusiMu (3.7), umeeT
HEIyCTOE NepeceyeHre ¢ MHUMOM OCBIO.

Huxecnenyromas Tteopema, J10Ka3areiabCTBO KOTOpPOW Oyner JaHo B
paznene 4, yTBep)KJIaeT, 4TO I00aJbHbIE XapaKTePUCTUKU YCTONYMBOCTH,
ONpEJEIEHHbIE B MPEBIIYLIEM pa3/eie, JOCTUIalTCs Ha 3JIEMEHTapHBIX
BO3MYIICHHUSX.

Teopema 3.1. /[na enobanvhvix xapaxmepucmux ycmotiuusocmu (2.3), (2.7)
u (2.11) cnpaseonuswi cieoyowue pageHcmaea:

Reg = inf Re%ﬁ ., Rep =inf Reﬁﬁ , Tuax(Re) =supl'® (Re), (3.9)
a8 a8 0.

20e o« € Ru B € [0,7/l). Boree moeo, 6 obwem ciyuae 00CmamoyHo

02PAHUYUMBCS. HEOMPUYAMETbHBIMU (L U YKA3AHHBIMU 3HAYeHUsMY 3, a ec-

U opebpeHue u, ciedosamenbHoO, NPOPuUIb OCHOBHO20 MEUeHUs SAGISION-

CSL UemHbIMU QYHKYUAMU N0 Z, MO d0CMamoyHo opanuyumscs o > 0 u

pe[0,m/(20).

Hapsimy ¢ camMuMmu TI00ajJbHBIMM XapaKTEPUCTUKAMHM yCTOWYMBOCTH
Reg, Rep, 1 "¢ (Re), uHTEpec Takke MpeaCcTaBiIsiOT 3HaUCHHS [TAPaMETPOB
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« ¥ 3, Ipu KOTOPBIX OHU JOCTHIaloTCs. DTH IHapbl IapaMeTPOB MbI Jajiee
OyneM 0003Ha4aTh COOTBETCTBEHHO Uepe3 ag, O, AL, O B Qmax> Omax-
WHTepec Takxke MPEACTABISIOT 3JIEMCHTApHBIC BO3MYIICHUS, Ha KOTO-
PBIX JTOCTUTAIOTCS TOOAIBHBIC XapaKTEPUCTUKH YCTOMYMBOCTH. Bo3myiiie-
HHE BUIA
v(2,y,2) = V(y, 2) exp{i(az + 2)},
P'(x,y,2) = ply, 2) exp{i(az + B2)},

aMIUTATYIa KOTOPOTO SBIISIETCS COOCTBEHHBIM BEKTOpPOM IpobieMbl (3.6) ¢

(3.10)

o = ag U f = [, OTBEHAIOIINM €€ MAaKCHUMaJbHOMY COOCTBEHHOMY 3Ha-
YeHUI0, THOO0 COOCTBEHHBIM BEKTOpPOM mpobiemsl (3.8) c a = ag, § = [,
u Re = Rey, oTBevaronum ee COOCTBEHHOMY 3HAYEHHIO ¢ MaKCHUMaJIbHOU
BEILECTBEHHOM 4acThlO, Oy/IeM Ha3blBaTh Kpumuueckum. B nmocinegnem ciy-
yae KPUTUUECKOE BO3MYIICHHUE ABIISICTCS 3HAUeHUEM TipH ¢ = () HeHTpaIbHO
YCTOMYHUBOM MOJIBI BHIA

v(z,y,2,t) = v(y, z) exp{i(az + Bz) + At},

3.11
Py, 2, 1) = ply, =) explila + 52) + At} G-1D

ncxomHoM cuctemsl (1.11).

Bosmytienne Buaa (3.10), Ha kotopom mocturaercs ['n.c(Re), Oymem
Ha3bIBaTh ONTUMAJIbHBIM. Ha aMIuTyae onTHMaabHOrO BO3MYIICHHS J0-
CTHTacTCsl MaKCHMajbHash aMILTH(HUKAIUS CpeIHEH IUIOTHOCTH KHHETHYe-
CKOM sHEpruM pemeHuii cuctemsl (3.4) ¢ & = apax U B = Bhax-

OtmeruM, 4TO cucteMa (3.4) MOMyCKaeT CyIIECTBEHHOE YIIPOIICHHE B
caydae § = 0 ¥ YETHOTO MO 2z OpeOpeHHs, TO eCTh Koraa QyHKIUU 71 (z)
U 1)2(2) SABIAIOTCS YETHBIMHU. YUHUTHIBAs, YTO B 3TOM Citydae mpoduib oc-
HOBHOTO TeueHus U Taroke ABISCTCS 4eTHOW (YHKIMEH, MOXHO IOKa3arh,
uro eciu napa v’ = (u”, 0" w"), p” aBnsercs perennem cucremsr (3.4), T0
naphl

2 1"

v = (W, ol wh), pf

= p/j— u v'= (u/iﬂJZ?wl): p// = p’i,

e f+(y,z,t) = (f(y,2,t) & f(y,—2,t))/2, Takxe OynyT SBIAThCS pelie-
HUAMH 3TOM cucteMbl. [loaTomy pemienne cucteMsl (3.4) MOXHO CBOAUTH K
OTJEIBbHOMY MOUCKY PEIICHHH, 001afaronuX yKa3aHHBIMHU BBIIIE CHUMMET-
pUsiIMHU, KOTOpble Mbl OyZeM B fajibHeiem obo3Hauath [ u [ coOTBeT-
CTBEHHO.
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4. OO0ocHOBaHHUE IeMEHTAPHBIX BO3MYIIEHU I

JHoxaxewm Teopemy 3.1, 000cHOBBIBaOIIYIO BEIOOp (3.1) B KauecTBe diie-
MEHTapHBIX BO3MYIIIEHUH. [[7151 TOro HaM MOTpeOyeTCsl CICYIOMIHI Pe3yib-
Tar.

Jlemma 4.1. Ilycmv oocmamouno enaokas ¢ynkyus f: 0 — C, 20e ) —
oonacmo (1.5), aenaemcs 2X -nepuoouueckoii no T u 27 -nepuooudeckoi no
z,20e X >0, Z = xl, a » € Z,. Toeoa cywecmgyiom u eOUHCMEeHHbl
maxkue 2l-nepuoouueckue no z @QyHKyuu

fir: {(,2): —m(z) <y <m(2), —0 < z< o0} = C,  (41)
ymo
fla,y, 2 Zimw,wmmwwM} 4.2)
JEZ k=0

eoe oy =)/ X, B = mk/Z. puuem,

Z m(z) X

1
—Z/ / /\f z,y, 2)*dedydz =
—Z —m(z) =X
x—1 L (2)
>3 15/ / iy, )Pz | @3
JEZ k=0 )

Loxkazamenvcmeo. Crenaem 3aMeHy NEPEMEHHBIX

fes) = £ (1 B ) ) )

2

DI
_ 2y +m(z) —m(2)
m(z) +ma(2)
U paccMoTpuM (yHKIWMIO g(T, 7, z). DTa GyHKIUS 3a1aHa B 00IacTH

{(z,r,2): —co<x <00, —1<r<1, —00<2z< 00},
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saBisieTcsa 2.X -IepUOIUYECKON 110 X, 27 -TIEpUOJIMYECKON 110 2, U €€ CYyXKe-
HUE€ Ha MEPUOJ MPUHAJICIKUT MPOCTPAHCTBY UHTETPUPYEMBIX C KBaJIpaTroM
KOMIUIEKCHO3HAUYHBIX (pyHKIHM. CrieqoBarenbHO, OHA MPEACTaBUMA B BHUJC

pana Oypee:

g(x,r 2) Z Z gjm(r) exp{i(a,x + Bnz)}.

JEZ meZ

OTOT psiJl MOKHO 3aMMCaTh B BUJIC

g(x7 r? Z) -

x—1
5SS ssplin oot ) -
JEZ k=0 \Kk'€Z
x—1

SO fily ) esplilog + 5r2))

JEZ k=0

(4.5)

rae

2y +mi(2) — ma(2) :
fj ( ) ' Je+ ex {15% ’Z}
e Z“ k< m(2) + ma(2) > P

ABIIAIOTCA 2[-niepuoanyeckumu pyHkuusmu no z. U3 (4.4) u (4.5) nonyya-
em (4.2).

J{ns mokazarenbcTBa €IMHCTBEHHOCTH (GyHKIMH (4.1), marommx pasio-
)eHue (4.2), 10CTaTouyHO MOKa3arh, 4To eclid QYHKIUS [ HyjleBas, TO U BCE
¢dbynkmuu (4.1) Takke HyJIeBble. DTO HEMOCPEACTBEHHO CJICAYET M3 PaBEH-
ctBa (4.3). JlokaxkeM 3TO paBEeHCTBO.

O4eBUIHO, JOCTATOYHO MOKA3aTh, YTO UHTETPA

Z m(z) X
/ / / fyk f]’k’ Y,z )eXp{i(Oéj_jISC + Bk_k/z)}da:dydz (4.6)
—Z —m(z) —X

paBeH Hymo, ecit 0 < |k — k| < 3¢ — 1 wmu j # j'. B aTOM HerpyaHO
yOeIUThC, 3aIucaB dTOT MHTErPall B BUJIE

I

h(z) exp{i(oj_jix + Br_p2)}dxdz, 4.7)

N\N
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raec
n2(2)

h(z) = / Fixly, )T (0, 2)dy,
—7)1(2)

¥ T0/ICTaBUB B (4.7) BMecTO 2[/-mieproauueckoit mo z gyukiuu h(z) ee pas-
JoxeHue B pan Dyphbe 1o z. [

Paznoxenue (4.2) Ha3wpiBaloT npedcmasienuem @Proxe QyHkuuu f. B
cuity JieMMbl 4.1 1s JocTatoyHO MIaAKuX perieHuit cucremsl (1.11) B 00-
nactu (1.12), tne Z = »l v » € Z,, c rpannyHbiMi ycioBusimu  (1.13)
CHpaBeJIMBO U OJHO3HA4YHO mnpezacTaBienue dioke

v'(z,y, 2,t) (y, 2, 1) |
( p'(z,y, 21) ) ZZ ( Pl (y, 2 > exp{i(a;z + Br2)},  (4.8)

JEZ k=0

rne a; = 7j/X, By = wk/Z, a V]k U p]k (GyHKIUH, YIOBIECTBOPSIOIINE
ypaBHeHusM (3.4) ¢ o = «;, 8 = [ B 0bnacTu X ¢ TpaHUYHBIMHU yCJIOBUSI-
mu (3.5). IIpu sTom

o x—1 oo x—1
EV)= D D EN) = ) D &, (4.9)
J=—00 k=0 j=—00 k=0

e vy (@, y, 2, t) = vii(y, 2, t) exp{i(a;z + Brz) — cKOpOCTHBIE YacTH de-
MEHTaPHBIX BOBMYH.[GHI/II/I BXOJISIINX B pazyiokeHue (4.8).

U3 nemmel 4.1 Takxke cnemyer, uto ecian (V,p)' — cobcTBeHHAs (QyHK-
st npo6isiemsl (2.8), orBeyaronas €ee COOCTBEHHOMY 3HAYEHUIO A\, U

< B i ?; ) 2 Z < ;j: ) exp{i(ajz + Bi2)}

JEZ k=0

sBisteTcs ee mpeacTasienueM Droke, 1o (Vg, Pjr) — cOOCTBEHHAs PyHK-
uus npobaemsl (3.8) ¢ v = a; u B = [, oTBeyaromas ee cOOCTBEHHOMY
3HAYEHHIO \,. YUHUTHIBAs, YTO

( Vir(y, 2) ) exp{i(a;z + Bi2)}.
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tne (Vji, pji)| — coOcrBenHas GyHkuus npoGnemsl (3.8), sBiusercs co6-
CTBEHHON (pyHKIMEH npobaemsbl (2.8), oTBevarolie ToMy ke COOCTBEHHO-
My 3HAUCHHIO, MOXKHO 3aKJIIOYUTh, YTO MHOKECTBO COOCTBEHHBIX 3HAUCHHI
npobsiemsl (2.8) sBISETCS 00bEIUMHEHUEM MHOXKECTB COOCTBEHHBIX 3HAue-
Hui mpobiiem (3.8) ¢

aec{nj/X: j€Z}, pe{nk/Z: k=0,...,5c—1} (4.10)

TouHo Tak e, mpobiema (2.6) cBoagurcs kK npodiaemam (3.6) ¢ o u 3,
onpenesieHHbIMU B (4.10).

Jlemma 4.2. Ilpu nwobvix X > 0 u Z = xl, 20e » € 7, cnpasedusnvi
creoyrowue pageHcmea:

Rep(X, Z) = inf Ref’|  ReL(X,Z) = inf Re{”,

Thax(Re; X, Z) = sup ' (Re) (4.11)

max
a,B

c au [, onpedenennvimu 6 (4.10).

Jloxazamenvcmeo. JIBa mepBbIX paBeHcTBa B (4.11) ciaeayroT u3 SKBHBa-
JIEHTHOCTH npobiiem (2.6) u (2.8) coorBeTcTBeHHO ITpobiaeMam (3.6) u (3.8)
c a u 3, onpeneneHubiMu B (4.10). Tperbe paBeHCcTBO cieayeT u3 (4.9) u
HEPABEHCTBA

-1
.
zj:bj Zj:aj < max b—j (4.12)

J

CHpaBeJIMBOTO, B CHIIy HepaBeHCTBa [ enbaepa, 11 11000ro KOHEUHOTO JIH-
60 cyeTHOTO HabOpa map (a;, b;) MONOKUTEINBHBIX YHCEN, ¥ TOTO (haKTa, 4To
paBeHCTBO B (4.12) mocTHraeTcs JUIIb B CIy4ae, KOra BCe BEIMYMHEL @, /b,
OJIMHAKOBBIE.

JIefiCTBUTENIBHO, OKAXXEM MPEXKIE BCETO, YTO MEPEXOJ K KOMIUIEKCHBIM
perenusiv He mensiet [ (Re; X, 7), a neficTBUTEIbHBIC 1 MHUMBIE YaCTH
KOMIUIEKCHOTO ONTHUMAJIbHOTO BO3MYIICHHUSI CaMU SIBJISIOTCS ONTUMAaJIbHbI-
mu Bo3mymieHusMHU. [Tycte v/(0) sBIsSETCS KOMIUIEKCHBIM ONTHMAIbHBIM
BO3MYIIIEHUEM, TO €CTh HayajbHbIM 3HAYEHUEM, IIPU KOTOPOM JOCTUIaeTCs
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MakcumanbHas ammrdukaims . (Re; X, Z) cpenneii mioTHocTH KuHe-

Trdeckoi sueprun E(v') = (v -

Huii (1.11), paccmarpuBaembix B obmactu (1.12) ¢ rpaHUYHBIMH yCIOBHSI-

V') /2 KOMIUIEKCHBIX pPEICHUH ypaBHe-

mu (1.13), u v/(tf) — cooTBeTCTBYyIOLIEE PELICHUE ITOI CHCTEMBI, a topy —
BpEMs TOCTIIKEHUST MakCHMyMa. Torma, OCKOIbKY

E(WV'(topt)) _ E(Realv'(topi)) + E(Imagv’(topt))
£(v'(0)) 5(R632V( ))( ()I)mang( ) )
& (Realv’ E(Imagv' (tops
= max{ E(Realv’(0)) ~ &(Imagv’(0)) } ’

MaKCUMaJbHasi aMIUTU(UKALMS I KOMIUIEKCHBIX PEHICHHM HE MPEeBOCXO-
JUT MaKCUMAaJIbHYIO aMIUTM(UKAIIIO U1 BellleCTBeHHbIX pemeHuil. Ho ona
HE MOXXET ObITh MEHbIIIE HEE, OCKOJIbKY MHOXECTBO KOMIUIEKCHBIX pelie-
HUN BKIIOYAaeT B ce0s M BEIIECTBEHHBIC pelieHus. Takum oOpa3oM, Mak-
CUMaJIbHbIE aMIUTM(PUKALUU JJI1 KOMIJIEKCHBIX U BEIIECTBEHHBIX PELIEHUMN
COBIA/IAIOT.

O603Ha4NM yepe3 v k(x Y, z,t) CKOPOCTHBIC YaCTH IEMEHTAPHBIX BO3-
MYIIEHH, BXOIAIIUX B pasiioxeHue v'(t) B psax (4.8) mo aneMeHTapHBIM
Bo3MyLIeHusAM. Torna, B cuity paBeHcTBa (4.9) u HepaBeHcTBa (4.12), nme-

eM:
E(V'(Topt))
I'max(Re; X, Z) = T =
(Re: X 2) = 5o
oo x—1 -1 oo x—1
= Y Y ewnon ] | X D EWltan)) | =
Jj=—00 k=0 j=—00 k=0
oo x—1 -1 -1
={ D > EWi(0) Z Zé‘ (topt)) | <
j=—00 k=0 j=—00 k=0
8(v’.’k (topt))
<max{ —>+———: Jke€Z 0<k<x-1 < supI'® (Re
VI (0)) 0 T ()

c a u [, onpeneneHubiMu B (4.10). Takum oOpa3oM, MakcUMajbHas aM-
mndukanus aa pemeHuit ypasuenuit (1.11), paccmarpuBaeMbix B 007a-
ctd (1.12) ¢ rpannunbiMu ycnoBusiMu (1.13), HEe TPEBOCXOUT MaKCHUMallb-
HYI0 aMIUTH(DUKAIIAIO JJI 3JIEMEHTAPHBIX BO3MYILICHUH ¢ (v U 3, OTIpe/IeTICH-
HbiMHU B (4.10). Ho oHa HE MOkeT OBITh MEHBIIIE HEE, ITOCKOJIBbKY MHOXKECTBO
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TaKuX PEIICHUI BKIIFOYAeT B Ce0S M OTH JIEMECHTapHBIC BO3MYIICHUA. Tpe-
The paBeHCTBO B (4.11) mokazaHo. [

N3 nemMMbl 4.2 HEOCPEICTBEHHO CIIEAYET, YTO JJIs TI00AThHBIX Xapak-
TEPUCTUK ycTonuuBocTH (2.3), (2.7) u (2.11) cnpaBenuBbl paBeHcTBa (3.9),
e a € R,a g € [0,7/]) u fl/m — pauronansHoe 4ucio. [Ipudem, 1o-
cxombky Re?’, Ref” u T8 (Re) npu § # 0 HenpepsiBHO 3aBucaT 0T 3,
TpeOOBaHKE PAIMOHATBLHOCTH (3] /7 MOXHO CHSTb.

Pemrenns cuctem (3.4) c a = g, S = By u o = —a, S = — ) B3aUMHO
conpspkenasie. Kpome Toro, eciu mapa v = v, p”’ = p sBisercs pemennem
cuctremsl (3.4) ¢ § = [y, o mapa v’ = ve, p’ = pe, tne e = exp(inz/l),
SIBIISICTCSL PELICHUEM ITOW CHUCTEMBI C TeM ke « U 5 = [y + m/l. Tlockosb-
Ky KOMILICKCHOC CONPSDKEHHE W YMHOXKEHHE Ha € HE MEHSIOT CPEIHIO0
IUIOTHOCTH KHHETHYECKOM dHepruu (3.2), J0CTaTOUYHO OrPaHHUYUTH OOJIACTh
3HAYCHHUI apaMeTPOB HeoTpHLAaTebHbBIMU v 1 3 € [0, 7/1).

Bosnee Toro, eciau opeOpeHHEe W, CIEAOBATEIBHO, MPOQUIL OCHOBHOIO

//

TEUEHHUS SIBJISIIOTCS YSTHRIMU (DYHKIMAMHE 110 2 U napa v/ = (u, v, w), p’ =
p sIBIsieTCA pemenneM cuctemsl (3.4) ¢ 5 = 5y, To

V”(ya Z, t) = (U’(y7 -z, t)a U(ya —Zz, t)) —U)(y, -z, t))Tu p” = p(y7 —Zz, t);

SIBISIETCSI PEIICHUEM 3TON CUCTEMBI € 5 = — ). DTO mpeobpa3oBaHue TAKKe
He MEHsIET CPEHIOK0 TIOTHOCTh KMHETHUECKOM sHepruu. ClieqoBaTebHo, B
CIydae 4eTHOTO MO z OpeOpeHHs JOCTATOYHO PACCMATPUBATh TOJNBKO HEOT-
puraresbhbie 3HaueHus o u [ € [0, 7/(21)].

Teopema 3.1 mokazana.

B 3aKiIr0ueHHe OTMETHM CIIEAYIOIIEe MOJIE3HOE YTBEPKICHUE, KOTOPOE
HECJIO)KHO JIOKa3aTh TEM K€ CIIOCOOOM, YTO W PAaBEHCTBO HYIIO WHTETpPa-

1a (4.6).
Jlemma 4.3. Ilycmo f(x,y,2) = g(y, z) exp{i(ax + fz)}, e0e ¢pynxyus

g: {(y,2): —m(z) <y <m(z), —0o<z<o}—C

a6/15emcsi 00CmamouHo 21a0kou u 2l-nepuoouueckoi no z, a o u 3 — ge-
wecmeennvle yucaa, maxue, umo 0 < |B| < 7/l unu o # 0. Tozoa (f) = 0.
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5. Teuyenue B MJI0CKOM KaHaJie

Ecnu KaHau mIOCKuiA, T0 ecThb 71 (2) = 12(z) = 1, To mpoduitb 0CHOBHO-
IO TEYCHHS HE 3aBUCHT OT Z U B KAQYECTBE JOIMYCTUMBIX BO3MYIICHUH OOBIY-
HO BBIOMPAIOT BO3MYIICHHS, TIEPUOTMUYCCKUE 10 T U Z C MPOU3BOIBHBIMH
neprogamu. COOTBETCTBYIOIIUE TOOATbHBIC XapaKTEPUCTUKH YCTOWIHUBO-

CTH N N
Reg = inf Reg(X, Z), Rer, = inf Rep(X, Z),
X.Z X.Z
Tax(Re) = sup Thax(Re; X, Z), X >0, Z >0,
X.Z

MOKHO HaﬁTH, paccMarpuBasid B KAQYCCTBC SJICMCHTAPHBIX BOSMYIICHUA B4

vi(@,y, 2,t) = v"(y,t) exp{i(az + 72)},

, ” . (5.1)
P (x,y,2,t) =p"(y,t) exp{i(ax +v2)},

¢ aMIuIuTygaMu ckopoctu v u masienus p”’, He 3aBHCAIIMMU OT z U yIO-
BIIETBOPSIOIIMMU CUCTEME

aV/// — 1 — - —
at — JaV/” + R_La/yvl/l + Ga’yp/l/’ FOKYV/// — 0’ (52)
€

¢ rpaHuYHbIME ycnoBusamu v (£1,¢) = 0, rne

N iaU oU/0y 0 N —io
Jo = — 0 iaU 0 , Goy = | —0/0y |,
0 0 iaU iy

Fo = i, /0y, 1], Loy = —a® + 8%/0y* — 72,

a o U Y — BEIIIECTBEHHbIE TapaMeTpbl (IMPOJOJILHOE U MOMEPEUHOE BOJIHO-
BBIC YHCJIa COOTBETCTBEHHO). [Ipu 3TOM, B CHITy TeX K€ COOOpaKeHHUH, 4TO
U TIPU J0Ka3aTesIbCTBE TeopeMbl 3.1, OUeBUHO, JOCTATOYHO OTPAHUYUTHCS
HEOTPULIATEIbHBIMU (v U 7.

Ecin B kauecTBE JOIMYCTUMBIX BO3MYIIECHUN IS TJIOCKOTO TeueHus [1y-
aszeiyisi BbIOpaTh BO3MYIICHHUS, NEPUOJUUYECKHE IO T C MPOU3BOJbHBIMU
NepuoiaMi M TEPUOJUYECKUE TI0 Z C MONYNEepUOAaMH, KpPaTHBIMU (DUK-
cupoBaHHOMY [ > (), TO COOTBETCTBYIOIIHUE MIOOATBbHBIE XapaKTECPUCTHU-
ku ycrounBoct Rep, Rep, u [pac(Re) B cmmy teopemsr 3.1 MOXKHO
HaWTH, paccMaTpuBas B Ka4eCTBE 3JEMEHTApHBIX Bo3MyleHus Buaa (3.1)
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¢ 2[-mepuoguYecKUMHU aMIUTHTynaMu. [Ipu 3TOM, B CHJIIy YETHOCTH II0 2
«IJTOCKOTO OPeOpPEHHs, TOCTATOYHO OTPAHHYUTHCS HEOTPHIATEIbHBIME (v
u [ € [0,7/(2])]. lockombKy 3TOT KJacc IOIyCTHMBIX BO3MYILICHHI Ode-
BH/IHO YK€, YeM KJIACC BO3MYIICHUM, MEPHOANYCCKUX O T U Z C HPOH3-
BOJIBHBIMH TIEPHOaMH, TO

~

I/zéE S ReE> }/i-éL S RGL, FmaX(Re) Z FmaX(Re)-

C npyroil CTOpOHBI, Kaxjaoe Bo3MmyIeHue Bujaa (5.1) mpemcraBuMo B
Bujie (3.1) ¢ 2/-nepuonnuecKuMu Mo z aMIUIUTyJaMu

179

Vl’(ya Z, t) = V///(ya t) exp {T]z} 7 p//(y’ 2, t) — p///(% t) exp {?Z}

i
6:7_%7

7€ j — IPOU3BOJIBHOE LIEJIOE YHCIIO, U, CJIEA0BATENIbHO, €CIIU KaKas-HUOY b
U3 TpeX II00aJbHBIX XapaKTEPUCTHK YCTOMYMBOCTH JOCTUTaeTCSd Ha BO3-
mymieHuu Buaa (5.1), To oHa gocturaercss U Ha Bo3MmyleHud Bunaa (3.1),

6:§><{ 5, 0<8§<1/2, (5.3)

rae

1-6,1/2<6 <1,

a d o3Hauaet qpoOHYI0 YacTh uncia -yl /7. Takum obOpasom,

~

R\éE = ReE, P/{E}L = ReL, FmaX(Re) = FmaX(Re).

OTMeTHM, YTO XapaKTEPUCTUKUA YCTOWUMBOCTH IIOCKOTO TeueHusd [lya-
3yilsis, HaliJleHHble TPpU (PUKCUPOBAHHBIX 3HAUYEHUAX MAPaMETPOB JJISl BO3-
mymieHud Buaa (3.1) u (5.1), cBgA3aHbI CIeAyIOIIMM 00pa3oM:

Re?’ = infRey, Re® =infRe; , I (Re)=supl*L (Re),
7 7 g (5.4)
vy=pB+m7j/l, j €L, j>0.

