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O BJIMAHUU TTOJIAPU3ALIN HA PACIIPEJIEJIEHUE
NMHTEHCHBHOCTU PACCEAHHOI'O U3JIYUEHN A

M3BECTUS AKAJJEMUM HAVK CCCP, CEPUS TEODPU3IUMYECKAS, HAYUHBIE
COOBIIEHHMS Ne 6, 1962 1. €.854-856.

CIOKHOCTh ypaBHEHHSI IEPEHOCA, OMUCHIBAIOLIETO II0JI€ W3JIYy4YEHHUs B
BEILIECTBE, 3HAUUTEIBHO BO3PACTAET, €CJIM IPUHUMATh BO BHUIMAHNUE BO3MOKHOCTb
NOJISIPU3ALMY TIPU PacCesHUU. TpyJIHOCTU B PELIEHUU 3aJ1a4d O PACIIPOCTPAHEHUN
U3JIyYEHUs YBEJIMYMBAIOTCA B OTOM CIyd4ae B CBA3M C HEJOCTAaTKOM
DKCIEPUMEHTAIIBHBIX M  TEOPETHYECKUX JAHHBIX O 3aKOHE HW3MEHEHUs
NOJISIPU3ALIMY B AKTE€ OJJHOKPATHOTO PAaCCESTHUS.

OOBIYHO BIMSIHUEM TOJSPU3ALMM Ha YIIOBOE M IMPOCTPAHCTBEHHOE
pacrpeniesieHie WHTEHCUBHOCTH M3Jy4eHUsI TpeHeOperairoT. BrlsicHeHue posu
ATOTO SIBJICHHS II€JIeCOO0pa3HO HayaTh B 3ajlayax C pPEJICEBCKUM 3aKOHOM
paccestHusl B CBS3U C SICHOCTBIO U MPOCTOTOM 3TOr0 3aKOHA, C OJIHOW CTOPOHBI, U
CyIIECTBOBAHMEM psija pacyeToB Yanapacekapa sl 3TOro ciiyyas — C JIPyrou
[1,2]. TIpu onTHYECKUX TOJIIMHAX JOCTATOYHO OOJBIIUX BEIUYUHY OIIUOKH,
JOMyCKaeMOM TMpU TpEeHEOpeKEHUU TMOJsIpU3alieii, MOXXHO OIICHUTh Ha
OCHOBAaHMM CpPaBHEHHS 3aKOHOB Ju(M(Py3HOro OTpakeHUs MOJTyOeCKOHEUHON
Cpenoii Ipu PEIeeBCKOM paccesiHuU, HaleHHbIX Yanapacekapoum [1], ¢ yueTtom u
0e3 yuera nmoJisipu3aIim.

3agadya 0 MPOXOKICHUM MapauIeNIbHOTO My4YKa U3JIyYeHUs 4epe3 MIOCKUI
cinoii manoi ontudeckod TtommuHbl (0,1 1) mpu peneeBCKOM paccestHUM C
noyispu3anuet paccmarpuBanack Yanapacekapom u Dnbept [2]. Metomom
MOCJICIOBATEIBHBIX MPUOIMKEHUM W3 WHTETPAbHBIX yYpaBHEHHWM Il (QYHKIUN
OTPXKEHUS U MPOMYCKAHUS STUMH aBTOpPaMHU YMCIICHHO HaiieHa WHTEHCUBHOCTH
MPONYIIEHHOTO CJIOEM U3JIYYEHUS U TOJyYEHbI 3HAYEHUS Psifla BCIIOMOTaTeIbHBIX

byHKIII (X ,Y , é/ 1V, f NOe l//) [1, 2], mO3BOJAIOMIUX JIETKO BBIYHCIUTH
WHTEHCHUBHOCTbH OTPAKEHHOT'O M3Jy4deHHUs. DTa MOCeAHss Obljla paccCUMTaHa HaMHU
ans ontudeckux TommuH 7 =0,15; 0,5; 1 u pana yrnos nagenus 6, no popmynam:

Y(u,p)="Y,(t,0) +¥, (1, 0);

S T ([ (1) + 2t )]+ 20 (D (at) + £ (11 -

‘Pf(ﬂ,co)=3—2ﬂo +ﬂ
=& )& (g ) + 0 (e )1 = 2 () [ (g ) + F(aag )] = [X, (1) Xy (1) —
=Y, (W)Y, (4, )]\/1_/12 '\/1_/u§ x4 p, COS(D_,UZ(]-_IUOZ)[Xz () X, (1) -

=Y, ()Y, (4, )]c08 29}




Y. (u,0) = 3% ﬂﬂ(’fﬂ
—o ()&, ) + 0 (1t 1= 29() [ (1t ) + St N+ A= 1) X, (1) X, (1) —

=Y, (L)Y, (44,)]cos 2¢}.

L)l x (g )+ ()1 + 28 ()[ D (1) + S (145)] =

3mech  fy =C0SE,, £ =C0S0, F  (mommeii mortok  m3MydYeHWs)

npuHIMarcs pasabiM 1/ 77 .

bbuin mpoBelleHbl TakKe OOIIMPHBIE pPacyeThl 3aJa4d O MPOXOKICHHUH
NapajuieIbHOTO Ty4YKa W3JIy4YEeHUS 4Yepe3 IUIOCKUM CIIOM TMpU  Pa3IU4HBIX
UHAMKaTpucax 0e3 ydera noJispusanuu. NHTEeHCHBHOCTD PACCESTHHOTO U3JTyYCHUS

Y(0,0,7) onpenenunack U3 ypaBHeHHs IepeHOCa

2r V1
cos 02 +9(0,0,6) =— | dg'| W(O,/,7)y(cos F)sin@'de +
ot 4r 5 )

F _r
+ E;/(cos Xo)e "
Y KPAaeBbIX YCIOBUU

Y(0,9,0) mpu O<¢9<%

¥Y(,0,7)=0 mpu %<<9<7z

KOHEYHO-Pa3HOCTHBIM MeTojIoM [3]. ToyHOCTH 3TOro MeroAa OINpeaessieTCs
BEJIMYMHON IlIara pPa3HOCTHOM ceTH. IIpum MalbIX TOJIIMHAX OHA MOXET OBITh
clejlaHa BeChbMa BBICOKOW. B pacueTHBIX pe3ynbTarax, MPUBOJAUMBIX HUXKE,
omuOka He npesbimaet 0,5% .

dyaxmuas VY (6,9,7) onpemensmacs mpu stom B 40 paBHOYIANEHHBIX

TOYKaX Mo 7 IIpH

0, =0% @, =90°% @, =180°; y1,, =+0.95309; 1., = +0.76923;
1,y =+0.5; u,, =+0.23077; 11, = +0.04691;

(4 - mynu nonmunoma Jlexaunapa 5-ro nopsinka P, (££) wa untepsane (0,1),

L =C0S0).
3nauenus W(6,0,7) npu g ==l BeUMCAIMCH 0 UHTEPHOJIALMOHHOM
dopmyse Jlarpamxka, npu 4 =0 - u3 ypaBHenus (1), KOTOpoe B 3TOM cCity4ae

HMMEET MPOCTOM BU.
Ha ¢ur. 1-4 npuseneHsl pe3ynbTaThl pacuera, otpakennoro (nmpu 7 =0) u

*
POIYIIEHHOTO (MIPU 7 = 7 ) U3NyYEHHUsI IPU PEJIEEBCKOM 3aKOHE PaCCesHUS Kak €
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yuerom (kpuBble II), Tak u Ge3 ydera (kpuBbie 1) momspuzanuu OpU Tpex
onruyeckux tommunax s 6, =0 n 30° (F nonoxeno pasusiv 1/ 7).

Kpussie (III) cOOTBETCTBYIOT MPOMYIIEHHOMY M OTPaKEHHOMY H3IIYyYEHUIO
IIPY MHIMKATPUCE

He0s7)=3. 0,P, (005 7)

£

@, =1, @, =0.57789; w, =1.0598,
o, =0.54658, w, =0.52169; @, = 0.32928,

BeCbMa OJIM3KOW K CpelHel MHIUKATpHUCe Ui 3eMHOM aTMoc(epbl, MPUBEICHHON

B [4].
]

E T ———
/

i

@wur. 1. MIHTEHCUBHOCTh OTPAXKEHHOTO U3ITYYEHUS TIPU (90 =0°



g1 %°

®ur.2. UIHTEHCHBHOCTD HPOIYIEHHOTO u3nydenust pu 6, =0°

7

— —
-~ .
-—

—
—

T

®ur.3. NTHTEHCHBHOCTD OTPaKEHHOTO M3iydenus npu G, =30°

B Ta6J'II/IH€ IMPUBCACHDbI 3HAYCHHUA HHTCIPAJIOB JId IINIOTHOCTH M IIOTOKa
pacCeAHHOI0 U3JTyUYCHUA
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2r V.4
B(f)zzij dgoj ¥(0,0,7)sin0do,
Z 0 0

27 T
I:(T)Zzif dgoj Y(0,p,7)sindcosbdo,
Z 0 0

nonydyennsle 0e3 yuera (1) u ¢ yderom mnosspusanuu (2) npu 7=0 wu

* 0
T=71,0,=0.

CpaBHEHHE TIONYyYEHHBIX PE3yJbTaTOB TOKAa3bIBACT, YTO TOTPEITHOCTH B
pacuerax, BeI3bIBaeMasi IpeHeOpeKeHnEM MoJisIpu3aliueii, BospacraeT (10 ~10%) ¢
POCTOM ONTHUYECKOW TOMIMUHBI c¢iost oT O 1o 1 11 OTAeNbHBIX HampasieHuil. B
UHTErPaJbHBIX XapaKTePUCTUKAX — IUIOTHOCTH M TIOTOKE paJualuud — 9Ta
MOTPEIIHOCTh 3HAYUTENbHO MeHblle. CuibHasg BBITAHYTOCTh HWHIUKATPUCHI
ropa3fio CHJIbHEE CKa3bIBAaeTCs Ha pe3yibTaTax pacdera, OCOOEHHO is
MPOITYIIICHHOTO M3Ty4eHHSI.

—200
®ur.4. IHTeHCHBHOCTD MPOITYIIEHHOTO M3mydeHust ipu G, =30

I/IHTep€CHO OTMCTUTH, 4YTO YYCT IMOJIApHU3allhuM IPUBOJHUT K HECKOTOPOMY
YBCIIMYCHUIO HHTCHCUBHOCTHU PACCCAHHOI'O M3JIYYCHHUA B HAIIPABIICHUAX, OJIN3KHX

K 0, («Brepem») Mk 7 + 0, («Hazany).

BBIBOABI O MalOCTH MOJAPU3ALMOHHEIX IIONMPAaBOK IPU  PEJIEEBCKOM
paccessHuM, pa3syMeeTCsi, He MOTYT OBITh HEIOCPEACTBEHHO PACIPOCTPAHEHHI Ha
3a/1a4¥ C CUJILHO HEU3OTPOIHLIM PACCESHUEM WITU MOTTIOIEHUEM.

g, =0
[IponymenHoe u3nydyeHue
4 B, () B,(7) F(7) F,(7)
0.15 |0.029885 0.028831 0.011039 0.010966
0.5 0.066714 0.064181 0.030450 0.030598
1.0 0.091981 0.088340 0.046422 0.046367
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OTpakeHHOE U3ITyYECHHE

r B, (0) B, (0) F, (0) F, (0)

0.15 0.030548 0.029609 0.011138 0.011122

0.5 0.073322 0.070595 0.032172 0.032149

1.0 0.11421 0.10959 0.054178 0.053850

Axkanemus Hayk CCCP [Toctynuna
MareMaTH4eCcKuii 24.11.1961
HHCTUTYT WM.
B.A.CrekioBsa
JIMTEPATYPA

1.Yanopacekap C. Ilepenoc myuuctoit sueprun. NJI, M., 1953
2.Shandrasekhar S., Elbert D.D. Trans, Amer. Phil., New, Ser., 44, 6, 1954.
3.I'epmocenosa T.A. O xapakTepe pelIeHus] ypaBHSHHUS ITepeHoca IS TII0CKOTO
ciosi. JK. BBIUMCIIUT. MAaTEMATUKU U MateMaTud. gusuku, 1, Ne6, 1961.
4.Cobones B.B. Ilepenoc nmyuncToit s3Hepruu B aTMocdepax 3Be3/] U IJIaHeT.

I'ocTtexuzmar. M., 1956.
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YK 551.521.14 5
CIIEKTPAJIBHOE PACIIPEAEJIEHUE OTPA’KEHHOU PA INATIM 3EMJIN
B I[TIOJIOCE TTOI'JIOIIEHNW A O30HA 0,20-0,34 mxm

T'A.I'epmocenosa, M.C.Manxesuu
N3eectus AH CCCP, ®usuka armocdepsn! u okeana, 1.1, Ne9, 1965 r.,
c. 941-951.

[IpoBeneHbpl  pe3ynbTaThl  PacueTOB  CIEKTPAJIbHOTO  pacrpeieicHus
oTpaxkeHHOU OT 3emin Y @-paguanmu B mojioce moriormienns o3oHa 0,2-0,34 ymxm
B MPEANOJIOKEHUH, YTOo atMocdepa pacceuBaer no Penero. PaccMoTpeH Takke
CiIy4yail a3p030JIbHOTO PACCESIHUS B CIIOE€, MOJICIIUPYIOIIEM cepedpucToe 001aKo.

ConHeunass pammanus B yiabTpaduosieroBoit obmactu cmnektpa 0,20-0,30
MKM CHJIBHO TIOTJIOIIAETCA 030HOM, coaepKarumcs B cioe atMochepst 10-50 xu,
U TPAKTUYECKHM HE JIOCTUraeT 3€MHOM TOBEpXHOCTH. Bwmecte ¢ TeMm
yibTpaduosIeToBas paauanus CUJIBHO pacCeMBaeTCs MOJIEKYJaMU BO3llyXa U
a’po30JIIMU Jake€ B Pa3peKeHHOW aTMmocdepe, Jiexalled BbIIIE CJIOS O30HA.
[TosTOMy MOXHO OXUIaTh, YTO HEKOTOpasl AOJIA COJIHEUHOW SHEPrUU B 3TOU
o0JacTu cHeKTpa OTpa)kaeTcsl 3eMHON aTMoc(depoil B MUPOBOE MPOCTPAHCTBO, HE
JOCTUTHYB T€X YpOBHEH, TJ€ KOHLEHTpaluus O30Ha BbicOKa. OpHaKo A0
IIOCJIEAHErO0 BPEMEHHU BOIIPOC O TOM, KAKOBA 3Ta JHEPIHs, HE TOBOPS yXKE O €€
CHEKTPaJIbHOM, YTJIOBOM, BEPTHUKAIBLHOM M MPOCTPAHCTBEHHOM PaCIpeiesiCHUsX, B
reou3ruKke He paccMaTpuBaliCs. ITO OOBSICHSIOCH OTCYTCTBUEM BO3MOKHOCTEH
paaualMOHHBIX U3MEpPEHU Ha OoJbIINX BhicOoTax. [lo 3TOM ke mpUYMHE, a TAKXKe
B CBSI3U C OOJIBIIMMHU TPYIHOCTSIMH BBIYUCIUTEIIBHOTO XapaKkTepa He MPOBOIUINCH
U pacueThl paccessHHOW Y D-paguannu B 00JIaCTH MOTJIOMICHHS 030HA.

Hcnonb30BaHue pakeT U CHYTHUKOB JJIS 30HIUPOBAHUS aTMOC(HEpHI BbIIIE
CJIOSI 030Ha PACIIMPHUIIO BO3MOXHOCTH HCCIIEIOBAaHUSl PAJAALMOHHOTO MO
3emiM, B TOM YHCJIE M B 3TOM CHEKTPaJIbHOM Jauana3oHe. B mocnegHee Bpewms
MOSIBUJTUCH COOOMICHHSI 0 (POTOMETPUYECKUX M CIEKTPOCKOMMYECKUX U3MEPEHUSIX
paauanuu Ha pakeTax B cioe atMocdepsl 40-75 kv B CHEKTpaIbHOM WHTEpBAje
0,18-0,35 mxm [1,2] u B oTnenbHbIX ero yuactkax: 0,22 u 0,26 mxm [3]. HemaBHO
OBLITM OIMyOJIMKOBAHBI PE3YIbTAThl U3MEPECHHS OTPAKCHHOU 3emiieil paauaruu B
MHTEpBAlle CIEKTpa, UeHTpupoBanHoM npu A=0,255 mxwm, NMOAyYeHHBIE NPH
nomomn cnytHuka BBC CIIA (4) (monymupuHa KpUBOW MPOMYCKaHUS
doromerpa pasHsanace 140 A). B paborte [4] mpuBOAATCS Takke HEKOTOPHIE
pe3ynbTaThl pacyETOB MHTEHCMBHOCTH OTPAXKEHHOW pajualiyd B MOJOCE O30HA.
DT eIWHWYHBbIC [IaHHbIE W3MEPEHUH U PacyeTOB CBUJCTEIBCTBYIOT O
3HAUUTENBHBIX  BapHalMsIX  MHTEHCUBHOCTH  OTPAXEHHOM  paauanuu,
OOYCJIOBJIEHHBIX, MO-BUAUMOMY, pPa3JU4YMsIMU BEPTUKAJIbHBIX pacnpeneaeHui
030HA, OCYIIECTBISIOMINXCS B MOMEHT HW3MEPEHUM WJIM UCIOIb30BaHHBIX B
pacuerax. He wuckiroueHa BO3MOXKHOCTb, YTO pa3IUYUsl PACUETHBIX JAHHBIX
CBSI3aHbl C Pa3HbIMM METOJAaMU BbIUMCICHUI. K COXaleHHUi0 B IUTUPYEMBIX
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paboTax He NPUBOAATCS CBEACHUS O BEPTHKAIbHBIX NPOQWISIX O30HA U
OTCYTCTBYIOT yKa3aHHUs [0 METOIUKE PACUETOB.

HckntoueHuem siBiisieTcst padota [S], B KOTOpOW NpUBEAEHB MHTEHCUBHOCTH
B untepBane 0,20-0,32 mxm , paccessHHOU peneeBCKOM aTMoc(depoil B MHpPOBOE
MPOCTPAHCTBO, BHIYUCIICHHBIC MPU Pa3HBIX MON0kKEHUsIX COJHIA U HAPABICHUSIX
HAOMIO/IEHUsT 11 HEKOTOPBIX BEPTUKAIBHBIX  pacIpeleleHUi KOHIEHTPalUuu
030Ha. ABTOp [5] orpaHUYMIICS YYETOM JIUIIb OJJHOKPATHOTO PACCESHHUS, PUYEM
Bce (u3MUEcCKuEe MapaMeTphl (BEPTUKAJIBHBIC pacIpeiesieHus KOHIEHTpaIuu
030Ha U TUIOTHOCTH BO3/lyXa, 3aBUCHUMOCTH KOA((UIIMEHTOB MOTJOIIECHUS U
paccesiHAs, a TakkKe  COJHEYHOIO0  HM3JIY4YeHUss OT  JUIMHBI  BOJIHBI)
anmpoOKCUMUPOBAINCH  AHATUTHUYECKUMHU  BBIPAXKEHUSMU. ITO  IO3BOJIUIO
BBIPA3UTh UHTEHCUBHOCTh YXOJSINEH pagualuy B aHAIUTHUYEeCKOM Buje. Hukakux
COOOpaKeHU O BKJIaJ€ MHOTOKPATHOTO PACCESHUS B YXOJSIIYIO pajHalfio B
pabote [5] He mpuBOAUTCS. MEXIy TEM ydeT pacCesHHs] BBICOKMX MOPSIKOB
CYIIECTBEH, OCOOCHHO Ha KPBUIbSX IOJIOCHI MOTJIOIIEHUSI 030Ha U MPHU OOJBIINX
ONTHYCCKUX MYTAX MPOXOXKACHHS paauanuu. Kpome TOro, mpu 3THX YCIOBHUSAX
3aMETHYIO POJIb MOXKET WIPaTh pacCcestHhe pagualii Ha a’po30JsiX B BBICOKHX
ciosix atmocdepsl (METEOPHBIE CIIEbI, KOCMUYECKas MbLIb, CEPEOPUCTHIC 00IaKa).
Henp3si, BepoOsTHO, WrHOPUPOBATH TMPHU TAKUX pacdyeTax TakkKe SBJICHHE
JIOMUHECLEHIIMH, KOTOpOE O0ECIeYHBAECT IMEPEU3TYyUCHHE COJIHEYHOM HHEPIHH,
nornomaemoii B monocax Illymana-Pynre (1750-2000 A), B Buge smuccum
nHeBHOTrO HebGa B obmactu 1750-4500 A. Kak mokaszaHo B [6], Bbimie 80 xw 3Ta
AMUCCHSI ITPEBOCXOIUT PEIIEEBCKOE paccesHue. YUeT BceX ITHX (PaAKTOPOB BIIOJIHE
OCYIIECTBUM TIPH pacyeTax pacCEesIHHOW paaualvi Ha OBICTPOJECHCTBYIOIINX
BBIYHMCIIUTEIBHBIX MAITUHAX.

B Hacrosmeit pabote comepikarcs pe3yJabTaThl PacyETOB XapaKTEPUCTHUK
CIIEKTPAIIBHOTO COCTaBa OTPAXKEHHOW paauannu 3eMiu B uHtepBaie crnekrpa 0,20-
0,34 mxm nna peneeBckodl armocdepbl mpu pasHbIX ToJokeHUsX CoiHIa U
HaIpaBJCHUSAX HaOI0JeHus. PacCMOTpeH Takke ciiydail, Korja Ha HEKOTOpOM
YypOBHE B BepxHed armocdepe COACPKUTCS a’dpo30JbHBIN coil  (MOjaEIb
cepebpucToro obmnaka). IIpoBegeHo cpaBHEHHE WHTEHCUBHOCTEW OJHOKPATHO U
MHOTOKPAaTHO  pPAacCesHHOW  paauamuu s paclpeielieHHss  O30Ha,
HCTOJIb30BaHHOTO B [5].
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0 1 lluuL Ll 1 ul IR
-5 -4 -3 2
70 10 707 m,cmkml 0 <
Puc. 1. IlpumMepsl BepTUKaIbHBIX paclpeAeieHHil 030Ha. 1 — pakeTHble
JmaHHBIE [7], WCHONB30BaHHBIE B HACTOSIIEH cTaThe, 2 — CTaHIAPTHOE

pacrpesieneHme, ucroiab30BaHHOE B padbote [5].

Metoa pacuera
CylecTBEHHO OCOOEHHOCTBIO IEpeHoca pagualuu B atMmochepe s
paccmMaTpuBaeMoil 00JaCTH CHEKTpa SBJIETCS CHIBHOE M3MEHEHHUE MOIVIOIIECHUS
030Ha B 3aBHCHMOCTH KaK OT JUTHHBI BOJIHBI A, Tak W oT BBICOTH Z. Ilociennee

CBSI3aHO CO CIIOKHBIM BEPTHKAIBGHBIM TIpoduiIeM KOHLeHTparmu o3oHa M(Z)
(puc. 1). Kpome Toro, B 3TOM y4acTke crHekTpa arMocdepa o0JagaeT CHUIbLHBIM
MOJIEKYJISIPHBIM paccestHueM, a Ha Kpbuie mosockl o3oHa (A >0,3 mxm) cnemyer

YUHTBIBATH U a3PO30JIbHOE paccesiHue. J{Ba OCHOBHBIX IIapaMeTpa, ONpeAeIIAIOInX
rose pajuanuu, - ontudeckas touna cios armocdepst (0, 2)

r,(2)=] [k, (1) +o, (O)ct (1)
U rapamMeTp

_ o,(2)
B,(2) = o)+ k@) 2)

(0,,K, - 06beMHbIE KOIQPUIMEHTBI PACCESHNUS U TIOTJIOMIEHHS) UMEFOT JOBOJIBHO

CJIO’KHYIO BEPTUKAJIBHYIO CTPYKTYpY (pHC. 2), YTO BeCbMa 3aTpyJHSET pacueTsl. B
00JIaCTH CHJIBHOTO HoryomeHus (0onpmue 7,, KOTOpPbIE MOryT nocturatsb 150)
3 (PEKTUBHO OTpaKAIOIMMKA CJIOH aTMoc(hepbl ONTHYECKH TOHOK, TOCKOJBKY

mapamMceTp IB/l TOJIBKO B TOHKOM CJIOC 3aMCTHO OTJIMYACTCA OT HYJIA. HpI/I
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YMEHBIICHUN TOTJIOMICHUSI TOT CJIOM pacHIMpSeTCs, W Ha KPBUIbSIX IMOJIOCHI (B
00JIaCTH YMCTOTO paccessHHsA) MoJIe paauanuu GopMupyercst Bceir atMochepoi.

H, KM
140

120

100

0 1 Ll 1 1111' 1 .l 1
0,001 0,01 o1 108
l_ 1 11 llnul 1 | llllll[ 1 Ll leul

0,01 o1 ! 07

Puc.2. Beprukanshoe pacnpenenenve 7,(Z) u f,(Z) nma A1=0.28

(myaxTupHble nuEun) U 0.34 mxm (cromHble Kpusbie); mpoduas M(Z) B3ar no

[7]; xpuBble, OTMeueHHbIE KpyxkKkamu, 7, u [3, - mo [5] Wi CTaHmapTHOro

npodunst Oz. 1 - f,(2) ;2 - 7,(2)
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0-180°
z2=100xm

2=0xm
SIS S S,

Puc. 3. Cxema pactipocTpaHeHUsI COJTHEUHOW pavallin
B IJIOCKOMAPaJUIEIbHOM CJ10€ aTMOC(hephl

Ecin  orpaHMuYuTBCS IJIOCKONAPAJIENIBHONM MOJENBI0 aTMOC(EpBI, YTO
BO3MOYKHO MIPH HE CIMIIIKOM OOJBIIHX 3eHUTHBIX paccTossHmsix ConHna § ¥ yriax

Habmonenus @ (puc. 3), TO MHTEHCUBHOCTH MOHOXPOMATHUYECKOIO H3JIy4EHHSI
Y, (7,44,0) mis paHHOW JUIMHBI BOJHBI HA ONTUYECKOM IIyOuHE 7 B

HAIpPaBJICHUH, OTpeIeNsieMoM yriioM & =arCCOS 44 € OCbl0 T | a3sUMyTOM @

MOXET OBITh ONpeJeleHa U3 ypaBHEHHs ImepeHoca (MHuexkc A B manbHelIem
OITyCKaeMm)

oY T o
U+ (e 00) = A0 [ 09/ [ 1(e.c08 )W (e 0 =S, (7. p00) B
0 -1
Y KPAeBbIX YCIOBUU

2z

¥(0.u9) = | dg'[ R(cos )W(0,u,@)di’ + fy (14,0) (u>0), @)

0 -1

(' ue)= T, (1,9) (08 g = ' +\1- 1?1~ 1™ cos(p—¢)). (5)
3necy 1 <0, }/(T,COS ;() - uHAuKaTpuca paccesHus. OyHkuus R(COS ;()
ONpENENsCT  BEPOATHOCTb  OTPAKEHUA  M3IYYCHUSA  OT  MOACTUIAIOLICH

*
IMOBEPXHOCTH, T - ONTHYCCKas TOJIIUHA BCEro CJI0A aTMOC(bepI)I; fO )41 fl -

najanee Ha TpaHulbl arMocdepsl usmydenue; S, (7,4, () - BHYTpeHHHE

WMCTOYHUKM U3Iy4YeHHss B aTMmocdepe, BO3HUKAIOIIME, HANpUMEp, 3a CUeT
JIOMHHECLICHIUH.
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Korna na BepxHIOIO rpaHHily aTMoc(ephl MagaeT mapauiedbHBIA My4OK
COJIHEYHOI'0 U3JIy4YEeHUs, T.C.

f, () =Fo(u+p)o(p) (1, =arccosd >0), (6)
HNHTCHCHUBHOCTH I/I3J'IyT-IeHI/I$I HNMECT BHU/ CYMMBI
—("=7)/
Wz, 1, 0) = FS(u+ 11,)5(p)e " " + O(z, 1, ), )
rac HepBOG cJJaracMoc€ oOTBcYacT HpHMOMy COJIHGIIHOMy I/ISJ]y‘{CHI/II-O, BTOpOG —
paccesHHOMYy; O - gnenbra-Qynkuus. Oyuxkuus D(7, 4,) Moxer ObITH

omnpeielieHa Takke U3 ypaBHeHHUs (3), Iie B KaueCTBE CBOOOIHOTO YJI€HA JOJIKHA
OBITh B35iITa CyMMa

So (7, 11,0) + F B(z)y(z,C0s z, )8 %,
COS Yo = Lty + \/1— I \/1— Ho COSQ

(asumyT @ orcumThiBatoT oT Bektopa Connua @, = 0).

Kpaessie ycnosus mis O (7, 1, @) umeror Buj

®(0, ,0) = f, (11, 0) + FR(cOS 75 )e ™ +
2r 0
+ | dg'[ R(cos 1) (0, p)d
0 -1

(#>0), O(z",1,0)=0 (u<0).
Jlns mpubmmxennoro oteickanus Gpyuxuun O(7, 11, ) 6bin ucnons3osan
unciaennblii Meron [8]. Ilpeamonoxum, uto dynxmuu ¥(COS y) u R(COS y)

MOI'yT OBITH C I[OCT&TO“IHOﬁ CTCIICHBIO TOYHOCTH IIPCACTABJICHBI KOHCYHBIMH
CyYMMaMH IIOJIMHOMOB HencaHz[pa

N
7(cos y) = Ziz w, 2n2+1 P (cos y),

n=0

2n+1

N
Rcos ) = > 7, 2P (cos )
27[ n=0

a dynxmmn S, (7, 1,¢), T, (4,0) - xoneunbiMu TpHTOHOMETpHUECKMMU
cymmamu (M < N)

So (7, 1,0) = D S¢"(z, )cosm,

M= 20

f ™ (1) cos me.

fo (24,9)

3
g

Torna, nonaras S, (7, 4,9) =0 u

1 M
(7, 1, 9) =§<Do(f,ﬂ)+2 @, (z, ) cosme, (8)

m=1
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s kaxaoit pynkimuu @ Oyner uMeTh KpaeByro 3a1ady

U2, () = B 7o), (O

+FB(0)yn (1, 1), (9)
0
®,(0,1) = R,(0.4)0,(0,u)d '+ £ (u>0),
1
®, (5, 1)=0 (u<0). (10)

3nech
™ =™+ FR e,

TpeOyst BoimonHeHust ypaBHeHus (9) u ycnoBuit (10) B 2N Toukax
LG sy My eees Mgy i (2 >0, g2, =—44) n unTerpupya (9) Ha Kaxaom
unrepsane (z,,7,,) pasHocTHoi cetkn O0=7, <7, <..<7 <7 , HOIy4aeM
CHUCTEMY KOHEYHO-Pa3HOCTHBIX ypaBHeHHH 1 BequunH D (g, ,7,). Ha kaxmgom
untepsane (z,,7,.,) 3anaerca cBoe 3Hauenue S(7)=/f,. UroOsl nepenatsb
sapucumocts mumukatpucsl  ¥(COS ) or BbicoTHL, armocdepa aenuTcs Ha

HCCKOJIBKO CJIOCB, B KAXKJIOM M3 KOTOPBIX HC3ABHUCHUMO 3aJar0TCA KOB(I)(I)I/IHI/ICHTBI
Ppa3IOKEHUA HHAUKATPUCHI WK 3HAYCHUA €€ B TOUKAX [ 4

B ocHoBy pemenus cucteMbl (9) IOJOKEHO OJHO M3 COOTHOIICHUI
MPUHIIMIIA UHBAPUAHTHOCTH

O =S,®,+T,, & ={D(r,,1,),..D(z,, 11,)}.
O, ={D(7,,1,),..O(7,, 1)},
rae S, - marpuia otpaxkenus cioem (0,7,); T, - KodpQUIHMEHT NPONycKaHUs
cnost (0,7,). Onpenenus 3uauenue S, T, u3 ycnosus (10), MoxkHo HaiiTh S, u

T, mnocienoBaTenbHO JUIS f:]-,z,--- n3areMm ®" u ® or =L mo ¢=0.

[Iporpamma, ocyiiecTBistOmas 3TOT pacyeT Ha OBM, 1M03BOJIsSE€T BBIYUCIATH
TaKXKe PAJl UHTErPaJIOB OT PEIICHUS TUIIA

+1
| o e (k=012).
]
3navenns N u L orpanmaenst yenosusvu N <27, L <150, NL <900.

Moaean atMmocepbl, BHIOPAHHbIE [IJISI pAaCUeTOB
OcHOBHBIE pacyeThl OBLIIM MPOBEAEHBI JJIsI MOJIETN aTMOC(ephl, MITOTHOCTh
KOTOPOM  M3MEHSAETCA  C  BBICOTOM  NO  NOKA3aTEIbHOMY  3aKOHY

p=p,e ™ (®=0125xu") u B KOTOPOHl NPOMCXOIAT pEJIEEBCKOE
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paccesiHie paJMalii Ha MOJEKYJIaX BO3/1yXa M IMOIJIONIEHUE MOJIEKYyJIaMu O30Ha.
BeprukanbHOe pacnpeneneHue KOHIEHTpAaUud O30Ha ObUIO B3SITO M3 JaHHBIX
pakeTHbIX wu3Mepenuit [7] mo ypoBHs 70 km. DTO pacmpenesicHue,
AKCTpanoJupoBaHHoe 10 BbicoThl 100 xm, mpuBeneHo Ha puc. 1. 3xech xe
M300paKEHO CTaHAAPTHOE PACIPEAEICHHE O030HA, KOTOPOE MCHOJb30BAJIOCH B
pacyeTax MHTEHCUBHOCTH OJHOKPATHO pacCesHHOW paauauuu ['puHoMm [S] u mis
KOTOPOTr0 HaMH MOJY4EHO TAaKKE€ BEPTUKAIbHOE M YIJIOBOE paCHpECICHUs
MHOT'OKpaTHO pacCesHHOW pajdalny B TpexX ydactkax crekrpa: A = 0,25, 0,28, 0,
32 mxm
PeneeBckas mnanKaTpuca paccessHus Opaisach B BUIE

y(cos y) = i(1+ cos” y).
Arx

ITpenmosaraiocb, 4YTO U3IYYEHUEM U OTPAXKEHHEM IOJCTHIIAIOLIEH
MMOBEPXHOCTU B paccMaTpUBAEMOM HMHTEpPBAJIE CIEKTPa MOXXHO MpEeHeOpeub, T.€.

R(cos y) = f, (&4,) =0, 1 4to BHYTpU aTMocdepsl OTCYTCTBYIOT BHYTPEHHHE
ucrounuku usnydenus (S, = 0). Ilocrosnnas F B ¢dopmyne (7) monaranack
paBHOI 277 . 3HaueHUs ONTHYECKOW TONIMHBI 7,(Z) u mapamerpa [, (z) nud

KOKJIOM JJIMHBI BOJHBI PACCUUTHIBAINCH IO KPUBBIM m(z) , OTBEUYAIOUINM
IPUHATBIM pacipeieNieHusM 030Ha (puc. 2).
B xauectBe TOUEK 44, OpanuCh y3JIbl rayCCOBOM KBajpaTypHOH (HOpMyIIbl

npu N=9 nHa xaxnom u3 uHrepBanoB 4 (-1,0) n (0,1), a Touku 7, pa3HOCTHOH

CeTKM Mo 7 BbIOpamMch TakuM 00pa3oM, uTOOBl 3aBUCUMOCTh /3, (Z)
nepenaBagach  HawirydmuMm — obpazom  mpu  orpanmueHun  NL < 900.
HenocpeacTBEHHO pacCUYMTHIBAIMCH OTHOCHTEIBHBIC BEIMYUHBI WHTEHCHUBHOCTH
Bocxonsamenn @D (7, u,@,5) u nucxomamed D _(z,u,¢,4) pammanuii B
OTIIETBHBIX Y3JIOBBIX TOUKax 7 il AecaTH HampasiaeHuit & = 10, 23, 36, 48, 60,
70, 80, 85, 89 1 90°, mpu yeThIpeX 3HAYEHUSIX é/ =0, 30, 60, 80° myst M30paHHBIX

mmH BoiH ¢ maroMm AA =0,01 mxm. AOCOMIOTHBIE BEIMYMHBI MHTEHCHUBHOCTH
pagvanuy  MOJIy4Yaluch IyTEM YMHOXCHHUS Ha COJHCUHYIO TIOCTOSHHYIO

o + - _ -
S,:1;,=5,®" un |, =5,® . 3aBUCMMOCTb, MHTEHCHBHOCTH OT a3uMyTa ¢,
orcunthiBaemMoro ot Beptukana Comnna (¢ =0) , onmpenensnacy ¢ momorsro
dbopmyisl (8).

CunekrpaJjibHOe pacnpeae/ieHue yXoAsed paauanuu
Pe3ynpTarel pacyeTroB CHEKTPAIBHOTO M YIJIOBOTO XOJa WHTEHCUBHOCTHU
paguanuu, OTpaXKEHHOU 3emiield B MUPOBOE MPOCTPAHCTBO, MO3BOJISIIOT OLEHUTH
MOPSAIOK BEJMYUH JIyYMCTOW 3HEPIUMM B PACCMATPUBAEMOM HWHTEPBAJE CHEKTPA,
YTO CYIIECTBEHHO NPU KOHCTPYHPOBAHWHM COOTBETCTBYIOIIEW HW3MEPUTEIBLHOU
anmaparypsl. PacdeTsl e 11t pa3HbIX Mojieneil atMocdepsl AT MPeCTaBICHUE
0 BO3MOXHBIX BapHUALUAX 3TOU SHEPTUU IO 36MHOMY LIapy.
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[IpuMepBl  CHIEKTPANLHOIO  paclpeneleHds WHTEHCHMBHOCTH — YXOIALIEN
+ o
pamunatmu |; (B mameHeiimem 3Hak Iumfoc omyckaem) juist cirydas & =0°, 6=10°,

MOJTyYEHHbIC B HACTOSIIEH paboTe, pecTaBiIeHbl Ha puUcC. 4. 37eCh *Ke MPUBEICHbI
pe3yJbTaThl ~ QHAJOTMYHBIX  pPAacue€TOB  JPYrMX  aBTOPOB, a  TaKxkKe
AKCIIEPUMEHTAJIbHbIC JTaHHBIC, MOJYYEHHbIC MPU MOMOIIM PaKeT U CIOyTHUKA [4].

HHTepeCHO, 4YTO BBIYUCJICHHASA HAMW MHTCHCHUBHOCTDL pPaJvuallin I 2 JICKHUT MCXKIY

COOTBETCTBYIOIIMMH KpuBbIMH YenmaHa u I'puna. B pabore [4] paznmuuus mexmay
IBYMsI TIOCIEIHUMHU KPUBBIMH OOBSCHSIOTCS TeM, YTO pacueT YemmMmdHa ObuI

npoBejieH a1 pacnpenencaus M(Z), yObiBaromero Bbilie ypoBHS 25 kv ObICTpee,

mexenn M(Z) B cranmaptHoM pacnpenencHun Oz , KOTOPBIM MONb30Bacs ['pun

[5]. Do Biever 3a coboit Oonee MeIeHHOE YObIBaHue mapametpa 3, ¢ BBICOTOH,

yTo oOecrneunBaeT yBequueHHe IPPEKTUBHON TONIIUHBI CIOS aTMOCQEpHI,
pPacCeuBAONIEr0 CONHEUHy0 YdD-paauanuio Haszad, a CleJOBaTENbHO, U POCT
MHTEHCUBHOCTHU YXOJIAIIECH paguaiiu.

1,8m cm~2 cmep~"mum =7

% 7
10 2 =
i
7 0-3 =
:
70°% &
¥ A
2. Yenmen
el 3. Hacm. paboma
10 5_ & Mpun :
S bewn
6. bapm
7. Cnymuux (Pesd*)
L 8 Nedopund (paxemq)
3 Xewnec (paxema)
10°¢ [ T T .2 24

! l
0.20 022 Q2% 026 028 030 032 A mmm

Puc. 4. Pe3ynbTarhl pacyeToB CIIEKTPAIHLHOTO paclpeesICHUs] MHTEHCUBHOCTH
paauanuu, oTpakeHHoH B nuara3oHne cnekrpa 0,20-0,35 mkxm, U 1aHHBIE PaKeTHBIX
U CITyTHUKOBBIX U3MEPEHUN B OTJICTbHBIX YUacTKaxX CleKkTpa. TOUKH 03HAYar0T

MHTEHCHBHOCTH IO pacdeTaM JJIs cTaHaapTHoit moaemu M(Z) us [5] ¢ yuetom

MHOTOKPATHOTO PACCESIHUSL; KPECTUKOM YKa3aHO 3HAUEHHUE, TIOTYYEHHOe I S,
annpOKCUMUPOBAHHOM 11O [5]
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Kak BumHO w3 pwuc.2, HA KOTOPOM H300paKeHBI BEPTHKATHHBIC
pacrpe/eNeHust mapaMeTpoB 7, , 3, Juisi Mozereii aTMochepbl, HCIIOIb30BaHHBIX B
HacTodAled pabore u B paboTe [S5], TOM K€ MNPUUYMHOM MOXKHO YACTUYHO

OOBSICHUTH 3aBBLIIICHHBIE 10 CPaBHCHHIO C ITdHHBIMHU rpI/IHa Haliy 3HA4YCHUA I 1

[7]. Puc. 2 mokasbiBaer, 4T0 B OONACTH CHJIBHOTO morjomenus ¢ynkuun [,

pasnuualTcs a8 o0eux Mojeneil aTMocdephl B ONTHYECKH TOHKOM CIIOE
atmocdepsl, nexamem Boime 70-80 kv (7 < 0,05 nmaxe nna A =0,28 mxm, )

IMpUYICM TOJIBKO B 3TOM CJIOC ﬂﬂ IMPAKTUYCCKU OTJIUYHO OT HYJIA. IIo »tou
+
I[MPUYINHC Pa3JINYusA I 2 B 00J1aCTH CHUJIBHOTO IIOTJIOIIICHU A O6YCJIOBJI€HI>I TOJIBKO

nosenennem Gynkuun [, (Z) wa Gompmmx BeicoTax. Tak Kak KOHIEHTpALHS

o30Ha BeIe 50 xu IJIOXO HN3ydCHA, TO YIIOMAHYTBIC pa3jin4dHA B 3HAYUTEILHOU
CTCIICHU MOI'YT OBITH O6YCJIOBJICHI>I Pa3INYHbIMU SKCTPAIIOJIAHUAMN m(Z) Ha

GoutbIre BBICOTHI. JIpyroil BeposiTHON MPUYMHON 3aHIKCHHBIX 3HadeHnid |, B [5]

SBJISIETCS TpEeHEOpEeKEHNE MHOTOKPaTHBIM paccestHueM, BKJIaJl KOTOPOro B
YXOAAIIYI0 PaJHAIMIO BO3PACTAET C YMEHbIIEHWEM noriomeHns. CrnenuanbHbIi

pacuer |, mna momenm I'puna mokasain, uto mpu A=0,25 mrxm MHOrOKpaTHOE

paccestHiEe BHOCHUT JEHCTBUTENBHO MPeHEOpex UMbl Bkiaan. OnHako yxke it A
=0,28 mxm »torT BKJanm 3amereH u it A=0,32 mxm nocturaer 10% ot
OJIHOKPATHOTO paccestHus (puc. 4, TOUKH).

OtcyTcTBHe cBeieHuit 0 MeTozax pacuetoB |, UenmsHa u Apyrux aBTopoBs

[4] He MO3BOJIIET MPOBECTH aHAJIOTMYHbIE CpaBHEHUS. (COMOCTaBIEHHE BCEX
pacYeTHBIX KpPUBBIX Ha pHUC. 4 TMOKa3bIBaeT, YTO BEJIUYMHBI HHTCHCHBHOCTH
yXOIAIICH paaualii B MHHUMYyME pasindaroTcs B 3-4 pa3a, a ¢ y4yeToM Bcex
pe3yabTaroB [5] - Ha nopsanok Benmuuussl (1-10°-1-107° em cv?cmep™ mxm?). Tpu

9TOM OKa3bIBACTC:, YTO BCC PACUCTHBIC BCIIMYNHLBI Iﬂ 3aHUIKCHEI 110 CPABHCHHIO C

€MHCTBEHHON BEJIIMYMHOM WHTEHCUBHOCTH YXOJIALIEH paaualuu, U3MEPEHHOU
TIpH TIOMOIIH CIiyTHUKA Tipu § =49° [4]* .

Bo3MoxkHass mnpuuMHa ASTOTO HECOOTBETCTBUSI, HA TEPBBIM B3IJISAA, B
JTOTOJTHUTEIIPHOM M3JIyYEHUH 34 CYET JIIOMUHECHEHUWU [6], sHEeprust KOTOpou
MPEBOCXOJUT peleeBckoe paccesnue Bbime 80 xu. 310 Kak  OyaTo

HOATBEPKIAETCA W JAHHBIMH PAaKeTHHIX H3MepeHud | , 10 BBICOTBI 75 KM,

KOTOPBIE XOPOIIO COBNAJAIOT C pacueTHbIMU HaHHbIMU ['puna (puc. 4). OgHako,
KaK TOKa3bIBAIOT OIIEHKM HW3JIYYEHHUsI 3a CYET JIIOMUHECHeHIuU [6], OoHO He
npesbimaet BeauauHbl 10°-1-107° em cv?cmep™ mxm™, uto B HECKOIBKO pa3

* Cnemyer ykaszaTb, 4TO 3Ta BEJIMYMHA, M300pakeHHass Ha puc. 4 B BHUJE
OTpe3Ka MpsIMOM 7, IJIMHA KOTOPOTO JIOJDKHA XapaKTepU30BaTh JJIMHY MHTEpBaja
CIIEKTPAIbHOM YYBCTBUTEJIBHOCTH MPHOOpaA, HE COOTBETCTBYET yKa3aHHOW B [4]
e AA=140 A u momoxeHwuro nentpa 0,255 mxkm (MCTUHHOE MOJIOKEHUE ITOU
BEJIMYMHBI U300paXKEHO Ha PUC. 4 TYHKTUPHBIM OTPE3KOM ).
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MEHBIIIE PA3HOCTH MEXK]Yy BBIUUCICHHBIMU W M3MEPEHHBIMU CO CIYTHHUKA
MHTEHCHBHOCTAMH yXomsmend pamuamun it A=0,25 mxm . Bmecte ¢ Tem
HEOOXOJIUMO OTMETUTh, YTO yKa3aHHAas OLIEHKA SHEPIUHU JIIOMUHECHEHIUHU B [6]
ocpenneHa mo Bcemy uHTepBanmy 0,2-0,3 mxm, M HET HHUKaKUX CBEJICHHUHN O ee
CIIEKTPAJIBHOM  pachpeieieHuu. JTOT BONPOC  TpeOdyeT  CHeluaibHOTO
pacCMOTpEHHsI C yd4eToM MexaHm3Mma (uryopectieHnnu  atMocdepbl 1O
BO3JccTBUEM  mioriouieHusa Y @-paguanuu B mnosiocax I[llymana-PyHre, tem
0oJiee, 4TO JIOCTOBEPHOCTh pacueToB [6] HEBEMKA U OHH MOTYT OBITh OTSTOILEHBI
OOJIBIITUMH OIIHOKAMH.

B pabotax [4,5] mpUBOISTCS TAKKE HEKOTOPbIE Pe3ynbTaThl H3Mepenuit | ,

Ha pakerax (cM. puc. 4), OAHAKO CBEJCHHM O METOJAMKE U O BEPTUKAIHLHOM
pacrmpeesieHuy 030Ha B IEpUo;] HAaOJIOIEHU B 3TUX paboTax HeET.

HOI)TOMy KpoM¢C YKaSaHHOI;’I BBIIIC IIPUYMHBI B Pa3IMdYHAX BCJINYHUH IZ’

MOJIYYCHHBIX HA PAaKETaX M CIIyTHUKE, 3aMETHYIO POJb MOTYT UTPaTh Paziuyus

BEPTUKAJBHBIX paclipe/ielieHuid 030Ha (JaHHbIE PAKETHBIX U3MEPEHUN B OJTHOM U

TOM € UHTEPBAJIC CIIEKTpa pa3aIndaroTcs MexIay co0o0il, cM., Hampumep, puc.4).
Kak yka3piBajioch, OJJTHOM M3 BO3MOXHBIX MPUYHH 3aHWKCHUS PE3yIhTaTOB

pacdu€rta M PAKCTHBIX I/ISMepCHI/Iﬁ I , MO CpaBHCHUIO C JaHHBIMHM CIIYTHHMKOB

ABIIIETCS ad3PO30JHHOE pacCesHUE COJIHEYHOW pajHualvid, B TOM YHCJIE B CIOE,
JTUCIIONUPYIOIIEMCS 10 CYIIECTBYIONIMM B HACTOSIIIIEE BPEMS MPEICTABICHUAM Ha
ypoBHsix 80-100 xm . DTOT cioil HE JOCTUTANICA TIPH PAKETHBIX M3MEPEHHUAX, a
a’pO30JILHOC PACCESTHUE HE YUYMTHIBAJIOCHh B YIOMSHYTBIX BBIINIE pacdyeTax, 3a
UCKJTIOUEHUEM, ObITh MOXET, pacueToB Uenmana. TpyaHocTu yueTa aspo30JbHOTO
paccesiHUsS Ha 9TUX BBICOTAX CBS3aHBI C OTCYTCTBHEM JIOCTOBEPHBIX CBEIICHUN 00
ONTHYECKUX CBOMCTBaX a’po3osisi. Hike mpuBeaem npuMep pacdyeTa npu HATUYUU
HEKOTOPOTO JJOCTATOYHO IIOTHOTO a’pO30JIbHOTO CJIOSl Ha OoJbIuX BhicoTax. Kak
W CIENOBaJO OXHAATh MCXOAS W3 CHEKTpajdbHOro xoaa koddduimenra
MOTJIONIEHUs 030Ha U Koddduimenta paccessHuss atMochepbl, MUHUMYM
WHTCHCHUBHOCTH paJWallii, paccerBacMOil 3eMHOM aTtmocdepoil B MHPOBOE
npocTpancTBo, mpuxomurcs Ha A=0,25 mxm. 3HaueHUs STONM MUHHMMAILHOM

sueprun |, mpu ¢ =0°, @ ~0° no pacueram pasHbIX aBTOPOB NpPHBEICHBI B
Tabnuiie. 31eCh K€ MPUBEIECHb MUHUMAJIbHbIE BETUYHHBI KO3 PUIIEeHTa SIpKOCTH
(0.0)= 2 08),
S, cos¢ (11)
S, =0,71-10"° em cm “cmep ™ mxm ™.
CrnekTpajbHble pacnpeieieHnus aOCONOTHBIX BEIUYWH HHTEHCHUBHOCTH
yXosIell paguanuu pu pasnuuHelX yrmax @ B septuxane Comuna (@ = 00)
WJUTIOCTPUPYIOTCS PUC. S.
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L8men~2cmep =" mam~?

107 =
1077 =
107% e
Y
107 —2
: ~
[N
10781 1 1
0,21 025 030 A,mrm

Puc. 5. 3aBHCHMOCTb CIEKTPATIBLHOTO PACIIPENCIECHHS] OTPAKEHHON paaualun
0 0
st pasubix @ u ¢ (cruommbie kpubie § =0, nynkrupusie § =80"; 1 -

0=10°2-6=603-0=80°

BI/II[HO, YTO B 00JIACTH CHJIBLHOTO ITOI'JIOIICHU A |/1 C YBCIIMYCHHUCM VyTJIa 0

BO3pacraeT, 0COOCHHO Tpu OoMbMX ¢ . Mexmay TeM mpH ciaboM MOTIONeHHH
|, He 3aBucsar or @, eciu § maio. Ito mpoTUBOpeunT pesynabraram ['puna [5], B

cooTBeTcTBMM ¢ KoTopsiMi Xox |, mo @ wHe 3aBucur or . VkasaHuoe

IIPOTHBOPCYHC 00BICHSIETCSA TEM, 4TO HpI/I6J'II/I>KCHI/I$[, KOTOPBIC HMCIIOJB3YIOTCA B

[S] npu pacdyeTe OAHOKPATHOTO pacCesiHUs, 3aBEIOMO HEPUMEHUMBI Ha KPbUIbSX
MOJIOCHI MOTJIOUIEHUS! 030HA.
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I, 10°
Tun npoduns em cm >
JInTeparypa m(z) ) 47 %
cmep. " MKM
['puH [5] CrangapTHbIN 2 0,42
== MaxkcumanbHbIE
m(z) 1 0,14
YenmoH [4] - 7,5 1,1
ben [4] . 3 0,4
Bapt [4] ) 3 0,4
Bubepman [5] . 3 04
Hacrosmas pa6ota JIKOHCOH 45 0,6
N3mepenus co
crytHuKOB (£ =49°) i 20 2,8
PakeTHblie
n3Mepenus [4],
¢ =22°, 1=0,26 mxm - S 0,7
A =0,27 mxm [5] - 10 1.4

Kpome  HHTEHCHMBHOCTM  paJWalldM, HAIIX  PacyeTbl  IMO3BOJSUIM
HEIMOCPEJICTBEHHO ~ ONpENENIuTh Takke aiapdeno 3emud B 3TOM  MOJIOCe
(cekTpalibHBINA X0/ alib0eI0 MPUBEICH Ha puC. 6).

Yder a3p030/1bHOI0 paccessHUs
Kak Obulo OTMEYEHO  BbIIE, 3aHWKEHHBIE [0 CPaBHEHHIO C

OKCIICPUMCHTAJIbHBIMN JaHHBIMH 3HAYCHUA PACUYCTHBIX BCIWMYWH I , 4aCTHYHO

MOTYT OOBSCHATBCS YYETOM JIMIb MOJIEKYJSIPHOrO paccesHus Y D-paavanui.
3aMEeTHBIM BKJIaJ B OTPAKEHHUE 3€MJICH 3TOM PAaJIHALMU MOKET BHECTH PACCESIHUE
Ha a’po30JIsiX,

107

L lll'll

1

10 0,21 0, 25 0,30 A, MKM

Puc. 6. CnextpanbHblidi X011 ajab0e10 3eMIIH B 10JI0CE MOTJIONICHHS 030HA MPU
pasubix ¢ (anpbeno MmoACTHIANICH MOBEPXHOCTH PHHSTO PABHBIM HYJIO)
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pU4eM i1 00JacTH ¢1aboro NoriIoueHUus HEOOXOAUMO YUUTHIBATh a3pP030JIbHOE
paccesiHie B HIDKHUX CJIOSIX aTMoc(epsl, a A 001acT CUIIBHOTO TIOTJIOMICHUS —
B BBICOKHX cH0AX. K coXaleHHIo, paclpeiesieHHe a3po30Jid [0 BBICOTE H I10
pa3MepaM YacTHIl, @ TAKKE €ro ONTHYECKHE CBOMCTBA 1€ MaJI0 U3YUYEHBI JaXXe B
MPU3EMHOM cJioe Bo3ayxa. [103ToMy MOKHO MPUBECTH JUIIL MOJACIbHBIE OLICHKU
a’pO30JIbHOTO paccesHus Y D-paauanuu, HampuMmep, Ha TaKUX YIUIOTHEHUSX
a’p030JIsl B BBICOKUX CIIOSIX aTMOc(ephl, Kak cepedpucTbie 00J1aka UM METEOPHbIE
clienbl, BpeMsi OT BpEMEHU MOSBISIONIKECs Ha BbicoTax nopska 80 xu. M3BecTHO,
YTO O5THU ad’pO30JIbHBIE CJOM O00Jalal0T 3aMETHOM ONTHYECKOW TOJIIIMHOM,
3HAUYUTETBFHO MPEBOCXOSAIICH ONTHYECKYIO TONIIUHY MOJEKYJISIPHOTO CJIOS TOTO
K€ TEOMETPUYECKOT0 pa3smepa.

VYuuThiBas, 4TO a’3po30JbHAs MHJUKATPUCA PACCESHUSI CHIHHO BBITAHYTa B
00JIacT MaJlbIX YTJIOB PACCESHUS, MOXHO OXHUJaTh, YTO MPU OMPEACICHHBIX
B3aMMHBIX pacmnojoxeHusx CoJiHIa U HaOdroaTeNss UHTEHCUBHOCTh pajvalllii,
paccessHHOM a’pO30JIbHBIM CIIOEM B MHPOBOE MPOCTPAHCTBO, OYAET 3aMETHO
MPEBOCXOAUTh UHTEHCUBHOCTh MOJIEKYJIIpHOTO paccesHus. IHbIMU clloBaMH, Ha
BecbMa claboM (OHE, KOTOpBI OMpenenseTcd paccesHUEM MOJIEKYyJaMu
arMocdepsl B IIEHTPAIBLHON YacTh MoJiockl, Hanpumep, npu A =0,25 mrm, MOKHO
OyJeT B JTHEBHBIX YCIOBHUSAX OOHAPYKUThb CBETSIIMECS a’PO30JbHBIE CIIOW THUIIA
cepeOpUCThIX OOJIAKOB, €CJIM IMPOBECTH H3MEPEHUsS YXOASIIeH paaualuu Mo/
pasHeiMu yriamu 6 (9ta upmes Obuta BeyiBuHYTa A.M.Kacarkuueiv). [lis
IIPOBEPKH ATOTO MPEIOIOKEHUSI ObUIM MPOBENCHBI PACUEThl JJIA Cy4asi, KOorja
Mexay 75 u 80 xkm comepKHTCS a’po30JbHBIN clloi (cepedpucthie obiaka). O
pa3Mepax 4YacTUIl U WX KOHIEHTpAIMil B CepeOpUCTBHIX OOJaKax JOCTOBEPHBIX
JaHHBIX HEeT. Pazmepsl yacTuil @ , MOJYYEHHBIX KOCBEHHBIM 00pazoM [9], umeroT
nopsanok 1 mxm, xoruentpamus No= 10° cu3. Hemocpencrsennsie B3stus npoo
MyTEM PaKETHBIX 30HAUPOBAHMN cepeOpucThiX oOnakoB [10] oOHapyx uiaH, 4TO
a=0,1 uxm , a No=4-30-10* cm™. Jlna pacueToB HCHONB30BAINCH JaHHBIE

paboTel [10], 9TO COOTBETCTBYET MOJHOM ONTHYECKON ToimmuHe, paBHou 0,005
(MOJIeKyJIsipHAst ONTUYECKas TOJIIMHA HA TOPSIOK MeHbiie). [Tapamerp [, B

5TOM cjoe ObUI  B3AT paBHBIM  eIMHUIE. MHIUMKaTpuca paccesHws,
cOOTBeTCTBYIOMAs 3HayeHmo napamerpa 27a/ A~ 2,5 (1 =0,25 mxm), 6pima

3aMMCTBOBaHa M3 TaOmui [11] B BuIe pa3ioKeHUsT MO JECATH IMOJIMHOMaM

JIesxannpa. BeanuuHel @, IpUBEIEHBI HUXKE

n 1 2 3 4 5 6 7 8 9 10
o, | 0,842 0,703 |0,587|0,463 | 0,338 | 0,227 | 0,146 | 0,093 | 0,040 | 0,018

) +
CpaBaenue yrioBoro xoza 1mo @ unrencusrocreir O, BEIYHCICHHBIX JUIA

PEJIEeBCKOTO M a3PO30JILHOTO PACCESHUSI TIPH Pa3HbIX { U A JaHO Ha puc. 7.
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80 60 40 20 0 20 40, 60
©=180,6° 8, $=0

Puc. 7. Cpasuenue yrmosoro xoma ®; mo 6 mpu ¢ =80° ma

MOJIEKYJISIpHOUM aTMocephl (TyHKTUpHAs KpUBasi) W JUIsl Clydas a’dpo30JIbHOTO

cios (cruomHas Kpusas) Ha yposHe 75-80 kv u nByx mmud Boan: A =0.25 mxm (1)
u A=0.34 mxm (2)

N3 xpuBbpIX puc. 7 cieayer, 4To NpU HOPMAJIbHOM IIQJICHUM COJIHEYHOM
pajuanyy WM MalbiX ( WHTEHCHMBHOCTh OTPaKCHHOW 3emJeil paaumanud mpu

HaJU4YMK CEepeOpPUCThIX OO0JIAKOB OKa3bIBaeTCsl Jake HECKOJIbKO MEHbIEH
aHAJIOTUYHOW BEJIMYMHBI B YHMCTO MOJIEKYJSIPHON aTMmocdepe, 3a HCKIIIOUEHUEM
CIydaeB 04eHb OONbIIKMX yriioB @ . OueBuHAs IPUYMHA COCTOUT B TOM, YTO IIPH
OCYILECTBIISIOIINXCS B JTHUX CIIy4asX YIJlaX pacCesHus 3HAYECHUsS a’pO30JIbHOU
MHJAKAaTPUCBl  pacCessHus  OKA3bIBAIOTCA  HACTOJIBKO  MEHBIE  3HAYEHUU
PEIEEeBCKOM, YTO HE KOMIIEHCUPYETCS YBEJIMYEHUEM MHTEHCUBHOCTH PACCESIHHOU
paavauy 3a CYET pOoCTa ONTHYECKOW TOJNIIMHBI paccenBarowiero ciosi. OmHaKko
npu Gombmux ¢ W 6, KOrga OCYIIECTBISIOTCS Maible YIIbl PACCESIHHS U

BEJMUMHBl  a’PO30JILHOM  WHAMKATPHCHl  CTAHOBATCA  3HAYUTENILHBIMH,
MHTEHCUBHOCTh OTPAKEHHOM paMalli¥ 3aMETHO BO3PACTaE€T B a’PO30JILHOM
cinydae (mpu & =80° u €=80° nmpumepno B yethipe pasa mis A = 0,25 mxm)
Takum 00pa3oM, Ha OCHOBE PAacYeTOB MOYHO yKa3aTh T€ B3AUMHBIE MOJIOKECHHUS
ConHua ¥ HabIOgaTeNs, NPH KOTOPHIX OYAET BO3MOXKHO 3apErHCTPHPOBATH
JIOCTATOYHO PE3KUil KOHTPACT MEKIY «TEMHBIM» (DOTOHOM B OOIACTH CHILHOTO
nornomieHus Y ®-paguanyy 030HOM M «IPKHM» CEPEOPHUCTBIM 00IAKOM, CUIBHO
OTPAXKAIOIMM 3Ty paJMAlMIO. 3aMETHM, YTO O3TOT BBHIBOJ HENb3S CUUTATh

OKOHYATCJIIbHBIM, TaK KaK paCuCTHBIC BCIIMYHHBI I , B clIydac aspoO30JIbHOIo
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paccesiHrs OKa3bIBAIOTCS MEHBIIMMHU MU3MEPEHHON CO CIYTHHKA MHTEHCHBHOCTH,
MPUBEIAEHHON Ha puc. 4. bonee Hafe)KHOE 3aKIOYEHUE O IPEAJaraeMoM METOJIE
OoOHapyXEHHsI adpPO30JbHBIX CKOIUIEHUH B BBICOKHUX CIIOSIX aTMOC(epbl MOXKHO
OyZeT caenathb Mmocie UCCIe0BaHNS BKIIaa U3TYUCHHs 38 CUET JIIOMUHECLICHIIUH.