KpI/ITI/I‘-IeCKOG BO3MYIIICHUC, OTBCYAIOIICC FJ’IO63J’IBHOMY OHCPICTUICCKO-
My KpUTHYECKOMY 4Hcily PeifHoibaca, B ciaydae IUIOCKOTO KaHajla MMEeT
BU]I

v'(x,y,2) = V'(y) exp{i(az +72)},
P (2,y,2) = p'(y) exp{i(ax +72)},

43

(5.5)



Teopemuueckue ocHOBbI

rJe aMIUTUTyAa SIBISIETCS COOCTBEHHBIM BEKTOPOM, OTBEYAIOIIUM MAaKCH-
MaJIbHOMY COOCTBEHHOMY 3HAQUE€HHIO SPMHUTOBOM MpOOIEMBbI, aHAJIOTUYHOU
npobneme (3.6), HO chopmynHpoBaHHON aJisi cucTeMbl (5.2) Bmecto (3.4),
C KPUTUYECKUMHU 3HAUYCHUSMHU BOJHOBBIX YHCEN v = Qp U Y = 7g, Ha
KOTOPBIX JOCTUTAETCSI MUHUMYM PTeEW. Kputnueckoe Bo3myIlieHue, orpeya-
fo1iee To0abHOMY JIMHEHHOMY KPHUTHYECKOMY 4dHclly PeitHonmbaca, mme-
et Buj (5.5), TAe aMIUIUTyda SIBISETCS COOCTBEHHBIM BEKTOPOM, OTBEYa-
IOIUM COOCTBEHHOMY 3HAYEHHUIO C MAaKCHUMAaJIbHOM BEIIECTBEHHON YaCThIO
poOJIeMbl, aHaornuHor npooieme (3.8), HO chopMyTHpPOBAaHHOMN IS CH-
cteMmbl (5.2) BMecTo (3.4), ¢ Re = ﬁéL Y KPUTUYECKUMU 3HAUYCHUSMU BOJI-
HOBBIX YHMCEl o = Qp, U 7Y = 71, HA KOTOPBIX JIOCTUTAETCI MHHUMYM
l/%v,eiy. Haxkonen, ontuManbHOE€ BO3MYIIECHUE MJISI TJIOCKOTO KaHajla MMEET
BUJ (5.5) ¢ aMIITUTY0M, HA KOTOPOU JOCTUTACTCS MaKCHMaJIbHAs aMILTH(H-
KaIusl CpeIHEeH TUIOTHOCTH KHHETHYECKOM YPHEPTHH PEIICHUN CHCTEMEI (5.2)
C BOJIHOBBIMU YHUCJIAMU (X = QUypax U Y = Ymax, HA KOTOPBIX, B CBOIO OUEPED,
nocruraercs MakcumyM 127 (Re).

max

6. Bounbl Tosvuna-llaunxrunara u CkBaipa

Brrurcienne JMHEHHOTO KpUTHYECKOTo uncia PeitHombaca st I0CKo-
ro teueHus Ilya3eiins Ha OCHOBE 3JIEMEHTApHbBIX BO3MYIleHUi (5.1) nmpuso-
TUT K MpoOiieMe COOCTBEHHBIX 3HAYCHUM, aHajorudHou mpobieme (3.8), HO
chopmynupoBaHHo#t Jy1si cucteMbl (5.2) BMecTo (3.4). DTa npobiema cod-
CTBEHHBIX 3HAUEHUN UMEET BUJ

oU 1 [ 5
N = —iaUi — —3 + — (— —a? - 72> i —iap,

Oy Re \ 0y?
1 [ 0? op'
N = —iaUd + — [~ —a? =42 ) i — 22,
Re \ 0y? dy
A 6.1)
A\ = —iaUw' + Re (8_y2 —a’— 72) W — iy,
~/
ot + — +iyw’ =0,
dy
C TPaHUYHBEIMH YCIOBHIMU
@(£1) = (1) = @/ (£1) = 0. (6.2)
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Pemenus cucremsl (6.1) umerot Buxa (5.5) u narot 11 cuctemsr (1.11) moapl
BHJIA

'(y)

"(y) | exp{i(az +v2) + At}
()

P (z,y,2,t) = P'(y) exp{i(ax + vz) + At}.

Beoms oGosnaueHns & = /a2 + 42, Re = aRe/d, A = a&\/a u jo-
IOJIHUTENbHBIEC TIepeMeHHble U = (i’ + yw')/& n p = &P’ /a, npobnemy
coOCTBEHHBIX 3HaUCHMH (6.1) MOKHO 3amucaTh B BUAC CUCTEMBI CIASAYIOIINX
CEMM YPaBHEHUU:

: oU 1 [0
M= —iaUa — —0' + — (— — @2> @ — idp,

S

Vi(2,y, 2, t) = 63)

=X

dy Re \0y?
o D 1 0? 5\ ., Op
M\ = —iaUd" + 5 (3_?;2 — & ) v — By’ (6.4)
Yu + o 0
it + — =
oy ’

N~ AT~ 1 82 ~2 ~1 < A

A = —iaUw + — | = —a° | w —ivp,
Re

= (&t —yw") /o, P =ap/a, \=ala.

(6.5)

ﬂ//

VYpaBaeHus (6.4) mpeacTaBISIIOT cO00H MPoOIeMy COOCTBEHHBIX 3HAUe-
HUW, HE3aBUCUMYIO OT ypaBHeHUU (6.5). [ToaTOMy MHOXECTBO pEIICHMI
cucteMbl (6.4), (6.5) u, ciemoBareiabHO, cHCTeMBI (6.1) MOXXHO pa3OUTH
Ha JIBa HETepeceKaronmxcs NoaMHokecTBa. Kaxioe penienue u3 nepBoro
MOJIMHOKECTBA COOTBETCTBYET COOCTBEHHOMY 3HAUE€HHIO A M COBCTBEHHOI
dyskunn (4,7, p)" # 0 npobaemsr (6.4). Haiing takoe pemenue mpooie-
Mbl (6.4), U3 mepBoro ypasHeHus B (6.5) Haxomum ', a U3 BTOPOrO, Tpe-
TBETO W YeTBepTOro ypaBHenuit — @', p’ u \. IlomydeHHble TakuM 00pazoM
pemennsi cuctemsl (6.1) marot mis cuctemsl (1.11) pemenus Buma (6.3),
KOTOpbIe Mbl OyzieM Ha3biBaTh BoiHamu TomnmuHa-lnuxtunra. OtMeTum,
4T0 ypaBHeHHE (6.5) OYEBHIHO OAHO3HAYHO Pa3pEIINMO OTHOCHTEIHHO W’
B HamOoJiee MHTEPECHOM Cilyyae, Korja Real) > 0.

Kaxnoe pemieHne u3 BTOPOro MOJAMHOXKECTBA COOTBETCTBYET TPUBHUATIb-

HoMmy pemeanio @ = 0 = p = 0 npobiemsr (6.4). Ilpu stom ' = 0,
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Teopemuqecmte OCHO6bl

W = —yW'/a, a A u W' ABIAIOTCSI COOTBETCTBEHHO COOCTBEHHBIM 3HAYCHU-

€M U cOOCTBEeHHOM (yHKIMEH mpoOaeMbl COOCTBEHHBIX 3HAYEHUM

2
M = —iaUd + S (8— —a?— 72> W' (6.6)
Re \ 0y?

CootBetcTBytomue pemienust Buaa (6.3) cucremsl (1.11) mMbl Oyaem Hazbl-
BaTh BoJiHaMu CKBaiipa.

YyuTeiBasi, 4T0 COOCTBEHHBIE 3HAUCHMs MPOOIEMBI (6.6) mpu JTHOOBIX
«, 7Y ¥ KOHEYHOM uHucie PerHoibaca JiexKaT CTpOro B JIEBOM MOJIYILUIOCKO-
CTH, JIMHEWHAsl YCTOMYMBOCTh IUIOCKOTO TeueHus [lyasena npu 3agaHHOM
yrcie PerHobACa 3aBUCUT OT YCTOMYMBOCTH BOJIH ToiummuHa—IlInuxTrHra,
KOTOpasi, B CBOIO OY€pE/lb, 3aBUCUT OT MAKCUMaJIbHOW BEUIECTBEHHOM YacTH
COOCTBEHHBIX 3HAYCHHUI MPoOIEMBI (6.4).

[Ipu v = 0 npoGiema coOCTBEHHBIX 3HaYeHUH (6.4) uMeeT BUJ

1 2
A = —iaUd' — g—(y]@’ + fe (aa—yQ - a2) @ —iap,
5 o, 1 [0 )\ ., 0P
)\U/: —lOéUU/—f—% <a—y2—04 ) U,—a—y, (67)
~/
ot + g—z =0

u HazpBaercs 1mpobOmemoit  Oppa-3ommepdenpmaa. OO0o3HaYUM  Ue-
pes Reos(a) JUHENHOE KpuThyeckoe uunciao PelHonbaca mnpoOieMbl
Oppa—-3omMepdenbaa, TO €CTh TaKO€ MUHUMAJIbHOE TMOJOXKUTEIbHOE Re,
Py KOTOPOM MHOXKECTBO COOCTBEHHBIX 3HAYEHUH 3TOW MpOOIEMbl UMEET
HEIyCTOE NEpEeCceUeHre ¢ MHUMOM Ocblo. Uepes ﬁéiv, KaK ¥ paHbliie, Oyaem
0003HaYaTh JIMHEHHOE KPUTHUECKOE YHCIO PeliHombACa MIIOCKOTO TEUCHHS
[lya3zeiinsa npu GUKCUPOBAHHBIX (v U 7.
CpaBHuBas mmpo0OseMbl COOCTBEHHBIX 3HaueHUi (6.4) u (6.7), HETPYIAHO

BHUJIETH, YTO

N /2 2

Reiﬂ = OZTjLVReOS(\/oz2 +7?) (6.8)
U, CIIEJI0BATENIbHO, BO-TIEPBbIX,

. 5o ay . ——al . 0S
inf Re; < inf Re;, = inf Re””(a),
a>0,v>0 a>0 a>0

46



Bonnvt Tonnmuna—ILnuxmunea u Ckeaupa

BO-BTOPBIX,

inf l/%veiw > inf Re®®(ya?+12) = inf Re®(a).

a>0, v>0 a>0, >0 a>0

Takum oOpaszoMm, mna mockoro tedeHust llyaszeins moOanpHOE JIMHEHOE
KpUTHYECKOE yncio PeriHonbaca

. S—ay
Rer, = inf Rey
a>0,v>0
nocturaercs npu 7 = (0 U paBHO MHHMMAJbHOMY KPUTHYECKOMY YHUCIY

Petinonsaca

Re2® = inf Re“®(a)
a>0

npobsemsl Oppa—-3ommepdenbaa. ITo YTBEPKACHNUE HA3BIBAIOT meopemol
Ckeaupa [32].

120
. 05?1335109 7T
0y=1.020
1 s
0.8
s 0.6F
o
g :
0.4 (.F
8@53
02f al
0 . T . ] . | . L
10° 10* 10° 10° 107

Re

Puc. 6.1. HeitrpanbsHas kpuBas mpobiaeMbl Oppa—3ommepdenbaa.

[Tpo6rnema Oppa—3ommepdensaa (6.7) B HacTosIIee BpeMsl TIIATEILHO
M3Yy4Y€HA TEOPETUYECKHU U YUCICHHO (CM., HanpumMmep, [1, 32, 38]). B yactHo-
CTH, pacCiyMTaHa C OYCHb BHICOKOW TOYHOCTHIO HEUTpaJbHAsI KpHUBasi, N300-
paxkeHHast Ha puc. 6.1. O6nacTh BHYTpU HEUTpaJIbHOW KPUBOW — 3TO 00-
JIaCTh HEYCTOMYMBOCTH, TO €CTh JUIsl Kax10i Touku (Rey, ap) U3 910ii 0061a-
ctu nipu uncine PeitHonbaca Rey cymecTByer HeycToiuuBas moza Buza (6.3)
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Teopemuqecmte OCHO6bl

c a = apu vy = 0. JleBasg BEeTBb HEUTPAIBLHON KPUBOM — ITO MHOXKECTBO
TOYEK

{Re%(a),a): 0<a<a®®

maxJ -

Ob6nacTh HEyCTOMYMBOCTH mpobiembl Oppa-3ommepdernba OrpaHuueHa
0S

0S _
oo 710 03Hauaet, 4ro Re (o) = oo mpu

CBEpPXy 3HAYEHUEM O = «
0s

o > amax

U, CJIeJIOBATENIbHO, B cuiy (6.8),

f{é? =00, 7> aP® (6.9)

max’

0S

max IBJPIIOTCSI YCTOMYMBBIMU I1PU JIF000M

TO €CTh MOABI Buaa (6.3) ¢ v > «
yuciie PeitHonbca.

[Tpo6nemy Oppa—-3ommepdenbaa (6.7) MOKHO CBECTH K OJHOMY YpaB-
HEHUIO 4-i1 cTeneHu, yIoOHOMY JUIsl TEOPETUUYECKOTO MCCICAOBAHUS U Ha-
3pIBaeMOMY ypaBHeHHeM Oppa—-3ommepdenba:

E(y)p =0, (6.10)

TIe

i o0t &> )\ U
o = (o (=) + 0= (5= *) - 5

¢ TpaHM4HBIMU ycioBusiMH ¢(+1) = Op/dy(+1) = 0, toe ¢ = i\/a. Ilpu
atoM U = Jp/dy u ' = —iap.

7. PacmupenHas npodiaema Oppa-3ommepdenanbaa

B pasznene 14 Gymer moka3aHo, uto Ay TeueHus [lyaseinst B opeOpeH-
HOM KaHalle CIPaBeUIMBO yTBEP)KICHHUE, aHaIorndHoe TeopeMe CKBaiipa,
a UMEHHO: JUHEHHOe KpPUTHUYEeCKOoe 4uciao PeliHombaca MOCTUTAETCS TPH

B = 0.

Berurciienne TUHEHHOro KpuTtudeckoro uncia Pelinonpaca npu § = 0
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Pacwupennas npoonema Oppa—3ommepghenvoa

CBOAMUTCSA K MPpoOJIeMe COOCTBEHHBIX 3HAYCHUI

1 2 2
/\ﬁ:—iaUﬂ—a—Uﬁ—a—UﬂJ—l— (8 +6——Oz2>l~b—104]57

dy 0z  Re \0y2 0922
1 [ 02 0? ap
AﬁI—lOéU@-F&(a—yQ—l—@—Oéz)f)—a—z, (71)
)\@D:—laUIDJri(a—z—I—a—Q—aQ)w—@
Re \0y? 022 0z’
_ 0 ow
1au+a—y+5 3

paccmarpuBaeMoirt B obnactu (1.7) ¢ rpannunbiMu ycioBusimu (3.7). Oty
npobsieMy Mbl OyJeM Ha3bIBaTh pacIIupeHHON mpobieMon Oppa—3omMMmep-

¢enpna. Kaxnoe ee HeTpUBHAIILHOE PEIIECHUE JA€T MOAY BHA
vi(z,y,2,t) = v(y, 2) exp{iaz + At}, (7.2)
p(z,y,2,t) = Py, 2) exp{iaz + At} '

cuctemsl (1.11).
B ciyuae miockoro kaHana (1,(z) = 7m2(z) = 1) peuienue mpoGieMsbl
coOCTBeHHBIX 3Ha4ueHHH (7.1) MOXHO HMCKAaTh B BUJE

[ a(y.2) | [ @)
zf(yyi)) - Z((Z)) exp(i2), (73)
| Py2) | | P |

e B CHIIy YCJIOBUSI MEPHOTMYHOCTH Y = 7j/l, a j — HEOTpHUIATEeIbHOE
uenoe. [loncrasnss (7.3) B (7.1), it A 1 HE3aBUCAIIMX OT 2z aMIUTUTY MbI
MOJIYYUM TPpo0OJieMy COOCTBEHHBIX 3HaYeHUM (6.1) ¢ rpaHUYHBIMU YCJIOBUSI-
Mmu (6.2).

YuuTtbiBas HENMPEPHIBHYIO 3aBUCHMOCTh COOCTBEHHBIX 3HAUCHUH IPO-
onemsr (7.1) ot dynkumit 71(2) u 12(z), IaBHAs 4acTh CHEKTpa IpooIie-
Mol (7.1) ipu 71(z) =~ 1 1 12(z) ~ 1 OymeT O’aM3Ka K TIABHOM YacTH CIICK-
tpa npobnemsr (7.1) ¢ 1n1(z) = 1m2(z) = 1. Bonee TOro, MOXXHO OXHIATh
1 OJIM30CTh COOTBETCTBYIOIIMX WHBAPUAHTHBIX MOAMPOCTPAHCTB, OTBEYAO-
IIUX TPYINE U30JUPOBAHHBIX COOCTBEHHBIX 3HaYeHUH. B ciydae miuockoro
KaHalla camasi HeyCToM4mMBas mona siBiseTcs BoHOW Tosmvuna—-LIInuxTun-
ra ¢ 7 = 0. IToatomy BosHbl CkBaiipa u BosHbl TomimuHa-lllnnxTrHra
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Teopemuueckue ocHOBbI

¢ v > 0 mpu ompeneseHuy JIMHEMHOTO KPUTHYECKOTO yuciia PerHombaca
MOXKHO UTHOPHPOBaTh. OJJTHAKO MOXKET OKa3aThCs, YTo Moza (7.2), cxoasiia-
sicst ipu 11 (2) — 1 1 m2(2) — 1 x Bonmre Tommuna-1Inuxrturara ¢ v = 0 u
MakcuMaJibHbIM Real)\, He siBIseTCs caMoOil HEYCTOWYHMBOM MOAOW B opeO-
PEHHOM KaHaJIe M BEAYILIYIO POJb UIPAOT MOABI, CXOASIIHMECS K BOJIHAM
Tommmuna—IInuxtunra ¢ v > 0 u naxke BoinHam CkBaiipa.

Kak u cucrema (3.4) pu 5 = 0, mpo6ieMa coOcTBeHHBIX 3HaYeHHH (7.1)
JOIYCKAeT CYIIECTBEHHOE YIMPOIICHHUE B CIydyae YETHOIO MO 2 OpeOpeHus,
TO ecTh Korna QYHKIHH 71(z) U 1)2(2) ABIAIOTCS YETHBIMU. B 3TOM ciydae
pemieHue npooiaemsl (7.1) MOKHO CBOAUTH K OTAECIBHOMY MOMCKY PELICHUH,
oOmanatomux cummerpusimu [ u [, onpeneneHHbiMu B pasnene 3. Jlus
IJIOCKOTO KaHalla TaKUe PEIICHUs] UMEIOT BUJ

[ u(y, 2) | [ ﬂ’(yg cosgfyz) ]
o(y,2) | | ¥'(y)cos(yz)
Dl i, | = | w()singyr2) 74
| By, 2) | | Ply)cos(yz) |
[ a(y,z) | [ id(y)sin(y2) |
o(y,z) | _ | i'(y)sin(yz)
" a2 | = | @@)eostve) | (72)
| Bly.2) | | W(y)sin(y2) |

c temu ke o, ¥/, W' u P/, uro u B (7.3), TO €CTHh SBISAIOMIUMUCS pEIlie-
HHUEM HpO6J'IeMBI coOCTBeHHBIX 3HadeHU# (6.1) ¢ TpaHUYHBIMHU YCIIOBUS-
Mmu (6.2). Mogst (7.2) ¢ ammuurynamu (7.4) u (7.5), oTBevaromiue BOJIHAM
Tonnmuna-Inuxtunra, Mel ganee Oynem 0003HauaTh COOTBETCTBEHHO 4e-
pe3 ITS(v) u IITS(7), a orBevarouue BomHam CkBaiipa — uepe3 [5(7)
u [1S(7). IIpu -y = 0 BO3MOKHBI JIHIIIb HETpUBHATbHBIC MOl THa [7'S(0)
u 115(0). Ipu xaxmom v > () OHOMY U TOMY K€ HETPUBHAIBLHOMY pellie-
HUO mpoOiaeMbl (6.1) OyayT COOTBETCTBOBATh HETPHUBHATIBLHBIC MOJIBI 00X
CUMMETPUH.

OtMmeruM, 4YTO pacmupeHHyio mpodnemy Oppa-3ommepdenpaa (7.1)
MHOITIa CBOJAT K CHUCTEME JABYX ypaBHEHUH 4-i creneHu, HanpuMmep, B [39]
ATO JenaeTcs IJIS MPSAMOYTOJbHOTO KaHalla ¢ YCIOBHUSIMHU TPHWIWIAHKUS Ha
BCEX CTCHKaX:

E(y,2)o = Q(y,2)w, FE(z,y)w = Q(z,y)7,
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e
[ i 0? 0? 1/ 02 02U
E — _ 2 . 2 =z
(y, 2) R <8y2 + 5,2 > +U c_ (8y2 e > + 9y
i 2, 1 @  oU o
Qly2) = L aRe <6y2 Tz ) U= C_ dydz 58@+
R
Oy 0z Oyoz’ a

B ciyuae opeOpeHHOro KaHajia 3Ty CUCTEMY HY>KHO paccMaTpuBaTh B 00Ja-
ctu (1.7) ¢ TpaHUYHBIMU YCIOBUSMH

B(=m(2),2) = 00n(2),2) = 5o{=m(2), 2) = 5 (n(2), 2) = 0,

YMeHblIlIeHHE 4Yuciia YpaBHEHUHM 3a CYET YBEJIMYEHHUS UX CTENEHU ObIBaeT
YIAOOHBIM ISl TEOPETUUYECKUX HccaenoBaHui. OJHAKO C BBIYHCIUTEIHHOU
TOYKU 3PEHHUS 3TO, KaK MPaBHIIO, YCIOXKHSET 3anaudy. [losTomy nmaxe ans
BBIYMCJICHUS JIMHEHOTO KPUTHYECKOro yucia PeliHonblica Mbl OyaeM uc-
MI0JIb30BaTh UCXOAHBIE YpaBHEHUS (7.1).
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I1asa 1l

MeToabl pacuera XapakTepPUCTUK
YCTOMYNBOCTH

B sToi1 m1aBe omucaHa MPOCTPAHCTBEHHAs ammpoKcUMalus B 00jIacTu
Y., onpenenieHHoi B (1.7), ypaBHenus (1.6) ¢ rpaHuyHbIMU yciioBusAMHA (1.8)
U cuctemsl (3.4) ¢ rpaHUYHBIMHU yciaoBUsAMHA (3.5). Mbl OyzieM BBITIOTHATH
ee MeToJIoM [ arepKruHa-KOJIJIOKAIMNA, UCTIONB3YsI ClIa0ble TOCTAHOBKHU 3THX
3aja4, BbIBEJCHHBIC 1O aHayioruu ¢ padoramu [35, 40, 41]. Kpome Toro,
MBI OIHIIIEM OPUTHHAIBHBIC aJTOPUTMBI pacdeTa KPUTHIECKUX uucen Peii-
HOJIBJICA U MAaKCHUMaJbHOU aMIUTU(UKAIIMU CpeHeN TUIOTHOCTH KHMHETHYe-
CKOM SHEPrMH BO3MYILEHUM Ha OCHOBE IOJTYYEHHOM IMOCIIE TPOCTPAHCTBEH-
HOHM aNnmpOKCUMAIIMH CHUCTEMbI OOBIKHOBEHHBIX AU(D(GEpEeHIINANBHBIX U all-
reOpanvyeckux ypaBHCHUH.

8. CiaaOble MOCTAHOBKH

O603HaunM uyepe3 Lo MPOCTPAHCTBO KOMILJIEKCHO3HAYHBIX MHTETpUpYE-
MBIX ¢ KBaZpaToM (DYHKIIMii, OIpesieleHHbIX B X, a uepe3 H! — npocrpan-
ctBo CoboneBa QyHkumii u3 Lo, YbM MEpPBbIE 00OOIICHHBIE TPOU3BOIHBIE
TakkKe Jexar B Lo. DTO THIHOEPTOBBI MPOCTPAHCTBA CO CKATSIPHBIMH TIPO-
U3BEJICHUSMU

N e (05 00y (05 g
by
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Crabvie nocmanosxu

COOTBETCTBEHHO. BBenem Takke ciemyromue mpoCcTpaHCTBa:

H(l) - {f S Hl : f(_nl(z)VZ) - f(?]g(Z),Z) - Oa f(y7 _l) = f(y7 l)}

CO CKaJAPHBIM MPOM3BECHUEM TIpocTpaHcTBa H 1,

Ho={F = (fus for fu) " ¢ fus for o € HE

CO CKAJIIPHBIM IIPOU3BCACHUCM

(.f)g)'}{(l) = (fu:gu)Hl =+ (fmgv)?-[l =+ (fwagw)Hla

Q={4eLs /qu:O}
z
CO CKaJIIPHBIM MPOU3BEICHHUEM IPOCTPAHCTBA Lo.

Ymuoxum (1.6) Ha g € H} u mpounTerpupyem 1o X, ucnonb3osas Gpop-
MYJly MHTETPUPOBAHUS 1O YaCTAM M YUYMUTHIBasl rpaHUYHbIE ycioBud. [lomy-
yuM ciabyro noctaHoBKy 3agauyu (1.6), (1.8), kotopyro MoxkHO chopmymu-
poBarh crenyromumM oopazomM: Haiitu U € HJ, ynoBneTopsontyo

a(U,g) = (1,g9) nnsaBecex g € Hy, (8.1)

_ (9] 9y df 9y
a(f, g) = (a—y, a—y> + <$, @) . (82)

Hockonbky (1,g) — NMHEHHBIA HeNpepbIBHBIN (QyHKIMOHAT Ha H, a

rac

oununeiinas Gopma a(f, g) HeNpepbIBHA W KOSPLUMTUBHA Ha H}, TO B cuiy
TeopeMsbl Jlakca—-Muubrpama [42] cymectByeT equHcTBeHHas GyHKuusa U €
H}, ynosnerBopsrommas (8.1).

OTMeTuM, 4TO HEMPEepPhIBHOCTh OWIMHEHHON ¢dopmbl (8.2) Hemocpe-
CTBEHHO CIIelyeT U3 HepaBeHcTBa Komm-byHskoBckoro:

1/2 1/2 1/2 1/2
a(f? g) S a_f7a_f @7@ + %76_]0 @7@ S
dy Oy Oy’ Oy 0z 0z 0z 0z

< HfHHéHgHH(%'

[TokaxeM, 4To 9Ta OunmMHelHas (popMa KOIpUUTHBHA Ha H|, TO eCcTh

lIfIZ < alf.f) anmneex f € H),
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Memoovl pacuema xapaxmepucmux yCmoudueocmu

e ¢ — HeKotopas KoHcTaHTa. [ljs 000 Touku (y,z) € X u moboi
6eckoneuno-audpepenmpyemoii pynkimu f € H, BepHO

Z

y
of (&, of (&, af (&,
= | [ e /\“ dg_/‘“ it <
m(z) —m(2) —m(2)
) ot o) V2w \
2z
< ’ <
|/ | s | | ]
—n1(2) —11(2)
() 1/2
0f(&,2)[*
<
<|c | | G| |
—m(2)
rne C' = max,(n(z) + n2(2)). loaTomy
I m2(2) l (2) (2)
2 _ )2 af (€
Sz, = f(y, 2)[Fdydz < C ag de dz <
=l —m(z) —l —m(z) —m(z)
< C%a(f, f)
1, CIIEOBATEIIbHO,
Il < alr )

Tak kak MHOXXeCTBO OeckoHeuHO-Au(depeHIUpyeMbIX (PYHKIMI MIOTHO B

H}, To oTcroma cnenyer, uro OGuimHelHas dopma a(f,g) KOIPUUTHBHA Ha
1

H-

PaccmoTrpum Teneps cucremy (3.4). 3adukcupyeM HEKOTOPHIA MOMEHT
Bpemenu 1. Jlis GaHaxoBoro mpocTpancTBa 3 ¢ HOpMmO# || - ||z uepe3
L"(0,T; B) bynem 0003HaYaTh MPOCTPAHCTBO CHUIILHO M3MEPHUMBIX OTOOpa-
xenuit ¢: [0,7] — B, Takux, 4To

1/2

6]l 2018 = / l6l3dt | <o, r=2;

[l (0,8 = ess sup |[¢[lp < oo, r=o0.
0<t<T
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Crabvie nocmanosxu

Takxe HaM MOHATOOHUTCS IPOCTPAHCTBO
H={LcLy: Fop€=0, &(—m(z),2) = &(n2(2),2) =0,

rae F,3 — omeparop, Bxofsmuil B (3.4),

Ly = {f = (fuafv;fw)T  Sus Jos fu € EQ}

O3HA4YaCT MPOCTPAHCTBO CO CKAJPHBIM ITPONU3BCACHUCM

(f,9) = (fus 9u) + (for 90) + (fuws Gu),

a PaBEHCTBO HYNIO [(,3€ IOHMMAETCA B CI1a00OM CMBICIIE.

YMHOXHUM TIepBO¢ ypaBHEHHE cUCTeMEI (3.4) Ha f € ’H(l), a BTOpO€ — Ha
q € Q ¥ IPOUHTErPUPYEM 10 Y., UCTIONB3YS, T 3TO He00X0auMo, PopmMyIity
WHTETPUPOBAHUSA TI0 YaCTSIM W YUYUTHIBas T'paHWYHbBIE ycioBusa. [lomyunm
cinalyro mocTaHoBKy 3a1auu (3.4), (3.5), KOTOpyIO MOXKHO C(HOPMYITHPOBATH
caeyrommM o6pasom: s 3ananHoro v € H naiitu v € L£2(0,T; ’HO)
L0, T;H) m p"” € L20,T; Q), takue, urto v"(0;y,2) = vj munpu t > 0

8V” " "
( 8t 7f> :JOé(V 9 )+L045(V ) )+

+Gop(p”, f) nns Beex f € Hy,
Faos(v", q) = 0 st Bcex ¢ € Q,

(8.3)

I7Ie UCIIONIB3YIOTCS CIEAYIOIue OMIMHEHHbIC (DOPMBI:

JJij:dawwju—Cw"JQ—(@Q%n>—

0z
—ia (UV", f,) —ia (UW", f,),
Lozﬂ(vlla f) - Maﬂ(uﬁa fu) - Ma,@(vﬁa fv) - ( //7 fw)a

a v // a w //
Gunlp! £) =~ 10l £+ (1 502) + (o é) 80" 1),
Fap(v", q) =ia (v, ) + (%ﬂ) + <%,Q> +if(w", q),

Mas(f,9) = a*(f,9) + (g—;,g—z) <af +16f iﬁg>.

B pamkax MeTOIOB M MOAXOAOB, ONMCAHHBIX B [40], MOXXHO II0Ka3aTh,

4TO perieHue 3aaa4uu (8.3) cymecTByeT U eAMHCTBEHHO.
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9. AnmnpokcuManusi U peayKimus

st mpocTpancTBeHHOM anmpokcumanuu 3aaad (8.1) u (8.3) Mbl BbiOe-
pEeM JOCTATOYHO IJIaIKO€ B3aMMHO-OJHO3HAYHOE 0TOOpakeHHe KBajpara

D={(rs): —1l<r<l,-1<s<1}

B HCXOJIHYIO 00JIaCTh Y. M CHAEJIaéM B ATUX yPaBHEHHUSX 3aMCHY TEpeMeH-
HBIX, TIEPEH/IT K HOBBIM MEpeMEeHHBIM 1 U 5. luddepenmupoBanme o y u z
BbIpazuM uepe3 AudPpepeHIupoBaHme 1mo r 1 s:

0 1 (828 626)

oy JI(r,s) \9sor Ords ©.1)
0 _ 1 (o o |
0z  J(r,s) \Ords 09sor)’

a UHTErpyupOBaHKE N0 OONACTU Y 3aMEHUM Ha WHTErPUPOBAHHE O D:

/f(y,z)dydz: /3(7“, s)f(y(r,s), z(r, s))drds, (9.2)

rae J(r, s) o3Ha4aeT sIKOOMaH OTOOPaKECHHSI.

[Tockonbky (yHKIMHU 71 (2) U 72(z) TPEAMONATAFOTCS JOCTATOYHO TIIajl-
KuMH, OyleM HCIOIb30BaTh TaK HasbiBaeMoe oTobpaxenue I'opmona—Xo-
na [43]:

ma(ls) —mi(ls) +r(m(ls) + na(ls))

= :l
y 2 72 87

SAKOOMaH KOTOPOTO

wiooy_ Oy0z  0y0z _ m(ls) +ma(ls)
d(r’3>_8r(‘93 Js Or 2 [>0.

OTMGTI/IM, 4TO aHAJIOT'HYHOC 0T06pa>1<eHHe MbI YK€ HCIIOJIB30BaJIX B OOKa-

3aTeNbCTBE JeMMBI 4.1.

Annpokcumanuio 3a1a4d (8.1) u (8.3), 3amMcaHHBIX B HOBBIX MEPEMEH-
HBIX, OyZIeM BBINOJIHATH MeToAoM ['anepKkrHa-KOUIOKAlUi. YYUThIBAs, YTO
B HOBBIX [EPEMEHHBIX JAaBJICHUE JIOJIKHO YIOBJIECTBOPATH YCIOBHUIO MEPHO-
JUYHOCTH 1O S, @ KOMIIOHEHTBI CKOPOCTH JIOJIKHBI YOBJIETBOPSATH HYJIEBBIM
IPaHUYHBIM YCJIOBHSIM IO 7 U YCJIOBUIO IEPUOAUYHOCTH TIO S, OyZeM BbIOU-
parb Oa3ucHble U TPOOHBIE QYHKIUHU YIOBJIETBOPSIOUIMMHI 3TUM I'PAaHUYHBIM
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Annpoxcumayus u peoykyus

ycaoBusAM. JIas 5TOro B 3aMbIKaHMK 00nacTd D BhIOEpEM JBE CETKM D), U
., IEPBYIO U3 KOTOPHIX OyJAeM HCIOJIB30BaTh JIs allllPOKCUMAIIUH JIaBJie-
HUs, & BTOPYIO — ISl alPOKCUMAIIMH KOMIIOHEHT CKOpocTH. O0e 3TH CEeTKH
BBEIOMpAcM PaBHOMEPHBIMH 10 HAIMPABICHUIO S C HEYCTHBIM YHCIIOM Y3JIOB
M BKIJIFOUAs JICBYIO TPAHUYHYIO TOUKY — 1 M UCKJTIO4as MPaByi0 TPAaHUIHYIO
touky 1. [lo HampaBieHUIO 7 CETKH BHIOMPAEM CMEIICHHBIMH JIPYT OTHOCH-
TEIBHO Jpyra. B kadecTse y3110B U1 ceTKU 2, BO3bMEM KOPHH MHOTOYJIEHA
Jlexannpa (y3nbl ['aycca), a mig ceTku ©,, — KOPHU OPOU3BOJHON MHOTO-
yneHa Jlexxannpa toi ke cremeHu u Touku +1 (y3mel ['aycca—JloGaTTo).
Takum oOpazom,

”Dp:{(m,sj): izl,...,mr—i-l;jzl,...,ms},
D, ={(fi,s5): i=0,....m,+1; j=1,...,ms},

rne s; = 2(j — 1)/ms — 1, r; — xopHu MHorowiena Jlexaunnpa L,, 41 cre-

!/
m

neun m, + 1, 7; (1 < i < m,) — KOPHHU TPOU3BOIHOM L 1 MHOTOUJICHA
Jdexannpa, 7o = —1, 7y, 41 = 1.

B kadecTBe 0a3uCHBIX (DYHKIIMU JJIs1 alllPOKCUMAIIUM JTABICHUS U KOM-
MOHEHT CKOPOCTH Oy/ieM HCIOJIb30BaTh WHTEPIOJISIIMOHHBIE MHOTOUJICHBI

BUIA
Ti(r,s) = xi(r)vi(s),  Tii(r,s) = ¢i(r)v;(s), (9.3)

COOTBETCTBEHHO, BHIOpaB B KauecTBe 0a3MCHBIX (DYHKIIMM 1O 7 3IeMeHTap-
HBIE MHTEPIOJIALMOHHBIE MHOTOYJICHBI Jlarpanska, KOTOpbIE I CETKH 2,
MOTYT OBITH 3aIlUCaHbI B BUJE

1 Lyya(r)
xilr) = r=r L;m+1(7"z‘>’

a JJId CeTKU 2, — B BHUJE

(r* = 1)Ly, 41 ()
(mr + 2)(mr + 1)(7’ — fi>LmT+1(fi).

¢i(r) =

B xadyectBe 6a3uCHBIX QYHKIMH 11O S BEIOEPEM AJIEMEHTApHBIC TPUTOHOMET-
pUYECKUE MHOTOWICHHI [44]:

sin(msm(s — s;)/2)

Vi(s) =

 mygsin (m(s — 57)/2)
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OtMmetum, uto Oa3ucHas QyHKIUSA X;(r) SBISCTCS MHOTOYWICHOM OT 7
CTENEeHU M., MPUHUMAIOITUM 3HadeHue | B y3ie r; u 3HaueHue 0 B y3iax
Tk, k # i. basucHas QyHKUMs ¢;(r) SBISETCS MHOTOWIEHOM OT 7 CTCIICHU
m,+1, IpEHUMAaIOMKM 3HadeHue 1 B y3ie 7; u 3HadeHue 0 B y3nax 7y, k # 1.
Basucnas GyHKImS 1);(s) ABISETCS TPUTOHOMETPUYECKUM MHOTOWICHOM OT
S CTEINEHM Mg, IPUHUMAIOLIMM 3Ha4eHue 1 B y3ne s; u 3Ha4enue 0 B y3iax
Sk, k # 7. JIlunelinbie 00070YKH (YHKIMI KaKIOTO W3 ITUX TPEX THUIIOB
WHBAapHUAHTHBI OTHOCUTEIILHO orepanuu auddepeHInpoBaHNs:

) = S M), 60 =S o),

(5) = 3 (si)n(s),
k=1

¥ JIMHEiHAs 000JI0YKa CHCTeMbI {¢;} BKJIIOYACT JHHEHHYIO OOONOYKY CH-

cremsbl {y; }:
m,+1

Xi(r) = E Xi(Tr) di(7).
k=0

[To HampaBieHuto s mMoCTpoeHHbIe Oa3ucHbie PyHKIMHU (9.3) OymyT Te-
puonnueckumu. Ilo Hampasnenuto r Gasucubie Qynkimn 177(r,s) ¢ 1 <
t < m, OymyT yIOBJIETBOPATH HYJIECBBIM I'PaHUYHBIM ycloBusM. Kpome To-
ro, Kaxnaas u3 0a3uCHBIX (yHKIUH Tf}(r, s) Oymer paBHA CIUHHUIIC B y3-
ne (r;,sj) ¥ HyJIIO B OCTJIBHBIX y3JIaX CETKH D,, a Kax/Jas U3 0a3UCHBIX
dyuxumit 77 (r, s) Oyner paBHa equHUIE B Y37I€ (7, S;) M HYJIO B OCTANbHBIX
y3JIaX CEeTKU 2.

Takum 06pazoM, MpoduJIb OCHOBHOTO TEUCHHUS MBI OyJIeM anpOKCHUMHU-
pOBaTh Kak

’I‘

U(y(r,s), z(r, s Z ZT“ r, s)Uj, (9.4)

i=1 j=1

HAaBJICHHUC BOBMYIICHUA — KaK

m,+1 mg

p”(y(rv S)7Z(T7 S) Z ZTP T S pij(t)7 (95)

Z_
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a BEKTOP CKOPOCTH BO3MYUICHUSI, YUUTHIBAsI HYJIEBbIC TPAHUYHBIC YCIIOBHS
B HANpPaBJICHUU 7", KaK

T

v'(y(r,s), z(r, s) Z ZT” T, 8)vij(t), (9.6)

=1 j=1

rae v = (uij, vij, wi;) . [lpu aToM KoadduumenTs! p;;(t) pasnoxenns (9.5)
OymyT 3HAQYEHMSIMU alNPOKCHMaHTa B (i, j)-X y3i1ax CeTkH ,, a kodhdu-
umenTsl Uj; u v;;(t) pasnoxenuit (9.4) u (9.6) OyayT 3HaYCHUSIMH alIIpOK-
CUMaHTOB B (i, j)-X y37ax cetku D,. B kauecTBe MPOOHBIX (DYHKIHIA s
3amaqn (8.1) Oymem MCIoNb30BaTh T;}, 1 <1< m,, 1< 5 < m, B kaue-
CTBE MPOOHBIX (QYHKIMU JUIsl IEPBOro ypaBHEeHUs B (8.3) OyaeM UCIONb30-
Barhb BEKTOpHBIC yHKImK Tle, 1 < i < m,, 1 < j < m,, 1 < k < 3,
7€ e; O3HAYaeT k-l cToiOer equHIYHON MaTpuIlsl opsaka 3. B kauecTse
npoOHBIX (QYHKIUN Ui YpaBHEHUS HEPa3pbIBHOCTH Oy/IeM HCIIOJIb30BaTh
Tf},lgigmrJrl,lgjgms.

J{ns1 BeIUMCIICHUST HHTETpasioB Bua (9.2) OyaeM NpUMEHSTh B HaIpaBIIe-
HUU 7 KBaApaTypHble (GOpMyIbl ¢ y31amu 7; U Becamu [aycca—Jlobarro [45]:

+1 m,+1

_ 2
/Q(T)Ch“ ~ ; wig(7i), wi= (mr+1)(mr+2)Lm NG =)’

-1

a JUIsl MTHTETPUPOBAHUS B HAIIPABJICHUHU S — KBaJpaTrypHbie (GOPMYIIBI C y3-
JIaMH S; U paBHBIMH BecaMu 1/m [44]:

+1 | my
s)ds ~ — 5i).
[ ods = -3 gt
-1 J=1
OTu KBasparypHbie (GOPMYJIIbI TOYHBI JJII MHOTOYJICHOB U TPUTOHOMETpHUYE-
CKUX MHOTOYJIEHOB CTEIECHEN HE BbIIE 2m, + 1 U my — 1 COOTBETCTBEHHO.
KBanparypnast popmyna asis BeIYMCIICHUS UHTETpasioB Bua (9.2) Oyzer, Ta-
KM 00pa3oM, CIEAYIOIICH:
m,+1 mg
/f(y, 2)dydz Y > R f(y(Fisg), 2(Fs ), 9.7)
rae .
Kij = —J(Fi, 55). (9.8)



Memoovl pacuema xapaxmepucmux yCmoudueocmu

YToOBI IPUMEHATH 3Ty Ke (OpMYIy s anmpOKCUMAIIMd WICHOB Cl1aboi
MOCTAaHOBKHY YPaBHEHUHN JIBUKECHHUS, COJCPKAINX JaBIICHUE, U JUIs alllPOK-
cuMaluu ciaboi MOCTaHOBKY ypaBHEHHUS HEPa3phIBHOCTH, HAM MOTPEOyeT-
Csl BBIUMCIATD 3HAYEHUSI (PYyHKIUN Tf; B y3/1ax ceTku . [lns sToro qocra-
TOYHO UMETh B PACTIOPSHKCHUH MATPUILy MPOCKTUPOBAHUS

= {x;(7i) 17200

Kpowme Toro, /151 BRIYMCIICHUS 3HAYCHUN TTPOU3BOIHBIX 0a3UCHBIX (DyHK-
b v
uuit 77 B y3nax ceTku D, HaMm MOTpelyroTest MaTpuLibl g depeHurposa-
HUS

D, = {87} g, Ds = {¥j(sj) 1o

SBHbIE QOpPMYIBI JJisI BHIYMCICHUS] 3JIEMEHTOB MaTpUlbl [, MpPUBENCHBI,
Hanpumep, B [45]. Onnako Oonee 3pPEeKTUBHBIN C BHIYMCIUTEILHON TOYKU
3pEHHUsI aJITOPUTM OCHOBAH Ha MCIOJIB30BAHUU OapOIEHTPUUYECKUX (HOPMYI
JlarpaHKeBOW MHTEepHoysinuu [46], a TakKe HEKOTOPBIX MPUEMOB, MOMOTa-
IOLUX YMEHBIIUTh OIIMOKU OKpyriieHus [47]. s BRIUMCICHUS JIEMEHTOB
MaTpuipl g MOXKHO MCIIONIB30BaTh sIBHbIE ()OPMYIIbI, PUBEICHHbIE B [48],
u tak HazpiBaembli “flipping trick”, mpemioxennsiii B [49] mis yBenuue-
HHSI TOYHOCTH M OCHOBAHHBIA HA TOM, 4TO sin(£) mpu mamom & > () MOKHO
BBIYMCIIUTH B YCIIOBUSIX MAIIMHHON apu(MeTHKU ¢ 00Jiee BBICOKON OTHOCH-
TEIbHOW TOYHOCTBIO, YeM IPU OONBILIOM E.

Hcnonp3ys anmpokcuManThl (9.4), (9.5) u (9.6), onrcanHbIe BBIIIE TPOO-
Hble (DyHKUMHU, KBaApaTypHy (OpMyay U MaTpULbl MPOEKTUPOBAHMS U
muddepeHrpoBanysi, Mbl IOJyYUM, IpuMeHUB MeTon ['anepkuna k (8.1),
171 BelYKCIIeHns ko3(duunenToB U;; cucTeMy JTMHEHHBIX alreOpandecKux
YPaBHEHUM C SPMUTOBOM IOJOKUTEIBHO OlpeaesieHHon marpuueit. [Ipume-
HuB Metox ['anepkuna x (8.3), muist ko3 GuimenTos p;;(t) u v;;(t) moxyuum
cuctemy nuddepeHImaIbHO-aIreOpandeCKuX YPaBHEHUH CIICTYIONIETO BH-

na:
dv 1
K— = —L F = )
7 (Ja + Re aﬁ)V + Gagp, apV 0, (9.9)

I7ie V 03HAYaeT 1,~-KOMIIOHEHTHBIN BEKTOP KOY(P(QHUIIMEHTOB V;;, P O3HAYaeT
N,,~-KOMIOHEHTHBII BEKTOp KO3DPUIUECHTOB D;j, Ny = 3M, My, Ny = (M +
1)ms, K — kBajipaTHas AMaroHajbHasi MATPHIIA TTOPSIKA 7, KBaJAPATYPHBIX
ko3 duirentos (9.8), a J,, Lo, Gap U F g — MaTpULIBI pa3MEPOB 1, X Ny,
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Ty X My, Ty X Ty M Ny X Ny COOTBETCTBEHHO, ABJIAIONIMECS KOHEYHOMEPHBIMU
aHajgoramu oneparopos B (3.4), npuuem

Gog = Fly,  Las =Lz <0. 9.10)

«

KoHeuyHOMEpHBIN aHANOr CPEeIHEN IUIOTHOCTH KUHETUYECKOW SHEpPruu
Bo3MyIeHus (3.2) Oyaer uMeTh BU]L

1
E(v) = K" 2v]E (9.11)

CrenaeM CIEIyIONIYIO 3aMEHY TTEPEMEHHBIX, COXPAaHUB CTapble 0003Ha-
YeHUSI:

KI/ZV—>V, K—l/QJQK—1/2 T, K‘l/zLagK_l/Q _ L0457
K Y2Gop — Gap,  FapK Y% = Fop.

B HOBBIX niepemMeHHbIX cucteMa (9.9) mpumer Buj

dv 1
— =(J, 4+ —L, Gagp, Fopv =0, 9.12
o = (Jat p-Lag)V + Gagp,  Fapv (9.12)
a KOHEUHOMEPHBIA aHAJIOT CPENHEN TIIOTHOCTH KMHETUYECKOU SHEPTUH IPH-
MET BU]] )
E(v) = 5IVIlz 9.13)

HerpyaHo BHIIETh, UTO BBINOJIHEHHAS 3aME€HA MEPEMEHHBIX COXPAHUT CBOM-
ctBa (9.10).

Otmernm, uto marpuusl G,z U Iz kak B cucreme (9.9), Tak u B cu-
creme (9.12) OyayT OJHOTO paHTa IPH BCEX 3HAYCHUAX IapaMeTpoB « | [3,
kpome o = 3 = 0. B aToM ciryuae oHu OyayT umeTh nedexT panra 2.

Cucremy (9.9) MOXHO yIIPOCTUTB, COPOECKTUPOBAB €€ HA MOANPOCTPaH-
CTBO COJICHOMJAJIbHBIX CETOYHBIX (PYHKIIMNA, TO €CThb — Ha AJIPO MaTPHIIBI
F,3, Tak KaKk U3 BTOPOrO ypaBHEHHUS CHUCTEMBI CIIEAYET, YTO BCE PELICHHA
Jexar B 3TOM HOIIPOCTpaHCTBE. s 3TOro nenaeM 3aMeHy MEPEMEHHBIX
v = Vypu, e V,3 — OpAMOyroibHas MaTpULa, CTOJIONBI KOTOPOi 00pa3y-
I0T OPTOHOPMHUPOBAHHBIN 0asuc B sAape marpuusl F,z. Ilocne ymHoKeHuA
MOJIYYMBLICTOCS YPABHEHUS CIIeBA Ha Vs U y4eTa TOrO, 4T0 Fl 5 = Gop, 1O-
JydaeM CJIEAYIOIIYI0 CUCTeMY OOBIKHOBEHHBIX NU(GdepeHInaNbHbIX ypaB-

HEHUU:
du

1
>, Ha D _Pa ) .
7 (Hop + ReS 3)u (9.14)
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rae Hyp = VOj‘ﬁ JoVap 1 Sop = Vaps" LapVas — KBapaTHBIE MaTPHIBI ITOPSI-
Ka n, —n, + 2, ecim o = = 0, ¥ mopsaaxa n, — n, B IPOTUBHOM CIIyYae.
JleTanpHO€ 0OOCHOBaHME TAKOTO THIA PEAYKIUI JHUHEHHBIX nuddepeHiu-
aJbHO-anreOdpandeckux cuctem aaHo B [20].

CucreMa 0OBIKHOBEHHBIX MU depeHmaibHbix ypaBHeHui (9.14) sxBu-
BaJICHTHA UCXOAHOW cucteMe aud@epeHIuaIbHo-aIredpanyecKux ypaBHe-
muit (9.9), 6onee Toro, ||K'/%v|[; = |lulls. DTo mo3BONAET CBeCTH BBHIUMC-
JIEHUE XapaKTePUCTUK YCTOMYMBOCTU K BBIYMCICHUAM C MaTtpuuamu H,g n
Sa-

Kak Opu10 oTMeueHo B pazzaene 3, B ciayyae § = (O U 4€THOro Mo 2
opeOpeHust perieHue cuctemsl (3.4) MOKHO CBECTH K OTIEIBHOMY IIOWC-
Ky perieHuid, oonamaronx cuMMmeTpusmMu [ u [ 1. TTockoabKy TpeaioKeH-
Has TIPOCTPAHCTBEHHAS AMMPOKCUMAIIUS COXPAHSIET 3TH CHUMMETPHH, CUCTE-
My (9.9) MoxxHO TTpeoOpa3oBaTh K ABYM HE3aBUCUMBIM CHUCTEMaM, CHA0KEH-
HbIM ¢yHKIMOHanaMu sHepruu Buaa (9.11). Kaxnasa u3 atux cucrem Oy-
aeT uMmeTh BuA (9.9) ¢ MarpuiiaMu, UMEIOIIMMH MPUMEPHO BIBOC MCHBIIICE
YHUCJIO CTPOK M CTOJIOIOB. Pemenns ncxomuou cuctemsl (9.9), orBeuaroniye
PEIICHUSAM 3THX JIByX CUCTEM, OyIyT B3aUMHO OPTOrOHaJIbHBIMU. K Kaxkmoi
U3 TOJYYCHHBIX CUCTEM MOXXHO MPUMEHUTH OMUCAHHYIO BBIIIE PEAYKIIUIO,
MTO3BOJISIONIYIO CBECTH €¢ K cucteme Buaa (9.14).

B nanpHefimeM, 4ToOBl HE BBOAWTH HOBBIE O0O3HAYCHUS I TPUOIIH-
KEHHBIX XapaKTEPUCTUK YCTOWIMBOCTH, HAWJICHHBIX HA OCHOBE MPOCTPaH-
CTBEHHOU amnmpoKCcUMaIuy MeToaoM [ ajepKuHa-KoJIIOKaIMi, MbI OyIeM HC-
nob30Barh o6osnauenns Rel’, Re!” u T2 (Re), BBenennbie B mpebiay-
IIeH I1aBe JJIsi TOYHBIX XapaKTEPUCTUK YCTOMYUBOCTH.