ABTtopsl BbIpaxkatoT OsaronapHocth JI.J[.KpacHokyrckoit n I'.0.Pummunoi,
MIPUHUMABILIMM Y4aCTHE B BBIIIOJIHEHUU PACYETOB.

Axanemus Hayk CCCP IToctynuna B

WNuctutyT Qusnuku atMochepbl peAaKIUIo

30 mapta 1965 r.
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THE SPECTRAL DISTRIBUTION OF THE RADIATION
IN THE OZONE BAND 0,2-0,34 1 REFLECTED BY THE EARTH

T.A.Germogenova, M.S.Malkevich
The calculation results of the spectral distrbution of the UV radiation in
ozone band 0,2-0,34 s reflected by the Earth are derived under assumption of

Rayleigh scattering. The case of aerosol scattering (noctilucent cloud) is
considered.
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YI'JIOBOE U BEPTUKAJIBHOE PACITPEIEJIEHUE
OTPAXKEHHOU PAJIMALIMM 3EMJIN B ITOJIOCE IIOT JIOIIEHU A
O30HA 0,20-0,34 mx
T.A.I'epmozenosa, J1./]. Kpacnokymckasn
M3Bectus AH CCCP, ®usuka armocdepsl u okeana, 1.1, Nell,

1965 ., c. 1160-1167,

B pesynbrate pemieHuss ypaBHEHHsS TIepeHoca st
IJIOCKOMApaJUIeIbHOM MoJienu atMochephbl OBLIU TMOTYYEHBI
XapaKTEPUCTUKU paANaIMOHHOTO oJIs 3emun B
ynbTpaduonetoBoit oomactu cnekrpa 0,20-0,34 mx mpu ydere
NOTJIOIIEHNS pagualuyd O030HOM M pacCesHHs Ha MOJIEKyJax
BO3/lyXa.

HccnenoBanbl 3aBUCUMOCTH XapaKTEPUCTHUK
PaaAAIMOHHOTO TMOJISI OT HANpPaBJIICHUM TMAJICHUS COJHECYHOU
paavaly U HANpaBiICHUH HAOJIOJIEHUS, a TaKKe OT JJIMHBI
BOJIHBI HA PA3HBIX BBICOTAX HAJ| 36MHOM NOBEPXHOCTBIO.

B [1,8] onucana meroauka pacdyera XapakKTEpPUCTUK PaJWallMOHHOIO MOJISA
3emuin B ynbrpaduoneroBoir obmactu cmnektpa 0,20-0,34 wmx mnpu yuere
NOTJIOIIEHNs paJvalii O30HOM M pacCesHWHM Ha MOJIEKyJax Bo3ayxa. B a3toi
paboTe npUBENEHBl pacyeTHbIE JaHHbIE O CIHEKTPAJIbHOM pacIpeeiaeHUH
paaualum, OTpaXxeHHOW 3eMieil B MUPOBOE MPOCTPAHCTBO, IPH (PUKCUPOBAHHBIX
nonoxeHnuss CoJIHIA Y HampaBieHUsX HaOmoaeHus. Pe3ynpTaThl pacueToB
MO3BOJISIOT MOJIYYUTh TOpa3ao 0osiee pa3HOCTOPOHHUE CBEJEHUS O MOJIE paiualun
3emiid, B TOM YHCII€ JaHHble OO0 YIJIOBOM M BEpPTUKAIBHOM paclpeiesieHun
yIbTPaHUOIETOBOM pajiMallMii B PAa3HBIX YYacCTKaX MOJOCHI MOTJIOUIEHUS O30HA
0,20-0,34 mx . Kak wu3BecTHO [2-6], B HacTosiee BpeMs YK€ MPOBOIATCS
CHEKTpOMETpUUYECKHE U (OTOMETPUUYECKUE U3MEPEHUSI B 3TOM 00JIaCTH CHEKTpa Ha
Pa3HBIX YPOBHSX B aTMocdepe (IIpuU TOMOIM PAaKET) W BHE aTMocdepsl (mpu
MOMOIIM  COyTHUKOB). IloaTroMy mpencraBisieT HMHTEpEC  HMCCIEIOBaHUE
3aBHCHUMOCTH XapaKTEPUCTHK PaJWalMOHHOTO TOJISI OT HANpaBieHUM MaieHus
COJIHEYHOM pajauanuu { ¥ HabmoneHus 6 , a Takke OT JJIMHBI BOJHBI A Ha

pa3HBIX BBICOTAX Z HaJ 3€MHOM MOBEPXHOCTHIO. PaccMoTpeHne 3Toro Bompoca u
COCTABJISICT MPEIMET HACTOSIIEH paOOThI, SIBISIONICICS TpoaoKeHrueM [1].

3aBHCUMOCTD CIIEKTPAJIBLHOIO pacpeieleHUus1 paIuannu
OT yIJIOB M BbICOTBI.
B [1] Obulo mpuBenEeHO CHEKTpaTbHOE paclpeelieHue WHTCHCUBHOCTU

orpaxkenHol pamuaiun | T IPH HEKOTOPHIX 3eHUTHBIX yriaax Comuma § u
HaOmonatens € B IUIOCKOCTH COJHEYHOrO BEPTHKaIa. BbLIO OTMEYEHO, 4TO

MMEETCS CYIIECTBEHHOE Pa3iiuhe MEKIy 3aBUCUMOCTBIO |, T or C ufd s
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00JacTIX CUIIBHOTO U cllaboro moruoieHus. IMeHHo, mpu CUILHOM MOTJIOUICHUN
WHTEHCHBHOCTh YXOJAINCH pajualik Bo3pactaeT ¢ yrioM 6, ocoGeHHO s
GompImx ¢ , a P C1abOM MOTJIOICHNN OHA TPAKTUYCCKH HE 3aBUCHT OT O s
¢ =0, xorst st GonbIKx ¢ MO-NPEKHEMY HaOIIOaeTCs 3aMeTHOE pasnuune |

IPH Pa3HBIX yrilaX BU3HPOBaHuUs 6.
Bosee sAcHyI0 KapTUHY yriI0BOM 3aBUCUMOCTH OTPa>KEHHOM pajualiu JaroT

ko3 duumenter spkoctu atmocepst I, (6,4, @) cnekTpanbHbil X0n KOTOPBIX
mwist @ =0 u qst HexkoTopeix @ u § TpexcTasieH Ha puc. 1.

Bennuunel I, 4eTKO pasmendroTcs JUId CIydaeB JBYX nosioxeHui ConHua.
Kak u criemoBanio OXuaaTh, yBelamueHue ( BeleT K poOCTy KoddduimeHTa
SAPKOCTH, OCOOCHHO B O0O0JacTH CWJIBHOTO TorjomeHus. Hanpumep, ms

A =0,25mk 3nayenune I', Bospacraer ot 0,006 mpu ¢ =0, @ =10, no 0,15 npu
¢ =0 =80°. UurepecHo, 4T0 ¢ GONBIIOH CTENEHBIO TOMHOCTH BBIIONHSIETCS

ycnosue cummerpun  kodpdummenta sproctu I, (6,4) =1, (S,60) (puc. 1,
kpuBble | (MyHKTUP) U 3 (CIUIONIHAS KPUBasi).
B ocHoBe pasniunii I, st pasnuasbix @ exart asa saddexra:

1) u3MeHeHue yria paccesHUs U CBSI3aHHOE C J3THUM HM3MEHEHHE J0JIU
pacCessHHOM  pajaualud,  ONPEAeISIEMOM  COOTBETCTBYIOIIMM  3HAYEHUEM
VHIUKATPUCHI PaCCesTHUS;

2) yBEIWYCHHE T'€OMETPHUCCKON TOJIIHUHBI PACCEUBAIONICTO CIIOS TPH

¢uxcupoBanaom ¢ . Tot daxr, uro mpu § =0 pocr I, ¢ yBeqnuenuem 6 menee

0
3aMeTeH 10 cpaBHeHHIo co ciydaeM § =80°, 0OBACHSAETCS COYETaHHEM JTHX
IPOTHBOIIOJIOKHO JEHCTBYIOIUX d()(PEKTOB: C OJHOM CTOPOHBI, C yBeIuueHueM 6
yron paccesuus yoOsisaer ot 180° (mpu @ =0, {=0) mo 100° (upm
0=0, £ =80° ; 7
=0, { = , 4 MHIMKATPUCA YMEHBIIAETCS IPUMEPHO BJBOE; C APYIOi, -

YBEJIMYUBAETCS TOJIIUHA PacCerBaroIero cios. B obmactu ciaboro nmoriomeHus
9TU (HaKTOPHI MPAKTUYECKH KOMIICHCUPYIOT JPYT ApyTa.
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Il. f' .V“ oG

p—
10

1n-3f j IRV ST (SIS R TR T e M o e B
“ogu 0125 430 Amx 19°#
Puc.1.CnexrpanibHoe

pacrpeseneacHue ko3 uireHTa

SAPKOCTH i

ms ¢ =0° (crutommbie xpusbie)

4 =80° (nyukTHpHSBE): | - O =10°:  Puc.2.CnexrpanbHoe pacnpesiencHue
2-0=60"3-60=80° I, T s z=100 xn (crutomHbIE

)

KkpuBbie), Z=60xm (myHKTUpHBIC) U Z=40
0.
xm (mrpux--nyakrupHee): 1 - @ =107;

2-6=80°

[IpencraBnger  WHTEpEC  MPOCICAUTh  MU3MEHEHUE  CIEKTPAIBHOTO
pacnpeneneHrsl XapaKTepUCTHK ToJs paauauumu ¢ Bbicotod. Ha pwuc. 2
U300pakeHa 3aBUCHMMOCTh MHTEHCHBHOCTH BOCXOIMINEH pamuanuu oT A s
pasusix BoicoT Z U 6 npu { =0. B 1eHTpasbHO YacTH MOJOCH! MOTIIOICHHS

UMEET MECTO PE3KOE€ HM3MEHEHUE BOCXOASUIEH pagualuy IMpU TMEpexXoAe 4vepe3
00J1aCTh MAaKCUMAJIBHOTO cojiepaHusi o30Ha. [Ipu 3ToM Ha ypoBHAX HUxe 40 xku

3aBUCUMOCTDB I 1 T oT 0 OKa3bIBaACTCs HGBHaqHTeHBHOﬁ, 49TO CBA3aHO C CHUJIbHBIM

s hexToM MOoTIoIIEeHUs PaaraIii, TOYTH TTOJHOCTHI0O KOMIICHCUPYIOMUM () deKT
paccessHus, B TOM uucie U npu Oomsmux €. B wactHoctn, Ha BeicoTe 40 km B

y 0 _ano 0
1o# yactu nonockl 3avenus |, 1 mpu @ =80" naxe menpiue Benmmunnsn |,

0

npu 6 =10". Tlo mepe mnpoaBmxeHHs B 007aCTh C€1Aa0Or0 MOIJIOLICHUS
HAOIONAETCS 0CIa0IeHNE CIIEKTPAILHON 3aBUCUMOCTH TIPH M3MEHEHHM BBICOTEL
Ha JIMHHOBOMHOBOM Kpbule nosockl normomenns o3ona (A =0,34 mx) 1, )

Bbiie 40 kKM TPAKTUYECKH HE WU3MEHSETCS, MOCKOJBKY B ATOM 00JlacTU CIEKTpa
1oJie OTPaKEHHOW paguanuu yxe Cc(HOPMHUPOBAIOCH B HIDKENIEKAUIUX CIIOSAX
aTMoc(dephl.

CnexkTpanpHOE pacHpelesieHHe MAaJaroleld paavaluyd NPEACTaBICHO Ha
puc. 3 HutepecHo mnpociaeauTs (HopMUpOBaHHE XapAKTEPHOTO pacIpeaesieHus
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paguaruu 1o cnektpy. Ha Beicote 98 xm cioii atMochepbl ONTHYECKH TOHOK, H

. . 0
CIIEKTpalbHBIM xon mamaromeil pagmamuu npu 6 =10° mano ornmuaerca or
CIIEKTPAJIbHOTO PaCIpe/IeliCHUsl Majaroeil conHeuHoil paguanud S, . OxHaKo

0 o
Ipu 0 = 80 JaKC B 9TOM CJIOC CJICTKAa HAMCYACTCA XapaKTCPHBIX X0/ paJUallii B
II0JIOCEC IIOTJIOIICHHUA O30HA. C YMCHBIICHHUCM BBICOTHI 10 40 xm YCTAaHABJINBACTCA

APKO BBIPAKEHHBI MMHUMYM MHTEHCUBHOCTH Iajaromei paguanuu | 1 »L B

00J1aCTH CUJIBHOTO IMOTJIOMICHHASA 110 CPABHCHUIO C I 1 \L Ha KPbUIbAX ITOJIOCHI.

MakcumanbHble 3HAUECHHS NAAaroled paavanuu A1 O0JacTH CUIIBHOTO
NOTJIOUICHMs TOJIY4aroTcsl Ha BbICOTE ~ 60 kM, IOCKOJIBKY I'€OMETpHYECKas
TOJIIIMHA PACCEHUBAIOIIErO CJIOS HAa 3TOM BBICOTE YXKE JOCTaTOYHO BEIUKA, a
collepKaHUE O30Ha elle He3HauuTenbHO. [lpm Oonpmmx yrmax HaOmongeHus (

0 y
6 =80") na sroit BeICOTE TaKKe UMeeT MecTo yBenuueHue |, {. Ormernm, uto

Ha BbicoTe 40 KM W3MEHEHHE CIEKTPAIBHOTO paclpeieiieHus] Maaaroen
paguanuy IOpu yBelnudeHud 6 1momo0HO CIEKTPaJbHOMY XOAY YXOAsIIen
paauanuu Ha 3Tou BeicoTe (puc. 2 u 3).

1Y, 8m/omcmep-mx
1079

10°*

1076

3

107744 : .
Q0021 425 0§28 A, MK

Puc. 3. CnekrpainbHoe pacnpenenenue | , T st z=100 (CIIOLIHBIE KPUBBIE),

z=60 (mynxrupubie) u 40 kv (IITPUX-MYHKTHPHEIE): 1 - 6 = 10°;2- 9 =80°
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YriaoBoe pacnpenesieHue yxoasimenl paauanuu

Pesynprarel pacueroB |, T nossonsror UCCJIEI0BATh TAKXE YIJIOBYIO
CTPYKTYpY TOJs YXOASMIEH paauanuMd B Pa3IMYHBIX ydyacTKax IOJIOCHI
MOTJIOIIEHHSI 030HA MPH pa3HbIX MosioxkeHusax CojHIa U Ha pa3HbIX BbicoTax. [[is
MOJIETI TUIOCKOTapajieIbHOW aTMocdepsl 3Ta yrioBas 3aBUCUMOCTH OyneT
OTIPECTATHCSA TJIaBHBIM O0pa30M BEPTUKAIBHBIM paclpeiieiecHueM O030Ha U
COOTHOILICHHUEM MEXIYy paccessHUeM U TOIJIOmIeHHeM atMocdepbl Mpu
pacnpoCTpaHEHUU  paJvallMii B PA3IMYHBIX  HAMNpPaBJICHUSX. Uto0mI

MPOMJLTIOCTPUPOBATH 3TO, paccMoTpuM 3aBucumocts D , T=1 a TS , or 6 npu
pasusix A uw { B miockoctu Beptukana Comuna (puc. 4). OOpamiaer Ha cebs

BHUMaHHE 3aMETHOE pas3iuuue YIJIOBBIX IpoQuieil s IHeHTpalbHOH 4YacTH
nonocel nornomenus (A =0,25mx) wu ana obnactu caaboro moriomIEHHS

(1=0,34 ux).

o
//

X=X X M NeX: X KoM XX ., X x » .

-X x -
-x -
, "

K o

CHemM 4 K owmy o KX

90 00 40 20 0 A 40 60 &0

Puc. 4. YrioBoii xox oTHOcuTenbHOM uHTeHCHBHOCTH D T o @ TS
A =0,21 (cunmommnsie kpusbie), 0,25 (mynxrupnsie) u 0.34 MK (KpuUBBIE C
kpectnkamn): 1-  £=10°2- (£=60°3- (¢ =80°. IKupmoit mumHmeii
n3o0paxkena kpusas 111 7 =0.80 (ancroe paccesHue).



32

0
Jnst obnactu cuspHoro nornomierus D T Mano mmensercs mpu 0 <60
0
u pesko Bospacraer npu 6@ —> 90", npuuem ¢ yBemmuenwem ( 3TOT poCT

naunnaercss yxe npu manbix 6, u ornomenns D, (90)/ D, (0) cranossrcs

3HAYUTENBHO OonmbimMMu. B obnactu cnaboro nornomenus (A =0,34.mk) takoii
X0/l HaBJIFOAETCS TONBKO MPU GONBbIIKMX yriiax § (a Takke B CIydae YHCTOrO
paccesHus), TOrAa Kak NMPH HEOONBIIMX YIJIaX MaJeHHs CONHEYHOW pajvanuu

uMeeT MecTo ciaboe yowiBanue D, T o 0 u HEKOTOPBIN POCT JIMIIb BOJIU3U
0

6 =90".
CosepiieHHo sicHO, 4to poct D, T npu Gonpmmx 6 ompenessercs

YBEJIIMYEHUEM T€OMETPUUECKON TOJIIIMHBI CJIOSi aTMOC(hEphl, B KOTOPOM TJIaBHBIM
o0pa3oM W TreHepupyeTcs NOTOK OTpPakKeHHOW Hazan paauanuu. B obmactu
CHJIBHOTO TIOTJIOMICHUS 3TOT CJIOM ONTUYECKU TOHOK M HAYMHAET UTPATh 3aMETHYIO
poJIb JMIIb TIpH Oo4eHb Oosbinux €. Ipu craboM ke MOTJIOIIEHUH, HA000pOT,
paccenBaeT Bca atMoc(epa. DTo oOecrneunBaeT, MO-BUAUMOMY, CYIIECTBEHHBIM
BKJIaJ] MHOTOKPAaTHOTO paccesHus, KOTOPOE€ B 3HAUUTEIBHOH CTENEHU
KOMIICHCUPYET TMOTEeMHEHHE K Kparo, OOYyCIOBJICHHOE YMEHBIICHHEOM yriia

0

paccesuus ot 180° mpu @ =0 10 90° mpu € = 90",
3aMeTuM, 4YTO pe3yabTaThbl pacyeToB [5] MOKa3bIBAlOT OTCYTCTBUE
3aBHUCHMOCTH yrjioBoro xoxa |, mo @ or anuebl BOAHBL ITO CBS3aHO C

OpUOIMKEHUSIMU, MCIIONb30BAaHHBIMU B [5] NMpu BBIUMCICHUH WHTEHCHUBHOCTHU
OJTHOKPATHO PAaCCEesIHHOM paJHalliy, KOTOpPbIE 3aBEIOMO JOJDKHBI MPUBOJIUTH K
0O0JIBIIMM MOTPEIIHOCTSM Ha KPBUIBSAX MOJIOCHI TOTJIOLIEHHS 030Ha.

Y1006HO HCIONB30BaTh ISl XapaKTEPUCTUKU YIJIOBOIO pacHpelesieHus
YXOASIIEeH paauanui KodPOUIMEHT APKOCTH, KOTOPBIA it pasHbix A u &
n300paxkeH Ha puc. 5. OOpamaer Ha ce0d BHUMAaHHE 3HAYUTEIbHOE OTKIOHEHHUE
MHJUKATPUCHI SIPKOCTH OT 3akoHa JlamOepra, 3a MCKIIOYEHHEM cilydasl ciiaboro
HOTJIONIEHUS [TPY HOPMAJIbHOM TMaJIeHUH paJHalliu.

Puc. 4 u 5 moka3pIBalOT, 4TO a3uMyTajlbHas aCMMMETpHUs Majia Jaxe B

0
mnockoctn Beptukana Comuna (@ =0 m 1807). Dro ceaA3aHo ¢ Tem, yTO B

pacuerax MPEAIOJarajoch  PEIEEBCKOE  PaCCEsSHHE, XapaKTepU3yroueecs
CUMMETPUYHOU UHANKATPUCOU. SpKOCTH ropu3oHTa B HanpasieHUU Ha CoJHIIE U
B IIPOTHUBOIIOIOKHOM HANPABJICHUH OKA3aJIHCh OJM3KUMHU.
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Puc. 5. Kosdpduuuentsr  gpkoctu ,0-30 310 620 ot
armMocepel I, JUIA IUIOCKOCTH BEPTHKala !

COJ]H]_Ia B Pa3HbIX Y4aCTKax IIOJIOCHI

MOTJIONICHUsT ~ 030HA  NPU  pasHeiXx & Puc.6. 3asucumocre P, T

(HampaBieHHE TAACHUS COJNHEYHBIX Jydeir OT 4 1pu A=0,25

ykazaHo crpenkon): 1- r,=0,21.mk,2- 1,=0,25 (cmomnble  Kpusble), 0,21
(myaktupnbie) u 0,34 uK

(kpectukn): 1- 0=10°2- 9=
60° - 3-6=80°; p=0

MK, 3- 1,=0,34 mK.

[Ipexncrasisier nHTEpeC uccaenoBars 3aBucumocts D, T or ¢ st pasHbIX
YYaCTKOB TOJIOCHI TIPU (DPUKCHPOBAHHBIX HAINpPaBIEHUAX BHU3UpOBaHus O, (.
[TpuMephl 5TOM 3aBMCUMOCTU JaHbl Ha puc. 6. [Ipu Manbix € MHTEHCUBHOCTH

pamnannu D, T yOBIBaeT ¢ pOCTOM £ TeM OBbICTpee, YeM MEHbIIIE TOTIIOICHHE.

Hao6opor, npu Gonpimx & wabmogaercs poct D, T o ¢, na aror pasz D, T

pacrer GbIcTpee B 00JIACTH CHIBHOIO MOTVIOIEHHS U HOYTH MOCTOSHHA HA KPhLIE
nonocel A =0,34 mx. Kpusble Ha puc. 6 TO3BOJISAIOT DJKCTPANOIUPOBAThH

pe3ynbTaThl U3MEPEHHUHl, MONyUYeHHbIC MTPU (PUKCHPOBAaHHOM 3HAYCHUM yriaa { Ha

npyrue 3eHuTHble paccTtosHuss CoyHIa. OTH  AKCTPANOISIUOHHBIE KPUBbBIC
Pa3IMYHBbI I Pa3HbIX YYACTKOB IOJIOCHI MOTJIOMIEHUs 030Ha. [loaToMy HM oHOM

W3 HHX HEJb3s MONB30BaThCs C menbio dkcrpamomsiuun D, T 1o ¢ s Beex
OCTaJIbHBIX JJIMH BOJH, Kak 3TO mIpemyaraercs B [4] HA OCHOBE pe3ysibTaTOB
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pacueros ['puna [5]. [Ipuunaa HezaBucuMocTH oT A yrioBoro pacupenenesus |,
no @ u ¢, monyuenHas B pabote [5], Obuta yka3aHa BbIIIC.

Paccmotpum nedopmarivio yrioBoro xoza yxosIied paguanuu ¢ BbICOTON
(puc.7). B 061acTi CHIIBHOTO TOTMIOLICHHUSI 10 BBICOTHI 60 kv yrioBoii xon D, T
C YBEJIMYEHUEM BBICOTHI IPAKTUYECKM HE MEHSETCS B JMAla3oHe YIJIOB

0 0 y 0
0° <0 <80". Uurepecro ormeruts pasnuunbii xox D, ™ npu @ —>90° ma
pasubix BhicoTax: ecmu Ha yposue Z =40 xu @, T ouens mano Mensercs, To
BOMH3M BepxHeil rpaHuibl ciost armocdepst (Z =95 xm ) @, Tysennunsaercs
p p p i 'y

0 .
Ha nopsgok mpu 6 — 907 . Bonee spkuil ropusoHT Ha OGONBIIMX BBICOTAX

OOBSCHSIETCS, OYEBUHO, MaJIOM KOHIICHTPAIMEH MOTJIOMIAIONIETO BEIeCTBAa Ha
IIyTH Jy4EH.

CosepiieHHO nHasi kaptuHa xoma @, T o 6 Ha0Jr0/1aeTcsl B 001acTH
cnaboro mormomenns (A =0,34 mk). 3nmeck ¢ BBICOTOH NPOMCXOIUT
BBIPAaBHUBAHHE YTJIOBOTO PACTIPEICICHIUS OTPAKECHHON paIuaIiiy.

[Ipencrasisier nHTEpec HOPMUPOBAHKE C BEICOTOI yrioBoro xoma D, Ts

obnactu cpasHuMbIX mornomenns u paccesuus (A =0,21 ux). B obnactu

makcumanbHol kouuentpanun O, (20 —40 xu) @, T y6Baer ¢ pocrom 6

(nornomenue 6ojee CYIIECTBEHHO, HEXENH paccesHue), a B CJI0€ HEOOJBIINX
KOHIICHTpALIMM — BO3PaCTaeT.

w9}

107* -

Puc. 7. YrioBol X0 OTHOCUTEIBHOM MHTEHCUBHOCTH YyXOIAIIEH paJHaALuN
D, Mo 6 mus 1=0,21 (crutonnnble kpuBble), 0,25 (mynktupHbie) u 0.34 MK
( xpectukn); z, km: 1- 95, 2- 60, 3- 40, 4- 20, 5- 2
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AHaJIOTUYHO MOXHO OOBSICHUTH (POPMUPOBAHUE YTIIOBOTO XOJa TaTArOIICH

pamuannu D, ! na Pa3HBIX BbICOTaxX (puc. 8).

qsl
10° .
—X—--A-.-x-..x—.-x-
107!
1077
1079
\\\
\\
3
N
\
— \
1074 .
\\
1975 : ; N
. J0 60 8, 2pad

Puc. 8. YrioBoi#l X041 OTHOCUTEIbHON MHTEHCUBHOCTH IMaJalolieil paguaiuu
D, 1o @ ana A =0,21 (cunommsie kpusbie), 0,25 (ynkTHpHBIE) H 0.34 MK
( kpectukn); z, km: 1- 95, 2- 60, 3- 40, 4- 20, 5- 2

BeprukaabHoe pacnpeaesieHue paauannu
s psina MpuIIo)KEHUI MPEACTABISIET UHTEPEC 3aBUCUMOCTD BEPTUKAIBHBIX
pacnpeneneHui Mamalie W BOCXOMSIICH yIbTpadUOIETOBOM pagualuid OT

BEpPTHKANBHBIX pacnpenenennii konuentpauun O, u mwiotHoctH Bosayxa. s

WJUTIOCTPAllMA 3TOM 3aBUCHUMOCTH PACCMOTPUM BBICOTHBIM XOJI MHTEHCHUBHOCTH
yIbTpadruoIETOBOM paauanuu TS IIBYX MOJIEJIEN aTMocdephl:
1) ucronb30BaHHOE B HACTOSIIMX pacyeTaX BEPTHKAIBHOE paclpeecHue

konuentpauun O, mno JDkoHcony [7] ¥ IUIOTHOCTH BO3ayXa p; B
MU30TEPMUYECKON MOJIEKYJIIpHOU aTMocdepe; 2) ncnoib30BaHHOE B padbore ['pruHa

[5] crannaptroe pacnipenenenne O, u mwiotHOCTH BO3ayXa O, (puc. 9).
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v oo [ ERTIeTII | 1

107 1074 1973 1072 07! 109 16%p, o/fcwd
L gl (RN | il [ YT | ot aanul s a1 aul
1073 107* 1073 1072 107 18

Puc. 9. Beprukansnoe pacnpenenenne s f,(2) ms A =0,25 mx

(CIUIOLIHBIC KPUBBIE) M O Bo3ayxa (myHKTHpHBIE): 1- pacnpenenehue O, mo

JixoHcony [7]u p = poe—o,125z _

; 2- CTaHJApPTHBIC pacrpe/IeIeHUs 03 "

IJIOTHOCTH Bo3ayxa no ['puny [5]

‘b‘
1,5.0 -
b
g7t
}K-'Ezz.fm
0679
\
A=032 mr
\ N
A D
\
1074} v A
P Y <
\ -
Moo bA0ZMa
N
,0‘5 L 4 1 . 1 4
a L0 47 60 80 100 wsm

Puc.10. BeprukansHoe
pacnpeiesieHue Naarolie pagruanuu

() B J JUISL IBYX Mojieiei aTMochephl

(cTuTOIIHBIC KPUBBIE JJISI TAHHOM CTAaThH,
MyHKTUPHBIC — 1151 Mojenu ['puna): 1-

0=10°, 2- 6=80°

¢l

1

® g e e Y
/f'\\‘, """ z"'}2.=0,32w¢
’ Z

10!

,0"2_

107

]0-0.-

,0-5 1 L L L
0 20 40 60 80 120wm

Puc.11. BepTukanbHoe pacnpeaeieHue
yxozsiueit pagnammn D T IS IBYX

Mojesnelt atMocdepsl (CTUTONTHBIC
KpUBBIE JJIsl TaHHOM CTaThH,
NyHKTUPHBIEC — 111 MoAenu ['puna): 1-

0=10°, 2- 6=80°
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[IpuMepbl pacCUMTAHHBIX I yKa3aHHbIX Mopenei (ydkumii @ \! (z) u
oM (2) npusenens Ha puc. 10,11. UnTencuBHOCTS Nafaomei paguanun O \! :
paBHasl HyJIIO Ha BEpXHEH TpaHULEe aTMOC(EPBL, OUEHb OBICTPO BO3PACTAET BO BCEX

HHTCPBAJIaX CIICKTpPaA 3a CUCT PACCCAHUA HA MOJICKYJIAX BO3ayXaA. Tak kak 101 > 102

T0, ectectBeHHO M D ™ D, I o KpallHEH Mepe B BBICOKHMX CIIOSX

atmocdepsl. B o6mactu cunbHoro nornomenus (A =0,25 mk) untencusHoCTb

najgaromeii paguanun D xL JIOCTUTAaeT MaKCHUMyMa Ha HEKOTOPOW BBICOTE,

3aBHUCSIIEH OT MOJAENTH aTMoc(epsl, a 3aTeM YOBIBAE€T C YMEHBIIEHUEM BBICOTHI
Osmarogaps CHIBHOMY IOIJIOIIEHUIO MAJAIOIIEH paauanuu 030HOM. B olmactu

crnaboro moryomenus O J BO3PACTacT BO BCEM CJIO€ aTMOC(]epHI.
Kak crenyer u3 puc. 10 B 061acTi CHUILHOTO IIOTJIONIEHHUS HEPABEHCTBO

D, ™o 5 ! Mensercs na IIPOTUBOIIOJIOKHOE Ha YpOBHE IpuMepHO 40 xm. OT0

CBA3aHO, BEPOSTHO, C TEM, 4YTO 1 OTUX JUIMH BOJH IapaMmeTp
_ -1 .

P, =0Ax(0,+a,) ", xapakrepusyromuii BEpOSTHOCTh BEDKUBAHUS KBAHTA, B

cinoe Mexay 35 u 60 km OKa3bIBA€TCS 3aMETHO MEHBILIUM JUIsI MOJIETU aTMOC(EPHI

1 mo cpaBHenuio ¢ mMozensio 2 (puc. 9). B pesynsrare @, T YMEHBIIIACTCS C
npubIMKEHHEM K 3eMHOU moBepxHocTH ObicTpee, dem D, \ . Coornomenne

MHTCHCUBHOCTH Bocxozsiei paguannn D, T< D, T, KOTOpAasi TeHEPUPYETCSI U3

BBDKMBIIIMX KBAHTOB, OKa3bIBACTCS aHAJOTMYHBIM, HO CO CABHMIOM IIO BBICOTaM.
Paccesnnas Ha3zag 4yacTh 3TUX KBAaHTOB B MEPBOM MOJEIN OKAa3bIBAE€TCSI MEHBIIIEH,

YeM BO BTOPOM, HO M 0CIalIsieTcst Ha 0OpaTHOM IyTH Takxke MeHsle (puc. 9, [,
). B pesynapTare 3TOro Ha BEpPXHEW TIpaHUIIE YCTAHABIMBAETCS COOTHOIICHUE
D, ™ D, T Onnako B oOnactd cinaboro TMOIVIOHIEHUS Ha BCEX BBICOTaX
o, T<d, T,

[IpuBeneHHbIC TPUMEPHI TMOKA3BIBAIOT, YTO II0JI€ paavanuy 3eMJIM B
paccMaTpuBaeMOi 00JacTH CIIEKTpa CYIIECTBEHHO 3aBUCUT OT BEPTHKAIbHBIX
pacrnpenesneHrii MOTIOMAIIINX U PaCCEUBAIOIINX BEIIECTB.

ABtopsl Onarogapst M.C.MankeBuua, 0Kka3aBIIero MOMOIIb B BHIMOJTHEHUN
naHHOM paboTel, u ['.0.Pummny, npoBoauBiIyio pacueTsl Ha DBM.

Axanemust Hayk CCCP IToctynuna B perakunto
NuctutyT Qusuku atMocdepbl 8 uronsa 1965 r.
Jluteparypa
1.  T'epmocenosa T.A., Mankesuu M.C. CrektpaqbHOE pacnpeacieHue

OTPXKEHHOW paauaruu 3eMiu B moJioce rnoromienus o3oHa 0,20-0,34 mk . W3B.
AH CCCP. ®uzuka atmochepsl 1 okeana, 1, Ne9, 1965.
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THE FIELD OF THE REFLECTED EARTH’S RADIATION IN THE
OZONE ABSORBTION BAND OF 0.20-0.34 u

T.A. GERMOGENOVA, L.D. KRASNOKUTSKAYA

From the radiation transfer equation for the plane parallel model of the
atmosphere the characteristics of the Earth’s radiation field are obtained for the
region of 0.20-0.34 x taking into account the ozone absorption and molecular
scattering. The dependencies of the radiation field characteristics on the direction

of incident solar radiation, on the direction of observation and on the wave length
for different heights are investigated.
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O muddy3un n3mydeHus B chepudeckoit 000I0uKe,
OKPYXaroUel TOUCUHbIM UCTOYHUK
T.A.I'epmorenoBa

AKAJIEMIS HAYK APMSIHCKOM CCP, ACTPO®U3UKA
TOM 2, BBITTYCK 3, CeHTIO0ph, 1966, cTp.251-266

Hccnenyercs perieHue ypaBHeHHS IEPEHOCa B OJTHOPOTHON MOTIOMIAIONIEH
U M30TPOIMHO paccewBaromieil cdepuueckoil o006oouke, B IIEHTpE KOTOPOH
HaXOAMUTCA TOYEYHBIH W30TPONHBIA HCTOYHUK. YCTaHABIMBAETCS XapaKTep
MOBEJICHNUS pEIICHUS] Ha OOJIbIIMX PACCTOSHUSAX OT BHYTPEHHEH HOBEPXHOCTHU
000JIOUKHM, KaK IpH KOHEYHOM BHEIIHEM pajauyce OOOJIOUKH, TaK U MpHU
OECKOHEYHOM U BBISCHSIETCA CBA3b 3THUX JBYX 3ajad. M3ydaercs 3aBHCHUMOCTH
penieHusl 0T BHYTPEHHEro paauyca o0oiouku. Ocobdoe BHHUMaHHE OOpalieHoO Ha
OTMCaHUE BHYTPEHHETO alb0e10 000I0UKH.

3agaya O pacOpoCTpaHEHUM U3Iy4YeHUss B cdepuueckoil 000g0uKe
MPE/ACTABISIET HMHTEPEC B CBA3M C HccleqoBaHuEeM AUGy3un H3IydeHUs B
ra30BBIX U MBUIEBBIX TYMaHHOCTSIX.

B paborax [1] u [2] uccnenyroTcss aCUMITOTUYECKHE CBOMCTBA pEIICHUS
3ajaun 00 000J0uYKe OOJBIION ONTHUYECKON TONIIMHBL. ABTOpPBHI MPEANOIAraoT,
YTO BHYTPEHHHUH paguyc O0O0OJIOUKHM BEJHK IO CPABHEHHUIO C €€ FeOMETPUYECKOMN
TOJILIMHOM. DTO MPEATIOI0KEHHE, 10 CYLIECTBY, CBOJIUT 3a/1a4y K IUIOCKOM.

B psge 3amau mpencraBiser uHTEpec Oojee TOYHOE UCCIIEJOBAaHUE,
CBSI3aHHOE C y4eToM chepuyHoCcTH 000710UKH [3].

B Hacrosimielr pabore MNPOBOIUTCS HCCIEIOBAHUE PEIICHUS YpaBHEHUS
IIEpEHOCa B OJHOPOJHOW TOTJIOHIAIOIIEW W HM30TPONHO PacCerBarolIen
chepuyeckoil 000J0YKE C TOYEYHBIM H3OTPONHBIM MCTOYHHUKOM B LIEHTpE €e.
VYcTaHOBIEHHE CYIIECTBOBAHMSI OFPAHMYEHHOIO pemieHus (pasznen 1) mo3Boisier
JaTh aHAJM3 aCUMIITOTUYECKOTO MOBEJEHUSI PELIEHUs Ha OOJBIINX PACCTOSHUSIX
OT BHYTPEHHEW MOBEPXHOCTH OOOJIOYKM KaK MpPHU KOHEYHOM BHEIIHEM paanyce
000JI0YKH, TaK U MpU OECKOHEUHOM, U BBISICHUTH CBSI3b 3THUX ABYX 3ajaau (paszzien
2). U3ydyeHuto 3aBHCHUMOCTH pEIIEHUS OT BHYTPEHHErO paauyca O0O0OJIO0UYKH
MOCBSIIEH pa3zen 3 paboThl.

1. IHTEeHCHBHOCTh W3JIy4€HHs] B TOYKE C paauycom I B HampaBJICHUH,
cocTapisiomeM yron ® =arccosu c paauycom-ekropom, W(T, ) ecth

pElIEHNE KPAECBOU 3aauu
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¥ 1-u° 0¥ _ ot
H A T T OB (T ) = [ R ) p
or r ou 2
R, <T <R, -1<u<1
SS(u—1
(R, 1) = 7‘I’(Ro,—u)+(¢2) u>0,
47R

0

(1.1)

Y(R,,1)=0, u<0.
371eCh S - YKMCIIO YacCTHIl, M3JIydaeMbiX HCTOYHMKOM B Touke I =0 B
CIUMHULY BPEMCHH, O - IIOJTHOC CCUCHUC B3aHMOHCﬁCTBHH HU3JIYYCHUA C

BEIIECTBOM, O - cedeHue paccesHus, R, m R - BHyrpeHnwii u BHemHmii
paauycel chepudeckoit ooonouku. Kpaesoe ycinosue (1.1) oTBe4aeT BO3MOKHOCTU

«mpoctpenay uepes noiocts 0 ST < R) npu ¥ =1 wm npu y =0 - abeomoTHO

uepHoil cdepe pamumyca R,, mOIHOCTBIO TOMNIONAIOIIEH  OTpaXKEHHOE
So(u-1)
=
4rR;
B takoil noctaHoBKe 3a/1aya aHaJIOru4yHa npoodsiemMe MuiiHa ¢ HHCOISIUUEN B

IUIOCKOM CJIy4ae C YCIOBHEM 3€pPKajJbHOIO BHYTPEHHETO OTpPaKCHHA Ha
001y4aeMol NOBEPXHOCTH C KOI(D(PUIIMEHTOM OTpAKEHUS ¥ .

chepuueckoit 0007I0YKON HU3TYUCHUE U U3ITyJarolel 10 3aKOHY

[Ipu ¥ =0 mpuxomum K KIaccHuYeckoil mpobieme MuiiHa ¢ WHCOISIHEH

[4]. CymecTtBoBaHue, €IMHCTBEHHOCTh M OOIIME CBOWCTBA pEHICHUS ITOU
neomnopomuoii mpu S #0  3amaum  cepuueckoil  000JOYKHM  KOHEUHOM
ONTUYECKON TOJIIUHBI CIAEAYEeT U3 OOIIUX UCCIEAOBAHUM TEOpUHU mepeHoca [5].
IIpuy R=0 u o =03 oxmuopomuas 3amaua ¢ S =0, oueBngHO, OONamacr
pemearem W =CONSt. CymiecTByeT M pelleHHe HEOTHOPOTHON 3aadyd IPH
R = o0, xakoBa ero cBs3b ¢ pemenueM a1 KoHeuHoro R, xapakrep 3aBucuMocTH
or 0,0,R,. Jlnst uccnenoBanust 3TUX BONPOCOB MEPEHIEM K MHTErPAIbHOMY

ypaBHeHMIO A GyHkimu ncrounnka B(I) Tak xke, kak 910 nemaercs B [6] npu

uccienoBanuu 3anaun ¢ ¥ = 0. Jlns 3amau ¢ R = 00 Bropoe kpaeBoe ycinosue Mbl
3aMEHMM €CTeCTBEHHBIM Tpebopanmem orpanumuennoctn (I, 1) mpm
1<0, T —>oo.

_ — — O
Ilycte I'=To, R, =R,0, R=Ro, o, = ;S BeeneM  (QyHKLUIO
D(r, 4t) - MHTEHCHBHOCTH PACCESHHOTO M3TYYEHHS — COOTHOIIEHHEM
So(u-1) aolr- RO)

W(F, 1) = O(r, ) + 222
) =D(r, 1) 47R?
Torna ana D(r, 1) 6yaem uMeTs CIeAyIONTyI0 KPaeByIo 3a1auy:
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—-r

2 +1
DAL () =L [ o(r)du+ F =B, 1)
or r ou 2 r
rne
Ro
F-F(R)= Soo.e
87
DRy, 1) =y P(Ry,—), >0
O(R,u)=0, 4<0nmpu R<o
®(r, 1) orpanuuena npu r — oo, mpu R = oo.
Wnterpupys (1.2), Oynem nmeTs 1is L{ OTpULIATENIBHBIX
R —\PP=r? (1= p?) +1| ]
B(p)e
D(r, 1) =@, (r, u) Ej P (p)2 ) =—dp (1.3)
NP A )
Jnst 44 TIOJIOKUTEIIBHBIX
npu
Ry
r B e—ryﬂ/pz—rz(l—,uz)
o w=0,0 = | PP qps
i Jpt-r2 - p?) W
R pB( p)e—w—x}pz—rz(l—ﬂz) .
* .[ 2 2 2 dp,
r1- 1 \/10 —r (1_/u )
npu
Ry
O(r, 1) = @y (1, 11) = 7 @, (Ry —p)e ™ +[RE 1P (1— 1) +
+j pB(P)p oA (15)

N 8

Ucnons3sys teneps ans B(I) Beipaxenne
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+

B() =" [ @, dp+ [ @yrmdus | @y mdu

efr
+F—-,
r

IIPUJEM K UHTETPAITBHOMY YPaBHEHUIO

r

rB(r) = ALPB(p)], + F <~ (16)

rac

ALPB(P), =2 | {E(r—p)~E(F* =R + o' —RZ )+
Ro

(1.7)
1 +yK(r, p)}pB(p)dp
K(r.p)=r | 2 df 2 o PR Ut [ RET 2 (aP) -1 (r=Ro)
JlT Jp*—REA- 1)
e ¥ds

E(x):j —

[IpeoOpazoBanus, mnpuBoasinme K (1.6), cBsA3aHHBIE C 3aMEHAMU
MIePEMEHHBIX MHTETPUPOBAHUS M MOPSJIKA HHTETPUPOBAHUS, 3aKOHHBI BCIICICTBUE

TIOJIOKUTEIBHOCTY M UHTErPHPYEMOCTH MOABIHTETPAIbHBIX BBIPAKEHUH KaK IPU
R orpannuennom, tak u R =00,

Jlemma 1. CripaBeIJTUBBI OIICHKH

0 <Afl], < o, [1—%E2(r+ RO)} (1.8)

mismeeex F 2R, 20, 0<y <1,

* Yepes E, (X) 3mech n nanee 0603Ha4ar0TCS HHTErPATLHBIE TTOKA3ATENBHBIE

byHKIIUN
S

En(x)zT es_—nxds, E, (X) = E(x).
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JleficTBUTEINbHO, 3aMHIIEeM I K(r, p)d o B Bune
RO

o Ro—p2—RZ (11
r j' e—,urh/Rg—rZ(l_ﬂZ) J- eﬂ 0TVP 0 (=19 dp d/,l
R \/P2 - Rg(l—ﬂz)

2
1 Ro
r 2

JJist BHyTpEHHET0 UHTErpalia, MoJib3ysICh 3aMEHON

2=\p? —RI1- 1), 2dz=pdp, p=y22 +R} 1),

IIOJIYyYHUM OLCHKY

1 % ez 1 u 1 1
<j - = == >+0| = |<—. (1.9)
\/ERO R \/Z +RX1-4*) Re R Ry) Ry
N tak kak
1
j e_“r+"R§_r2(l_”2)dy 3aMeHOM ,ur—\/Rg —r’d-u’) =z
CBOJUTCS K HHTETpAILY
LR R
— j e — —1dz,
2r R 4
TO
i 1
| Krp)dp=E,(r=Ry)~--[2E,(r = R)) - Es( " ~R})]+
o ’ (1.10)
+O£%J<E2(r—RO).
RO
YuuteiBas Tenepp, 4YTo
| Eqr-phdp=2-E,(r-R,), a
Ro
[ EWrP=RE+p"-ROdp> [ E(r+p)dp=E,(r+R,)
Ry Ry

npuaeM K oneHke (1.8).
Teopema 1. Psao Hetimana ons ypaenenus (1.6) npu R = o0
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-p

o0 y e
YA F— (1.11)
v=0 0
cxooumes na [Ry,00) x ynxyuu, oepanuuennot senuuunoi
R, +1
AFef 2=, (1.12)
0
1 | e
Dyuxyus B(r)= —Z AN| F— aenemcs  eOUHCMBEHHbIM
r v=0
Jo,

pewenuem (1.6) us L,[R,,0), ecru @, <1. Ilpu @, =1 woboe dpyeoe pewenue

uzs L[R,,0) omuuuaemcs om smoii pynxyuu, obpawaioweiics 6 0 npu r —» o0,
Ha nocmosnuylo npu Y =1 wi na ynkyuio, cmpemawyiocs K ROCMOSIHHOU npu
r— oo npu y <1.

Ipu @, <1, cornacuo ouenkam (3.8), psn Heiimana (1.11) cxomures, no

KpaliHEl Mepe, Kak TIeOMETpHYEecCKas IIporpeccust ¢ IokasareneM @,. /Jua

nokazarenbcTBa cxoaumoctu pspa (1.11) npu @, =1 Bocnosns3yemcs mMeTomoM,

pa3BUTBIM B [7] TpW UCCIEAOBAHUM KJIACCHYECKOM mpobremMbl MuiHa u
3aKJIFOYAIONIEMCSl B aHAIM3€ CXOAMMOCTH psana Helimana 1 HEKOTOPOU
¢yHKUMK, Maxopupyrouieil cBoOogHbii uneH (1.6). B kauectBe 3TOM

Maxopupyromeii (QyHKIMH MOXKeT ObITh B3iTa, Hanpumep, E,(r+ R, ).
JleficTBUTENBHO, UCTIONB3YS (3.8), JTErKo MOTyYUTh HEPABEHCTBA

n-1
0< AL, <1-23 A'[E;(p+Ry)),
v=0
npu N=2,3,....

Orcrona cienyer, uro psa Helimana Z A'[E,(p+R,)], cxomurcs mpu
v=0

Becex ' = R, u ero cymma ne Gombiue 2. Ho

& 2R +D) E,(r+R,)Fe®,
r R,
TaK KaK
—(r+Ry)
E(r+R)>— — _2R+) 1

r+R,+1° R/ (R,+r+1) r
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[TosTomy psig Heiimana (1.11) Takxke cXOAUTCSA U €r0 CyMMa HE MPEBBIIIAET
4R, +1 EL e’
BEJINYHMHBI 4Ry +1) Fe® . ®yuxums B(r) = —Z A'| — | ouepumHo,
r= P
0 v=0 r

1

yObIBaeT mpu I —> o0 He MeAJIeHHEee, YeM — .
r

Oymcm K(r, )" w E(r’ =R+ p* =R npu

moboMm A <1, kak HETPyAHO MOKa3aTh, HHTETPUPYEMBI C KBAJIPATOM B JBYMEPHOM

obmactu  (R;,0)x(R,,©). Crnenosarensno, xapakrep pelleHHH, Kak
omuoponHoro ypaerenus Y = A[Y] , tak u neommopomnoro Y = A[y], + f(r)
ONPENEISACTCS CBOMCTBOM CHHIYJIIDHOM YacTd sapa - E(|I’ — p|) [8]. Oto

o -r
O3HayaeT, 4To B Kinacce GyHKumi, mHTerpupyemsix ¢ Becom € mHa (R;,0),
CYILECTBYET €IMHCTBEHHOE (C TOYHOCTBIO JI0 TIOCTOSSHHOIO MHOYKHUTEJISA) PElleHUe

OJHOPOIHOM 3amaun. OHO BoO3pacTaeT Kak €' (mpu @, <1) wm xak r (mpm

@, =1) pu I — 00. 31ech V - HeOTpHULATENBHBIN KOPEHb XapaKTePUCTHYECKOTO

yPaBHEHHs
&IHH—Vzl v=0 mpu w,=1
v 1-v O<v<1 npu w,<lI.
ACHMIITOTUKA OTPAHMYEHHOTO PEIEHHS HEOHOPOIHOTO YPaBHEHUSI
y(r)=Aly], + £(r) (1.13)
- enuncTBenHoro pemenus u3 L, (R,,0) onpenensercs dynkuueit
y,.(r)=Ce ") L O(e "), (1.14)

rie muoxutens C 3aBucur ot @,, R,, 7, Ho He 3aBucuT OoT I'. OCHOBBIBasCH Ha
9TUX pe3yldbTaTax M y4YdThIBasg, dYto Y = CONSter (B = COﬂSt) SIBJISIETCS
pemenuem onHopoanoro ypasuenms Y = A[Y]., mpu @, =1,y =1, nerxo
BHJIETh, YTO CIPABEIIMBA U BTOPAsk 4aCTh TEOPEMBI 1.

Otmerum, uto ipu Ry, —> o0 B ciyuae, korma @, =1, y =1, Hamm onenku

NepecTarT ObITh CpaBeUIMBEIMUA. OTpaHUYEHHOTO PEIICHUS MPEIeIbHON 3a/1auun
— 0 pacmpOCTPaHEHUM U3TYUYEHHS OT IUIOCKOTO MCTOYHHMKA B OECKOHEYHOM YHMCTO
paccenBaroliel CpelAe — HE CYIIECTBYET. JeMCTBUTENBHO, B O3TOM Cllyyae
IJIOTHOCTh U3JIyYEHHUs JOJKHA OBITh PEIICHUEM HEOJHOPOJIHON 3ajauu C
MPEJICIIBHBIM SIPOM

y(r)= %I {E(|r —p|) +E(r+ p)}(p)dp+ Ae™".
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Tak Kak peleHueM COOTBETCTBYIOUIEW OJHOPOJHOW 3aJauyul SIBISETCS
MOCTOSIHHAsL, TO, KaK JIETKO BHUJETh, JJISI BCAKOTO KOHEUHOro I crpaBeminBO
HEPABEHCTBO

y(r)=y (x)>0, (1.15)
rae § (o0) - npenensroe 3nauenue V() mpu I —> 00, cornacHo [8] MOXKeET OBITH
HaWeHo 1Mo hopmyie

y(oo)=a{Aj [r+a(nledr+ [ dr[ dpE(r+ p)y (p)[r+q(r)]}>o,

rne o >0, 0<q(r) <1.

~

YpaBHeHuMe JUIs IPOM3BOIHOM pentenus Y  umeeT Buj

0

~1 1 ~ -r
V()= ] {E(r—p)—E(r+p)} (p)dp—Ae™.
0
Cnenosatensro, Y (F)<0, mw mpm F—>00 cTpeMurcs K KOHEUHOMY

npeneny [8]
'(o0) =—Aar[ re”dr=-Aax <0,
0

yTo npotuBopeunt (1.15).
2. O6paTtumcsi Temepb K MCCICAOBAHUIO XapaKTepa 3aBUCHUMOCTU PEIICHUS

or I' u mapamerpos 3axaun R u R, . Cornacuo (1.14), mpu I =R, — 00, R =00

~v(r-Ry) ~(r-Ry)
B.(N=8 " o8 (2.1)
r r
[Tonb3ysicy hopmynamu (1.3-1.5), Haiimem
1
CDOO(r,,u):E+O(—2j npu @, =1,
r r
(2.2)
D_(r )—LJrOﬂ mpu = o, <1
e A— wv)r 2 P ¢

10 ecth acumnroruka @ 1o I' Takas ke Kak B 3a7a4e 0 TOYEIHOM HCTOUYHHKE B
oeckoneunoi cpene [9, 10].

Jlns Toro, uto6el uccnenosark 3apucumocts pemenns @, or I u R B
3ajmade o cdepuueckoil obomouke komeuHod tommmeel R - R, mpm R
noctatodno 6onbinom, kak B [11], Beenem pynxmuto D (1, 1),

) D (r, 1) =@ (r, 1) — Dy (r, ),

@, ectp, 0YEBHAHO, PEUICHUE KPACBOM 3a1a4uH
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oD | 1-u° 0D
or r ou

+1
— . —
+(r, 1) = 7°j O(r, p)d p
a1

O(Ry, 1) =y ®(R, —p), u>0
O(R, 1) =D, (R, ), p<0.
Hcnions3ys (2.2), mpuaeM K CIeIyIOIUM BEIPAKEHHUSIM IS ) R

- C 1
@R(r,y):E+O(¥j npu o, =1,

-VR

R ¢(r1/’l) HpH a)O < 1)

(2.3)

— e
D, (r,u)=
rae @(r, 1) orpanuueno ceepxy pemenuem f () mHeomHopomHOro ypaBHeHuUs
f(r)=A[f] + O(e‘(R‘r)).

dynxmus T () Benmer cebs, mo xpaiineil Mepe Kak g V(R

npu R—r
JIOCTaTOYHO  OOJIBIIOM. JDTOT pPE3yJbTaT MOXHO TOJY4YUTh, MOJB3YSICh
acumnrotHdeckumu popmynamu tana (1.4) mua f(r) mpu —r + R — co.

Takum oOpa3zom, Mpu AOCTATOYHO OOJBIIUX R C TOYHOCTHIO /10 BEIUYUH

R2

D1, ) =, (r, )~ = 12

npu o, =1,
(2.4)

-VR

© opu @, <1
R p 0 .

®R(r,ﬂ)=®w(r,ﬂ)+0(

B wactrocTH, 0603HaunB 4epe3 A (R,, 1) dynxkumo @ (R,, 1), Gynem
MMETh

AR(Ro,u)=Aw(Ro,u)—C(RO)+o(ij, o =1L

R R’
(2.5)

AR(Ro,u>:Aw(Ro,u)+O(e:], @, <1.

3. PaccMOTpHM Temeph 3aBUCMMOCTD pemienus 3aga4dn (1.6) npu R =00 or
napamerpa R, .
const

Ipu R, <1 u3 ouenku (1.12) cnenyer, uro B < R
'Ry

3anuckiBas (1.6) B Bume
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—-r

rB(r) = AolpB(P)], + F “—+ A, [B(o)], + ALpB(o)],
rac
Aol f], —j {E(r-p)—E(r+p)} (p)dp,

Ro
A1) == [ {E(r=p)—E(r+ )} (p)dp

0

ALF] =22 OK(rp) =B RS +40 =R +E(r+ o)} (p)dp,

u yuutsBas, uto A, ,[1]~ R, In [OJIy4UM, YTO C TOYHOCTBIO IO BEIUYHMH
y4 12 y4

nopsazaka In Ro rB(r) , 4 CJIeJ0BaTeIIbHO, CI)(I’, ,u) COBMAJAET C PCIICHUEM 3aJa4yu
0 TOYEYHOM HMCTOYHUKE B OCCKOHEUHOM cpejie.

Otcrona
B(R,) = +0| 2R |,
RO RO
(3.1)
F 9
A(R,, ) =———=+0(InR,), 3 = 71 —arccos L.
R, sin 4

B 3amauax ¢ R, >1 ouenku (1.12) okasbIBatoTCs CIAUIIKOM rpyObiME. B

TeX ciydasx, koraa @, <1 momb3yscs (1.10) u yuursiBas, uto

B @)~ F‘Z’E(a)<jE(a+\/p “Ridp<— E(a) 2)

0 0
OyzieM UMeTh

0

[ 4K (rp) - 7E(r+ p-2R)~E(p —R: +Jr2—Rg>}dp=o£Ri]_

Ro 0

Tak kak psix Heiimana (1.11) npu @, <1 cxomurcs, kak reomerpuueckas
Iporpeccus ¢ TIOKasaTeaeM (J,, TO TJaBHAsd YacTb pPELICHUSA IIpH

R, > ® Y,(X) (X=r—R,) wmoxer ObTb HaiiteHa wu3 ypaBHEHHS C
TIPEEIbHBIM SIAPOM:

o0 =2 [ {E(x~x'

= _—X

)+ Y E(x+ X)Hy (X)X + o2

, F =Fe®,
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~

E
Ouesujtro, Y, (X) = O(R_j H, CIIeoBarelbHo, ipn @, <l u I = R,
0
ot~ F A
R, R;

Jlist Toro, 4To0BI OLIGHHTH MOBEACHHE pemieHus npu R, —> o0 B ciydae

@, =1, sammmem (1.6) B Buze

y(r) = LIyl + LIyl +

raempu ¥y =1

Lolyl== I{E(|r—p|)+E(r+p 2R,)—-2E(r—-R, +

+\/p -R)}y(p)dp

LIyl== j{K(rp) E(Jr*=R; +p° —R})—E(r+p—2R,)+

+2E(r =Ry ++/p° = Ry)}(p)dp,

ampu y <1
100
Lolyl=> | {E(r—p)+7E(r+p-2R)}y(p)dp
Ro
1 o0
Lyl=~ [OK(.p) - EGr =R +yp" -R)) -
R0
—7E(r+p—2R;)}y(p)dp.
CornachHo (1.10) u (3.2) Oynem UMETh
1 e —(r-Ry)
npu 7/=1:L0[1]:1—R—0E3(r R )+O( R ],
e—(r—Ro)
L1[1]=O( ~ ]
0 (3.3)

1-—
mpu y <1: ‘LO[I]:I—TyEZ(r—RO),

— E3 (r_Ro)
(o)
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Tak ke Kak pH T0KA3aTeIbCTBE TEOPEMBI 1, TOITyduM

1 1
L, R—E3(p—RO)} <1+O[¥] npu y =1,

L0 0

[M]s

T
o

[M]s

LY LTVEZ(r—RO)}uo(Rij mpu y <1.