Jlnst 000CHOBaHUS aJITOPUTMOB BBIYUCIICHUS KPUTHUICCKUX YHcen Peii-
HOJIbJICa HaM Oy[eT JOCTaTOYHO yYUTHIBAaTh, YTO MAaTpHLa S,3 JUCCUIIATHB-
Has, TO €CTh

Marpuny H,s Oynem paccmarpuBaTh Kak KBaJpaTHYIO KOMIUIEKCHYIO Mat-
puity obmero Bunaa. [Ipm sToM OymeM cuuMTarh, 9TO MAaKCUMaJbHOE COO-
CTBEHHOE€ 3HadeHue marpuusl H,g + H (’;5 noJjiokutenbHo. [locinequee He
HapyIIUT OOIIHOCTH ONMCAHHBIX B CICIYIONINX pa3jeliax aJlrOpUTMOB, ITO-
ckoneKy eciau Hop + Hi; < 0, To mpu mobom uucie PeiiHonbaca Hopma
nroboro pemennst u(t) cucremsl (9.14) cTporo MOHOTOHHO YOBIBAaeT Mpu
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t — 00. DTO BBITEKAET U3 OLIEHKU

d

@ < hanal (D)3, (9.15)

T7€ hpax O3HAYAET MAKCUMAJIbHOE COOCTBEHHOE 3HAYCHUE MATPHUIIBI

1
Heop 4 Hyg + Q(Saﬁ + Sap)- (9.16)

To ecTb B 5TOM CIy4ae MOKHO CPa3y 3aKJIIOUUTh, YTO Re%ﬂ = Reﬁﬂ = 00,
all (Re) = 1.

max
OrmeruM, uyto ecnu u(0) siBiasieTcs: COOCTBEHHBIM BEKTOPOM MaTpH-
bl (9.16), oTBEUaAIOIIMM MaKCUMAJIbHOMY COOCTBEHHOMY 3HAYCHUIO /iy ax,

TO B ouieHke (9.15) pu ¢ = 0 gocTUraeTcsi paBEHCTBO.

10. Pacuer 3HepreTHYECKOro KPpUTHYECKOro ynciaa PeiiHoabaca

JI7 BBIUMCIIEHHST YHEPreTUYECKOr0 KPUTHUUYECKOro yucia PerHombaca
Regﬁ JOCTAaTOYHO HAWTHU TOYHYK HWKHIOIO IpaHb TaKUX MOJOKUTEIbHBIX
Re, mpu KoTOpBIX cymiecTByeT perieHue cuctemsl (9.14), Hopma KOTOpOro
CTPEMUTCA K HYJIIO NpHU ¢ — 0O HEMOHOTOHHO.

B cuny spmutoBocTu Marpuiisl (9.16) 115 ee MaKCUMaJIbHOTO COOCTBEH-
HOI'O 3HAYEHUs CIPaBEIIMBO cieaytoiiee paBeHcTBO [50]:

hmax = maXx ((Hozﬁ il H;B))g X) + i ((Saﬁ + SZﬁ)Xg X)
x#0 (x,x) Re (%, %)

Tax xax marpuua H,p+ H} ; HS3HAKOOIPEACICHHASL, & 5,3 AUCCUIIATHBHAS,
TO B 3aBUCHUMOCTH OT Re MakcuManbHOE COOCTBEHHOE 3HAUCHHE My qx MOKET
OBITH KaK OTPHUIIATEIHFHBIM, TaK M MOJIOKHUTEIBHBIM. KpoMme Toro, 1is 1r00bIX
HOJIOKUTENBHBIX 4Kcell Re; < Rey mpu mo0ObIX X # 0 OyAeT BBINOIHEHO
HEPaBEHCTBO

((Hap + Hyp)x,%) 1 ((Sap + 555)%,%)

(x,x) + Req (x,x) <
((Haﬂ + H;B)Xv X) 4 1 ((Saﬁ + SZﬂ)Xv X)
(x,x) Rey (x,x) '

3HAYHT, Ay, CTPOTO MOHOTOHHO BO3pacTaeT ¢ poctoM Re.
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W3 yka3aHHOH BBIIIE 3aBUCUMOCTH Ay, OT Re 1 Toro, uTo oneHka (9.15)
nocTuxuMa 1pu t = 0, ciaenyert, 4yTo Re%ﬁ SBIISICTCA HAMMEHBIIIUM TOJI0KH-
TeIbHBIM 3HaueHUueM Re, mpu KOTOpoM MakcUMalibHOE COOCTBEHHOE 3Ha-
YEHUE hpax MaATpHIlsl (9.16) paBHO HYJIIO, TO €CTh 3Ta MaTpHIlA SBISICTCS
BBIPOKJICHHOM. MHOXECTBO BCEX 3HAYECHUH (i, TPU KOTOPBIX MaTpula

Hap + Hopg + p(Sap + Sap) (10.1)

BBIPOXKJICHA, sBIAETCS (MO OMPENETICHUI0) CIEKTPOM MAaTPUYHOIO Iyd-
ka (10.1). CnenoBarenbHO, A1 GUKCUPOBAHHON Mapbl mapaMeTpoB («, )
HHEPreTUYECKOe KPUTUUECKOE YUCIO PeliHombaca MOXET ObITh BBIYUCICHO
KaK Re%ﬂ =1/ M%B , TIIe ,ugﬂ O3HAYaeT MaKCUMajbHOE COOCTBEHHOE 3Have-
HUe 3pMUTOBOr0 MarpuyHoro myuka (10.1). ITockonbky mMaTpuiia pu Criek-
TpaJbHOM MapaMeTpe /4 ATOTO IMy4YKa OTPUIIATEIBHO ONpeAesieHHas, BbIYUC-
JICHUE €T0 CIIEKTpa CBOAMTCS Ha OCHOBE pa3iioXKeHUsI XOJEIKOTo 3TOM Mar-
pULIbI, B3STOM C OOpaTHBIM 3HAKOM, K OOBIYHOUN MpoOiemMe COOCTBEHHBIX
3HAYECHUW C 3PMMUTOBOM Marpuieu. s pemeHus: nocieaAHer MOXHO BOC-
MOJIb30BaThCSl, HaIpuMep, 3pMUTOBBIM QR-anroputmMom. OnucaHHbIN TO-
XOJ1 JIETKO peajin30Barh ¢ nomMouibo npouenyp u3 nakera LAPACK [51].
[mobanpHOE HSHEpreTHdeckoe KpuTudeckoe uucio PeitHombraca Reg

MOYXHO HAi{TH, MEUHEMH3HpYs Rel’

no mapamerpam « u (3. Jlns pacuera
CKOPOCTHOM 4yacTu vV aMIuTyasl (3.10) kpuTH4ecKkoro BO3MyLIEHUS 10CTa-
TOYHO TIPU KPUTUYECKUX 3HAYCHUSAX MApaMEeTpoB &« = ap U 3 = [p HaWTH
coOcTBeHHBIN BekTop U mydka (10.1), oTBeHaromuii ero MakCHMaJIbHOMY

coOCTBEeHHOMY 3HaueHuto iy = 1/Reg, Torma

v =KV, (10.2)

11. Pacuer JUHEHHOro KpUTHYECKOro 4ynca PeiiHoibaca

JIns BBIUMCIEHUS JTUHEWHOTO KPUTHYECKOro uucna PenHonbaca Ref'jﬁ
JOCTAaTOYHO HAWTH TOYHYK0 HWKHIOK I'paHb TaKUX IOJIOKUTENBHBIX Re,
IpU KOTOPBIX CYILIECTBYET pelleHre cuctemsbl (9.14), HopMa KOTOpOro He
CTPEMUTCA K HYJIO IIpU ¢ — 00, TO €CTh MHUHMMaJbHOE Re, pu KOTOpOM
Marpuia

1
Re
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UMeeT XOTs Obl OIHO COOCTBEHHOE 3HAYEHHE C HYJIEBOM BEIIECTBEHHOW 4Ya-
CTBIO.

O6o3HaunM depe3 7 () MaKCUMAaJbHYIO BEIICCTBEHHYIO 4YacTh COO-
B _ 1/#3”3, TIe M%B _
MaKCHMAJIbHbIH TOI0KUTEIbHBINA KOpeHb ypaBHeHus (1) = 0. YuuThiBasl,

CTBEHHBIX 3Ha4eHNH MaTpuipl H, 3+ (15,4. Torna Ref

4yTO MpH [ > u%ﬁ ATO ypaBHEHHE KOPHEH 3aBEIOMO HE MMEET, MbI OyaeM
UCKATh ,ufﬁ Ha OTpe3Ke [fi1, ,u%ﬂ ] ¢ 11 = 1/Rew, tne Re,, — HekoTOpOE
JI0CTaTOYHO OoJybmioe 4ucio PeliHombiaca, Takoe, 4TO MpU OOJBIIEM YHC-
se PeriHONIBACA HWCCIIENOBAaTh YCTOMYMBOCTH OCHOBHOTO TE€UCHUSI HE UMEET
(usnueckoro cMpicia (B HAIMX pacueTax Mbl monarand Re,, = 107). Ilpu
ATOM, HE Hapymias OOIIHOCTH, MOXXHO CYUTATh, YTO r(,u%ﬁ ) < 0, uHaye
(i) P

['moGanbHOE NUHENHHOE KpuTthueckoe unciio PeitHonbaca Rer, Haxonut-

«
= 0, TO ecTh fif,

C MUHUMM3ALUEN Ref'jﬁ no nmapamerpam « u 3. [as pacdera CKOpOCTHOM
yacTu v amIuuTyabl (3.10) KpUTHYECKOTO BO3MYILIEHHS B JJAHHOM Cllydae
J0CTAaTOYHO NPU KPUTHYECKUX 3HAYCHHSIX MapaMeTpoB o = ap, U 3 = [,
HalTH COOCTBEHHBIN BEKTOp U MaTpuusl H,z + ,uf'jﬂ Sap, OTBEHAIOLUIUN €€
COOCTBEHHOMY 3HAYCHUIO C MAKCHMAaJbHON BEIIECTBEHHOW YacThiO, KOTO-
pasi, O4eBUAHO, OyIET HYJCBOM C TOYHOCTHIO BBIYMCICHUS HyJCH (YHKIIUN
r(p). TpeOyemblii BEeKTOp V HaxXomuTcs, Kak U B pazmene 10, mo dopmy-
ae (10.2).

JIs1st BeIYHCIeHHs Hy el (yHKIUH 7 (/1) MBI HCIIOJIB30BAIN CTAaHIAPTHBIC
npouenypbsl FZERO u FMIN, onucannsie B [52] U BKJIIOUYEHHBIE BO MHO-
r'He MaKeThl MPUKIAIHBIX MporpaMM. [lepBas U3 3THX MPOLEAYP MO3BOJIAET
ISl 3a/IaHHBIX MOJOKHUTENBHBIX fi1 < [l2, B KOTOPBIX 7 (/1) MMEET pa3yind-
HbIC 3HAKH, W 3aJ[AHHON TOYHOCTH 0 HAWTH B UHTEPBAIC (i1, [l2] TOUKY [is,
TaKyto, 4to 7(ftsx — f4+0)7 (s + 146) < 0. BrOpas mpoleaypa UIIET MHHU-
MYyM 3a/IaHHOW HENPEPhIBHOW (PYHKIIMU B 3aJIaHHOM HHTEpBaJic. 3HAYCHUE
¢Gyukun r(4) npu GUKCUPOBAHHOM [/ MOYKHO HAXOJHTH ITyTEM BBIUHCIIC-
HHSL BCEX COOCTBEHHBIX 3HAYCHHN HEIPMHUTOBOM MaTpuibl H,s + (15,45 ©
MOMOIIIbIO COOTBETCTBYIONIEH nmpoueaypsbl naketa LAPACK.

Ha mepBoM miare HaIero ajiroputMa Mbl BbrumcisieM 7(p1). Ecmm
r(pu1) > 0, To ¢ momorupto FZERO Haxoaum npuOIMKEHHBIH KOPEHb, TO
€CTh TOYKY [l € [,ul,,ugﬁ], TaKyto, 9to (Lt — 10)7(f1e + ps0) < 0. Ecim
r(pu1) = 0, To momaraem p, = p1. B 000HMX Ciydasx BBIYHCISIEM HOBYIO
JIeBYIO TPAHUIYy MHTEpPBANA: Lo = (i, + 0. Hakoner, ecmu r(py) < 0, TO

65



Memoovl pacuema xapaxmepucmux yCmoudueocmu

MBI BBIYUCIISIEM MUHUMYM (DYHKIIUU

r(p) u%ﬁ—u+u—u1

pl =\ r(m) ()

(11.3)

B HHTEPBAJIC [/i1, ,u%ﬁ ] ¢ momorkio mporieaypst FMIN. 310 mo3Bossiet 1160
HAWTH KOpEHb (€CIM MUHUMYM paBeH HYJI0), 100 yOeaUThCs, YTO KOpHS
HET (€CJIi MUHUMYM MOJIOKUTENbHBIN), TM00 HATH B MHTEPBAJIE TOUKY [,
B KoTOpoit 7(u,) > 0. B mepBoM ciyuae momaraeM fio = fix + fi0. Bo
BTOPOM OCTaHaBJIMBAEM BBIYMCIICHUS, 3aKJIIOUYMB, YTO KOPHEW B paccMaTpu-
Ba€MOM HWHTEpBaJie HET. B mocienHeM ciiydae mojaraeM jio = [iy. 1aKuM
o0pa3oM, EPBBIN IIATr MO3BOJSET TUO0 YOSAUTHCS, YTO KOPHEH B MHTEpPBa-
ne [p1, ,u%ﬂ | HeT, OO Cy3UTh MHTEPBAJ MMOUCKA MaKCHMAJILHOTO KOPHSI JI0
(12, ,LL%B ] ¢ o > p1. B mocnenHeM ciydae Mbl 100 HAILIA OJUH KOPEHb,
b0 yOeaMINCh, YTO B HOBOM HHTEpBAJC [(i2, ,u%ﬂ | ecTb WO KpaiiHeil Mepe
OJIUH KOpEeHb, pu4eM 7 (ji5) > 0, TO €CTh K HOBOMY HHTEpPBaJTy IPUMEHHMA
npouenypa FZERO.

OtmeTtuM, 4To B otinnuue ot npouenypsl FZERO, kotopas, ucnonb3ys
METOJIbI OMCEKIIUU U CEKYIIHNX, 003aTeIbHO HAWJET OJIMH M3 KOPHEH ypaB-
Henust r(p) = 0 ¢ 3a7aHHOW TOYHOCTBIO, eciu (YHKIUS MPUHHMAET Ha
KOHIIaX WHTEpBajia pa3jaudHble 3Haku, nporeaypa FMIN moxet, BooOIe
TOBOPS, MPOIYCTUTh IMOOANBHBIN U HAWTU OAWH U3 JIOKAJTHHBIX MUHUMY-
MOB. YUUTBIBasi OCOOCHHOCTH HCIOJIb3YyEMOTO B HEW ajropurtma, Ajsl IO-
BBIIICHUS HAJCKHOCTH 3TOM MPOLEAYPHI MBI BEIYHUCIISIIN C €€ TIOMOIIIBbIO HE
MUHUMYM QyHKIHH —7(pt), 970 ObLIO ObI OOJIee €CTECTBEHHO, & MHHUMYM
¢dbynakmuu (11.3), npuHIMaromel Ha KOHIIAX WHTEpBaja IMTOMCKa OJIMHAKOBBIC
3HAYCHHSI.

Eciu mbl He yOenunuch B OTCYTCTBUM KOPHEW Ha MEPBOM Iare, Mbl
IPUMEHSIEM TOT XK€ aJlTOPUTM K HHTEPBAIY |[io, ,u%ﬁ ], u Tak manee. [Tockosib-
Ky yHKIws 7 () sBseTCs anreOpandeckoi U, CIe0BaTeIbHO, YPaBHEHHE
(i) = 0 MOXKET UMETh JIHIIIh KOHSYHOE YHCIIO KOPHEHl, B KOHIIE KOHIIOB MBI
MOJTyYUM HECKOJIBKO BBIYMCIICHHBIX KOPHEW M yOeIMMCsl, UTO B WHTEPBAJIC
(297 + 1276, 1%7] xopueit wet, re /1" — MaKCHMATBHBI U3 BBIYHCICHHBIX
kopHen. [Ipu 3ToM TOUHOE KpuUTHUECKOE 4uncio PenHonbaca Reﬁﬂ Oyner
YIOBIIETBOPSITh HEPABEHCTBY

ir” — s < 1/Rep” < g + s,
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. —~af af
TO €CTh BBIYMCIICHHOE KpUTHYecKoe 4yncio Peitnonbaca Re;, = 1/4;" 0Oy-
IET UMETh OTHOCUTENIBHYIO IOIPEIIHOCTD

Rep — Re®|/Rel” < 5.

OTMeTHM, YTO €CIIM MCKaTh KOPHH HE TOJbKO B KpPalHEM IPaBOM, HO W
BO BCEX MOJIBIHTEPBAaX, HA KOTOPbIC MHTEPBAT [[i1, ,ugﬁ ] pazbuBaror yxe
BBIUMCJICHHBIC KOPHH, TO MBI HalJeM C OTHOCHTEIbLHOW TOUYHOCTHIO § BCE
KOpHHU ypaBHeHust r(p) = O B 3TOM HHTEpBaje. DTO MO3BOJISET CTPOHUTH
TIOJTHBIC HEWTpasibHbIe KPUBBIE, HapuMep, B miockoctu (Re, o) mpu ¢uk-
CHUPOBAaHHBIX [3.

12. Pacyer MakcMMaJIbHON aMIVIMPUKAIUM CPEAHEH MIIOTHOCTH
KHHETHYECKON JHEePruu

[Tycts duxcupoBaHo HekoTopoe uyucio PeitHonmbaca Re: Re%5 < Re <
Refﬁ . Pacuer MakcumanpHOM amIuuKalu cpeaHeil TIOTHOCTH KUHETH-
YECKOM AHEPrUM BO3MYIICHUN CBOIMTCS IPU TAKOM 4uciie PelHoibAcCa K
BBIYMCIICHUIO MaKCUMaJIbHON aMIUTU(UKAIIMK KBaJpara BTOPOW HOPMBI pe-
meHuit 3aaad Komm j1st cucremsl (9.14), koTopasi 04€BUIHO paBHA

Fiax(Re) = max || exp{tAqs} 5. (12.1)
tne Anp = Hap + Sap/Re. TmobanpHas MakcuManbHas aMILUTH(UKAIMS

[nax(Re) Berumcnsercs makcumusanuein Y2 (Re) mo mapamerpam a u f3.
Jl1st pacdyeTa CKOPOCTHOM YacTu vV aMILIUTy/b! (3.10) onTUManIbHOTO BO3MY-
IIEHUS TOCTATOYHO MPU ONTUMATBHBIX 3HAYCHUSAX MAPAMETPOB (¥ = Qiypax U
B = Pmax HAUTH NpaBbIii CHHTYISIPHBIA BEKTOP U MaTpULBI exP{toptAas},
OTBEYAIOUIMI €€ MAKCUMaJIbHOMY CHHTYIApHOMY 4ucity [53], rae ., O3Ha-
YaeT 3HAUYCHHE ¢, TPU KOTOpOM jnocturaercs Makcumym (12.1). TpeOyempirii
BEKTOp V HaXOAMTCs, Kak U B pazaenax 10 u 11, mo popmyne (10.2).

B nanpHeliemM Mbpl OTpaHUYAM MHOKECTBO ONTUMAJIbHBIX BO3MYIIIEHUIN
TEMHU W3 HUX, MPU KOTOPHIX MaKCHUMajbHasg aMIUTU(UKAIMA JOCTUTACTCS

IIpYU HAUMCHBIIICM 3HAYCHUHN t, TO CCThb IIPpH
: 2
Lopy = minarg max || exp{tAas}|>.
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OnucaHHBIN BbIILIE NOAXOJ K BBIUUCIECHUIO MaKCUMaIbHOU aMIuId(puKa-
MU CPENHEHN IUIOTHOCTH KMHETUYECKOW YHEPIUMU BO3MYLIEHUA U COOTBET-
CTBYIOILIMX ONTUMAJIbHBIX BO3MYILEHUN CBOJIUTCS, TAKUM 00pa3oM, K 3ajaue
BBIYHCIICHUS JJIs 3aIaHHOM KBaJIpaTHON KOMIUIEKCHON MaTpuilbl A 1i1o6aiib-
HOTO0 MakcuMyma (yHKIIUU

L(t) = || exp{tA}[l3,

Y MUHUMAJIBHOTO pt, IPU KOTOPOM JOCTUraeTcs 3ToT MakcumMyM. ITockons-
Ky MakCUMaJIbHasi aMILTU(UKALIMS CPEAHEN MIIOTHOCTU KHHETUYECKOU YHEP-
ruu BeruMcisiercs npu Re : Regﬂ < Re < Regﬂ , TIPENIIOIaraeTcs, 4YTo
CHEKTp MaTpHIlbl A JIeKUT B JIEBOU MOJIYIUIOCKOCTH, a MAaKCUMaJIbHOE CO0-
CTBEHHOE 3HAYCHHE Ny, MATpHIBI A + A* monoxxurensHoE.

Haiitu 7., natoree Makcumym I'(t) ¢ 3a1aHHOM OTHOCUTENLHOMN TOUHO-
CTBIO 0, MOXXHO, BBIYMCIHB I'(1) Ha paBHOMEPHOI CeTKe ¢ y3laMu t; = 7
U JIOCTAaTOYHO MEJKUM Imarom 7. J[js 3TOro BeIYMCIsieM marpuily F; =
exp{TA} Meronom, ommcaHHbIM B [54]. B ocTambHBIX y3iaX CETKU 3Ha-
YeHUE MaTPUYHOI 3KCIOHEHTH £ = exp{t;A} BbruucisieM no ¢opmyre
FE; = FE1F;_1. HopMbl NOIy4€HHBIX MaTPUI BEIYUCIISAEM C IIOMOLIBIO COOT-
BercTByrolel npoueaypsl nakera LAPACK. OcTaHOBUTH BBIYMCIIEHUS J10-
CTaToO4HO, ecl || E;||2 < 1 (MOXHO IOKa3aTh, 4TO B 3TOM CIIy4ae t; > topt),
B3SIB B KAUECTBE T,y Y3€J CETKH, B KOTOPOM HOPMa MAaTPUYHOM SKCTIOHEHTHI
MaKCHUMaJbHasl.

OcHoBbiBasick Ha HepaBeHCTBE ['(t) < exp(Amaxt), HEMOCPEICTBEHHO
cieayromeM u3 oneHku (9.15), HeCI0KHO MMOKa3aTh, YTO HAWICHHOE TaKHM
o0OpazoMm fopt OyIeT yIOBIETBOPATh HEPABEHCTBY

|F(£0pt) — D(tops)| /T (topt) <6, (12.2)

eciu BeIOpaTh T = In(14-0)/Amax. OnHAKO 17151 GONBIIUHCTBA paccMaTpUBa-
eMBIX B JaHHOI MoHorpaduu marpun A = A,z BEIYUCIUTENbHBIE 3aTPAThI
TAaKOTO0 aJropuTMa OyayT KaracTpopuiecKd OOJbLIIUMH, MOCKOJIBKY H3-3a
OOJIBIION BETUYMHBI foptfimax MIPU 3HAUEHUAX v U 3, ONM3KHUX K ONTUMAllb-
HbIM, OyneT odeHb OONbIION BeanMuuHa j, mpu kotopoit ['(¢;) mocturaer
MaKCUMyMa.

JlJisi yMeHbIIIEHUS! BBIYMCIUTENBHBIX 3aTpar B padore [18] Obuio mpen-
nokeHo 3ameHATh Mmarpuny A ee ¢opmoii Illypa [53] (To ecth BepxHeh
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TPEyTOJIBLHON MaTpHUIIeH, YHUTAPHO MTOJTOOHON UCXOIHON) C TMaroHaIbHBIMH
AJIEMEHTaMHU, YIIOPSAIOYEHHBIMU 10 HEBO3PACTAHUIO BEIICCTBEHHBIX YACTEH,
a JJIsl yCKOPEHUsI BBIYMCIICHHS] MaTpull [;, KOTOpbIE I BEPXHEN TPEYroiib-
HOM MaTpHIlbl OyIyT TaK)Ke BEPXHUMHU TPEYTOJbHBIMH, U UX HOPM IIPUME-
HSTh alMpOKCUMAIMIO BUIA

Ep ~ [ o } Q. (12.3)

rie P, — KBaapaTHas BEpXHssS TPEyrojbHas MaTpPHIlda MEHBIIEro MOPSIKa,
yeM EY, a (), — yHUTapHas MPSIMOYToJIbHAss MaTpHUIlA. YYUTHIBAs, YTO HOP-
Ma nipaBoii yactu (12.3) paBHa || Py||2, Takast anmpoKcHMAanust IO3BOUT BbI-

YUCIISITh, HaUMHAsA ¢ j = k + 1, marpuiml E’j_kPk BMecTO L, e E
O3HAYaeT MIABHYIO MOAMATPUIYy MaTPHUIlbl [/; TOTO XK€ Mopsaka, 4yTo u F.
B pa6ore [18] noka3zaHo, 4TO €CJIM TaKyl0 PEIyKLHIO BBIMOJHSATH BPEMS OT
BPEMEHU B Mpoliecce paboThl UCXOHOTO aIrOPUTMa, TO BBIYMCIUTEIbHbBIC
3aTpaThl CYHIECTBEHHO YMEHbIIATCA (B THICAYM pa3) MPHU TOM k€ TOUHOCTH
pesynbrara B cMbiciie (12.2).

Annpokcumanuio (12.3) MOXHO BBINOJHUTH C 33JaHHOW TOYHOCTBIO
cieayromnmM odbpaszom. PazouBaem matpuily £ 1Mo cTpokaMm Ha aBa Oo0Ka:

(1)
By = g’&)

k
TaK, 4TOOBI HOpMa HIDKHETO OJ0Ka HE MPEBOCXOMIIA 33JJaHHYI0 MaJyIo IO-
pPOTOBYIO BEJIMYMHY, U, OTOPOCHUB HUHUUN OJIOK, BBIIOJHSEM DPA3JI0KEHUE
BEpPXHEro 0JIOKa B MPOU3BE/ICHUE KBAJIPAaTHOM BEPXHEHN TPEyroiabHON U yHU-
TapHON NPSIMOYTOJBHOM MaTpHll, YTO CBOAUTCS K BbluucieHuto QL-pasio-
JKEHUs TPAHCIIOHUPOBAHHOW MaTPULIBI.

B nakere LAPACK umerorcst npoueaypbl, HEOOXOAUMBIE JJIs1 BbIUKCIIE-
HUsI BCEX YIOMSHYTBHIX BBILIE Pa3JIOKEHUU. 1103TOMYy BBIUMCIIEHHE MAaKCH-
MaJbHON aMIUTM(UKAIIMU CpeHEN TIIOTHOCTU KMHETUYECKON SHEPrUu BO3-
MYLIEHUM U COOTBETCTBYIOIIETO ONTUMAIBHOTO BO3MYILIEHUS MOXHO Opra-
HU30BaTh TaK, YTOObI OCHOBHON 00bEM BBHIYMCIIEHUN BBITIOJIHSIICS CTaHIAPT-
HBIMM MaTPUYHBIMHU IIPOLEAYPAMU.
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I1asa 111

3aBUCUMOCTDb XapPaKTEPUCTUK
YCTOMYUBOCTH OT MAPaAMETPOB
opeOpeHus

OTa rnaBa IIOCBAIICHA aHAJIIN3Y PC3YJIbTATOB YHCJICHHBIX SKCIICPUMCHTOB
C MOACJIbHBIM ITOIICPCHHO-TICPUOINYICCKUM BOJHUCTBIM IIPOAOJIbHBIM 0pe6—
PEHUCM HW)KHEN CTEHKM KaHaja.

13. Ilapamerpsl opeOpeHuss M NPouUIbL OCHOBHOIO Te€UEHMSI

Jlanee Mb1 OyneM paccMarpuBaTh TeueHue [lyaseiisis B kaHajie ¢ BOJIHH-
CTBIM OpeOpEeHrEM CIIEAYIOIIEro BUAA:

T2 |P

m(z)=1—¢ (‘cosf — hp) . me(z) =1, (13.1)

rne L = 2] — nepuon opedpenus, 0 < ¢ < 1 — BricoTa pedep, p > 0 — na-
pameTp, ONpeaeAoONni UX «3a0CTPEHHOCTbY, a h, — YuciI0, BHIONpacMoe
TaK, 4TOObI 00ECIIEYUTh SAUHUYHYIO CPEIHIOIO TIOMYBBICOTY KaHaja:

L2 rna(z
/ dydz = 1.
—L/2J—m(z

/ ‘COS—‘ ds

Hetpynno nposeputs, 4T0
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u, caenosarensHo, 0 < h, < 1. B gactHOCTH,

1 € 2mz
hp:§, m(z) :1—§COST

npu p =2 u

3 3
h, = 3 m(z)=1—¢ ((3084%2 — §>

npu p = 4. [Ipumepsl monepeyHoro ce4eHus KaHaja Mpy dTUX JIByX 3Hade-
HUSIX p MpUBEAEHBI Ha puc. 13.1.

B ciyuae ¢ = 0 kaHan SBIsIETCS WIOCKUM (BEIMYMHA p TIPU STOM POJIH
HE Urpaer), a B ciayyae € > (0 — opeOpeHHsIM. [Ipu BapbupoBaHuU 2 MOY-
BBICOTa OPEOPEHHOT0 KaHaIa MEHACTCS OT Ayin(e, p) = 1+¢(h,—1)/2 < 1
10 hyax (g, p) = 14¢€h,/2 > 1. Ilpu p — 0o BeanuuHa h, MOHOTOHHO YOBI-
BaeT 70 0, a opeOpeHue cTpeMHuTcss K OECKOHEUHO TOHKUM BEPTHKAIbHBIM
pa3pesaM BBICOTHI £, PACTIOIOKEHHBIM Ha PACCTOSIHUM L APYyT OT Jpyra.

Ha puc. 13.2 u 13.3 cneBa mpeacTaBieHbl HOPMUPOBAaHHBIE MTPOQU-
JM CKOPOCTH OCHOBHOTO TE€YEHHS B IUIOCKOM M OpE€OpEHHBIX KaHajax Mpu
e = 0.4, p = 2 1 HECKOJIbKUX 3HAYEHUsIX nepuroaa opedpenus. CripaBa n3o0-
paXeHbI ceueHus Mpoduiiel MIOCKOCThIO, MEPIEHANKYISIPHON MOMepeuHO-
My HampaBJI€HUIO, IIPU HECKOJIbKUX XapaKTePHbIX 3HAYEHUsAX z. BuaHo, 4yTo
C pOCTOM Mepuoaa OpeOPEeHHsI CKOPOCTh OCHOBHOTO TEUEHHUS YBEIUUNUBACTCS
B MeKpeOepHOii 00J1aCTH, YTO MPUBOAUT K YMEHBILIEHUIO CPEHEN CKOPOCTU
B HaJpeOepHOol yacTu kaHana. [Ipu HEOONIBIINX MepuoIax OpeOpEeHHs Mpo-
GbuIM UMEIOT 3HAUUTENBHYIO MEPEeruOHOCTh M0 Y, a P OOJBIIUX — TI0 2,
NepPEernOHOCTh MO Y MPH ITOM HCYE3AET.

14. T'wmore3a 00 ONTUMAJIBHOM U KPUTHYECKUX BO3MYIIEHUSAX

Jlns mnockoro teuenus Ilyaseins crnpaBennuBa teopema Ckpaiipa (CM.
pazzgen 6), KoTopas yTBEpXKAAeT, YTO IIO0aNIbHOE JIMHEHMHOE KPUTHUYECKOE
yucyao PeiiHonbaca Rep, qocturaercs Ha Bo3mymeHusx Buaa (5.1) ¢ v = 0
Y HEPaBHBIM HYJIIO MPOAOIHHBIM BOJHOBBIM YHCIIOM (. B manHOM paszzerne
MBI MPOJEMOHCTPUPYEM, UTO B ciydae TeueHus [lyaseitns B opeOpeHHOM
KaHaJle CIpaBeIJIMBO aHAJIOTMYHOE YTBepKIaeHue: Rer, JocTuraercs Ha BO3-
mymenusax Buaa (3.1) ¢ S = 0 u HepaBHbIM HymO «. Kpome Toro, Ml 1o-
Ka)keM, 4TO II0OAJIbHbIE YHEPreTUUecKoe KpuTuiueckoe yucio PeliHonbaca
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0.5

L
l
0

~15 \ \ \ ! ! ! \ !
—-0.25 —0.15 —0.05 0 0.05 0.15 0.25 —0.25 —0.15 —0.05 0 0.05 0.15 0.25
z z

Puc. 13.1. IlonepeuHoe ceyenue kaHana (oauH nepuon) npu L = 0.5, € =
0.4u p =2 (cresa) u p =4 (cnpasa) n COOTBETCTBYIOIIUE CETKHU C YNUCIOM
y310B m, X ms = 140 x 17.

Reg m MakcumanibHasi aMIuTuUKaIusl CpeHEH TUIOTHOCTH KHHETUYECKOM
sHeprun Bo3myteHuit [, (Re) mpu Reg < Re < Rep nmocrurarorcs Ha
Bo3MytieHusx Buaa (3.1) ¢ o = 0 u, BooOI11e TOBOPS, HEPABHBIMU HYITIO [3.

VYKka3aHHbIE CBOMCTBA XapaKTEPUCTUK YCTOWYUBOCTH MBI jajiee Oyaem
Ha3bIBaTh 2UNOmMe30u 06 ONMUMANbHOM U KPUMUYECKUX 603MyujeHusx. Mbl
MOXXEM NPEIbSIBUTH JUIIb YACICHHOE MOATBEPKICHUE 3TOM runore3bl. Og-
HAKO TOT (paKT, UTO BO BCEX HAIIMX 3KCIIEPUMEHTAX MPHU BCEX PACCMOTPEH-
HBIX ITapaMeTpax opeOpeHus: OHAa OKa3bIBAJIACh CIIPABEIIMBOM, Ja€T HAM OC-
HOBaHUE MPEIONaraTb, YT0 BO3MOXKHO U €€ TEOPETHUYECKOE 0OOCHOBAHHUE.

Hekoropble pe3ynbTrarsl pacyeToB, MOATBEPKAAIOIINE THIIOTE3y 00 OIl-
THUMaJIbHOM W KPUTHUYECKHUX BO3MYUIEHUSX, IpPEICTaBIeHbl Ha puc. 14.1
u 14.2, rne npu BOCbMH pa3IMYHBIX HaOOpax mapaMeTpoB opeOpeHHst n300-
paXk€HbI JIMHUM YPOBHSI SHEPrEeTHYECKOIO Re%ﬂ ¥ JIMHEIHOTO Reﬁﬂ KpH-
THYeCcKHX uuces PeitHonbica M MakcuMasbHOM ammmudukamuu 127 (400)
CpeIHEeH MIIOTHOCTH KUHETHYECKOM SHEPTUU BO3MYIIIEHUN KaK (QyHKIIH ma-
pamMeTpoB « u (3. BUJIHO, 9TO B COOTBETCTBHH C 3TOW THUIIOTE30i MUHUMYM
Re?’ u maxcumym T2 (400) mocturarorcs mpu o = 0, a MunnMyM Rel”

max
nocturaercs npu [ = 0.
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Puc. 13.2. Tlpoduias ocHOBHOTO TeueHHs B IiI0ckoM kaHase (P) u opeOpeH-

0.268 u 0.716 (A, B u C

b

0.016

HOM KaHaie ipu € = 0.4, p =2 u L =

COOTBETCTBEHHO).
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1.5 .
1t 1 D
0.5} ]
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1.5}
1_ i
E
0.5}
0 1 1 1
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1- 4
F
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L5}
l- 4
G
0.5 .

Puc. 13.3. [Ipodwis 0OCHOBHOTO TE€YEHUS B OPEOPEHHOM KaHAJE MPU € =
04, p=2u L =1.444,1.836, 3.012 u 10 (D, E, F u G cOOTBETCTBEHHO).
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ot

0 \ \ \ \ \ \ \ \
0 02 04 06 08 1 12 14 16 1.

\ \ \ \ \ \ \
8 20 02 04 06 08 1 12 14 16 18 2

Puc. 14.1. Jluaun ypoBHS Re%ﬂ (66epxy), Regﬂ (nocpeoune) u 'S _(400)

(6ruzy) mst L = 0.5 u ¢ = 0.2 (cnesa) u 0.4 (cnpasa) npu p = 2 (—) u 4
(- -).
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400)
(6Huzy) mist L = 3u e = 0.2 (cnesa) u 0.4 (cnpasa) ipu p =2 (—)u 4 (- -).

Puc. 14.2. Jlunun ypoBHS ReEﬁ (88epxy), ReLB (nocpedune) n I'?

max (
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[TockonbKy paccMmarpuBaeMoe OpeOpeHue SIBISETCS YETHBIM IO z, pac-
YEThI BBHINOJHUINCh B COOTBETCTBUU C TEOpeMOU 3.1 TOIBKO MIA HEOTpH-
natenbHbIx 3HaueHnit o u B € [0,7/L]. XapakTepucTHKH yCTOHYMBOCTH
BBIUHCIISJIMCH B y3J1aX PABHOMEPHOM CETKH C YUCIIOM Y3JIOB 7, = 20 mo «
u ng = 30 mo 5 B n300pakeHHbIX 00JIACTAX 3HAUEHHUH HTUX MAPaMETPOB.
JU11 IpOCTPaHCTBEHHOM aNMPOKCUMAIIMK KUCIIOJIb30BAJIMCH CETKU C YHUCIIOM
y310B m, X my = 140 x 17. OOpa3bl TaKUX CETOK B IJIOCKOCTU CEUCHUS
KaHaJla u300pakeHbl Ha puc. 13.1.

OTMeTuM, 4TO JIMHUM YPOBHS JIMHEWHOIO KPUTHYECKOTO yucia Peii-
HOJIBJICA, U300pakeHHBIE HA puc. 14.2 (mocpeanHe), IeMOHCTPUPYIOT HEKO-
TOPYIO0 XaOTUYHOCTh B 0OJIaCTU OOJBUIMX 3HAUYEHUHN [ (BEpXHsA 4acTh pH-
CYHKa). JTO CBS3aHO C TEM, YTO MpHU nepuoje opedpeHust L = 3 u 001IbIINX
3HaYeHUSIX (3 HAaYMHAIOT KOHKYpPUPOBATh BEAYIIME MOJIBI JIByX Pa3IMYHBIX
cuMMeTpuid (cM. pazzaen 15.2) u, Kak ciencTBUe, 3aBUCUMOCTD Ref'jﬂ OKa3bl-
BaeTcs Ooliee clokHOM. BriOpanHas ceTka 1o «v U 3 OKa3bIBaeTCsl HEAOCTA-
TOYHO MEJIKOW I aKKypaTHOM OTPUCOBKHM ITOMU 3aBUCUMOCTH. I10CKOIBKY
3TO MPOUCXOAUT B 00JIaCTU OOJIBIINX 3HAYCHUM Regﬂ , Ha BBIBOJl O TOM, YTO
Reiyﬁ JOCTUTaeT MUHUMYMa 1pH 3 = (), 3T0 00CTOSTENHCTBO HE BIIUSET.

[Ipu umcne PeitHonpaca, 6ombinem Rep, MakcumanbpHas aMiuidduka-
1M TIOTHOCTU KMHETUYECKOW 3HEPruy BO3MYILEHUN CTAaHOBUTCS OYEBHU/I-
HO paBHOM OeckoHeuHocTH. Ha puc. 14.3 Ha mpumepe MIOCKOro KaHajia
MOKa3aHo, rae ¢ poctom Re npu Re > Pf{veL ~ 3848 mosiBisieTcs 001acTh
sHaueHuit (o, ) (TeMHO-cepasi), B KOTOpoil Bennunna 17 (Re) paBHa Gec-
koHeuHocTu. C poctoM Re sta obmacte pacmmpsiercs. Kak u ciemoaio
oxumark, 127 (Re) = oo B 061acTH HaMMEHbIIMX 3HaucHuil Re!”. MHTe-

max
pecHo, 4TO BOKpYT 3ToM obnactu Bennuuna ') (Re) ocraercs HeOONbIIOM,
a ee MaKCUMYM 32 IIpe/IeJIaMU 3TOH 00JIaCTU MO-NIPEKHEMY TOCTUIAETCS IIPH
HYJIEBOM 3HAY€HWU (v U HEHYJIEBOM 3HAYEHHUU . DTO MOATBEP’KAAET, YTO
ONTHMAJIbHBIE BO3MYILEHHS 110 CBOECH MPUPOAE CYLIECTBEHHO OTIMYAOTCS
OT KPUTUYECKUX BO3MYILIECHUH MPU BCEX NTOKPUTUYECKUX 3HAYEHUSIX YUCIIA

Pettnonbaca.
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Puc. 14.3. Jlunuu ypoBHs o

max

12 14 16 18 20 02 04 06 08 1

1.2 14 16 1.8 2
0%

(Re) mis miockoro kaHaja, BBIYHCIICHHBIC

npu Re = 3000 (csepxy cnesa), Re = 3800 (csepxy cnpasa), Re = 3860

(CHLBy cnesa) u Re
'™ (Re) = oo

max
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15. 3aBucMMOCTH KpUTHYECKHMX YHces PeiiHOJBACA OT mapaMeTpoB
opeOpeHus

B nmanHOM paszgene Mbl pacCMOTPUM 3aBHCUMOCTH KPUTHUYECKHX YH-
cen PeifHOnmpACA W KPUTHUECKHMX BO3MYIICHHH OT IMapaMeTpoB opedpe-
Husa (13.1). Ha Bcex rpadukax B 3TOM paszesie 3aBUCUMOCTH Ipu € = (.2
n300pakeHsl clieBa, a npu € = 0.4 — crpasa, p = 2 COOTBETCTBYIOT CIUIOLI-
HbIE JINHUY, & p = 4 — IITPUXOBbIC. 3HAYEHUSI IHEPTETUUECKOTO P/{veE U JIN-
HEWHOTI'O f{éL KpuThueckux uucen PeliHonbaca teuenus [lyaszeitns B mioc-
KOM KaHajie TOKa3aHbl Ha TpauKax TOPU30HTATBLHBIMU MMyHKTUPHBIMU JIU-
HUSIMU.

[Tepuon opebpenus L Oymnem BapbupoBaTh B uHTepBasie oT 0.016 1o
4.048 ¢ mmrarom 0.028, obpamas ocoboe BauManue Ha 3HadeHus 0.016, 0.268,
0.716, 1.444, 1.836 u 3.012. KpoMe TOr0, MBI PacCCMOTPUM IE€PUOJT Opedpe-
Husg L = 10. COOTBETCTBYIOIIME 3TUM 3HAYCHHUSIM PUCYHKH U PE3YJIBTAThI
B Tabmumax Oyaem oOosnauath OykBamu A, B, C, D, E, F u G cootBer-
cTtBeHHO. [Ipodhni 0OCHOBHOTO TEUCHHS U X CCUCHHMS MPH ITUX 3HAUCHHSIX
nepuojaa opedpenus nzodpaxensl Ha puc. 13.2 u 13.3.

Pacuetsl nnsi opeOpEeHHOro KaHajla BBIMOJHSJIUCH C HCIOJIb30BAHHEM
MIPOCTPAHCTBEHHOW ceTkHu pa3mepa 140 x 17, kpome pacueToB mipu L < 1,
e sl 00eCredeHns JOCTAaTOUHOM TOUHOCTH UCTIOIb30Balach CETKa pa3Me-
pa 140 x 35 (cMm. mpunoxkenre B). Beibop uHTEpBana nepuoaoB opeopeHus
ObLT 00yCIIOBJIEH TeM, 4TO NMpu L ~ 1 MOXHO OBUIO TpeArnoJiaraTh Halu-
Yrie HeTPUBUAIBHBIX CYIIECTBEHHO TpeXMepHbIX 3P dekToB. BricoThl pedep
ObLITM BBIOPAHBI JOCTATOYHO OOJIBIIUMH C T€M, YTOOBI COOTBETCTBOBATH IO
MOPAZIKY BEJIMYMHBI MCIIOJNIB30BAHHBIM B TMPEIIIECTBYIOMMX padoTax (cMm.,
Hanpumep, [3, 55]). 3aocTpeHHOoCcTh pedep OblIa OrpaHHuYEHa JOCTYIHBIM
IPOCTPAHCTBEHHBIM pa3pelIeHUeM, TIOCKOJIbKY C YBEIMYEHUEM p OCHOBHOE
TEUYEeHHUE U KPUTUYECKHE BO3MYIIICHUS CTAHOBATCSA MEHEe TIIaJIKUM, YTO MPH-
BOJIUT K HEOOXOAMMOCTH YBEJIWYMBATh YMCIIO Y3JIOB MO Y U 2 ISl JTOCTH-
KEHHsI CXOJUMOCTH TIO IIary CEeTKd. TeM He MeHee BBIMOJTHEHHBIE HaMU
OTAeNbHbIE pacueTsl Aid p = 10 u p = oo (B MEpPBOM cllydyae Mbl HC-
MOJIb30BaIM 00Jiee BHICOKOE MPOCTPAHCTBEHHOE pa3pellieHre, a BO BTOPOM
— BMecTo oToOpaxeHus [opnona—Xosuia UConb30BaId KOHGOPMHOE 0TOO-
paxkeHue [56]) He MPUBENIU K KaUECTBEHHO HOBBIM PE3YyJIbTATaAM.

Bo Bcex pacuerax Mbl npeamnonaraiv, 4to s teueHus l[lyaseinns B
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OopeOpEeHHOM KaHaje CIpaBe/jIuBa THIIOTe3a 00 ONTHMAaJbHOM M KPUTHYE-
CKHX BO3MYIICHHSIX, 1 OTPAaHUYMBAIACH TTPH BBIYUCICHUN KaXKIOTO M3 KPH-
THYECKHX yrcell PeitHobaca BappbUpOBaHUEM OTHOTO M3 ITApaMETPOB, (v JIH-
00 [, 3adukcupoBaB HyJeBOE 3HAYECHHWE BTOPOTO, YTO 3HAYUTEIHLHO YMCHb-
1aJ10 BBIYMCIUTENbHBIE 3aTpathl. [Ipu pacuere Rer, pukcupoBanoch 3Haue-
Hue J = 0 u nmpoBoaMIaCh ONTHMHU3ANK 1Mo o B uHTepBajie 0.6 < a < 1.6.
B xone pacueToB mpoBepsUIOCH, YTO ONTHUMAIBHOE 3HAYCHHE HE HAXOIUTCS
Ha rpaHulle 3Toro mHTepBana. [lpu pacuere Rep ¢uxcupoBanoch 3Haue-
HUe o = (0 ¥ MPOBOAMIIACH ONTHUMH3AIUSA 110 5 B MHTEPBAJC, 3aBUCSIICM
oT mepuona opedpenus. [ Kaka0ro 3HaAUCHUs TIEpHOAa UHTEPBA BHIOH-
pajcsi Tak, 4TOObl ONTUMAJIBPHOE 3HAUCHHME (3 ISl TUIOCKOTO KaHala ObLIO
ONMM3KO K IICHTPY ATOT0 MHTEpBaja. B Xoie pacueToB MPOBEPSUIOCH, UTO-
OBl ONITUMYM HE HAXOIWJICS HA TPAaHMIIC BHIOPAHHOTO WHTEpBajia M YTOOBI
HaWJICHHOE ONTHMAIbHOE 3HaueHWe [ He MpeBblmano /L, Tak Kak it
paccMarpuBaeMoro opedpenust mocrarouHo orpannuutbes 0 < 5 < /L.

[TockonbKy IUIsl TUIOCKOTO KaHaJla KpUTHYECKME 4ucia PeliHonbpaca He
3aBUCST OT Nepuoja OpeOpeHHtsl, pacyeThl B 3TOM Cilydae BBINOJIHSUINCH IpU
OJTHOM 3Ha4YeHuU nepuonaa opedpenust L = (0.5 Ha IPOCTPAHCTBEHHOMN CETKE
140 x 1, 4TO COOTBETCTBYET BBHIOOpPY BO3MyIIeHHI Buiaa (5.1) B kauectBe
anemeHTapHbIX ¢ v = 0 mig pacuera Rep, u ¢ @ = 0 misg pacuera Rep. B
MOCJIETHEM ClTy4yae 3aBUCUMOCTh [ (L) paccuuThiBaIach ¢ MOMOIIBIO Hop-
Myiibl (5.3).

3aBucumoctu Rep u Rer, oT nmepuona opeOpenus npu pa3anyHbIX 3HaUYe-
HUSIX € U p u3o00paxensl Ha puc. 15.1. Ha puc. 15.2 u3zo0pakeHbl cOOTBET-
CTBYIOIINE 3aBUCUMOCTH g U (vf, OT mepuoaa opeOpenus. 3HaueHus: Rep, u
Q1, BRIYUCIISUTUCH OTACIBHO Uit cummerpuid [ u 1 (cMm. koHer pasnena 3,
a Takke pasnensl 7 u 9). Jlanee Mbl OyneM 0003HaYaTh ATH 3HAYCHUS Yepe3
Rei, oq{ u Ref , oz{f COOTBETCTBEHHO. [ MobansHbIM Rer, u o, mpu Kaxkaom
3HAYEHUHU MEPUO/Ia COOTBETCTBYET HMIKHSS W3 ABYX KPHUBBIX, OTBEYAIOLIUX
OHUM U TE€M K€ 3HAYCHUSIM € U p U JBYM PA3IUYHBIM CUMMETPHUSIM.

N3 puc. 15.1 Bugno, yto Regp u Rej, mocraroyHo cioXHO 3aBUCAT OT
nepuoja opedpenus. C yBeIMUYEHUEM KaK €, TaK U p OTKJIOHEHUE HUX 3Ha-
YeHUH )11 OpeOPEHHOro KaHajla OT 3HaYeHUH JUIsl IOCKOTro KaHauia (IyHK-
TUpHBIE JIMHUM) yBEIUYMBaeTcsa. Bmecrte ¢ TeM 3aBUCMMOCTH OT mMepuoia
opeOpeHus KaxA0ro M3 KPUTHUYECKUX uucesl PeilHoibaca KauyeCcTBEHHO He
MEHsIeTCS MPU BapbUpPOBaHUM € U p. B IBYX cienyromux mnojapasziesiax Mbl
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Puc. 15.1. 3aBucumoctu Reg (csepxy) u Rey, (chusy) ot neproza opeOpeHus
wist € = 0.2 (cresa) u 0.4 (cnpasa) npu p = 2 (—) u 4 (- -); Reg = 33.07,
Rer, =~ 3848 (- - -).

pPacCMOTPHUM 3TH 3aBUCHMOCTH OoJiee MOAPOOHO M JaJuM UX (DH3HUYECKOe
00BSICHEHHE.

Amnanu3 puc. 15.1 Takxke MOKa3bIBa€T, 4TO HAPSIy CO CIy4aeMm, KOrja
opeOpeHre yBEIMYMBAET YHEPTreTUUECKOE KpUTHdeckoe uncio PeliHonbaca
U YMEHbIIAET JUHeHHoe (Hampumep, npu L = 0.604), oHO MOXeT, TpH
ONpPEJEICHHBIX 3HAYEHUSAX NEPHOAA, YMEHBIIUTh 00a KPUTUUYECKUX YHCIIA
Peitnonbaca (nanpumep, npu L = 1.416), a Takke OHO MOXKET YBEIUYUTH
00a kpuTHueckux yucia PeiHonbaca (Hanpumep, npu L = 2.088 u ¢ =
0.2), Kak 1 YMEHBIIUTh SHEPreTUUECKOE KPUTUUECKOE Ynciio PeitHonbaca u
YBEIUYUTH JIMHEWHOe (Hampumep, npu L = 1.696 u € = 0.2).

Takum o6pazoM, opeOpeHrne MOXKET OTIAJIUTh JOKPUTHUECKUU JaMu-
HapHO-TYpOYJICHTHBIA MEPEX0 U MPUOIU3UTh €CTECTBEHHBIM, MOXKET TMPH-
ONMU3UTH U JTOKPUTUUYECKUIN U €CTECTBEHHBIN JIAMUHAPHO-TYpOYJICHTHBIE T1e-
peXo/bl, a MOXET OTAAINTh U JIOKPUTUYECKUNW U E€CTECTBEHHBIM JIaMH-
HapHO-TYpOYyJIECHTHBIE TIEPEXO/Ibl, KaK M MPUOIU3UTh JOKPUTHUUECKUNA U OT-
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Puc. 15.2. 3aBucumoctu SO (csepxy) u oy, (cHuzy) OT Tiepuoga opeOpeHUs
s € = 0.2 (cneea) u 0.4 (cnpasa) npu p =2 (—)u 4 (--); fepuag (---).

JTAJIUTh €CTECTBEHHBIN.