L 0

Il
o

V

2
Orcroma cremyer, uto, npeHebperas BemuumHamu nopsaka 1/ Ry, mbl

MosxeM ornpenenuTs pemienre Y(I') U3 mpuOmMkKeHHOTO ypaBHEHHs

e—r
y(r) =Llyl+F—. (3.4)
1
umpu ¥ <1 y(r)~ R mpu ¥ =1 y(r)<R,.
0
E o F
Taxum obpasom, npu ¥ <1, @y =1B(r) ~—, A~ — TaK xe, KaK B
R, R,

3amadax ¢ @, <1.

B 3agauax ¢ ¥ =1 npoussomnas Y'(X) momkHa yaoBIeTBOPATH ypaBHEHHUIO

y'(x)=%z {E(x-x

)+ E(x+ x)}y'(XHdx"+ F(x),

rac

F(X) :—J. E(X+4/X? + 2R, X" ) y(x")dx - Fe‘(éRo +)X2+1).
: .+ X

Tak kak mpu X —> 0 y’(x) oOpamraercss B 0, a ¢ Japyrol CTOpOHBI,
coryacHo [12]

y'(e0) = 3T XF (x)dXx,

TO JOJIZKHO BBIITOJIHATECA PAaBCHCTBO

j E, (X2 + 2R X)) y(X)dx' = FE (R,) =Ri +o[%} (3.5)
0 0

0
JIerko BUAETH, YTO

_ 1 _
Tak kak Maxy < Ro , TO |y’| <q+ O(R—j, rae - MaKCUMyM pEIICHUSA
0
YpaBHECHHUA



o1

q(x) = %T E(x—x]a(x)dx +e™,

0

HE NpEBbINIAIONINYA, Kak u3BecTHO [4], 3Hauenus (|, = 5. IMoxacrasuss B (3.5)

BMECTO y(x) BBIPAKCHHEC

yx)=y@0)+y'(&)x, R, <&<x, (3.6)
MOJIy4YuM 3
y(0) = Ff - 1 +0£Ri] =3F +O[R—j. (3.7)
0 _[ E, (/X* + 2R, x)dXx 0 0

0
3anuceiBas (3.4) B BUjE

y(x)=§I {E(x-x

)—E(x+x)}y(x)dx"+ f(x),

rac

) — E(X+ X2 + 2R X" )}y(x")dx' + RF

g
o TX

f (X) :T {E(x+X’

u 115 3Hadvenus Y (00), momw3ysack BeIpaxkeHuem [12]

y(o0) = 3]0 xf (x)dx,

MOJTy4YUM

y(o0) = ST y(X)E, (X')dx’ —3T Y(X)E, (yX"* + 2R, x")dX’ +3FE, (R,).

Mu1 BOCITIOJIB3YEMCA TEM O6CTO$IT€J'IBCTBOM, YTO B 3TOM CJIyda€ ¢ TOUYHOCTBIO

1

o BemmuuH ~ — ¢ynkmua Z =1, cormacuo (3.3) ecTs pemenue ypapHeHus
0

2() = Lo(2) + By (T =Ry).

-r

- €

Tak kak Y(X') = E L, {F —} , TO MEHSIS IOPSIZIOK UHTETPUPOBAHUSI, KAK
— r
v=0 r

B [4], Hailnem

[ YOOE, (<)ax _ :

~% e 2 ~
F! R +XZO:LO[E3 (x)]dx = E +0£R—].

0

Ho
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j Y(X)E, (\X2 + 2R X' )dX' < j Y(X)E, (yx* + 2R, x)dx = FE(R, ),
0 0
e R e o

aEn(R0)=€+O R2
0

Takum o6pazom,
~ 1
y(0)=3F+0| — |.
R
Ouenupas ¢ nomorsio (3.6) f(X), nerxo momyuurs, uro

f(x) :REE E, (X) —ex}+0[%}

, 1

CnenosarenbHo, Y (X) =0| — |, B yactHocTH, monaras X=0 B (3.4),
R0

oJy4aeM

y'(0)= f(0) = L+0[in
2R, R,
Hockomeky mpu  X>1 f(X)<O0, cnemyer, oxwunare, uyro TpH
X —> 0 y’(x) — 0, ocraBasch oTpHIATENEHON W, TAKUM 0Opa3oM, y(x) pu
miMenennu X or 0 7o o0 chauana Bospactaer ot smauenns Y(0) =3F,

NPOXOAUT dYepe3 MakcuMyMm U 3arem yoOeaer or Y(0) =3F - cBoero
MUHUMAaJIBHOTO 3Ha4eHus. CIIe10BaTeIbHO, B TOM CIIydae

~

3F 3F 1
B(r)="— mpu r >, B(R)="-+0| — |.
() r p (O) RO [Rozj

Yro6wt maiitn A(R,, ), moncrasum (3.6) B (1.3) ¥ BbIIENss IIaBHbII YWieH
pasnoxenus no crenensm 1/ Ry nomyunm
3F 1
AR, 1) = =—+0| = |.
R, R

[IpoBeneHHBIN aHAIM3 MOKA3bIBAET, YTO KOTAA (W, = 1, pemenne 3agaun o

TOYCYHOM HMCTOYHHKCE B C(l)CpH‘—IGCKOfI ITOJIOCTH OKa3bIBA€TCA BeChMa OJIM3KHM K
PCIICHUIO 3aJa4d O TOYCYHOM HMCTOYHHKC B OCCKOHEYHOM IIPOCTPAHCTBEC, IIO

KpaiiHeil Mepe, B JBYX MpEENbHBIX Clydasx — IPU OYEHb MajoM pamuyce R,

TOJIOCTH ¥ NPU OYeHb GonbinoM. B Tom ciyuae, korna @, <1, namuuue monoctu
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MaJo CKasblBaeTcsi Ha pesynbrare jumb npu Ry < 1. 3agaga xe ¢ R, >1

CyYmCCTBCHHO OTJIMYACTCA OT 3ada4u C RO = 0 , KaK 1 CJICAYCT OKUJATh.

ABTOp TOJIB3yEeTCA CiydaeM BbIcKazaTh OsarogapHocts B.I'.Kypty, mo
MPEJIOKEHUIO KOTOPOro Oblja MpeANpUHsITa HacTOsIas paboTa.

Maremarnueckuii uactutyr AH CCCP
uM. B.A.CreknoBa

ON THE DIFFUSION OF RADIATION IN A SPHERICAL LAYER
AROUND A POINT SOURCE
T.A.Germogenova

The solution of the equation of radiative transfer for a homogeneous
absorbing and isotropically scattering spherical layer is investigated, an isotropical
point source being at the centre. An asymptotic of intensity of radiation at great
distances from the inner surface of the layer is obtained. Two cases of this problem
are considered: that with infinite optical thickness of the layer and the other with a
finite one.

The connection between these cases is discussed. The dependence of the
solution on inner radius of the layer is studied.

Specific attention is paid to the evaluation of the inner surface albedo.
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PACCESIHUE COJIHEYHOI'O L, N3JIYUEHN

HA T'AJTAKTUYECKOM BOJOPO/JIE
B.I' Kypr, T.A.I'epmorenoa

AcTtpoHoMuueckuii )xypHai, 1967, 44, Ne2, ctp.352-357.

PaCCManI/IBaeTC}I 3ala4a O KOI'CPCHTHOM pPaCCCAHUU La - HU3JIIYYCHHA B

OJTHOPOJTHOM HM3O0TPOMHOM Cpelle C TOUYEYHBIM HCTOYHHKOM, OKPY>KEHHOM
nosiocteto.  CpaBHEHHWE TEOpUU C HAOIIOJAaeMONl B COJHEYHOM CHCTEME
MHTEHCUBHOCTBIO MMOKA3bIBAET, YTO 30HA MOHU30BAHHOTO Bojoponaa (3ona H II),
okpyxaromas Connue, umeer paauyc He meHee 10° a.e. B cBa3u ¢ aTMM ocTaercs
OTKPBLITBIM BOIpoc O mpupope ropsuux (1 ~10° °K) aromoB Bomopona c
KOHIICHTpaLen ~107 cm® BONIM3H OpOUTHI 3eMJIH.

THE SCATTERING OF THE SOLAR L, RADIATION ON GALACTIC
HYDROGEN, by V.G.Kurt, T.A.Germogenova. — The problem on the coherent
scattering of L_ radiation in the homogeneous isotropic medium with a point

source surrounded by a hole is considered. The comparison of the theory with the
intensity observing in the Solar System shows that the ionized hydrogen zone
(zone H 1), surrounding the Sun, has a radius no less than 10 a.u. In connection
with it a question on the origin of hot (t ~10°°K) hydrogen atoms with the
concentration ~ 102 cm™ near the Earth orbit is left open.

B mocienHee BpeMsl pakeTHble HaONIOAeHHS MOKazanud Hammume Lo -

U3JIyYeHUs, HE CBSI3aHHOTO C BOJOpPOJHOW KopoHoW 3emun [1-3]. IlepBbiii
KOCBEHHBIN IKCIIEpUMEHT ObLI BhIMOIHEH MaproHom u [lapcemmom B 1961 1. ¢
TIOMOIIBIO  BOJOPOJHOTO (MIBTPa, cpesarolero usmyuenue B mosoce 0.08 A,
okono A 1215.8 A. Ilpu stom aBTopsl [1] o6Hapyxumm, uto 15% wusmydeHus,
HYIIEro OT 36HUTA, MPOXOAUT uepe3 (PuibTp, B TO BpeMs Kak U3TydeHue, uayiiee
OT  Haaupa, TMOJHOCTbIO  morjomaercs. VHTEHCUBHOCTh  U3Iy4YEHWUS,
MPOIYIIEHHOTO (UILTPOM, paBHANack mnpumepHo 3-10% spr/cm?-cek-crep.
AHanOTUYHBIA HKCIIEPUMEHT ObUI BBIMOJHEH TEeMH e aBTropamu B 1965 1. u
OpuBENi, MPUMEPHO, K MOJOOHBIM pe3yjbTaTaM: HWHTEHCHUBHOCTb M3JIy4YEHUS,
nporesanero yepes Gpunbtp mupunoit 0.05 A, coctasnsna 45% ot usnydenus 6e3
¢unbTpa, uto coorBeTcTBYET ~5 107 5pr/cm?-cex-crep.

O6a skcniepuMeHTa ObLIM BBITIOIHEHBI ¢ BBICOTHI ~200 kM. B ombite [2],
OCYLIECTBJIEHHOM OJHMUM M3 aBTOPOB  HACTOSIIEH paboThl, OBLIO

HETIOCPE/ICTBEHHO 3aperncTpupoBaHo L, - n3imyueHue BIammM OT TEOKOPOHBI, Ha

paccTosHuM, mpuMepHO paBHoM 15 10° kM. Ha6mogaemoe wuzirydeHue ObLIO
IPAKTHYECKM H30TPOIHBIM, U €r0 HMHTEHCHBHOCTH PaBHAIACh mpumepHo 107
spr/cm?-cex-crep. MOKHO yTBEPXkIaTh, YTO C TOYHOCTBIO 20% OTCYTCTBYET
KOHIIEHTpaIusi HaOII0JaBIIETOCs H3JIY4YEHUs] IUIOCKOCTH JKIMOTHKU. B 3TOM
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SKCHEpHMEHTE PErucTPUpOBAaIOCh H3IydeHHe B Tosnoce 1225-1340 A. Tlo-

BHMOMY, Bech Habroxasimiicst 3¢pdekr csizan ¢ L - nsnydennem, mockosbky

KOHTPOJIBHBIN CUCTYHK, TyBCTBUTEIBHBINA B monoce BHe L, perncrpuposan ¢ow,

paBHBI OXupaemMomy (GOHY KOCMHUYECKHUX Jydeil. B mociennee Bpems Obuin
BBIIIOJIHEHBI JUTUTEIbHBIE SKCIEPUMEHTHI [4] HA aBTOMaTHYECKUX MEKILIAHETHBIX
craHuusax «Benepa-2» wu  «Benepa-3», [nmaBmme CXOOHBIE  PE3YJIbTATHI.
HaGmonaBmasici MHTEHCUBHOCTH MPAKTUYECKH MOCTOSHHA M €€ (UIYKTyalluH,
OCpPEIHEHHBIE 3a CYTKH, He NpeBbIaroT 30%. OTOT MaTepHal B HACTOALLEE BPEMs
HOJIPOOHO aHAIU3UPYETCH.

Haubonee npumeuaTeNbHbIM SBIISETCS COIJIACHE JIPYr € JAPYroM 00eux
rpynn  HaOmoaeHuil. MOXKHO NpeanojioKUTh TPU YUCTO YMO3PHUTEIbHBIE

THUIIOTC3HI, O6’I>}ICHHI-OIHI/I€ OJUHAKOBYIO Ha6JIIOI[aeMYI'0 HNHTCHCHUBHOCTD La -

u3nydenus: 1) mupuna smuccuonHoit muaumu > 0.08A, urto coorBercTByeT
TeMIIEpaType, 3HauuTenbHO mpesbimaromei 10%°K; 2) umeercs moruepoBckoe
CMEIIEHUE, COOTBETCTBYIOIIEE JIydeBoil ckopoctu >10 kwm/cek; 3) mpoduiib
AMUCCUOHHOM JIMHUW UMEET 3HAYUTEIbHYIO JICTIPECCHI0 B LIEHTPE, MOJYIIUPUHA
koTopoii >0.04 A. ®usuyeckas kapTuHa, OTBedarollas IEPBOMY CIydalo,
COOTBETCTBYET MOJIETIH TOPSYET0 HEUTPATHHOTO BOJAOPOJA B COJHEYHON CHCTEME
¢ komnenrpammeir 102103 ar/cm® [5, 6]. Hanuuue GONbIIMX JOIIEPOBCKUX
CKOpPOCTEMH, CBSI3aHHBIX C OPOUTAIBHBIM JABI)KEHUEM 3€MIIM WM aTOMOB BOJIOPOJIa
B COJTHEYHOM CHUCTEME, HaXOJUTCS B MPOTUBOPEUNHU C HAOMIOACHUAMI MOpPTOHA U

[epcemna [1], He OOHAPYKUBLIMMH BapHaLii HHTeHCHBHOCTH L - u3imydenus

IpyU  pPa3IM4YHOM OpHEHTAalMu npudopa. Ocraercss npoOaHANU3UPOBATH
BO3MOXKHOCTh OOBSICHEHHs HAOJIOJIEHUH B paMKaxX paccesHus COJIHEYHON

SMHUCCHOHHOHN JIMHHUU La Ha XOJIOJHOM TaJlakKTMYECKOM Bojopojie. BechbMma

npuOMM3UTENILHO 3Ta 3ajJada paccMmaTpuBajiack B pabore [6]. VYkazanHas
npoGiieMa COOTBETCTBYET 3aj/laue O PacIpOCTPAHECHUU U3JIYYCHHUS B OJHOPOIHOM,
U30TPONHON Cpelle C TOYEUHbIM, H30TPONHBIM HMCTOYHMKOM B IEHTpE,
OKPYXKEHHBIM ToJIocThi0. OO0nacTh, CBOOOAHAs OT PacCEUBAIONIUX AaTOMOB,

cootBercTByeT 30He H II CTtpemrpena, rie La - U3JIy4EHUE pacrpocTpansercs 6e3

IIOTJIOIICHUA W PaCCCAHUA. YPaBHeHI/Ie IICPCHOCA La - U3JIYy4YCHUA IJIA Cliy4das
KOI'CPCHTHOI'O paCCCAHUA MOKCT OBITH 3aIMCaHO B CJICAYIOIMICM BHUIC!

ol 1-72 ol o.
+ +ol(r,u)=—| I(r,u)du,
= T on (T, 1) Zjl(ﬂ)ﬂ
R <F<R, —-1<u<+1
0 J,6( 1;1 @
I(ﬁouu)zl(lio'_:u)‘*‘% st p>0
4rR,

I(R,1)=0 gns u<0
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3[[er \]0 - MOHIIHOCTb HOCHTPAJIBHOI'O HMCTOYHHUKA B CAMHHIAX apr/ceK,

OTHECEHHAas! K CIEKTPaIbHOMY WHTepBaidy mmpuHOii AAg, coorBercTBYyIOmIEH
TeMIEepaType Cpeapl; O - TOJHOE CEYEHHE B3aWMOJCHUCTBUS C BEIIECTBOM,

paccuMTaHHOE Ha CIMHUIYY NYTH; O, - CeYeHHE paccesHus; R, - BHyTpeHHHI

paguyc monoctu; R - BHemHWit paamyc chepuueckoil 00OJOYKH, PaBHBIA B

Haiem ciydae 00; AAy - IOIIepoBCKast IUPUHA JIHHUHA PACCEsTHHUSL.
[lepexons k GespasmepubiM Bemmanaam I =To; Ry =R,0; R=Ro nu

@ =0, | o, BBenem dynxumo J (I, 1) - paBHYIO HHTEHCMBHOCTH PaCCESHHOTO

U3JTyICHUS:
2 0) = 17, )~ 22D geete @
7T
Torna nna J (I, &) Gynem UMeTh cIeyIOIyI0 KpaeBylo 3a1auy
ol 1-r° 4] w, ¢ Fe '
+ +J(r, ) =—=21 J(r,x)du + = B(r), 3
p> » (r, 1) 2_{ (r,p)d u 7 (r) (3)
Ro
F=F(R,)=20%C @
rac

J(r,p)=3(r,—p) mna >0 mpur=R,
J(r,u)=0 must u<0 mpu R<oo,
B(r) - gpynkuus ucrounuka.

HccnenoBannio yKa3aHHOW 3aJadM TOCBsIeHa padora [7]. 3mech Mol
IIPUBOJIUM TOJIBKO OKOHYATENIbHBIC (DOPMYINBI ISl MHTEPECYIOIIETO HAac Cirydas

R—>o u o=o0,. llpu I, gocratouno GomibioM, pemeHue 3axadn R —> oo

OIIMCBIBACTCS BBIPAKCHUAMM:

C 1
Joo(r,,u)z?+0 = npu o, =1,
1 —-vr
Jw(r,y)zl_ﬂ\/?e_w+o eT npu @, <1,

T.€. ACUMITOTUYECKHUE PEIICHUSI UMEIOT TOT K€ BHJI, YTO U B 3a/1auy€ O TOYCHHOM
UCTOYHMKE B Oeckoneunoit cpeme [8, 9]. 3mecr Vv - KOpEHb
XapaKTEPUCTHUECKOTO YPaBHEHUS
@, , 1+Vv
—In—=

1. 5
2v 1-v ®)
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[ycts J; ects pemenne 3amaun (3) u (4) npu R xoneunom. Torma npu

2
JI0CTAaTOYHO 6onbImuX R ¢ Tounoctsio mo Bemuunu ~ 1/ R

C(R 1
J (r,p)=3d.(r, 1)+ (RO)JFO(?} npu @, =1;

(YRR (6)
J (r,p)=3,(r, 1) +O[T}’ npu @, <1.
JTis abGe10 GYJIYT BHITOMHATHCS (OPMYTHI, AHATOTHIHBIE (6):
A Ryt = ARy )+ 22 (Rj o =1
(7)

-V(R-Ry)
A (Ry, p) = AR(RO’ﬂ)+0|:eT:|’ @y <1

[Ton anbbeno wmbl OylaeM B JalbHEWIIEM IMOHUMAaTh HMHTEHCUBHOCTD
M3JIy4eHUsI Ha TpaHUIE BHYTPEHHEW cdepbl, CBOOOJHONW OT pPacCEeUBAIOIINX
aTOMOB.

PaccMOTpHM Temeph 3aBHCHMOCTH pPEILICHHs OT mapamerpa R,, T.e. OT

pa3mepa 30HBI, CBOOOAHON oT paccemBarommx aromoB. Ilpm R, <1 wmoxHo

MOKa3aTh, YTO (PYHKIUSI UCTOYHUKA B:

B(R,) =

R,

Fe™( 9
ARy 1) = R, [sm.9]+ { R, j

rae yron 3= —arCCOS// OTCUMTHIBAETCS OT TOYKH, HPOTHBOIOIOKHON

Fe " (InR

(8)

HUCTOYHUKY.
s R, >1
B =" o
0
B(R)=E " o L )
YR Ry )
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Otmerum, uto mnomydeHuele ¢opmyns a11  B(r)  cosmamaror ¢

ACUMIITOTHYECKUMHU  (opMyJIaMud IS clydas TOYEYHOTO HWCTOYHHKA B
OCCKOHEUHOMN pacceuBarolleu cpee.

[Moxacrasnss B Beipaxkenus (8) u (9) snavenus mis F us (4), moayunm s
MHTEHCUBHOCTHU PACCESTHHOTO U3TyYEHUsI OKOHYATENbHbIE ()OPMYIIbIL:

A, :M mis Ry > 1,
87R,
Jok,n( 9 o
2072 11 R <1,
A =8 Lsing) M T

re K, - sddexTHBHOE CedeHMe paccesHHs, PACCUMTAHHOE HA OJMH aToM B
GyHKIMU UMHBL BOMHBI A . OYeBHIHO, YTO B paccMaTpUBaeMoOi IpoOiIeMe

obmacte R, >>1 cooTBeTcTBYET LEHTPANBHOM, JOIUIEPOBCKOM YaCTH JIMHHUH, TIE

2
—X
kl = koe X - pPacCTOAHUC OT HOCHTpa JIHMHHH, HU3MCPACMOC B CAHMHHIAX

2 [aT

IOIIEPOBCKON MOMyIIUPHHBL, paBHON Ay =— , a K, - snauenme
m

3(1)(1)€KTI/IBHOFO CCUCHM B ICHTPC JITHMHUHU

-12
o 59-10"

M
N

Tak kax R, , T.e. pasmep 3omst H II, He menee 10° a.e., mmi 1.5-10% cm. (em.

HWKE), TO 00JacTb, Ile IpUMeHnMMa mepBas dopmyna (10), mmr T ~10° °K

COOTBETCTBYET Ipe/enaM u3MeHenus X ot -2.8+2.8.
B nopenueBckoii obnactéd 3P(GEKTUBHOE CEUYEHUE PACCESHUS MOXKHO
MPEICTaBUTh B BUJIC
k -15 2
k, =—2, e k,=1.2-10 cm’.
y; 2 0
X
®dopmysa crpaBeiuBa Uit X >3, OJHAKO B HAIIEM CIy4ae €K MOKHO
BOCIIOJIb30BaThCs IpH moactanoBke B (10) Toibko s X > 4.5, Tak Kak TOJNBKO B

stom cnyuae 3Hauenne R, = RyNK, Gymer cymecrBenno menbuie eauHumipL
COOTBETCTBEHHO CKA3aHHOMY, HMHTEHCHBHOCTM B pPAa3HBIX YacTAX JIMHHU
o6o3HaueHsl uepes Ay, A .

Jlnst BBIYMCIIEHWS WHTCHCHUBHOCTH M CpPaBHEHUS €€ ¢ HaOII0ICHUIMU
HEeoOXoauMo MpouHTETpupoBatTh BhIpaxeHus (10) mo X. Torma momydwmm s
JOILIEPOBCKOTO SApa:

2.8
Jp=2[ Adx= 33,1k, ©(2.842) ,
0 8\/;Ro

rae O - uHTErpaT BEpOATHOCTH.

(11)
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[oxcraisist B (11) umcnenHsle 3HadeHus: J, = 4.2-10” spr/cex Ay,
9TO COOTBETCTBYET MOTOKY B JMHMHM L, Ha rpanuie 3emuoii atmocdepsr ~3
spr/cm?-cek, mmpune smHmu 1A uw  AA;=5-10° A npu Ttemmeparype
Mex3BesHoro Bogopoaa ~ 102°K; n=1 ar/cm® - momyunm

5.3-10%
J, =——=——9pe/cm* - cex - cmep. (119

0
AHaJIOTUYHO JJIA HOpeHHeBCKOﬁ o0iacTu IMOJIYUHUM

100 9
L= JOE ( _'9 jj. kng:lg ( _'9 ) 9p2/CM2-ceK-cmep. (12)
47R, \ sIin§ ) ;. X R, \sing

O4eBuHO, YTO OCHOBHOM BKJaJa B HAOIIOJaeMyl0 MHTEHCUBHOCTH BHOCHUT
AIpO JIMHWUW, W JIOPEHIEBCKUMHU KPBUIbSIMH MOKHO BIIOJIHE TPEeHEOpEUb.
Heob6xoaumo, ogHako, XOTst ObI MPUOIU3UTENBHO YUECTh 0071aCTh TPODUIISL TUHUU
pacCessHHOTO M3Iy4e€HHUsl B mpeaenax usmeHenus X oT 2.8 go 4.5. 3aBegomo

OoJplIEE 3HAUYECHUE 3TOM BEJIMYMHBI MOKET OBITh MOIYy4YeHO 10 ¢opmyie (12), uro
naeT

8
J, (2.8<x<45) =% ape / em® - cex - cmep. (129

0
HaﬁI[CHHOC 3HAYCHUC CYHICCTBCHHO MCHLBIIC HHTCHCHUBHOCTHU B IIPCACIax

JIOTIEPOBCKOTO siipa. PacuerHslit mpodmiis HNK paccesiHHoro L, - usmydenmus
MPEJICTABIICH HAa PUC. | B OTHOCUTENBHBIX €AUHULIAX; AJISl IEPEBOIA TOCIHEAHUX

2
B ape / cm” -cek -cmep Ay HeOOXOMMMO YMHOXHUTH TIPUBEIECHHBIE BETHYMHbI

ma 3-10% n/ ﬁo .

~7 ' \ 12 | | | 5B
10 ;

020 30 40 50 60 10z

Puc.1l. Tlpodpuns muamu L, paccesHHOW Ha MEX3BE3JHOM XOJOIHOM

Bogopoze ¢ | =-10?2 °K. CruiomHble KpUBBIE - pe3ybTaT NpUMEHEHHS (GOpMyII
(10), myHKTHUP- UHTEPIIOJIAIIH.
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CormnocraBuM TCIICPb BBIYHUCJIICHHLIC 3HAYCHUS C Ha6J'IIOI[eHI/I51MI/I, JJIA 9€ro

3 . .

nonoxuMm N =1cm™, 9ro cOOTBETCTBYET MEXK3BE3HOM ITIOTHOCTH HEATPAILHOTO
3

BOZOPOA BHE 001aK0B. MakcuManbsHO Bo3MoxkHOe 3HaueHue mig N ~ 10 cu™.

B 9TOM citydae MOXHO MOTy4UTh 1T R, HIKHIOI rpaHumiy, mojaras, 4to

Bech HaOmomaeMblii 3G (GEeKT CBSI3aH C pacCesHWEM COJHEYHON AIMHCCHOHHOU
JUHUU TOJBKO HAa MEX3Be3JHOM Bojoponae. Toraa, npupaBHuBas 3HaueHue (11')

i 2
10%  ope/cm” -cex-cmep, monydmm ana  paamyca somel  H 1L
5 6 -3
R, =95.3-10" cm™ =3500 a.c.
OmHAKO MOXKHO yTBEPKAATh, YTO CYNIECTBEHHAs 4YacTh HaOIIOJaeMoi
MHTEHCHBHOCTH CB3aHA C PACCETHUEM HA TOPSAYEM MEXILIAHETHOM BOJOPOJIE C
4 o
T >10" °K, 4ro sBnsercs CJIEACTBMEM pPABEHCTBA HWHTEHCHMBHOCTH IIPH

U3MEPEHUSAX C TTOMOIIBI0 (PUIBTPOBOM METOJMKU U MU3MEPEHUM BHE T€OKOPOHBI C
IIIUPOKOM TOJIOCOM TpoIryckaHus anmapatypsl. [lomaras, 4To ¢GuUIbTp MOJIHOCTHIO
o6pesan uznyuenue B noaoce 0.08A [1], uto coorBeTcTByeT —8 < X < 8, Haiinem
OTHOIIICHUE TIOKa3aHu MPHOOpPOB

o- J(0 < x <100)
J(8<x<100)"

paBHOe mpumepHO 10% YTO TONHOCTHEIO MPOTHBOPEUUT IKCIIEPUMEHTY: €CIIH
BOCIIOJIB30BAaThCA pe3yJibTaTaMu pabOoThl [2], COTJIaCHO KOTOpOul (UIbTp cpesal

usnyuenne B nonoce 0.054, o p=5-10°,

Ocraetcst paccCMOTPETh TPEThIO BO3MOXKHOCTH OOBSICHUTH HaOJIOAaeMBbIi
pe3yJbTaT B paMKaX TEOPUH PACCESIHUS HA MEK3BE3JHOM BOJOPOJIE, CBSI3aHHYIO C
MOSIBJIEHUEM JICIPECCUH B LIEHTPE JIMHUU M3-3a y4€Ta HEKOT€PEHTHOCTHU ITpoLecca
paccesiHusl.

Tak xak npoduns B obmactu H I BHe gormiepoBckoro siapa onpeaensercs

HCKIIFIOUUTCIIBHO 3aTYXAaHUCM M3JIYUCHHUA, TO PACCCAHUC La- KBAaHTOB ABJISICTCS

KOTEPEHTHBIM. YUYeT HEKOTePeHTHOCTH B 00JIaCTU JOIJIEPOBCKOTO  siipa
CIIOCOOCTBYET BBIBOJy KBAHTOB B KpPBUIbS, UYTO YMEHBIIAET WHTCHCUBHOCTH B
ueHrpe JauHuM. OJHAKO  pelieHue YpaBHEHUsS IMEpeHoca C  YyYeToOM

nepepacinpeeienus no vacroram B npexenax AAy cmumkom cnoxkuo. Ecnm
cuuTaTh B cooTBeTcTBUE C [10], YTO MaKCUMyM JIMHUU CMENIaeTcsi B 00€ CTOPOHBI
Ha Bennuuuy nopsaka 3AA,, To P =3, uro yxe BnonHe npuemiemMo. Bpsia nu

MOXHO TOJjlaraTh, YT0 UHTEHCUBHOCTh B LIEHTPE JIMHUU MAJacT MPAKTUYECKHU [0
HyJst. [loATOMYy ATOT BapuaHT, XOTS MOJHOCTBIO HE MOXXET OBITh MCKJIIOUEH, BCE
K€ OCTAETCS MAJIOBEPOSTHBIM.

B cBere ckazaHHOro MnpoaHaIM3UPYEM JaHHbIE OTHOCUTEIBHO IMPUPOJIBI
HEUTPaAJIbHOTO BOJIOPOJAa B TpeliesaX COJHEYHOW cucTembl. Pacder BeIMUMHBI
30oHpl H Il B mocnenHee Bpemsl BBIMONHSJICS HECKOJbKMMHU aBTopamu [11, 12].
OnHako BBIYUCIIEHUS, OCHOBAaHHBIE HAa WCIOJb30BAaHUU IJIAHKOBCKOIO XapakTepa
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ynbTpaduoneToBoro koHma crektpa CoHIa, BpsI IX MOTYT OBITh TTPABUIIHHBIMH.
Kak mnpaBwno, OHM NOPUBOJWIA K CHJIBHO 3aHWKCHHBIM, Ha Hall B3I,
BenmunHaMm paauyca 30HeI H I ~200 a.e. HMcmonp30BaHME HOBBIX JTaHHBIX
OTHOCHUTENBHO yibTpaduoneroBoro crnekrpa CoHIA, MOJYyYEHHBIX C MOMOUIBIO

PaKeTHBIX U3MepeHnid, naet s R, 3HaueHune cymiectBeHHO GoJbliee.

Tak, Hanpumep, COMNIAaCHO pe3yJibpTaTaM pacuera Bumbsmca [12], paguyc
30ubl H II ~1500 a.e. npy MJIOTHOCTU MEX3BE3HOM cpeabl 1 emPuT = (1+2)- 10

oK (cTeneHb HWOHM3ALMM, O = n / (I’li +n0) =0.5, rae N, - KOHIEHTpauus

IPOTOHOB, N, - KOHIEHTpalKs HeWTpaisHbIX atoMoB); it N, 10 em™; R, =500
a.e. B cBia3u co cKazaHHBIM clleyeT OOpaTUTh BHHMaHUE HAa KOCBEHHOE
ompenerneHne BenuuuHbl R, , BemonHeHHoe PasumbiM [13], mo oreHkam

BCJINYNHEBI Q)apaneeBCKoro BpalllCHUA IINIOCKOCTH IIOJIPHU3dAlIUKU KOCMHYCCKOI'O

-3,

panuousilydyeHuss B ConHeyHoM cucreme. IIpm N, =1 cm HaIpPSKEHHOCTH

MarHuTHOTO mojs ~1 Y TOPOTSAKECHHOCTH 30HBI C BBICOKOM CTEIEHBIO HOHM3allnN1

~2-10* a.e. Tlony4eHHas BeIMYMHA OTHOCUTCA K HANPABICHUIO, OIM3KOMY K
MJIOCKOCTH SKJIMIITUKY JJIs1 IEPU0J1a MAKCUMYMa COJTHEYHOW aKTUBHOCTH.
Takum oOpazoM, pacyeT SApKOCTH JU(P(PY3HOr0 OTPAKEHHOTO HU3IYUEHHS B

muHEE L, He HaxoauTCs B NPOTHBOPEYMH C IaHHBIMH HAOJIOJCHHUM, ecCiu

peanonoxuth, uro 3oaa H II mpoctupaerca no 3-10%+10* a.e. B stom cimyuae
B3aUMOJICHCTBUE MPOTOHOB COJHEYHOTO BETpa C HEUTPAIbHBIM XOJOHBIM
BOJOPOJIOM OyJeT MpOTeKaTh WHauye, yeM mpeanoiaranv JIKoHcoH, XaHCOH U
ITatTtepcon [5]. B dYacTHOCTHM, TajJakTUYECKOE MArHUTHOE II0JIE HE CMOXKET
MPOHUKHYTH BIUIOTH 10 pacctosinuss ~30 a.e. ot CoJHIA, TAe, MO-BUIAUMOMY,
OoJiee CyIIeCTBEHHYIO pOJIb UTPaeT 00111ee MarHUTHOE T0JIe COJTHEYHONU CHUCTEMBI,
CBSI3aHHO€ C MAarHUTHBIM moJjieM CoJIHIIa M TOJIEM KOPHYCKYJISIPHBIX MOTOKOB.
Ecnu 310 Tak, TO ciemyer MCKaTh JOMOJHUTENbHBIA MCTOYHUK TOPSTYMX aTOMOB
Bogoposa co ckopoctsimu ~100 km/cex. Kpome Toro, maxe mpu BecbMa Y3KOM
bpoHTE yIapHON BOJHBI, € MPOUCXOIUT «IEPEKayKay HAMPABICHHON CKOPOCTH
IPOTOHOB B XAOTHYECKYIO, (PPOHT TMeEpe3apslIKu C MEXK3BE3THBIM BOJOPOJIOM

npoctupaercst Ha BenmunHy ~ R,. Oxnako Ha paccrosnn ~30 a.e. or CoiHua

KOHLICHTPAIMSl HEWTpPaJbHBIX AaTOMOB OYEHb Maja, 4YTO CHJIbHO YMEHBIIUT
NOCTYIUIEHUE TOPSYUX HEUTPAIbHBIX ATOMOB BOJIOPO/A.

I'oc. ACTpOHOMUYECKUN HH-T WM. [Toctynuna B penakuuto 6 mas
[1L.K.IITepubepra 1966 r.
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VK 535.362:551.521.3

PEHIEHUE YPABHEHUW S ITEPEHOCA C YYETOM 3ABUCUMOCTU
HOFHOLHATEHBHOﬁ CIIOCOBHOCTHU BEILIECTBA
OT INIOTHOCTHU PAJUALINI
T.A.I'epmocenosa, 3.11.3eze

N3Bectuss AH CCCP, ®usuka atmocdeps! u okeana, T.3, No2, 1967 r.,c. 165-171.

Ha ocHOBe 4YHMCIEHHOro pelieHusT HETUHEHHOTO YypaBHEHUsS IepeHoca
IPOBEJEHO UCCIICIOBAHUE BIMUSHUS IJIOTHOCTH MAIAOLIEH paualliy Ha YIJIOBBIC
U UHTErpAIbHBIE XapAKTEPUCTHUKH CBETOBOTO IOJISI B IJIOCKOM pPACCEUBAIOLIEM
CJI0€ B Cllydyae 3aBUCHMMOCTH MOKa3aTessl MOTJIONIEHUS BEHIECTBA OT MJIOTHOCTH
paguanuu. OOCy)J1aeTCsl BOMPOC 0 TOYHOCTH ABYXIOTOKOBOTO MPUOTUKEHUS JJIs
pacueTra HHTETpPaJbHbIX KOAP(DPUIMEHTOB OTPAKEHUS U TMPOMYCKAHUS B
HEJIMHEWHOW 3aJ1a4e.

OnTuueckue CBOMCTBA BEIIECTBA, OOIYy4aeMOro MOIIMHOW paauaiuen,
3aBHUCST OT IUIOTHOCTH HocienHel. B HacTosel paboTe yuTeHO BIMSHHUE OJJHOTO
(akTOpa — U3MEHEHUs MOIJIOMIATEIbHON CIOCOOHOCTH BEIIECTBA IO/ JEHCTBUEM
WHTEHCUBHOTO M3JIy4eHUs (9 eKTa HACHIIICHHS ) — Ha 3aKOHOMEPHOCTH TIEpEeHOCca
paauanny B paCCEMBAIOIIUX CPEIaX.

Jlnst onumcaHus Ipolecca pacupOCTPaHEHUs HM3JYyYEHHMs, COCTOSIIEro W3
OJIHOW JIMHUM (HE3aBUCHUMO OT €€ IIMPUHBI), B CIIy4a€ CTAallHOHAPHOTO pPEXHMa
Py HAJIWYHMM SIBJICHUS HACBILIECHUS NMPUMEHUMO ypaBHeHue nepeHoca [1,2]. B
pabote [3] onmucaHbl pe3ynbTaThl PEIICHUs HEJIMHEHHOIO yYpaBHEHUS NEpeHoca B
JIBYXIIOTOKOBOM MPHUOJMKEHUM M MOKA3aHO, YTO HEJIMHEHHOCTh MOTJIOLIECHUS
BBI3bIBAET 3HAUUTEIHLHOE U3MEHEHHUE B 3aKOHOMEPHOCTAX PACHPOCTPAHEHHS CBETA.
Crnenyer oTMETUTH Takke padoTy [4], B KOTOpOi MoKa3zaHa IPUMEHUMOCTh METO/IA
CJIOKEHUS CJIOEB K PEIICHUIO HEJIMHEMHBIX 3a/lay. 3/1eCh M3JaratoTcsi HEKOTOphIe

pe3yNbTaThl YUCICHHOTO PEIICHUS HETMHEWHOTO YpaBHEHUS TIepeHoca.

B o0miem citydae OTHOCHUTENBHO 3aBUCUMOCTH MOKAa3aTelis MOTJIOUIEHHUS OT
IUIOTHOCTU pagualy U MOXHO JIMIIb YTBEp)KJIaTh, YTO OHa BbIpa)kaercs
HEKOTOPHIM MOHOTOHHO YOBIBAIOIIUM 1O a0COJIIOTHON BEJMYMHE (DYHKIIHOHAIOM.
OrpaHnunMcst pacCMOTPEHUEM CpE C TOJIOKHUTENbHONU abcopOuumeit. Ilpu stux
NPEIOJIOKEHUAX paHee OJHMM M3 aBTOPOB [5] MOKa3zaHbl CYIECTBOBaHUE U
€IMHCTBEHHOCTH PEIICHUS YPAaBHEHUS MepeHoca ISl TET MPOU3BOIBHON (HDOPMBI 1
MIPOM3BOJIBHBIX TPAHUYHBIX YCIIOBHM.

PacnpocTpanenne w3mydeHHss B IUIOCKOM CJIO€ TMOTJIOMIAIONIETO U
paccenBalolIero BeIeCTBa, XapaKTepU3yeMoro MoKa3aTelssMy IMOTJIOMICHUs } |

paccesHuss L, TNpPU OCBEUIEHUH C OJHOM CTOPOHBI OECKOHEYHO IIMPOKUM
napasuleIbHbIM IIy4YKOM MOHOXPOMAaTUYECKOM paguaiiy, MaJaroliuM HOPMaIbHO
K TpaHHIE CJIOS W CO3/IAI0IIMM Ha HEW OCBEIIEHHOCTh O,, ONUCHIBAETCS
ypaBHEHUEM
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1 (1)1 () =
OX

1 X (1)
:gj P(,u,,u’)l(y’,x)dy'+§so exp| —[ odx' |P(u).

-1 0
31ece |(,u,X) -  WHTEHCHUBHOCTh U3JIy4eHHUA Ha TrayOomHe X,

OTCYMTHIBAEMOM MO HOPMAJIM OT BEPXHEW TPAHULBI CIIOS, B HaIpPAaBJIECHUH,
XapaktepuzyeMoMm yriom alCCoSu; ¢ ocelo X; O = )Y+ 0 - 1OKa3zaTelb

!
ocnabnenus. Muaukatpuca paccesHus dieMeHtapHoro obwsema P(u, i)
HOPMHUPOBaHa COOTHOIIICHUEM

1§ ,
E_jl P(u, p)d e =1. (2)

KpaeBble ycmoBua s ypaBHeHus (1) QopMynHpyroTcs CleayrolmuM
o0Opazom:

1(0,1) =0 mpu u >0,
1({,u)=0 mpu wu<O0,

rae { - TonmmHAa CIos.

Jns mpoBeneHHS pacyeToB HEOOXOAMMO 3aJaThCid KOHKPETHBIM BHJIOM
3aBUCUMOCTHM  TIOKa3zaTessi TMOTJIOLIEHWST OT IUIOTHOCTH paauanuu. Kak
MOKa3bIBAIOT uccheaoBanus [1, 2, 6, 7], B OOJIBIIIOM YHCIIC CUTYaIlMii UMEET MECTO
cieayromias mpoctast popmyna:

3)

y=rr )

1+ au
31ecy Y, - IOKasaTelb Mmorjomenus npu U —> 0; a - TmapamMeTp

HEJIMHEMHOCTH BEILECTBA. YKa3aHHas (QopMyia MpPUMEHUMMA, Hanpumep, Mpu
OOJy4eHHMH MOHOXPOMATHYECKOW  paguanel CHUCTEMBI C  OJHOPOJHBIM
VIIUPEHUEM JIMHUN WM Tpu OOMydYeHUHW pajualrfeid, colepkalieil MUpoKHue
CIEKTPAJbHBIC JHHUU, CPEIHSS YacTOTa KOTOPBIX COBIAIACT C COOCTBECHHBIMHU
4acTOTaMH BEIIECTBA.

Ecau umeer mecto cooTHotieHue (4), To mokazaTeib 0cJIabjieHUs paBeH

_ X0
o P au(®) ©
riue
1 X
u(x):E I I (1, X)d e+ S, exp —j o(xHdx" ||, (6)
V| °, 0

V - CKOPOCTB CBETA B Cpeae.

Pemenne (1) ¢ yuerom (3), (5), (6) BBIMONHAIOCH B YHCIEHHOU (dopme
KOHEYHOPA3HOCTHBIM METOJIOM, MOJPOOHO omucaHHbIM B pabote [8] . OcHOBOM
NoCIIy)KWiia pa3zpaboTaHHas paHee IMporpamMMma pelleHUs JUHEHHOro ypaBHEHUS
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nepeHoca g IUIockoro cios  [8]. JlomomHuTEensHO ObUT MpPEayCMOTpPEH
UTEpalMOHHBIA MPOLECC, MO3BOJSIONIMNA yY4eCTh 3aBUCHMOCTh IOKa3aTess
MOTJIOIIEHHS OT IJIOTHOCTU H3inydeHus. ClenyeT OTMETUTh, YTO 3Ta Mporpamma
T03BOJSET IIPOBOAMTL pacdeThl s modoro Bupa 3asucumoctd ¥ (U), mpu
YCIOBUM, 4YTO 3Ta 3aBUCUMOCTb IIE€PENACTCS MOJOXKHUTEIbHON, MOHOTOHHO
yOBbIBaroIIe PyHKIIUEH.

Pacuetsl npoBoauimch i ciaydaeB ceprudeckoil Py v CHIIBHO BBITSAHYTON
Pu unaukatpuc paccesHus. [loyis cBera, paccesHHOTO Ha3aJ 3JIEMEHTapHBIM

00BEMOM, 00JTy4aeMbIM napajieIbHbIM ITyYKOM, paBHas
0

1
I P(u)dwul j P(u)d 1, nns vanukarpucer Py umeer snagenue ~0,05.
-1 -1

PaccMarpuBaiuch Clou pasHoii onrmueckoi tomumubl T = (¥, + p)l ¢
Pa3HBIMU 3HAYEHUSMH BEPOATHOCTH BbiKMBanus kBanta ceeta A = p/ (y, + p).

Hapamerp aUo((U, =S, /V mnotHoCTs mamaromeil paguaium y BepxHel

IPAaHULIBI CII0S) TPUHUMAI clieaytoniue 3HaueHus: 0 («JmHenHbli cnyyainy), 1, 10,
o0 (yucroe paccesHue). HekoTopble U3 MOIYYEHHBIX PE3yJbTaTOB MPEICTABICHBI

Ha puc. 1-3.
Ha puc. 1 mokazaHo HM3MEHEHHME YTIOBOIO PACIPENEICHUS H3IIy4CHUS,
BpIxojsmero u3 cinoes Manoit (7 =1) u Gomemoit (7 =10)  onrTuueckoii

TOJIIMHBI B CJIy4ae HW30TPOMHOIO pACCESIHUS IPHU YBEIWYECHUU IUIOTHOCTH
Najarollel paaualvuu  WiIM TapaMerpa HEJIMHEWHOCTH. 3a E€OUHUILY IS
VHTEHCUBHOCTH OTpPaKeHHOro u3mydenus npunaro sHadenue | (X =0, u=-1),

mns nponymennoro —l(X=/, 4 =1), npuuem B mnocmenHeM ciyuae He
VUUTBIBAETCS ~MHTEHCHBHOCTh MPSIMO  MPOIIEINIEr0 W3IYYeHHs, paBHAs

l
S, exp —J. odx [o(u-1).
0

ITockosbKy yriaoBoe pacnpeleseHne CHMMETPUYHO OTHOCUTEIBHO OCH X, Ha
puc. 1 npuBeneHa NuIlb IpaBasi ero nojosuHa. Puc. 1 nmokaseiBaeT, 4yTo AJIs CIOS

HEOOIBIION ONTHUYECKON TOJIIMHBI C YyBelIWdeHHeM U, Bo3pacTaeTr o
SHEPIrUH, PACHPOCTPAHSIONIASACSI B OOKOBBIX HAIIPaBICHUSX.
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00

Puc. 1. YrnoBoe pacnpenencaue wusnydeHus Aud@Py3HO OTpakKeHHOTO U
nu(pGy3HO MPOMYILEHHOTO CJIOSMU ONTHYecKoi Toimuuel 7 =1 (a) u 10 (0),

A =0,5 P =P, .Yucna y xpusbix yka3sBaioT 3HaueH1e napamerpa U,

Yrnosoe pacnpeneneHue paguanyn pasmeisaercs. [Ipu nsmenenun aU, or 0

O 00 BCE KpPWBBIC, OIHMCBHIBAIOIIME YIVIOBOE DPACIpPEIEICHUE WHTEHCUBHOCTHU
BBIXOJSAIIETO  W3JIYyYEHHs, PABHOMEPHO  3aIlOJIHSIOT  YacTh  IUIOCKOCTH,
OTPAaHUYCHHYIO KPHUBBIMH, COOTBETCTBYIOIIMMH PEIICHHUIO JIMHEMHOM 3aJauu C

X=xoun y=0, 0= p.DOrn pe3ynbraThl CTAHOBATCS OYCHBb HATJISIHBIMU IIPHU

COTIOCTABJICHUH C pHC. 2, Ha KOTOPOM IIOKa3aHO WM3MEHCHHE TOKa3aTess
OCJIa0JICHUS. W TUUIOTHOCTH PaJHaIlliK, OTHECCHHOW K TUIOTHOCTH TMaJaroIlero Ha
CJIOW W3Iy4eHHWsl, 1O TIyOWHE closi sl paccMoTpeHHoro ciy4das. [lokazarenn
ocitabJIeHHUsI CPAaBHUTEIBHO C1a00 M3MEHSETCS BIOJb CIIOS.

[Tostomy pemrenne Hemuaennoi 3anaun ¢ aU, = 0; 1; 10; oo npubmmkento
PaBHO PELICHHIO JIMHEHHOro YpaBHEHHs C IOKa3aTelleM OCIabJeHHs, PaBHBIM
cootBercTBeHHO Y, + 0; 0,597, + p; 0,1y, + p; po. llpu miaBHOM yMeHbLICHHH

MOTJIOUIATEIbHOM CIIOCOOHOCTH TMPOUCXOJUT MOHOTOHHOE YIIMPEHHE YTIOBOTO
pacrpeneneHys THTEHCUBHOCTH OTPaXEHHOM U ITPONYIIEHHON paIHaluH.

B cnywsae OonpmmMX ONTHYECKHX TOJIIWH YIJIOBOE paclperesieHue
W3ITyYEHUS, BBILIEAIETO U3 €05, HE SBJSETCSI MOHOTOHHOM (PyHKIIMEH TIIOTHOCTH
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najarolel paauanuy ¥ napamerpa HeauHenHoctu. Ipu Maneix U, nporcxoaur
JaK€ HEKOTOpPOE CYKEHHE YTIIOBOI'O PACIPENEICHUs NPOILIEAIIEH pagualdd U
JHIIb P OYEHb OONBINMX 3HAueHMsAX U, HabmomaeTcs NpoLecC yIIMPEHUs

YIJIOBOTO pACHPEAEIEHUS, UMEIOIUA MECTO B CIIOAX MaJIOW ONTHYECKON
TOMIMUHBL. HECcKOJIbBKO MHOro poja, HO TOXKE€ HE MOHOTOHHA 3aBUCUMOCTH OT
IJIOTHOCTH PAaJMAIMU YIJIOBOTO PACHPEAEIICHUSI OTPAXKEHHOTO CJIOEM W3JIYyYEHHS.
IIprumHa 3TOrO0 BEChbMa HEOKUIAAHHOIO HA MEPBBIA B3IV SIBJICHUS 3aKJIFOYACTCS
B 3HAYUTENIbHOM HEOJHOPOAHOCTH CJIOSI OOJBIIONW ONTUYECKOW TOJIIIMHBIL:
BEJMYMHA O CWJIBHO MU3MEHSETCS ¢ KOOpJAUHATOM (puc. 2, 0).

0 ufu, 6 ufl,
S R S

075

10

— —
b — — — —

95L 0 oo

=1 = K
0 75 107
a

Puc. 2. Usmenenue Benuumnbl U / U, (CIUIOIMIHBIE KPUBBIE)

U TIOKa3artesisi 0cyiadaeHusi O (IPEephIBUCTHIE KPUBBIC)
¢ rIyGUHOI B ClI0sX ¢ ontrueckoi Tommunoi 7 =1 (a)

1 10(6), A=0,5 P =P, . Yucna y kpusbix yka3sisaror

3Ha4YeHHE napameTpa U,

AHanoruuHble 3aBUCUMOCTH HAOMIOJAIOTCS M B Cllydae aHU30TPOITHOTO
paccesiHus, HO Ha APYTruX ONTHYecKuX ToimuHax. [locrmemHee cBsizaHo ¢ Oosee
CIa0bIM BJIMSIHUEM YICIBHOTO TOTJIONICHHUS Ha (OpMy Tena SIPKOCTH B Cllydae
CHUJILHO BBITAHYTOM HWHJIMUKATPUCHI 2JJIeMeHTapHOro ooObema (puc. 3,a). B
YaCTHOCTH, Ha pHC. 3, 6, 8 TIOKA3aHO HM3MEHEHHE YTJIIOBOTO pacCHpeleieHUs s

cioeB ornrrueckoil Tonmumusl 1 1 10 ¢ uHaukatpucoii P, mpu yBennuennn au, .

B ciny4yae 7 =1 teno sipkoctu BooGuie He 3aBucut ot Uy, npu 7 =10
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180°

0° 0°
a ] i

Puc. 3. a— uHauKaTpuca sjeMeHTapHoro oosema P, 6 u ¢ — yrioBoe
pacupeznencHue M3aydeHus, AAQ(QY3HO MPOIYIIEHHOIO CJIOEM ONTHYECKOM

tomussl 7 =1 u 10 coorserctBenno wit A =0,5u P =P,

HaOIOAaeTCsl HEKOTOpOe YBEJIMYECHHE JIOJIM CBETa, HAYIEro B OOKOBBIX
HaIPaBJIEHUAX NIPU Bo3pacTaHuu U, .

Bo3sBpamasce kK puc. 2, cieayer OTMETUTh, YTO WMHTErpaibHasl IIOTHOCTh
paauaIy JTOCTUTAET CBOETO HAWOOJIBIIETO 3HAYCHHUSI B HEKOTOPOUM TOYKE BHYTPH
cios. DTO XapakTepHOE A JIMHCHHOW TEOpUU TIOJNOKEHHE OOBICHICTCS
W3MEHEHUEM YIJIOBOM CTPYKTYPBI M3JIyY€HUSI B CBSI3U C PACCESIHUEM €TI0 BHYTPHU
CJIOS1.

AHanu3 pacyeTHbIX JaHHBIX MOKa3bIBAET, YTO MIyOMHA X Ha KOTOPOW

MaKkc ?

IUIOTHOCTb paavalu AJOCTHUIacT SKCTPEMAJIILHOI'O 3HAYCHHA, YBCIMYHUBACTCA C

BO3pacTaHWeM Hapamerpa U, XapaKTepH3YIOLIETO «HEIMHEHHOCTb» 3aJadH, C

YMCHBIICHHUEM HOFHOH.I&TCHBHOP'I COCOOHOCTH Cpeanbl ZO )41 CTCIICHU

BBITSTHYTOCTH WHIUKATPHUCHI.
WuTerpanbusie KodhuimenTsl otpakenus R w mpomyckanus [ cios
OMPENENSIIOTCS CASAYIOIUMHA COOTHOMIEHUSIMU;
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0
Rz—j 20 (1,0)d g, (7)
-1
T:j 2l (1, 0)d 12+ exp —j a(1,x)dx’ |. (8)
0 0

Ha pwuc. 4 npencrasnena 3aBucumocts R m T or mapamerpa aU, ans
pa3IMYHBIX 3HAYEHHUI XapakTepucTuk cios 7, A, P.

Koadduumenter nuddy3HOro mponyckaHus W OTpaKEHHsS BO3PACTAIOT C
yBenn4deHneM U, , mpudeM AJs Cpell ¢ MaJloi BEPOATHOCTBIO BbDKMBAaHHS KBAHTA
U BBITSHYTON MHAMKATPUCON paccestHUsl OHU MOTYT M3MEHSThCS Ha MOPSAJOK MpHU
yBenuuenun aU, ot 0 mo 1.

NHTepecHble pe3ysIbTaThl IOJIYYAKOTCS IPU  COIMOCTABICHUU IOJTYYEHHBIX
pacueTHbIX gaHHBIX a8 R w T ¢ pesynbraramu perieHuss HeIMHENRHOTO
ypaBHEHMS MEPEHOCAa B JIBYXMOTOKOBOM mpuOmmkenuu  [3]. s mpoBeaeHus
TaKOTO COIOCTABJICHUS HEOOXOJMMO YYHUTHIBATH CBS3b MEXKIY KOHCTaHTaMHU
paccessHHS S W TOTIOmeHHs K cnos, QUrypHpYOIMMH B TIPHOIMKEHHOM
PEICHNH 3a/1a4H, ¥ TIapaMeTPaMH dJIEeMEHTapHOro o0seMa P, ¥ u P.

Kak crnemyer m3 [9], Bemmumasl K M S 3aBHCAT He TOIBKO OT CBOMCTB
BEIIECTBA, HO M OT VYIJIOBOW CTPYKTYpPhl M3Iy4YEHUs, NAJAKOIIEro Ha
paccMaTpyUBaeMblil JJIEMEHTApPHBIM CJIOM, IIPUYEM HMEKOT MECTO CIEAYIOLIUE
COOTHOILIEHHUS:

E E
k=—x s=—¢p (9)
E E
3mece E, - oObeMHas OCBELIEHHOCTH, MPOMOPLIHOHANBHAS TIOTHOCTH

pammammun  (E, =Vvu);
E - miockas ocBemeHHOCTD:

(P - 10J1d CBETA, PACCEIHHOTO DJICMECHTAPHBIM CJIOEM Hasall, paBHasA
1

N ()| PG}

»= 1
* [ indu

0

Bemmuunet Ej /E u @ 3aBucar or dopmer Tena spkoctn u, BooOIIe
rOBOps, NEPEMEHHBI 10 cor. OHU IIOCTOSHHBI, €CIM INPENbIBHTH BECHEMa
xecTkue Tpebosanus k pynxiuu | (4, X) . Cnenyer npeanonokurs, B 4aCTHOCTH,
uTO (hopMa Tena APKOCTH HEU3MEHHA MO TIyOuHe Crost. MBI IIPEITION0KUIH, 9TO
E, / E =1. D1o Qusnueckn coOTBETCTBYET NMPENCTABIEHUIO O TOM, YTO B CPENIE
MMEET MECTO TOJILKO HAMPABJIEHHOE U3aydeHue. [Ipu TakoM yIpOIEHHH () €CTh
NOJI  CBETA, pAacCesHHas HasaJ] JJIEMEHTAPHBIM O0BEMOM MPU  OOJIyYEHUH
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napauielbHbiM  ydkoM. Cllelyer OTMETUTh, YTO B ClydYae M30TPOITHOIO
paccestiust @ = 0,5, HE3aBUCHMO OT YIIIOBOM CTPYKTYPhI CBETOBOTO IOJIS.

[IpoBeneHHOE NOpH  TakKUX IPYyOBIX  IPEANONOKEHUSIX  CPABHEHHE
MONYYEHHBIX  JaHHBIX  IIOKA3plBAeT: 1) pelleHHMe  HEIMHEHHOW  3amauu
NPUOIMKEHHBIM MeTOZoM [3] BO BCEX PACCMOTPEHHBIX CIyYasX II03BOISET
OIPENENUTh HMHTETPalbHble KO3(P(UIMEHTEI OTPAXKEHHMS M IIPOIYCKAHUS C
OTHOCHUTENLHOM morpemHocThio 5% npu R, T >40% , 25% - npu R, T > 10% u

300% - mpu 10*< R, T <107, 4T0 cONOCTaBUMO ¢ TOYHOCTBIO SKCIEPUMEHTAIBHBIX

U3MEPEHUI DJTUX BEIWYMH; 2)yBenudeHHe U, TPUBOJUT K YIy4IICHUIO

COBIIAJACHUA TOYHBIX U HpI/I6J'II/DKeHHBIX JaHHBIX.

Vka3zaHHbIE CONOCTaBJICHUSA OBLIM  BBIITOJHEHBI I MaJbIX A u
HAIIPaBJICHHOI'O OCBCLICHUA CJIOA. Yacth WX OTHOCHTCA K ClIy4ar0 CHIIBHO
BBITHHYTOﬁ HNHAUWKATPHUCHI. HCHO, 4TO COBIIaACHHUC MOOJIZKHO VYIIYUIOATBCA JIA

Puc. 4. 3aBUcHUMOCTb UHTETPATIBHBIX KO3 PumenToB 1uddhy3Horo
orpaxkenus (xpusbie 1,2") u nponyckanus (xkpussle 1, 2) ot napamerpa

au,, 1L1'—7 =1, 2,2'—7=10. [lynxrupHble KPUBBIE IOCTPOEHBI MO
JTAHHBIM PadoTHI [3] , CIIOIIHBIE - 11O JAHHBIM HACTOSIIEH PaOOTHI.

a-P,A=05 6-P,A=01 6-F,A=05

Oompinx A, MeHee BBITSHYTHIX WHIMKATPUC, OCBELIEHHS IUPPY3HBIM, a TeEM
6onee kBazunud@y3aem [10] cBeToM (TIpU COOTBETCTBYIOMIUX MPEATIOTIOKEHUIX

oTHOcHTENbHO Benmunl E, [ E u @).