15.1. DHeprernuyeckoe KpuTHUYeckoe 4Yucjao PeiiHoabaca

Kak moxHO BHaeTh u3 puc. 15.1, B OombIeil 4acTH pacCMOTPEHHOTO
MHTEpBaja MepruoioB OpeOpEHHUsl FHEPTreTUYECKOE KPUTHUECKOE YuCiIo Peil-
HoNbZica Rep opeOpeHHOro kKaHaja B COOTBETCTBUHU C JIAHHBIMU MpEIIIIe-
CTByIOmMHUX pador [23, 25-27] npeBOCXOAUT DPHEPTETHUECKOE KPUTHUECKOE
uncno Peitnonbaca Rep miockoro kaHana. Kpusbie Reg(L) umeror B 3ToM
WHTEepBaje 1o0anbHbIN (ClIeBa) U JIOKAIbHBIN (CIIpaBa) MaKCUMYMBI H JIO-
KaJIbHbII MUHUMYM MEXJYy HUMHU. YBEIMUYEHHUE BBICOTHI peOep € MPUBOAUT
IJ1aBHBIM 00pa3oM K yBEIMYEHHUIO Reg B 1i€/I0M, a yBeIMYEHHUE IapameTpa
£ 3a0CTPEHHOCTH pebep — K yBeIWUYeHHI0 pa3dpoca 3HadueHnii Rep. Benu-
YrHa M00AJIbHOTO MAaKCUMYyMa CYILIECTBEHHO 3aBUCUT KakK OT €, TaK U OT p,
a €ro IOJIOKEHHUE CYILLECTBEHHO 3aBUCUT JulIb OT €. [Ipu e =04 u p =4
MakcuMalibHOE 3HaueHue Rep ornmyaercs ot P/{éE npuMepHo Ha 5.5%. Ilo-
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JIO’)KEHHE JIOKAJIbBHOTO MaKCUMyMa ci1abo 3aBHCHUT KakK OT €, TaK U OT p, U
HaxoguTcst BOnm3u L = 1.8. MakcumainbHOe 3HadeHUe Rep oTimuaercs B
JAHHOM CJIy4ae OT I%E npuMepHo Ha 3.4% npu € = 0.4 u p = 4. Ilonoxe-
HUE JTIOKAJIbHOTO MUHUMYMA L, /= 1.5, mpuueM Rep < l/%veE B OKPECTHOCTH
Lynin. MUHUMaIbHOE 3HAYCHHE JIOBOJIBLHO C1a00 3aBUCHUT OT p, HO C YBEJU-
YEHUEM € OHO 3aMETHO YBEJIMYMBACTCSA M, KaK CJIEJACTBHUE, YMEHBIIAECTCS
HMHTEpBaJ MEPHUOJOB, IIPU KOTOPHIX Rep < f{éE. MuHuManbHOE 3HAYCHUE
Reg otnuuaercs ot f/{VeE npumepHo Ha 1.7% npu ¢ = 0.2 u p = 4.

Tabnuna 15.1. ITapameTpsl KpUTHYECKOTO BO3MYIIIEHUS, OTBeuaroliero Reg,
g miockoro kaHana (P) u opeGpennoro xanana npu ¢ = 0.4, p = 2 u
HEKOTOPBIX 3HAUYEHUSX Nepruoaa opeOpeHusl.

P A B C D E F G
L - 0.016 0268 0.716 1444 1.836 3.012 10.0
Reg 33.069 | 33.134 34.069 34.404 32.968 33.793  33.431 28.763
B 2.0437 | 2.2805 2.2440 22064 2.1755 1.3210 1.81 x 1074 543 x 107
A 3.0000 | 2.7549 2.7956 2.8218 2.8330 3.1320  3.0120 3.0864
EW)/E(V') | 03457 | 0.4067 0.4222 04164 0.2986 0.3490  0.3392 0.3446
E(W)/E(') | 0.2350 | 0.1547 0.1527 0.1432 0.1508 0.1557  0.1511 0.1802
E(w')/E(V') | 0.4193 | 0.4385 0.4252 0.4404 0.5506 0.4953  0.5097 0.4752

B Tabmuue 15.1 ang nnockoro u opeOpeHHOro kaHanoB npu € = (.4,
p = 2 ¥ HECKOJbKHMX 3HAUCHMSIX MEepUoaa OpeOpeHHs: MPUBEICHBI 3HaYe-
HUuA Rep W mapaMeTpoB KPUTHYECKOTO BO3MYILEHHUs, oTBevaromero Reg.
Ha puc. 15.3 u 15.4 nnsa xaxmoro u3 3THX BO3MYIICHUM M300pakeHa JeH-
CTBHUTEJIbHASA YACTh MIPOEKIIUU €r0 BEKTOPA CKOPOCTHU HA MIIOCKOCTh CEYEHHUS
KaHaJia, a Ha puc. 15.5 u 15.6 u300paxkeH KBaJgpaT MOAYJIS TAKOW MPOEKIIUH,
HOPMHMPOBAaHHBI Ha CPEIHIOI IUIOTHOCTh KMHETUYECKON 3HEPTrUU BO3MY-
uieHusi. Pacnpenenenue miOTHOCTH KWUHETUYECKOW PHEPTUU KPUTHUUYECKOTO
BO3MYILIECHUS JNEMOHCTPUPYIOT puc. 15.7 m 15.8, rme mis Ttex ke HOpMU-
POBaHHBIX KPUTUUYECKUX BO3MYILIEHUM M300pakeH KBaJpaT MOIYJs TTOJTHOMN
CKOpPOCTH.

OTMeTuM, YTO JEHCTBUTENIbHAS YaCTh MPOEKIIMU BEKTOPa CKOPOCTH KPH-
TUYECKOT0 BO3MYIIIEHUS HA MIIOCKOCTh MOMEPEYHOT0 CEYEHHS KaHana — 3TO,
B CJIyyae IUIOCKOTO KaHajia, JByMEPHOE MOJi€ CKOPOCTH C KOMIIOHEHTaMH

Real(v'(y) exp{ivez}), Real(w'(y)exp{ivgz}), (15.1)
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rme ¥ U W' — KOMIIOHEHTBHI aMIUIATYIbI BEKTOpa CKOPOCTH KPHUTHYECKO-
ro Bo3MyIeHus Buja (5.5) B BEpTUKAJILHOM U MOMNEPEUHOM HampaBICHUSIX
COOTBETCTBEHHO, a B CITy4ae OpeOPEHHOTr0 KaHajla — ABYMEpPHOE T0Jie CKO-
pPOCTH C KOMIIOHEHTaMHU

Real(0(y, z) exp{ifrz}), Real(w(y,z)exp{ifrz}), (15.2)

IJ€ U U W — KOMIIOHEHTHhI aMIUTUTYAbl BEKTOpPA CKOPOCTU KPUTHUYECKOTO
Bo3myleHusa Buaa (3.10) B BepTUKAJIbHOM M NOMNEPEYHOM HAIpPaBICHUSAX
COOTBETCTBEHHO.

N3 puc. 15.3 u 15.4 BUAHO, YTO KPUTHUUECKUE BO3MYIIEHUS MIPEICTABIIS-
I0T OO0 MPOTHUBOBPAIIAIONIMECS B MIIOCKOCTH CEUEHHUS KaHajla MpPOJI0Jib-
HbIe BUXPEBBIC MAaphI, MOTEPEYHbIN nepruoa A KOTOpHIX c1abo 3aBHCHT OT
napaMeTpoB opeOpeHus U CoCTaBisieT 2.7-3.2 (B cilydyae IUIOCKOrO KaHaja
A = 3.0). Muaumym Reg mocturaercs, korjma pa3mep OJHOTO TaKOTO BHXPSI
W3 mapbl OJMM30K K IMEPUOAY OpeOpeHHs, TO €CTh HamboJee «OJIarompusiT-
HBII» MO0 OTHOLICHHIO K KPUTHYECKUM BO3MYIICHUSM IEPUON OpPeOpEHHUs
Lmin ~ A / 2.

[Ipu «OnaronpusTHOM» IMEpPUOIE OPEOPEHUs] KaXAblii BUXPh PacCIoJio-
KEH MEXy BBICTYMAIOIIUMHU B MOTOK IpeOHSIMH pedep U TpaHHIla KaHa-
Ja «OXBaTbIBAECT» HWKHIOK IPUCTEHHYIO YacTb BUXPEH, MOITOMY «KAXKY-
masics» uiu 3(QQPeKkTuBHAs MOJYBBICOTA KaHaja MO OTHOIICHUIO K BUXPAM
HMPUMEPHO paBHA Apax (€, p), YTO HECKOIBKO OOJIBIIE TTOTYBBICOTHI IIOCKOTO
KaHalla, paBHOU enuHuile. Takoe «ymiyOieHHe» KaHaja MO OTHOLIEHUIO K
BUXPSIM O3HauyaeT yBennueHue 3¢ dekTuBHOro yucia PeitHombaca, mocKob-
Ky CpeIHssl CKOPOCTb OCHOBHOI'O TE€UEHHUs B CPAaBHUBAEMbIX KaHalaxX OJU-
HakoBas. Kak cnenctBue, TeueHue B opeOpeHHOM KaHaye npu L = L,
TepseT MOHOTOHHYIO YCTOMYMBOCTB IIPU MEHbIIEM uncie PeitHonbaca.

VBemuuenue p ¢ 2 10 4 310oT 3(PEKT yCHMIMBAET, MOCKOIBKY XOTS H
YMEHBIIACT .« (€, p), HO JeaeT MexpebepHoe MPOCTPAHCTBO OOJice CBO-
OOMHBIM IS BUXPEBOTO JIBIKEHHUSA. OIHAKO MPH 10CTATOYHO OOJIBIIIOM 3HA-
YEHUU p €ro JaJibHEeIlee YBeJInYeHNEe HECYIIECTBEHHO BIIUSIET HA BUXPEBOE
JIBUKEHUE, TOTHA KaK .« (€, p) BCE €llle YMEHBIIAETCS, YTO JAOJDKHO MPH-
BOJIUTH K yBenanueHuto Reg. [1pu ¢pukcupoBaHHOM 3HaUY€HUU p yBEIMUEHUE
€ TMIPUBOJIMT K BBITAJKUBAHUIO BUXPEU U3 MEKPEOEPHOTO MIPOCTPAHCTBA, UTO
yMeHbIaeT 3(QPEeKTUBHYIO MONYBBICOTY KaHaja U TaKKe MPUBOJIUT K yBe-
nndyeHuio Reg.
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Puc. 15.3. JlelicTBUTENbHAS YaCTh MPOEKIIMU CKOPOCTH KPUTHUUECKOTO BO3-

MYIICHUA, OTBCHAIOIICTO RGE, Ha IIIOCKOCTB IOIICPCUYHOro CCUCHUA B IIJIOC-

koM (P) u opebpennom kanane npu € = 0.4, p = 2 u nepuoaax opedpeHus

0.016, 0.268 u 0.716 (A, B u C COOTBETCTBEHHO).

_l; pu—



3asucumocmo xapakmepucniuk ycmoiltmeocmu om napamempos . .

3 @)

| , _ N [Tz zooodeeeaain
F =

,_:_
. A*VW\\\A\\\??
"y NN
NS
prt ZZ=
i\
i 3\\\\\&”/ M
| it
il

il

it Pro, N ,
(S x/ i

B\ ////{.\\\ k:

i?/qﬂ/f\\ /

M h\\\\ \\t
..:/gm\hl\\\»\\\\\:

1Y

2 A/u”/////(. y
Y
e

=

NSNS

"y /
e\

f
M7 y ?
i&r ﬁ& o \\\\ \ :_
|
o N
8 g\\r?
1y NN
RN ——y
.\\\\\\\‘%ﬁé/// —
11/ 7 7= \
i & (1 r——\
Ci N CEEERRRN N
7 i
s
EANN ﬁr
i
\\\\ L1t nn ?
— ) — _ — o — |

1| L=
2
f//,m.\\\\\ fhy
I 3\\\?&“// AN
FAALS ) \
AN
..://g\\\\\\\:
/:r
\\\;\u\\a’///,yy
A A

2 u nepuogax opebpenus L = 1.444,

1.836, 3.012 u 10 (D, E, F u G cOOTBETCTBEHHO).
86

OTBCHAIOIICTO ReE, Ha IIIIOCKOCTBb IIOIICPCUYHOI0 CCUHCHUA B 0pe6-

Puc. 15.4. JleficTBUTENbHAS. YacTh NPOEKIUU CKOPOCTH KPUTHYECKOTO BO3-

peHHOM KaHane npu € = 0.4, p =
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Puc. 15.5. KBagpar Moaymnsi mpoeKIMU CKOPOCTH KPUTHYECKOTO BO3MYIIE-
HUs, OTBeuawmiero Rep, Ha MJIOCKOCTh MONEPEYHOTO CEYEHHUS B IJIOCKOM
kanase (P) u opebpennom kanane npu € = 0.4, p = 2 u nepuogax opedpe-
Hust L = 0.016, 0.268 u 0.716 (A, B u C cOOTBETCTBEHHO).
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Puc. 15.6. KBagpar Moaymnsi MpoeKIMU CKOPOCTH KPUTHUYECKOTO BO3MYILIE-
HUs, oTBevarolero Rep, Ha MIIOCKOCTh MOMNEPEYHOIO CEYEHUSI B OpEOpPEH-
HOM KaHale npu € = 0.4, p = 2 u nepuoaax opebpenus L = 1.444, 1.836,
3.012 u 10 (D, E, F u G coOTBETCTBEHHO).
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Puc. 15.7. KBagpar Moaynsi MOJHON CKOPOCTH KPUTHYECKOTO BO3MYILECHMUS,
orBevaroniero Reg, B miockom kanane (P) u opeOpeHHOM KaHaje NpHU € =
0.4, p = 2 u nepuogax opedbpenuss L = 0.016, 0.268 u 0.716 (A, B u C
COOTBETCTBEHHO).
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Puc. 15.8. KBagpar Moaynst MOJIHOM CKOPOCTH KPUTHYECKOTO BO3MYILECHMUS,
orBevaroniero Reg, B opedpennom kanane npu € = 0.4, p = 2 u nepuogax

opebpenust L = 1.444, 1.836, 3.012 u 10 (D, E, F u G coOTBETCTBEHHO).
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Macmrab BUXpeBOi CTPYKTYpHI B ITONIEPEYHOM HANpaBICHUM CJ1a00 3a-
BUCUT OT TepHoAa opeOpeHus U OCTaeTcs MPUMEPHO TAaKUM K€, KaK U B
MJIOCKOM KaHaJie, TO3TOMY MPHU 3HAYEHUAX L, OTIMYHBIX OT Li,i,, BOSHHUKA-
€T pacCcTpoiKa MEXIy pasMepamMu BUXpeH, odecnieunBaromux Reg, u nepu-
onoMm opeopenus. Tak, mpu L < L;, ¢ yMEeHbIIEHHEM [ 3Ta paccTpoika
CITOCOOCTBYET BHITAJIKHBAHUIO BUXPEH M3 MexXpeOdepHoit odnactu u 3¢ dek-
THBHAsI CPEIHSIS MOJYBBICOTA KaHAA YMEHBINACTCS BIUIOTh 10 Nyin(E, p),
YTO MPUBOAUT K YMEHBIICHUIO 3(PeKkTuBHOTO Ymcia PeliHombaca M, Kak
cnenctBue, yBenuuenuto Rep. C poctom p BenuuuHa Ay, (€, p) YMEHbIIA-
eTCsl, UTO ycuiuBaeT 3ToT 3¢pdext. Bmecre ¢ Tem, nMpu AOCTaTOYHO MaJbIX
L oCHOBHOE T€UEHHE MKy pedpaMu HaYMHAECT 3aMEIATHCS, TOITOMY €TI0
CpeIHsisi CKOPOCTh B 001acT HaJl peOpaMu YBEITUYHBACTCS, YTO CHOBA TIPH-
BOJWT K yBeIW4eHHUIO d(pdexkTuBHOr0 uncia PeiHOIbICa U YMEHBIICHUIO
Reg. IIpu L — 0 3¢ dexTrBHAS MOTYBBICOTA KaHAIA CTPEMHUTCS K Ny (£, p),
a CPeJHsisl CKOPOCTb OCHOBHOTO TEYCHHS B HAIPEOCPHOIT YacTH KaHasa cTpe-
MHTCSE K 1/hnin (g, p). Beneactue storo Reg — Reg.

[Mpu L > Ly, 10 Kaxaod BuxpeBoi napsl s dekruBHoe yucio Peit-
HOJIbJICA, BOOOIIIE TOBOPSI, CBOE U 3aBUCHUT OT JIOKAIBHBIX (OMPEAEISIEMBIX TT0
JIOKQJIBHBIM TI0 Z TIOJYBBICOTE KaHaJla U CpeHEH CKOPOCTH OCHOBHOTO TeYe-
HUA) yncen PeitHombaca B 00acTu JIOKanu3aIuy 9Toi mapel. [mobanpHOE
s pexktrBHOE uyncio PeiHombaca OIM3KO K MaKCUMAJIbHOMY M3 ATHX (-
dbextuBHBIX uncen Peitnonbraca. [Ipu ymMepeHHBIX 3HaYeHUAX [ OCHOBHYIO
pOJIb UTPAET paccTpoiiKa MEXIy mepuoaamMu pedep u Buxpeil. Makcumab-
Hoe 3{dekTuBHOE uncno PeitHonpaca ¢ poctom L cHayana yMEHBIIAETCS
710 BeTWYWHBI, MeHbIIIeH Re, a 3areM HaunHaeT pacTu (KaK CIICICTBHUE, CHA-
Jaja pacTeT, a moToM yMeHbIaercs Reg). [Ipu L > 1 B KpUTHYECKOM BO3-
MYIIICHUU CYIIECTBEHHO TOMHHHUPYIOT BUXPEBBIC Maphl, PacIoIOKCHHBIC B
CaMbIX IIUPOKUX YacTsaX KaHajua (cM. puc. 15.4G, 15.6G u 15.8G). [Toatomy

B OTOM CJy4ae MakcMMaibHOe 3(dexTuBHOE uncio PeitHombaca Oau3Ko K
2 ~ Ra 2
hmax(€, p)°Re, a Reg &~ Reg/hmax(€, p)°.

15.2. JluHeliHOe KpUTHYecKoe 4nco PeiiHosbaca

N3 puc. 15.1 BugHO, 4TO B OOJIBINIEH YaCTH PACCMOTPEHHOTO JIMarna3oHa
MEepUOJIOB OPEOPEHMS, B COOTBETCTBUU C JAHHBIMHU MPEIIICCTBYIONINX pa-
oot [3, 55], Rey, 3HaunTenpHO MeHbIe Rey,. DTO CBA3aHO ¢ HAIMYHEM TIepe-
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ruOoB B podujIe CKOPOCTH OCHOBHOTO TeueHus (cM. puc. 13.2 u 13.3): ipu
HEOOJIBIINX EPUOJAX OpeOpEeHUs MPOPUIb CKOPOCTU UMEET 3HAYUTEIIbHYIO
MEepPEeruOHOCTH 10 ¥, a IPU OOJIBIIUX — MO 2, IEPETHOHOCTH MO Y TPH STOM
ucyesaer. IlepernOHOCTh MPOQUIST OCHOBHOTO TEUEHHMS SBISETCS MPUYH-
HOIl HEyCTOMYMBOCTHU U psiia APYTHMX HNPOCTPAHCTBEHHO MOAYJIMPOBAHHBIX
C/IBUT'OBBIX T€UEHH, pACCMOTPEHHBIX paHee KaK HKCIEPUMEHTAIbHO, TaK U
TeopeTuuecku (cM., Hapumep, [57, 58]).

U3 puc. 15.1 Takxe BUIHO, YTO MPU (PUKCUPOBAHHBIX IMapaMeTpax opeo-
peHust L ¥ p ¢ yMeHbUIEHHUEM € KpuBasi [ CTpEMHTCSI K TOPU30HTAIbHOU
NyHKTUPHOM JIMHUM, TTOKA3bIBAIOIIEH 3HAUCHHE f{veL, a kpuBas [/ cmenia-
€TCs BIIPAaBO. ECTECTBEHHO MPEAIIONOKUTH, YTO Re£ — fTeL mpu € — O m
Mojia cuMMeTpuH I, HelTpanbHO ycroitunBas npu Re = Re! B opeGpenHOM
KaHaJle, CTPEMUTCA K MOJI€, HEUTPaJIbHO yCcTouMBOM npu Re = IA{E)L B ILIOC-
KOM KaHaye ¥ siirsttomeiicst BonHol Tommmuna-IInmuxtuara tuma I17.5(0)
(cm. paznpen 7). CpaBeaJIMBOCTh 3TOTO MPEANOI0KEHUS TEMOHCTPUPYETCS
mwist L =3 u p =2 Hapuc. 15.9 u 15.10 noBeaeHneM npoaoapHON KOMIIO-
HEHTBI CKOPOCTH 3TOM MOJIBI IPU YMEHBIICHUH E.

B T0 ke Bpems Reﬁl — oo npu € — 0 u, kak BUAHO U3 puc. 15.11
u 15.12, moga cummerpuu [/, HelTpanbHO ycronuuBas npu Re = Ref
B OpeOpPEeHHOM KaHalle, CTPEMUTCSI K HEBSI3KOMY MpEAeNly BEAyIIEH BOJHBI
Cxkgaiipa tumna //.S(y) MI0OCKOTo KaHaja ¢ MOMePEYHBIM BOJIHOBBIM YHCIOM
v = 2w /L. OtmeruM, 4To0, KaKk U Bce BoiHbl CkBaiipa, 3Ta BonHa CkBaiipa
yCTOMYHMBA MPH JIFOOOM KOHEUHOM uunciie PeliHonbaca, a MOyJb €€ pOoAOb-
HOIl KOMIIOHEHTBI CKOPOCTH € TOYHOCTBIO O HOPMHUPOBKH CTPEMUTCS IPU
Re — oo k 6(y)|sin(vz)| (weBs3kuit mpenen), rae d(y) o3HadaeT aejbTa-
¢ynkuuto Jupaxka.

JIOMOTHUTENBHBIE PACYEThI MMOKA3BIBAIOT, YTO €CIU IPH HEKOTOPOM £ >
0 ¢duxcupoBarTh 3HaUYCHUS @ = oz{ u Re = Re£ U YCTPEMUTH £ K HYIIIO,
TO BeAyllas MoAa CUMMETpUU [ OyJIeT cXOOUThes K Beayuier BojHe Toi-
muHa-Inmuxtiara tana I7°5(0) miockoro KaHaia, HailICHHOH MPH TEX e
3HAYEHUSAX MPOJIOJILHOTO BOJIHOBOTO uucia W uucna PeiiHonbpaca, a ecnu
duxcupoBath 3HaveHns o = ol u Re = Ref! u ycTpemuts ¢  HymoO, TO
BeyIas Moaa cuMmmerpun [ 1 OyaeT cxoauThes K Beaymien BoiaHe CkBaiipa
tuna [[S(27 /L), HaliieHHON TPU TEeX e 3HAYCHUSIX MPOJOIHLHOTO BOJIHO-
BOIO 4yMCla U yucaa PerHonbCA.

N3 cka3aHHOTO MOXXHO 3aKJIIOUYMTh, YTO BEAYIIAs HEUTPAIBHO YCTOW-
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Puc. 15.9. JIunun ypoBHS MOAYIIsl IPOAOIBHON KOMIIOHEHTBI CKOPOCTH HEM-
TpabHO yCTOMUMBOI MOzEI cuMMmerpur I, obecneunparomeii Re! B ope6-
peHHOM KaHane ¢ L = 3 u p = 2, npu Tpex 3HaueHusx € = 0.4, 0.2, 0.1.
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Puc. 15.10. JIunum ypoBHS MOAYNSI MPOMOJIBHOM KOMIIOHEHTBHI CKOPOCTH
HEUTpaJbHO YCTOMYMBOM MOIbI cuMMeTpuu [, oOecrneunBaroiiei ReI{ B
opebpeHHOM KaHaine ¢ L = 3 u p = 2, npu aByx 3HaueHusix ¢ = (.05,
0.01 1 HeUTpaIbHO YCTOMYMBOW MOJIBI, OTBEYAKOIIEH f,{\éL B IUJIOCKOM KaHa-
Je.

94



3asucumocmov kpumuueckux uucen Petinonboca om napamempos . . .

0.5+
1 1
- 0.2 -

02

NI

0.5+
1 1
02
-0 (—— | c—
0.5
-1 - 77 / 1 / P v
-15 -1 05 0 05 1 L5

Puc. 15.11. JIluaum ypoBHS MOAyJs MPOJOJIBHOW KOMIIOHEHTBI CKOPOCTH
HEUTpaIbHO YCTOMYMBOM MOABI cuMMmeTpuu [, obecrednBaromei Reﬂf B
opeOpeHHoM kaHaie ¢ L = 3 u p = 2, npu Tpex 3HadeHusx € = 0.4, 0.2,
0.1.
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Puc. 15.12. JIunum ypoBHS MOAYNS NMPOIOJIBHOM KOMIOHEHTBI CKOPOCTH
HEUTpaJbHO YCTOMYMBON MOAbl cuMMmeTpuu [, obecreunBaroiien ReI{I B
opebOpeHHOM KaHase ¢ L = 3 u p = 2, mpu aByx 3HadeHus1x € = 0.05, 0.01.
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yyBas Moja OpeOpPEHHOTO KaHalla B PAaCMOTPEHHOM JIMalla30HE MEPHOIOB
opeOpeHus Mpu HEOOIBITNX Teproaax OMM3Ka Mo CTPYKType K BoiHe Tosi-
MuHa-IlInmuXTHHTa MI0CKOTO KaHaja, a mpu Oonbimux — K BoHe CKBaiipa.
DTO 00BICHAETCS TEM, YTO, KaK 3TO OBIO OTMEUEHO BBIIIE, TP HEOOIBIITNUX
nepuoaax opeopeHus npopuiab CKOPOCTH OCHOBHOTO TCUCHUS UMEET 3HAYH-
TEIbHYIO TIEPEruOHOCTD T10 ¥, a MPHU OONBIIUX — IO Z, MIEPETHOHOCTH 110 Y
IIPH OTOM HCYC3aCT.

HamomMHuM, 9TO B COOTBETCTBHH C CYIICCTBYIONTUM MPEACTaBICHUEM 00
YCTOMYHUBOCTH TIJIOCKMX TCUCHUM HAJUYHE TOUYKH Teperndoa

02U
Ys : a—yg(ys) =0

npoduist ckopoctu U(y) siBIsieTcsl HEOOXOAUMBIM YCIOBUEM BO3HUKHOBE-
HUS HEYCTOMYMBOCTU NPHU MPEHEOPEIKUMO Majoill BA3KOCTH (TaK Ha3bIBae-
MBIl MEXaHHU3M BO3HHUKHOBEHUS «HEBA3KOM HEyCTOWUMBOCTHY»). IIpu 3TOM
B ciiydae HeTpanbHoi ycroiunBocTu (Re = Rer) Touka meperuba momx-
Ha COBMNAJAaTh C «KPUTHUECKOW» TOUKOH Y., B KOTOPOU CKOPOCTh OCHOBHOTO
TedeHus paBHa (a3oBoi ckopoctu ¢ Bedyiuei momsl: U(y.) = ¢ [59]. Dto
MO3BOJISIET OOBSICHUTH 3aBUCUMOCTh YCTOMYMBOCTH OCHOBHOTO TE€UEHHS OT
npo(uIist ero CKOPOCTU U MpeAcKa3aTh 00JaCTH HAMOONBIIUX 3HAYCHUH MO-
IyJsl IPOAOIbHONW KOMIOHEHTHI CKOPOCTU BEeIyIIEeH MOJbl, TO €CTh 00NacTU
BO3HUKHOBEHHUSI U Pa3BUTHSI HEYCTOMUYMBOCTH.

Teuenus, paccmarpuBaeMbie B padborax [57, 58], umeror Oosnee CiIox-
HYIO CTPYKTYPY, B YHACTHOCTH 3aBUCAT OT JByX KoopAuHaT. OQHAKO ISl HUX
OBLIIO MOKa3aHO, YTO €CJIU 3aBUCHUMOCTh OT OAHOM M3 KOOpAMHAT ciabas 1o
CPaBHEHHUIO C 3aBUCUMOCTBIO OT JAPYTON KOOPJAWHATHI, TO MPUBEICHHBIC BbI-
1€ COOOpakeHUs XOPOIIO COMIACYIOTCS ¢ HAOMI0AaeMbIM BO3HUKHOBEHUEM
Y pa3BUTHUEM HEYCTOMYUBOCTH.

Bo3Bpamiasce kK paccMarpuBaeMoOMy TEUEHHIO, IPEXJIE BCErO OTMETHM,
yto Rep, — P%L npu L — 0 mo Toii e npuuyuHe, no koropoi Regp — F%E:
OpeOpEHHBIN KaHaJl CTAHOBUTCS SKBUBAJICHTEH TNIOCKOMY C MEHbILIEH MOJy-
BBICOTOM U BO CTOJIBKO K€ OOJIbIIEH CPEIHEN CKOPOCThIO OCHOBHOIO TEUe-
Hus. Yxe npu L ~ 0.016 nepeHOpMUpOBaHHAS C YYETOM 3TOr0 HEUTPAJIBLHO
yCTOMUYMBas MoJla CUMMETpUH [, obecrieunBaroiiasi B JaHHOM ciiydae Rer,
C XOpollleld TOYHOCTHIO COBMAAaeT B HaapeOepHOW YacTH KaHala ¢ BOJHON
Tonnmuna-InMXTUHTa MJIOCKOTO KaHajla, a €e epeHopMupoBaHHas (a3zo-
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0.5

flz=5

0.3

Puc. 15.13. JIunun ypoBHSI MOJYJIsL IPOJOJIBHON KOMIIOHEHTBI CKOPOCTH Be-
JyIei MOJIBI ¥ TOUKH, B KOTophix 02U /0y? = 0 (nynxmup) n U = c (wumpu-
xosvle qunuu), ipu L = 0.716, ¢ = 0.4, p = 2 u Re = Rer..

Basi CKOpOCTh paBHa npuMmepHo 0.3972, To ecTh OnM3Ka K (pa3zoBoil CKOPOCTH
¢ ~ 0.3959 Bonnbl Tonnmuua-IlInuxTrunra.

C pocrom L MexaHU3M HEBS3KOM HEYCTOWYMBOCTU HAYMHAET MPOSB-
JTh ce0s pe3KUM YMEHbIIEHHWEM BeluuuH Rer. AHanu3 pacnpeneneHuit
0*U/dy? m U nokasblBaeT, 4TO B OTOM CJIy4ae UMEKTCA TOUKH (Y, z), B
KOTOPBIX

8—y2(y’ 2)=0, Uly,z) =c

OTH TOYKHM PACIIONIOKEHBI B 00JIACTH HAaMOOJIBIIMX 3HAYCHUI MOIyns |u|
MPOJIOJIbHOM KOMIIOHEHTBI CKOPOCTH MObI, Beayuled npu Re = Rep (cm.
puc. 15.13), yTo comacyeTcsi ¢ JaHHBIMU JJIs1 TIOITPaHUYHBIX CJI0eB [57, 58].
[Ipu manpHeiemM yBenuueHUU [ meperuObl MO Yy MOCTETEHHO HCYE3aloT,
a BenmuuHa Re! mpu L > 2.5 BEIXOIUT HA IOCTOSHHBIH YPOBEHB, KOTO-
pBIii HECKOJIBKO BBIIIE BEJIMYUHBI FA{(;L. 3aBUCUMOCTH, M300paKeHHbIE HA
puc. 15.2, Takke MOKa3bIBAIOT, UTO B pacCMaTpUBaeMoOi 00JacTh mapameTpa
L st aToi Moasl avf, — (i, ¢ pocToM L.

Bmecre ¢ tem, npu L 2 1.8-2.4 (B 3aBHCHMOCTH OT IapamMeTpOB
opebOpenus) mobansHoe Rer, obecrieunBaeTcs momon cummerpuu [1. Kak
y>K€ YIOMHHAJIOCh, OHa COOTBETCTBYET BOJHE CKBalipa MJIOCKOIO KaHala,
yCcTOM4YMBOW TIpu JIF0OOM uuciie PeitHonmbaca. Moma cummerpun [ umeer
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Tabnuna 15.2. [TapameTpsl KPpUTHUECKUX BO3MYILIEHUMN (HEUTPAJIbHO YCTOM-
quBbIX MOJ| cummerpuid [ u [1) nns nnockoro kaHana (P) u opedpenHoro

kaHana pu € = 0.4, p = 2 ¥ HEKOTOPBIX 3HAYCHUSAX MEepHO/Ia OpeOpPEHUSI.

A

B

C

D

E

F

E

F

0.016

0.268

0.716

1.444

1.836

3.012

1.836

3.012

ReL

3848.2

4079.6

770.11

766.75

2334.0

3902.7

4956.3

3974.1

509.44

QL

1.0205

1.1397

1.3459

1.2127

1.0661

1.0120

0.9963

1.5044

0.9081

0.4042

0.5032

0.7355

0.6248

0.4682

0.4015

0.3700

2.2722

1.3330

0.3959

0.4415

0.5465

0.5152

0.4392

0.3967

0.3714

1.5104

1.4679

OobIyI0 (ha30BYIH0 CKOPOCTh, YeM MOJa CUMMETPUU [, IPUMEPHO PaBHYIO
CpeIHEN CKOPOCTH OCHOBHOT'O TE€YEHHUsS B LIEHTpe KaHana. OHA CTAaHOBUTCS

HEYCTOMYMBOM MpHU MajbIX ynciax PeliHonblca, KOrjja BOSHUKAET Meperuo

II0 Z B OCHTPC KaHalla. MaKCI/IMYM MOAYJIA HpOI[OJ'IBHOﬁ KOMITIOHEHTBHI CKO-

pPOCTH MOJIbI cUMMETpuHu [ Takxke pacrosiaraercs B IEHTpe KaHana (CM.

puc. 15.14). Ilpu nanpHelimeM yBenuyeHuu L meperuObl MO z B LEHTPE
KaHajla He MCYE3al0T, IOATOMY 3THU COOOpaKEeHHUs MPOAOHKAIOT OCTaBATHCSA
AKTyaJIbHBIMH.

I

N m ]
| |
.5 -1 -0.5 0 0.5 1 1.

z

5

Puc. 15.14. JIlunun ypoBHSI MOZYJS TPOJOJIBHONW KOMIIOHEHTHI CKOPOCTH BeE-

JyIIeil MOZIBI U TOUKH, B KOTOphIX 02U /02% = 0 (nynxmup) u U = ¢ (wumpu-

xosvle qunuu), ipu L = 3.012, ¢ = 0.4, p = 2 u Re = Rer.
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16. MakcumajbHasi aMILIM(PUKANUA CPeAHEHl MJIOTHOCTH
KHHETHYECKON YHEePruu

HamomuuM, 4T0 aHanu3 MakCUMalbHOW aMIUIM(PUKALMKU CPEIHEN TUIOT-
HOCTH KUHETHYECKOW SHEPruv BO3MYILECHUN W COOTBETCTBYIOLIUX OITH-
MaJbHBIX BO3MYILEHUM HanOoJiee MHTEPECEH JUIsl YMCICHHOTO MCCIIe0Ba-
HUS JTOKPUTUYECKUX CLIEHApPUEB JaMUHAPHO-TYpOYyJIEHTHOTO nepexoaa. Ta-
KO Tepexosl MOXKET pealn30BaThes B oOmactu uncen PeiHombaca Rep <
Re < Rer,. B xauecTBe npumepa HIKe MakCUMasibHasl aMIUTMGUKAIAS pac-
cMoTpeHa npu uuciie PeitHonbiaca Re = 400, npuHaaiexameM 3TOMy HH-
TepBajy MPHU BCEX PACCMOTPEHHBIX 3HAUCHUSIX TTapaMETPOB OpeOpEHUs.

3aBUCUMOCTD [ ',,,(400) oT mepuoma opeOpeHus H300pakeHa Ha
puc. 16.1 cBepxy. B omnuuue ot 3aBucumocteit Rep u Rer, n3obpaxen-
HbIX Ha puc. 15.1, aTa 3aBUCUMOCTb paccunTana 10 L = 3, mockoibky Rer,
IpY HEMHOTO OoJIblIIeM mepuojie opedpenus ctaHoBUTCS MeHblne 400 (ans
e=04up=4mnupu L = 3.068).

3aBUCUMOCTh [',,x(400) oT mepuoma opeOpeHHsT MOXHO OOBSCHUTH
CTPYKTYpPOM ONTHMAaJIbHOTO BO3MYIIEHHUS NJIsl IUIOCKOTO KaHama. Kak u B
paznene 15.1, B cnydae MJIOCKOTO KaHaja B Ka4eCTBE AJIEMEHTAPHBIX BbI-
oupanuchk Bo3MymieHus: Buaa (5.1) ¢ o = 0, a 3aBUCUMOCTh [Sax OT L,
n300pakeHHasi MyHKTUPHOW KpUBOM Ha puc. 16.1 CHU3Y, paccuMThIBaiIach
¢ noMoIp0 GopmMyiibl (5.3) MO BBIYUCICHHOMY 3HAYEHUIO Viax = 2.0445.
OTMETHM, 4TO B CHITY 3TOH GOPMYIBI Siax = Vmax TPH L < T/ Ymax == 1.5.

B ciyuae miockoro kaHajia OnTUMalbHOE BO3MYILEHUE NEPUOJUYHO 10
z ¢ mepuofioM A = 27 /ax /3 ¥ HA OIHOM TIEPUOJIE NPEICTABISAET COOOM
Iapy BUXPEU € OCSIMU B IIPOAOJILHOM HAIlpaBICHUU. Pa3BUTHE 3TUX BUXpEU
MPUBOJUT K 3HAYUTEILHOMY POCTY SHEPTrUM BO3MYIIECHUS 3a CUET yBEJH-
YEHUS MPOJIOTILHONM KOMIIOHEHThHI CKOPOCTU. ITO WILTIOCTpUpPYET puc. 16.2P,
rJe U300pakeHa IeCTBUTENbHAS YaCTh MPOEKIIMH CKOPOCTH ONTUMAIBLHOTO
BO3MYIIICHUS HA IJIOCKOCTH MOMEPEYHOI0 CEUCHUS KaHalla, TO €CTh JIByMep-
HO€ I10JI€ CKOpOCTH ¢ KommoneHTamu (15.1), rme v u w' — KOMIIOHEHTHI
aMIUTUTY/bl BEKTOpAa CKOPOCTH ONTHUMAJIbHOTO BO3MYyIleHHs Buaa (5.5) B
BEPTUKAJIBLHOM M MOMEPEYHOM HAMpPaBICHUSIX COOTBETCTBEHHO.

Ha puc. 16.2A-C u Ha puc. 16.3 u3zobpaxeHa BUXpeBasi CTPYKTypa OIl-
TUMaJBHOTO BO3MYIIEHUsI B opeOpeHHOM KaHaie mpu € = 0.4 u p = 2 u
HEKOTOPBIX 3HAYEHUSX MEepUoa OpeOpPeHHsi, TO €CTh JABYMEpPHOE TOJIe CKO-
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74
72¢

Puc. 16.1. 3aBucumoctu I’y (c8epxy) U [uax (cHu3y) oT mepuoma opedpe-
Husa 1 € = 0.2 (cnesa) n 0.4 (cnpasa) npu p =2 (—)u 4 (- -).
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Puc. 16.2. [lelictBuTenbHas 4acTh MMPOEKIUH CKOPOCTH ONTUMAJIBHOIO BO3-
MYIIEHUS] HA TUIOCKOCTH IMOIMEPEYHOro ceueHus B miockoMm (P) u opeOpeH-

HOM KaHaie npu € = 0.4, p = 2 u nepuonax opedpenust L = 0.016, 0.268 u

0.716 (A, B u C cOOTBETCTBEHHO).
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Maxcumanvuas amnaugurxayus cpeoHe

Puc. 16.3. [lelicTtBuTeNnbHas 4acTh MPOEKIUH CKOPOCTH ONTUMAJIBLHOIO BO3-

MYILIEHUS Ha IJIOCKOCTh MONEPEYHOro CEYEHUs] B OpEOpPEHHOM KaHaje Mpu
e = 0.4, p = 2 u nepuogax opebpenust L = 1.444, 1.836 u 3.012 (D, Eu F

COOTBETCTBEHHO).
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poctu ¢ koMoHeHTaMu (15.2), e ¥ ¥ W — KOMIIOHEHTBI aMIUTUTY/IbI BEK-
TOpa CKOPOCTH ONTHUMAJIBLHOTO BO3MmylieHus Buaa (3.10) B BepTUKaIbHOM
¥ TIOTIEPEYHOM HAMpPABJICHHUSIX COOTBETCTBEHHO. BuaHO, 4TO Macmitad BUX-
PEBOM CTPYKTYpPHI B IONEPEYHOM HAIIPaBJICHUH C1a00 3aBUCUT OT MEpHOJIa
OopeOpeHUst U OCTAETCsl MPUMEPHO TAKUM K€, KaK U B IUIOCKOM KaHase. Pac-
MPEAEICHNE SHEPTUU ONTUMAIBHOTO BO3MYILIEHUSI MO MPOCTPAHCTBEHHBIM
HAMpaBJICHUSIM, TO €CTh OTHOIIEHUE DHEPrUU, NPUXOIAIICICA Ha Ompese-
JICHHO€ HAIpAaBJICHUE, K TMOJHOW SHEPruHd BO3MYIICHHUS, KaK IMOKa3bIBAET
tabnauia 16.1, Takke Majgo 3aBUCUT OT Iepuoaa opeOpeHus M OIU3KO K
pacrpeneseHNIO I IIOCKOrO KaHaua.

TaGmuua 16.1. ITapameTpbl ONTUMAIBHOTO BO3MYIIIEHHUSI B TUIOCKOM KaHale
(P) u opebpennom kanane npu ¢ = 0.4, p = 2 ¥ HEKOTOPHIX 3HAUCHUSIX
nepuoja opeopeHus.

P A B C D E F
L - 0.016 0268 0.716 1444 1.836 3.012
T max 70.821 | 70.538 66.488 64.974 70872 67.384  69.339
topt 30.200 | 24.245 25.144 26.128 27.082 28275  28.991
Bunax 2.0445 | 2.2814 2.2478 22138 2.1755 1.3102 2.92 x 107
A 3.0000 | 2.7551 2.7956 2.8218 2.8880 3.0240  3.0120
E()/E(V') | 0.0017 | 0.0017 0.0019 0.0019 0.0016 0.0018  0.0018
t=0 EW)/EW) | 05985 | 0.5985 0.5972 0.6056 0.6435 0.6103  0.5949
E(w')/E(V') | 0.3998 | 0.3998 0.4009 0.3925 0.3550 0.3878  0.4033
E()/E(V) | 0.9973 | 0.9973 0.9972 0.9971 0.9971 0.9971  0.9973
t=tope E)/EN') | 0.0011 | 0.0011 0.0012 0.0012 0.0011 0.0012  0.0011
E(w')/E(V') | 0.0016 | 0.0016 0.0016 0.0017 0.0018 0.0017  0.0016

BcenencTBue 3TOro mpu Maibix Mepuojax opeOpeHus o0acTb MEXIy
pedpaMu TPAKTUYECKHU BHITIAJAET U3 BUXPEBOTO ABMXKEHUSA (CM. puc. 16.2)
U, TAKUM 00pa3oM, HE y4acTBYET B MepepacipeiesieHu YHEPTrH, YBEeINYu-
BAIOIIIEM MPOJIOJIEHYIO0 KOMIIOHEHTY CKOPOCTH, TO €CTh MPU MaJIOM TEPUOJIC
3 (heKTuBHAS MOTYBBICOTA KaHAlla PaBHA MPUMEPHO Ani(g, p). C apyroi
CTOPOHBI, TIPU MAJIOM TEPUOJIE OPEOPEHUsT OCHOBHOE TEUCHUE TAKXKE MPaK-
TUYECKU OTCYTCTBYET B oOiacTu Mexay pedpamu. CiaemoBareiabHO, Cpe/l-
HSISI CKOPOCTh OCHOBHOTO Te€UeHHUs B obnactu Haj pebpamu nipu L = 0.016
OoJbllIe, YeM B IJIOCKOM KaHaJie, MPUMEPHO B 1/hyin (g, p) pa3 u mocreneH-
HO MMaJIaeT NpH yBeJlnyeHuu nepuona a0 L = 0.716, rae cpeaHss CKopocTh
OCHOBHOTO Te€ueHHUsI B 001acTH HajJ peOpaMu CTaHOBUTCS TOYTH TaKOM Ke,
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KaK U B CJIy4ac IIJIOCKOI'O KaHaJia.

Otu nBa (akTopa MPUBOIAAT K TOMY, YTO NPU HAMMEHBIIEM U3 pac-
CMOTPEHHBIX Ha pHUC. 16.2 mepuoaoB opeOpeHHBIN KaHajl ¢ TOYKU 3PEHUS
pa3BUTHUS ONTHUMAJIBHBIX BO3MYIICHHUN SKBUBAJICHTCH IUIOCKOMY KaHAy C
MEHBIIIEH BBICOTOM, HO BO CTOJIBKO K€ pa3 OOJbIIEH CKOPOCTHIO OCHOBHOTO
TEUYEHHUs], B CPABHEHUHU C pPacCMaTPUBAEMBIM IUIOCKUM KaHajioM. [loatomy
BenuunHa [, B 3TOM cllydae MOYTH Takas e, Kak U B CIydyae IUIOCKO-
ro kanana. C xopoield TOUHOCTBIO COBIMAJIAIOT U PACIPENENECHUs] SHEPTUU
ONTUMAJILHOTO BO3MYILIEHUS 10 IPOCTPAaHCTBEHHBIM HampasieHusM (¢ = 0)
U Pa3BHBILIEHCA M3 HETO IOJIOCYATOW CTPYKTYpPBI (t = topt) (cM. TalOnu-
1y 16.1). B To sxe BpeMs 3HaUEHHUSA topt U Smax IpH L = 0.016 mocraToyno
CWJIBHO OTJIMYAIOTCS (JJIs TUIOCKOTO KaHalla TPU JAHHOM 3HAUYCHUU TIEpH-
012 Pmax = Vmax). OTHAKO €CIHM THU 3HAYEHUS ISl OPEOPEHHOTO KaHaia
NEPEHOPMHUPOBATH C YYETOM TOr0, YTO 3PPEKTUBHAS MOTYyBBICOTA KaHaJa B
JIaHHOM citydae paBHa (e, p) = 0.9, To moNydYeHHbIC TIEPEHOPMUPOBAH-
HBIE 3HAYEHHSA, TO €CTh Lopt/Amin(€, p)? 2 29.93 U Buaxhmin (€, p) & 2.0565,
OKa)XyTcsl ONM3KUMHM K MX 3HAUEHUSM JJIs IJIOCKOTO KaHaja.

C yBenuueHHeM Mepuojia OpeOpEeHUsT MaKCHUMajbHas aMIUTU(UKALIMSA
YMEHBIIAETCS 32 CYET YMEHBIIEHUS CPEIHEW CKOPOCTH OCHOBHOTO Teue-
HUA B oOnacTu nepememuBaHusi. OpeOpeHue Bce elie MPensTCTBYeT Mpo-
HUKHOBEHHUIO BUXPEBOTO JBI)KCHHS B MEXKPEOCPHYIO 00JIaCTh MPHU MEPUOJC
opedpenust L = 0.716 ~ A/4 (puc. 16.2C), a cpenHsisi CKOPOCTb OCHOB-
HOTO TE€UEHHUs B 00JIacTU HaJ peOpaMu CTaHOBHUTCS MOYTH TaKOM ke, Kak
U B CJIydYac IUIOCKOTO KaHama. JTO COOTBETCTBYET MUHUMYMY [ .y (400),
KOTOPBI B JJAHHOM Clly4ae MPUMEPHO PaBEH MaKCHMAaJIbHOW aMIuTuduKa-
MK YIS TUTOCKOTO KaHama mpu 4ucie PeliHombaca, HEMHOTO OObIIEM,
geM 400hnmin(g, p) = 360. [ns npoBepku 3TOW TMIIOTE3bI ObLIA BBHIYKCIIC-

~

Ha 3aBUCHMOCTH ' (Re) s mimockoro kaHama, KoTopasi mokasaja, uTo
[iax(400) = 64.974 = T, (383.05).

OpeOpenue nepecTaeT Melarh NMPOHUKHOBEHUIO BUXPEBOTO ABUKCHHUS
B MeXpeOepHyto oOnacth mpu nepuone opeopenust L = 1.444 ~ A/2
(puc. 16.3D), T.K. B 3TOM CjIy4ae BUXPU Pa3MEIIAIOTCI TOYHO MEXIY peO-
pamu. MakcumanbHas aMIUTM(PUKAIMS CTAHOBUTCS TIOYTH TaKOW Ke, KaK U
B TIocKoM KaHaje. bosee Toro, mpu € = 0.2 (puc. 16.1, cneBa) MakcuMalb-
Hasi aMIUTM@UKAIKs PU TaKOM Tepuosie opedpeHus naxe Ooiblie, 4eM B
MJIOCKOM KaHajse. DTo, O-BUIUMOMY, CBSI3aHO C TeM, uTo npu € = (.2 pebpa
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3aHUMAIOT 00JaCTh MEX]Ly BUXPSAMHU, B KOTOPOU NepeMelIBaHUe B IJI0CKOM
KaHaJIe TIOYTU OTCYTCTBYET, a Npu € = 0.4 UX BEpXHsAA 4acTh MOMNAJAECT B
o0yacTp, r1e B IJIOCKOM CIy4yae BepTUKAJbHAsh KOMIIOHEHTAa CKOPOCTH OII-
THMAaJIbHOTO BO3MYIIIEHUSI 3aMETHO OTJIMYAETCSI OT HYJIS.

IMpu L = 3.012 =~ A (touka F) opeOpeHue BIusieT TUIIb HA TIOJOBHHY
BUXpEH, 00pa3yloluX ONTUMaIbHOE BO3MYLICHHE, MPUYEM MEHEEe 3HauM-
TebHO, yeM npu L ~ A /4.

CpaBuenue puc. 16.1 u 15.1, noka3pIBaeT, 4TO OTKIOHEHUE MAKCUMAaJlb-
Ho¥ ammudukarmu 'y (Re) st opedpeHHoro kanana oT MaKCHMaTbHON
aMIuIMUKaIuu fmaX(Re) JUIsl TUIOCKOTO KaHajla IPU BapbHUPOBAHHUM Ii€-
puoaa opeOpeHust U JIPYrux €ro napaMeTpoB OOpAaTHO MO 3HAKY U MOYTU
MPOMOPIUOHATIBHO MO BEJIWYUHE OTKIOHEHHIO YHEPreTUYECKOro KpUTHUYe-
ckoro uucia PeitHonbiaca Rep opeOpeHHOro kaHajla OT SHEPreTUYECKOrO
KpUTHYECKOro yuciia PerHonbaca P/{veE IUIOCKOTO KaHana. bim3ku m mapa-
METpPbI ONTUMAJIBLHOTO U KPUTHYECKOTO BO3MYILEHUN, MPEICTaBICHHbIE, CO-
OTBETCTBEHHO, B Tabnmuuax 16.1 u 15.1, kpome pacnpeneiaeHuil SJHEPTUU 1O
HaIpaBJIEHUSIM, a TaKKe ONM3KU BUXPEBBIE CTPYKTYpbI, H300pakKeHHbIE Ha
puc. 16.2, 16.3 u Ha puc. 15.3, 15.4. D10 no3BOJIAET yTBEPKAATH, YTO 3a-
BHUCHMOCTh MaKCUMaJIbHOW aMIUTM(PUKALUU CPEIHEHN MIOTHOCTU KUHETHYE-
CKOM 3HEpPruu BO3MYILIEHUN OT MapamMeTpoB OpeOpeHuUsi MOXKHO C XOpOIIEH
TOYHOCTBIO OLIEHUTH IO U3BECTHON 3aBUCUMOCTH SHEPrEeTUUYECKOTO KPUTH-
4yeckoro yuciia PerHompAca oT 3TUX mapamerpoB. [lockonbKy pacuer 1mo-
CJIEIHEN SBIIAETCS CYLIECTBEHHO OoJiee MPOCTOM BBIYMCIUTEIBHOW 3ada-
4yeil, B MH)KEHEPHBIX NMPUIOKEHUSIX, CBA3AHHBIX C ONTHUMHU3aLuend oOTeka-
HUSL, UMEET CMBICI OTPAaHUYUTHCS TOJIBKO JETAIBHBIM PACYeTOM 3aBUCUMO-
ctd Reg oT mapameTpoB opeOpeHust 1 KOHTPOIbHBIMU pacyetamu [, (Re)
npyu HEOOJIBIIOM YHUCIIE 3HAYCHUN MapaMeTpoB.
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3aKJII0UeHHE

B moHorpaduu paccMoTpeHbl BONPOCH TOCTAaHOBKY U OOOCHOBAaHHUS 3a-
Jla4 BPEMEHHOW YCTOMYMBOCTH JIAMUHAPHBIX TEYEHUH BSA3KOW HEC)KUMAECMOH
KUJKOCTU B KaHAJIaX MOCTOSHHOTO CEUYEHMs, OECKOHEUHBIX B MPOAOJILHOM
Y NIONIEPEYHOM HAINPABJICHUAX, C MONEPEUHO-TIEPUOANIECKUMHU IPOJOIBHO
opeOpeHHbIMU cTeHKaMu. OnucaHa W 0OOCHOBaHA OpPUTHMHAJIbBHAS TEXHO-
JIOTUSI UX YUCJICHHOTO perieHus. OcoOOEHHOCTSIMU ATOW TEXHOJIOTUU SIBIIS-
IOTCSL UCIIOJIb30BaHue npeacTtasieHuss Draoke, IpOCTPAaHCTBEHHOM amlIpoK-
CUMallid MeTo/ioM [ anepkuHa-KoJIoKalui, npuBojsiend Kk quddepenim-
aJbHO-AJITEOpanyeCcKOl CUCTEME OJTHOTO M TOTO K€ JJIsl BCEX 3a/ady BHJA,
UCIIOJIb30BaHUE aNreOpanyeckol penyKuuu Jis MOHMKEHUS pa3MEpHOCTU
ITOJIYYEHHOM CUCTEMbI, METOJ1a BBIYMCIIEHU C 3aJaHHOM TOYHOCTBIO JIMHEN-
HOTO M PHEPreTUYECKOro KpUTudeckux uucen PeiiHonbaca u ObICTpOro Me-
TOJIa BBIYMCIICHUS C 33JJaHHON TOYHOCTHIO MAaKCUMAaJIbHOW amIUIuUKaIuu
CpPEIHEN IUIOTHOCTH KMHETUYECKOW IHEPTUU BO3MYLIEHNU, OCHOBAaHHOTO Ha
MaJIOPaHIOBOM anIpOKCUMAalMd MAaTPUYHOM SKCIIOHEHTHI. JTa TEXHOJOTHS
CylllecTBEHHO 3 (EKTUBHEE HCIOJIb30BABIIMXCS 10 HACTOSIIET0 BPEMEHHU
OPYTUX MOAXOAOB K YHCIECHHOMY aHAIM3Y YCTOMYMBOCTH MONEPEYHO-IIEPH-
OJIMYECKUX TeueHUU. Ee MHOromnpoueccopHas peanusanus o3BoJInia BIep-
BbIC MPOBECTH JECTAJIbHBIM YHCICHHBIN aHAJIU3 YCTOMYMBOCTH TeueHus [ly-
a3eisIs B KaHaJle C POAOJIbHO OpeOPEHHOM CTEHKON Ha MpUMeEpe Tpexmapa-
METPHUYECKOTO CEMENCTBA BOJHUCTBIX OPEOPEHUN U MOTYyUUTh Psi TPUHIU-
IAAJIBHO HOBBIX PE3YyJIbTaTOB.

brei10 ycTaHOBIEHO, YTO JIMHEHHAs HEYCTOWYMBOCTH pPEau3yeTcs IMpHU
HEOOJBIINX TIEPHOJaX OpeOpeHus: Ha BEIyIIeH Moje, KOTOPOM COOTBET-
ctByeT BoyiHa TommuHa—IIIIMXTHHra MIOCKOTO KaHajida, a MpU OOJBIITNX
nepuogax opeOpeHus — Ha BEAyIIeH MoJe, KOTOPOM COOTBETCTBYET BOJHA
CkBaiipa 1Iockoro kaHaja. IlomydeHsI B OOBSICHEHBI 3aBHCHMOCTH DHEP-

107



3aknrouenue

retuueckoro Rep m nuHeitHoro Rep, kputnueckux uucen PeliHonbiaca, a
TaKK€ MaKCUMaJIbHON aMIuinukanuu [y, cpeHel MI0THOCTH KUHETHYE-
CKo#l sHepruu Bo3MylleHuil mpu Rerp < Re < Rep, oT BBICOTHI € U 3a0CT-
PEHHOCTH p pebep u nepuoaa opedpenust L. CpaBHEHUE C SHEPTETUUECKUM
PA{EE Y JINHEWHBIM PA{EL KPUTUYECKUMH YuciIaMu PeiiHombIca MII0CKOro Te-
yeHus [lyaseins moka3bIBaeT, YTO B OMPEICIICHHOM JUaIla30He MapaMeTPOB
opeOpeHHs CyIIECTBYET JOCTATOYHO MPOTSHKEHHBIM MHTEpPBAJ 3HAYCHUU L,
B koTopoMm Rey, > f{éL. C yBennMYeHUEM € U p 3TOT UHTEPBAJ MMOCTENEHHO
CY)KAETCSA M HMCUE3a€T, YTO CBHUJECTEIBCTBYET O CYIIECTBOBAHUU ONTHUMAJIb-
HBIX 3HAYEHUU £ U p, PU KOTOPHIX JOCTUTACTCS MaKCUMaJlbHas BEJIWYMHA
Rer,. Kpome Toro, npu Bcex pacCMOTPEHHBIX 3HAYEHUSAX € U 0 B MAKCUMYyME
Rep, mo L nmeem Reg > l/%\éE.