Bce wu3NOkKEHHOE BBINIE IMO3BOJSIET CUUTATh, 4YTO ISl ONpPEIEICHUs
UHTETPATBHBIX  KOX(PQPUIIMEHTOB OTPAKECHUS W  TPOIYCKAHWSI CpPembl ¢
HEJIMHEHHBIM  TOTJIONICHHEM C TOYHOCTHIO, YJOBIETBOPSIONICH MHOTHM
NPAaKTUYECKUM 33j1a4aM, HE3aBHCHMO OT BHUJA HHIUKATPUCHI SJIEMEHTApHOTO
o0beMa M Ccroco0a OCBEIIEHHS] MOXKHO WCIIOJIb30BaTh Pe3yiabTaThl padoThl [3].
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Kpowme Toro, nonydeHHble JaHHBIE CBUAECTENBCTBYIOT O BO3MOKHOCTH YCPEIHEHUS
WHTEHCUBHOCTH TIO yTJIaM IIPA ONPEACICHUA HWHTETPAJIbHBIX XapaKTEPUCTHUK
CBETOBOI'O TOJISI B CJIO€ C MOHOTOHHO M3MEHSIOIIMMCS TIOKa3aTesieM OclabiieHusl.
OnHako TpW pelieHUWH 3aJayd B JBYXIIOTOKOBOM MPUOJIMKEHUHU MOJTHOCTHIO
BBIMAAACT W3 PACCMOTPEHUA Psi  BOMPOCOB, CBS3AHHBIX C  YIJIOBBIMH
XapaKTEPUCTHUKAMHU TIOJNS M3JIYYCHUST W UX U3MEHEHUEM IIPU YBEJIUYEHUU
IUIOTHOCTH pagyaliy, HEIIMHEMHOCTH CPENbl; HEBO3MOKHO H3YYEHUE CBETOBOIO
IIOJIs1 BHYTPHU CPEJIbl, BOIIPOCOB BIMUSIHUS YCIOBUM OCBEIIEHUS HA UHTETPAJIbHBIE U
YIJIOBBIE XapaKTEPUCTUKU U T.[. UMCIEHHOE pENIEHUE HEIMHEWHOTO YpPaBHEHUS
nepeHoca, pe3yJbTaThl KOTOPOTO 37E€Ch MPUBEACHBI, IO3BOJIAET MOAPOOHO
pPaccMOTPETH BCE 3TH BOIIPOCHL.

B 3aknmrouenme aBTOpel  BhIpakaroT OmaromapHocts JLIL.baccy w
b.3.0ccepoBuuy 3a moMonIs Opy MPOrpaMMUPOBAHUU U MIPOBEACHUE PACUETOB Ha
OBM.

[Toctynuna B perakuuro
15 nrons 1966 r.
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THE SOULUTION OF THE TRANSFER EQUATION
WITH THE DEPENDENCE OF THE ABSORPTION
OF A MEDIUM ON THE INTESITY OF LIGHT
T.A.Germogenova, E.P.Zege
The radiative transfer in a plane-parallel medium is investigated, the
dependence of absorption on the intensity of radiation being taken into account.
This investigation is founded on the results of the numerical solution of the
nonlinear transfer equation obtained with high accuracy. The accuracy of the two-
flows approximation is discussed.
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VJIK 551.521.3

HccenenoBanne yrioBou, NIpOCTPAHCTBEHHOM U CIIEKTPAIIBHOW CTPYKTYPBI HOJIA
SPKOCTH 3eMITH JIJIS1 XapaKTePHOUH MoJIen chepruaeckoir aTMochepsl

T. A. I'epmorenosa, JI. . Konposa, T. A. CymkeBnu

M3Bectuss AH CCCP, ®uszuka armocdepsl u okeana, T.5, Nel2, 1969 r.,
c. 1266-1277.

JUia  ompeneneHuss  YrJIOBOM M MPOCTPAHCTBEHHOM  CTPYKTYpBI
pPaAMalMOHHOIO NOJIA 3€MJIM MNPEAIPHUHSTA IIONBITKA YHCIEHHOIO PpELICHUs
YPaBHEHUS ITEpEHOCcA (COTHEYHOM U TEIJIOBOM paguanuu) Uil IBYMEPHON MOJIEIN
paccenBaroIIe, MOTJoaIe chepruueckoil aTMochepsl ¢ OCEBOM CUMMETpUEN
OTHOCUTEIIbHO JIMHUKA LeHTp 3emau-ConHue. 3ajaya pemaercss METOJI0OM
MOCJIEIOBATEIbHBIX MPUONMMKEHU — WUTEepalusMH 1O CTOJKHOBeHHs M.  Ha
KOKJI0M UTEpalMi HMCIHOJb3YEeTCd KOHEYHOPA3HOCTHBIM METO]] MHTErPUPOBAHUS
YpaBHEHUS MO XAPAKTEPUCTUKAM C MHTEPHOJSAUUEH. AHATU3UPYIOTCS PE3yIbTaThl
pacyeToB SIPKOCTH chepruuecKoil 3eMild Il XapaKTEepHOU MOJEIN aTMOC(hephl U

MOJCTUIAIONIEH TOBEpXHOCTH B  obOmactm  morjomieHus H,O 2.7 mxm,

MOJIyYeHHbIE B TPUOJIMKEHUN OAHOKPATHOTO paccesHus. OTMEYaroTCs HEKOTOpbIe
3aKOHOMEPHOCTH B YTJIOBOM NPOCTPAHCTBEHHOM PACIIPENEIEHUN SIPKOCTH, a MpHU
HCCIIENOBAHUM  CIIEKTPAJIBHOTO XOJa SPKOCTH B CIy4ae CEJIEKTUBHOIO
MOIJVIOLIEHNs paJyalii YCTAHABIMBAETCS MapaMETPUUECKas 3aBUCUMOCTH €€,
HMMEIOIIAsl CPAaBHUTEIBHO IPOCTON XapakKTep.

BBenenue

HccnenoBanusi HIKHUX CIIOEB aTMOC(Epbl C TMOMOINBIO CITYTHUKOB,
IIPOBOJISAIITMECS B HACTOAIIEE BpEeMs B IIMPOKUX MacmiTabax, HYXKIAIOTCS B
pacyeTax BEpPTHKAJIbHBIX, YTJIOBBIX U CIEKTPAIBHBIX PACIpE/IeTICHUN OTPaKeHHOU
COJIHEYHOW paaualiid HU COOCTBEHHOTO W3JIy4YeHUsT 3eMJIM C Yy4eToM ee
chepuuynoctu. Ecim He yUYUTHIBAThH OJIAPU3AIIIO PAJAHAIINK, TO HAUOOJIee TTOJTHON
XapaKTEPUCTUKON PaUaIMOHHOTO MOJIsi 36MIIH SIBIISIETCS] DHEPTEeTUIECKas SPKOCTh
I(C,s,1) B Touke npoctpancTBa C B HampaBieHUU S IS JUIMHBI BOJHBI A. DTa

BEIMYMHA 3aBUCUT OT KodpduiueHtoB paccesuus o, (C,A1) paguanuu
atMocepoit mnm obnakamu, uHaukatpuchl paccesHus y(C,y,A) (y - yron
paccesiHusl), IUIOTHOCTH moryomarmmux Bemects  p; (C), Temneparypsi
atMochepsl u 3emHOM moBepxHOocTH T (C), oTpakaTeabHONH M HM3ITydaTebHOU
CIIOCOOHOCTH  TMOACTHIAIONIeH moBepxHocTH R(A), HampaBiieHus TaJCHUS

COJIHEYHON panvauuu S,. BcneacrBue Oonpmmx Bapuanuil aTMOCQEpPHBIX
napametpoB ¢ynkius |(C,s, 1) cuabHO BapbUPyET BO BPEMEHH U IPOCTPAHCTBE.

JI1st m3ydeHus: 3aKOHOMEPHOCTEHN palualiMOHHOTO OISl 3eMJI HEOOXOUMO
HCIIONB30BaTh KAaK CTATUCTUYECKHUE METOJbI, MO3BOJISIIONIME OMUCATh BapUaluu
aTMOC(EPHBIX IMAPaMETPOB M XAPAKTEPUCTUK PAAUAIIMOHHOTO TIOJS, TaK W
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JIeTepPMUHUPOBAaHHbIE METObI, KOTJa AJs JAHHOTO COCTOSHUS aTMochepbl WiIn
JUI SKCTPEMAJIbHBIX YCIOBUM (JUIs1 TaHHOM MOJENN aTMOC(Epbl) BBIUUCISIOTCA
KOHKpPETHbIE pealu3allud €€ ONTUYECKOro COCTOsHUSA. Mopenb arMocepsl
OIIPENENACTCS HEKOTOPOM COBOKYIHOCTBIO IApaMETPOB, OIUCBHIBAIONIMX a)
BEPTUKAIBHYIO, IIPOCTPAHCTBEHHYIO U BPEMEHHYIO CTPYKTYpBI
METEOPOJIOTHYECKUX  XapaKTepUCTUK  aTMmocdepbl; 0)  MPOCTPaHCTBEHHO-
BPEMEHHYIO CTPYKTYpy M CHEKTPaJIbHBIA XOJ XapaKTEepPUCTHK pPaCCEesHMUS,
MOMJIOIIEHUSI U W3IY4eHUs aTMOC(EpbI; B) OTPaKaTEJIBbHYI0 M H3Iy4aTelIbHYIO
CIIOCOOHOCTH MOACTUIIAIOIIEH TOBEPXHOCTH.

B Hacrosmell paboTe NPUBOAATCSA Ppe3yJbTaTbl PACUETOB  SIPKOCTH
cepudeckor 3emin A XapakTepHOHM MOAENIH aTtMoc(epbl M IMOJCTHIIAOLICH
NOBEpXHOCTU B oOmactu mosocsl nornomenus H,O 2.7 mxym B npubamxkeHuu
OJHOKpATHOTo paccesHus. Ha OCHOBE 3THX pacyeTOB ONPENENAIOTCA YITIOBBIE U
BEPTUKAJIBHBIE PACHpPEIEIICHNs aOCONIOTHOM SIPKOCTH 3€MIIM B XapaKTEPHBIX
ydJacTKax IO0JIOCHI IIPH Pa3InYHbIX YCIOBUSAX OCBELICHUs M HaOmroneHus. [larorces
[IPEJBAapUTEIbHBIC OLEHKH BKJIAJa MHOIOKPAaTHOIO PAacCEsHUsA, y4eT KOTOPOro
[IPEIII0JIAraeTCs IPOBECTU B NAIBHEHIIIEM.

dusnyeckas MoJesb aTMochepsbl
Memeoponocuueckue 2JIeMEeHMbl. BeprukanpHas CTPYKTypa
METEOPOJIOTHYECKHUX 3JIEMEHTOB — TeMriepatypsl T (C), IUIOTHOCTH BOASIHOTO Mapa

p(C) wu npaBmenus pP(C) w rTpanmma OONAYHOCTH BBHIOMPAIUCH COTJIACHO
pesyabTatam padot [1-4].

Asposonbhoe  paccesnue.  BepTukanbHas — CTPYKTypa — a’pO30JBbHOTO
paccestHust Opayiack u3 padotsl [S]. s Beicor h g0 10 km HCHOIB30BATKUCH

annpokcuManuu cpeaaux kpusbix o (h,4) dbopmynoit
o, (h,4)=5,(h,A)e " Y. (1)
[Mapamerper &, (h ,A) u f (tabm. 1) ompenensimch myTeM 00pabOTKH

JIAHHBIX U3 paboThI [6].
Jliis BeicoT 10 km<h <30 xm B34THI 3HaUCHUS KO3 (HUIIMEHTa a3PO30IbHOTO
oclabJieHus1, OCPEIHEHHBICE II0 HW3MEPEHHUSM, IOJYYCHHBIM C  ITOMOIIBIO

TabOmura 1.
[ h, xu h., xu &, (h), xou™ KM
1 O0<h<15 0 0,1110 0,872
2 1,5<h<3,5 1,5 0,0346 0,439
3 3,5<h<10 3,5 0,0144 0,235
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Tabmuma 2.
UnaukaTpuchl paccesinus: v;(C0sX ) nust BbicoT 10 25 kv 1 7,(C0S X )
IJISl BBICOT BBIIIeE 25

4 n(cosy) | X y(cosy)| 4 y,(cosy)| £ ¥,(cos )
0° 5,050 90° 0,295 0° 2,761 95°47' 0,1027
10° 3,825 100° 0,270 25°50' 2,143 101°34' 0,0379
15° 2,305 110° 0,270 36°50’ 1,653 107°28' 0, 0427
20° 1,745 120° 0,265 45°33' 1,267 113°36' 0, 0253
30° 1,030 130° 0,280 53°07' 0,964 120°01' 0,0142
40° 0,855 140° 0,290 59°59’ 0,728 126°53' 0, 0086
50° 0,650 150° 0, 305 66°24' 0,545 134°27' 0,00772
60° 0,485 160° 0,320 72°32' 0,404 143°10’ 0, 0112
70° 0, 380 180° 0,332 78°26' 0,295 154°10' 0, 0189
80° 0,325 84°13' 0,212 180° 0, 0305
90° 0, 150

npoxxektopHoro Merona [7]. Beimie 30 kv k03pdULIMEHT paccesHUs 3aMMCTBOBaH
u3 pabotel [8]. s ompeneneHuss CHEKTPAIbHOM CTPYKTYPhI a3pO30JbHOTO
paccesiHAs ObUIM CTAaTUCTUYECKH OO0pabOTaHbl M3MEpPEHHUS MPO3PAYHOCTH s
npuzemMHoro cios [9] m mpuBogHoro cios [10] atMocdeppl. ITO MO3BOIUIO
AKCTPAIOJUPOBATh  BEPTUKAIbHBIE MNpoPuiIn  KO3IP(UUHUEHTa  paccesHus,
MoJy4YeHHbIE B [6-8] nis Buaumoit odnactu, B UK 06acTs.

HUnouxkampuca paccesnus. B cBsI3U C OTCYTCTBUEM JTaHHBIX 00 MHIUKATPUCE

paccesinug B UK oGmactu criektpa a1 ciost atMochepsl h<25km WHJIMKaTpHuca

wis A=0,94mxm B3sra w3 pa6otel [11]. Beime 25 kv UHAUKATpHCAa paccestHUs
BbIOMpAIaCh Ha OCHOBE OILCHOK CPEIHEro pajmyca 4acTuil | Ha 3THX BBICOTAxX
[12]. Hdns nmanHoro mapamerpa p=2zr/A w3 Tabmun [13] Opanuch
KOA(POUIUEHTHl  pa3okKeHUs] HHIUKATPHUCHI M0 oJuHoMaM Jlesxanapa
7/(005;():22n +1
n=0 2

O06e MHIUKATPHUCHI A3PO30JLHOI0 PACCESTHUS MTPUBEICHBI B TA0I. 2.
Toznowenue. Jims  yyera  CEJIIEKTMBHOCTH  TMOTJIOLIECHUS  paJvaluiu

@, P, (cos y).

aTMOoCc(EepHBIMU ra3aMy MCIOJIb30BAIIMCH allllPOKCUMALIMOHHBIE dbopmyIibI
AMITUPUYECKUX PYHKIUN TPOITYCKaHUS
_ B
PM [Z-a] - exp[_aMTaM ]’ (2)

BBEJICHHBIX B [14-16], T1e

h,
r,=| Q6,(h)dh, Q=01ew’ -2,
hy

p(h)

5, =plh)— L <o
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4"

J 27 2/ &0 V14 100 hoxmw

Puc.1. Beicotnsiii xon kodd¢uumenta paccesuus o, (h), xu? (mynkrupHas

murus) u kodduuumenta 108 oo, (h), 2 cv® (cimommas nuawMs)

Beicotneii  xon Benmumuun o (h) wu a(h) npuBefeH Ha puc. 1.

OMnupruyeckue KOHCTaHThl «,, W [,, 3aBUCAT OT UHTEpBala YCPEIHEHHs IO

criekTpy AA.

Ompadsicenue noocmunaroujeli. NOBepXHOCmMU YIUTHIBAIOCH 10 JlamOepTy
MOCPEJICTBOM BBEJICHUS aJIb0EI0, TPUHUMABIIIETO /1Ba KpaiHux 3HadueHuss A=0 u
0,8. DTO MO3BOJMIO OUEHUTHh POJIb OTPAKECHHSI MPU PA3IUYHBIX YCIOBUAX
OCBEIIEHUS 3eMJIU B PaCpOCTPAaHEHUS H3ITYICHUS B aTMocdepe.

MaTtemarnuyeckasi MOJ1eJ1b

B cBsi3u C 4ype3BhIUAWHO CJHOKHBIM MEXaHU3MOM IepeHoca paaualud B
peanbHOM atMocdepe U OONBIIMMHU BapHALMSIMU SIPKOCTH B 00JacTH TOPU30HTA
3emuid, 0COOEHHO ITPU HU3KOM MojoxkeHnn ConHua (pailoH TepMUHATOpa), KpalHe
BAKHO MOJYYNUTh JOCTATOYHO TOYHOE M MOJHOE ONMCAHUE PELICHUS ypaBHEHUS
IIEpEHOCa, HE OrpaHUYMBAsACh MNPUOIMKEHHBIMA OINHUCAHUSMH  PAaCCEsTHUS
paguaruu B atMocdepe [17, 18] wnmm pacyeTamMu B HECKOJBKHX BBIIECICHHBIX
Toukax MerogoM Monte-Kapno [19]. Hamu npennpuHsaTa NONbITKa YUCIEHHOTO
pelIeHUsl YpaBHEHUS MepeHoca JIJIsl ABYMEPHON MOJIeNH chepruecKor aTMOC(epsl
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C OCEBOH CHMMETpPHEH OTHOCHUTENBbHO JIMHUU TeHTp 3emiu-ComHie (och Z)
METOJIOM HMHTETPUPOBAHMS YPABHEHHsS 1O XapaKTEPUCTUKAM C WHTEPIONALUEH
[20]. Pammyc-Bektop I sr00oit Toukum armocdepsr C(r) ompenemnsiercs
paccTostHueM I oT meHTpa 3emiu (Touka 0 Ha puC. 2) U MOJSAPHBIM YIJIOM I/

OTCUHUTBIBACMBIM OT IIOJIOKHUTCIIBHOT'O HAIIPpABJICHUA OCH MW COBIIAJAaOIUM C
3CHUTHBIM PACCTOSHHUEM COJ'IHI_Ia.

Rapannenswsrd nomox
Onewnees usnyvenun

Puc.2. Cucrema koopaunar. [Tnockocts Q kacaetcs cdepsl
pamuyca I B Touke C(r,y)

Hanpasiienne nyda S B Touke C(r) omuceiBaeTcs AByMs yriamu: € - yron

MEXIy JydoM S W paauycoMm-BekTopoM I, ¢ - asumyTt ( @=0° - asumyr
Connma). B aTux koopauHaTax ypaBHEHHE MepeHoca it (UKCHPOBAHHOM A
NUMECT BU.

oD sine{ oD oD acp}+

c0Sf@—+——| co0S@— ———ctgw Sinp—
o r o oo VS¢S

2z Vs
O ’ "
+(O-S +o_a)q)(r’l//’§0’0) :2_5.[ dQ)I CD(ral//a(D 10)X
4 0 0

x y(r,yw, x)sin@'dé@ + F(r,y,p,6). 3)

KpaeBsie ycnoBus:
2z

CD(RH,l//,q),Q):j ng,J‘ R(W’¢’€!¢,10I)®(RH’l//’¢,!9,)x
zl2

0

xsin@dd + f(R,,p,0,0) s es%. (4)
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(R, . 0.0) = 75(p—0)3(0 — (7)) ezg. (5)

3nece @(r,y,p,0) - UHTCHCHMBHOCTH (B OTHOCHUTEIBHBIX CIMHHUIIAX)
u3nydeHus: arMocdepsl B Touke (r,yy) u B Hamnpasiacauu (¢,0).J[ns morydenus
aOCOJIIOTHBIX BeMW4YuH | sApKkocTH HEOOXOaUMO YMHOXHUTH @ Ha MOIIHOCTH
[a/IaI0IIET0 COJIHEYHOTO M3JIy4eHUs S, A JAaHHOW JuMHBI BoyHBL, R, m Ry -
HIOKHUM W BEepXHUH paauycsl atmocepsl. BBeneHune  mepeMeHHBIX
ko3 urmenToB paccesus o, (r,y) u mnormomenus o, (r,y)=Qas,(r,v),
aHM30TPONHON HMHAMKATPUCH paccesHus y(r,y,y), KoOdQPHUIUEHTa OTpaKeHUs
nojacTunaromeid  mosepxHoctu  R(y,¢,0,¢',0'), a Takke  HCTOYHHKOB
cobcTtBeHHoro  m3naydeHuss atmocheper  F(r,y,9,6) u mnoacruiaromiel

ITOBEPXHOCTH f(R,,w,9p,0) mo3BONSET  JOCTATOYHO  MOJHO  YYeCTh

IPOCTPAHCTBEHHYIO CTPYKTYPY aTMoc(epbl U MOJACTUIAIONIEH MOBEPXHOCTH TMPHU
pELIEHUH YpaBHEHUS IIEpEHOCa.

NuterpupoBanue ypaBHeHHs (3) MO XapaKTEPUCTUKAM JAET BO3MOXKHOCTb
Y4ECTh CEJIEKTHBHOE IMOIJIOMICHUE pagualuu yepe3 (QyHKIHUIO IporyckaHus (2).
BBenenne wurepanmii MO CTOJKHOBEHUSIM  TMO3BOJISET  MOCIIEIOBATEIHHO
pacCcuuThIBaTh HMHTEHCUBHOCTH PACCESHHOTO W3IYUYCHHUS Pa3IMUYHON KPATHOCTH.
[TepBast urepaius 6€3 UHTErPAIBHOTO YieHa B IpaBoi yacTH (3) 1aeT pe3ybTaThl
B MPUOIMKEHUU OJHOKPATHOTO paccesHus. Mcronb3yeMblid METOJ pelieHUs
3a/laul  OCHOBAH Ha MPEIBApPUTEIHBHOM HCCJIEAOBAaHUU HEMPEPHIBHOCTU U
muddepeHnupyemMocTd peiieHrs. B 4acTHOCTH, MOCPEICTBOM KayeCTBEHHOTO
aHajM3a pEIICHUs YJaeTCid YCTAHOBUTh OCOOCHHOCTH TIOBEICHHS SPKOCTU B
HaIpaBJICHUSIX, KacaTelbHbIX K 3eMJie WM K oOiakaM (3TO — HampaBliCHUS,
KacaTelbHbIC K JUHUAM pa3pbiBa Kod)PuiineHToB ypaBHeHus (3)).

OO0mas xapakTepucTHKa Pe3yJIbTATOB PACYETOB

Jlmst  omucaHHOW — BBINIE MOAEIH aTMOC(EPhl PAaCCUNUTAHBI  YTIIOBBIC
pacrpezienieHus: IPKOCTU 3emiid Ha pasHbix Beicotax h=r—-R, (h= 5; 10; 20;
30; 100; 300; 500 xm) mis pasauuHbIX 3eHMTHBIX paccrosuuii i (y =0, 30, 60,
80, 90, 100°).

[To azumyty ¢ Opaniock nsath 3HaueHuut (0, 45, 90, 135, 180°), o yrny & -
10 20 u Gonee 3nayenuid. Yriel 0° <60 <90° (0< g =c0S0<1) COOTBETCTBYIOT
M3IIyYCHUIO B BEPXHIOK monychepy (yxomsdmas OT 3eMJM pajuaiusi), Yyribl
90° <0 <180° (—1< 1 <0) - m3iydeHHI0 B HIDKHIOIO mojaycdepy (mamaromas Ha
3emutro paguanys). YTIIbl, OTBEUAIOIINE HANPABJICHUIO, KacaTeIbHOMY K 3€MHOU
MIOBEPXHOCTH, 0003HayeHbl O . Pacuersl sprkoctd 3emian @ (B OTHOCHTEIBHBIX
€IMHUIIAX ) TIPOBOJWIINCH JIJISI TPEX XapaKTEPHBIX YYaCTKOB ITOJIOCHI MOTJIOIICHUS
H,O 2,7 mxm cooTBeTcTBYyIOMMX caabomy (MHTepBan 1), cpeanemy (MHTEpBa 2)

U CWJIbHOMY (MHTEpBaJl 3) MOTJIOMEHUIO PaJANAIiK MPU IBYX 3HAYCHUSIX aTbOen0
A moxactunaromieir  mosepxHocth  (A=0 wum 0,8, B 3TOM cayyae
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R(p,0,¢',0")=(Al r)cosd’) . 3nauenus a,, u f,, AN y4aCTKOB CIEKTPa B3STHI
u3 paboThI [16] 1 mpuBeAcHBI B Ta0I. 3.

Ta0muna 3
IapamMeTpbl JJIsi pacyeTOB HHTEHCHBHOCTH M3JIyYEeHHs B 110JI0Ce
noraowmenusa HO 2, 7ukm

Xapakrepu-
Homep A, MKm CTHKA TIOTJIO- Amb0eno ay, By,
WHTEpBaja A
MIEHUS
1 2,76 Cmaboe 0 0 -
0,8
2 2,64 Cpennee 0 0,546 0,63
0,8
3 2,68 CuipHOE 0 8,6 0,62
0,8

Hekoropele  Hambosee  XapakTe€pHblE  PE3yJbTAThl,  [O3BOJIAIOIIME
YCTaHOBUTH 3aKOHOMEPHOCTH TTOBEICHUS IPKOCTH, IPUBEACHBI Ha pHC. 3-9.

AHAJIM3 YIJIOBOI0 pacnpeaejieHus SPKOCTH 3eMJIn

Pe3ynbTaThl pacyeToB MOKAa3bIBAIOT, UYTO SIPKOCTh 3€MJIM OMpEAENISETCS B
OCHOBHOM ONTHYECKH MIOTHOU Tpornocdepoit (0-10 xu) u cooTHOLIEHHEM MEXKITY
paccessHHEeM TIOTJIONICHHMEM Ha OOJBIIMX BBICOTAX, & TAKKE OTPAKEHUEM OT
MOACTUJIAOLIEH ITOBEPXHOCTH.

YrinoBoit xon spkoctu 3emud, HaOmogaemMo ¢ BbICOTHI 30 xm Tmpu
nosniokeHnn CoJHUA B 3€HHUTE, NPH XAPAKTEPHBIX MapaMeTpax MOIJIOMICHHUS U
OTPAKEHUS paavaluu IpuBeaeH Ha Puc. 3.



w'

1w

~J

v/ S
2.
ll-, I z 1 .
7 50 90 150
8, spai
Puc. 3. 3aBHCHMOCTh MHTEHCHBHOCTH paccesHHON paguamuu ® ot yrioa 6 B
nogconneunoii Touke (@=0°) ma Beicore h=30 xm; 1, 2, 3 — HoMmepa

CIICKTPAJIbHBIX MHTCPBAJIOB.

Jnst cunbHOTO morjoieHust (MHTepBai 3) 3HaueHus @ MpUBOIATCS TOJIBKO JJIS
A=0, Tak Kak B JTOM Clydae SPKOCTb MPAKTUYECKH HE 3aBUCHUT OT
OTPAKATEJIbHBIX CBOMCTB 3€MHOW MOBEPXHOCTH. SpKOCTh 3eMM BHE MOJIOCHI
norjomenus MoxeT B 200 pa3 mpeBbIIaTh SPKOCTH B 00JIACTH CHUIBHOTO
HOTJIOLIEHUS.

B 3aBucumocTty oT anpbeno Bapuanuu sipkocTu (BOIU3HM HaAUpa) HAXOIATCA
B Mpejesiax OJHOTO MOpsSAKa B MPO3padyHOM 00JacTH M TMOJOBUHA TOpSAJIKA B
nojiynpospadHoii o6mactu. OpHako y ropusonta (nmpu 6 —6) spkoctu

BbIpaBHUBaIOTCA. [Ipu sTom B ciiyuae A=0 BO Bcex Tpex HMHTEpBajax CIEKTpa
spkocTh Bo3pacraeT. [Ipu A=0,8 B uHTepBane 1 ona yObIBaeT, a B UHTEpBaC 2

IMeeT MHHHUMyM Tipu 6 ~75° <@ . Takoif Xom oOmIpenensercs CIOKHBIM

COUETAaHWEM HECKOJBKMX KOMIIOHEHT SPKOCTH, ONHUCHIBAIOIINX BKJIAT: a)
OTPaXEHUS COJIHEYHOW paAWaluyd OT 3E€MHOW TMOBEPXHOCTH, 0) paccesHus B
aTMocdepe (IpIMKa), B) MOTJIONIECHUS PaIUAlMK HA ITyTH JIy9eH.

Monotonnoe yoObiBanne @ B wmHTepBasie 1 mpu A=0,8 moxer ObITH
OOBSCHEHO TEM, 4YTO NpH OOJbIIUX ¢ yMEHBIICHHE BKJIaJa OTPAKCHHOU
paguanuu HE KOMIIEHCHPYETCS Bo3pacramomnieil ¢ 6 BKIAQJOM PacCesiHHOM
pamnanud. MOXHO OXHAaTh, 4YTO OTOT J(M(EKT crimaguTcs mpu  ydeTe
MHOTOKPAaTHOTO paccessHud. [IpuunHoit HeMoHOoTOHHOTO X0ona @ B mHTepBane 2
npu A=0,8 ciy)xut, BEposSTHO, TO 00CTOSTENIBCTBO, UTO C yBenudeHnueMm & Oonee
BECOMBIM U OMPEIEISAIONMM CTAaHOBUTCS BKJIAJ PACCESIHUS PaJMallii B BBICOKUX
ciosix atMocdepsl, TIe yKe MO MOMIOMIeHHE. ITO OObSICHEHUE MTOATBEPIKIAETCS

coprnasienueM @ B mHTEpBase 2 npu 0 ~ 0 s oboux 3HaueHurr A. Bospactanue
APKOCTH C YyBEIMYEHHEM Yyria 6 u oOpa3oBaHHE MAaKCUMYMOB SIPKOCTH Y
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rOpU30HTa (0peos 3eMJI) BO BCEX TPEX MHTEpBAIAX (32 UCKIIOYEHUEM HHTEpBAJIa
1 mpu A=0,8) ecTp pe3ynbTaT CHIBHOTO pPaCcCesHUS paJUallid B ONTUYECKU
IUIOTHBIX CJOAX aTMocdepbl. Peskoe yObIBaHHE SIPKOCTH TpPU MEpPEXoje 4depes
TOPU30HT 3eMJId W TpakTHYeCKd TmoiHoe coBmagenne @ Bo  Beex
paccMaTpuBaEMBbIX CIydasix CBSI3aHO C TEM, YTO BEPXHHE CIIOM HCIIOJIb3YyEMOHl B
pacuerax Mojenu armochepbl c€i1abo pacceuBarOT M IOYTH HE MOIVIOIIAIOT

coJiHeuHYI0 panuanuo. Hebombimoe Bo3pactanue ® mpu € — 180° (spkocth HeOa

B 3€HUTE) OOBICHICTCA BBITAHYTOCTHIO MHIUKATPUCHI B OOJACTH MAJNBIX YTJIOB
paccessHAA. AHAQJIOTMYHBIA XOJ SAPKOCTU MOJY4YaeTcs W I JPYruX BBICOT
HaOmoaeHusi. OQHAKO YIJIOBBIE pa3Mepbl OpPEoJia €CTECTBEHHO YMEHBILIAIOTCS C
yBEJIMYEHUEM BBICOTHI. [10CKOIBKY BEepXHSs TpaHulia aTMochepsl IPUHATA PaBHOU

100 xm, To a1t h =100 kv u Beime @ pesko yowiBaeT mpu & — 6 (1o 0> 0 ).

1

1 E i
7 47 g ¢ ¢5 90 8,2pad

Puc. 4. 3aBUCUMOCTh MHTEHCHBHOCTH paccessHHOW paguaimu @ oT yria 6 B
IUIOCKOCTH coyiHeyHoro Beptmkana (a- =0, 6- @=180") B paiione

tepmunatopa (w =90°) ma Beicore h=30xm ; A=0; 1, 2, 3 — HOMepa
CIEKTPAIbHBIX HHTEPBAJIOB

YrioBoil xoa ApKOCTH 3eMJU IJid APYroro KpakHero nojoxkeHust CoiHua
(w =90°), T.e. mpu HAOIOICHNH B PaliOHE TEPMUHATOPA, IPUBEACH Ha puc.4. [Ipu
NEPEMEILICHUY HANpPABJICHUS BU3WPOBAaHMS B IJIOCKOCTHM BepTukana CoyHIa oT
HaJMpa K TOPU30HTY SIPKOCTh BO3pacTaeT Ha 2,5 mopsiaka B 00acTu opeosa, 3aTeM
yMeHblIaeTcss Ha 4,5 mopsiaka B 3€HUTE M CHOBa Bo3pacTaeT (HO B MeEHbIIEH
CTENEHU) B MPOTUBOCOJHEYHOM TOpPU30HTE. Pe3koe mageHue SApKoCTH OT 3TOro
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TOPU30HTA K 3€MHON MOBEPXHOCTU (OTCYTCTBHUE CYMEPEK) CBSI3aHO C Y4YE€TOM
TOJIBKO OJTHOKPATHOTO PaCCESHHUS.

3aBUCUMOCTh SPKOCTH 3eMiad B Hampasienun Hagupa (0=0°) wu
p p p

ropuzoHta (0 =6) or mnonoxenus CojHIa TpH HAOIIOJCHUM HA BBICOTE
h=10 xm npexacrasiieHa Ha puc. 5. MakcuMaiabHas SPKOCTh Opeojia JIOCTHTASTCSI

B ctopore Comria (¢ =0°) npu w ~87° (31ech yroi paccessHAs Ma).

o

i ¥5 90 ¢, 2pad

Puc.5. 3aBucMMOCTh UHTEHCUBHOCTU @ OT 36HUTHOTO PACCTOSIHUS |/ HA BBICOTE
h=10 xm nns okHa npo3payHocty (1) ¥ B 00J1aCTH CHIILHOTO MoromeHus (3)

Jlnst apyrux HampaBlieHW HAOMIOEHUS SPKOCTh yObIBaeT (WJIM TIOYTH HE
MU3MEHSIETCSI) C yBEIMYECHHEM |/ . B 4acTHOCTH, B TPOTUBOCOJIHEUHON CTOPOHE
(9 =180°) siprocTh TopH30HTA 3eMimu (0 =60 ) NpPaKTHUECKH HE 3aBHCHT OT I/ U
muimb npu Y, ommskux kK 90°, pesko yObiBaet. Ilpu sTom nnst mHTepBanma 3
yObIBaHME HACTYMAeT MPU MEHBIIUX |/ , YTO CBSI3aHO C CHUJIBHBIM TOTJIOIICHUEM
NPSIMOW COJTHEYHOU paJrialiiy IPH HU3KOM MosiokeHnn CoJHIIa.
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o

g-180
Puc.6. Temo sApkocTH B IJIOCKOCTH COJHEYHOTO BEpTHKaNa I 3€HUTHOTO
paccrosiaus ¥ =307 Ha BeicoTe h=10 xm. CruioniHble KpUBBIE COOTBETCTBYIOT

pacueram ¢ A=0 , myaktupueie — ¢ A=0,8; 1, 2, 3 — HOMepa CleKTpaIbHBIX
HWHTEPBAJIOB

B ocHOBe MHOrMX OMNUCAaHHBIX 3PPEKTOB JIEKUT ACUMMETPUSI WHIUKATPHUCHI
a’pO30JILHOTO paccesHus. JTO OTYETIMBO BUAHO HA PUC. 6, N300pa’karoIlIeM TEJI0
APKOCTH (T.€. MOJHBIA YIJIOBOM pa3pe3 MOJs SPKOCTH) B IJIOCKOCTH BEpPTHKANa

Comana Ha Bbicore h=10 xm pans Tpex uHTEpBalioB crnektpa mpu i =30°.
Maxkcumymbl pynkiuun @ (6) B HampaBieHHH MPSMOTO COJHEYHOTO H3JTyYCHUS
(opeon CoHIIA) COOTBETCTBYIOT NMUKY HHIUKATPHUCHI B yriie paccesuus y =0.
Ocobenno OompmuM  okazbiBaeTcss opeon Comana mpu w =90° | xorma

WHIUKATPUCHBI MaKCHUMYM COBITQJa€T C MaKCHMYMOM SIPKOCTH 3eMJIH, W Y
ropu3oHTa 3emuid. MaKCUMyMBI SIPKOCTH y TOPH30HTOB COXPAHSIOTCS M TIpH
OONBIIUX  anb0eq0 MOJACTWIAKOIIEH TOBEPXHOCTH, XOTS B  OCTAJIbHBIX
HaIPaBJICHUAX T10JIC BOCXOAIIEH pagualiii CTAHOBUTCS 00JIee H30TPOITHBIM.

TakoBBl OCHOBHBIC 3aKOHOMEPHOCTU YTJIOBOTO pPACIPEACNICHUS SIPKOCTH
chepuueckoit armMocepsl B NPUOIMAKEHHHW OJHOKPATHOTO pacCesHHS. YYeT
MHOTOKPATHOTO PAaCCESHHS HE JOHKEH BHOCUTH CYIIECTBEHHBIX U3MEHEHUN B 3TH
3aKOHOMEPHOCTH, XOTS MOXKET MPUBOJUTH K CTIQKHBAHUIO YIJIOBOTO XOJa MpH
nepexojie OT 3eMJId K KOCMUYECKOMY MpocTpaHcTBY. Hamu mpoBeieHo cpaBHEHUE
noJis SIPKOCTH aTMoc(epbl, PACCUUTAHHOTO s cdepuueckoil arMocdepsl B
PUOJIMKEHUU OJHOKPATHOTO PACCesSHUS M IS TUIOCKOHW aTMoc(dephbl ¢ y4eToM
MHOTOKPATHOTO paccessHusi B HHTepBaje | (OKHO MPO3PAvyHOCTH), TAEC BKIIAJ
MHOT'OKPATHOTO PacCestHUsl TOJDKEH ObITh MakCMMaidbHbIM. OHO MOKa3bIBA€T, UYTO
OTKJIOHEHHWE OT TOYHOTO PEIICHUs, JOCTUTaroIee HauOOJIbIICH BEIUMYMHBI TIPU

6~6 (B 1.5-2 paza), cocTaBisieT JECATKU MPOICHTOB JJIsl IPYTUX HANPaBIICHUH,
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B TO BpeMs KaK BapHWallMM TEOMETPUUYECKHX M (PU3NYECKHUX MapamMeTpoB (CM.,
Hanpumep, puc. 4) IpUBOJAT K U3MEHEHUIO Ha MOpsAku. C pocTOM MOTJIOMICHUS,
€CTECTBEHHO, POJIb MHOTOKPATHOT'O PAaCCesHUs elle 00Je€ YMEHbIIIAETCS.

Tabmnuua 4.

3HavyeHuss MHTeHCUBHOCTH O I Ppa3sjInYHbIX TJIHH BOJIH A
B Pa3HbIX HAaIIPaABJCHUAX BU3UPOBAHUA

A Ay | Pus 0
80° 85° 85°28' 90° 95¢ 100°

1,8 | 1,17 |0,53 | 0,6664-101 | 0,1330 0,1476 0,8313-10F | 0,1900-102 | 0,1691-1072
1,87 | 5,81 | 0,53 | 0,3454-10C | 0,6803-10% | 0,7527-101 | 0,8050-10C | 0,1886:102 | 0,1619-102
1,89 | 2,39 [ 0,53 | 0,4964-10C | 0,9969-10% | 0,1107- 0,8243-107 | 0,1896:102 | 0,1628-102
1,90 | 4,04 [0,553 | 0,4015-10C [ 0,7977-10% | 0,8843-101 | 0,8149-10C | 0,1892:102 | 0,1623-102
1,95 [ 1,02 [ 0,53 | 0,7069-10" | 0,1402 0,1555 0,8321-10F | 0,1900-102 | 0,1631-107
2,00 [ 0,11 | 053 | 0,1522 0,2620 0,2807 0,8374-10F | 0,1903-102 | 0,1633-1072
2,39 [ 0,105 | 0,53 | 0,1534 0,2638 0,2825 0,8374-10F | 0,1903-102 | 0,1633-107
2,50 | 1,323 | 0,53 | 0,6326-107 | 0,1267 0,1407 0,8304-10 | 0,1899-102 | 0,1630-1072
2,56 | 14,40 | 0,53 | 0,2292-107 | 0,4446-10% | 0,4881-10C | 0,7588-10% | 0,1861-102 | 0,1598-102
2,61 (2280 [ 053 |0,1817-10% | 0,3496:10% | 0,3819-10C | 0,7164-10% | 0,1837-102 | 0,1577-102
2,67 [ 32,00 | 0,53 | 0,1509-10% | 0,2883-10% | 0,3137-10% | 0,6730-10% | 0,1811-102 | 0,1555-102
2,88 | 2,2 0,53 | 0,5133-107 | 0,1032 0,1146 0,8254-10 | 0,1897-102 | 0,1628-1072

0 0 0,1832 0,3106 0,3283 0,8380-10 | 0,1904-102 | 0,1634-107

BeprukajabHbIH X0 IPKOCTH
Pe3ynprarsl pacueToB MIO3BOJISAIOT HCCJIENOBATh BEPTUKAIBHOE

pacrpejeiieHrue IpKOCTH aTMochepsl B pacCMaTPUBAEMBIX yYacTKax CIIEKTpa IpH
pa3nuaHbIX TojoxeHusXx COJIHIIa W HampaBlICHUSX BU3MpoBaHUSA. HamOombiiee
pa3HOOOpa3ne BEPTUKAIBHBIX TPOMUICH SPKOCTH TMOJIydaeTcs Juisi paidoHa
TepmuHaTopa (puc. 7).

) §=87(8)
Z
<{ '
e Bt e i el
-7,
_ﬂ_%—
N
L 1 1
0 50 50
Ban

Puc.7. BeicotHbiii xom sipkoctu @ B paitone tepmuHatopa (w =90°) B

uHrepBanax 1, 2, 3; A=0
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Ilpu A=0 spkoctb B Hamaupe (€ =0°) Bo BceXx Tpex ydacTKax CIIEKTpa
Bo3pactaeT A0 BbICOTBI h~30 xu W 3areM BBIXOJUT HA ACUMITOTHKY.

®dusnueckoe 0OBSICHEHHWE TAaKOr0 XOJa MO BBICOTE YPE3BBIUAMHO MPOCTO: POCT
SPKOCTH OOYCIIOBJICH YBEIMYCHUEM ONTHYCCKON TONIIMHBI aTMOC(hephl, KOTopas
BbIlIe 30 K MPAKTUUECKNA HE U3MEHSETCA.

WNuo#t mpoduinb SPKOCTH TMOMy4daeTcss I HaONIOACHUS B HaIPaBICHUU

reoMerpuueckoro ropuszonrta (€ =90") B cropony Tenm 3eman (¢ =180°). Bo
BCEX TpEX HHTEpBajax SPKOCTh pacTeT O0 HekKoTopoil BeicOThI (h~10 xm) mu

3ateM OBICTPO yOBIBaeT, coBmasas Ha BeicoTax 20-25 xu. Poct sipkocTn u Hanm4ue
MaKCUMYMOB OOBSCHSIETCS TE€M, YTO C YBEJIMYEHUEM BBICOTHI B IIOJIE 3PEHUS
HaOJr01aTeNs B MPOTUBOCOJHEYHON CTOPOHE MOSIBISIIOTCS. BCe OoJiee sipKue CIOoU
atMocepsl (B 00JaCTH CUIIBHOTO MOIVIOIIEHHS 3TU CJIOM HMEIT 3aMETHYIO
SAPKOCTb TOJBKO Ha BbicoTax Oosee 10 xm). OpgHako Ha OOJBIIMX BBICOTAX
ONTUYECKAs IUIOTHOCTh CJIOEB aTMOC(hepbl HAUMHAET YMEHBILIATHCS U BMECTE C HEN
yOBbIBaeT paccessHHasi 3TUMHU CJIOSIMM COJIHEUHas paguanus. CoBnaneHue sipKoCTU
BO BCEX TpPEX Y4YaCTKax CIEKTpa OOBSACHSAETCS YMEHBIIEHUEM IOTJIOLIEHUS
paauaIy B BEICOKUX CIOSIX aTMOC(hEpHI.

AHaNOTUYHBIN XOJ IPKOCTU C BBICOTOM MOJIy4aeTcsl U Mpu HAOIIOJECHUU B

HanpaBJICHUU UCTUHHOTO Topu3oHTa 3emin (€ =6 ), mpuyeM B HampaBJICHUU Ha

Comane (p=0°) sApKOCTb, JOCTHTHYB HEKOTOPOIO MaKCUMyMa, HpPUHUMAET

MOCTOSIHHOE 3HA4Y€HWE. DTO O3HAYaeT, YTO TOPU3OHT B JIHEBHOW YacTH 3EMIIH,
HaOMIOAaeMblii C JOCTAaTOYHO OOJIBIIMX BBICOT, B pailoOHE TEepMUHATOPA
OKa3bIBACTCSI OJUHAKOBO SIPKHM JJsi Pa3HBIX BBICOT. B MpOTHBOCOTHEYHOM

cropone (¢ =180°) sApKOCTH TOpHU30HTA IOCIE MAaKCHMAalbHOTO 3HAYECHHS Ha

ypoBHE 20 kv HauMHAET DKCIOHEHIMATIBHO yOBIBaTh C BHICOTOM. [IpuunHbl 3TOTO
yObIBaHMSI T€ XK€, YTO M B Cllydae T'€OMETPUYECKOrO TOPU30HTA, OJHAKO

II0Ka3aTeNb DKCIIOHEHTHI U1t @ = 0 HamMHOro Meusbiie, yeM mist 6@ =907,

AHaNoOTUYHbIe BEPTUKAIBHBIE MPOPWIM SPKOCTH MOXKHO TOCTPOUTH W TSt
JPYTUX YCIOBHM OCBEIIEHUS U HAOIIOACHMUS.

CpaBHeHHE IKCINIEPUMEHTAIBHBIX M PACYETHBIX CIIEKTPOB

CymiecTByromye B HacTOSAIIEE BpeMs aj’pOCTAaTHbIE M CaMOJIETHBIE
m3mepenust abcomoTHeIX WK cmekTtpoB wm3mydenuss 3emumn W atMocdepbl
MTO3BOJISIFOT MPOBECTH CPABHEHUE M3MEPEHHBIX CIEKTPAIBHBIX PacCHpenesieHu ¢
pacyeTHBIMHU, MOJTYYEHHBIMU Ha OCHOBE ONHMCAHHOW BBILIE MOJAEIH aTMOC(hEpHI.
[TockonbKy 3Ta MOJEIb U aTMOC(EpPHbIE YCIOBHS, MPU KOTOPBIX MPOBOAMIUCH
U3MEpPEHUs, HE MOTYT ObITh TOYHO COIOCTaBJEHbI, TO YKa3aHHOE CpPaBHEHUE
CIEAYET paccMaTPUBATh JIMIIb KaK OLIEHOYHOE.



86

Lle), mxbm/cnlcmen mum

4

2 8

0

‘I'TII

1 |
q 2,0 2,5 A, MEN
Puc.8. CpaBHeHuE CIEKTpaIbHOrO XoJa SIpKOCTH u3nydyeHus | B Omuskoit MK
o0JacTH crieKTpa 1o AaHHbIM dKcnepuMenTa (1- h=23,5 xu, 2- h=29,3 xm) u no

pacueTHBIM JaHHbIM (kpuBas 3, h=20 xm) ans yria Hadmoaenus 6 =80°, asumyra

@ = 20°, 3eHUTHOTO pacCTOSTHHS i = 53’
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Puc. 9. 3aBucumocTts nHTEHCMBHOCTH @ OT mapamerpa « B HampaBJICHHUH

xacaTenpHOl K 3emne(1- @ =60 =85°28') u B6nu3u kacarenbHoi (2- 6 =80° ,3-
0=90") nnsa h=20xm , p=20", y =53’
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CpaBHEHHE SKCIIEPUMEHTAIBHBIX M PACUYETHBIX JAHHBIX MPOBOIMIOCH IS
e BoiH A B npegenax oT 1.80 mo 2.88 mxm. COOTBETCTBYIOLIME MMapaMeTphbl

a,, u f,, (CeIeKTHBHOE IMOTJOMICHNE YYUTHIBAIOCH C IOMOIIbIO (YHKINU
nponyckanust (2)) Obutu B3sATHI U3 padboThl [21]. PacueTsl mpoBOAWIUCH IS
h =20 xm, 3erutHOrO paccrosaus Comana i =53°, asumyra @ =20° u yrios 6

=80, 85, 90, 95, 100° u #° =85°28', ansbeno A=0,2, T.e. I YCIOBH#, OJUIKHUX

K yCJIOBHSM 3KcriepuMenTa [22]. B tabm. 4 u Ha puc. 8, 9 npuBeieHbI pe3yIbTaThl
pacyeToB.

Kak cnemyer u3 puc. 8, misg yrma € =807, T.e. Ajis TOro HampaBJICHHS, B

KOTOPOM SIPKOCTb 3€MJIM ONPEAEIISAETCS B OCHOBHOM PACCESHUEM H MOIVIOIIEHUEM
COJIHEYHOW  pagmanuu B  HIKHEX  ciosx  atmocdepsr  (h <10 xwm),

AKCIIEPUMEHTAIIbHBIE U PAaCUETHBIC BEJIMYMHBI HAXOIATCA B IpeAenax Bapualuid
APKOCTU B peanbHONl atMmocdepe. Bapuanuum xe 3KCIEPUMEHTANbHBIX BEIHYMH
SIPKOCTH, 3aBHUCSIIUE OT MYTHOCTH arMoc(epbl, KOHIIEHTpPAIlMU BJIard U, OBIThH
MOXET, O00JJAYHOCTH, HE (UKCHUPOBABILICUCS BU3YaJIbHO, JOCTUTAIOT TMOPSAKA
caMOi BeNUYUHBI ApKOCTH. [l0ATOMYy MOKHO CuUMTaTh, YTO MPHUHATAs MOJIEIb
aTMoc(epbl U METOJI pacuyeTa MoJis IPKOCTH 00ECIEeYNBAIOT yIOBIETBOPUTEIBHOE
OMKCAHUE CHEKTPAJIbHOIO XOJa SPKOCTU B OOJACTH JABYX IMOJIOC IOTJIOMICHUS
BoasiHOTO mapa (1.9 u 2.7 mkm ), XOTS B LIEHTPAJIBLHOM YACTH IOJIOC pPacdyeTHOE
MOTJIONIEHUE OKA3bIBAECTCSI MEHBIIIE U3MEPEHHOTO.

I'padukn 3aBucumoctu D(a), m300pakeHHBIE HA PHUC. 9 IS Pa3IMYHBIX

VIJI0B € TO3BOJISIIOT YCTAaHOBUTH IMPOCTHIE 3aKOHOMEPHOCTU MapameTpUyYecKOou
3aBUCUMOCTH SIPKOCTH TI0 MAPAMETPY & , KOTOPbIE MOTYT OBITh UCIOJIB30BAHBI IS
ONPENEIICHUS] CHEKTPAIBHOW SPKOCTH NHPH PA3IMYHBIX YCIIOBHUSX OCBEIICHUS U
HaOmoAaeHus. TeM caMbIM Uil TIOJIyY€HHsI CLIEKTPAIbHOTO XOAa SPKOCTH BMECTO
pEelIEeHNs] YpaBHEHUS MEPEHOCA JUIsl KAKIOr0 CHEKTPAJIBbHOIO MHTEPBAjla MOXKHO
OTPAaHUYUTHCS pacdeTaMy B HEOOJIbIIIOM YHUCIIE PENEPHBIX JUIUH BOJIH.

ABTOpBI  BBIpaKalOT TiIyOOKyro Omnarogapuocte M.C.MankeBuuy 3a
IOCTOSTHHOE BHHMaHue K paboTe W OOJIbLIYIO MOMOIb B MOCTAHOBKE 33/a4d U
(¢u3znyeckoil WHTEpIpeTaluu pe3yabTaToB. MBI Takke BechbMa MPU3HATEIbHbI
M.B.MaciieHHUKOBY, ¢ KOTOPbIM HEOJJHOKPATHO 00CYXAajach HacToAIas padoTa.
ABTOpBI onarogapsatr  9O.B.Kotok, E.I".'Hatpycogy, E.N.[Tan¢dunosy,
I'.C.ITpoctakoBy , I'.0.PuminHy, npyuHUMaBIIUX y4acTHE B MPOBEICHUM PACUETOB
1 0POPMJICHUU PACUETHBIX MATEPUATIOB.

Axanemus nayk CCCP [TocTynuna B penakuuo
NHCTUTYT NpUKIaAHON MAaTEMATUKN 14 Hos16pst 1968 1.
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STUDY OF THE ANGLE, SPACE AND SPECTRAL STRUCTURE OF THE
EARTH BRIGHTNESS FIELD FOR A REPRESENTATIVE MODEL OF THE
SPHERICAL ATMOSPHERE

T.A.Germogenova, L.l.Koprova, T.A.Sushkevich

To determine the angle and space structure of the Earth radiation field the
numerical solution of the transfer equation has been obtained for the two-
dimensional model of the scattering and emissing spherical atmosphere with the
axial symmetry in relation to the Earth —Sun direction. The problem has been
solved by the iterations method. For the each iteration the finite difference method
was used by characteristics with a successive interpolation. The numerical results
obtained by the single scattering approximation have been analyzed for the
representative atmospheric and underlying surface models in absorbing region of

H,O 2.7 u. Some regularities of the angle and space distribution of the brightness

are pointed out and a simple parametric dependence is established by the study of
the brightness spectral behavior.
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CHeKTp XaPAKTEPUCTUICCKOIO YPAaBHCHHUSA C YUCTOM MOoJsdApU3aniuu

I'epmorenoBa T.A., Konosanos H.B.
[Ipenpunt Ne 62, ITIM AH CCCP , Mocksa, 1978 r. 53 ctp., 6uba. 18 Ha3s.

AHHOTaIuUs
Pa3zButa TEOpHS XapaKTEPUCTUUYECKOTO YPABHEHUSI TEOPHUM IMEPEHOCa
MOJIIPU30BAHHOTO M3JIydyeHHs. B mocraTtodHo O0IMX MPEINOIOKEHUIX

OTHOCHUTENIFHO TapaMeTPOB, OMHCHIBAIOIINX PACCEUBAIOIINE W TOTJIOIMIAIOIINE
CBOMCTBa cCpepl, OIpeneleHa CTPYKTypa CIEKTpa XapaKTePUCTHUYECKOTO
ypaBHEHUSI U YCTAHOBJIEHBI OCHOBHBIE CBOMCTBA CTAPIIET0 COOCTBEHHOTO YUCa U
COOTBETCTBYIOIIEH eMy COOCTBEHHOM (PYHKITUH.

COIAEPXAHUE
BBEJEHHUE....................o...

§ 1.  Onmneparop paccessuuss P ............
§ 2.  XapaKTEpUCTUUYECKOE YPABHEHUE ......eeeuuveennnnnnn..

§ 3. UmcreHHBI anropuT™ onpeenenus 3Havenus K, u
BEKTOpa Cf)(ko 7))
§ 4. TIPUJIOXEHUE. O600mmenHbIe chepuueckre GyHKITUH.

Tpoctpancteo LS (Q) ............
JIATEPATYPA e
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BBEJIEHUE

Penienrie koHEYHO-pa3HOCTHRIMU MeToaamu [1] u metomamu Mounte-Kapio
[2] 3amay 0 TMPOXOKIACHUU TMOIIPUIOBAHHOTO HM3IYUYEHUS Yepe3 Cpeabl OOJBIION
ONTHUYECKOW TONIIMHBI TPpeOyeT BeChbMa 3HAUYUTEIBHOTO 00bEeMa BBIYMCICHUMU.
EcrectBeHHO B 3THX 3ajayaX BOCIOJIB30BAThCS ACHUMIITOTHYECKUMHU METOJIaMU
TPaJUIIMOHHOM (CKAJISIpHOW) Teopuu nepeHoca [3.,4].

B ocHOBe  acMMITOTHYECKOTO  MCCIEIOBAaHUS  JIGKUT  aHAIU3
XapaKkTepuCcTUUECKoro ypaBHeHus. [Ipu yueTte nossipuzaiu OHO UMEET BUI:

[1+k(s-n)]®(k,s) =2 ®(k,s), s, *)
rae (2 enunwyHas chepa B TPEXMEPHOM €BKIMIOBOM IIPOCTpaHcTBe, N -

¢ukcuposauneiii Bektop m3 €2, K - co6ersennmerii mapamerp, a D(K,S) -

YETBIPEXMEPHBI COOCTBEHHBI BEKTOP, KOMIIOHEHTAMH KOTOPOTO SBIISIOTCS
MOJISIPU3ALMOHHBIE TAPAMETPBI U3ITYYEHHUS:

C_Ia(k,S) :{(Dl (k,S), CDZ(k,S), (133(k,8), (D4(k13)}’

A
~

P - HHTeraJIBHBII;’I o1IcparTop, OHpe,Z[eJI}IGMBIfI 3dKOHOM OJHOKPATHOI'O

paccestHus OIS PU30BAHHOTO U3IIYUYEHUS.

B cymecTByromMX HUCCAEAOBAHUAX ACUMIITOTUYECKUX XapaKTEPUCTHK
NOJISIPU30BAHHOTO H3nyuyeHus [5,6] mpeamosiaraercs, 4To TaK K€ KaK U B
CKaJIIPHOW Teopuu ypaBHEHHUE (*) MMEEeT MPOCTOE MOJIOKHUTEIHHOE COOCTBEHHOE

YUCIIO ko , MEHBIIECE MOIYJEH JEUCTBUTEIIBHBIX YacTEd BCEX OCTAIBHBIX

COOCTBEHHBIX uHCeN, W eMy cootBercTByer cobcteennsiii Bekrop D (K, ,S),

ONMCBIBAKOLINI COCTOSHUE MOJISIPU3ALMH, KOTOPOE €CTECTBEHHO OXHUAATh MOCIE
OOJBIIOr0 YHMCa CTOJKHOBEHUH. OJHAKO CTPOroro J10Ka3aTelibcTBa yKa3aHHBIX
CBOMCTB ypaBHEeHUS (*) K HACTOSIIIIEMY BPEMEHHU HET.

TpynHOCTH MaTeMaTHYECKOro aHaiu3a ypaBHEHHUs (*) CBs3aHBI MPEXKIe

BCETO C HECAMOCOIPSIKEHHOCThIO oniepaTopa P .

B nacrosimieit pabote uznaraercsi TEOpHs XapaKTePUCTHIECKOTO YPaBHECHUS
B CJy4ae MAaKpPOCKOIHYECKH H30TPOMHON CpeAbl MPU YCIOBHHM, YTO MaTpulla

paccesuuss [, onpenensromnias 3aKOH OJHOKPAaTHOIO paccesHHs CBETa Ha
aJeMEHTapHOM oOBeMe Ccpenbl, KieTouHo-muaroHanbHa [S5]. Ilpum sTomM MBI
HaKJIa/JbIBAEM MUHHUMAaJIbHbIE OTPAHUYEHUS HA AJIEMEHTHl MATPHUILbI, CUUTasl HMX
CyMMHUPYEMBIMU TI0 MOAYJI0 GyHKIUSIMHU HA uHTepBaie (-1,1). OTu orpanuuenus
JTUKTYIOTCS BEPOSITHOCTHOW MPUPONON (PU3UYECKUX TMPOIECCOB, OMUCHIBAEMBIX

matpunei 1.

KirroueBbIM MOMEHTOM IPEIJIaracMoi TEOPHHU SABIISIETCS BBEIACHUE KOHYCa —
MHOXECTBA  BEKTOp-(DYHKIMH,  OMNpeNesieMOro  HEpaBeHCTBAMH  HAa WX
KOMIIOHEHTBI. ITH HEPABEHCTBA BBITEKAIOT M3 (DM3MUECKOTrO aHAIIM3a MapaMeTPOB
CToKCa, XapaKkTepU3yOIIUX MOJAPU30BaHHBIM cBeT. OTHOCHTENLHO BBEIEHHOIO

KOHyCa ONpEesSeTcs KJIacC HEOTPHLATENbHBIX Marpull paccesuus [ [5]. s
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TaKAX MATpHUI] U CHOPMYJIUPOBAHBI OKOHYATEIbHBIC pPE3yJIbTaThl HACTOSIICH
paboTHI.
B § 1 onuceiBatorcs SP u CP - npencrasnenus nonspuzosanHoro csera

~
A

[5,7]. Jloka3zaHa TmoOJHas HEMPEPBHIBHOCTh oOmeparopa paccesHuss P B
IPOCTPAHCTBAX CYMMHPYEMBIX C [-0lf cTeneHbl0 MOAYJIS BEKTOP-PYHKUMNA U
YCTaHOBJIEHBI €r0 CIJIaKUBAKOIIME CBOMcTBA. HalineHa cuctema COOCTBEHHBIX

A
A

3HaYeHWi omepaTtopa P W TMOKa3aHO, YTO COOCTBCHHBIE W TIPHUCOCIUHEHHBIC
BEKTOPHI SIBJISIFOTCS KOMOWHAIMAMU OOOOIICHHBIX Ccdepruyeckux (QYHKIUH.

BeruriciieHa HopMa | Jjokasansl ciiibHas 1 U, - monmoxkurensHOCTH oneparopa P

B mpocTtpaHcTBaxX CyMMHpPYEMBIX C KBaJpaTOM MOJYJsl BEKTOP-(DYyHKIIMIA

A

s omneparopa P HaiiaeHo npencrtaBieHue Ttuna [ uneOepra-llImunra.
[TonyueHsl HepaBEHCTBA, KOTOPBIM JIOJDKHBI  YAOBJIETBOPSITH KOADPUIIUEHTHI

pasIoKeHHss DJEMEHTOB HEOTPHMIATENbHBIX MaTpull paccesaus [ 1o
0000111eHHBIM C(hepruIeCKUM (DYHKIIHSIM.
B § 2 u3yuaeTcs XxapaKTepuCTUYECKOE YpaBHEHHE. Y CTAHOBJICHBI CHIIbHAS U

U, - mnonoxwurensHOCTH OImEparopa U (k) =[1+Kk(s- n)]‘lé U JIOKa3aHa

HETIPEPBHIBHOCTh €70 COOCTBEHHBIX BEKTOPOB. M3yueHbI aHAIMTHYECKHE CBOMCTBA
craputero  cooctennoro sHadenms M (K) wu  coorBerctByromero emy

coberrennoro Bexktopa D (K,S) omeparopa U (K) B xommiexcnoit K - maockoctn

¢ paspesamu BIOJb AeiicTBuTenbHOM ocu (—o0,—1] u[l,00). Kax u B ckanspHoii

teopun, cnektp oneparopa U (K) muckperHslit, oqnako, B 00mmeM ciyyae, OH He

JISKUT HA BEIMIECTBEHHOM OCH.
C TOYKM 3peHUS U3YUCHHS] ACHMIITOTUUYECKUX CBOWMCTB ypaBHEHUS TIepeHOca
HanOosee BaXHBIM CBONCTBOM CHEKTpa XapaKTEPUCTHUUYECKOTO YpaBHEHUS

SABJIACTCA HAJIWYUC CTApLICTO COOCTBEHHOI'0 YHCJIa kO . YCTaHOBHCHO, 4qTo My

OTBEUYACT €MHCTBEHHOE PEIICHNE XAPAKTEPUCTUUECKOTO YPABHEHHSI, OTBEUAIOIIIEE
dusznueckuM TpeOOBaHUAM K TTapaMeTpaM MOJISIPU3AIMU. DTO PEIICHUE UMEET BUJ

&)(ko’s) = &)(ko 1) ={ @y (Ky, 1), ©,(Ky, 1), 0,0},
D, (Ky, ) =@; (=Ko, —), 1=1,2, p=coso,

9 - 3CHUTHBIN yroj, T.C. OHO HC 3aBHCHUT OT aduMyTa MW OIIMCBIBACT JIMHEWHO
HOHHpHSOBaHHBIfI CBCT; IIpU OTOM

@, Ky, 1) >0, @, (Ky, 12)| < @y (K, 1), 2 €[-11].

B 3amauax c nornomenueM ypaBHeHUE (*) MPUBOJIUTCA K SKBUBAJIECHTHOM

A A AR
(opme 3amaun Ha cobcTBeHHbIe 3Hauenus s oneparopa H = (E—®) "M :

—

Hd@,s)=vd@,s), —v=k™,
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A

rie M - omeparop ymHOXeHHs Ha mepeMeHHY0 (. V3ydeH cHekTp omeparopa

A
~n

H , xoropeiii cocrout u3 cermenta [-1,1] ¥ IUCKPETHOM YaCcTH, 3aKIIOYEHHOM B

nea kpyra pamuyca (2K, )™ ¢ uentpamu B Touxax +(2K,) ™.
Jlokazana nenpepeieHas 3asucumocts Ky u @ (K, , 1) or marpume: .
B § 3 mpemaraercs UTEpallMOHHBIM AJITOPUTM BBIYMCIICHUS 4YKCIa ko 151

Bektopa D(K,, ). Tlpu >TOM 331a4a CBOMMTCA K PENIEHMIO GONEE TIPOCTOTO

ypaBHEHUS ¢ AByMEpHOI MaTpuilei. C MOMOIIBI0 TEOPUU BO3MYIIIEHUN TTOKA3aHO,
YTO XOPOIIMM HYJIEBBIM MPUOIMHKCHUEM JJII UTEPAIMOHHOTO MPOIEcca SBISETCS
pELICHUE COOTBETCTBYIOLIECH CKAISIpHOM 3amauu. (OKas3bpIBA€TCS, YTO BBEICHUE

MOJISIPU3ALIMM JTaeT BKJIAJ 2-TO MOPSAKAa MAJIOCTH B BEJTUIUHBI k0 51 (D1 (k0 , ,u).

B uwactHOCTH, yTBepXkAeHHS JaHHOW paboOThl 0000IAIOT pPe3ynbTaThl
COOTBETCTBYIOIIEH CKaJsipHOM Teopuu, pa3BuToil M.B.MacineHHUKOBBIM [8], Ha
KJIACC CYMMUPYEMBIX IO MOYJIFO UHAUKATPUC PACCESIHUS.

ABTOpBI  TIOJIB3YIOTCS ~ CIy4yaeM  BBIPA3UTh  CBOIO  0JIaroJIapHOCTH
M.I".Ky3pMuHOHM, MONy4YMBIIEH  HE3aBUCUMO  OJIM3KHME  pe3ylbTaThl B
IPEANOJIOKEHUA O KBAaJPATUYHON CYMMHUPYEMOCTH 3JEMEHTOB MaTpuubl [9,10].
CoBMmecTHbIE OOCYXKIEHUS HEKOTOPBIX AacCleKTOB padOThl CIIOCOOCTBOBAIM €€
3aBEPIICHUIO.

§1._Onepatop paccesiHus P .

. Hycts L, (€2) u C(Q), xax 06b19HO, IPOCTPAHCTBA QYHKIIHI H3MEPHMBIX

U UHTETPUPYEMBIX C [J-Ol CTENEHBIO MOAYJSA U, COOTBETCTBEHHO, HENPEPBIBHBIX
Ha eqMHUYHOM cepe (2 TpeXMEPHOIro HBKIMI0BA IPOCTPAHCTBA.

@ .
O6osnaunm depes L, (QQ) nuHeiiHOE TPOCTPAHCTBO KOMILIEKCHO3HAYHBIX

BEKTOP-GyHKIUN

D(s) ={D, (5), D, (3), D4 (5), D, (3)},
komroreHTh Kotopeix D, (S) € L, (Q), 1=12,34, sed

Onpenenus HOpMY B L(: ) (Q2) pasencrsom:

4
D — Hq)
H £(Q) ; !

o

Up

, pellx),

p
Lp

| = max supvrai|d®, (s)|,

(4
Lo seQ

rae HCDi

z :J. ‘CDi (S)‘pdS, pe[l©), obpatum L(;)(Q) B IOJIHOE
0

HOPMHPOBAHHOE MPOCTPAHCTBO.
[IpocTpaHcTBO, COCTOsINEE W3 HENPephIBHLIX Ha (2 BEKTOP-QYHKIMIA C
HOPMOM
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[

o = Max: max ‘CDi (s)‘,
seQ)

o6osuaanm uepes C (Q).
Jiis  pyHKIMi &)(S) € L(;) (Q) u LT”(S) S L(q4) (Q), pt+qt=1
BBEJIEM CKAIIPHOE IIPOM3BEIECHUE
4 j—
(@,9)=) j @, (3)¥, (s)ds L)
i=l

A 4
U OTHOCHTEJIBHO Hero [ onepatopa @ , sagannoro na £ (QQ), onpenennm Ha
p
2) y A
l.(q (QQ) conpsxenuslii oneparop P

(PD, P) = (B¢, ). ©)

Ilpu P=o nox P OGygeM IOHMMATh CyXKeHue omepatopa P Ha
noanpocrpancteo LV (Q) < £LY",

AuanoruunelM o0pazoM BBeseM npoctpanctBa ¢Gymkumuit (1), ue
3aBUCAUMX OT asumyTanbroro yrma @, £, (=1,1) u C[-11]:

1
1 = 110 111, =], 111, =

¥ COOTBETCTBYIONIME MPOCTPAHCTBA L(:) (<11 u C¥[-1,1] sexrop-¢yHKumii
D(u) ={d, (1), D, (1), Py (1), P, (1)} BemecrBennbie simpa BBEIEHHBIX
TIPOCTPAHCTB 0003HAYUM UEpPE3 N(L(:)) u N(C™).

Ilna sextopa ®(S) 6yayT mcmomb3oBaHEI ABa mpeicTaBieHms SP -

I[yankape-Crokca u CP - npencrasnenwe [5,7]. B mepsom @D,(S) ects

MHTEHCUBHOCTh n3nyuenus | B Hampapnenun S € () CDf P (s)=1,a
@ =Q=1cos2Bcos2y, @ =U =1cos2Bsin2y, @ =V = lsin28.

NAwii S ﬂ 151 Z XapaKTCPU3YIOT IMOJIOKCHUC N CTCIICHDb BBITAHYTOCTH JJIJIMIICA
MOJIApHU3alluu.

CP - npencrasnenue cesazano ¢ SP npeo6pazosanuem T :



0 1 —-i 0] 0 1 1 0]
. N 1 0 0 -1 . 1 0 0 1 A .
O =TD>, T:1 T ' = =2T" = 21"
2|11 0 0 1 i 0 0 -i
0 1 i | 0 -1 1 0]
3)

3nech MU B JaJbHEHIIEM 4YepTa O3HAYaeT KOMIUIEKCHOE CONpPSDKEHHE, a
MHJIEKC « §» - TPAHCIIOHUPOBAHUE.

~

Omnepatop paccesiHust P €CTb HHTETPAIbHBIN OTIEPATOP

PB(s)= [ B(s',9)B(s)ds

SIPO  KOTOPOro,  dyeTeipexMepHas — Marpuma P (S',S),  ompemensiercs
TIPOU3BE/ICHHEM:
P(s',8) = L(=x (s, 8) I (s's) L(=x,(s",)) (4)

Matpuna [ (s's), 3aBucsamas nMImb OT BEIMUYMHBI YITIAa PACCESHHUS
!
F =arccoss’'s , omuceiBaeT HpeoOpa3OBAHME B AKTE€ PACCESHHS IAPAMETPOB

MOJNAPM3ALMY, OTHECEHHBIX K mockocTH paccesHus, a L(«) orseuaer
U3MEPEHUIO 3THUX MMapaMETPOB IIPU MOBOPOTE KOOPAMHATHOM CUCTEMBI HA Yyroya O

BOKPYT OCH, onpeensieMoii Bekropom S € Q [7]:
cos @ —cos$cosb’

cos y, (s',s) =—cos g, (s,s) =

sin9sin @’
sin ya (S,,S) =sin %> (S’S!) _ Sin 95|.n((0 —§0) |
sin g

cosd = uu' + \/1— 1 \/1— 1'% cos(¢’ — @), signsind =signsin(¢’ — ),

u=cosé, u' =cosé,
(5)
(0,0) u (0',¢") - chepudeckue xoopmuHaTEl BekTOpoB S,S’ € () oTHOCHTENLHO

HEKOTOPOro (PMKCUPOBAHHOTO Oa3uca.
B Tex toukax S,S' € Q), rme SiNG, Sin@ u SIiN@' obpamatorcs B HyIb,

noonpeneuM GyHKIUH (5) MX MPEACITbHBIMU 3HAUCHUSMH W TIOJYyYUM, TaKUM
obpasoM, ¢yskuumn COSy,, # SiNjy,, HempepbiBHEIE B  06IacTH
1< 1,1’ <L, 0< ¢, 0" <271

B SP - npencrasnenun
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1 0 0 0]
. 0 cos2a sin2a O
LSP (a) = . ) (6)
0 -sin2a cos2a O
0 0 0 1
aB CP - npencrasnennn L7 () = TL™ ()T - nuaronanshas mMatpua:
exp(—2ia) 0 O 0
. 0 1 0 0
L"(a) = : 7
() 0 01 0 Y
i 0 0 0 exp(2ia) |
Bocnonb30BaBmKCE BhIp@XKEHUSMH (5), JIETKO TOJIYYUTh CIEIYIOLIUE
paBEHCTBA:

sin2y, (s',s)=-sin2y,(s’,s), cos2y, (s,s") =cos2y,(s',s),

M3 KOTOPBIX CIICAYCT COOTHOHICHUEC, BEPHOC B obonx MMPpCACTABJICHUAX !

L' (2.5 = L(-2,(5'9)

~

(8)

Oneparop paccesHHs P 8 CP - NPEACTABICHUH €CTh WHTErPAIbHBIN
orneparop ¢ 1pom (4), B KOTOpom
L) =TT (8'8) ={7 1, (5 nneso 0,2
U3 pasencts (7) u (9), B yactHOCTH, cnenyeT, uto B CP - npencrasnenun
27 (s, 5)|=|57 (5'.)| (10)
Il. TIpu nokazaTenbCTBE HMXKECIEAYIOIIMX ABYX TEOPEM MbI BOCIOJIb3yEeMCS

CP - npencrasnennem, Tak kak paseHcTBO (10) MO3BOJUT B 3HAYUTEIHHOM
CTEMEHH YIOPOCTUTh BBIKIAAKU. [lpu 3TOM, B CHIy HEBBIPOKIECHHOCTH

9)

npeobpasosanus |, Hopmbl »ementa D(S), Biaroro 8 SP u CP -

peACTaBICHUSIX, SKBUBAJICHTHBI.
BcenencTtBue 3Toro cpaBeyIuBOCTh YKa3aHHBIX TEOPEM COXPAHSETCS U B SP
- IPEJICTABJICHUH.

KOMIOHEHTHI BEKTOpa CTD(S) B CP - npencraBnenun 6ynem HymepoBaTh
ungexcom M e{2,0,-0,-2}.
Teopewma 1.
1. Tiyers 1 (1) € £,(-1,1), m,ne{2,0,-0,-2}. Torma oneparop

P BIIOJHE HENPEPHIBCH B L(:' )(Q) npn mo6om p €[1,00] u

<

.-

87 max
m,n

an

. (11)

2.Tpn [po(1) € £,(-11), mned2,0,-0,-2}, qefl,w), ¢ smome
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HETPEPBIBEH U3 L(; "(Q) 8 CY(Q) u

~
A

P

Uq
L(p4)%c(4)g (87) r?]a;lx‘

an

_opTHgT =L (12)

3. Eemn I (1) e £, (L1, mne{2,0,-0,-2}, to omeparop Qg
orpammuen 3 £, (Q) 8 CY(Q):

P r. |, (13)

[;OO

w<max|
m,n

é“) —C

oneparop P> Brionse Henpepsiser u3 L. () 8 C*(Q).

~
N *x

4. ComnpsbKeHHBIN ormepatop P eCTh MHTErpajbHBIM OIlepaTop € AIpoM

|:(—)(l (s',9)) 1%(2',3) |:(—)(2 (s',S)); on Taxxe o6nanaer cpoiictramu (1)-(3).

Jloka3aTeanLCcTBO

1. Tyers 7 (1) € £,(-1,1), m,ne{2,0,-0,-2}.
[pu Cf)(s) € L(; "(©Q), pe(L,o), wucnomssys HepasenctBo Iembaepa,

IIOJIy4YHUM:
p
ds’} <

2 |
pds’}s

m Q
otkyaa cienyer (11). Ilpocto mokaspiBaetcsi HepaBeHCTBO (11) m B ciydasx

p=1,00.

AL 11
PD(s) P |0, (5)

pdsgz Ids{z j ‘an(ss’)

ds’ {Z [ [7a(ss)

J

<> j dsq >’ I I (ss) @ (5)

m,n

L "
S{SﬂmaX. ‘an(,u)‘d,u} H(D‘LW’
1 p

A
A

st mokaszaTenbCTBA TOJIHOM HempepbiBHOCTH P, ciexys pabore [11],
npeanonoxkum chavana, uro /(1) € C[-11], m,ne{2,0,-0,-2}. B stom

A

Cllydae JIETKO JIOKA3bIBAETCS TIONHAs HEMPEPBHIBHOCTH omepatopa P W3
4 4 y
L(p) (Q), peLc], B CY(Q) ¢ wucnonssosanmem paBHOMEpHOIL

nenpepbisHoctu Qynkuuu /(1) na cermente [1,1] u Teopemsr Apuena. Jlanee,
ammpokcumnpyst  ¢ynxkuwmn [ (1) € £,(=11)  mocneposarensHOCTAME

menpepbiBHbIX Qynkumii B Metpuke L (—1,1) momyunm mnocnemosatensHOCTS
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N
BIIOJIHE HENPEPHIBHBIX ONEPATOPOB P koTopass B cuay (11) paBHOMepHO

A

CXOJUTCS K onieparopy P:

< e
p _87zrrn]%XHan(y) Fm”('u)Hcl —0 pu { — o0,
CnenoBaTenbHO, P BIIOJHE HEMPEPHIBEH B £ npu Jirodom .
. P

2. Tlyers teneps 1 (1) € £,(=11), m,ne{2,0,-0,-2}, qe (L) u

p_l =1- q‘l. Torna, ucnonb3yst HepaBeHCTBO [ 'enbaepa, noayyuM:
Uq
q
! dS !} .

. {2
i

Up 1
i ds’} < 87 max f I (y)‘q dyHcT)
n e}
otkyna cienyer (12). Ananoruuno, mpu =1 (p =00):

CNOESI]

Jloka3aTenbCTBO MOJHOM HENpepblBHOCTH P

(s)|ds

(4) "
LP

0|0

47

4) (4)
m £9(Q) B CY(Q)
MIPOBOJMUTCS AHAJOTMYHO NPUBOAUMOMY B [8] , rme OHO BBINOJHEHO JIA
CKaJIIPHOI'O cirydas npu p=(g= 2. OyHKIMU

I () e £,(-11), mne{2,0,-0,-2} ampoxcumupyiotcs B MeTpHKe
£,(=11) mnocnenosarenprocTIO HempepbIBHbIX GyHKmmi [ r(n? (1), a sarem

‘
HCIIONL3YETC paBHOMEpHAsS HENpephIBHOCTL [ rEm)(,u) Ha cerMmente [-1,1] u
Teopema Apuena.

3. ITonoxum r (wecr, (-11), m,ne{20-0,-2} u
D(s) e £Y(Q) . Torxa, B cuny (10), amst mo6oro S € QO

~
AN —
‘ A)

N|ds' <

mn

< max supvrai| I, (u)||®

m,n (11)

49

(14)
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Ipennonoxkum cuavana, yro Gpynkuun /(L) ¥M3MepUMBI U OrpaHHYEHbI
o MOAYIIO Ha cermente [-1,1]: mMax ‘an (,u)‘ <K
m,n

[ycts S;;S, € Q.
O6pasyeM pasHOCTb:

| <D J. ‘an(sls)—an(szs)‘ ‘CDn(s)‘ds. (15)

BosbmeMm npousBoibHoe € > 0.
Bri6epem O > 0 Tax, uro6s

> [ |@,(s)|ds< & (16)

JUISL JTEFOOOTO U3MEPUMOTO MTOJMHOXKECTBA € C Qc Meport mese < 0.

Opubmazsum  ynxmmm 7 (1), mM,ne{2,0,-0,-2} no wmepe

HEIPEPHIBHBIMU  (PYHKIUSIMU I mn(,u), ‘]:' mn(,u)‘ <K, rt.e BHIOGEpEM 3 ()

Tak, YTOOBI MCpa MHOKCCTBA

Ey = plp e (-10), max| £, () = 1y ()] 2 6H<D

oY
6buta mensmie O / 277 MeSE, <o/ 2rx.

Hanee monoxum 77>0  HacTombKO — ManmbIM, dYTOOBI  JUIA  BCEX

Uy, 1, €[-1,1] BeImONHSIOCH HEPABEHCTBO

max| £, (44) = o (12)] < (17)

(4)

HCD

Kak  TOJBKO ‘ = ,uz‘ <n. Torma  mpm ‘Sl — Sz‘ <n HMEEM

‘sls—szs‘ :‘(s1 —sz)s‘ s‘sl —sz‘<77 nu3 (15) u (17) cnenyer:
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D X[ |Tan(508) = Tan(5,9)]|@, ()] ds <

< [ (8,9) = T (5,9)||@, (5)|ds +

3 |00 (509) = I (5,9)] |, (5)| ds +

+Z ‘ fmn(SZS)—an(SZS) ch(S) ds <

<SS pn(8:8) = T (5,9)|| @, (5)] ds +

o

3”(1)

44)"‘2 _[ ‘an(s s)—1,..(s, S)HCD (s)‘ s=1, +3+|

(4)

(18)
OneHum ciaraeMoe

=3 [ | Fn(8) = T (59)] @, (5)]ds.

Iycts E; ={S|S €Q, s;sekE,}.
D10 MHOXecTBO E, ecth 06pas muoxkecrsa E, % (0,27) npu Bpamenun
cheper QQ, cosmemaronmum oce 0Z ¢ Bexkropom S,. Cnemosarensro, E;

m3mepumo 1 MESE, =27mesE, <o . Torna:
p 1 0

L= [ [Fn(5i8) = T (s,5)]|@4 (s)] ds +

N O\
£ £
+ I (s;8)—1",.(s5S)||P sds< +K—+K—r=—.
;jl\mn( )= L (5:5)]| @, 5) o K=
3nech HCTI0JIb30BAHBI HEpPABEHCTBA: (16),

maX‘an(,u)‘ <K, max‘fmn(y)‘ < K, a raxxke TOT paKT, 4T0 Ha MHOMKECTBE
m,n m,n

O\E, max|7,,(5,8) = Iy (59| < H‘D

(4)
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[oxcrasisist ouenky wist |, n ananormanyto ouenky wist |, B (18), moxyanm
QA)CTD(Sl ) — Q%Ci)(sz) < & KaK TOJIBKO ‘Sl — 52‘ <n,re. PDO(s) eCY(Q).

Ecmu teneps [ (1), m,ne{2,0,-0,—2} npoussonbusie pynkimn u3

L. (=1,1), To u3MeHUB MX HA MHOKECTBE HYIIEBOM Mephbl, IIe OHKM 00pallaloTcs B
OECKOHEYHOCTh, MPEBpPAaTUM HX B orpaHuueHHble Ha [-1,1] dynxmum. Otcrona

cnenyer sxmouerne PD(S)eCW(Q) u B cmyuae r..(wec, (-11).
Hepasenctso (11) cnenyer u3 (14).

JlokasaTh MONHYIO HenpepbiBHOCTH oneparopa P us L (Q) 8 C¥(Q)
mpu I (1) € £,(-11), m,ne{2,0,-0,-2} onmpascs na teopemy Apuena
HE Y/IA€TCs, TaK KaK MHTErpall

[ [@(s)|ds, ecQ,

HEe o00JajaeT aOCOMIOTHOW HENPEPHIBHOCTHIO, PABHOMEPHOW OTHOCHTEIBHO
. 4
(GyHKIMI U3 IPOU3BOILHOIO OIPaHUYEHHOr0 MHOKecTBa M C[,(l )(Q) :
2
Onnako, B 9TOM CiIy4yae BIIOJHE HEMpepbiBeH omnepaTop P~ . JlelcTBUTENBHO,

4
orpanndyenHoe MHoxectBo M u3 L(l '(©), cornacHo TONBKO UTO HOKA3AHHOMY,
A A 4
nepeBoauTCs oneparopoM P B orparmuentoe muoxectso (M) < C™(Q). Ho

torma, B cury 1 u 2 nynkros Teopemsl, muoxectso P (M) =@@(M))

4
xommaxtro 8 C¥ (Q).
4. 4-p1if IyHKT TEOpEMBbI cAeAyeT U3 paBeHcTBa (8). [elicTBUTENBHO,

' (s',5) = 2" (5,8) =[L(~ 7 (5, SNI(SS) L (=1, (5, 8))] =
= (=2, (5N (S (2 (5,8) = L(= 1 (8, 9)FT (S5)L(= 1, (5',5)),

r.e. @ (S',S) mpencraBmsiercs nponsseaeHneM Buxa (4) ¢ MATpUUEH pacCesHUS
i\ pe
() =T" ().

Ha OCHOBaHHH JIOKa3aHHOM TEOPEMBI npu
(e (-11), mne{2,0,—0,-2} wmbB  BOpaBe  paccMaTpUBATH

~ ok

onepatopel P U P Kak BIIOJHE HENPEPBIBHBIE OMEPATOPhI, ACHCTBYIOIINE B

IPOCTPAHCTBAX L(; "(Q), pello], wm C¥(Q). Bcm e MbI paccMarpusaem

A
A

P KaKk OrpaHHMYEHHBLIH OHepaTop L(s) (Q) 8 CY(Q) npu pe[lo], 1o

dynxiuu [ (1) momkHbl y10BIETBOPATH GOJIEE KECTKOMY YCIOBHIO:
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I () eﬁq(—l,l), m,n €{2,0,-0,-2}, q‘l =1- p‘l. IIpu >ToM Q:’ u

A
N *x

P BIIOJIHE HETIPEPHIBHBI U3 L(; Q) 8 C*(Q) ecn p e (l,0]. Ecnxe p=1

A A
ANk AN

, TO BITOJIHEC HETIPEPHIBHBI U3 L(lﬂ') (Q) g CW (Q) OTIepaToOpPbI @2, P’uP @.
Il. Jlemma 1.

Myers Ty, (1) € £,(-11), m,ne{2,0,-0,—2} u £, =max{|m|,|n|}.

Torxa s moGoro D(S) € £57(Q)
00 -2 4

PO, =3 > ph > (1) pl (e (19)

1=(, n=2 g=—/

1 2z
[ | dude®, (u,¢)) prg()e™,
-1 0

e
20+1
P = 5 [ T (1) P (1),
]
a ynkimn Pl (1) - 060OLIGHHBIE NPUCOCIMHEHHBIE (YHKIUH

4
Jlexanzpa (cM. npunoxkenne). P (19) cxomutes B metpuke Ly (Q) .

Jloka3aTeanCTBO.

1. lpennonoxum ~ cuavana, uro 1 (u)e L£,(-11) wu monoxum

L, = max{]m| ,|n|}. Tokaxewm, uto 11 iroboro D(S) € £, (€)

I B (5,8)D(s)ds' = pfqnj. T! (% ,c0s3, 7,)P(s)ds’,
Q Q

=, . (20)
m,n €{2,0,-0,-2}

rae }Zl ,COSg 51 ;22 onpeaereHbl COOTHOIEHUSIMH (5), B KOTOPBIX HW3MEHEHBI
MECTaMU IITPUXOBaHHbIE W HE IITPUXOBAHHBIE TIEPEMEHHbIE, a Tfnn -
0000mennbie  cepuueckue PyHkumm (cM.  mpwioxkeHue). s sToro
Bocronb3yemcs pasioxkenueM (I1.6) i gpynximii @, (S,S):

P (8,8) = D P Trn(71:€089, 7,) =D Pro ™ Py (COS )™ . (21)

=L, =ty
IIpu N > 2, ¢ yuerom (21), umeem:
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2, (5.5) D)~ >l J Trn(7,€089, 7,)0(s)ds | =

=0,

O ——y
N agk

P j p. e P! (cos9)e "= d(s)ds'|<
Q

'sJ I ()| du Jj

0
rie o6osnavero I'N (1) = Z p: P! (u).

£=N
N3 nemwmsl 111, B cuny paBenctBa [lapceBansg-CrekiioBa, ClieayeT, 4To

[l du=3" [pLf
o =N

nmpu N —00. Takum o00pasom, cHpaseqauBo paBeHCTBO (20), Impuyem
CXOIMMOCTb PsJia PABHOMEPHAS OTHOCHUTENLHO S € ().

P Pon (S'S)

I=

=2

|

\/Zﬂj ‘F (,u)‘ d,u||(D||

—0

Ecnu teneps B kauectBe D(S) B3arh dyHKIMIO Pnfq ()" wu moncrasuts

ee B (20), To mocyie HECIOXKHBIX MPEOOpPa30BAHUM C UCIIOIB30BAHUEM TEOPEMBI
CIOXEHUs1 Uil OOOOIIEHHBIX cdepuyecknx (QYHKIUMHA W OPTOrOHAIBHOCTH
. DY i
(GyHKIMI qu (1) u €'Y (cm. mpunosxenue), moxyanm
1 2z

4 1 4 4 |
[ ] ®u(s8) P ()™ dude =" p Pa(u)e™. (@2
oY 20+1

2. Tycts temeps I' (1) € £,(-1,1), m,ne{2,0,-0,—2}. MMokaxem, uto

. k
U B 3TOM cliy4ae paBeHCTBO (22) umeeT mecTo. JleiCTBUTENbHO, MyCTh Ffm) (1)
TIOCIIE0BATETLHOCTD yarmit 3 C[-11] TaKasi, 4TO

Hlﬂfrlfn) (w)-T,, (,u)HL1 —0 mpu k—>oo, mne{2,0,-0,-2}. Tonoxum

) :@I

K
o ' ()P’ (1)d p2. Ouesmano, amst mo6oro KoHedHOro /
|

é(k) — pmn (23)

pu k— 00, TakK Kak
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20 +1 ¢
A | o (1) [P (12) 22 <
20+1§
<= =] [T ) -To()]du -0

-1

3,Z[CCI) HCIIOJb30BaHa OIICHKA

<1 (nemma npunosxenus).

~(k
CooTtHouienue (22) BBIMOIHEHO ISl BCAKOTO orepaTopa @™ npu JiroooM

[ToaTomy

00 4r i
@ (s,8P. (1)edu'dep’ ————p. P’ (u)e'¥|<
i n(5,5) Prg (1) A"~ pr P (1)

<[ B (5,8)= PR (5,5)]Prq (#)e"*d sr'd | +
Q

(k)

V4
n _pmn

L P! (u)e'™| <
Y] g (40)

szﬂ! \rmn(m—rs';z(u)\dw% 1

Tak kak JjeBas 4YacThb JTOro HepaseHcTBa He 3aBucur ot K, 1o (22)

(k)

[P = P

OKa3bIBACTCA CIIPABCAIIMBBIM B paCCMAaTPUBACMOM CJIydac.

Bo3bMeM IIPOU3BOJIBHBINA DJIEMEHT &)(S) € 6(24) (QQ). B cuny Tteopemsi 1

P D(S) e £57(Q) u MBI MOKeM pasIOKHTH PD(S) B cxomiuwmiics B HOpMe
L (Q) pan (I1.3):

[agcﬁ(s)} =3 S QP (e, (24)

(=m|  g=—¢
. (20+1)(-1)" 0 ¢ i .
Q=01 | 09| PL(wedudp.  (@0)

¢
Jyist moka3aTeNnbCTBA JIEMMBI JOCTATOYHO BBIYUCITIUTH KOIPDUIIUCHTHI qu

Nmeewm:
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QL. = (2i+1)( 1)QJ1 Zf d/,zdgoLZZ; (_[ @mn(s’,s)CI)n(s’)ds’} P! (1)e" =

(2“1)( DY [ ds| | I @mn(s',s)Prfq(u)e‘“q’dudco}@n(S')=

nZZ)

(2€+D [ Ar

Z /eiqu'q) SI —
[ ] o PRPL R D,(6)

Q

~

(- nq [ ds

n
) 1 27
i i gy’
=(-D*Y po [ | du'de @, (1, 0Py (1)
n=2 1 0
3nech MBI BOCHOJIB30BAIMCH paBeHCTBOM (22). IloxacraBnsis Teneph
MOJIYYEHHOE BBIpaKEHUE JIsl Qéq B (24), MBI IpUXOUM K paBeHCTBY (19).

JleMMa gokazaHa.

aMeyaHue. CIM B yCIOBHAX JIEMMBl  HOTpebOBaTh,  YTOOBI

3 E 0 0
I, (1) e L,(-11), to, xak nerko mokasarb, cxomumocth pspa (19) Gyxer
PaBHOMEPHOM OTHOCUTENBHO S € (2.

Teopema 2.

[TycTs r..(u)er,(-11), mne{2,0,-0,-2}.. Torna

oneparop P, kak oneparop B L (Q), 06mazaer clieaylonymmu CBOCTBaMH:

A

1. Ciektp O(P) omepatopa P COCTOMT M3 HYJNS M COOCTBEHHBIX

3HAYEHHM, KaXJI0€ M3 KOTOPhIX MMEET KOHEUYHYI KpaTHOCTh. lIpenenbHoi
TOYKOM CIIEKTPA MOXET OBITh TOJLKO HYJIb.

2. Tlonoxum Eozmax{]m|,|n|}, m,ne{2,0,—0,—2}u muycrs

;-2
P’ = P _ , {=0,,0,+]1,.., wmarpuusr nopsgka 4x4  u3
20+1],

kod(durreHToB

20+1
P = | T (22) Prn (1)l
-1

A

Besikoe oTnMYHOE OT HYJIsS COOCTBEHHOE 3Ha4YeHHE orepaTtopa P ecTh
oOmee COOCTBEHHOE 3HAYCHHE OJHOM WM KOHEYHOIO YHCJIa MATPHII

ﬁf, f:ﬁl,ﬁz,...,ﬁl, I 21

~

Ecimu v(A) xpatHocTs A, Kak cOGCTBEHHOr0 3Ha4YeHUs onepaTopa P TO
|

v(4) = Z (26, +Dv, (1),

i=1
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AL,
Vi (l) KPaTHOCTh A , KaK COOCTBEHHOTIO 3HAYECHHS MATPHUILIBI p
3. MHoxecTBa coOCTBEHHBIX {(} U IpHCOeIMHEHHBIX {JB} (ecnu oHu

Al
€CTb) BEKTOPOB coBoKymHoctu marpuny P, £ =/0,,....,0,, otBeuaromux A,

MMOpOXKAar0T V(i) COOCTBEHHEBIX U IMPHUCOCANHCHHBIX JIMHEHHO HE3aBHUCHUMbIX

A

BEKTOPOB oreparopa P Buja:

@ (s)=q, mq(ﬂ)e (25)
P, (8) = B P ()67
me{2,0,-0,-2}, (=(,,...L, (26)
Q—— ks

rie & u ,3 npoGerator MHOx)ecTBa {A} u {ﬁ} COOTBETCTBEHHO. Jlpyrux
COOCTBEHHBIX BEKTOPOB HET U HH B KAKOM L(p) (Q).

4. TlepeuncneHHbIME cBoiicTBaMu obnanaer u yncio A =0, ecan ono

SBJISIETCSL COOCTBEHHBIM 3HaYEHHEM OIepaTopa P, ¢ TON LB pa3HHULIEH, 4TO
€ro KpaTHOCTb MOXKET ObITh OECKOHEUHOM.

JloKka3aresnbeTBO.

VYTBepKIeHHE TEpPBOro IyHKTa TEOPEMBbI €CTh CIEJACTBUE IOJHOM

HeNpepBIBHOCTH onepatopa @ B £,(l4) (QQ) (teopema 1).

A
A

1. PaccmoTpum cHauana omepatop ® B mpoctpanctee Ly (Q). Qg BIIOJIHE
HenpepbiBeH B Ly (Q) (teopema 1).
3auxcupyem nexoropoe £ €{l,, L, +1,....} u paccmorpum marpury .
Oycte A (B Tom umcie u A=0) ee cobcrBenHoe 3HaueHwe, a

u
B, 1=12,...,J, J<3 ee coOCTBeHHBIIi M TOPOXKICHHEIE HM  J
MIPUCOEIUHEHHBIX (ean OHU eCTB) BEKTOPOB, OTBEYaromue A |

Z Pty = (27)

20+14

‘BB + B B=a me{2,0,-0,-2}, j=12,...d.  (28)

20+11-

Torna A sBnseTcs cOOCTBEHHBIM 3HAUEHHEM OMEPaTOpa Q:’ a
CI)m (S) - am mq (,U)e lq(ﬂ (29)
£ —i .
ﬂnipmq(/u)e q(/’, me{Z,O,—O,—Z}, q=—5,...,5, J:1,2,...,J
(30)
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oreevaromme A (20 +1) numeiino HezaBucuMbIx cobcTBeHHBIX M J (20 +1)
IPUCOEIMHEHHBIX BEKTOPOB:

PD(s) = AD(S), (31)
PPI(S) = AP () + P, FO(s) = P(5). (32)
Jluneiinas  He3aBUCUMOCTh BekTopoB (29) wm  (30) cmenyer w3

OPTOTOHAIBLHOCTH (YHKITUI Pnfq (1) (nemma npumnoxenus) u e 'w,

YrtoOn1 yoeauThcst B 3ToM, HYkHO (29) u (30) moactaButh B ypaBHeHUS (31)
u (32), coorBeTcTBEHHO. BOCmonb30BaBIIUCH 3aTeM cooTHOIIEHHEM (19) nemmsr 1,

a TakKe OPTOrOHAIBHOCTBIO (YHKIIMIA Prfq (1£) u 7', npugem K ypaBHEHHSIM
7)1 (28).

Hao60poT, NpeanoIoKuM TeNeph, 9T0 A OTIMYHOE OT HyJs COOCTBEHHOE
snaucme oneparopa P, a D(s) € L£LY(Q) coorsercrByrommii emy coGCTBEHHBIN
BekTop. [Ipencrasum ero psaom (I113):

D ()=, D PpyPrg()e™, (33)
t=jm|  g=—1
Trac
. (2041 T £l
@, = +)<1>q J ] @u©P e auds.

0

IToncrasisis (33) B (31) 1 Bocmoap30BaBIIMCh paBeHCTBOM (19), mpuxoaum k
PaBEHCTBY

i ﬁ |:2£1+122 pmn —ﬂ,CI) :|ng (:u)e IQ(p_ OTKYyJa,

(=m|  g=—¢ n=2

. p! i
BCJIEICTBUE OPTOTOHAIBLHOCTU (DYHKIMHI qu (1) u e, umeem:

=AD" |
2£+1Z P ® md

me{2,0,-0,-2}, (=(,,(,+]L,..., q=—(,—(+1,...,L.

U3 (34), B 4aCTHOCTH, BUJIHO, 4TO A JOJKHO OBITH COOCTBEHHBIM 3HAUEHHEM

(34)

. Al ‘
x0T Obl onHOM W3 marpuiy [, uO0 B NMPOTUBHOM CIyyae BCE (qu =0 u

d(s) =0.

Jlasnee, IOCKOIBKY KpaTHOCTh A, Kak COOCTBEHHOrO 3HAYEHHs OIepaTopa

A
A "E

P , KOHCYHAa, TO 2« MOJKET OBITh COOCTBEHHBIM 3HAUCHUEM MaTpun p JIMIIb OJIA

HEKOTOPOro KoHeuHoro Habopa uucen £ =L, 0,,.... 0, .
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¢
Takum 00pa3om , B cooTBeTcTBUM C (34), Cqu OTJIMYHBI OT HYJS JIMIIb AJIs

L=L,,0,,...L, u,crenoBarenbHo, cOOCTBEHHBIN BeKTOp (33) H0IDKEH HMETh BHJL
g

2,0-Y 3 OLPL0e™
2
r7e B KadecTBe KOd(P(UIMEHTOB {CI)”']q}, me{2,0,-0,—2}, p3ara kakas-nmu6o

N,
IOCJIEIOBATEIILHOCTh COOCTBEHHBIX BekropoB Marpun P, {=L0,,0,,....0,,

oreewarommx A. Ho kaxmoe ciaaraeMoe 3Toil CyMMBI €CTh COOCTBEHHBIN BEKTOP

oneparopa P, COOTBETCTBYIOIMI A .

A
A

[ToaToMy MBI JOKa3anu, 4YTO COOCTBEHHBI BekTOop omeparopa P,
COOTBETCTBYIOIIMI  COOCTBEHHOMY 3HAaueHMI0 A, sBusfercd  JMHEHHOM
KOMOUWHAIMEH CHUCTEMBbl JIMHEHHO HE3aBUCHUMBIX COOCTBEHHBIX BEKTOPOB BHJA

(29), tne a ={,,} - cobGCcTBeHHBIE BEKTOPHI HEKOTOPOTO KOHEYHOro Habopa

A
marpun P, £ =10, 0,,...,, , oTBeuatomme unciy A. DTy CUCTEMY BEKTOPOB MBI
¥ BBIOMpAaeM B KadecTBe Gasuca B COOCTBEHHOM IOANPOCTPAaHCTBE oneparopa P,
TIOPO’KJIEHHOM COOCTBEHHBIM 3HaueHHEM A .

A
A

PaccmoTpum TOT ciywail, korga omepatop P HMMEET MNPUCOETUHECHHbBIC

3JIEMEHTBI, HOPOXKIEHHBIE HEKOTOPHIM cobcTBeHHbIM BekTopom D(S) omeparopa

A
A

@, orBevaromuM cobcTBeHHoMy 3HaueHmio A. Dtor Bektop P(S), Kak MbI
.
BBLISICHHUJIH, AMEET BUJ] (Dm (S) =, ng g ' m 6{2,0, —0,—2},
0
0y €{—Cy,--1 Lo}, the @ ={,,} coGcTBeHHBII BEKTOP HEKOTOPOH MATPHILBI

N o
pe°, L,el,,..,L,, oTBevaroumii ee COOCTBEHHOMY 3HAUYCHHIO A.

Tycts W!(s), j=12,...,J, cucrema Takux NPHCOCAMHEHHBIX BEKTOPOB.

Paznoxum kaxneiii u3 Hux B pan (I1.3) u moacraBum 310 pasznoxenue B (32).
Ucnonb3ys nanee paBeHCTBO (19) nemMsl 1, mpuxoauM K BBIBOY, YTO

Wi(s) = AIP (u)e™ ™ +d,(9), (35)

A
A

rae Ci)m (S) HEKOTOpbI COOCTBEHHBIN BEKTOp omnepatopa P, OTBeYarolui
COOCTBEHHOMY 3HAYeHUIO A, TUHEHHO 3aBUCHMBIH ¢ HepBbIM craraemMeiM B (35).
3nech ,é I cncrema MPUCOETMHEHHBIX BEKTOPOB MATPUIIbI [AJZO , COOTBETCTBYIOLIUX
ee COOCTBEHHOMY BEKTOPY (X .

Or6paceiBasg B (35) cOOCTBEHHBIM BEKTOP &)(S), MPUXOJIUM K JKEJIaeMOMY
pe3ynbTaTy.
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IoxcuuTaeM Teneps kpatHocTh V(A) Kakmoro He HyJIeBOro coGCTBEHHOIO

A

suavenns A omeparopa @ . Iycrs {£,}, 1=1,2,...,1(4), cucrema taxux uucern,

aro A smusercs coberBeHHbiM 3madenneM Matpun P, L=L,,0,,...0 (1).
Torma
1(2)

()=, (2L +D, (2),

Al

rae V; (4) xpatHocts A kak cOGCTBEHHOrO 3HAYEHMS MATPHIBL .

Bee ckazamHoe cnpaseumiBo u gii A =0, ecim oo sBngercs

COOCTBEHHBIM 3Ha4YeHHEM P, ¢ TOW JIUIIb PAa3HUIICH, YTO €ro KpaTHOCTh MOKET
OBITH OECKOHEYHOM.
2. lns  3aBepIIeHHs JI0Ka3aTeIbCTBA TEOPEMBI OCTaJOCh PacCCMOTPETh

A 4
oneparop ® B npoctpanctee L (Q).
CHayana 3aMeTHM, YTO B CHIIY HOCIIEIHEr0 IyHKTa TEOPEMBI 1 Bce cka3aHHOe

~

AN *x
CIpaBeUIUBO U it oniepaTopa P .

A A
A A

P, Kak ormeparop [514) (QQ), ects mpomomxeHue 1Mo HempepbiBHOCTH P,

4
sagartoro 8 C (QQ). ITpu npoaomKEHNUH CIIEKTp ONepPaTopa MOKET H3MEHHUThCS:

00 YBEJMUYUTCS KPATHOCTH YK€ MMEIOIIMUXCS COOCTBEHHBIX 3HAYCHHM, MO0 K
CIIEKTPY T00aBATCS HOBbIE TOUKHA. HO kKak MBI cefidac mokakem, 3TO HEBO3MOXKHO.

A

NeiictutensHo, nycth A #(0 cobcrBennoe 3HayeHue omneparopa P,

neiicteytomero B £7(Q), a V(1) ero xpatmocts. Torna A u Vv(A),

A
A *x

COOTBETCTBEHHO, COOCTBEHHOE 3HAUYEHHE W €ro KpaTHOCTh omepatopa P ,

neiicTByromero B compsukentoM mpoctpanctee L (Q) = £LY(Q) < £(Q).

A
N *x

4 4 4
Mpomomkas P mo menpepwisroctn ¢ C™P(Q) < £2(Q) ma £(Q),,

NPUXOOMM K YyXKE€ pAacCMOTPEHHOMy ciydaro. Takum obOpasom, A  ecThb

coGCTBeHHOE 3HaueHHe HaGopa matpuy P, £ =/ 1ol (A). Ho torna A ectsb

Al
cOOCTBEHHOE 3HaueHue wMarpull P ¢ TeMu ke { W COOTBETCTBYIOIIUMHM

KpaTHOCTAMM.
AHanoruyHbie PaCCyKACHMA CIIPAaBCAJIMBBI U JIJISI TOUYKH ﬂy = O, €CJIn OHa

A

ABJISIETCS] COOCTBEHHBIM 3HAaY€HUEM oreparopa P, ¢ TOW JUIIb pa3HUIIEH, YTO ee
KPaTHOCTb MOKET ObITh OECKOHEYHOM.
Teopema noka3zana.

CaencrtBue.

A A
Cnektp omepatopa ® (uau P ) HE 3aBUCUT OT TOrO MPOCTPAHCTBA, B
KOTOPOM MBI ero paccMaTpuBaeM: Oyab TO
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(4) 4)
C*™(QQ) wm L(p (Q2), pe[l,c]. B m06oM u3 3THX [POCTPAHCTB

P>

HQ)H = , Tne SUP Oepercs mo BceM COOCTBEHHBIM 3HAUYEHUSIM

AL

Bcex Marpul P .

~
AN *x

VYTBepKJIeHHUs] TEOpEMBbI 2 OCTAIOTCS CIPaBEJIMBBIMU U JJIs oniepaTtopa P

A . 4
® . JIelCTBUTEIBbHO, paccMaTpuBas 3TOT ONEPaTOp CHadala B L(2 )(Q), B CHITY
(19), umeem:

A~ o =2 -2 4 { Y .

Po0)| =303 |3 Plal Y e (e
m o n=2 \ k=2 20+1 )i=

1

d| j dde! , (1,0 Py (1)e™.

-1
OTCIOI[a BI/II[HO, 4qTO TCOpCMa 2 BBITIOJIHACTCS B 3TOM cilydac C TON JUIIb

Y4

paBHHHGﬁ YTO B KAaUCCTBC MATPHUIL p CICAYCT B3ATb MAaTpHUIbl C KOMIIOHCHTAMH

Z pmk pkn2 , mne{2,0,-0,-2}. TlostoMy mu3 caMOCONPSKEHHOCTH
k=2 Zf +1)

A
* A

oneparopa P P BBITEKACT paBEHCTBO

@Q§H =sup|A, |,
i

*

rme A, coGcrBeHHble 3Ha4YeHWs omeparopa P P, Tak YTO HE3ABHCHMO OT

= /@@ :sup\/m.

[Ipu nokazarenbcTBe TeopeM | u 2 Mbl ucnonb3zoBaiu CP — npeacraBineHue
JUIs oTiepaTopa paccesHus. Besje B manpHeleM HaMm ya00HO BepHyThes K SP -

MPOCTPAHCTBA

~
A

Pl =@

A

npeacrasiennto omneparopa P . Ilpu stom chnektp omnepatopa P ocraercs
HEHU3MEHHBIM, a €r0 COOCTBEHHbBIC U MPHUCOCAMHEHHBIE BEKTOPHI MPEoOpazyroTcs
0 TPaBUITy

D (s) > T D (s) = D (s)
Jlanee MbI OyieM paccCMaTPHUBATh JIMIIIH BEIICCTBEHHBIC MATPHUIIBI KJICTOYHO-
ANAaroHaJbHOI'O BHUAA.

a b 0 O
A b a 0O O
P ={nwl = 2 oW (36)
3
0 0 —C a,]
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JInst Takux MaTpuil

a b 0 O
A s b a 0 0 ~ R
I = 2 =QI , 37
(=g 5 & _c|@=QrwQ (37)
0 0 C a4,
Trac
(1 0 0 0]
~ |01 0 O r, o
— , = E, 38
Q 001 0 Q (38)
0 0 0 -1

A

T.€. CONPSIKEHHBIM OMEPaTOp P onpenensiercss matpuiieit (37). 3aMeTUM Takxe,
gto u3 (6) 1 (38) crenyer kommyTHpyemocTs Matpun L(@) n Q:
L(a)Q =QL(«) (39)
IToaTOMy P = Q@Q , UTO NMPUBOJUT K PAaBEHCTBY
P =QP, =QyP'P, (40)

KOTOPOE OCYIIIECTBIISICT MOJIAPHOE MpeIcTaBlieHue onepatopa P [12].

~

12
CummeTpryHbid oniepaTop &, z((P (P) , BXomsmuii B paBeHCTBO (40),

~n ~

ONPENETACTCS MAaTPULICH

a, b 0 0]
. A A b a 0 0
I (u)=QI' (u)= 2 . 41
(1) =QI" (u) 0 0 a G (1) (41)
0 0 C a,

Bocnonbs30BaBmuch pe3ylibTaTaMn  TCOPCMBbI 2 u HMHBAPHUAHTHOCTBIO

onpenerurens det(p’ — AE) ornocurensuo mpeobpasosamms P’ —> T P'T,

A A A A

A A A A x
HaiiieM COOCTBEHHBIE 3HaYeHUs oneparopos P u P, . Jlna oneparopos P u P

OHU COBNAJAIOT Y PABHBI:
pu

=01

/in:af, ifzaﬁ, 13{4:0;
npu [ =2,3,....
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{ { { AV

ﬂffﬁal;azi\/(al 2Lt @2)
£ { £ £y\2

: :ag+a4+\/(a3—a4) o

A 2 4 '

A

CoOcTBeHHbIE 3HAUEHUS oneparopa P, IEHCTBUTEbHBI M OIPEAETISAIOTCS U3
BBIPKCHUM:

npu (=0,1
ﬂ,f:af’ j,j:aﬁ, /1;’4=O;
npu {=2,3,...
¢ ¢ ¢ al\2 ,
- iJ(ai 4az> b” .
%4=a§;afiJ(a§ +4aﬁ)z+c”_
B coorHomenusx (42)-(43):
20+1¢ . 2U+1
af=T. a (1)P, (u)du, a5=7j 3,(1)P, (m)du, £=012,..
-1 -1
20+1 | 20+1 |
' ===] b)PO(Wdy C'===[ CPP (s
-1 -1
14 1 +4 - +£ -/
azza[(az +ad, )"’(aa —d )]1 (44)

3’ = j a ()P, (u)dy, k=34, (=23,..,
|
rne P (1) =Py(#)- mnomamoms Jlexannpa, a P2 (1) = Py (1)

npucoenuHennbie GyHknuu Jlexanapa.

Ax A
CoOcTBeHHbIe 3HaUeHHs ornepaTtopa P P paBHbBI KBajpaTaM COOCTBEHHBIX

A

3HaueHui oneparopa P, .

A

Brinumem co6cTBenHbIe BekTopsl oneparopa P : mpu £ = 0,1
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1 0
T/ 0 (a) -idp  §H? 0 (a) ~iqe
Dy, (s)=C, 0 PV (w)e™, D, (s)=C, 0 P (r)e™,
0 1
0 0
H 1 (a) igp P’ 0 (a) ~ige .
q)3q (S) = CS O PZ (/J)e ’ CI)4q (S) = C4 1 Pz (/l)e )
0 0
npu [ =2,3,...
(o + )P ()
- ‘P (u)+a' P! . =—(,—(+1,...,1
q)ﬁq (S) — .aZK Z(L(lu) a—(; —2£q (lu) e—|q¢) ’ q (45)
[, Py, (1) — P, (1) k=12,..,K<4
(g + )P (1)
3nece C,, k=1,2,3,4 -  nmnpousBonbHbE  TOCTOSAHHBIE, &

l 4

a., mMme{2,0,-0,-2}, - cobcrBennble BekTOpHI MaTpuil [, OTBedaromIve

¢
cobCcTBeHHBIM 3HaUeHHAM A; (43).

3ametum, 4TOo B Kiacce matpui] (36) BCIKOMY COOCTBEHHOMY 3HAY€HUIO
MOET COOTBETCTBOBATH HE 0Ojiee YeM OJMH MPUCOEAUHEHHBIM BekTOp. Takum

A
A

oOpasom, omeparop @ mnpu kKaxaom [ au00 He HMMEET NPHCOEAMHEHHBIX
BEKTOPOB, 1160 uMeeT ux B konudectse (20 +1) mryxk.
AHanoruuHble BbIPaKEHHUsI MOKHO BBIMHMCATH U AJI1 COOCTBEHHBIX BEKTOPOB

A A ~ A
A ANk A VA

:* Jay
oneparopoB &, u P P, npuuem s omneparopa P P B KauecTBe MaTpuil

-2 p*é pé
k Mk
JOJIDKHBI OBITH B3ATHI MaTpHUIbl z L LUS

= (20+1)

A A A ~ ~
A x A Ax A

cootsercraytomue £ = 0,1, y oneparopos @, @, P, u P P oIMHAKOBBIC.

CoOCcTBEHHBIE BEKTOPBI,

I1l. ®ynxuun CD(S) , OMKCBIBAIOIINE JOMYCTUMBIE COCTOSIHUS MOJISIPU3ALUH,

KaKk 3TO cleayeT u3 (U3MUECKOro aHanu3a, JOJDKHBI  YIOBIIETBOPATH
onpeneneHHbM yenosusaM. B SP - npencrasnenun stu yenosus umeror Bup [7]:

a) @, (s)—semectBennbie pyHkmn S (1 =1,2,3.4);
b) @, (s) >0, ®2(s) > D;(s)+D;(s) +D;(s).
Jlemma 2.

‘ MHOkecTBO K, (Q) GyHKLmit u3 L(s "(Q), pello],

(46)



114

YIOBJIETBOPSIONIMX ~ yclIoBHsAM (46) mourn Bcrogy Ha (),00mamaer
CBOMCTBaMU:

1) K, (€2) 3amkuyTo B L(:' "(Q);

2) ecrn @(s),'¥(s) € K, (Q), 10 a®(s)+pD(s) € K, (Q) mpu
Beex o, > 0;

3) eciu &)(S) e K, (), 10 —D(s) € K, (€);

4) KaXKIbIi SIIEMEeHT CTD(S) eN (L(; ) (€2)) MoeT OBITH MpeICTABIIEH B
B BHJIC Pa3HOCTH

D(s) =P, ()~ P, (S) rre P, (5), P, (5) € K, (Q)

U, CJIEAOBATEIIBHO, Kp(Q) ABJISIETCA BOCIPOU3BOAAIIMM KOHycoM [13] B

BemecTBeHHOM sape N (L(:' (D).

[lepBble nBa yTBEpXKIAECHUSA JIEMMBl OYEBUIHBI. 1pEThE BBITEKAECT W3
HEPABEHCTB

©,(5),(5) + @4(5) P, (5) + @, (), ()] < DL(5) + D2(5) + 3 (s) *

(47)

£ [W2(5)+ W2(5) + W2(5) <D, ()W, (5), D(s),¥(s)eK,(Q),
a U1 JOKa3aTEIbCTBA IIOCJICIHEr0 JOCTATOYHO ITOJIOXKUTH

(D(5), ecn ®X(5) > DA(S) + D2(S) + D2(S),

W, (5) = {{yD2(5) + D2(S) + DZ(S), D, (3), D4 (S), D, ()},
eci DX (S) < D5(S) + D3 (s) + DA(S),

({0,0,0,0} ecn D2(s) > D2(s) + D2(S) + D2(S),
¥, (5) = 1L @5 () + D2(s) + D3 (s) — P, (5),0,0,0},
ecin @ (S) < D2(S) + Di(s) + D5(S).

Caencraue 1.
Muoxectso  pyrxmmin K, () =K () NC™(Q) o6pasyer Tenecusii

xonyc [13] B Bemectsennom sape N (C @ (QQ)) nmpocTtpaHcTBa HEMPEPHIBHBIX

Ha ) QyHKmii c® (Q2). BuyTpeHHME »>J€MEHTHI €ro YIOBJIETBOPSIOT
HEPABEHCTBY

@, (5) >\ DL(5) + D(s) + D2(3), s,
a rpannunble — pasencty D, (S) = \/ (Dg (s)+ CD; (s)+ CI)LZ1 (S) xors 6w B

omHoM Touke S € ().
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CnencrBue 2.

ConpsiKeHHbIH  KOHYC K;(Q) = Kq (QQ) obpasyer B mpocTpaHCTBe

LE;') (QQ), q‘l + p_l =1, JUHEWHbIC (byHKIIMOHAIBI
4 —

P(@) =) j P, ()@, (s)ds, rae P(s) € N(£P(Q)), u nourn serony

i=l O

Ha ()

W, (8) > | P2(5) + W2 (5) + WA(s)

JleiicTBuTensHo, a1 Takux U Toipko Takux ¢ynxmuit W(S), B cumy
HepaBeHCTB (47),

W(®@) 2 [ [@,(5)F, (5) |, (5) W, (5) + Dy (5)W,(5) + D, (5)'F,(5)]]ds >

Q

<[ 10,9, (5) (@2 + OZ(6) + LS (1) + Wi (5) = ¥i(5)]ds 20
0
TS TI000T0 &)(S) e K, (€).
[Ipu P =00 MBI OyaeM paccMaTpMBaTh B KAaueCTBE CONPSIKEHHOTO KOHYC
K.(Q)NLPQ).

Oruocurensro xouycos K () u K, (€2), xax oGwrumo ompesemim

KJIACCHI MOJIOKUTEIbHBIX, U, - MONOKHTEIBHBIX M CHIIBHO IMOJIOKUTEIBHBIX
oneparopos [13].
A-X MEpHYIO BELIECTBEHHYIO MaTpuily A Ha30BeM MOJIOKUTENLHOMN, €Ciu

OIIepaTop YMHOKEHMS HA Ty MATpULy IOJOKUTENIEH, T.€. €CIIU BCAKUN YUCIOBOU
BEKTOpP C KOMIIOHEHTaMH, yJIOBJIETBOPSIIOUIUMHU YCIOBUAM (46), yMHOKEHHEM Ha

A nepeBomuTcs B BEKTOp, KOMIIOHEHTBHI KOTOPOTO YIOBIETBOPSIOT 3THUM K€
YCJIOBHSIM.