JlaHbl KaueCcTBEHHBIC (PU3MUECKHUE OOBSICHEHUS YCTAaHOBICHHBIX 3aBHCH-
Mocteit Reg, Rep, u ', OT mapamerpoB opeOpenns. B gwactHOCTH, OBLIO
MoKa3aHo, 94To BelMnuruHbl Reg u [',,x B OCHOBHOM OTIPEICIISIOTCS CTETICHBIO
MIPOHUKHOBEHMSI OTBEUAIOIIUX UM KPUTHUYECKOTO W ONTHUMAJIHLHOTO BO3MY-
IICHUN B MeXpeOepHOe MPOCTPAHCTBO, KOTOPask 3aBUCHT OT COOTHOIICHHS
nepuoja opeOpeHns U pa3Mepa BOMYIICHHs B TIOTICPEYHOM HarpaBJICHHH.
Benmuunna Rer, onpenensercs cTeneHbl0 BOBICYEHHOCTH BA3KUX M HEBSI3KUX
MEXaHU3MOB B IPOIECC BO3SHHUKHOBECHHS HEYCTOWYHMBOCTH, KOTOpas TaKXKe
3aBUCHUT OT Mepuoaa opeOpeHus.

[lonydeHHble pe3ynbTarhl CYLIECTBEHHO MJOMOJHSAKT TPAAULMOHHOE
MpEeCTaBICHUE 00 YCTOMUYMBOCTU TEUCHHI B OpeOpEHHBIX KaHanaxX. Brep-
BbIC ITOKA3aHO, YTO CYIIECTBYIOT MPOJOJIbHBIE OPEOPEHUS, YBEITUUUBAIOIINE,
M0 CPaBHEHUIO C TUIOCKUM KaHaJIoM, 00a KpUTHYECKHUX yucia PeliHonbaca u
yMeHbIIAmue [’ ,, OTIasA9 TEM CaMbIM KaK €CTECTBEHHbIN, TaK U JJOKPU-
TUYECKUHN JTaMUHApHO-TypOylaeHTHbIN nepexoa. [lokazaHo cylecTBoBaHUE
OTNITUMAJIBHOTO OpeOpEeHHs, MAKCUMH3UPYIomIero Tako apdekt. [IpakTruue-
CKO€ 3HAYEHUE MOJIYYEHHBIX PE3YyJIbTaTOB COCTOUT, B YACTHOCTH, B TOM, YTO
Takhe opeOpeHusl KaHaja MO3BOJSIOT MPOKAYMBATh OOJIbIIE KUIKOCTH MpU
COXpPaHECHUU JAMHUHAPHOCTU TeYeHHs. [Ipu Ipyrux 3HaueHUsX MapameTpoB
opeOpeHus BO3MOXHBI M APYyTrUe KOMOMHAIIMKM YBEIUYEHUS UM YMEHbIIIE-
Hust Reg u Rep, 4TO OTKpBIBaeT MIMPOKKUE BO3MOKHOCTU JJII IPUMEHEHUS
opeOpeHusi B KauecTBE TMOKOro crnocofa ynpaBieHHUs! NEPEXo/IoM K TypOy-
JIEHTHOCTH.

OnucaHHbId TOAXO0A MOXXHO HCIIOJIBb30BaTh JJISI PEUICHUS] IIHPOKOIO
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Baxnrouenue

KJIacca CXONIHBIX 3a/la4y. B 4acTHOCTH, MOXKHO TEMH € METOJAAMH pellarh
3aJla4d BPEMEHHOW YCTOWYMBOCTH C APYTUMH CEMEUCTBAMM MOMNEPEUHO-
MEPUONYECKUX TPOJOJIBHBIX OpPEOpEeHM, MCCIEAOBaTh BIWSHUE Ha Xa-
PaKTEPUCTUKU YCTOMYMBOCTH OpeOpeHHUsl IBYX MPOTHUBOIOIOKHBIX CTECHOK
(mpuyemM HeoOs13aTeIbHO OJIMHAKOBOTO), PEIIaTh 3a/la4i MPOCTPAHCTBEHHOMN
YCTOMYHUBOCTH B OPEOPEHHBIX KaHaaX, a TaK)Ke 3aJaud BPEMEHHOW U Mpo-
CTPAHCTBEHHOW YCTOMYMBOCTH B KaHanax Apyrux ¢opm (Hampumep, opeo-
peHHE KPYMIbIX W JJUIMNTHYECKUX TpyO), U T.A. Ilpm sTOM momyueHHbIE B
JaHHOM paboTe KOJIMYECTBEHHBIE PE3YJIbTAThl U KaueCTBEHHbIE OOBSICHEHUS
paccMaTpuBaEMbIX SIBJICHUM MO3BOJISIOT CYIIECTBEHHO CY3UTh 00JacTh IO-
MCKa KJIIOYEBBIX IMANA30HOB MMapaMETPOB JIA ATUX 3a]a4.
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Ipuiaoxenue A

IlporpaMmMHasi peaju3anus

Pesynbrarel, npeicTaBlieHHbIE B TPEThEH Iv1aBe, ObLIN MOJIYUYEHBI C MO-
MOIIBIO MTPOTPAMMHOM peaN3alMU BIYUCIUTEIHLHON TEXHOJIOTHUU, OMMCAH-
HOM BO BTOpOHM INaBe. DTa MporpaMMHasl peaiau3aius MPEeACTaBIsSET CO-
00l KOMILJIEKC MporpaMm, HanucanHbix B cpere MATLAB nnsa nepconanb-
Horo komimbtorepa (I1K), u Ha s3bike Fortran jist kiactepa, OCHAIIEHHO-
ro ouomuorexkoit Intel MKL. PabGouee MecTo mosp30Bareiisi HAXOOUTCI Ha
[IK, coenuneHHoM ¢ kiactepoM 1o cetu. llomb3oBarens paboraer B cpe-
ne MATLAB na IIK, HO MOXxeT BbIOpaTh peXuM, B KOTOPOM OCHOBHOM
00bEM BBIYUCIICHUN MPOU3BOAMUTCS Ha Kiactepe. Mcnonb3oBaHue KiacTe-
pa aBTOMaTU3MpPOBAHO, MO 3aBEPLICHUU BBIYUCICHUN MOJb30BATEIb MOXKET
o0pabarbIBaTh pe3yabTaThl TaK, KaK €CIU Obl BBIYUCICHUS TOTHOCTHIO MPO-
m3Boauiuck Ha [IK B cpene MATLAB.

bnaromaps cBeneHuro aHanM3a yCTOMYMBOCTH OCHOBHOTO TEUECHHUS K aHA-
JIM3Y €ro YCTOMYHUBOCTH K 3JIEMEHTAPHBIM BO3MYILUEHUSM (3.1), npeainoxeH-
Has TEXHOJIOTHS 00J1ajaeT 3HAUUTENbHBIM Mapajuienu3MoM. Hanpumep, npu
pacyeTe JIMHUN YPOBHS CHEKTPAIbHBIX XapaKTEPUCTUK (MPOBEPKA THIIOTE-
36 00 ONTUMAIHPHOM U KPUTHYECKUX BO3MYIIIEHHUAX) JJIST KAXKIOW Taphl Ta-
pameTpoB («a, f) HEOOXOAUMO PEIIUTh OJHY M Ty K€ HE3aBHCHMYIO 3ajia-
4y, OTJIMYAIOLIYIOCS TOJIBKO 3HAUYEHUSMHU caMux napameTpoB. [lomHocThiO
HE3aBUCHUMBIMH SIBJISIIOTCSI M JIFOOBIE PAacyeThl MPU PA3IMYHBIX 3HAYCHUSIX
napaMmeTpoB opeopeHus. [Ipu 3ToM OCHOBHOW 00BbEM BBIYMCICHUM MPUXO-
JUTCSI HA CTaHAAPTHBIC 3aJa4d MAaTPUYHOIO aHaJU3a C IUIOTHBIMU MaTpH-
IaMH YMEPEHHOI0 pa3Mepa, KOTOPhIE YMEIIAIOTCS B ONEPATUBHON MaMsTH
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IIpoepammnasn peanuzayus

onHoro y3na. [Iponenypsr 6nbmuoreku MKL mo3BOMSIOT UCIIONB30BATh IS
pEIIeHUsT KaKI0M TaKOW 3aJaud HECKOJIBKO MPOIIECCOPHBIX saep. ITO M03-
BOJSIET d(PGEKTHUBHO PACTIPEICIATh BHIYUCICHUS Ha OOJBIIOE KOJTHMYECTBO
BBEIYMCIIMTEIIBHBIX Y3JI0B KJIacTepa.

[IporpamMmmHasi peanu3anusi BKJIIOUYaeT B ceOsl CIEAYIOIIME OCHOBHBIE
MPOLEAYPHI:

DESIGN ¢dopmupyer paccmarpuBaeMyto BBIYUCIUTENBHYIO 3a71a4y YCTOM-
yuBocTU. [loap30Barens 3agaeT 00JacTh TEUECHMsI, BHIOMpAET U3 MpeaJia-
raeMblX BapHaHTOB HMCCIIEyeMOE OCHOBHOE TE€UCHHE M TpeOyemyro HOp-
MHPOBKY. 3aTe€M MNOJArOTABIMBAETCS MPOCTPAHCTBEHHAS AINPOKCHMAIIUS:
13 3aJ]laHHOTO Habopa oToOpaxkeHuit (oToOpakenue ['opaona—Xoia, KOH-
dbopmHOE 0TOOpaKEHHUE | T.11.) TTOJIH30BATENIb BHIOWPAET KOHKPETHOE OTO0-
pakeHue KBajpaTa B (PU3HUECKYIO0 00JIaCTh M YMCIIO Y3J0B CETOK IO HO-
BBIM IIEpEMEHHBIM 7 U s. Ilocime 3Toro mpounenypa pacCuMTBIBAET IpPO-
W3BOJIHBIE OTOOpPa)KEHUSI, HEOOXOUMBIE ISl 3aMEHBI IEPEMEHHBIX, KBaJI-
parypHble KOA((UIIMEHTHI [JIs BBIYMCICHHUS HHTETPAJOB OT 7 U S H
JIpYTH€ BCIIOMOTAaTeNIbHBIE MATPHULBI ISl ANIPOKCUMAMU MeToxoM [a-
JepKuHa-KoJToKaui. [Ipon3BoauT mpoOHBIN pacyeT OCHOBHOTO TEUCHHS
JUISl aHaJIM3a KauecTBa annpoKcuManuu. /[aHHas npouenypa peaan3oBaHa
Tosibko B cpene MATLAB nisa [IK BBHIY BBICOKOW JJOTHYECKOM CIOMXKHO-
CTH UCIIOJIb3yEMbIX B HEW aJITOPUTMOB, HEOOJIBIIOTO 0ObeMa BHIYUCICHUN
M pEe3yJIbTAaTOB BBIYKMCIICHHUM, & TAKKE BBHUJY TOTO, YTO BBIYUCIICHUS Ha
ITOM I3Tale HE 3aBHCAT OT MapaMeTpoB « M (3. Bce ocTanbHBIC Tpolie-
Iypsl peanu3oBaHbl kak B cpene MATLAB, tak u Ha s3bike Fortran juis
KJIacrepa.

FORM2DMATR dopmupyer marpuiiel auddepeHInpOBaHUS IO TPO-
CTPaHCTBEHHBIM IEPEMEHHBIM Y U 2, MATPHULIBI KBaAPATypPHBIX KO3PPULIN-
€HTOB /Il BBIYMCIIEHUS MHTETPajioB MO JBYMEPHOW pacueTHOW 00jacTu
Y Jpyrue BCIIOMOTraTEIbHbIE MAaTPULIBI. XOTS BBIYMCIIEHHUS, BBIIOJHIEMbIE
ATON MPOLEAYPOH, TaAKKE HE 3aBUCAT OT ApaMeTpoB o U 3, Ha Ki1acTepe
OHU TMOBTOPSAIOTCS I Ka)KJOM Mapbl 3HAYCHUW ATUX NapamMeTpoB. BBu-
1y HEOOJIBIIOro 00beMa TaKUX BBIYMCICHHM 3TO HE3HAYUTENIbHO YBEJH-
YyyBaeT OOIMN 00beM BBIYMCICHUN, HO 3HAYUTEIBHO COKpAallaer o0beM
JIAHHBIX, MEPEIABAEMbIX Ha KJIacTep.
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IIpoepammnasn peanuzayus

MATRICES s kaxaoi mapsl (o, ) GOpMHPYET MaTpHIIBI CUCTEMBI T (-
dbepeHImanpHo-anredpandyeckux ypaBuenuu (9.9).

REDUCTION s xaxaon mapsl (o, 8) dhopMHUpyeT MaTpPHUIlbI CHCTEMBI
OOBIKHOBEHHBIX Au(depeHnnanbHbIX ypaBHeHUH (9.14), koTophie najnee
VCIIOJIB3YIOTCS IJI1 BBIYMCIICHUI XapaKTEPUCTUK YCTOMYUBOCTH.

REEL mis kaxmoir napsl (o, ) BBIUKCISET SHEPTETUUYECKOEC Re%ﬁ U Ju-

B

Heitnoe Re]” kpurmueckue dncna PeiiHonbca.

GAMMA s Tpoitku mapameTpoB («, (3, Re) BrIuncisier MakCMMalbHYIO
ammmudukanmo 1'% (Re) cpenmei MIOTHOCTH KHHETHYECKOW SHEprum
BO3MYIICHUMU. J[JI1 BBIYMCICHHUS MAKCMMYMa HOPMBI MaTrpU4YHOM 3KCIIO-
HEHTBI MPUMEHSIETCSI PEI0KeHHbIA B [18] MeTo/, OCHOBaHHBIM Ha Ma-
JIOpAHTOBOM anmnpokcuManuu. /s peanusanuu 3Toro MeToga Heo0XoIuMa
npoleaypa BBIYUCICHUS MaTpUyHOM skcroHeHThl. Hanbomnee sddexTus-
HBI aJITOPUTM BBIYMCIICHUS MAaTPUYHOM SKCIOHEHTHI [54] peanu3oBaH B
MatiiaboBckoil npoueaype EXPM. [lns kinactepa MCnonb30Bajach MpoLe-

nypa ZGPADM u3 otkpseitoro nakera EXPOKIT [60].

He3aBucumo OT TOro, rjie¢ MPOU3BOJUINCH OCHOBHBIE BBIYUCICHHUS, UX
pe3ynbTaThl OAHOTUITHO oOpabatkiBatoTcs Ha [IK. Ha Hem ke pematorcs u
JpyTrye 3a7auu, He TPEOYIOIIre B paMKaxX ONMMCAHHON TEXHOJIOTHUHU OOJIBIIOTO
o0beMa BBIYUCIICHUN: BBIYUCIISIOTCS] BEKTOPHBIE CTIIEKTPaIbHBIC XapaKTepH-
CTUKH (KpUTHYECKHE U ONTHMAIbHBIEC BO3SMYIIICHUS ), TPYIIIOBBIE U (ha30BbIE
CKOPOCTH H T.I. J[JIT 3TOTO MCIMONB3yeTCs JOTOTHUTEILHBIN HA00p OpUTH-
HaJIBHBIX TPOLEAYp, peann3oBaHHbIX B cpene MATLAB u onuparoniuxcs
Ha CTaHJIapTHHIE MAaTPUUYHBIC AJITOPUTMBI.

Taxkum oOpaszoMm, Bce miporieaypsl, kpome DESIGN, MOTryT BBITOTHATHCS
Ha KJlacTepe MapajuleJbHO JJIs Pa3iIMYHbIX HaOOpOB MapaMeTpoB opedpe-
HUSI, @ B HEKOTOPBIX ClIy4yasX U NPU Pa3IMYHbIX 3HAYCHUSX MapaMeTPOB o
u (. Ilonp30oBaTeNio HYKHO 3a7aTh KOJWYECTBO JIOCTYIHBIX BBIUACIUTEIIh-
HBIX Y3JI0B, M IIporpaMma aBTOMAaTHYECKU Pa300beT 3aJaHHbIi HAOOp ma-
paMeTpOB Ha YacTH, KaXKaas U3 KOTOPHIX OyIeT pacrpeaesieHa Mo JOCTYII-
HBIM y3JIlaM KJjacTepa ¢ MOMOIIbI0 mporpamMmMmHoro uHtepdeiica MPI [61].
ABTomaru3anus 0OOMEHa JaHHBIMU C KJIACTEPOM M 3allyCka Ha HEM COOT-
BETCTBYIOILIETO 3aJIaHUSI OCYLIECTBIISIETCS C IMOMOIIBIO SI3bIKa CLEHAPHEB
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IIpoepammnasn peanuzayus

Python. Camo 3amanue njsi Kjiactepa TakXe CO3[aeTCs aBTOMAaTHYECKU B
cpene MATLAB.

Kak yxe ObLJI0 OTMEYEHO BO BBEJACHHM, OCHOBHBIE PacyeThl MPOBOJIU-
much Ha knacrepe MBC100K MexBeTOMCTBEHHOTO CYIIEPKOMITBIOTEPHOTO
uentpa PAH, Ha xknactepe MHpopmManmoHHO-BeIUKCIUTENBRHOTO LeHTpa Ho-
BOCHOUPCKOTO TOCYIapCTBEHHOTO YHMBEPCHUTETa U Ha Kiactepe «JlomoHo-
coB» MOCKOBCKOTO roCyAapCTBEHHOTO yHUBepcurtera. /s paboThl B cpene
MATLAB u nmns cBsi3u C KJIacT€paMH Mbl UCIIOJIB30BAJIM IMEPCOHAIbHBIN
KOMITBIOTEp Ha 0a3e deThIpexbsgaepHoro mnporeccopa Intel Core 15-760 ¢
16I'b oneparuBHOI namsTH. OCHOBHOW OOBEM BBIYMCIICHUN BBHITTOIHSJICS
npouenypamu REEL 1 GAMMA. Ot npouenypsl Noiaydaid Ha BXOH YXKe
copmupoBannsie nporieaypoii REDUCTION koMIIeKCHbIE MaTpHIIbI 11O-
psanka n cuctemsl (9.14), tne n = 4743 (9765) npu UCNOIBL30BaHUU TIPO-
cTpancTBeHHOTO pazpemenus 140 x 17 (140 x 35) 6e3 yuyera CHMMETPHH.
Ecmu f = 0 u cummerpus yuutbiBanach, To n = 2371 (4882) mubo 2372
(4883) mpu o # 0 m Ha equHMIy Oombiie npu o = (). Berarcnenune kaxmoi
XapaKTEePUCTUKHA YCTOMUYMBOCTH NMPU (PUKCUPOBAHHBIX 3HAYEHUAX MapameT-
pos TpeboBano O(n?) apuMeTHIECKUX ONEpaLHii.
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Ipuiaoxenue B

CxoauMOCTh N0 MIAry CEeTKH

N3-3a OONBIIMX BBIYMCIUTEIBHBIX 3aTpaT MapaMeTpPUUECKOro MCCIeno-
BaHWUsI, pe3yJbTaraM KOTOPOro MOCBSIIEHA TPEThS IJ1aBa, IEPEl HAMU OCTPO
BCTaBaJI BOIPOC O BEIOOPE MUHUMAIBHO JOCTATOYHOTO MPOCTPAHCTBEHHOTO
paspelieHuss. ITOMY BONPOCY Mbl YACIWIM 3HAYUTEIIBHOE BHHUMAaHUE MPH
ITIOATOTOBKE MACCOBBIX PACYETOB.

Ha puc. B.1 u B.2 npeacraBieHbl JaHHBIE O CXOJUMOCTH MO IIary CeT-
K1, 00OCHOBBIBAIOIINE BHIOOP MPOCTPAHCTBEHHOIO pazpeuieHusi. CpaBHU-
BAIOTCS PE3yJIbTaThl PACYETOB ITI00ATBHBIX XapaKTEPUCTUK yCTONYHBOCTH,
IIOJIyYeHHBIE ¢ HCcToab30BaHueM ceTok 80 X 11 m 140 x 17 npu pa3nuaHbIx
3HAYCHHSIX MapaMeTpoB opeOpeHus. BuiHo, 4To nMpu 10CTATOYHO OOJIBIIOM
nepuojie opeOpeHus: L UMeeTcsi CXOMUMOCTh MO ary cetku. HampoTtus, ais
e=0.2, p=2mpu L < 0.5 HaOMOMaETCS CYIIECTBEHHOE OTIIMYHE PE3YJIb-
TaTOB, OCOOCHHO NMPHU BBIYUCICHUU DHEPIeTUYECKOTO KPUTHUUECKOTO YHUCIIA
PeitHonb/ica 1 MaKCUMAaJIBHOM aMILTU(UKAITUN CPETHEH TUIOTHOCTH KMHETH-
4YeCcKoil sHepruu Bo3myieHui. i Oonbmmx 3Hayenuit € = 0.4, p = 4 31o
omMuue HaOmomaercs Takxke U B uHTepBane 0.0 < L < 1. Iloatomy npu
L > 1 mb1 ucnions3oBanu cetky 140 x 17, aopu L < 1 — cetky 140 x 35,
0oJiee MEJIKYIO B MIONEPEYHOM HamlpaBlIeHUH. J|OTIOTHUTENbHBIE YUCIECHHBIE
AKCIIEPUMEHTHI MOKAa3all, YTO ATOTO MPOCTPAHCTBEHHOIO Pa3pEeIICHUs J10-
CTaTOYHO JUISl BBIYUCIIEHUSI XapAKTEPUCTUK YCTOMUYUBOCTUA C TOYHOCTBIO JI0
3HAKOB, IPUBOJIUMBIX B TPEThEU IIaBE.

114



Cxooumocmo no wiazy cemxu
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Puc. B.1. CxonumMoCTh MO 1Iary CETKU MPU BBIYUCICHUU 3aBUCUMOCTH Xa-
PaKTEpUCTUK YCTOMYMBOCTH OT mepuoga opedpenus mist € = 0.2, p = 2,
m, X mg = 80 X 11 (nyuxkmup) u m, X mg = 140 X 17 (cnrownasn nunus).
[lITpuxoBoii MUHUEH M300paKEHBI 3HAYCHUS XAPAKTECPUCTHK IS TIJIOCKOTO
KaHaJja.
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Cxooumocms no wiacy cemku

Puc. B.2. CxonuMoCTh MO LIAry CETKH MPU BBIYUCIEHUU 3aBUCUMOCTH Xa-
PaKTEpUCTUK YCTOMYMBOCTH OT mepuoga opedpenus mist € = 0.4, p = 4,

m, X mg = 80 X 11 (nyuxkmup) u m, X mg = 140 X 17 (cnrownas nunus).
[lITpuxoBoii MUHHUEH M300paKEHBI 3HAYCHUS XaPAKTECPUCTHK IS TIJIOCKOTO
KaHaJa.
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