Teopema 3.
[lycTh  BelllecTBEHHAas  KJIETOYHO-AWaroHanbHas — matpuma 1 (u)

MMOJIOKUTEIbHA IOYTH pH BCEX HE (—1, 1) u
[, () e £,(-12), i, je{1,2,3,4}.
Torna:

A ~ ~
A A *x A

1) oneparopel @ ,P u P, NOJOKHUTEIbHLI OTHOCUTEIBHO KOHYCa Kp(Q) "

CHIIBHO moJtokuTeNbHB oTHOcuTenbHo K, (Q);

= 1
)Bextop D°(S) = 4—{1, 0,0, 0} - o6mimit coGCTBEHHBII BEKTOP
T
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ykasaHHbIX omepatopos — nexut sayrpun K (Q), ®°(s)eintK (Q);
npyrux cobcteennbix Bektopos B K, (Q) 511 onepatops! He umeroT;

3)sexropy D°(S) orBeuaer npocroe coberaenHoe sHauenne A, =a >0, e

11
=§_jla1<u)du=

MOJYJIN BCCX OCTAJIBHBIX 3HAYCHUMN CTPOro MCHBIIIC a ;

1) ecn 'y (1) € £,(=11), 1, ] €{1,2,3,4}, o onepatops! Qg ,Q:’* u Q:)S @° -

A
A *

—||@ :g?)s

IOJIOXKUTENIBHBl B L(:' ) (QQ) OTHOCHUTEIIBHO  KOHYyCa K . (Q),

pPr+q =1 qe[lo].

Jloka3aTeabCTBO.

[Iycth B yCJIOBHAX TEOPEMBI CT)(S) € Kp(Q), pe[lo]. Torma wu3

TeopeMbl 1 u BemecTBeHHocTH Matpunsl P(S',S) (HamommmM, dTO, Kak
YKa3bIBAlOCh BHIIIE, MBI pacCMaTpUBaeM MaTpuily paccesHus B OP -

npecTaienny) cienyet, uto PD(S) € N ([J(ls1 "(Q)).
Tak kak maTpwuIa P () (6) monoxkurenbHa Mpy MOGOM X, TO MaTpUIa

®(s',s) = L(- X (s's) L(- X,) TNoNoKHUTeNbHA nouTH mpu Beex S, S € Q).
[TosTomMy nmouTu npu Beex S',S € Q.
[5(5',5)($], >0,

¥ nouTy npu Beex S,S',8" e Q:
[P(s",8)D(s")], [P(s",5)D(s")]; -
4
= [P(s',5)D(s)],[P(s",5)D(s")]; =
j=2
CrietoBaTeNbHO, IOYTH IIpH Beex S € L2

[PD(s)], = [ [P(s',5)D(s")] ds' >0,

BOSE-Y, BHOT = [ dsds{[3(s, 9B 9B, -

j=2 OxQ

=Y (S, 8)D($)][P(5", 5)D(s)] 320,

A
A

YTO M AOKAa3bIBACT IIOJIOKUTCIBHOCTL OIICpaTOpa P OTHOCHUTENILHO KOHYCa

K,(Q).
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Eom ®(s)e K, (Q), , To Qg&)(S)EN(C(4)(Q)) (teopema 1) u

nonoxutenbHocTs P otnocutensio K (€))  ycramasnmBaeTcs aHamoOrMYHbBIM

A A
~

oOpazoM. [TonokuTenbHBIMU OYyT U OTEPaTOPbI P = Q@Q , B, = (j

AP
u® e,

_>>

rae Q - nonoxutensHas matpuna (38).

T10JI0)KMTETBHOCTD YKa3aHHBIX ONEPaTOPoB oTHOCHTENBHO Konyca K (Q)

MO3BOJISIET YTBEPKAATh [ 14], 4TO cpean MaKCUMAJIbHBIX [0 MOJYJIF0 COOCTBEHHBIX
3HQYEHUM  KaXJOr0 M3 HUX CYHIECTBYET IMOJOXKUTEIBHOE, KOTOPOMY

cootBetcTByeT cobctBennblii Bexktop m3 K, () . Takum BekTOpoM sBNISIETCS
JUIIb BEKTOP (cM. (45))

B (8)= Bl (5) =, 10,00},

1L
COOTBETCTBYOILHIT COOCTBEHHOMY 3HAYCHHIO a= > j a (w)du.
|

JIeliCTBUTENBHO, KaK 3TO CJIEAyeT M3 BbIpaxkeHud (45), mepBble KOMIIOHEHTHI

20 20 20
ocTanbHbIX BeKTOpoB, kpome D5 (S), D4, (S) u D4, (S), comepxar mHOKUTENEM
i
dyaxmmn PV (1£)€7'% - koMIutekcHbIC MM 3HAKOTIEPEMEHHDIC, 8 KOMIIOHEHTHI

BEKTOPOB (T)go(s),c_f)go(s) u CTDZO(S) HE YIOBIICTBOPSIOT HepaBeHCTBaM (466),

OMPENENSIOIUM KOHYC.
[TokaxkemM, YTO MOJYJIM BCE€X OCTAIbHBIX COOCTBEHHBIX 3HAYCHUU

A A ~
A N *xk N

ormepatopoB P P U P. CcTpOro MeHble a. JI1 DTOT0 PacCMOTPUM
) s

omeparopsl B  TUILOEPTOBOM  MPOCTPAHCTBE L(24) (QQ). Tlepenymepyem

ey

cobCTBeHHbIE 3HAUEHNA A; (@), u 4 (), j=1,2,..., omepatopos @ 1 ® B

MOpsiIKE YOBIBAaHUSI MX MOJYJICH, a MNPU OJUHAKOBBIX MOIYJSIX B TOPSIAKE
yObIBaHUS JICHUCTBUTEILHOW YAaCTH, CYHUTash KaxJgoe COOCTBEHHOE 3HA4YCHUE
CTOJIBKO pas KaKoBa ero KPaTHOCTb. Tak Kak

A (@)= (?)=4(2)=a u 4 (®,) sBIsEOTCS S UMCITAME ONepaTopa

® ,10[12]
7@l (@ )al.
OTKyza

2, (@) Cj=23,...

<)
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~

Ho |4, (QA)S )‘<a. I[el‘/JICTBI/ITeJIBHOﬂZ(QSS) BEIIECTBEHHOE YHCIIO U U3

2 2 2
npennonoxkenns A, =a° cuemyer, 4To COOCTBEHHOMY 3HAUEHUIO A  ONEpaTopa

A A
Ak A

P P HapsAly C BEKTOPOM CT)O(S) = Cf)fo (S) orBeuaer HekOTOpHIl BEKTOP ‘T’(s),

. . Ao . .
nuHeiitHo HesaBucuMblil ¢ @ (S) u ompenensemslil oqHUM K3 BhIpaxkeHuit (45).
OTOT COOCTBEHHBIH BEKTOP MOXHO CUMTATh JEHCTBUTEIBHBIM B CHIY

BerecTBeHHOCTH A, . Tak Kak ®°(s) eintK . (Q), 1o Mosxer 6BITH MOCTpPOEH

A ~
Ak A

BEKTOP @° (s) + C‘i’(s) , SIBJISTIOLLUIACS COOCTBEHHBIM BEKTOpPOM oreparopa P P

u nexammii B xonyce K, (€2) . Ho 310 mpormBopeuut Tomy, uTO CDO(S) -

~ ~
Ak A

€IMHCTBEHHBII cOOCTBEHHBIN BekTop P P, nexarmumii B K, (QQ) .

~ ~

Paccmotpim Tenieps @ (P, P, ) kax oneparop B mpoctparctee C(Q) .

A A A
~

A ANk
Jlns  Toro, utoGbl ybenuThcs B CHubHON monokutensHoctn P (P, P )

ortaocutensho K (€2) , moctpoum kax u B [14] oneparop
b B(s) = Pib(5) - a0, (B)F(),

rae pynximonan @, (D) onpenensercs coorHomennem

() = | [B(s)];ds.

JlanpHene paccy KICHUSI TMOJHOCTBIO COBIIAJAKOT C MOCIEAHEHW YaCThIO
JI0Ka3aTeNbCcTBa Teopembl (6.3) paboTsl [14] u 31€Ch OIycKaroTCs.

Tak xak ®, camoconpsbKeHHBIN onepaTop, To || P || = a.
Ortcroza, ¢ OJTHOW CTOPOHBI,
#-|é.| <[l |- | -=

A
A

Ho a - cobctBenHoe 3Hauenue omnepatopa P, 1.e.||P| = a. CrnenoBareibHo,

Pll=a.

Mycts  temeps 'y (w) € £,(-11), 1, je{,2,3,4}, qe[lo]

3 4, -l
O(s)eK, (), p~+q =1 Torma, mwa ocHoBamuu Teopemsr 1

nonoxutensioctn  omepatopa @, PD(S) € K (). B cumny cunbHoit

A

MIOJIOKUTEILHOCTH P MOKHO YKa3aTb TaKO€ n , dTO

P"D(s) = 2" [PD(s)] e intK_ (Q)
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" IIOOTOMY Haﬁ,Z[CTCH TaKoe 4Yucio o > O , UTO
P (s) -2 D°(s) € K, (Q) = K, (Q)
HNJIN NHA4YC
PD(s) > o DO () (48)
otnocurenbHO Konyca K (€2).

C npyroit cropome, D°(S)eintK, (Q) wu, cuenosatensho, mpn
uexoropom [ >0

D(s) —%q@“%(s)e K (Q) < K, (Q)

0] 051
P™D(s) < SD°(S) (49)

oTHocuTebHO Koryca K (€2).

=0 N
Hepasencrsa (48) u (49) osnayaror @ - moIoKUTEIBHOCT omeparopa P

otrocutenbHO konyca K (€2) . Teopema nokasana.

A

V. Paccmotpum cBoiicTBa ornepatopa P, JEHCTBYIOIIETO B MPOCTPAHCTBAX

L(:' '(=1,1) u C¥[-1,1] pyuxuuii, He 3aBUCAMWMX OT A3UMYTAIBHOIT IIEPEMEHHON
@ . B 9THX mPOCTpaHCTBax omnepatop P yrpowmaeres:
1

PD(u) =2, D) = [ & (', p)D(u)dy (50)
rac h
A 27[ A
B (4 p) = j ®(s',s)do'. (51)

0
UtoOsl 10Ka3aTh 3TO, IOCTATOYHO COCJIAThCA Ha TeopeMy | ¥ MpOBEpPUTH, YTO

GynKuus G:’CT)(S) NEWCTBUTENLHO HE 3aBHCUT OT a3UMyTa (0.

N3 pasenctBa (19) cnemyeT chnpaBemIMBOCTh 3TOrO YTBEPXKACHUS ISt
npocrpancte C*[-11] u L(; '(=11) ¢ p>2. IpoxomkuB 3aTeM omepaTop G:)o
no menpepisiocty ¢ CW[-11] na nro6oe L(; '(-11), pe[L2) (o
IPOJIOIKEHHE €IMHCTBEHHO), MOIYYHM TPEOyeMbIH Pe3yIIbTar.

BaxnbiM cBoiicTBOM omeparopa F, ABISETCA KIETOYHO-IUAroHaabHas

CTPYKTypa MaTPULBI QA’O (¢, 1) B SP - npencrapnenun [5]:



120

a, (4.p) b(u.p) 0 0
S bu, 1) 3, (', 1) 0 0
q)o ) = 52
s 0 0 a, (i) C(u, 1) )
0 0 —C(u,4) a,(u' )|

JleiictBurensHo, nonaras B (19) @ (S) = ®(u), BbinonHuB uHTErpUpPOBaHKE

u nepexons k SP - npexncrasnenuio ¢ nomompio Mmatpuusl 1 (3), mpuxoauM K
paBeHCTBY (52), r1e

& (=3 & P (0P, (1),

b(u', )= 3 b R (P2, Clutp) =3, CRP (R (1)
az(ﬂ',u)=§;, a, P (u)P? (n), (53)
(4, )= 3, & PGP ()

a4(ﬂ'1ﬂ)=i a, P, («)P, (1),

a K03 (HULIHEHTHI alf, b'uC’ onpeneneHsl B (44).
OGo3HaUMM Yepe3 Llp (-11) u LIFI) (—1,1) noampoctpancTBa (QyHKLWMit
OIIPEENAEMBIE YCIOBUIMU:
£,(-1) ={®(u) e £ (-11), ®;(p) =P, (1) =0},
Ly (-12) ={d () € £(-1,1), @, (1) = P, (1) =}
M COOTBETCTBYIOIMM 06pasom ompenemnm npoctparctea C' [-1,1] n C"[-1,1].
Ou4eBHIHO, MHOKECTBA GyHKImi K;) =K, (Q) N Llp (-11) H
K! =K, (Q)NC'[-11] o6pasyior koHyca B mpocTpaHcTBax L'p (-LD) u
C'[-11], a £,(-L)NK (=D, C"[-LUNK, (Q)=D. Konyc
K![-1,1] tenecen 8 N(C'[-1,1]).
Benencrteue  (52),  IpocTpaHCTBa L'p (—l,l),L'; (-11),C'[-11] «

1 A Al
C"[-11] unBapuanTHBI oTHOCHTeNBHO omepatopa P . O6o3HaumMm uepe3 P

A
A

Cy)KeHHe omepaTopa P Ha IOIIPOCTPAHCTBO [,Ip (-11) wm C'[-11]. @' -

CaMOCOHpﬂ)KeHHBIﬁ OrcpaTop 1 MMO3TOMY €ro CIICKTP BCIUICCTBCHCH.
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AHaNIOrMYHBIM 00pa3oM MOTYT OBITh BBEACHBI CYXEHHS OINEpPaTopoB

& =000 u & =GP a £,(-11), £!(-11), C'[-L1] n C"[-L1]. Eemn

N
51

B(u) € C'[-11], 0 OB(1) = D(). Toromy " =@ ="

B npoctpancrse C'[—1,1] Teopema 3 MoskeT GbITh yeuneHa.

ey A

Teopema 4.

[TycTh BBHIMOJHEHBI ycioBus Teopembl 3. Torma omeparopst @ ,P wu
A I |
®, cunbho nonoxutenshbl B C'[~1,1] otrocutensro xonyca K, [-1,1].

JlelicTBUTENBHO, COTJIACHO T€OpEME 3 YKa3aHHBIE OMEepaTOPbl MHBAPUAHTHBI
[
u cwibHo nonoxutensisl B C [-1,1] ornocurensro xomyca K, (). Orcrona
CleAyeT CWIbHAasi  MOJOXHUTEIBbHOCTH WX M OTHOCHTEIBHO  KOHYycCa
1 _ |
K! =K, (QNC'[-11].

V. TlomydenHsie B Teopeme 2 BhipaxeHus (45) 1t COOCTBEHHBIX 3HAUCHUI

omeparopa ¥,  JAOT BO3MOXHOCTb MOJYyYHTh HEPABEHCTBA, KOTOPHIM

¢ ¢ ¢
ynosnetsopsor kodpuimenter 8, D u C' mans monoxwuTensHbIX MaTpuil

I'(). Tak xak @ Gonblle MOIyJeH OCTaTbHBIX COOCTBEHHBIX 3HAYEHHMIA

~

oreparopa q)s , TO DIOJIKHBI BBITIOJHATHCS HEPABCHCTBA.!

‘ail‘ <a, ‘aﬁ‘ <a, (=01,

T
2
R S LL BTN P
. (54)
2
as;a4i (as‘;ra4) +C2 <a

1 BeeX ocTanbubix £ (nugexce { Ui KpaTKOCTH ONYILEH).

DTUM  HEPAaBEHCTBAM MOXXKHO  [aTh HASAHYIO T€OMETPUYECKYIO
MHTEPIPETALHMIO.

Nmenno, HepaBeHcTBa (54) BBINOJHAIOTCA TOrJA M TOJBKO TOTMA, KOria
koopummenter 8, (£ =2,3,...) nexar CcTPOro BHYTPHM 3alITPUXOBAHHBIX

oOnacTel, orpaHMYeHHbIX runepooiaamu (puc. 1 u 2).
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a, Puc. 1

:\ (1+a3)(1-a,)=c?

L2 »as PLIC.Z
I

I

a ; -q] |\ (1-a3)(1 +ay ) =C?

VYkazanHble 00JaCTH HE IMYCThI JIMIIb MPHU YCIOBUU |b| <amu |C| <a npu

Bcex L.

A
A A

VI. Paccmorpum omeparop P ¢ KIETOYHO JWAaroHaibHOM Martpuueit [ B
THJILOEPTOBOM TIPOCTPAHCTBE £(Q) Tycrs {A (@)}, i=1..,

yIopsiloueHHas cuctemMa cobcteHHbix 3Hauennid, a {D; (S)} - cootercTByIOMmAs

A
A

H0JIHAsA CHCTEMA OPTOHOPMMPOBAHHBLIX COOCTBEHHBIX BEKTOpPOB omeparopa &, .

A
A

Torpa, B cumy camoconpsiskeHHOCTH P, , [UIs HETO CHPABEUIMBO MPEICTaBIECHHE
IMunb6epra-1Imuara [12]:
&) A - - 2
2= A@) D E)D(s), r(®)<w.
i

VMHOXKast 5TO paBeHCTBO Ha MaTpumy Q, MOMyuMM COOTBETCTBYIOMIEE

Hpe)ICTaBJIeHI/Ie JIA onepaTopa (13 .
A r(qz%S ) A _ n
P=> 4 (@) (P (s)QD, ().

i=1

§2. XapaKTepUCTUYECKOE YPaBHEHHUE.
B oatom nmaparpade MBI M3yduM  BONpPOC O  Pa3peHIUMOCTH
XapaKTePUCTUUYECKOTO YPaBHEHHUS
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1
1+ku

R

U (K)D(k,s) = D(K, s), U (k) = (55)

|. OGo3naunm uepe3 Z, KOMIUICKCHYIO IUIOCKOCTH C pa3pe3amu BIOJb

JIIEUCTBUTEIILHOM OCH OT —00 10 -1 m ot 1 o o0.
B nanpreiimem OyaeM cuWTaTh, €CIM 3TO HE OTOBOPEHO 0C000, YTO

() e 4,(-1D), 1, je{l,2,3,4} u I'(u) wietouno-nuaronansuas Matpuia

Buaa (36). B 3ToM ciyudae, Kak 5TO CIeAyeT U3 TEOPEMSEI 1, Lj(k)npn keZ,

BIIOJIHE HENPEPBIBHBIM Oleparop B L(s) (Q), pe[Lo] u s CY(Q). Ecum

ke(@-1), 1o onepatop U(k), cormacto Teopemam 3 u 4, monoxuresen

otrocutenbHo konyco K (€2) u K T-11].

Hapsny c oneparopom U (k) 6ynem paccmarpuBarh onepaToph

0, 0=00() =3,
1+ku

V)=t L
JL+ku \/1+ky

1 q:) 1
\/1+ ke ° 1+ ki

OnepaTopsl U s (k), V (K)u V (k) o6mamaroT Temu ke CBOWCTBAMH MONHOM

A

HenpepsiBHocTH M monoxutensiocty uto 1 U (K). Kpome Toro VS (k)

<>>

V, (K) = GV (k).

camoconpsixennsliit oneparop npu K € (1-,1).
YpasHeHue (55) sxkBuBaneHTHO npu K € Z, ypaBHEHUIO
V (k)D(k,s) = D(k,s), (55')

T.€. U3 Pa3peIIMMOCTH OJIHOTO U3 HUX CJEAYET Pa3peluMoCTh APYroro.
Jlemma 3.

Ipu Ke€(Z,) Bce coGcrBenHble, a Takke HNPUCOEIUHEHHBIE
BEKTOPBI, OTBEUAIOIINE HE HYJIEBOMY COOCTBEHHOMY 3HAYCHHIO, OIepaTropa

U (k) nesxar B npocrpanctee C™ (Q).

Jlns  mokaszarensctBa paccmotpum  omepatop U (K) B mpocrpancree

£9(Q). Mycrs cobersentomy suauennio A(K) oneparopa U (K) orseuaer r

COGCTBEHHBIX BEKTOPOB D i(k;s) e £2°(Q), j=12,..,r , u kaxgomy u3 Hux
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COOTBCTCTBYCT t j MNPpHUCOCAMHCHHBIX BCKTOPOB

ey ) i
D' (k,s) e £7(Q), 1=1,2,...t,
ﬂ“(k)(_i)lj (k, S) + (_i)ij_l(kl S) :Lj (k)(i)lj (k1 S)! (_IS(J) (k1 S) = &)J (k, S);
j:L2w”ni:L2wqg
Torza A (K) - co6ersennoe 3Hadenue onepaTopa
0 (k) =" —— =
(k) 1+k =Q? Q1+k,u

M €My COOTBETCTBYET  CHCTEMA CO6CTB€HHBIX M TPHUCOEIMHEHHBIX
—>i . 4
V. (k,s), J=1..r, 1=01..1t;, Bexropos, nexarmux B £9(Q). Ho xax

JIETKO TIPOBEPUTH, BEKTOPEI 0} j (k,S) u ‘?ij (k,S) cBazanbl cooTHOmIEHHEM
‘I"j (k,s)=(1+ ky)QCI)'j (k,s)
U, CJEI0BATEIbHO CD'J- (k,s) € L(oj) (Q), j=L12,..,r, i =O,1,...,'[J-. Torga npu

A(K) # 0, B cuny Teopemsi 1:

= . 1 A2 _i i-1 cC®
(Dj(k’s)_ﬂ,(k)(1+k,u)@®1( S) ()CD (k,s) e C*(Q),

=121, i=12,.t

B ciyuae A(K) =0 co6ersennsie Bextopnt oneparopa U (k) cosmazator ¢

A

TaKOBBIMU 1Sl onieparopa P .
AHaNOTUYHBIMU CBOMCTBAMHU 00JaAalOT COOCTBEHHBIC U MPHUCOCTUHEHHBIC

BekTOpH! onepatopos U s (kK), V (K) u \75 (k).

JlemMma 4.

B ycIoBUSAX TEOPEMBI 3  OIEPATOPHI Lj(k) | ljs (k) cunpnO

nonoxutensusr ornocutensHo konyca K [—1,1] mpu K € (-1,1).
Eemn T (1) € £,(-11), i, j e{1,2,3,4}, qe[L o], o U(K) u

U, (k) @° - nonoxutensHbl OTHOCHTETBHO K, (€2), P +qt =1, e

D°(s) = %{1,0,0,0}.

Jlns noxaszarensetsa gocratouno npeacraputh oneparopsl U (K) u U (K)

o 0
CYMMOH CHUJIBHO ITOJIOKUTCIBbHOTO (CD - HOHO}KI/ITCJIBHOFO) H ITOJIOKUTCIILHOT'O
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Gyt o Mke a0 gy
1+]k|  @+|k)@+ke)

[IpuOaBieHre  MOJOXKUTEIBHOTO  OMNEpaTopa  COXPAHSET  CHIIBHYIO

HOJIOKUTEIBHOCTb (CDO - monoxuTebHocTh). Tak, eciu D(S) € Kp (QQ), o0

1 A= a =
TR ERR A T T

OTHOCHUTEJIBHO KOHYCa Kp (Q), .

U" (k)d(s) =

Takum 00pa3om, YTBEPXKICHUS JIEMMBI CICAYIOT U3 TeopeM 3 U 4.
JlemmMma 5.

1. Tpu xaxmom K e€(=11) cymectByer mnonoxurensHoe HPOCTOE

cobcrBennoe 3nauenne M(K), obmee mns omepatopos U (K) u U, (K) u
OoJiblliee  MOJYJIEM BCEX OCTalbHBIX COOCTBEHHBIX 3HaueHuUM. Ewmy

COOTBETCTBYET eAMHCTBEHHBIN B K +| [-1,1] cobeTBennbIit BekTOp
D(k, 1) ={D, (k, 1), D, (k, 12),0,0},  D(k, z2) eint K [-11],

oneparopos U (k) n Ljs(k). Jlpyrux cOOCTBEHHBIX BEKTOPOB B KOHYCE

K, (Q) y stux oneparopos nHet. Her coberennbix Bektopos B K, () u
mpu K - kommnexcHOM.

2. ®ynkums M(K), 3amanmas ma wunrepsane (-1,1) ob6magaer
CJIEIYIOIIUMHU CBOWCTBAMH:

a) M(k) = M(=k), M(0) =a;

|-

otkpbitoii oonactu G, € Z, conepxarueit uarepsain (-1,1);

5) M'(0) =0, M'(K) >0 npu k € (0,2) u imM(K) = oo;

k—1-0

r) (K, 1) = D(—K,—z); DK, 1) anamuruana s G, .

6) M(K) =

’VAS (k)H, M(K) ananutuuna B HexoTopoii

Jloka3aTeinLCTBO

1. MeI mokasanu, uto cobcteennbie Bektops oneparopos U (K) u U (K),

4
OTBEYAIOIINE HEHYJIEBBIM COOCTBEHHBIM 3HAYCHUSIM, JICKAT B C! )(Q). 210

0O3HAYACT, UTO CIICKTPBI OTUX OIICPATOPOB HE 3aBUCAT OT IIPOCTPAHCTBA, B KOTOPOM
MEI UX pacCMaTpruBacM. HOBTOMY, ITpHU A0KAa3aTCJIbCTBEC IICPBOTO ITYHKTA TCOPEMBI,

orpannuumes npoctpancteom N (C(Q)).
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Cornacto nemme 4 omeparopsr U (K) u ljs (k), ke(-11), cumsno

|
TIOJIOKHUTENBHBI OTHOCHTENBHO Konyca K, [—1,1].
CrnenoBatenbHO, 1Mo Teopeme 6.3 paboTel [14] Kakaplii W3 HUX HUMEET
y | y
enuncteennsiii B K [-1,1] coGcTBennbIii BekTOp, N KakIOMy W3 ITUX BEKTOPOB

OTBCYHACT IIPOCTOC ITOJIOKHUTCIIBHOC COOCTBEHHOE 3HA4YCHUC, OombIIce MOI[y.]'ICﬁ

Bcex octanbubix. Ho cyxenus omeparopos U (K) u U, (K) ma mpocrpanctso

N(C'[-11]) o K![-11] coBnagator, Tak Kkak >THM CBOWCTBOM OGIAAIOT

~ A

oneparopel P u P, (mynkr IV, §1). Orcrona cinenyer, 94To COOCTBEHHBIE BEKTOPBI

U(K) n Ljs(k), nexamme B K![-11], u orBeuaromme um cobGeTBEHHbBIC

3Ha4YeHMs Takke coBmagaioT. OGosznaunm ux uepes DP(K,u) n M(K),
COOTBETCTBEHHO:

MK)B(K, 12) =U (K)D(k, ) =U, (K)D(K, 1),

Tak kax Bee cobersennsie sektops U (K) 1 ljs (k) menpepsisHBI (1EMMa 3)
n K![-1,1] < K, (), o apyrux cobersennbix Bektopos B konyce K, (Q) mer

r.e. D(K, 1) oxasbiBaetcs enuncTBeHHBIM BekTopoM Takke u B K, (€2).

Ecnn k - KOMINUICKCHO, TO JICTKO ITIOKa3aTb, YTO COOTBCTCTBYIOIIHC CEMY
COOCTBEHHEIC BCKTOPLI TAKKC KOMILJICKCHEI, 4 CJICAOBATCIIbHO, HC MOI'YT JIC’KATh B

K, ().

3ametnm, uto M(K) sBusercs crapmiuM cOOGCTBEHHBIM 3HAYCHUEM M
oneparopos V (K) u V, (K).

2. lanee 6ynem pacemarpusats onepatop U (K) B mpocrpancrse L(24) (QQ).
Jns  nokaszatensctBa werHoctu  ¢ymkmum  M(K)  Bocmombsyemcs
CIEAYIOIIUM COOTHOIIeHUEM [ 15]:

P(-p1,- 1150 9) = Q P(u, 1 0- ) Q, (56)
rac B _
10 0 0
. 010 0] . .
Q=g 0 1 o] ®°F
00 0 -1f

[onoxum K = —|k| < 0. Torna, B cuny onpenenenus M(K)u (f)(k,,u) ;
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~ 1 27 1 A _
M(=|K)D(|K|, 1) =———[ [ de/d ' P(us, ' 0 - 9 )D(=|K], 12)).
(—[kDD (K|, ) (1—|k|u)£_jl o'd ' P(u, 1,0 @) O(-[K|, )

3aMeHss B 9TOM YpaBHEHHHU [ HA — /I U UCHOJIb3ys (56), morydnmM:

M(-[k))Q, D(~|k|,~x) =

l 27 1 . A -
- do'du P(u, 10 -9")Q D(—|K|,—1).
(L+[K] 1) I f L2l

Takum o6Gpaszom, M(—|k|) OKa3bIBAETC M MAKCUMAIbHBIM IO MOJIYIIIO

COGCTREHHBIM 3HAueHHeM orepatopa U (|k|) B cuily OpoCTOTBI €ro 3aKII0YaeM,
aro M(K)) =M(=|K|) u ®(k|, ) =Q D(~|K|,—1) = D(~|K|,~£) rax xax
B(K, 1) ={®, (K, 1), (K, 2),0,0 & N(C'[-1.1]).
Hanee U (0) = Q:’, orkyna M(0) =a.
1 A 1
(Ps
JI+ku © l+ku

\75 (K) - camoconpskennslii omeparop. OYeBHIHO, YTO \7;(k) =\73 k), re.

~

oneparopst V, (K) o6pasytor camoconpsskennoe ronomopdroe B Z, ceMeHCTBO

PaccMoTpuM  omeparop \73 (k) =

Tipn k e (=12

~

[16]. B aTom ciydae coGcrBeHHble 3HaveHus u cobctsennbie Bektopsl V. (K)
roJIoMOp(MHBI B OKPECTHOCTH Ka)JI0W TOUKH uHTepBana (-1,1), a cienoBarenbHo, U
B HEKOTOpOM oTkpbiToii obnactn G, € Z,, comepxaweii stor untepsait. Ho

M(K), xax nerko mposepuTh, ABIAETCS COOCTBEHHBIM (POCTHIM M CTAPIIMM TI0

A

monymto) 3Hauennem omepatopa V, (K) um emy cooTseTcTBYeT CcOOCTBEHHBI

extop D(K, £0)+/1+ Kz . Otcrona cnenyer anamaruanocts M (K) n DK, 1) B
G,.

B culy CaMOCONpPSKEHHOCTH —OIepaTopa \75 (k) mpu ke(-11)

M(K) = 'v (k)H.

Hanee,

V. 09]=QV, (ol <[QIV.
Ho tax xax M(K) sBmsercs cobcTBenHbIM 3HAueHHEM TakKe M OMEpPaTOpa

V (k). 10 V(k)H ~ M(K).

~M(K).
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!
Hepasencteo M'(K) > 0 nokassiBaeTcs aHAaIOrM4HO CKANSPHOMY CIIydaro
[8], TeopemMa 9, ¢ uCnOIBL30BAaHMEM PABEHCTBA

MK a0 @D
dk o] +k(uod)

rne @, (K, 4) - nepsas kommoneHTa BekTOpa Cf)(k, u).

W, makoHern, npeneabHOe PaBEHCTBO lim M(k) =00 cieayeT U3 IEeNOYKH

HEPaBEHCTB: N
M?(k) = |V = sup V (K)B,V (K)B) > (V (k) V (K)B°) =
ﬁ?ui

1 R =g 1 1 A= 1 1 1 Azg A=g )|
(\/1+k,u Pe \/1+k,u’\/l+k,u Pe \/1+klu}2§[l+k,u@cp o ]_
a’ a’?, 1+Kk )=,
(£ Hkﬂ]u T[St o], ke

rre ®°(S) = —{1,0,0,0, PB(s) = ad’(s), |&°)=1.
dr

Jlemma noka3zana.
U3 noka3aHHOM JeMMBI cieyeT, uto pu & <1 cymecTByer equHCTBEHHOE

uucno K, €[0,1) Takoe, uro M(£k,) =1. Emy coorBercTByIOT nBa pelenus

&)(iko ) :{&)1 (xk, ,,u),Cf)z(i'ko ,1),0,0}, cf)(_ko M) = &)(ko \—H)

ypaBHEHUA (55), Jexamue CTpOro BHYTpH KOHYCa

K [-L1]: @, (+ky, 1) > 0, |, (K, , 1) < D (+Ky, ). Jlpyrux pemenmit
xonyce K, (Q) ypasnenue (55) He umeer.

Ecu a<1, to K, >0 wu wa unrepsane (—K,,K,) ypasmenne (55)

nepaspemmmo. Ipn @ =1 k, =0 n ®(xk = %{1,0,0,0}2 D°(s).
0= T

okaxewm, uro pu & =1 ypasHenue (55) Hepaspemmmo, eciu K nexur Ha

Y

U (k)

muuMoit ocu u K # 0. Jlnsg 3Toro 10cTaTtoyHo Moka3aTh, YTO <1 npu

k=iX rme X#0 BemecrBennoe umcio. Bocmone3yemcs CleTyONIM

BBIPAKEHUEM s HOPMBI omeparopa U (k):
A R A Are 1
U (ix)|| > =|U (ix)U " (ix)|| = | ——2P  ——|.
1+iIXu 1-IxXu
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PaccmoTprm caMOCONPSIKEHHBIN BIIOJIHE HENPEPBIBHBIN ONEPATOP
A (S |
W(X)=—aP —.
1+1Xu 1-1Xu

A

Hopma W (X) paBHa MakCMMajibHOMY H3 MOJIYJ€EH €ro COOCTBEHHBIX
3HaueHu. Ero crekTp coBmagaeT co CeKTpoM orepaTopa

Bxt) =1 fp 1
1+ X 1+ X8

KOTOPBIM  SIBJISIETCS  MOJIOKUTEIBHBIM ~ OMEPATOPOM  OTHOCUTEIBHO KOHYyCa

1< X<oo,

[ .
K. [-11]. ostomy cpenm MakcUMAaNbHBIX IO MOAYJIO COOCTBEHHBIX 3HAYECHUM

~

[S(XZ) eCTb TONOKUTEILHOE, KOTOpoe MbI 06o3HaunmM uepes Ay (X°); emy
COOTBETCTBYET, MO  KpailHed  Mepe, OJMH  COOCTBEHHBIM  BEKTOp
Dy (X, 1) € KI[-L1] (Q Py (X, 12) = Dy (X, 12).

D(X?) o6pasyror camoconpskeHHOe TonoMOPGHOE B KOMILICKCHOH X -
IJIOCKOCTH C Pa3pe3oM BJIOJb JCUCTBUTEIBHOM OCH OT —00 10 -1 ceMencTBO
onepatopos. Crenosarensho, A, (X2) u @, (X%, 1) ronoMopdHbI B HEKOTOPOit
OTKDPBITOM 00JacTH, JIEKAlleld B KOMIUIEKCHOW INIOCKOCTH C pa3pe3oM BIOJb
(—o0,—1) u comepxameit uureppan (—1,00).

Tokaxem, uto dyukius Ay (X°) crporo yosiBaer ¢ poctoM X°. Jljis 3TOro
BOCIIOJIB3YeMCS yPABHEHHEM

o ()T, (6, 1)U+ X ) = DB, (3, 1), 57
KOTOPOMY YIOBJIETBOPSIOT Ay (X%) "

\i]o (X%, 1) = Cf)o (X, t)\1+ X° 1 € K![-1,1]. Tipomuddeperttuposas (57) 1o

X’ , IOJTYYUM YpaBHECHHUEC A1 OIPEACICHUS ‘Pg (X2 ) ,u) )

~
A

2\\Js’ 2 @@: 1
X)VY, (X, u) =———
AO( ) O( /u) 1+X2/L12

*

P V2N (2 2 2 qjo(xzuu)
—Ay (X)W (X7, 10) — " Ay (X )m

Hcnonb3yst OpTOrOHaIbHOCTH MPABOM YACTH K PELICHHUSM CONPSHKEHHOTO
OJIHOPOJHOTO YPaBHEHUS, OJHO U3 KOTOPBIX €CTh

L+ X 12)Q W (X, 1) = (L+ X2 1P )W (X, 1),
HalgeM
(zuz‘{"o , LIjo)

0 > e (-1,0).
HL_I}OH2 +X° (ﬂijo’qjo) ) )

&y (X)) ==2,(X*)
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2 2
Cnenosarensho, Gpyrkuus Ay (X°) crporo yObiBaeT ¢ poctom X°, a BMecTe

Heit u yobiBaer ||U (k)H = |4, (X*) . Ho Tak kak U()=a=1, o [U(k)|<1

npu X° > 0.

PaccmotpuM Temeph cinydail & <1. Ilokakem, uro ypasHenue (55)
mepaspemmmo B nonoce 0 < ReK ek, ¢ uckmouennsimu Toukamu K = £K; .
Hycrs K=K, +iK, u npennonoxum crauana, uro K, <K,. Torma B cuny

coiicts pynximu M (K):

'vﬁ(k)H: 1 3 1 _ /1+ k, 4 1 3 1 /1+ k, 1 <
\/1+ g7 \/1+ Ku 1+ku \/1+klﬂ \/1+ k, 1+ku
@+k w)

= max

j (k
P( 1) ue[-11] 1+ kZZILlZ
(1+k; 1)

tak kak K, <K,.DTo HepaBeHCTBO 0O3HAuaeT, 4TO Hepaspemmmo ypasuenue (55,

M(k, ) <1,

‘ 1
w11 |1+ Ky

a BMECTE C HUM U SKBUBAJICHTHOE €My ypaBHEeHUE (55)
Iycre temepp K=K, +ik,, K, #0. Bosemem mnonoxurenstoe

JI0CTATOYHO Manoe uucio & . CHosa uMeeM, B cwty ananmutuanoctd M(K):

\;(k)H: \/1+(ko—g),u 1 3 1 \/l+(k0—5)ylg
Lok | L1+ —e)u L+ (ky —e)u )V Lk

>>

M(k, —¢&) = £1+E_E]M(ko —&)=

2

[1+(k, — &)l
el (LK

—1-M(k,)e+ %{k—lz +M"(k0)}32 +0(e),

| V()

k=k, +ik,, K, #0, u mostomy ypasuenue (55) Hepaspemmmo u B 5ToM

rne M'(K,) >0 (n1emma 5,2B). Otcroma cnemyer, 4o <1 npu mo6om

ciydae.

O6o3naunm uepes 7 mHOKecTBO Bcex Tex K E€Z,, mpu KOTOPBIX

ypaBuenue (55) paspemmmo. Ilycts K €97 n W(K,S) ommo u3 pemenwit
ypaBHerus (55), coorBercTByromux 3ToMy K. Torma, MCIONb3ys COOTHOIIEHHE
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(56), nerxo Tmokaszath, uto —-Ke€ u emy oTBeuaer pemieHue

A T
Ql‘P(—k,—S), —S=(—,u,(0+5). Jlanee, B Cuiy BEIIECTBEHHOCTH MAaTpPHIIBI

A ] . =
(P(S ,S), ke u €My COOTBETCTBYET PEIICHUE LP(k,S). Takum o0pazom
MHOKECTBO )] CHMMETPMYHO OTHOCHUTEIBHO BELIECTBEHHOM M MHMMOW OCei

xommekcHoit K - miockoctu.
Ilycth

G(k,) ={k||Rek| < k,, M(k,) =B\ ({k,}U{k,}) = Z,
- Tonoca B KOMITTIEKCHOH K - MIockocTH ¢ BBIKOTOTBIMH TOYKAMH Kk, (puc.3).

Ipu a=1 K, =0 u G(K,) seipoxkmaercs B nee momyocu (—ioo,i0), (i0,i0).
N3 cka3aHHOrO BBIIIE CIEAYET, UTO

Gk,)NN = (58)

7

22 |

Puc.3.

~

U (k) o6pasyer ronomopdproe B G, ceMelcTBO KOMIIAKTHBIX OIEPATOPOB.

[TosTomy Ha ocHoBanuu Teopembl 1.9 ri. YII monorpaduu [16] u cooTHOIICHUS
(58) 3akmrouaem, 4To MHOXeCTBO 7 He 0oJice YeM CUETHO M €ro IpeleIbHbBIE

TOYKH MOTYT JIesKaTh Ui Ha paspesax (—oo,—1], [1,00) u na 6eckoneunocty.
MBI IPUXOJMM, TAKAM 00pa3oM, K CIEAYIOIIEMY PE3yIbTaTy.
Teopema 5.

Iycts MaTpuna paccesHust 1 (L) uMeeT KIE€TOUHO AMATOHAILHYIO

crpykrypy (36), a<l u [;(x)e(-11), 1, je{l,2,3,4}. Torna

CIPABEJIMBBI YTBEPKICHU.
|. ITpu @ <1 cymectByroT ToBKO Ba penieHus ypaBHeHus (55)

CT)(iko ) ={D, (£ky, 1), O, (£ky, 1),0,0%, CT)(_kmﬂ) =&)(ko \—H),

nexamme BuyTpu konyca K ! [—1,1]:
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D, (£ky, 1) >0, ‘q)z (K, ,,u)‘ <D, (£ky, ).

Ywucio kO ABILICTCA  IIPOCTBIM W CAWMHCTBCHHBIM KOPHCM

ypasuenus M(K) =1 na unrepsane (0,1).
Jlpyrux pemenuii B konyce K, (€2) sTo ypaBHenue He nmeer.

Ecrm @ =1, 10 K, =0 u enuncrennev B K, (€2) pemennem

ABJIACTCA BEKTOP
D°(s) = i{l,o,o.O}
A7

2. YpaBHeHnue (55) He uMeeT pelieHui i1 3HaUCHUN TapameTpa
k 5 nonoce G(k, ) ={k||Rek| <k, M(k,) =T\ ({k,3U{~k, ).

3. MuoxectBo 7 3Hauenumii mapamerpa K, mpu KoTopbix
ypaBHeHHe (55) pazpemnmo, He 00Jee YeM CUETHO U €T0 MpeAebHbIE TOUKH
MOTYT JIeKaTh JHUIIb Ha  TOJYHMHTEpPBajlaxX  BEIIECTBEHHOW  ocu
(—o0,—1], [L,0)u na Geckoneunoct. OHO CHMMETPUYHO OTHOCHTEIHHO

BEIICCTBCHHON M MHHMOM ocelt komruiekcHoi K - rurockoctu: ecnu K € 9?,

TO —k,iEeﬂ? . IIpu stom, ecnn Cf)(k,s) peuieHue ypaBHeHust (55), To

Cf)(k, S) u (51 D(—k,—s), —s= (-, 0+ %), TAKKe €r0 PEIeHHS.

3aMeyaHue.

Ecin wmarpuna ['(4) cummerpuuna (TakoBa, HampuMep, MaTpuIa

~
A

OoTBeUalollas 3akoHy paccessHus Pones [7]), To omeparop P  Oyner
caMocCoTpsDKeHHBIM. [Ipr 3TOM, Kak JIETKO MOKa3aTh, TaK K€ Kak M B CKAIIPHOM

cyuae, 27 < (—1,1).
Ecnu Bee snementsl matpuusl 1 (1), kpome 8, (42), HyneBbe, To Teopema
5 0000111aeT COOTBETCTBYIOIINE PE3YJIbTAThI JJIsl CKAJISIPHOTO citydas [8] Ha Kjacc

unukatpuc paccesuus &, (1) € £,(—-1,1).

~n

P

II. PaccmoTpum oTaensHo cayuaii @ <1. Tak kak =a <1, To onepatop

A

E—-® o6parum u xapakrepuctuueckoe ypasHenme (55) npuBoguTcs K
HKBUBAJICHTHOU (PopMe 3a71a4i Ha COOCTBEHHBIE 3HAYCHUSI:

R AL 1
v®(v,s)=H®(v,s), —V=K, (59)
H=(E-®)™"M, M - oneparop ymMHOKeHHS Ha U.
O6o3HauuM yepe3 X é4) (Q) mHOKecTBO Beex Bextop-dymkmmii D(S) Takux,

4TO ,u(f)(s) EL(:') (QQ). Eciu mHopMy B Xé4) (€2) BBecTm paBeHCTBOM
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[©] =[e

HOPMHPOBAaHHOE POCTPAHCTBO.

4 w
I TO Xé )(Q) oOpaiiaercss B  TOJIHOE JIMHEHHOE
p

Ipencrasum onepatop H cymmoii:

H=M+S, S=3 &M

)
k=1

>>

00 A
5k <
PHILZ P" CXOIUTCS B OIICPATOPHOHU TOIIOJIOTHHN H ABJIACTCA BIIOJIHC
k=1

A
A

HENPEPBIBHBIM  omepatopoM. ClIIEIOBATENBHO, O BIIOJHE HENPEPHIBHOE (U3

Xg” (QQ) s L(:' )(QQ)) Bosmymenue omnepatopa yMHOKeHHS. Ilo3Tomy

CIIpaBEJIMBBI yTBEpKACHUA [ 16].
JlemmMa 6.

ITycTh BBIIONHEHBI ycIoBHsA TeopeMbl 5 u a < 1. Torna:
1. Onepatop H = (E — @) ™*M orpanmuen u3 X é4) (QQ) B L(; "(Q);

2. ero HenpepsiBHblii ciiektp C_ 3anonnser cerment [-1,1];

A
~

3. AUCKPCTHBLIN CIICKTP Do_ o1Icparopa H pacrojiaracrCs B OIrpaHM4CHHOU

obymactu, OH He OojJee 4YeM CYEeTeH, BCE€ €ro TOYKH HMEIOT KOHEUYHYIO
anre0pandecKyr0 KpaTHOCTh: TPEICTbHbBIC TOUKH DU MOTYT JIe)KaTh JIUIIH HA

cermente [-1,1]: cobcrBeHHble (yHKUMH, COOTBeTCTBYfOoIIMe Toukam D_,
JexanuM BHe cermenTa  [-1,1], HenpepbIBHBI:

®(v;,5)eC¥(Q), v, eD,, v, E[-11];

A

4. ocrarouyHoro cnekrpa oneparop H He nmeer;
5.ecmu V; € D_, o

—v;,tv; e D; (D(Vj,s):CT)(Vj,S), D(—v,,s) =Q D(v;,—9);

6. Toukn crnektpa D_, He nexamme Ha cermente [-1,1], HempepbIBHO

A

3aBUCST OT BO3MYIIEHUA onieparopa P .

B cuny skBuBaleHTHOCTH ypaBHenuil (55) u (59) s wactu D_ cmekrpa
D_, ne nepecekatoueiics ¢ cermentom [-1,1], umeeM npeacrasienue
* -1

Jlerko MmokKazaTb, 4TO TOYKa V = O HE SABJISETCS COOCTBEHHBIM 3HAUYEHHUEM

~
A

omneparopa H .
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OCHOBBIBASICh Ha YTBEPXKACHHAX TEOPEMbI 5 3akiodaeM, yro D nennkom
JICKUT BHYTPU ABYX OKPY>KHOCTE€W KOMIUIEKCHOW V - IJIOCKOCTH C LIEHTPaMH B

roukax *(2K,)" u pammyca (2K,)7 sa mckmoueHmeM IBYX TOHeK

+v, = +(K,) ", KoTOpBIe IeKAT HA STHX OKPYKHOCTSX. (pHC. 4).

A Imy

1 //// e

S S0 i 17//]%
\@/71 4 é/\//?/

Puc.4

O6acTh, B KOTOPOU JIEKHUT CIIEKTp oneparopa H , npeacrasiena na puc. 4.
Crneayer 3aMeTUTh, 4TO B CHMJIy MOyHKTa 6 nemmsl 6 kopHu K j
XapaKTEPUCTHUECKOTO YypaBHEHUs (55) HEnpepbIBHO 3aBHUCIT OT MAaTpPHIIbI

paccesrms [ (1),

§3. Uncnennblii anroput™ onpenenenus suavenns K, u sexropa D (K, , )

1. Pa3Butasgs Teopusi MO3BOJISIET OTHICKATh CTApLIMKA KOPEHb ko 151

COOTBeTCTByromee  pemernne @ (Ko, 4¢)  ypaBmenms  (55)  meTozmOM

MOCJIEIOBATEIbHBIX NpuOImKeHuit. [Ipm 3ToM HeT HEoOXOIUMOCTH peliaTh

ypasHenne  (55) ¢ mommoit  matpumeii  1'(4). Uncrno K, wu
D (K, , 1£) ={P, (K, 12), @, (K, , ££),0,0} sBnsroTCs pemennsiMu ypapHeHus:
L+ k) D(K, 1) =B DK, 1), (60)

IJI€ UHTETPAJIBHBIN ONIEPATOP

~nNo 1 Ay > -
B () = [ &P 1)) 1t
-1

A
A

ecth cyxenne omeparopa P ma mommpoctpancteo C'[-11]c 4P (Q), a

5|
matpuna B, (4', 1) onpenensiercst cootHotmenueM (52), rae cieayeT MoJIOKUTh
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a, (', u)=C(u',p)=2a,(¢', 1) =0. VYpasuenne (60) eCTECTBEHHO pemIATH

B ipocTpanctie aByMepHbix BekTop-Qynkumil (1) ={D, (1), D, (1)}
Haubonee mpueMIeMbIM METOIOM PEIICHHS, PACCUMTAHHBIM Ha HIMPOKHUI
KPYT 3a/1a4, ABISAETCA METOJ HOCIIEI0BATENbHbIX ITPUOIMKEHHMIA.

Ecnu MBI kakuM-u6o criocobom onpenenum crapmmii kopens K, € (0,1)

ypaeuenus (60), To Beruncinenue coorsercryromero pemenus D (K, , 1) merxo
mpoBecTd uTepauusMu ypaBHeHus (60), HauwHas, Hampumep, ¢ (QyHKIUU

B, 1
q)(k"’“):{uk ﬂ,o}.
0

Ecmu ke 3HaueHue K, He M3BECTHO 3apaHee, TO €0 MOXHO BBHIYUCIUTH
(Haripumep, MetogoM xopa), moctpous dynkimio M(K). Do nerko ocymiectsuts
urepanusiMu ypasHeHus (60).

BIYMCIICHHUE u : NOOHO OOBCAMHWTH B  EIUHBINA

B K, D(k, y1100 0

WUTEPAlHOHHBIN MMPOLECC.
HeManoBaXHbIM MOJKET OKa3aTbCd BOMNPOC O BHIOOpE HayalabHOIO

npubmkennst K, u @ (K, , ££). B xauectBe Takoro npubIMmKeHUs pasyMHO B3ATh

pEIIeHNE COOTBETCTBYIOMIEH CKAISIPHOM 3a/1a4H.
JlelCTBUTENBHO, TTOJIOKUM

P(yu ) =B (', ) + x®, (', 1), 0< y <1, (61)
rac ~
A ' ai (,U,,,U) O
P , - ’
y (W 1) ] 0 0

s oo~ |0 bl )
RUCZ i) a, (u',u)}

A
A

PaenctBo (61) o3nasaer BO3MylleHHE omepatopa ® COOTBETCTBYIOLIEH
CKJISIPHOM 3a7a4 IyTEM BBEJICHHUS MOJISPU3ALMHU C TOMOLIBIO mapamerpa ¥ . llpu

srom P(L ', ) =By (1, 1)
O6osnaunm uepes K, u D (K, 1) ={i(k,, ),0} coorsercrByromee
pEIIEHNE CKAJIAPHOMN 3aa4H:

A+ ko) Do (kg 1) =2 By (K5, 1), o] =1, (62)
MoxHo nokasats, uto K, (7) 1 @ ,(Ky, 42) - pemenus ypaprenus
Arko i) D, (Koo 1) =2 1), (Ko, 1), &, =1, (63)

OyAyT aHAJIMTUYECKUMHU (PYHKIMSIMHU ¥ B OKpecTHOCTH cermeHTa [0,1].
IToaTomy
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ko (%) =Ko +ax +0(x"),
&)Z(ko ) = &)o(kg’ﬂ) +Z(i)1(,u) +0(x°).

[Toncrabnsis (64) B (63) u yuutsiBas (61) u (62), npuxoauM K ypaBHEHHIO

(64)

st onpenenenns & u D, (1):

_ 2 &, d, (K., 1) — aud, (K.,
(D1(,U): _ 2 o(o;u) *:U(Do(o:u).
1+k,u 1+k,u

N3 ycnoBus OPTOrOHAJIBHOCTH NPABOM YacTH 3TOrO YPaBHEHUS PELICHUIO

CONPSKEHHOTO OJHOPOJHOTO, KOTOPOE PABHO (l-l— K, 4 )CDO (Ky, 42), cnemyer, uto

a = 0. Takum o6pazom, @, (1) yIOBIECTBOPSET YPaBHEHHIO:

1+ kg/u)(f)l (1) = @1 &)1 (1) + @2 (T)o(kga ).

Ero pemenue umeer Bu
~ ., 0
‘Dl(ﬂ)=ﬂq)o(ko,ﬂ)+{ }
I, (1)

rae [ - npou3BoJIbHAS TOCTOsIHHAS. [T03TOMY
B o 0
D (Ko, £8) = L+ Br) Dy (Ky, 22) + ;{i (ﬂ)} +0(x?).
1

W3 ycnoBUs HOPMHPOBKH BEKTOPOB i)o(k; M) u CT)Z (ky,44) cumemyer, 4o

L =0. ITosroMy OKOHYATENLHO UMEEM

ko () =Ko +0(x°),

. L 0
D, (Ko, 1) = Dy (Ko, 1) + Z|:i (,U):| +0(x°).

OTH BBIpAXEHUS TOJTBEPKAAIOT OOIICTPUHATOE MHEHHE O TOM, YTO
BBEJICHUE TOJISAPHU3AIMA HE CHIBHO M3MEHSET 3HaueHuss K, ¥ MHTEHCMBHOCTH

H3JIyYCHUA.

[Ipunoxenue
O606uennbIe chepuueckue Gyuximm. IIpoctpanctso Ly (Q)

O6osnaunm uepes T, (,0,) cucremy 06GOGIIECHHBIX ClEPUIECKHX
byHKINIH

Tiﬂn ((0’ H, W) =e I:)r’rfn (/u)e_ml//’ L= O’l’ 21"'!

mn=—0,—(+1,...0, 0<@, w<2r, -1< u=cosf<1

H I10JIOKHUM

(IL.1)
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Y (1, 0) = Pl (1)
Oyuxin Y™ (,0) 1wpn M=0 coemagaor co chepuuecKIMI

GyHKIUIMU Yé(n) (u,p).

Chopmynmupyem  HEKOTOpBIE CBOMCTBa  00OOMIEHHBIX  cepuueckux
(byHKIIUN, J0KA3aTeTLCTBO KOTOPHIX MOKHO HalWTH B MOHOTpadusx [17,18].
Jlemma I1.1.

1. Cucrema GyHKITHIA

Yé(m‘n) (1, @), (= |m|,|m| +1,..., n=—(,—(+1,...,{ npu Bcakom
¢uxcuposannom M = 0,11,... o6pasyer B £, (L) Gasuc, T.e. kaxmas

byrxuus T (S) € £,(€2) pasnaraercs B cxomsmmiicst B cpeHeM psn

(9 S fle Py (u),

m| n=—z

“D"™M20+1) ¢ F in
fr = )4( )J [ dudot (up)e™ Py, (1)
7T -1 0

2. Cucrema (pyHKIHIA
P! (1), (= max{] m|,|n|}, max{]m|,|n|}+l,..., npu GpUKCHpOBaHHBIX M U

N obpasyer 6asuc B mpoctpanctee L, (—1,1). Kaxnas Gpynxmus

f (1) € £,(—1,1) pasnaraercs B cxoasumiicst B cpetHeM psjl

0

fw)= D>, £, Pn(w),

c=max{|m|,[n[}

g araLe [ duet ()P, (1)

Nmeet mecto paBeHnctBo [lapceBans-CrekioBa:

fé

o0

” f ”52(—1,1) - Z ‘ fz ‘2 ! f (:u) € L, (_Ll)

£=max{|m|,[n[}

3. Ans hyHKUIMH Pnfn (1) cnpasenuBa TeopeMa CIOKEHHUS
‘

e Py (cos9)e ™ = 3 (L)€ IR ()P (),

s=—/

re yriel Y, , ¥, ¥ G onpenenstorcs coorHomerusmu (5) (§1).

4. P (1) =Py (1),
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2(~1)™

P ()P ()dpu=22" 5 .
o (£0) Py (1) d 2 7] O

Le—r

P ()| =1.

n=—~{

PaccMoTpuM  Temeph  mpoctpanctBo L) (). Bymem  Hymeposarth

KOMIIOHEHTHEI BEKTOPOB Cf)(s) e £57(Q) nunexcom m=2,0,—0,—2. Onpenemim

B LP(Q)  ckamspHoe  NpOM3BeicHHME,  TONOKHB U JHOOBIX
D(s), ¥(s) € £(Q):
(D, V) = Z j ®_(s)P, (s)ds. (I1.2)
n=2

Basuc B L5 () BhGepeM CleAyIOmMM 06pa3soM: KakIyl0 KOMIIOHCHTY
®_(s) e £,(Q), m=2,0,-0,-2, sexropa D(5) e L5 (Q) B coorsercTBUH ©
nyHkTtoM | nemwmel I11 Oynem pasnaraTh B psia:

0 4

O, (p)=> > @, e™P(u), m=20-0,-2 (IL3)

t=jm|  n=—¢

rac

0 (2£+1

1 2r
| j dudp®, (44,0) Py, (1) €.

-1

(I)ﬁn = (__1)

Takum o6Gpasom Ly (Q) TIpeBpaIaeTcs B THILOEPTOBO IIPOCTPAHCTBO.

Bo3pMeM — MaTpuily f(,u) B CP — npeicraBaeHMd M IYCTh

[, (1) € £,(-1,1) nnsa xaxnoii naper uanexcos M, N =2,0,—-0,-2.
Toraa B crity myHkTa 2 geMmsl 111
Con() =" D, PraPo(1), (IL4)
£=max{|m|,[n[}
rIe
20+1 7
pﬁm = 2 J. Iﬂmn(/l)F%i1(/l)(j/l'
-1

Psan (I1.4) cxomutcs B cpeagHeM. B 4YacTHOCTH BBINOJIHEHO PAaBEHCTBO
[TapceBans-CreknoBa

\ r

Bocnonb3oBaBmrcs paBenctBamu (6), (7) (IL.1) wu3 (I1.4), nomydum

- Y enf (I.5)

£=max{|m|,[n[}

MMl 2, (-12)

paznoxenus siapa oneparopa P B CP — npencraBieHuu:
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B (8',8) =™ (cosPe™™ = > p, T (7,089, 7,) (IL6)

£=max{|m|,[n[}

CxomuMOCTh 3TOTO psia obecnedena B merpuke L, () x £, (Q).
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OCHOBBI MATEMATUYECKOM TEOPUU ITEPEHOCA
[NOJIAPU3OBAHHOI'O U3JIYUEHUA
(CTPOI'ME PE3VYJIbTATHI)
T.A.I'epmorenosa, H.B.Konosanos, M.I".Ky3pmuna
OtnenpHBIA OTTUCK M3 cOopHUKA: «[IpUHIIMN WHBApHUAHTHOCTH U €TO
NpuIOKeHUs», Tpyasl cumnozuyMa, bropakan , 26-30 oxtsa6ps 1981 r., U3a-Bo

AH ApMmCCP Epesan, 1989, 521 ¢

B  nmokmage noMMMO — KpaTKOro  0030pa  OTpak€Hbl — PE3yJIbTaThl
OPUTMHAJIBHBIX MCCIIEA0BAHNUN aBTOPOB B CIEAYIOIINX HANPABICHUSIX:

- YpaBHEHHUE MEpeHOca MOJSPU30BAHHOIO M3JIYYEHHUs: BBIBOJ Ui CpEl,
COCTOSIIIMX W3 JUCKPETHBIX ITPOU3BOJIBHO PACCEUBAIOIIMX PACCEUBATEINEH; CBA3b
MaKpPOCKOIIMYECKUX MapaMEeTPOB Cpe/bl, (PUTYPUPYIOLINX B YPaBHEHUH MEPEHOCA
(cedeHMii  B3aUMOJEWCTBUS  MOJSPU30BAHHOIO  M3IYyYEHHUS CO  CPEIOH,
KO3((UIUEHTOB IPEIOMIICHUS CpEAbl, 3aKOHA PACCESHUs DJIEMEHTa 00beMa) ¢
MUKPOCKOIIMYECKHUMH  XapaKTEPUCTUKAMH pacceuBaTeNied M 3aKOHOM  HX
pacnpenesieHus; OnpeieJIEHue COBOKYITHOCTH YCJIOBUM Ha MapaMeTpbl ypaBHEHUS
MEPEHOCA, BBIACISIONIUX KIACChl MATEMAaTUYECKUX OOBEKTOB;

- KaUYeCTBEHHOE HCCJIEJOBAHUE OCHOBHBIX CBOWMCTB BEKTOPHOTO YpPaBHEHUS
nepe”oca JUisl Cirydasi OJHOPOJHOM, ONITUYECKH U30TPOITHOM CPEe/ibl, COCTOSIIEHN U3
cepruecKuX pacceuBaTeNei;

- AQHaJIM3 BEKTOPHOI'O XAPAaKTEPHUCTUYECKOI'O YPABHEHMS, ONPEIEISAIOIIErO
OCHOBHBIE CBOMCTBA IITyOMHHOIO PEKKUMa AJIsl MOJIIPU30BAHHOIO U3ITyYEHUSI.

BBEJIEHHNE

NHTepec K NOJAPU3ALMOHHBIM 3aJayaM TEOPUU MEpPEeHOca U3ITyYEHHUS
BO3HUK (DaKTUYECKHM C CaMOro Hayaja MCCJIEJOBaHUN MO TEOpHUM IMEepeHoca.
OOmre OCHOBBI TEOPUU MEPEHOCA MOJSPU30BAHHOIO HM3IYyUYEHHS 3aJI0KEHBI B
MoHorpadusax u cratbsix B.A. Ambapuymsna, C. Hangpacekapa, B.B. CoGoiesa,
I'. Ban ge Xyincra, 3. Cekepsl, I'.B. Pozenbepra, . Kymepa u M. Pubapuua u ap.
[1-9]. Tem HEe MeHee Teopusl TepeHOCA TOJISAPU30BAHHOTO W3IYUYCHHS SIBJISICTCS
CPaBHHUTEIBHO MOJIOOM M TPUYMHBI TOHATHBL. JTO, BO-TIEPBBIX, OOJbINIAs
TPYAHOCTh TMOJISIPUMETPUUYECKUX HAONIOJIEHUN IO CpPaBHEHHIO C HM3MEPEHUSMU
OJIHOM TOJBKO WHTEHCHUBHOCTU B JKCIIEPUMEHTE. BO-BTOpPBIX — 3HAYUTENBHO
00JbIlas TPOMO3JKOCTh BBIUMCIMTEIBHBIX 3aJlad JaKe B CIIydasx MPOCTEHUIINX
reoMerpuii. [locienHee oOCTOSATENBCTBO B COYETAHMM C NpPEIbsBICHHEM Oolee
BBICOKMX TpPEOOBaHMN K TOYHOCTH pacueToB (IO CPABHEHHUIO C AHAJOTUYHBIMU
3aJjladyaMHi CKaJSIPHOTO TNPHUOJIMKEHHs] TEOPUHU TEepPeHOoca) MEepPeBOIUT 3aJadyu ¢
noJispu3alel B paspsi 3aJad, HaXOASAIIMXCA Ha TNpeleiaax BO3MOXXHOCTEH
BBIUMCIIUTEIbHBIX MamnH kiacca bOCM-6. Hakoneln, npoBeAeHHE CTPOTOro
KaueCTBEHHOI'O MCCJIEI0BAHMS MOCTABIEHHBIX MAaTEMAaTUYECKHUX 3aJa4 TaKXKe, KaK
IPaBUIIO, COMPSHKEHO CO 3HAYUTENIbHBIMU TPYJHOCTSMU. B Utore Oosbllias 4yacTh
NOJIyYEHHBIX K HACTOAILIEMY BPEMEHHM CTPOTMX pPE3yJIbTAaTOB OTHOCHUTCS IOKa B
OCHOBHOM K aCHUMIITOTHUYECKON TEOpUM MEPEHOCA CO CHEUUAIbHBIMU KJlacCaMU
3aKOHOB pACCEsIHUS B aKkTe (MMEHHO, 3aKOHAMH pacCEsHMsl, OINpPEIEICHHBIMU
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Marpuniamu B Bujae (9) u (10), cM. Huke). OCHOBHBIE Pe3yJIbTaThl MOJYYEHBI a
pabortax [7, 20-28] (cm. Taxke [10, 11]). CnemyeT OTMETUTh, YTO 3THU KJIACCHI
3aKOHOB pAacCesHUs OXBATHIBAIOT MOJABIIIONIYI0 YacTh MPUIIOKEHHH B CIydae
ONTHYECKH M30TPONHBIX cpeA. Tak KIeTOYHOJIMAaroHAJIbHBIMUA MaTpHULlaMu
ONPENENSIOTCA 3aKOHBI PacCesiHUS MOJIUAMCIEPCHBIMU CPEAaMH, COCTOSIIIIUMH U3
chepruecKkux pacceuBaTesei, MOJIEKYJSIpHOE paccesHue (p3JeeBCKOE), a TaKkKe
3aKOHBI PACCESHUS HEKOTOPHIMH CpEllaMU, COCTOSIIIMMH W3 XaO0THUYECKHX
pacnpeneneHuil Hec(hepruyecKuX paccenBaTelen.

HakoHell, HECKOJIBKO CJIOB O COCTOSSHHUM WCCJIEAOBAHUM 1O TEOpUU
nepeHoca MoJsIpUu30BaHHOTO U3TYyYEHHUs B aHU30TPOIHBIX cpenax. PasBurtue 3Toro
HaAlpaBJCHUs BBI3BAHO TIPEXKJE BCEro MOTPEOHOCTIMU acCTPOPHU3NYECKUX
OPWIOKEHUH W JocTUrHyTo B padortax [17, 18, 10, 11]. 3mecy umerotcs
3HAYUTENIbHbIE  MPOJBMKEHUS B  IOCTPOCHUH  XOpOLIO  «pabOTAIOIIHX)»
NpUOJIMKEHHBIX MoAXoAoB. IIoMMMO 3TOro maHsl pa3Hble CHOCOOBI BBIBOJA
ypaBHEHHMS TiepeHoca (B MaTpu4yHOMl ¢opme), a B 00JacTH KaueCTBEHHBIX
UCCJIEIOBAHUM HMCIIOJIb30BAaH MPUHLWII MHBApUAaHTHOCTH AMOapuyMsHa U
MOJIy4eHbl YPaBHEHHUS JUIsl MaTpu4aHOro o0oomenus H - dpynkunn AmOapiymsiHa-
Yannpacekapa [10, 11], npoBeneno wuccinegoBanue metrogom B.B.Cobosera
MOJIYYarOUIUXCsl HHTETPaIbHbIX YPABHEHH.

1. K onucanuio noJsIpU3allHOHHBIX XAPAKTEPUCTHUK W3JIy4YeHUsl B
paMKax TeopuM nmepeHoca.

B onTuke s onpeneneHus COCTOSHUS IOJSPU3ALMM NTOTOKA U3JIyUYEHUS,
KaK M3BECTHO, UCIOJIB3YIOTCSI MATPUIlA KOTEPEHTHOCTU U nTapameTpbl Ctokca. Mbl
OyZIeM TOJIb30BaThCSl CIEAYIONIMM BBIPAXKEHUEM JJII MaTPHUIbl KOTE€PEHTHOCTH.
IlycTp s - HanpaBieHUE PACIPOCTPAHEHUS IUNIOCKOU 3JIEKTPOMArHUTHOM BOJIHBI, r
- MPOCTPAHCTBEHHAs TOYKA HAOJIOACHUS, E(F,s,t) - JBYMEPHBIA BEKTOP-CTOJOCI
KOMITOHEHT BEKTOpPa HAMpPSKEHHOCTH 3JIEKTPUUYECKOTO MOJs B HEKOTOPOM Oasuce,
Pacroj0KEHHOM B IUIOCKOCTH, OPTOTOHAIBHOW s, E*(r,s,t) - BEKTOP-CTpPOKa

KOMINJICKCHO-COIIPA’KCHHBIX KOMIIOHCHT. Torna CTpOroc OIpPCACIICHUC MATPHUIbI
KOTCPCHTHOCTHU TAKOBO

j(F,§,r)iE(F,§,F)®E*(F,§,t+r)

CumBoJIOM ® 0003HaYEHO KPOHEKEPOBCKOE MPOU3BEIICHUE MaTpUll, YepTOU
CBEpXY — omepalus yCpeAHEHHUs] o OOJIbIIOMY IPOMEXKYTKY BpeMeHu. Matpuiia
j IIO3BOJIACT €AWHBIM 06pa30M OIINChIBATH I(OFepeHTHBIe n HOJ'IHpI/IBaI_[I/IOHHBIe
CBOfICTBa T10JI4. I[J'ISI KBaSI/IMOHOXpOMaTI/I‘{CCKOFO I/I3Hy‘ICHI/IH, COCTOJHHUC
nonﬂpmaunn KOTOpOI‘O MOXHO CYHUTATHL IIOCTOJAHHBLIM Ha 0Tpe31<ax BpeMCHI/I

At <Ay , THe Av - CHeKTpasibHas MIMPUHA U3ITYYCHUS, TOJIHAST MHGOPMAIIHS O

A A
COCTOSIHUM TOJISIPU3ALIMA  COJIEPKUTCS B IPMUTOBOW Matpuie J(r,s)=J(r,s,0).

(UmenHo matpuiia J OOBIYHO M Ha3bIBAETCS MATPHIEH KOTEPEHTHOCTH). YeThipe
JNENUCTBUTENBHBIX (PYHKIUH, ONPEESIOMUX J, MO3BOJIIIOT HAWTH MHTEHCUBHOCTD
U3NTyYEHUsI, CTENeHb TMOoJisipu3auuu  (A0Js  MOJHOCTHIO  MOJISIPU30BAHHOU
KOMITOHEHTHl B TOJIHOM WHTEHCHMBHOCTH) M TapameTpbl AJUIMIICA MOJSIpU3ALUU
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ITOJIHOCTBIO MOJIIPU30BAHHOW KOMITOHEHTHI (CTENEHb BBITSIHYTOCTH AJLIUIICA U €r0
MOJIOKEHUE B 3aJJaHHOM Oasuce). Ta xe HHpopMalus COAEPKUTCSA B MapameTpax
Crokca. Mbpl He OyneM 37aecCh BBITUCHIBATH (POPMYJIBI CBA3H MapaMETPOB
HOJIAPU3AMM ¢ KOMIIOHEHTaMH MaTpuiel J (wim mapamerpamu  CTokca),
KOTOPBIE XOpOIIO W3BECTHBI M BCIOAY MpHUBOASTCA (cM., Hampumep, [3-6]).
OTMeTHM NUIIb HEKOTOphIe (DaKThI, YCTAHOBJIECHHBICE B CTATHMUECKON OINTHKE U
CTaTHUCTUYECKON paano(u3HKe, KOTOPHIE B IAHHOM CJIydae BayKHbI C TOUKH 3PEHUS
CTPOroro MaTeMaTHYEeCKOTrO IOoAXOoJa K 3aJadyaM IIEpEeHOCca IOJSIPU30BAHHOTO
u3nydeHus [14-16].

1) JTroGoe peanbHOE AIIEKTPOMATHUTHOE TI0JIC, B TOM YHUCIIE M ONTHYECKOE,
CO3/aeTcs aHcaMOJIeM HEKOPpEIMPOBAaHHBIX JJIEMEHTApHBIX HCTOYHUKOB U
[O3TOMY, KaK MPHUHIATO TOoBOpUTH [15], mpeacraBiser coOOM CTATUCTHUYECKYIO
JUHAMUYECKYIO CUCTEMY. BIIOKMTH TOYHBI MaTEMaTUYECKUN CMBICI B ITOHATUS
MOJIHAsT M YacTU4Has MOJSpHU3alus, KOIEPEHTHOCTh W HEKOT€pEHTHOCTb,
ONTHYECKash HEPA3IUYUMOCTh MIOTOKOB U T.J., @ TAK)XKE BBISICHUTH CTPOTHE YCIOBUS
aAIUTUBHOCTA MAaTpUIbl KorepeHTHocTh (M mapamerpoB CTokca) yaaercs Ha
OCHOBE  MaTEMaTHYECKOTO  ammapara TEOpUHM  CIy4YalHbIX  MHPOLECCOB.
OxkaspIBaeTcs, 4TO JUIsl CTAMOHAPHBIX M 3ProJIMYECKHX BEKTOPHBIX CIIYHYaHBIX
IPOLECCOB (B JAaHHOM CITyyae ABYMEPHBIX) MaTpulla KOT€PEHTHOCTH ,J COBIAJAET
C KOppEeIsUMOHHOW  Marpuuedl mnponecca. I[Ipm 3TOM  CTaMOHApHOCTS,
SProAUYHOCTh U KBa3UMOHOXPOMATHUYHOCTh B COYETAHUU C YCIOBHEM, YTO BpeMs
3ama3fplBaHUsl 7  YIOBJETBOPSIET YCIOBUIO r<<Av'', SABIFIIOTCS  TOU
COBOKYITHOCTBIO TOYHBIX YCJIOBHH, IIPH KOTOPBIX MATPUIbl J(F,S) AOCTATOYHO JUIs
OMMCaHMs BCEX MPOLECCOB, CBA3AHHBIX C MOJSPU3ALUECH.

2) YCTaHOBICHBI Mapajielib ¥ COOTBETCTBHE MEXIY KIACCHUCCKUM U
KBaHTOBOMEXAaHWYECKUM OINMCAHUSMH IMOJISIPU30BAHHOTO M3JIYUYEHUS U aHAJIOTHs
MEXIy MAaTpPHIEH KOIEPEHTHOCTH J ¥ KBAaHTOBOMEXaHMYECKOM MaTpHIEH
IUIOTHOCTU p . BBIsICHEHO, UTO aHaJOTUs MEXIy J U p BecbMa OJM3Kas, HO HE
aBisieTca MojaHoM. CCBUIKM Ha JUTEpaTypy IO 3THM BOIPOCAM MOKHO HAaWTH,
Harnpumep, B [15].

2. YpaBHeHHe nepeHoca noJisipu30BaHHOT0 U3JTyYeHUs!

[Ipu peHoMEeHOIOrnueCKOM OIMMCAaHWU PacCerBaIOIIel CpeAbl U Ipoliecca
MHOTOKPATHOTO pacCessHUsl, KaK W3BECTHO, OOBIYHOE CKaJIsPHOE YypaBHEHUE
MepeHoca U3IyYeHUsT MOKHO TMOJIYYUTh U3 COOOpakeHUi Oamanca sHepruu [3, 5,
9]. AnanoruyHsiM 00pa3oM ypaBHEHHUE MEPEHOCA TOJSIPU30BAHHOTO M3IIYYCHHS B
AHU30TPOIHOM  Ccpelle  MOXKHO  IMOJYyYUTh HA  OCHOBE  PACCMOTPEHHUS
pacrpocTpaHeHUs HOpMaJIbHBIX BOJH B cpene [10]. CymiecTByeT u Ipyrou mojaxo;n
— CIlyCTUTBhCSL Ha Oojee ACTAIbHBIH MHUKPOCKOIMYECKHH YpPOBEHb OIMCAHUSA,
3amaBasi cpeay Kak aHcaMOJb HM30JIMPOBAHHBIX pacceuBaTelel W HCHOIB3YS
TOYHOE OINMCAHHE MPOIECCa MHOTOKPATHOTO PACCESIHUS M3Ty4YeHHsS Ha OCHOBE
ypaBHeHul Makcgeiia. Takue MeToabl BBIBOJIA YPABHEHUU IIEPEHOCA HAYaId
pa3pabarbiBaThCs yKe€ JABHO CHaudana Jjisi ckamspHoro mpuommkeHus (L.Foldy,
1945; M. Lax, 1951), a 3arem ObLIM MPOJOJDKEHBI W ISl MOJSPHU30BAHHOIO
U3NTy4yeHUs. YpaBHEHUE IMepeHoca (MaTpUYHBIM BapuaHT) A Pa3peKeHHON
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M30TPOITHOM CPENBI C PITEEBCKUM 3aKOHOM PACCESHUS B aKTE HA M30JIMPOBAHHBIX
pacceuBatensix nonydeHo B paborax K.Barcona (K.Watson, 1969; 1970), nusa
AHNU30TPOITHBIX CPeJl U3 HEKOPPEIUPOBAHHBIX PACCEMBATEIIEH, pa3Mephl KOTOPBIX
MaJjbl 0 CPAaBHEHHIO C JJIMHOM BOJHBI H3nydeHus B cpene — HO.M.I'HenunbiMm,
A.3. lonrunoBbeiM U H.A.CunanteeBbiM (1969-1979 r1r.) [17, 18, 10]. BekTopHoe
YpPaBHEHHME NEpPEHOCA JUIA Pa3pEKEHHBIX AHU3OTPOIIHBIX CpPEN, COCTOSAIIMX W3
KOPPENMPOBAHHBIX AUCKPETHBIX pacCeUBAaTENEH, 11 KOTOPBIX 3aKOH PacCEsIHUS B
aKTe€ CYMTAETCS 3aJaHHBIM (M TPOU3BOJIBHBIM) TOJIYYEHO OJHHUM W3 aBTOPOB
noknana [19].

[IpenMymecTBO MUKPOCKOITMYECKOTO MTOAX0/Ia COCTOUT B TOM, YTO TIOMUMO
CaMOro ypaBHEHUS MEPEHOCA yIAECTCS ONPEAEIUTh OCHOBHBIE MAaKPOCKOIIMYECKUE
napaMeTpsl Cpelbl: KO3()QUIMEHT MpesoOMIIEHUsI Cpelbl, IOJHOE CEYEHUe
B3aMMOJICUCTBUS M3JYyYEHUS C BEIIECTBOM (CEUEHUS SKCTUHKIMHU), MaTpPHUILY
paccesiHAd 3JeMeHTa o0bemMa cpelbl (B cllydae, €CIM CcpelJa OKa3bIBaeTcs
AHU3O0TPOIHOM  OMpPEAENAOTCS KO3(PQMUUMEHTh MPEJIOMJIEHUS M CEYCHUS
AOKCTUHKIMH JJI1 HOPMAJIBHBIX BOJIH, @ TAKXKE MOJSAPU3ALUOHHBIE XapaKTEPUCTHKU
MOCJEIHNX). YKa3aHHbIE  MAaKpOCKOINHMYECKHE  IMapaMeTphl  OKa3bIBAIOTCSA
CBSI3aHHBIMM C PACCEMBAIOIIMMHU CBOMCTBAMM WHAMBUIYAJIbHBIX pacceuBaTeien
(omepatopoM aMIUIUTYAbl) U 3aKOHOM HUX paclpeiesieHus. ITO MO3BOJSET
OpeacKa3aTh MAaKpOCKOMMYECKHE CBOMCTBA CpEIbl, €CIM HMEEeTCs Kakas-JInOo
uHpopMalusl O CBOICTBaxX pacceuBaresieil U ux pacmnpeneneHus. Bo3Hukaromue
3/1€Ch COOTHOIIIEHHs TaKOBI*. ITyCTh A(s,) - ABYMEPHBIN OMEPaTOp aMILIMTY/IbI,
OTIPENENSAIONMA B BOJIHOBOM 30HE aMIUIMTYIy pacxoismieics chepuyeckon
BOJIHBI, PACCESIHHOW M30JIMPOBAaHHBIM pacceuBaTesieM (o - COBOKYNHOCTb
mapaMeTpOB, OIMCHIBAIOIIMX PAacCEMBAIOIIME CBOMCTBA paccewBarens), J(s) -
YETHIPEXKOMIIOHEHTHBI ~ BEKTOP-CTOJIOEI], COCTaBJIEHHBIM W3  KOMIIOHEHT

Ji10)y000, 15, MATPHULIBI J(5), d(s) - YETBHIPEXKOMITOHEHTHBIN BEKTOp, CBSI3aHHBIN C

J(5) cooTHOIIEHHEM @(5)=TJ(s) **, 111 KOTOPOro TPeOyETC s HAMCATh YPaBHEHHUE

I A
nepeHoca wusnydyeHus. Ilycte nmanee A(s)=<A(s,s,a)> €CTb CpelHEe IO

aHcamOIII0 3HaUEHUE olepaTopa aMIUIUTYAbI JJIs HalPaBJICHUS PACCESTHHSI TOYHO
Briepen , A”(s) - ee COOCTBEHHBIC Yncia (i=1,2).

Torma  oOmelt  sBAsieTCs  cleAyollas  CUTyalMs:  M3JIyYCHHUEM,
pacrpocTpaHsomumMcss 0e3 paccestHusl, aHcaMOJib pacceuBaTeneil 3((EeKTUBHO
«BOCIIPUHUMAETCS» KaK CIUIONIHAS ONTHYECKU-aHU30TPOIHAs cpea (Kak MpaBuiio
peaim3yeTcsi TOT/a, KOTJa pacceMBaTelM aHU30TPOITHO PACCEUBAIOIIUE, a HUX
pacnpeneneHue He o00iagaer Kakoil-nmubo cummerpueit). B 3ToM ciydae
KOO(POUIIUEHTH TPEIOMIICHUSI W CEYCHUs OJKCTHUHKIMU HOPMAIBHBIX BOJH
OTIPEIETISAIOTCA COOCTBEHHBIMH YUCIIAMU

* Jlng mpocTOTHI Cpela CUYUTAeTCsl OJHOPOJHOM M 3aBUCHMOCTh BCEX
[apaMeTpoOB OT r OIyIEHA.
**T - MaTpHUIa, SJIEMEHTAMH KOTOPOM SIBJISIOTCS IOCTOSIHHBIE.
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2
AD(5): n(5)= 1+2ﬂ(9j ReA") (5);
C

-2
ol = ZE(Qj ImAY (5);
C

a COCTOSIHUS TTOJISIpU3AIlii HOPMAJIbHBIX BOJH - COOCTBEHHBIMH BeKTOpamMu A (s)
[10, 19]. Ecau A(s) UMeeT eqUHCTBEHHOE COOCTBEHHOE UKCIO A(s) (KparHocTH 2),
cpena, OYEBUJIHO, OKa3bIBACTCS ONTHYECKU H30TpOonmHOH. B mrobom cirydae
MHOTOKpPaTHOE pacCesiHue M3JyYeHHUs OIHUCHIBACTCS MATPUICH paccesHus
3JIeMEHTa 00beMa
[(5,5)=<T(A(5,5;0) QA (5,5, )T >

[Mpu HanMuuK KOppesanui B ancambJie paccenpareleil B popmyie s 7(s,s)

COAEPKUTCS ClaraeéMoe, OTBETCTBEHHOE 3a Koppeanuto [19].
VYpaBHeHHE MepeHOoca MOISIPU30BAHHOTO U3IYyUYECHHS B aHU30TPOIHOU cpesie

AMEET BHI;

(5,V)D+5D=PD+F, (1)
@D)(s)=[ P(s,5)D(s)ds, (2)
®(s,5)=L0(5,5)(5,5) (5, 5). (3)

3mech L(5,5) ecTh MaTpuia mpeobpa3oBaHus BEKTOpa ®(S) IpH IEPEXOMAE OT
ojHOTO Gaswuca K Apyromy (MOJTHOCTBIO ONPEIEISIETCS TOCIIe TOTO0, KaK 3a1aHa T 1
HaliIeHbl COOCTBEHHBIE BEKTOPHI A(S)). Matpuua & 3aBucut or o u n, j=1,2.

JIuis K30TPOTIHOM Cpefibl & =0, diag{1,1,1,1},, a [(5,5)=F(5-5)=F()..

Bce npuBeneHHBIE COOTHOIICHHMS MW CaMO YpPaBHEHHE IIEpEeHOCA
CIpaBeIuBBl NpU A</, d</, d A Tne A - JUIMHA BOJIHEBI n3jiaydeHus, ¢ -
CpEHEE PACCTOSIHUE MEXK]ly PACCEUBATENSAMHU, d - TUAMETP PACCEUBATENEH.

3. Marpuua paccesiHus 3JIeMeHTa 00bemMa

Kak yxe roBopuiioch, CTpOruid aHaJIU3 JAIbIIE MPOBOAUTCA ISl YPaBHECHUS
nepeHoca B HM30TPOmHON cpeme. OnmHako CBOMCTBa Marpuubsl | Kak
MaTeMaTH4eCKOro O0BeKTa, O KOTOPBIX MOMAET peub B HACTOSIIEM paselie,
CIIPABE/JIMBBI TAKXKE U JJISI CITy4dasi aHU30TPOIHBIX CPE.

VYCIIOBUSA HEOTPUIIATEIBHOW OMNPEACICHHOCTH MAaTPHUIbl KOT€PEHTHOCTHU

(Tr/>0, detJ>0) Ha s13bIKe mapameTpoB CTOKCa MPUHUMAET BHU]I
o

1>0; p*(®@)=1 -Q —U*-V>>0. 4)
Orcrofa cieayer, uTo Iobas MAaTpUlla PacCesHus NOJDKHA YIOBIETBOPATH
YCIIOBUSIM.
(C®), >0; p*(('®)>0 (5)
17181 1000ro @, yI0BIETBOPAIOIEro (4).
Enie 0oJHUM OYEBHAHBIM YCIOBHEM, KOTOPOMY JOJKHA YHOBIETBOPATH I,
SABJIAETCS HEPABEHCTBO
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[ @®),ds<[ @,ds (6)
Q Q

nas moboro @, yaosiersopsiomiero (4). Ycnosue (6) BhIpaXKaeT 3aKoH
COXpPaHEHHUs PHEPTUU B aKTE paccesiHUs B Hepa3MHOXKarwolen cpene. B kauecte
CJEACTBUS MEPBOTO U3 HEpaBEHCTB (4) U HepaBeHCTBA (6) MOTy4YarOTCsT OOBIYHBIC
OrpaHUYEHMs] Ha MHIMKATPUCY paccesHus B akTe (IpH BHIOOpE B KauecTBe @
BekTopa CTOKCa MHIMKATPHUCA COBIAJAET C JIEMEHTOM I, (y)). DTO yCIOBHE

rn(?/) =0
H % [ Tulndy=a, ac(0,1. (7)

Hakonen, mpencraBiusieTcsi  €CTECTBEHHBIM  IIOCTYJHUPOBATh  YCIIOBUE
00s13aT€IbHOTO  BO3HMKHOBEHHUSI TOJISIpPU3allMM B aKT€  paccesHus IMpu
HETIOJISIPU30BAaHHOM  MMAJIAlOIIEM H3JIYyYeHUHM (KaK CJEJACTBUE MOMEPEUYHOCTH
ANEKTPOMArHUTHBIX BOJH). Toraa, oueBuaHO, ', #0, U HETPYAHO MOIYYUTh, YTO
MUHUMAJILHOE YHCJIO0 HE3aBUCUMBIX (PYHKIUH, KOTOPHIE MOTYT OMPEEATh
MaTpUIly (U3NUYECKH PeaTu3yeMOro 3aKOHa paccesiHus B akTe, paBHO TpeMm. Cama
MaTpula f"(y) IIpHU DTOM UMEECT BU]

a,(y) bly) 0 0

b(y) al(y) O 0 _ ©)
0 0 afy) O

0 0 0 a,y)

NmeHHO Takol BUJ UMEET MaTpHUIla PAJIEEBCKOTO PACCESTHUSA.

Tenepsr HECKONLKO 3aMEUaHMI O BO3MOXHBIX CBOMCTBAX CUMMETPHH [\(y) U
Yucje HEe3aBUCUMBIX TapaMeTpoB. Ecnum He Jgenaercs BooOIIEe HUKAKHUX
MPEIINOJNIOKEHU HU O 3aKOHE PaCCEesHHUS HU30JUPOBAHHBIMU PACCEUBATEISIMU
Cpenbl, HU O KaKuX-JM0O CBOWCTBAX CHMMETPHHM 3aKOHAa HMX paclpeleeHus,
Matpuna I'(y) ompeznensiercs B o0meM 16 ¢pynxuusamu. Eciam ke UMEIOTCs XOTs Obl
HEKOTOpPbIE CBOWCTBA CUMMETPUM 3aKOHA pPaCIpPEACIICHUs pacceuBaTelieu
aHCcaMOJIs, YMCIIO HE3aBUCHMBIX (DYHKIHMH, ONPENENAIOIMX 1(y), MOKET 3aMETHO
COKpatuThcs. Tak, CKaxXeM, NpU BIOJHE XAOTHYECKOM paACHPEAECICHUU
pacceuBaTesiel COKpallleHUEe Yuclia HE3aBUCHUMBIX (PYHKIIMM HMEET MECTO JaxKe
npu JII0O0OM 3aKOHE PacCessHUS W30JUPOBAHHBIMU PACCEUBATENISIMH, MOCKOJIBKY
IIPU PaCCESTHUU Ha JIFOOBIX pacCEUBATEIISIX CIPABEIJIUB MPUHILIUI B3aUMHOCTH JIJIs
paccesiHUsl TOJISIPU30BAHHOTO M3JIyYEHHs B akTe. MHOXECTBO MNPUMEPOB, Ha
KOTOPBIX MOKHO TPOJAEMOHCTPUPOBATH COKPAIICHUE YHCJIAa HE3aBUCHUMBIX
mapaMeTpoB () pazobpano B [6]. Kak yxe ynmoMHHAIOCh, PE3YIbTaThl CTPOIOro
aHAJIM3a MOKA MOJIYYEHBI JUIsI YPAaBHEHUS NIEPEHOCA B CIIy4ae U30TPOIHOU CpEabl U
MaTpUIIbl PaCCESIHUS BUIA
aly) bly) O 0
b(y) a(y) 0 o | 9)

0 0 ay) cly)
0 0 —c(y) a,(y)

()=

[(y)=
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Takol 3aKOH pacCesHMs NPUHATO HA3bIBATh  3aKOHOM pAacCesHUs NpPHU
Hanuuuu P - nHBapuaHTHOCTH B akTe. HECKOJIBKO CIIOB Takke OyJeT CKa3aHO I10
IIOBOZly YPABHEHUS IIEPEHOCA C 3aKOHOM PAaCCESHMUS.

a b
b a

-, —C

C

1 1 2

T(y)=| ’ (10)

a

3 3

b, b, -c aq,
4. BekTOpHOE ypaBHEHHE NEPEHOCA U3JIyYeHHsI B M30TPOIHOM cpeje.
Omneparop paccessnust

Teneps OyayT KpaTKO MEpPEUYUCIICHBI PE3YyJbTaThl HMCCIEIOBAHUS OOIIUX
(GYHKIIMOHATBHBIX CBOMCTB UHTETPAIBHOTO ollepatopa ® ypaBHeHus nepenoca (1)
JUISL clydasl U30TPOIHOM Cpelibl U 3aKOHOB PACCESIHUS B aKTe, ONpPENIeICHHBIX
MaTpuiiamMu paccesuusi Buaa (9), ynosnerBopsitonumMu ycnoBusaMm (5) u (6). Tax
ke, KaK B Cllydae aHalli3a MHTErPaJibHOTO OlepaTopa B CKAIIPHOM MPUOTIUKECHNH,
CUMTAETCS, YTO DJIEMEHTHl  MATPHUIBI  paccesHus [(y)  [pHHAIIEKAT
(GYHKIMOHATBHBIM TOANPOCTpaHCTBaM  X[—1,1] (KOHKPETHO paccMaTpUBaIOTCS
BO3MOXXHOCTH X[-1,1]=L,[-1,1] u X[-1,1]=L[-1,1], p>1,), a 5JIEMEHThI BEKTOpa 5)(§)
(GYHKIMOHATBHBIM TOANPOCTPAHCTBAM  X(Q) rae Q - eauHu4Has cdepa
TPEXMEPHOTO MPOCTPAHCTBA (3/1€Ch PACCMOTPEHBI BO3MOKHOCTH:

X(€Q)=L(€Y), X(€)=L,(€Q) n X(Q)=C(C2)).

Torna «pabounmu» (QYHKIIMOHATBHBIMU TPOCTPAHCTBAMHU IS 3a7a4 C
MOJIIpU3aluen SABJIAIOTCA IIPOCTPaHCTBA X)) = X(Q) x X(Q) x X(Q) x X(Q)
YETBIPEXKOMIIOHCHTHBIX (DYHKITUH, OMPEACICHHBIX Ha Q (TpSMbIC TTPOU3BEIACHUS
YETBIPEX KOMUHN X((2)), @ UHTETPAJIbHBIN ONEPATOP PACCEIHUS @ €CTh ONEpPaTOpPHAS
Mmatpuiia, aehctByromas u3 X“(Q) B v“(Q). CBeneHus o (QyHKIMOHAIBHBIX U
CHEKTPaJIbHBIX CBOMCTBAX ® HYXKHBI MPHU aHAIN3€ ACUMIITOTHYECKUX CBOMCTB
MHOTOKPAaTHO PAaCCESIHHOIO M37My4YeHus (TJIyOMHHBIX PEXHMOB), a TaKXKe IpHU
Pa3BUTHH YMCIICHHBIX METOAOB. Y CTAaHOBJIEHBI CIEIYIOIINE CBOMCTBA P .

1) IonHas HEMPEPBIBHOCTH U CTiIaKuBaromue croiictsa [20, 21, 27, 28];

2) CpoiicTBAa CHUMMETPUU @ OTHOCHUTEJIBHO TPYyMNIbl BpalleHUd U
aJIeKBaTHBIN 5TOMyY CBOMcTBY Pyphe-ananus Gpyukiuii @ ¢ [7, 22, 20, 21, 27].

(HeckoJibkO KOHKpETHEE: TTOKa3aHOo, YTO BIOJHE ONPeAeICHHOE
MOJIMHOKECTBO CUCTEMBI {T, (x,1,¢)} 0000IIEHHBIX CheprUUeCKUX (PYHKIIHM,

MMEHHO CHCTEMa
Vo (1, @)Y (11,0) =P ()€™ =T,,,(0, 1,0), M=2,0,2; £=0,1,..., n=[m
TOBOPSI, UTPAET TY K€ POJIb B 3a/a4€ C MOJIsIpr3aIen, Kakyro UrpaeT cucrema
OOBIYHBIX cheprdecKuX (PYHKIMI B COOTBETCTBYIOIICH 3a/1a4€ CKAISIPHOTO
MPUOIIMKEHUS );

3) HalineHsl AWCKPETHBIM CHEKTP, CHCTEMa COOCTBEHHBIX BEKTOPOB @ ;
cucteMma CUHTYJsipHbIX uucen @ [20, 21, 27, 28] (A1 KI€TOUYHO-AuaroHaabHbIX
() COOCTBEHHBIE U CUHTY/ISPHEIE YMCIA P SBHBIM 00Pa30M BBIPAKAIOTCS YEPE3

’

m|+1,....} Tpy6o

KOO (UIMEHTHI Pa3JIOKEHUS IEMEHTOB 1(y) IO ONMPENEIEHHOMY MOAMHOKECTBY
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NOJMHOMOB P’ (1). Cpeau COOCTBEHHBIX YHCEN oOmeparopa @ HMeeTcs

I[GﬁCTBI/ITCJII)HOC COOCTBEHHOE YHCJIO
1

17 1
=5j1 Culdy =2 [ a(ndy, a<(0)

-1
KOTOPOMY OTBEYAET CcOOCTBEHHBIN BEKTOP éo(E) =Const{1,0,0,0).);

4) Tloka3aHo, 4TO omepaTrop @ SBIAETCS HECAMOCONPSLKEHHBIM JaXKe IS
Y3KOT0 KJIacca MaTpHI] pacCesHUS U3 paccMaTpuBaeMoro kmacca (mpu C(y) =0) u

B 0011IeM HECUMMETpU3yeM [27];

5) JoxazaHo, 4TO omeparop @ 00JaJacT BeCbMa BaXXHbIM CBOMCTBOM —
CUJIBHOW TIOJOKMUTEILHOCTBIO B HajexameM KoHyce. ClelcTBUEM HTOrO
CBOMCTBa SIBJISICTCS Hauu4yue y @  BEAyllero COOCTBEHHOrO  4HCIa
(TOJIOKUTENBHOTO, MPOCTOr0, MAKCUMAJILHOTO MO MOJYJIIO) U OTBEYAIOILIETO €My
COOCTBEHHOT'0 BEKTOpA, COJICPIKAIIETr0oCsl BO BHYTPEHHOCTH KoHYyca [20, 27, 28].

31ech CTOMT CKa3aTh IoapoOHee. MHOXKECTBO BEKTOPOB q3(§), CT)eX(Q),

OTBEYAIOIINX (U3UUECKH PEATU3yEMbIM COCTOSHHSM ITOJISIPH3AIHH, 00pasyer
KOHYyC %X, B mpocTpanctBe X*(Q). Tounee
={®B|d e M XV (Q)], @, 20; p*(®)> 0],

roie  N[XYW(Q) - nmedcTBUTENBbHOE sAApo mpocTpaHcTBa  XY(Q). Omeparop
®: X — x“ gBusercs, Mo OmMpeAeNeHUI0, CUIBHO IMOJIOKHUTEIbHBIM B %, , €CIH
s modoro ®#0, IPUHAMIEKALNIETO I'PAHULE KOHyca %, (T.€. TaKOro, 4To
p*(D)=0) CyIIECTBYET TAKOE HATYPAIBHOE n, =n,(®), YTO IPH n>n, BHIIOIHAETCS
PA(@"D)>0 (T.e. DIEMEHT @"d CONEPKUTC BHYTPH X, ). JIJIsl 3aKOHOB paccesiHus B

aKTe, OMPEICICHHBIX KJIETOYHO-THArOHAIBHBIMH MAaTPUIIAMH PacCMaTPUBAEMOTO
KJ1acca, MOJYYCHbBI CIICAYIONIUE PE3YIIbTaThI:

A. VYKa3zaHbl TPOCTHIE JTOCTATOYHBIC YCIOBUSA CHIIBHOM IMOJIOKUTEILHOCTH
P:CY(Q)—>C"(Q) B KOHyce K, (Ha S3bIKE OTPAaHHUYCHHIA Ha DJIEMEHTHI MaTPUIIBI

I'(y) [27].
B. ChopmynrpoBanbl HEOOXOAMMBIE W JOCTATOYHBIE YCIIOBUS CHILHOMN
MOJIOKUTENFHOCTH @ B %, (HA SI3BIKE YCJIOBHH Ha KOA()(HUIMEHTHI pa3iokKeHUi

3JEMEHTOB '(y) 1O cucTeMe MoJIUHOMOB {P., (7)) [28].
[IpuBenem ob6a pesynbTaTta
Teopema 1. ITycte MaTpuna paccesHus [(y) umeer Bun (9) u oOmamaer
CBOMCTBAMU
1) I'(x,.)c %, (I" ocTapiseT HHBAPUAHTHBIM KOHYC K, )

2) DneMeHTHI [(y) YAOBIETBOPSAIOT JOIOIHUTEILHEIM OrPAHUYEHHSIM:

i o, ()| <j a,(y)dy,
I [b(y)|dy < \/—f (1=7")a, (y)dy,

[ letldy < J—f (1-7")a, (),

-1
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Torna onepatop @:C*(Q) —C*(Q) siBIIETCA CUIBHO MOJOKUTENBHBIM B K .

Teopema 2. Ilycte Marpuma I(y) OCTaBise€T MHBAPUAHTHBIM KOHYC X,
noutu Bctoay Ha [-1,1]u T',_eL [-1,1]. Torga ans toro, 4ToOBI ONepaTop @ OBLI
CUJIHHO TTOJIOKUTETHHBIM HEOOXOIMMO U JOCTATOYHO BBHIITOJTHCHUE HEPABEHCTB

‘aff‘<a;
bZ 2 bf 2
—a+ ( )Z <a,<a- ( )w 1=2,3,....
a+a; a-a,
31ech
df df 1
‘ ¢ ‘ ’ ‘
a, E(al )o,o; a, EE{(GZ +a, )2,2 + (02 —a, )2,—2 };
df df
? ¢ ¢ ¢
a, E(a4)o,0; b E(b)z,or
df 1
¢ _L, pt
(.)m'n :E( IPmn )Lz[*l,l].

[ToMumo aHanmm3a (PyHKIHMOHAJIBHBIX CBOMCTB omepaTopa ®, YCTaHOBJICHBI
YCJIOBUS CYIIECTBOBAHUS M €IWHCTBEHHOCTH PEIICHUS KPacBOM 3a/lau NEpeHoca
MOJIIPU30BAaHHOTO  M3JIYYEeHHs] B OTPAaHMYCHHOM  00OJlacTH, a  TaKXke
chopMyIHpOBaHbl YCIOBUS CXOJMMOCTH METOJIa HTEpAlMii 10 KPaTHOCTH
paccesinus [28].

5. I''1yOMHHBII pesxuM ISl MOJAPU30BAHHOI0 U3JIyYeHMSI
BekTopHOe XapakTepuCcTUUECKOE YpaBHEHUE

—

(k) Pk, $)=(29)-(k,3), © " (11)

keg,,
SIBJISIIOIIEECS.  BEKTOPHBIM  OOOOIIEHHEM  XapaKTePUCTUUYECKOTO  ypaBHEHUS
B.A.AM0Gapiymsina, onpeaensier ACUMITOTUYECKUE XapaKTEPUCTUKH

MOJIAPU30BAHHOTO U3TYyYEHUSI B TIyOWHE ONTUYECKH TOJICTOTO CJIOSI M30TPOITHOMN
cpenbl. Kak m B cimyuyae ckaJsipHOrO MPUOIMKEHUS TEOPUU TEPEeHOca, 37eCh
OpeAMETOM aHaldu3a SBISIETCS MHOXKECTBO 4  3HAYEHUW KOMIUIEKCHOTO
napamerpa k, IMPHU KOTOPBIX CYHIECTBYIOT OrpPaHUYEHHBIE HETPUBUAIIbHbBIC
pewienust P(k,,$) 3TOro ypaBHEHHS ¥ MHOKeCTBO camux ¥(k,,s). MHOXecTBO 97
CBSI3AHO C JMCKPETHBIM CIIEKTPOM HHTETPAIBHOTO omneparopa Z7/(k)=(1+ku)" @
TOYHO TEM K€ COOTHOIIEHUEM, YTO U B CIIy4ae CKaJISIPHOTO MPUOIMKECHUS

9 ={k |k, e B, o,(&/(K)>1}, * (12)
Y MO3TOMY aHanu3 ypaBHeHuUs (11) cBOaUTCA K U3yUYEHUIO TUCKPETHOTO CIEKTPa U
COOCTBEHHBIX BEKTOpPOB Z/(k). Ilporpammy »TOoro wucciegoBaHusi yaaeTcs

MPOBECTH, IIOBTOpPsI IHAr 3a IHaroM COOTBCTCTBYIOIIYIO MHOporpaMmy OIS
XapaKTePUCTHYECKOTO YPaBHEHMs CKaJspHOro mnpuoOimxeHus. B orauuue ot
COOTBETCTBYIOILIETO OIEpaTopa CKAISAPHOTO NpHUOIMKEHUs oneparop Z7(k) mpu

k(-1,1) B oOmieM He cUMMETpu3yeMm, W mnodtomy ypaBHenue (11) ummeer, kak
MPaBUJIO, KOMIUIEKCHBIN CIIEKTP. TeM He MEHee OKa3bIBAECTCS, YTO LEIbIN DS

* ' KOMILIEKCHAs k - TUIOCKOCTh C pa3pe3amu (—oo,—1] U [1,00).
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CBOMCTB omepaTopa Z/(k) CKaJspHOTO MPUOMKEHUS TMEPEHOCUTCS (C TOJDKHBIM
00001IIeHrEeM) Ha omepatop Z/(k) BEKTOPHOM 3amadu. DTO CIEAYIOIINE CBOHCTBA
[21, 26]:

1) CunpHas TOJOXHTEIBHOCTh. Omepatop (k). CY(Q)—Cc™(Q) npwu
k €(—1,1) CHUJIBHO MOJIOXKUTECJICH B K .

2) ®ypbe-aHanu3 1no azumyty. CHekrp (k) MOTHOCTBIO MCYEPIIBIBACTCS
OOBEIMHEHUEM CIIEKTPOB OINEPATOPOB /77 (k) - a3UMYyTaJbHBIX T'apMOHHK (k).
CoOCTBEeHHBIMU ~ BEKTOpaMH  Z/(k) SIBISIIOTCS (PYHKIMH C  pa3AeleHHbIMU
IIEPEMEHHBIMU 1,0 U HET HUKAKUX JIPYTHUX.

3) IloBenenue BeAyiero COOCTBEHHOTO 3HAUCHUST A(k) omeparopa Z/(k) Kak
(GYHKIMU k BIIOJIHE aHAJIOTMYHO MOBEACHUIO BEIYIIETO COOCTBEHHOTO 3HAYCHUS
M(k) omepaTopa Z/(k) ckanspHoro npubmmxkenus. CoOCTBeHHbINH BekTop P, (k,5),

OTBEYAIOIMHA  A(k) a3MMYTaJbHO oxHopoaeH (T.e. W (k35)=V, (ku) n
‘?O(k, ,u)e?(c[—l,l]cKC). NmeroTcs Takke M CHenualdbHbIE CBOMCTBA BEIYIIETO
COOCTBEHHOTO BEKTOpa ¥, (k, 1), OOYCIIOBJIEHHBIE CIIENMPUKON 3aKOHOB PacCesHUS

M3 paccMaTpuBaeMoro kjacca (KJI€ToyHas IUaroHajdbHOCTh). MIMeHHO, Bemyuui
COOCTBEHHBIN BEKTOP UMEET BU/I
Py lk, 1) ={¥ ok, 12), ¥k, 1),0,00. (13)
CnenctBueM crienuansHoro Buja (13) Bemyiiero COOCTBEHHOTO BEKTOpa
omeparopa  Z/(k) SABJISIOTCA JIBE OCOOCHHOCTH TJIyOMHHOTO  pexuMa
MOJISIPU30BAHHOTO U3ITYYEHUS JUIsl PACCMAaTPUBAEMOTO KJIacca 3aKOHOB PaCcCEsTHUA:
a) U3JTy4eHUE B ITYOMHHOM PEKUME JIMHENHO Moasipu30BaHo. JINHEHHOCTD
MOJISIPU3AIMU B JAHHOM CiIy4yae O3HA4aeT, YTO MOMUMO YaCTUYHOM peliakcanuu
YIJIOBOM  QHM3OTPONMM  M3IYUYCHHUS MPOUCXOAUT YACTHUUHAS  peJIaKcalus
MOJISIPU3ALINY;
0) mpu 3aKOHAX pacCesTHUs M3 PacCMAaTPUBAEMOro Kjacca B TIIyOMHHOM
peXUME TMPOUCXOJUT 4YACTUUYHOE «3a0bIBaHME)» 3aKOHAa pacCesHUsl B aKTe
(mockoJbKy oka3biBaeTcs, uTo ¢yHkius (13) BoBce HE 3aBUCHUT OT JIEMEHTOB c(y)

U a,(y) MaTpULbl paCCESIHUS).

3ameuyanme. AHaNM3 XapaKTEpPUCTHUYECKOIO YPAaBHEHUS Ui Ciy4as
U30TPOMHOM cpefbl ¢ Oojiee OOIUM 3aKOHOM PAcCesiHUSI B aKTe, OINpeeICHHBIM
Mmatpuuie paccessiuust (10), eme He 3aBepiieH. OJHAKO HEKOTOPHIE PE3yJbTATh
y)Ke UMEIoTCA. Tak 1mojie u3mydeHus B TTyOMHHOM PEXHME OKa3bIBA€TCS YACTUYHO
AJUIMOTUYECKH TMOJSPU30BAHHBIM C TOCTOSHHBIM aKCHUAJIbHO-CUMMETPUYHBIM
HaKJIOHOM IUIOCKOCTH MOJIApU3alUU (OTHOCUTEIBHO — CUMMETPUYHBIM HAKJIOHOM
IJIOCKOCTHU MOJSIPU3ALUHU (OTHOCUTEIIBHO MEPUIMAHATBHOM MIIOCKOCTH).

OcraeTcsi TIPUBECTH peE3yJIbTaThl aHaIW3a OOIIMX CBOWCTB IUCKPETHOTO
crekTpa %  XapaKTepUCTUYECKOTO YpPaBHEHHS M yKazaTh 00JIacTh €ro
JOKAJIM3allMd HAa KOMIUIEKCHOM k - IJIOCKOCTU. JInsi 3aKOHOB paccesHus,
OMpENENICHHBIX KJIETOYHO-TUArOHANbHBIMU MaTtpuuamMud (9) MHOXECTBO M
obJiajiaet cieayrouMu cBoiictBamu [21, 23, 27, 28].

CymiecTByeT napa To4ek +tk, — #7, Takasi, 4To
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a) nmpu a<1, k,€(0,1) W SBISIETCS EIUHCTBEHHBIM KOpPHEM YpaBHEHHUS
A(k)=1, ke[0,1). OTBeUaroLMe 3HAYECHUSIM +k, COOCTBEHHBIE BEKTOPBI UMEIOT BUJ
(13), obmamaror cBOMCTBOM P, (—k,, 1) =¥, (k,,—11) ;

0) §Opu a=1  TOYKH  +k, CIMBAKOTCI B  OAHY  TOYKY
k,=0 u ¥, (0,x)=Const-{1,0,0,0}.

2) Bce ocranbHbIE TOYKHM k; € 97, €CIM TaKME HMMEIOTCA, COIEPXKATCS B

OrpaHUYEeHHOW oOO0JacTu G, NpUHAJIEKANEH KOMIUIEKCHOM TIJIOCKOCTH C
paspes3amu (—oo,—1] U [1,0), OIPEICTICHHON YCIOBUIMU

G={k/|k|<1+a;|Rek|>k,, [Imk| < ARek|},

rac

[c]/~10(1-a), a<1,
A=
[c]/10(1-b), a=1,

df
()= b= sup {o,(®)\{a}}

;
L1-1,1] Aeo, (@)

3) MHoxecTBO ¥ cOJepkKUT He Oojiee CUETHOTO MHOXKECTBA TOYEK U
CHUMMETPUYHO OTHOCUTEIBHO JECUCTBUTEILHON U MHUMOW OCEM.

FOUDATIONS OF MATHEMATICAL THEORY OF POLARIZED
RADIATION TRANSFER (RIGOROUS RESULTS)

T.A.Germogenova, .N.V.Konovalov, M.G.Kusmina

The polarized radiation transfer equation for media consisting of discrete
arbitrarily scattering centers has been derived and studied in details in the case of
homogeneous optically isotropic distribution of spherical scatterers.
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Abstract — The analytical representation of eigenfunctions for finite moments
method approximations of radiative transport equations is constructed in slab
geometry problems. The truncated balance algorithm is used. An angle
dependence of discrete eigenfunctions is determined by discrete characteristic
equation solutions. It is established that space-dependent factors of discrete
eigenfunctions are Pade approximations of the exponential functions and
correspond to the original transport problem eigenfunctions. This technique
proves to be useful for analyzing solvability and accuracy of finite moment
approximations and also for developing computational algorithms. Slowly
changing eigenfunctions are included in the regular component of the optically
thick slab problem solution. Coarse-mesh algorithms or diffusion approximations
at specific boundary conditions can be used to determine these components. Other
eigenfunctions determine the singular component of the mesh solution. This
component represents the transition regime on coarse meshes with typical
oscillations or with a slow decrease in boundary layers. It is strongly different
from the singular component of the exact solution.

I. INTRODUCTION

Usually boundary problems for a transport equation are reduced to
differential equation boundary problems of high stiffness by velocity variable
discretization. Nodal space approximations are used here to solve optically thick
media problems typical for election transport and thermal radiation transfer. The
nodal schemes are oriented to coarse meshes with a size of computing cells A

highly exceeding radiation mean free paths (1/ Zt)
Traditional analyses have been used to obtain the accuracy estimations in the

form of E :O[(ZtA)n] where n>1, for some nodal schemes of low orders

with sufficiently fine meshes. Asymptotic analysis has been used to research
coarse-mesh nodal scheme properties and is based on the known statement of a
proximity of the inner solution of the transport equation boundary problem to the
solution of the corresponding diffusion equation boundary problem inside optically
thick scattering-dominated media.

The central point of the asymptotic analysis is to clarify the conditions of the

diffusion limit existence at X, A>>1. In other words, the conditions of the
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coincidence of the nodal scheme main part of expansion with respect to parameter
1/%, and a correct mesh approximation to the corresponding diffusion equation

boundary problem must be found.

It was established that the known nodal schemes of low orders usually have
the diffusion limit in problems for a homogeneous slab with small absorption and
isotropic scattering if the boundary conditions are formulated correctly for both the

nodal scheme inner solution and the diffusion equation solution. . Moreover, if
the order of the obtained diffusion problem approximation is established, then we
can estimate the order of the nodal inner solution accuracy and clarify its

dependence on a source term smoothness. *
However, some difficulties arise in formulating these boundary conditions. If
traditional boundary conditions are used, then transition regimes appear in the

inner solutions on coarse meshes (E,A >1) (Ref. 3). Specific oscillations or a slow

change in boundary regions do not correspond to the behavior of the exact solution
near the boundary surfaces. In addition, the question arises of whether the set of
nodal equations is uniquely solvable and whether the iterational processes usually
used are converged. Practically, it is also important to estimate the accuracy of
nodal solutions (both inner component and boundary-layer ones) and their
dependence on scheme parameters.

The approach to the analysis of the nodal schemes proposed in this paper is
based on determining the set of discrete eigenfunctions (eigenvectors) of the
transport equation mesh approximation. Constructing further the nodal solution
analytical representations, we obtain a base of considered scheme theoretical
analysis both on fine and coarse meshes. We can also use these representation to
correctly formulate corresponding computational algorithms.

At first, we would like to clarify the main ideas and possibilities of this
approach. Therefore, we are restricted to comparatively simple steady-state mono-
energetic boundary problems for the homogeneous slab with anisotropic scattering
in the discrete ordinates angle approximation and use the conservative finite
moments method space approximation.

These schemes are based on the generalized moments balance relations in
each computational cell for a finite set of first N+1 space moments of the solution.
The truncated balance equation canceling the moments of the solution of the order

N+1 is used to close this set of equations. °

This class of finite moments method responds to «continuous moment
methods» considered in Ref. 5. It includes such well-known methods as the
diamond-difference (DD) scheme and the quadratic continuous (QC) scheme,

named in Russian research the linear moments scheme. ®’ In this class, the
discrete eigenfunction representation is simpler and closer to the exact problem
eigenfunction representation.

In Sec. I, the discrete ordinates form of the considered boundary problems is
formulated, and the generalized moments balance equation for these problems are
presented together with the closing truncated balance equations.
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In Sec. Ill, we obtain analytical formulas for the eigenvectors of this set of
equations. The angle dependence is determined by the solutions of the discrete
characteristic equation. For the space-dependent factor, we obtain Pade
approximations of the exponential functions that correspond to the original
transport problem eigenfunctions. This technique is similar to the well-known
Case’s method of exact transport theory. However, essentially, it is simpler
because discrete transport models have the discrete spectrum only.

Some properties of discrete eigenvectors are established, and their accuracy is
estimated in Sec. IV. Section V gives numerical examples. Some conclusions are
discussed in Sec. VI.

Il. EQUATIONS OF THE FINITE MOMENTS TRANSPORT METHOD
We consider the discrete ordinates version of the boundary value problem for
a homogeneous slab as an original one:

ymdj'z LW —_z YW PP, (2)+Q (2). W
O<z<Z,—1<,um<Lm—irLi2,...,iM,
Y. (0)=q, ifu,>0, ¥, (z)=q, if u,<o0. )

This problem is written in standard neutronic notation. “*We use any
symmetric quadrature set {4, W,; Mm=%142,..,+M}of even-order 2M,
satisfying

1>,ul>,u2> >y >0, o=—pu >0, w _=w >0,
D> Wy =1/ (k+1), k=0,1,2, (3)

m>0
and suppose that this approximation conserves the main properties of an original
physical problem:

Ztzzs>0' I:)mm':F) mm—0 Z - (4)

A spatial mesh with cells ( a2 J+1/2) for j=1, 2, ..., J is supposed uniform
with cell width =A=2Z,15=2j45 2, =0, 2,4, =2 and

Z; = (Zj—1/2 + Zj+ﬂ2)/ 2 =cell center. Also, integer =1/ 2 subscripts refer to cell-

edge quantities, and integer subscripts refer to cell-average quantities.
Let p in (Z) be the Legendre polynomial of order n relating to the jth cell,
and let the values
(n) _ 2n+1 Zjs2
i) =2 (2)p, (2)d ©
be the function V¥ (Z) interior moments of order n in this cell, n=0, 1, ..., N.

Following Ref. 3, we multiply Eq. (1) by p;,(Z) and integrate over the j'th cell.
So, we obtain the generalized moments balance equations



2;;1 Hp, (lej+1/2 +( 1) \ij—l/z
—2{‘1’&'}‘1) L el ]}) +
+pl) =8 n=0,1,..,N, (6)
where the values s,ﬂ{} are defined by
Zvvm PP (2)+ Q0 /2, 7
=0,A=2/%,

the values Qr(nr}) are defined according to Eg. (5), and v(n) =0 if n is even and
v(n)=1ifnis odd.
We close the set of Egs. (6) and (7) by the truncated balance conditions:

‘an“:“) Sr(n';”l) = 0. The closure equations are

mj+1/2

S P (N —2{ w2l ]} 8)
Further, we will show that the set of Eqs. (6), (7), and (8) allows one to find
all the unknown values
W oo 1ty >0, if g1, >0(0r Wy, 0f 4 <0), M=2142,,+M,
under the boundary conditions.
Y ,=0, if m=12..,M
and
Y =0, if m=-1-2..,-M. 9)
Note that the Eq. (8) gives the linear diamond relations for the scalar fluxes if
N=0 and gives the linear approximation for the first space moments ‘P(nf]) if N=1.

So, we obtain from Egs. (6), (7), and (8) the equations of the DD and the QC
schemes, correspondingly.

[11. EIGENFUNCTIONS OF FINITE MOMENTS METHOD EQUATIONS

To find the discrete eigenfunction (eigenvector) ¢ of the set of Egs. (6), (7),
and (8), e, values Do and

o (m=+1L+2,..,.2M,j=01..,3,n=01..,N),  satisfying the

homogeneous Eqgs. (6), (7), and (8) with Q( =0, we assume © ., =f,_,,
in the j'th cell and search for the solution of this cell in the following factorized

form:
D =pP fj—1/2¢)m’ (Dfnnj) = Pn fj—l/2(pm’ n=0,1, ..., N, (10)
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where the quantities p, p,,...0y and @, are the new unknowns in the j’th cell.
Using Egs. (6), (7), and (8), we obtain the following relations:

2n+1 n-
( ZtA /um{p—i_(_l) l 2|:/0nl+pn 3+ +p nl:|}/pn+1j¢m

:_Zwm mm’'pm’ 2 n= -oN, P-n =0 (11)
and
p+(—1)N :Z[pN +pN_2+...+pV(NJ (12)
By setting
k = _(Zn +1){IO + (_l)n_l o 2|:/On—1 + pn—S Tt pv(n—l)i|} / (antA)’ (13)
we reduce Eqg. (11) to the form

(1 k:um ¢m - Z mm(pm (14)

for each n=0,1,...,N. It follows from here that the value of the unknown number k
does not depend on n and j being an eigenvalue of the homogeneous set of linear

equations and that the vector ¢ with components ¢, m=1,2,...,M,-M,...,-1
IS its eigenvector. These equation represent the discrete ordinates approximation to

the well-known characteristic equation. *° We call the set of Eq. (14) a discrete
characteristic equation.
Note some properties of the Eq. (14) eigenvalues and eigenvectors:

1. All the eigenvalues, k[i],i =41,42,...,£M, are real, they are disposed on
the interval (—1/ s, ,1/ 4, ), and the following estimations are correct:
1-2<kW <kl <kPBl <. <k <1/ g,
kK=l ifi=12,.,M;
kM =k=0  if 2=1;
the eigenvalue k' are simple if 0<| k!' <1.

2. Let q)“ be the eigenvector with components gp”, responding to the
eigenvalue k' Then components (p[ ' of an eigenvector (1)[ 1 are equal to ngi] ,

m

eigenvectors (l)[ and (])[J] for kU = kU are orthogonal with the weight W_ 2z
Z ool =0 if k2 kU,

and
k[']Z:Wm,um (@) >0 ifk!"=0.
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3. The set of eigenvectors (b[i] is full in the vector space R,,, if A <1. Inthe

case A =1 vector, (1)[1] with components (p[l] = const responds to the double-zero

m

eigenvalue k[ﬂ], and the set of eigenvectors has to be added by the vector q)[‘l]

with components go[_l] = u.. Then the set of vectors (])[ii],i =12,...,M will be
fullin R,,, .

4. If the scattering function is isotropic, then gp[i] = const/(l—k[i]um) and

m

the values k'l are the roots of the algebraic characteristic equation

23w, /|:1—<k[i],um )1 1 (15)

m>0

All these roots are simple, excluding the double root k' =0 in the case
A =1. The following estimations are correct:

1-A<kW <1/, 1 <k™<1/p , m=23,.. .M
The aforementioned results are proved in a way similar to the one used in the
exact characteristic equation theory. ®*°
It is well known that the values (pr[T:] and k' determine the eigenfunctions of

the original Eq. (1). If the eigenvalue kT is simple, then for i>0,

oll(z)=e gl al)(z)=e" Ik, r=5z. ()
In the case A =1 eigenfunctions,
CI)%](Z)El and CI)[n;l](Z)zr—,um/(l—a)l) 17)

correspond to the double root k[ﬂ]:o, if for all m the following condition is
realized:

1
Ezwm’/um’ I:)mm' = a)llum’ |0)1| < 1

To simplify the presentation, we consider further only those problems with
anisotropic scattering where all the nonzero roots are simple.

Going over to the values p and p, determination, we use the following
equation implied from Egs. (11) and (13) for each k = k-
N
p+(-1) = Z[pN + Pnos +...+pV(NJ
and

n- 2
p+(—1) . = 2|:pn_1 + 0,3 +"'+pv(n—1):| —Tzlpm

where n7=kZ,A/2, n=0,1,...,N. At first, excluding p and taking into
account the relation (13), we reduce Egs. (18) to the three-point equation:

paa=n| Pyl (20+1)=p,,/(2n-3)], n=2,3..,N. (19)

(18)
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Setting n=0 and n=1 in Egs. (18), we obtain one more equation containing p,
and p:

—np, 13+(1+1)p, =1. (20)
Taking into account the equality p,,,, =0, we find

Pn Z—PN_W/(ZN _1)’
and setting p, = X, p,_,, we obtain the recursion relations

Xn—1: _77
(2n-3)[1- X7/ (2n+1)]
and
n
Xy=———. 21

They allow one to find all the values X and p,, n=N,N-1,...,1. Using Eq.
(20), we obtain

1
P e n) - X 13’
— Xl
AT W n)-Xpi3
and
p=1-2np,, (22)
and we further find the continued fraction expression for p:
2 2
1+77_3X1 1+n+ 4
3@—ng
—1— 21 :
1+n+ T 5
3+ T
Ot i
2
2N -3+ T
ON -1+
+1

or with the conventional notations, ***
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2 2
p=l—2—77+77—+...+ 4 : (23)
1+n 3 2N +1

This formula corresponds to the Pade approximation
p=P..(17)/Qy..(n) of the exponential function €™, which describes a
decrease on the step A of the i'th eigenfunction [Eq. (16)] of the original problem
in Egs. (1) and (2). Here, P, (Refs. 11, 12, and 13).

In accordance with Eq. (22), we obtain the following relations:
2 2

1- 1
_P_ +77—+...+ 4 :
2n 1l+n 3 2N +1
Thus, the solution of Egs. (11) and (12) is constructed for each k = kI, 1ts
uniqueness follows from the fact that the corresponding homogeneous set of
equations with Eq. (20) being changed by the equation
o =3(1+7) py
has only the zero solution. Actually, otherwise, the relation
X, =3(1+n™")>0
must be valid if 77 > 0. However, using Eq. (21), we see that all values X, are
negative if 77 > 0.

Po P =X Xy X 1Py (24)

So, we have for each k = k' in the DD scheme the following:
p =X, =0, ,0021/(1‘”7)’
and
p=1-2n/(1+n) =(1-kZ,A/2)/(1+kZ,A/2), (25)
and we have in the QC scheme the following:
X,=-1n, pp=—nlD, p,=1/D,
and
,o:(l—77+772/3)/D, D=1+n+n°/3. (26)
If we know the values k[i], gor[;], p[i], and pr[f] foreach i=+1...,.£M, we

can find all the components of the discrete eigenfunctions (eigenvectors) (bm of
Egs. (6), (7), and (8) in the case A <1:

Dy, = (p“])j o
ol = ot )H o,

ol =(o) " ok
and

~i](n I A e
R () (27)
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where i=1,2,...,M. The normalization of these variables provides the following

relations to be fulfilled:
O, =g, Ol =l i=12.,M. (28)
If A=1, then the set of eigenvectors with the Egs. (27) components

corresponding to kIl 220 must be added by two eigenvectors responding to the
Egs. (17) eigenfunctions.
As in the exact theory (see Ref. 8), the completeness of the set of vectors

q)“], I >0 on the semi-interval (0,1) is established, and the set of biorthogonal

vectors ul'l may be constructed. Consequently, both source terms Qrfqrj') and

boundary sources g, are presented by sums of the eigenvector c])[i]. Therefore, the

inhomogeneous problem of Egs. (6) through (9) is reduced to the set of eigenspace
(n)

mj

problems. The substitution of Eqgs. (10) for the unknown values ¥ . ,,, and ¥

gives in this case the inhomogeneous Eq. (11). Taking into account relations (12),
(13), and (14), we get the set of inhomogeneous three-point equations similar to

Egs. (18). Using further the substitution p, = X p,, +Y,, we obtain the same
recursion relations (21) for X, and the similar inhomogeneous recursion relations

forY, .
As the final result, the solution of the inhomogeneous discrete problem in

Egs. (6) through (9) is expressed uniquely by the sum of eigenvectors q)[‘] with

coefficients depending on sources Qr(nrj') and .

IV. DISCRETE EIGENFUNCTIONS ACCURACY
As is obvious from the earlier discussion, the finite moments approximation
accuracy is determined by the proximity of the Eq. (23) Pade approximation to the

exponential function € for different values 277 = k[i]ZtA.
At first, note that for all 77 > 0, the followings estimations are correct:
0<-X,<n/(2n-1) ifn=N,N-1,..., . (29)
Using Eq. (22), we get

1-n—-nl3X,
0 1, -1 = 1,
<p< <p 1+77_77/3)(1< (30)
Pn = (_1)” |pn|’ |pn| < Cnnnpo <1’ (31)

where n=1,2,...,N and C_ are positive numerical factors.
Therefore, the relations

K| =0(1/ minu,|) and p, =O(n") it 7—0 (32)
follow from Eqgs. (21) and (22). These general estimations are consistent with the
similar ones for the exact exponential e,



161
Using the Eqg. (23) expression and using the continuous fraction theory *** a
a basis, we can establish the estimation

e —p=0(n"") ifn—0. (33)

However, the accuracy of the moments p., N=>0, is not so high: It is

S

determined by the values of the order O(n2N+2‘” ) Correspondingly, the Egs. (27)
eigenvector component accuracy is estimated by values of the order

O(J '772N+3) for @ .11 (34)
and
N=0,1,...,N (35)

if 7 — 0. We can further obtain the estimation accuracy of the discrete problem

Egs. (6) through (9) solution using its presentation in terms of eigenfunctions.
These estimations are consistent with the known ones established for N=0, N=1,

and N=2 for an optically thin slab under conditions 7 =0(A) and J =O(1/A)
(Refs. 7 and 14, 15, and 16).
We come now to the opposite case 77 >1, typical for an optically, thick slab.

In addition to the general estimations (29), (30), and (31), the following estimation
IS correct:

O(J .772N+3 _|_772N+2—n) for CD(n)

mj !

Xy =(1+1/7)0(1/ X,) if n—>o. (36)
So, for even N (N=2L), we have X,,,, =0(1/7) and X,, =O(-7), and
consequently, the moments p, are small:

P =0(1/7), p2,+l:O(l/772) if 1=0,1,...L. (37)
Nevertheless, the coefficient o proves to be negative:
p=1-2n/(1+n—-Xn!13)=-1+0(1/7). (38)

Then the cell-edge components CI):T]H,2 [and after them, cell-averaged

components CDfnnj)] are the oscillating functions of the space variable.
Forodd N (N = 2L +1), the estimations
X,a=0(n), X, =0(1/n) ifn—>w
are obtained from relations (21). Thus, we have
P 20(1/772)’ P24 :O(]'/ 77)’ P :1_0(1/77)’ (39)

if | =0,1...,.L
and space oscillations do not appear. Nevertheless, the change of the components

(I)Enijﬂl,z can be very slow in the boundary layers. Their relative changes
((DLI]Ll/Z _(D%—ﬂz)/q)wj—l/z = P[I] -1
and
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mj+1 mj

((D[i](“) _(D[i].(”))/q)%(”) — p[i] 1 (40)

do not correspond to the exponential behavior of the exact eigenfunctions [Eqgs.
(16)]. These components specify the boundary-layer peculiarities of a given mesh
approximation.

Let us consider the Egs. (1) and (2) problem for optically thick media

(r* =2Z> 1) and let € =1/7" be a small parameter. The first eigenvalue Kt

of the characteristic equation is small in problems with small absorption if
1-2<0(&%) (Ref. 8)

kM =[3(1-2)]" <0(¢). (41)

Other positive eigenvalues k' are larger than unity if the scattering function

IS near to the isotropic one. In this case, the relative changes of the vector ol

components at small step A are determined by the p and p, values at small
7| =0(A/Z). They are small and close to the relative changes of the original
Eqg. (1) eigenfunctions [Egs. (16)]. In the case € < A, relative changes of the
remaining eigenvector (])[ii] components are determined by the pvalues at large
7|=0(A, ), whereA, =S A=A/(eZ).

Thus, we have reason to name eigenvectors q)[ﬂ] the regular eigenvectors, as
in the exact transport theory. We consider all the remaining ones as singular
eigenvectors in optically thick scattering-dominated media. Number kM rises

rapidly and approaches unity if absorption increases. Therefore, the (])[ﬂ] vectors

become singular in high-absorption media.
The general solution of the Egs. (1) and (2) problem can be represented as
follows:

¥, =v,[Q]+Y.Col. (42)
where |
(DLZ] = Eqgs. (16) eigenfunctions
C. =constant determined by the boundary conditions
78 [Q] = particular solution to the inhomogeneous Eq. (1) that is smooth at

the smooth source Q.
Then the regular component for scattering-dominated media is presented by
the sum

¥ =y, [Q]+CD;, +C @, (43)

The function v/, [Q] can be found in a coarse-mesh low approximation of

the finite moments method or in asymptotic approximations "*° at simple

boundary conditions that provide its smoothness. The coefficients C, and C _,
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determination needs the knowledge of the first biorthogonal function UE] to

exclude the appearance of the singular components in "™ . In the isotropic case,

UE] is the well-known H_ function introduced by Chandrasekhar. °
The computation of the singular components of the solution
\Psing+ — C®[I]
m ; 1 m
and
=3 ca, (44)
i>1
which are essential in the boundary layers only, needs to use more accurate
approximations for the correct description of the rapidly decreasing Egs. (16)

exponential functions at |i| >1. As is known, *** the increase of N allows the

significant improvement of the approximation of the exponential function by the
Eqg. (23) continued fraction for large values of the exponent and the correct

description of the functions ®* in the boundary layers.

V. NUMERICAL EXAMPLES
We consider the slab geometry transport problem proposed by Badruzzaman
in Ref. 3 to illustrate the theory developed earlier. This problem is defined by Eqg.
(1) for a 10-cm-wide slab with isotropic scattering,

>, =100cm™, A=X /%, =0.95, q_ =0, and a uniform source distribution
Q. =1. The slab is optically thick, 7~ =1000, and e=1/7" =10"°. This slab is
evidently scattering dominated. However, it is not a diffusive one in the usual
meaning  because the condition 1—2:0(52) IS not realized:
1-21=5x102>¢*=10"°.

Using a simple algorithm developed for problems with an «essential

absorption», ° we easily find in this case the following expression for the
problems (1) and (2) solution regular component:

¥ (z)=Q/[(1-2)%, |=0.2 . (45)

The singular component W5, (z) must satisfy the homogeneous Eq. (1)
under the boundary conditions

P (0)=w"(z)=q=-02, m>0. (46)

We are restricted here to the S, approximation with Gaussian sums and

, =10.33998, u,, =10.86114, w,, =0.65215, and w,, =0.34785.

Eigenvalues k' are the roots of Eqg. (15) transformable to the biquadratic

equation, and k™ =0.37950 and k¥ =2.01256 if 1=0.95. The exact
eigenfunctions of this Problem 1 are determined by the Eq. (16) formulas and
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et (7) = C,, 0 (2) + C,087 (2), (47)

m

where the coefficients C,, and C_, are determined by the Eq. (46) conditions:
C,=C_,=-0.14452 and C, =C_, =-0.010759.

Setting A=0.1 as in Ref. 3, we consider the low approximations,
corresponding to N=0 and N=1.

In our case, the regular component of the discretized Egs. (6) through (9)
problem is equal to the exact one, Eq. (45), and the accuracy of these
approximations is determined by the accuracy of singular eigenvectors with the

Egs. (27) components. We have 7, — 5kl and iI=1,2, and the cell-edge
components are

ol (1) 1-0.2/ k! ’gpm )
2 1+0.2/kll ) ™"
in the DD scheme and
j
i 1.2/kM i
CDEnLuz: 1- (0[] (49)

. 1\ 2 m
1+0.6/k" +0.12/ (k")
in the QC scheme , where gpm =1/ (1— k[i]nm).

Corresponding cell-edge scalar flux singular components of the exact solution

and the DD and QC solutions with respect to the value "™ are shown in Fig. 1.
These results explain the peculiarities of the coarse-mesh solutions inside the

regions close to the boundary surfaces: the typical oscillations in the DD scheme

and the slow decrease in the QC scheme. We see that these regions are essentially

larger than the boundary layers of the exact problem. Cell-averaged values (I)Lﬂ(o)

contain  smoothing factors p([)i]=1/(1+5k[i]) in the DD scheme and

. . 1\ 2
p([,'] =1/ [1+ 5kl + (5k[']) /3] in the QC scheme, and these effects appear not

so strongly.
As the second example, consider the same problem in the conservative case

(A =1). Taking into account the Egs. (4) conditions, we can easily verify that the
polynomial
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Fig. 1. Problem 1: exact, DD, and QC cell-edge singular component scalar
fluxes with respect to the regular component.

\Pm(z):gQ[z(Z 2)5, - (2 _zz)_gpz(ﬂm)/zt} 50)

is the particular (smooth) solution of Eq. (1) if 2, =X, and Q=const. Therefore,
the difference F,(z)="Y, (z)—w, (z) must satisfy to the homogeneous Eq.

m

(1) under the Eqg. (2) boundary conditions with

qngQ[,umZ-k%Pz(,um)/Zt}:qm forall m>0.  (51)

We have in this problem k! =0, and the first exact eigenfunctions
ol (Z) are regular. They may be written in the Eqgs. (17) form. From Eq. (15),

we obtain kI*) =1.97203 and the eigenfunctions CD[iZ](Z) have the Egs. (16)
form. Further using the Eq. (51) boundary values, we find

¥ (z)=w.(z)+CT (52)
and
W (2)=C,| ol (2)+ @1 (2) |, (53)

where C, =0.010417 and C, =-1.75437.
Cell-edge and —averaged values of the Eqg. (52) regular component are
approximated with the error O(AZ) in the DD scheme and are presented exactly
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in the QC scheme. However, the Egs. (27), (48), and (49) singular component
approximations generate peculiarities in the boundary regions.

Certainly, the S, angle approximation is rough. Using the better ones, S; or

S;s, We improve the angle approximation, but at the same time, the possibilities
increase of the appearance of strongly oscillating or slowly decreasing

eigenfunctions in numerical solutions because max [km] :O(ll min|ym|). To

avoid this danger, one must diminish the space step or increase the order N of the
space approximation. Numerical estimations of the Eq. (23) Pade approximation

accuracy show that increasing the order N is essentially more effective. **

VI. CONCLUSIONS

In this paper, the discrete eigenfunction approach was developed to
investigate finite moments transport approximations.

We found simple expressions for eigenfunctions of generalized truncated
balance schemes. This technique proved to be useful in both analyzing solvability
and accuracy of finite moments approximations and developing computational
algorithms.

Singular eigenfunctions appeared in coarse-mesh approximations for optically
thick media. They generated large boundary regions and essentially distorted exact
solution behavior. It seems that developing specialized numerical algorithms for
the inner solution and the boundary-layer parts might be useful.

The eigenfunction construction in other versions of the finite moments
method proves to be more complicated. Some results for low-N approximations
were established in Ref. 19. The development of similar techniques in more
complicated problems for heterogeneous slabs in problems with high-scattering
anisotropy and further application of these techniques to many-dimensional
problems seems to be within reach.
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Abstract
Grid algorithms developed for parallel code RADUGA-5.1(P) to calculate by
discrete ordinate method radiation fields from sources, localized in 3D spatial
regions, are outlined. Computation results confirming high calculation accuracy
guaranteed by the algorithms are presented.
Key words: transport equation, numerical methods, localized sources.

Introduction

In problems of mathematical physics radiation fields formed by sources
occupying a very small part of considered spatial region or/and sources irradiating
only inside a small interval of directions are often have to be simulated. In
particular, solar radiation in atmospheric optic problems is usually modelled by
monodirectional beam of particles. A laser beam of small aperture in biomedical
problems can be also represented by a point source irraradiating either in a single
direction or in some narrow interval of directions. In radiation shielding problems
a reactor core can be often simulated by uniformly radiating source of cylindrical
shape. All mentioned sources are known as localized.

Localized sources are usually approximated by Dirac’s delta-function.
However, there are no classic solutions for transport problems with delta-sources
and so generalized solutions (distributions) should be sought by means of special
techniques. For transport problems with non re-entrant boundary conditions the
generalized solutions have been found by means of Fourier transformations
(Rybicki G.B., 1971), (Siewert C.E., 1985), (Ganapol B.D. et. al., 1994) and by
means of Green’s functions (Sanchez R., 2000). Solutions of problems with delta-
sources have been considered as limit of sequence of solutions to problems with
sources of small phase volumes under diminishing these volumes (Morel J.E,
2004). We seek the generalized solutions for transport problems with sufficiently
universal delta-sources under arbitrary boundary conditions with the help of
generalized functions techniques (Gelfand I.M., 1968), (Vladimirov V.S., 1979),
(Germogenova T.A., 1969).

In some situations spatial distribution of radiation source cannot be neglected.
If this source is neither mono-directional nor quasi-mono-directional, it can be
presented by piece-wise smooth function nontrivial only inside some phase
subspace of non-zero measure. In this case usual classic solutions of transport
problems can be found.
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The required solutions (both generalized and classic) are usually decomposed
into a sum, where k™ term corresponds to particles that have undergone exactly k
collision events. It should be stressed that both un-collided and first-collided
radiation are defined by rapidly varying functions, especially in the vicinity of
sources localization. Therefore one needs to develop numerical algorithms, taking
into account the features of these functions. Rapidly varying components are
difficult to be approximated by the discrete ordinate method®, and there exist two
basic methods to overcome these difficulties. The first one consists in refinement
of spatial and angular grids. Successive grid refining allows to calculate the
desired radiation components with sufficiently high accuracy (see, for example,
Aussourd Ch., 2003). However this approach has two disadvantages: it is very
expensive and may lead to instabilities.

The second approach consists in calculation of rapidly varying components of
solution analytically or semi-analytically. The regular components of solution can
be calculated using proper grid schemes.

A good computational codes, including special algorithms for analytical or
semi-analytical calculation of singular components of radiation fields generated by
all localized sources being considered, have been developed. Similar algorithms
were incorporated into the widely-known codes SHDOM (Evans K.F., 1998),
TORT (Rhoades W.A., 1995 and Oak Ridge, 1998), PARTISN (Alcouffe R.E.,
2000), CNCSN (Voloschenko A.M., 2005) and others. Point sources of great
aperture and mono-directional beam are under consideration in the code CNCSN.
The code SHDOM developed for atmospheric optic problems deals with mono-
directional beam. Radiation fields from a point source localized in the axis or from
a ring source localized off the axis in an axially-symmetrical cylinder can be
calculated by the code TORT. The code PARTISN permits to simulate radiation
transfer from arbitrary source distribution (volume and external boundary).

Each of similar algorithms is defined by

v integer parameter K that is the highest order of solution component
being found analytically,

v method to present dependence of functions (both solution and
collision integral) on directions,

v method to project functions onto a spatial grid.

As a rule value K is assumed to be equal to zero, i.e. only un-collided
radiation component is being sought analytically (codes CNCSN, SHDOM,
PARTISN, TORT). First-collided radiation component is being found by an
analytical algorithm (Sanchez R., 2004) seldom, because these algorithms are very
difficult to be realized.

So each direction is always defined by a pair of angles, angular distribution is
presented by spherical harmonics expansion or removed via angular discretization

1)We do not deal with stochastic Monte-Carlo methods to the transport
radiation calculation: although they permit easily to take into account complicated
structure of sources, they are very expensive to define radiative fields in optically
thick media in many detectors corresponding to small volumes of phase space.
Besides there exist statistical fluctuations in Monte-Carlo results.
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in the transport problem calculations. The former method, used in the most codes,
IS more suitable to presentation of slowly varying functions. The latter, applied
seldom, is more convenient to calculation of rapidly varying solutions (Sanchez R.,
2004).

In the discrete ordinate method the projection of a continuous function onto a
spatial grid is called integrated averaged values of this function over each spatial
mesh. When transport equation coefficients depend only on one spatial variable
(Sanchez R., 2004) or region is homogeneous (Barichello L.B., Siewert C.E.,
2000) or other constraints to coefficients are used, such spatial integrals may be
find exactly. In general case such integral can be replaced by some approximation.
For example, approximations in each mesh can be found with the help of balance
equation in this mesh (Alcouffe R.E., 1990) or the value of integrand in mesh
centre can be used. Approximation error is naturally decreased under spatial grid
refinement.

In this paper we present algorithms to simulate radiative fields from some
stationary localized sources. All algorithms are incorporated into the code
RADUGA-5.1(P) (Bass L.P. et al, 2005), which is intended to solve transport
equation by the discrete ordinate method on parallel computers under weak
constraints to coefficients and sources. These algorithms have been developed for
2D and 3D problems with Cartesian and cylindrical geometries under the
following assumptions.

1. Both non-collided and first-collided radiation components from
mono-directional and quasi-mono-directional sources are being found analytically
or semi-analytically. For the other localized sources only un-collided radiation
component are being calculated analytically.

2. Angular distributions of all collision integrals are presented by
expansions over spherical harmonics that are eigen-functions of the transport
equation. This expansion can be carried out for solution components. Thus angular
distribution of each function is defined by its expansion coefficients (that are
called angular moments).

3. All transport equation coefficients are assumed to be piece-wise
constant functions of spatial variables with sufficiently general distribution of
discontinuity points. Namely, all discontinuities are supposed to be localized at
boundary surfaces of simple bodies (parallelepipeds, cones, cylinders, spheres,
prisms, rectangles, triangles, ellipses etc.) that are arbitrarily located in a
calculation region. On other hand all body boundaries (both plane and curvilinear)
are taken into account independently on body localizations when the value of
integrand in mesh centre, that is being considered as approximate value of
corresponding spatial integral, is being calculated. (It compensates the
approximation error).

In section 1 we introduce the notion of generalized function and generalized
solutions of transport equation with delta-sources. Further we consider some
localized sources and outline corresponding analytical or semi-analytical
algorithms. Sections 2-4 concern delta-sources, whereas in section 5 the isotropic
source of cylindrical shape is under consideration. Possibilities of each algorithm
are illustrated by numerical results, obtained with the help of parallel
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supercomputer MVS-15000BM (http://www.jscc.ru/cgi-
bin/show.cqi?path=/hard/mvs15000bm.htmlI&type=3). In Appendix the main
features of the code RADUGA-5.1(P) are outlined.

1. Transport equation and generalized solutions

So we consider the stationary radiation transport equation written in the form
Ly =Sy (F,Q) +Q(F, Q), (1.1)

where a differential transport operator L and an integral collision operator S are
defined by formulas

Ly =y (1. 9) + o (D). Sy =o()20) | pF. QD (F.).
’ (1.2)

Radius-vector I eG is assumed to have Cartesian coordinates (X,¥,2),G is

a parallelepiped?. Radiation transfer direction is defined by unit vector ﬁeQ,
where Q is the unit sphere. Spherical coordinates (polar angle &<[0, 7] and
azimuth @€[0,27]) or Cartesian coordinates (&=Sin@cose,n=sindsing,

¥ =C0S &) are used to definition of Q (see Fig. 1).

Fig. 1. Spherical (6,¢) and Cartesian coordinates (&,7,7) of vector Q

Usual notations is being applied
v o () is total cross section,

4 A(r) is single-scattering albedo (i.e. the mean number of secondary
particles per collision),

4 p(r,QQ) is phase function,

v Q(F,ﬁ) is radiation source.

2)For simplicity we consider only (x,y,z) geometry, although similar results
have been obtained for (x,y) and (r,z) geometries.


http://www.jscc.ru/cgi-bin/show.cgi?path=/hard/mvs15000bm.html&type=3
http://www.jscc.ru/cgi-bin/show.cgi?path=/hard/mvs15000bm.html&type=3
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The usual conditions should be satisfied
o(F)>0, 0<A(F)<l, j o(F,Q0)dOY =1. (1.3)
Q

Value QQ' is inner product of two unit vectors. Boundary conditions on
piece wise smooth surface OG of parallelepiped G is also defined:

(D) =Ry, D= [ Gy (' (N)Q)RFEG), (1.4)
Qn>0
at  redG, Q-n(r)<o0.
Here ﬁ(?) Is the outward normal at the point r of boundary surface 0G,

_ — !

R(r,Q,Q) is reflection function. When F*(F):F and R(F,ﬁ,ﬁ )=0,
equation (1.4) corresponds to the reflection condition. Non-re-entrant boundary

condition is kept under assumptions F*(F):F, R(F,ﬁ,ﬁ):O. Supposition

F*(F);tF, R(F,ﬁ,ﬁ ):5(5— Q ) produces a periodical condition.

We consider set D of infinitely differentiable functions with finite supports
in the phase-space (I, 2). Generalized function f is defined by values of linear
continuous functional (f, ¢)

(f.¢)=[drdQf(rQ) Q) (15)
for all function ¢ from D (Gelfand 1.M, 1968).
One can introduce several operations in set D' of generalized functions.
1. Multiplication by any function a(r,Q)eD
(af,p)=(f,a¢).
2. Derivation with respect to spatial variables
(D f.6)=(-1)" (f,D9),
al aaz 80{3

where D¢ = o o A $, la|=a,+a, +a,.

3. Directional derivation

(if,qﬁ):—(f,iqﬁ),

where q¢—llm—¢(r+u§2 Q).
u—0 Ju

4. Integration with kernel K(r ), r,Q) eD
([drd QY K(F,Q,F, Q) f(7",Q), §(F, Q) =

= (F(F,9), [drdYK(F,Q,F, Q) 4(F', )
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5. Linear transformation of argument
L= L= 1, ., = .1 a -
(f(a+br!Q)’¢(r1Q)):B(f(r1Q)1¢(rE_Eag))’ (16)

where a, b are constant and b=0. Here and further sum a-+br is done
component-wise
a+br=(a+bx,a+by,a+bz) as r=(x,y,z).
The second and third operations are based upon rule of differentiation by
parts. The fifth rule is done by changing variables.

The most known generalized function is delta-function, defined by relations
(Gelfand 1.M, 1968)

[ dr [ dQs(F 1) 5(Q-C) 4(F, D) ={¢(r°’Q°) s (1) €Gy xLY,
G, O 0 as (r, Q) G, xQ,.
(1.7)

Let the following conditions are kept.
1.Coefficients o(r'), A(r) and o(r, ) belong to set D. (1.8)

2.Supports of these three functions embrace with the piece-wise smooth boundary
oG.
3.Source Q is generalized function from D'.

Generalized function l//(F,f)) Is considered as generalized solution of the

transport problem (1.1)-(1.4) if for all functions ¢ from D the equalities are kept
(Germogenova T.A., 1969)

(L=S)y(F,Q) - Q(F,Q),¢(F,Q)) = 0,
(v (r,Q)—Ry(r,Q2), ¢(r,2))=0, atreoG, Q-n(r)<0.
Such generalized solutions can be decomposed into several terms

—_ — K —_ — —_ —
w(r,Q)=> v, (r,Q)+H(r Q) as Kx0. (1.9)
k=0

Generalized functions y/, (F,ﬁ) are assumed to be solutions of the following
equations

(Ly, (F,Q) - R (F, ), 4(F, ) =0 (1.10)
under zero (noP—E—entrgnQ boundary conEJitions L
(v, (r,Q), #(r,Q2)) =0, atreoG, Q-n(r)<0. (1.11)
Right-sides F, (F, Q) of equation (1.10) are defined via expressions
F(F,.Q)=Q(F,Q), F(F,Q)=Sy, ,(F,Q) as k>1. (1.12)

Here term y/, (F, ?2) corresponds to particles collided exactly k times.

Function H (F,ﬁ) corresponds to particles that have undergone more than K
collision events

(L=S)H(F, Q) — F.,(F, ), 4(T,Q2)) =0, (1.13)
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(H(r,Q)—RH (F,ﬁ)—i Ry, (r,Q), ¢(r,Q)) =0, (1.14)

at redG, Q-n(r)<0

In the next sections one considers three typical generalized sources Q and
finds corresponding solutions (F,ﬁ) and H (F,ﬁ). Technique being used is
based on solution of the problem(1.10), (1.11)(Germogenova T.A., 1971):

(v (F,©2),6(F,©3)) = ([ du F, (F—u©,5) exp(~z(F ~u €2, 7)), 4(F, )
(1.15)

—

Here 7(I;,T)

(r +§ k )d./f is distance between points ' and

h_ﬂl

I, in mean free paths (so-called optlcal path). Because all coefficients of transport
equation are assumed to be equal to zero out of region G, integration in (1.15) is
being carried out only over segment of line F —u Q lying inside G.

Finally we should note that restriction (1.8) is being imposed for correctness

of operations of multiplication (o (r)w (T, Q), o(r, 2)) and integration

(Sw(F,Q),4(F,)) (Vladimirov V.S., 1979). In real problems restriction (1.8)

is not kept. In particular, in radiation shielding problems all coefficients of
transport equation are usually piece-wise constant functions.

To overcome this difficulty in problems with piece-wise continuous
coefficients we introduce so-called averaged functions

0,(N) = [dF a(Ma,(F-F), o, (F,2)=[dFo,(F, n)o,(F-
where o (T, ) = o(r) A(r) p(F, y) is collision cross section, kernels
@, (|f—f’

infinitely differentiable functions, that are equal to zero
out of circle |[F —F'|=q and satisfy the following normalized conditions
=/ = =\ _
jdr o,(F-F|)=1.
Under these conditions averaged functions o, (F), o ,(F, x) are infinitely

differentiable and converge in mean to function o (), o, (F, ¥) in whole region
G (Smirnov V.1., 1964)

_, 2 4=
Haq(r)—a(r)\ df -0, j
and uniformly in any open subregion G where functions o (F), o, (T, y) are
continuous

sup|o, (F)—o(F)| =0, sup
reG reG

0oo(F,2)~0,(F, 2)| dF >0 as g0,

0,q(F, 1) ~0,(F. )| >0 asq—0.

In addition the condition corresponding to (1.3) is carried out
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0< j o, (F,QQ)dQY = j o(F) A o, (F-F)dr <o, (F).
Q

Hence one can introduce functions v/, (r, f)) as generalized solutions of the
problem (1.1)-(1.4) with coefficients o, (F), o, (F, 7). Corresponding
components ¥, (?,ﬁ), H, (F,ﬁ) are defined by equations (1.12)-(1.15).

Besides we define functions , (T, Q), H (F, ﬁ) by equations (1.12)-(1.15)
under original coefficients ('), o, (T, ). One has as g — O for all points

from G
1.

7o~

J

0 |_|

. o a2
(. F) — 7, (6, )| =

| |
Jd§—>O

ol o]

[ de jta(r +E- °|) o,

0 | 0

2. |exp(—(ty, 1)) — exp(—7, (i, f’))‘ —0.
3. (Wo,q (f),é)—l)ﬂo(l?,é),¢(f),é)) =
= (Tdu F,(F-uQ,Q)e
0 (1.16)

+[exp(—7, (F—uQ,F)) —exp(-z(F —~uQ,F))], ¢(F,Q)) -0
Further successively for k=1,...,K one obtains for all points I in any open

subregion G, where functions o (F), o, (T, y) are continuous
4,

(F o (F,Q) = F (F,Q), 8(F, ) =(S Wi 1.4 (T, Q) — Sy, (F, ), §(F, Q) =

(Sq=S)Wic 14 (F, Q) 4(F, ) = (S (W, 1 (F. Q) 1,4 (F, Q) 4(F, Q) > 0
as k=1,...,K+1,
where §qw = .[O-S’q (F, Q) w(F,CY). In particular for k=K+1 one has

(H(F,Q)—H,(F,Q), (F, ) 0. (1.17)
Wio (F, Q)= (F, Q). 4(F, Q)=

5. = o S
= ([dU[(F, , (F-uC Q) F, (F-ug, ) 27
0

—F (F—u,Q) (e 2 _glnu2My 4 (3)) 0, as k=1, K.(1.18)
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By the virtue of estimations (1.16)-(1.18) function l//(F,ﬁ) being defined by

equations(1.9), (1.12)-(1.15) can be considered as generalized solution of original
problem (1.1)-(1.4) under piece-wise continuous coefficients.
2.Parallel beam
One considers radiation beam of radius R entering a calculation region G. It is

assumed that all entering particles stream in direction (o and intersect external
boundary 0G via the circle C with centre in the point ro, see Fig. 2.

0,
Plane z=z, Area perpendicular
Y e
PR
K
pX

Fig. 2. Parallel beam

Such source is being modelled by the formula
Q(r, Q) =S, f(x, y)a(z—zo)5(g—§zo)\ﬁ Q‘, r(X,Y,2),ro(X,, Yy, 2,) €66,
(2.1)

F(XY) = HR—\(x=%,)? + (Y= ¥,)?),

where i is outward normal on top boundary z=z,, H is the Heaviside's step

function
1 ast>0,
H(t) =
0, ast<DO.

Vectors Qo, O are defined by Cartesian coordinates (&,,7,,7,) and
(&,7m,y) correspondingly, see Fig. 1 (for case being considered cosine y,<0).

In definition (2.1) source power S, is number of particles incident on unit

area that is perpendicular to beam propagation direction. Therefore number of
particles incident on unit area of top border z=z7,, see Fig. 2, is equal to value

So [T | = S, |74
For this problem value K=0 is chosen, i.e. only un-collided radiation

transport is being simulated analytically. Substituting equalities (1.12) and (2.1)
into the expression (1.15) and taking into account properties(1.6), (1.7) and

definition (1.5) one finds (here and further one implies dr = dxdy dz)
(o (F,€2),0(r,Q2)) =
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= so|yo|jdrjd§zjdu f (X=UE,y —Un) 5(2—2,—Uy) 5(Q—o)e
0

exp(—7(F —uQ, F)) ¢(F,Q) =

.= -1 -1 7—12 — —
= Sy ro| [ F [A— f (x="=22 £,y - =2 1) 5(Q- o)
/4 /4
. Z—ZO — o =
exp(—z(r- Q,r))4(r,Q)=
. Z7—1 7-12 L 2=y = oo\ e &
= [dr s, f(x—=—"&,y ——"Lr,)exp(~7(F ——2Q,, 1) $(F, Q)
Yo 7o Yo

Fin'illly, onebas o B
(o (r,€2), (7, Q) = (S, 5(Q2-Q) (X', y')-exp(=z(F", 1)), 4(F,©2)) ,(2.2)

where point
—* .. Z_Z g * * * Z_Z Z_Z
r=r- Q. =(x,y,2)=(x- S8y Y =151 Z)
Yo Yo 7o
lies on boundary of parallelepiped, see Fig. 3.

Circle C

Z4

.._I

Fig. 3. Integration scheme to calculate un-collided component of radiation
from parallel beam

Thus, function l//O(F,ﬁ) simulates un-collided particles that stream in

direction Qo and fill the cylinder based on circle C with generatrix that is parallel
to Co.
According to (2.2) we easy find angular moments of function y,(r,<2)

([ dQw,(F, )Y (@), 4(F, Q) =
= (S T, y)-exp(=2 (" F)Y (), (7, ),
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here symbol Y (fl) denotes a spherical harmonic. By similar way one can obtain
first-collision source Fl(F,S_i), see (1.12)

(R (r.Q), ¢(r, Q) = (M) Ar) [ dXY p(F, Q) o (7, €Y), §(r, Q) =

= (S, a(F) A(r) £ (X, y)-exp(—7(F",F)) p(F, Q). 4(r, ) .
Therefore un-collided component ,(r,Q2) and first-collision source
Fl(F,ﬁ) are entirely defined at each spatial point F by functions © (F),

(7, 1), p(F,f)f)o) and values Y(fzo). In numerical algorithm being

presented all these values are being calculated in centres of all spatial meshes, see
Introduction.

We consider calculation results of the 3D test, exposed by the group “The
International ~ Intercomparison  of 3D  Radiation @ Codes  (I3RC)”
(http://i3rc.gsfc.nasa.gov). The irregular cloud is illuminated by sun at angle

®,=60° (see Fig.4). Here the radius R>>3.84km, albedo E(F):0.99,

collision is modelled by Heney-Greenstain’s phase function with asymmetry
parameter g = 0.85. Photons reaching the Earth do not return to the calculation
region (non-re-entrant condition on the bottom boundary is used, see Fig. 4).

3.51

AT

NN NN E
* 2
i : S
1.51 A
238km 1]
0.5
02km 05 1 15 2 25 3 35
384 km 42 36 30 24 18 12 6 O
[ LnEnEREERREREN
Fig. 4. Calculation region of I3RC test Fig. 5. Optical depths in I3RC test

Periodical conditions are defined on vertical boundaries y=0, x=3.84,
y=0, y=3.84. The table, exposed in http://i3rc.gsfc.nasa.gov, defines

distribution of total cross section G(F) over the calculation region. Optical depths

for each point of the plane (x, y) are plotted in the Fig. 5. Uniform spatial grids
consist of 128, 128 and 88 meshes for variable x, y and z accordingly. Carlson’s

angular quadrature Sy, ¥ is used as N=40.  So-called reflectivity
U(F) = 79 (F, Qi) /|COS O |,

zenit!


http://i3rc.gsfc.nasa.gov/
http://i3rc.gsfc.nasa.gov/
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obtained by the two different codes, is plotted in Fig. 6 and Fig. 7.
0.8

0.7
0.6
0.5

0.4

0.3

0.2

0.1

0.0 | - ®, km
Fig. 6. I3RC test. Reflectivity. Pacific Fig. 7. I3RC test. Reflectivity.

Northwest National Laboratory, RADUGA-5.1(P)
Monte-Carlo method.

These results are close and reflectivity distribution conforms to distribution of
optical depths, see Fig. 5. Other computational results carried out with the help of
the presented algorithm compared with Monte-Carlo results are put in (Bass L.P. et
al, 2005).

3.Narrow ray
Let monodirectional ray impinges on region G at the spatial point

Fo(XO,yO,ZO) in direction ?20(50,770,7/0)4). Such source is described by the
expression
Q(r,Q)=S, 5(r—ro) 5(Q—),
where S, is power source:
[ [er.®)drda-=s,
Here value K=1 should be chosen. Further we consider only normally
incident rays

50 :]70 :O, ?/0 =—1’
see Fig. 8.

3)Carlson’s angular quadrature Sy consists of (N+2)N nodes, uniformly

distributed over the unit sphere Q
4)This is so-called searchlight problem
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Fig. 8. Integration scheme to calculate un-collided component of radiation
from narrow ray

Un-collided component i, (F,S_i) can be find with the help of (1.15),(1.5),
under condition(1.6),(1.7). Long chain of equalities is being used:

(v, (r, Q) ¢(r,Q)) =

= (S, j duS(Q-0Q,)e "D §(x—x, —Uu &)
0

«5(y—Y,—Un)é(z—z, —U)/),¢(I7,§2)) =

I ¢ kI 5 W —
=S, [[dFdQs(Q-Qy)e 7 Z5(y-yo -2 ).
Y
7—1 L=
*S(X—X———&)P(r, )=
Y
B (et S | Z—1 -1 . A
=Sy [die T =Sy —yy — ) S(x =X~ &) ¢(F 03g) =
Yo Yo Yo

=S, [dze ™D §(xy, Y5, 2,Qy)=

=S, (€7 5(Q=Qg) (Y= ¥p) S(x=%,), #(F, V).

Thus component i, (F,ﬁ) corresponds to un-collided particles that stream
along line | (see Fig. 8) being pass via point I} in direction QO and being defined
by simple equations

X=X5:  Y=Yo
First-collision source F (F,ﬁ) is done via expression
(F(r,©2), ¢(r, Q) = (Syo (r, Q). 4(r, ) =
= (S, a(F) A(F) p(F, 303, ) exp(—z (7, F)) S(x %) S(Y - Yo ), 4(F, ).

According to (1.15),(1.5), (1.6), (1.7)one has
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(. (r,Q),¢(r,Q)) = sojdrjdyjdgofdua(r—u Q) A(r ~uQ))-

p(F —uQ,QQ,)exp(—z(F,, F —uQ)).

*0(X=%, —ug)5(y—Y, —un)exp(-z(r —uQ,r))¢(r, Q).
Introducing new variables
t = x—X,—Uu¢ instead of u, V=y-Y,—(X=X,)77/& instead of ¢,
using equalities

E=yJl-y*cosp, n/E=tge,

and taking into account delta-function's property (1.7) one obtains

(v, (7, 9), 67, D)) = S, [ oF [d Jll—za(F*)i(F*)p(F*,ﬁ(m_o) 3y)-
’ 1
JO=X)? + (Y= Y,)’

y_y- yo) lies on line I, azimuth angle @

_\/17 sing

is being uniquely done by two equalities

g =(y—Yo)/(x=%),  COSp(x—%)>0. (3.1)

Finally one can write

(1, Q),6(r, Q) = (S, == (F) AF") p(F", Ay, 9) ) -
\/1—7

exp(— (T, F)) exp(—z(F",F) $(F, (7, p))

where point I~ = (X,, Yy, Z

S(p-p)

V%) + (Y= Yo)?
Integration scheme corresponding to formula (3.2) is plotted in Fig. 9.

 P(F,Q)). (3.2)

exp(=7(5,,T"))exp(~z(F",T))

ZA . > ZA >

- Llr](_e_l___ Fo - ________rQ.”ﬂ.\emax
Zy B Zp
r Zy+1
Zb ]
Y Vallh
y Y
b/ ST ; X Y T el _X
XO X g XO X »
Fig. 9. Integration scheme to calculate  Fig. 20. Choice of integration limits
to first-collided component of solution calculate twice-collision source in
in problems with narrow ray problems with narrow ray

Each pair of vectors (?,ﬁ) defines point ¥~ lying on the line | and first-
collided flux for a pair (F,fl) is being defined by value of un-collided flux for a
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pair (F*,ﬁo). In other words function z/fl(F,ﬁ) corresponds to particles, that

change motion direction from flo to Q at point F~ after a collision event.

Besides, according with formula (3.2) first-collided particles fill whole region
G and at each point I they can stream only in directions Q(;/,g_p) , where angle 5
is defined uniquely for the point ' (see eq.(3.1)), whereas cosine y of polar angle
@ belongs to some interval (..., 7). See Fig. 9 and Fig.10.

Values y, .. =C0SO

max !

¥ ax = CO0SO,.. are found by means of inequalities
L Yoo,

,h_72ﬂn¢

(under these conditions point ¥~ belongs to region G).
Using equation (3.2) and delta-function property (1.6) one obtains angular

moments of first-collided component z/fl(F,ﬁ)

0<z-

a0y @9 =S, [ &y =—o()2()
7min v
p(F" 7. 9) ) exp(—e (5 1) - exp(—e(1", 1) ——LO )
Y%+ (Y= o)
(3.3)

One introduces grid over z on the line | that produces grid over y (see Fig. 10)
and decomposes integral (3.3) into sum of integrals. Using quadratic
approximation to product of exponents and replacing the phase function p by
expansion over spherical harmonics, one obtains integrals being found exactly. In

similar manner twice-collision source F,(F,€2) can be found.

It should be stressed that in presented algorithm all functions being
considered are defined in centres of spatial grid meshes when all optical paths rare
being calculated exactly for heterogeneous regions of complicated structure. This
question is under detailed consideration in Introduction.

To show advantage of the presented algorithm we consider simple problem,
when narrow ray impinges normally on top border of homogeneous parallelepiped
(see Fig. 11).

2, mip |Narrow ray
A Vs

3 } ya 1
1 1
| 1
: mfp :
12 :
0] 7SS L _

-12 0 12 X, mfp
Fig. 11. Calculation region in problem on narrow ray
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Collision is assumed to be isotropic®, and single-scattering albedo A is equal
to 0.5. All boundary conditions are non-re-entrant. Uniform spatial grid over z
contains 16 meshes. Spatial grid over x contains 120 meshes in the interval (-0.3,
0.3) and 48 meshes in the rest region. The same grid is defined for variable v.
Different Carlson’s quadratures are used.

One can replace narrow ray by thin parallel beam of radius 0.03 mfp.
Solving problem with narrow ray we obtain first-collided radiation intensity semi-
analytically whereas this function is being calculated via grid scheme in problem
with thin parallel beam.

Scalar fluxes (intensities averaged over all directions)

R 1 1 2z R
O(7) =— [dy [ doy (F.7.¢0)
A=
along the line AB (see Fig. 11) are plotted in Fig. 12.

1.0E+004
1.0E+003
1.0E+002 \
1.0E+001
1.0E+000
1.0E-001

1.0E-002

~ Narrow ray, Sg
1.0E-003 and beam, S,
1.0E-004 — - — Beam, S;

1.0E-005 — — —Beam, S,
1.0E-006 5 ----- Beam, S5,
1.0E-007

1.0E-008

0.001 0.01 0.1 1 10
x, mfp

Fig. 12. Scalar fluxes in problem on narrow ray in the line AB

Logarithmical scales are used for both axes. Note that scalar fluxes from the
parallel beam are almost constant in the spatial subregion illuminated by un-
collided particles of this beam (see Fig. 12).

When angular grids are being refined scalar fluxes from thin parallel beam
tend to scalar flux from narrow ray out of the vicinity of the source. It may be
concluded that semi-analytical calculation of first-collided component allows to
use sparse angular grids in such problems. It permits to reduce calculation
expenses. For example, using the semi-analytical algorithm for first-collided
5)We consider isotropic media to reduce computations. The algorithms can be
used under anisotropic collision too.
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component and simultaneously rarefying angular grids we reduce running time in
the problem being considered 180 times.

It should be noted that the described algorithm can be easy generalized to
problems with ray that is incident at an oblique angle.

4.Point sources
We consider a point source located at the point ro and radiating only in

some interval of directions. Corresponding function Q(F,ﬁ) can be written in the
following form

Q(r,Q)= S0 S(r—ro)H(Q Qu—cosa), (4.1)
27 (1—cosa)

where H (t) is Haeviside’s function, angle o defines source aperture, vector Qax
is called axis of source, see Fig. 13.

Z A

V<

Fig. 13. Radiation cone from point source

Source power S, is number of particles that enter region G:
j o, 9)drdo-=s,
Using technique described in the preceding sections, one has
-1,

- .
(wo(f,Q),¢(F,Q))=(7°eXp(—T(ro,r))5(X—Xo— ; 5):
Z—-1, —~ — - — Z-1,
O(Yy—Y,— n)H(Q - Qax—Cosa),d(r,Q)) as >0.
< SO . .
Here S, = 27 (—cosar)’ Introducing new variables
7 (l-cosa

t=&/y and w=n/y,
using equalities
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t
y = , COSQ = ——,
J1+t2 +wW t2 +wW?

and calculating Jacobian of this transformation

B 1
L+t +w?)¥?
one has L L N
(o (r,Q2),6(r, Q)= (S, 6(y—7) 6(p—0)-
HQ@,9) szlax —COS az) exp(—r(Fg, r)) ST (4.2)
(X_Xo) "‘(y_yo) +(Z_Zo)
where
__ z-1, c0s 7 X—X,
Jo =32 +(y =Y +(2-2,)° P+ (- yo)?

(4.3)
Thus function l//o(r Q) simulates flux of un-collided particles that fill the

cone with vertex in point ro and aperture «, see Fig. 13. At each point r of this
cone particles stream only in one direction Q(}/,gp) being defined entirely by

coordinates (X, y, z) of point F see (4.3).
Both angular moments of un-collided component i, (r,Q2) and first-

collision source Fl(F, ?2) are easy calculated by means of relation (4.2).
([dQu,(r, Q)Y (Q).4(r. Q)= (S,Y (7. 7)*
. H (9(77’ (5) ?ax —COS az) exp(_T(E)i F)) ’¢(F, 5)) ’
X))+ (y=vo) + (-7
(F(r,Q),¢(r, Q) = (S,o (F)A(F) o(F, Q(y, 9)€2)-
. H (9(77&5)52“ _Cosa)zeXp(—T(ﬁ)z, I_:)) ’¢(F’ﬁ))
(X=%)"+(Y=Yo) +(z2—2,)
First-collided component z/jl(F,ﬁ) obeys relation
(Wl(—r"ﬁ),¢(}"ﬁ)):(s~oljfduO'(F—UQ)i(F—_»UQ)f)(f;—l;lQ,Q(}Z@)Q) .
Uy ‘r —uQ—r ‘
H(Q(7, (p)Q —cos ) exp(—z(F,, F—uQ)) exp(—zr(F—uy, r)), ¢(r Q))

for 7=7(-uQ), p=p(F-uQ).
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According to this expression integration is being carried out along line being
pass via point I in direction €. Integration limits U, and U, are defined via

values of parameter u for which line F—uQ intersects surface of the radiation

cone, see Fig. 14. These values can be easy calculated by analytical geometry
technique.

Fig. 14. Here:

W ={[0,¢... 19, 271 }<[6,;, (©), 0. ()] - solid angle, at that
radiation cone is being viewed from point F

r and QeW are current point and direction correspondingly,

F. and F.—uQ. are projections of point r and line F—uQ onto plane
(X, ¥),
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—

ri=r-u, Q, i=1,2, are points of intersection between radiation cone and line
r—u ﬁ,

parabola ABC is geometric locus of intersection between radiation cone and
lines F—uQ(y,p) for fixed value @<[0,¢p . 1U[@. ...27] and all & from

interval [6... (¢),6,... (¥)]

Fig. 14. Integration limits to calculate first-collided component
from point source

One needs to stress that function Wl(F,ﬁ) is trivial if the line F—uQ) does

not intersect the radiation cone inside region G. As result, at each point r the
function y, (r,Q) is nontrivial only in some angular interval W, see Fig. 14. Thus,

component wl(F,ﬁ) simulates transport of first-collided particles that fill whole

region G and at each spatial point r fly in directions from the interval W.
According to algorithm being presented this function should be found in

nodes €2i of some angular grid introduced in this interval. Using values wl(F,ﬁi)
, one can calculate angular moments of first-collided component and twice-

collision source F,(r,Q). For example, for angular moments the following
approximate formula can be used

[dQu,(r QY (@) ~ Y wi(r Q)Y (@) o,
Here . is weighted multipliers, that are equal to squares of subdomains of

the unit sphere Q, corresponding to nodes Qi.

This algorithm is described in details in the paper (Bass L.P. et al, 2006),
where problem on biotissue phantoms illuminated by the laser beam of small
aperture (angle a=7.5°) is being considered and obtained results are being
compared with experimental data and Monte-Carlo results. ~ Here we consider
two 3D model problems on cube that contains cylinder, see Fig. 15.
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z, cm
] n
_______ s Point source
with apertare @
cos =000
5
ot
. 1 _
5 0 ‘ 53 Radialion cone

Fig. 15. Calculation region for problem on point source

Point source with aperture of a~8° (cosa=0.99) is located in centre of

the top border of the cube. Here point source models laser beam, cube and cylinder
simulate hypodermic layer and blood vessel correspondingly®. Collision in both
media is considered as isotropic and the following values of coefficients are

applied in the cube o=1lcm™, 1=0.7, in the cylinder
o=0.8cm™, 1=0.625.
On top boundary z=z,=10cm of the cube non-re-entrant condition or

total interior reflection one is defined. The latter condition modelling thin layer of
skin is done by the formula

w(X,Y,2,,—y,) as y<cosé,,
Ay (X,Y,2,,—y,9) as y=Ccosé,.

Here @, is angle of total interior reflection, A is albedo. We use values:
cosd,=0.66, A=0.06.

Carlson's angular quadratures S, (N=16 and N=30) and spatial grids of two
types are in consideration. Spatial grid C is uniform and contains 50x50x40
meshes over variables x, y, z correspondingly. Spatial grid C, contains
50x50x40 meshes too, but only grid over z is uniform, whereas grids over x and

y are refined in subregion (-1.42, 1.42)x(-1.42, 1.42), that encloses the radiation
cone. Spatial grids C, and C, consist of 100x100x80 and 200x200x160

meshes correspondingly. They are uniformly refined with respect to grid C;.
Numerical results (scalar fluxes in line EF, see Fig. 15) are plotted in Fig. 16
and Fig. 17.
Method 1 is based on semi-analytical algorithm to calculation of first-collided
component whereas this function is defined by grid scheme in Method 2.

v (X, y,Zo,%co):{

6)Such models are under consideration in (Bykov A.V. et. al)
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Note reflection condition increases solution (compare Fig. 16 and Fig. 17).

1x10°
1x10™ ) Method 1, C, S,
— - — Method 2, C, S,
1x102 = - Method 2, C,, S,
— Method 2, C,, S;,
%107 ) O  Method2,C,, S,,
1x10™
1x10°
1x10°
xi0o+———7 71— 71— 1
0 1 2 3 4 5

X, cm
Fig. 16. Scalar fluxes in line EF in problem with point source under non-re-
entrant boundary condition

1x10° 3
R
1x10™" = ® Method 1,C,S,,
] — - — Method 2, C, S
1x10 = - Method 2, C,, Ss,
] — Method 2, C,, S;,
1x10° = O  Method2, C,, S,
1x10™ = —
1x10”° =
1x10° = -
1x107 T I T I T I T I T ‘
0 1 2 3 4 5

X, cm
Fig. 17. Scalar fluxes in line EF in problem with point source under total
interior reflection boundary condition

It is clear that under refining grids fluxes obtained by Method 2 tend to
fluxes of Method 1. Besides semi-analytical algorithm is applicable without
resorting to special spatial grid refined inside radiation cone. As result this
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algorithm permits to reduce running time. For example, results presented by black
spots have been obtained twice faster than results presented by solid line. It is clear
the less aperture of source the high efficiency of semi-analytical algorithn.

5. Cylindrical source
Here we consider sources being defined by the following formula

SN - 1, asrev,,
Q(r,Q2) =Qy(r) = R
0, asreV,,
where V, is some cylinder of arbitrary radius and height. Such function simulates,
for example, reactor cores in radiation shielding problems, see Fig. 18.

Fig. 18. Viewing angle o() of cylindrical source from point I

Un-collided component is difficult to be calculated with sufficient accuracy
as source occupies very small part of region G.
According to equation (1.15) one has

u, (F,Q)
wo(T, Q)= [ duQ(r—uQ)exp(-z(F-uQ,i)). (5.1)
u (F,Q)
Integration in relation (5.1) is carried out along segment [, r,| of straight line

F—uQ lying inside V,, see Fig. 19.

2
Fig. 19. Integration scheme in problems with cylindrical source
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If current point I is out of cylinder, integration is difficult to be done, if only
strong constraints to total cross section o (r) are not imposed (for example, one
can assume that cross section is dependent only on one spatial variable).

In general case one needs to use a simplified algorithm. We decompose the
cylinder-source into a sum of source, each of them is considered to be point. The

less angle &, at that cylinder V, is being viewed from current point I, the less
number of points of division, see Fig. 18.

Further we consider the model problem (see Fig. 20) where homogeneous
parallelepiped comprises homogeneous cylinder-source.

Z,Cm

A

Axis of cylinder

N
.,
.
— i ———

002 07508 1 xem
Fig. 20. Calculation region of model problem with cylindrical source.

Collision is isotropic and the following values of coefficients are used:
in the parallelepiped o=0.1cm™, 1=0.1,

in the cylinder c=1.5cm™, 1=0.8.
Non-re-entrant boundary conditions are defined on whole external boundary

o0G.
We use basic spatial grid C, composed by 10x10x216 meshes and

uniformly refined spatial grids C,, that consists of 20x 20x 432 meshes.
To approximate angular dependence of solutions, Carlson’s quadrature S

and composite quadratures SNMﬂ0 are applied. Grid S, and M additional nodes
concentrated in the vicinity of the pole of the unit sphere form quadrature Sy .-

These additional nodes are located in interval (0,6,) for polar angle 6 and in

interval (0, 77) for azimuth ¢ (see Fig. 1). Angle 6, is measured by degrees.
Obtained scalar fluxes in the line CD (see Fig. 20) are plotted in Fig. 21.
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1.0E-001
1.0E-002 Methodl
1.0E-003
1.0E-004
1.0E-005
1.0E-006
1.0E-007 Method?2 —
— — C, Sy
1.0E-008
| 0E-000 - = C, SSO+10,0‘36 \
) —o—C,, S120+10,0.36 N
LOE-010 = . C, SSO+78,3.62 AN
1.0E-011 C,, Sgoi78362 T
1.0E-012 — w { ‘ { ‘ ‘ ‘ ‘ ‘ ‘
0 10 20 30 40 50

zZ, cm
Fig. 21. Scalar fluxes in the line CD in model problem on the cylindrical source.

Method 1 is based on semi-analytical algorithm to calculate un-collided
radiation intensity. This function is defined by a grid scheme in method 2. It can be
concluded that the presented semi-analytical algorithm permits to neglect unduly
refined grids and thus allows to reduce running time. In particular, results
presented by the black spots (see Fig 21) are obtained 88 times faster than results
plotted by the solid curve.

Computation results of two model problems of radiation shielding obtained
by the presented semi-analytical method and compared with Monte-Carlo results
are put in (Nikolaeva O.V. et al, 2005).

Conclusion

We present special numerical algorithms for discrete ordinate method to
calculate radiation fields from localized sources. Such sources are typical to many
practical problems of mathematical physics: atmospheric optic, radiation shielding,
biomedicine, ray therapy and others.

As far as such sources are usually described by delta-functions, preliminary
theoretical analysis based on generalized functions technique should be performed.
By means of this approach solution components corresponding to un-collided and
first-collided radiation fields and first-collided and twice-collision sources have
been found and expanded over spherical harmonics in transport problems with
Cartesian 3D geometry at fairly arbitrary boundary conditions. Besides, the grid
versions of these algorithms have been developed. Presented numerical results
show high accuracy and efficiency of developed algorithms: they provide
capability to carry out calculations without specially refined grids and guarantee
result stability with respect to grid variations. Thus they permit to find reliable
solutions to complicated radiation transport problems for tolerable time.
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Appendix. The code RADUGA-5.1(P)
In this section we outline the features of code RADUGA-5.1(P), that has been
developed to solve transport equation in 1D, 2D and 3D geometries under weak
restrictions on radiation sources and transport equation coefficients.

& Regions with Cartesian slab (z), (X,Y,2), (X, ¥y) and cylindrical
(r,%,2), (r,9), (r,2) coordinates are under consideration.

X Radiation fields produced by isotropic internal source, uniformly
radiating cylinder, point source, parallel beam and narrow ray can be simulated.

X Phase functions can be either expanded over the Legendre’s
polynomial or presented by their values at some grid nodes.

X Inner boundaries can be defined by surfaces of some simple bodies
(parallelepipeds, cylinders, spheres, cones, prisms, regular hexahedrons in 3D
regions and rectangles, irregular quadrangles and triangles, sectors, circles, regular
hexagons, ellipses in 2D regions can be used). Coefficients of transport equation (
total cross section and single scattering albedo ) are assumed either to be constant
inside of each body or to be defined via their values in a spatial grid meshes.

<> Periodic condition or reflection ones can be defined in exterior
boundary of a calculation region. Specular, Lambertian, total interior reflection
laws are under consideration.

X Angular quadratures of several widely known types (in particular,
Carlson’s and Gauss’s quadratures ) and orthogonal spatial grids are included.

X Un-collided radiation components from some sources (parallel beam,
narrow ray, point source) have been calculated analytically. Un-collided radiation
component from cylinder-source can be calculated semi-analytically.

X First-collided radiation component from narrow beam and from point
source of small aperture can be defined semi-analytically as well.
X Multi-collided radiation component is calculated with the help of grid

scheme of well-known WDD family of first or second accuracy order. The DD, St,
DD/St, AWDD and SWDD schemes (Bass L.P., Nikolaeva O.V., 1997 and
Nikolaeva O.V., 2004) are included.

<> A calculation region can be divided into sub-regions and local spatial
and angular grids can be introduced for each of them.

<> An angular grid can be refined in some solid angle.

X The source iteration method is being applied to resolve a system of
grid equations. The minimal residual algorithm is being used to accelerate source
iterations.

X Standard FORTRAN was used as programming language in the code.

<> A spatial decomposition method is used to distribute computations
among processors. The widely-known MPI language commands are applied to
information exchange among processors.
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